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In this article, we provide a numerical algorithm to reconstruct a convex sound-soft scatterer
from phaseless backscattering data, assuming sufficiently high frequency. Certain uniqueness
and existence results for the case of circular scatterers are given as well, based on the
asymptotic expansion for the normal derivative of the total field.
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1 Introduction

Consider the following exterior Helmholtz equation in R?,

Au+k*u=01in R*\ Q, (1.1a)

u =0 on 0€Q, (1.1b)

u=u+ut, u =k (1.1c)

lim 71/ (a“ _ ikuS> =0, r=|x|. (1.1d)
r—ow or

Here, we assume that the scatterer @ is strictly convex and the boundary, 0Q2 is smooth
enough. By d, we denote the incident direction such that |d| = 1. The last condition
(1.1d), the so-called Sommerfeld radiation condition is satisfied uniformly with respect to
all directions X = x/r, which gives the uniqueness for the exterior Helmholtz equation.
Furthermore, this is equivalent to the existence of the far field pattern u,, defined by

w(x, d, k) = %{um(ﬁ dk)+0 (1> } r — .
r r

The inverse problem arising from (1.1) is to seek the scatterer 2 or 0Q from the far
field pattern u.(X,d,k) in a certain set E = S' x S x R*. This has many applications

such as medical imaging, seismic imaging, and non-destructive testing.
This problem has been studied intensively for several decades analytically as well as
numerically, under various assumptions and sets E (see e.g. [1] for a comprehensive
survey). In particular, Colton and Sleeman [2] showed that the far field patterns for a
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finite number of incident plane waves can uniquely identify the scatterers with a priori
information that unknown scatterers lie inside a given ball. However, the general case, i.c.
the uniqueness for E = S x {d = dy} x {k = ko} for arbitrary dy, ko, is still open. In this
case, we have the following equation:

F@Q) = uy(X,do, ko), xeS. (1.2)

Although there is no uniqueness for (1.2), one may think that (1.2) is an overdetermined
problem with twice as many equations as unknowns, since u,(X) is a complex-valued
function but the unknown 0Q is a real-valued function. Furthermore, in many important
applications, it is easy to measure the amplitude of the far field pattern instead of the full
far field. In fact, as the frequency increases, it is more expensive to measure field phases
in practical applications. Thus, we consider the amplitude of the far field pattern as data
instead of the full far field.

This inverse problem with the amplitude of the far field as data was first introduced
by Kress and Rundell in [9]. They used the Fréchet derivative with frozen regularised
Newton and Landweber iterations in order to obtain approximate numerical solutions.
They also showed that the modulus of the far field pattern is invariant under translation.
Indeed, the far field pattern for the obstacle

Q ={x+h:xeQ}

is given by
U (X, d k) = My (3, d, k), (1.3)
where h is a fixed vector and u, is the far field pattern for Q. The relation (1.3) shows that
it is not possible to recover the position from modulus data. After Kress and Rundell’s
work, Ivanyshyn and Kress solved the modulus data problem by a non-linear integral
equation approach in [6]. Recently, Ivanyshyn and Kress successfully determined the
position of a scatterer from the full far field data at a few measurement points. They
were able to recover a scatterer by combining with a method for modulus data in [7].
However, there is no uniqueness results with the modulus data except the uniqueness for
the forward-scattering problem, in which |u.(d,d, ko)|, d € S! is given as data, assuming
the scatterers are balls centred at the origin with radius R such that kgR < 0.2303
(see [11]), even with the translation invariance taken into account. This is due to breaking
Rellich’s lemma that the far field pattern uniquely determines the scattered field u®, which
is the main ingredient for the uniqueness of the full data problem, as pointed out in [9].
In this work, we consider a backscattering problem with the modulus of the far field
pattern as data for a fixed k in 2-dimensional space. That is, we are interested in solving

|Fp(@Q:k)| = us(—d, d,k)l, d €S’ (1.4)

for a smooth and strictly convex obstacle Q and a fixed k. In this work, we have two
objectives: for sufficiently large k,

(1) Development of numerical algorithm to reconstruct sound-soft scatterers from
phaseless far field patterns as data.

(2) Identification of sound-soft circles from phaseless data.
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Similar to the case of the fixed incident field problem with modulus data, one cannot
determine the location of the scatterer due to the invariance of translation, i.e.

|ucen(—d, d, k)| = |ue(—d, d, k)], (L.5)

since
Uo n(—d, d, k) = ¥y (—d, d, k).

Moreover, only a few results are known for the backscattering problem even if full
far fields are given as data, unlike the standard scattering problem. Indeed, Kress and
Rundell showed the Fréchet derivative of F,, at the unit circle is injective for sufficiently
small k and reconstructed scatterers numerically in [10]. The injectivity of the derivative
for general domains was given by Hidhner and Kress by considering F,(0Q2;k) over all
k € (0,1). Apart from these results, there are no uniqueness results for the inverse obstacle
backscattering problems to the author’s knowledge. This is due to the lack of differential
equations describing the backscattering problem directly. However, one can expect from
Majda’s result [12] that the geometric information of 0Q near xo € 0Q is accumulated
on uy(—d,d, k) for d = —v(x¢) as long as the scatterer is strictly convex and the wave
number is sufficiently high. Indeed, it is known [12] that

1
k’

X'n

uy(X, d, k) + eikx+'(d7§)lc(x+)7l/2w
x —

<C k = ki.

Here, n = (X —d)/|X — d|, x™ is the preimage of n under the Gauss map, and x(x™) is the
curvature of 0Q at x™. For the backscattering case, i.e. X = —d , it follows that

- 1
‘uw(—d, d,k) + &2k 'd(z;c(xﬂ)*l/z‘ <Cp k=h (1.6)

The method used in this work is motivated by estimate (1.6). We introduce a map
F from a frozen Newton scheme, using a specific parametric representation for convex
scatterers. It turns out a fixed point of F is closely related to the solution of the inverse
problem (1.4). As a consequence, we are numerically able to recover shapes of scatterers
from |u.(—d, d, k)| through an iteration method based on F for sufficiently large k. In this
algorithm, we do not need the Fréchet derivative of Fj, or |F,|. Furthermore, we show the
uniqueness as well as existence for (1.4) if the scatterers are known to be circles a priori.
More precisely, we have the following Theorem.

Theorem 1 Let p > 0. Then there exists ko > 0 such that for any k = ko
|Fp(0Br; k) = p
is uniquely solvable in {Bg : R > p*}, where Bg is a circle centred at zero with radius R.

It is obvious that the modulus of far field pattern for the backscattering is a constant
if the scatterer is a circle, although the converse is not obvious. Thus, one may consider
|Fp(0Bg;k)| as a function of R with parameter k.
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Theorem 1 is a consequence of the numerical algorithm for general convex domains
that is described in Section 4. Although we are not able to show the uniqueness for the
inverse problems for general domains at this point, the numerical evidence indicates that
our algorithm converges and thus one may have uniqueness for general convex domains
at least if k/ max x > ko for sufficiently large ko. There are several uniqueness results for
various inverse obstacle scattering problems, but many of them need the assumption that
kR (where R is a diameter of the scatterer) is sufficiently small since their methods are
related to the smallest eigenvalue of the Laplace operator. However, our algorithm and
uniqueness result are valid for large k, which are more effective from a practical point
of view, since phase information is difficult to measure or not available at all for a high
frequency.

This article is organised as follows. In Section 2, we review the integral representations
for F, and its derivative and state the theory for the related high-frequency limit. We also
give two important lemmas for the case of circular scatterers. In Section 3, we provide a
proof of Theorem 1 by fixed point argument. We develop a numerical algorithm and give
numerical examples in Section 4. Some concluding remarks are drawn in the last section.

2 Preliminaries

We begin with an integral representation for uy(X,d, k) and %. Let

i
E(x.y) = 3 Hy' (klx =y

be the fundamental solution to the exterior Helmholtz equation, where we denote the
Hankel function of the first kind of order 0 by H(()l). By Green’s formula

@E(x y) _ 0u'(y.d,k)

us(y,d,k)z/m S(y, d, k) E(x,y)ds(y), xeR?>\Q,

ov(y) ov
0= / Wy, d ) SEXY) W0 AR b i), x e RO\ G
00 ov(y) ov
Using the boundary condition (1.1c¢), the asymptotic behaviour of the fundamental solution
gives
wndh) == [ D E ). xe R\ D 1)
00 av
U (R, d, k) = — et [ ouly, 4K) -y () (2.2)
0 s U \/m o0 aV y > °
ie.

ein/4

F(0Q) = — / —kEY g = .
( n | =(ve ), n Sk
It is also well known [8,14] that F is Fréchet differentiable. The derivative at 0Q is

given by

DF(aQ)q = Voo,
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where ¢ is a vector field in R? and v,, is the far field pattern of the radiating solution v*
to the Helmholtz equation in R? \ Q satisfying the boundary condition

v’ = —q-va—u on 0Q.
ov

The integral representation for v, in the backscattering case was introduced in [5]. Similar
0 (2.1) we have

de ™y du(y,d, k) s,
Uw(/}z,d’k) _ 1/’/ U(y,d,k) e . U(ya > )efzk,\»."ds(y).
20 ov ov
From the substitution X = —d and applying the boundary condition (1.1¢) and the

equation

ov(y,d, k oud(y,d, k
[y = [ oado® 2 as)
2Q v 00 \J

we deduce that

d,k
en(—ddby = [ o )

B ~ [ou(y,d. k)]’
——n/@gq v {av } ds(y).

Thus,

D|F,(0Q:k)|*q = 2Re F,(0Q;k)DF,(0Q;k)q
1 Gu(y,d k) ik g [au v, d, k)] s 23
| SR wa [ g W @3

47k

The main ingredient of our work is high frequency analysis for the obstacle scattering
problems justified in [12] and [13]. The Kirchhoff approximation or physical optics
approximation, which has commonly been used to simplify the scattering problem in the
case of convex scatterers, approximates

Ou(x,d.k) ZM on Q™ = {y € 3Q :v(y) -d<0}

v
Ov 0 on Q1 :={y €dQ :v(y)-d =0}

for large k. Then the far field pattern for the backscattering follows from (2.2);

Uop(—d, d, k) = —ie™* | % /a 7e2ikd'yd-v(y)ds(y). (2.4)

To approximate the integral, we use the method of phase stationary; for smooth functions
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¢ and g in [a,b] such that ¢’ > 0 in (a,b) and ¢(t) = ¢p(a) + (t — a)’>¢1(t), p1(a) % 0,

b [5e)
4 ‘ 1 n+ 1 |
ikp(t) 14 Hikd(a) r (n) in(n+1)/47,—(n+1)/2 2.
/a 2(1)e* 0 dt ~ ¢ n§=oj ) (2 >h (0)e k (2.5)
, - 1 d)" g@) i
_ iko(b) S+l 2
e Eo{dﬂ(t)dr} &) b(k) as k — oo, (2.6)
n= =
where h"(0) can be computed from
dt

T=(p() — p(a)"?, h(x) = gt)—-

Here, the twiddle sign ~ is used for the Poincaré asymptotic expansion, i.e.

0
f() ~ Z a,t™", ast— oo
n=0

means that for every fixed integer N = 0,
N
f(t) = Z antin + O(tiNil), as t — oo.
n=0

A proof of the method of phase stationary can be found in many references, for example,
see [15]. By considering the first order term,

b
. . o . " 1
ikp(t) 30 — Like(c) insgn(¢”(c))/4 —
/a g(t)e* gt = e g () P +0(;) (2.7)

can be derived. Here, ¢ is assumed to be the only stationary point of ¢ in (a,b).

One may obtain (1.6) by applying the estimation (2.7)—(2.4). The first rigorous way
of correcting this heuristic approximation was given by Majda in [12]. As a simple
application of (1.6), one can show that a function F,(0Bg;k) converges to —e_ZikR\/m
as k — oo. More precisely (see the proof of Lemma 1), for sufficiently large k;

; R 1
Fo(@Br:k) + e % [Tl < C—=, kR>k 28
»(0Br;k) + e 5 N3 1 (2.8)
where the constant C is independent of R and k. Then we obtain uniform convergence of
Gi(R) = 2|F(0Bg;k)I’,

since

|GL(R) = R[ < C

R <\/§+1)<C1

kR k'

Here, we redefine C accordingly.
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Lemma 1 There is a constant ky such that if kR > ky then

1
(Gu(R) — R < C.

where C is independent of k and R.

Proof It is enough to show (2.8). Let u’(x,d,k) be the radiating solution to (1.1) for
domain Q. Let

rQ = {Rx :x € Q}.
Then it is not difficult to show that w¥(x,d,k/R) := u’(x/R,d, k) solves

ok ; Q.
AW+ ()W =0in R\ &2,
ws 4 e/RIxd — 0 on 9 RQ,

ow'  k

: 12,% " sy — —
}Lrgr (ar lRW) 0, r=|x|

and
Woo(X,d, k/R) = /Ruo (X, d, k).
It follows that
Fy(dBg;k/R) = /RF},(3By;k).
Since (1.6) implies that there is a constant C, which is independent of R and k, such that

for k =k
| 1
Fp(0By;k) + e 2 —| < C-.
| b( 1 ) \/El k
Thus,
. R JR 1
Fp(0Br;k/R) + e 2W/RR |2 < N2 = C———.
IFy(8Br:k/R) V3 <CF =R
By redefining k as k/R, we obtain (2.8) as desired. O

Let Z, be a class of circles centred at zero with radius r > p > 0. Equivalently, we
may consider Z, as an interval [p,c0). Then Lemma 1 implies uniform convergence of
Gi(R) to the identity function on Z, as k — co. However, this does not guarantee the
injectivity of Gi(R) nor uniqueness for the inverse problem with circular scatterers. In our
approach, we utilise asymptotic analysis for the derivative of Fj,. This can be deduced
from the method of the stationary phase and the following well-known Theorem stating
asymptotic behaviour of the normal derivative %’: at the boundary 00 in [13] (see also [4]
for the statement quoted in the following Theorem).

Theorem 2 ( [13]) Let Q = IR? be a compact, convex set with smooth boundary 0Q having
all principal curvatures everywhere positive. Then the asymptotic behaviour of v

ou g
e ikx-d

v = ov
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is as follows:

(1)

(2)

On the illuminated region 0Q~
p(x.k) ~ Y k' a(x), (29)
Jj=0
where aj(x) are complex-valued C* function. More precisely, for any non-negative
integers m,n, and any multi-index f

m

IDEDE{p(x, k) — > k' aj(x)}] < Cpus(1+ k)"
Jj=0

on any compact subset S of 0Q~.

In a vicinity of the end points of the shadow boundary 0Q%, y(x,k) admits the fol-
lowing expansion.
p(x, k)~ Y KR, ()P (K Z(x)), (2.10)
pq=0

where b, , and ¥ are complex-valued C* function and Z is a real-valued C* function
that is positive on 0Q~, negative on the interior of 0Q", and vanishes on the end points
of 0Q™T. It satisfies the estimates

DD (xik) = > K0y () Z (o)
p,q=0
< Cpa(l + k)7mi“{zp/3»Q}72n/3+\/;\/3

for any non-negative integers m, P, Q, and n.

Moreover, the function ¥ admits the asymptotic expansion

Pr)~ Y it (2.11)
j=0
which means that
m—1
D:{'P ZCTISJ}_ 13mn’ T — o0

and ¥ is rapidly decreasing in the sense of Schwartz as © — —oo, i.e. for all non-
negative integers N

D'¥P(t)=0(tN), 17— —on.

We remark that (2.10) is valid for the entire boundary 0Q by extending b, ,(x) (see [3]
and [4]) and that ay(x;d) = 2id - v(x) (i.e. the Kirchhoff approximation). In the following
lemma, we compute the next order term aj(x;d) for the unit circle in the case of
backscattering.
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Lemma 2 Suppose that the scatterer is the unit circle. For any d € S', the second order
term in the asymptotic expansion (2.9) at x = —d is given by

ay(—d;d) = 1.

Proof We deduce the following integral equation for y(x,d,k) from (2.1) with jump
relations (see e.g. [1])

O
w(x,d,k)—l—z/aB av(zcx)y)

= 2ikd - v(x) — 2i, x € 0By.

w(y,d, k)" ds(y) — 2i / E(x, y)p(y,d, k)e 0 ds(y)

0B

Due to Theorem 2, on the illuminated region

OE(x, . 1
ay(x;d) = =2 /@ N G\Ezcx;} )w(y,d,k)e”“m -\)ds(y)+0(E). (2.12)

Here, we apply the boundary condition (1.1¢) and (2.1) to remove the second integral.
From the representation of (2.12), a;(x;d) is determined by the highest order term of
the integral, which is dominated by

E o
_2/ CECSY) (2 d)e 09 d( ).
0By

ov(x)
Since
OE(x,y) _ i B X—y
i = gk DR v

and v(x) = x,

(d-y)1+d-y)

ai(—d;d) = lim —k*¢* [ HW(k|d + Y ds(y).
(dsd) = fim —ke* | H{ ) v
Let
d = (—sin0,cos0), y = (sin(t + 0),—cos(t + 0))
then
d-y=—cost, |d+y| =2 sin%|
and thus

w [ La T T ,
ai(—d;d) = lim 2k?e* HY (2K sin < ) sin = cos e %7 dr,
k—o0 0 1 2 2

Another change of variables t = 2sin(7/2) yields that

N 1 d
cosgz > CoST = —§t2, d—zzcos%
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and

n/2
2kzeik/ (Zk sin 2) smicos te kst — kz/ H; W (k) —=—= H2-10 e ke 2qs.
0

Vi —t?

Now, we compute the leading order term of the integral in the right-hand side. Since

o0 . n
—ik2/2 _ (—ik)" 5,
¢ =2 ST

n=0

V2 12 — (—i _
H(l kt —1kt2/2 / H (1) k)t 2n+1 dt
/0 ( )\/ 41 Z 2mn! ( /4 —t2

It is known (see pp. 171 of [15]) that

1« o5+ 2 o a
(1) ~ o i(as—1)m/2 S *s s
/f OH] (kyde ~ — 7 2%e r<2 >r(2)k%+1

s=0

if f(¢) has the asymptotic expansion
f(t) ~ Zast%, ast— 0

with Re(xy 1) > —1 and Rea, 1 o0 as s — oo, and there is an ¢ > 0 such that
fO(t) = O(t 77 1=%) as t — oo for j = 0,1,2,.... Since *"1(2 — 1)/ /4 — 0.5 satisfies
these conditions for each n =0, 1,2,..., we obtain

gt 22 g o (] ~0,1,2
A 1 (kt)t \/ﬁ— W:n_saa----

V2 2t 2 /3 0 1 1
(1) _ = - i il
[t == 2r (3)r (5) o ()

Especially,

It follows that

aj(—d;d) = 1.
U
3 Proof of Theorem 1
We define a map F on the positive real line such as
F : R— R — G(R) + 2Ju..(—d,d, k) (3.1)
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for a given far field pattern, u,(—d,d, k), of unknown circular scatterer. Obviously,
2|u,(—d,d,k)|* is a constant. We claim that F is a contraction mapping on Z, for a
sufficiently large k (see Theorem 3), where p = |u,(—d,d, k)|. Then F has a unique fixed
point R* and thus

Gk(R") = 2Juce(—d, d, k)

or (1.4) is uniquely solvable in Z,. as stated in Theorem 1.
To this end, we first investigate the asymptotic behaviour of the derivative G as follows.

Lemma 3 Let k = kR. Then there is a constant ky such that if k =k, then

1
Gh(R) 1] < C .

where C is independent of k and R.

Proof From the definitions of Gy, the derivative G, can be understood as Fréchet
derivative

G}(R) = 4 Re F,(0Br;k)DF,(0Bg;k)v,

where v is the outward normal vector at the boundary. It follows from (2.3) and the
dilation invariance used in the proof of Lemma 1 that

S Y 2
GLR) = - Re / O T i g {awkq ds(y)]
0B 0BRr

2nk ov ov

W —ikd-y ou(y, d’E) ’
/631 —a ¢ ldS(y)/aBI [ 5 } ds(y)] .

Here, by u in the second line we mean the solution to (1.1) with the unit circle scatterer
to avoid too much notation.

To estimate these integrals, we use the result from [13], Theorem 2, and the method of
stationary phase. First, we split the domain into the illuminated region, 0B, and shadow
region, OB} according to

/ Me”;"'yds(y):/ Mei’;d'}’ds(y)—}—/ Meil?d'yds(y), (3.2)
o, OV 0By Ov oBf OV

ouly,d k)]’ du(y,d,f)]° du(y,d, k)]’
L P55 = [ M55 aore [ [H559) e

Let

1
= ——=Re
2tk

d = (—sinf,cosf), y=(sint,—cos7)

and
ou _,.
e lkdy.

¢ :=2d(0) - y(r) = —2cos(t —0), vy := 3

https://doi.org/10.1017/50956792515000406 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792515000406

122 J. Shin

Then,

AN /240 - -
/ UK iy g = / P(y(2),d(0), F)e Iz, (34)
oB; ov —n/240

T 3n/2+0 ~ 7
/ Merkwds(y):/ w(y(t),d(0), ke dx, (3.5)
oB* ov /240

~ 22 /240 .
/ [W} ds(y) = / *(y(2), d(0), K)e" O, (3.6)
0B~ ov —n/2+40

~ 12 3m/240 .
/ [W} ds(y) = / ¥ ((2), d(0), k)e* ¥V . (3.7)
oBF ov /246

Note that for a fixed d(0), the illuminated and shaded regions are as follows:

OB = {y € 0By :v(y) d(0) <0} = {r: —Z +0 <7< 2 +0},

0Bf = {y € 3B, :v(y)‘d(H)ZO}z{r:g+9<‘c<3§+9}.

Also, the phase function ¢(t) has only one stationary point at
t=0, 1=0+mn

on 0By and 0B, respectively.
We consider integral (3.5) first. Since on a neighbourhood of 9B}

v-d

p(y.d. k) ~ Y KB, ()P OEPZ (), boo =

pq=0

the leading order term of integral (3.5) is

3n/2+0 _ 9) - -
_ 723608 = 0) oy 11735 (1RO 7.
/n/m ZGiy) | KTV

Now, we apply the method of phase stationary. Due to the asymptotic behaviour of
in the deep shadow region, especially at the only stationary point of ¢, the integral is
governed by the boundary value of the integrand. However, the boundary terms would
be cancelled out with the boundary terms of the principle term of y in (3.4), because the
representation (3.8) or (2.10) is valid for entire 0B; as mentioned below Theorem 2. This
holds for all other orders of i near the boundary of dB;". Consequently, the leading order
term of (3.2) is determined by asymptotic expansion (2.9)

w(y,d,k) = kao(y;d) + ai(y;d) + O(=)

Y =

over the illuminated region. More precisely, the leading order term of (3.2) is given by

n/2+0 . N 1 1 1 1
/ P (0). 4, D) = & <b01 + b02~) bt 40 ( ) ,

—1/2+46 ﬁ kﬁ \/l; E\/E
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where
/ P 0@ 0D — by + by 10 (1) , (39)
—1/2+40 \/I; k\/E k?
/ e a1 (y(z); d(0))e™ D dr = bné +0 (1) ) (3.10)
—n/240 N/ k

We note that the leading order terms appearing in (3.9) and (3.10) are computed from
the stationary point of ¢ rather than the boundary terms of ayg and a;.
Similarly, a few leading order terms of the integral (3.3) can be computed as follows:

/240 s
/ P2((0), d, R e
—7/2+40
7/240 /240

=B [ @@+ 2k [ ao(y(o):d(0))ar(v(x):d(0)e O dr
—n/2+0 —n/240

‘o (%)
e <601\}E 4 cozlzlﬁ> + 212011\}1? +0 (Jl];) :

where
e d ’k¢(T d 1 71 3 11
/n/Z Hao(Y(T) (0))e T= C(n\[%-coz~ = (E ) (3.11)
T a d(0))a d(0))e™d L +0 ! 3.12
/n/2 ) 0(y(1);d(0))ar(y(z);d(0))e™ " dr = C11\ﬁ (E) (3.12)

From a method similar to that used in the proof of Lemma 1 together with the
stationary phase method one has that

31
b +b _ —21k+m/4 — ],
01\/1; ozk\[ f[ \f Sk\/l;]
1 o
b T:e721k+m/4 n—,
“\/E f\/E
1 1 —2ik+in/4 7.1
¢ +cp—xs=c¢ T —4—+ ci—=|,
VAR A RN AU
cit = bu.

We refer the reader to Appendix for detailed computation for by, and cy,.
Finally, we have the following asymptotic form:

1
G ()= — RG {601d01k + (co2 + c11)dor + (do2 + 2d11)601} +0 (k)

ket

as desired. O
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Theorem 3 For a given p > 0, there exists kg > 0 such that if k = kg then F is a contraction
mapping from Z, to itself.

Proof For given p > 0, let

where k; and C appear in Lemma 1. Then Lemma 1 implies that
F(R)=R—Gi(R)+2p*>p>, ReZ,

as long as k > k. Thus, F is a function from Z, to itself. In order to show it is a
contraction mapping, we take k, in Lemma 3 so that

|GL(R) — 1| < % kR > k». (3.13)

Let

k
ko = max {kl, —i}
14
Then for any Ry, Ry € Z,»

|F(Ry) — F(Ry)| = [(R2 — Ri) — (Gk(R2) — Gi(Ry))|
< |1 — Gi(Ro)||R, — Ry|

for some Ry € Z.. It follows that
1
IF(Ry) — F(Ry)| < Ele — Ry
as long as k = k. ]

We remark that it might be possible to obtain (3.13) from the series representation of far
field pattern and properties of the Bessel and Neumann functions. With this approach,
one may have estimates of kop®> and extend the uniqueness result to three dimensions.

4 Frozen Newton method

In this section, we introduce an iteration method to solve the inverse obstacle scattering
problem with modulus data for a convex domain.

We begin with normalising scatterers. As mentioned in Section 1, the modulus data
cannot determine the location of a scatterer. Thus, it is important to normalise scatterers.
To this end, we translate scatterers so that they are located above the x-axis and the
origin is the tangential point of 0Q. Since we assume that the scatterers in our problem
are strictly convex, the boundary curve 0Q2 can be uniquely represented by the parameter
0, the angle from the positive xj-axis to the tangent line at y(0) in counterclockwise
orientation as shown in Figure 1. From this parameter 0, the unit tangent and outward
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T2

FiGURE 1. Normalised scatterer.

normal vectors at y(f) are given by

T(0) = (cos 0,sin ),
v(0) = (sin 0, — cos 0).

Since the derivative of T with respect to the arc length s, dT/ds = —kv for the
curvature x,
arao
do ds
or
ds 1
F
On the other hand,
dy _dydf _
ds  dOds

Thus, we obtain a unique representation of a normalised convex scatterer,

0
y(0) 2/0 {(t)(cos 7, sin T)dx. 4.1)

Now, we define a map @ from a subset Z of a set of smooth 2n-periodic functions to a
class S of normalised strictly convex scatterers by (4.1),

®:.7 -8,
{ — 0Q.

We remark that
Z 1 {sinf,cos 0} (4.2)

in L? sense because y(0) = y(2n).
Let the direction d for the incident field u’ = e*4~ be

d(0) = —(sin 0, — cos 0).
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Similar to the circle case, we define a map Gy with this notation;
G = L(0) — 2lus(—d(0),d(0), k)

or equivalently
Gi(0) = 2IFy(D(0); k).

Then, the inverse obstacle scattering problem with modulus data, (1.4) is to seek { for
given |u.,(—d(0),d(0), k)| satisfying

Gi(() = 2Jue(—d, d, k)%, (4.3)

Several numerical schemes to solve the non-linear equation (4.3) involve iteration
methods generated by

CnJrl = Cn — A, [Gk(Cn) - 2|“3€(_d5 dak)|2] (44)

for some operator 4,. One of the common methods is Newton’s method which A4, =
[DG({)]7! leads to. However, Newton’s method requires invertibility of the linearised
map at each step, which is unknown, as well as high computational cost. To avoid these
difficulties, we fix 4, as the high-frequency limit of [DG({,)]~". To this end, we rewrite
(1.6) in terms of our parameter 0 as follows:

O el ks

e (—d(0), d(0), k) + 2000, [2)) <

Thus,
lim Gu() = ¢.

Although it shows that Gj converges to the identity map only pointwisely, from the result
in the previous section one may expect that

lim DGk =1
k—o0
in some sense. For this reason, we set
A, =1.

It follows that
Lot = o — Gilln) + 2Juc(—d. d k)|

This iteration scheme is equivalent to seeking a fixed point of a map
F:{— {—Gu(0) + 2lus(—d, d. k)| (4.5)

in the class Z. We notice that (3.1) is a restricted map of (4.5) to circular domains.
Although we believe that

Gk(Z) L {sinf,cos 6} (4.6)
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— Exact domain, -+« Computed domain, —- Initial guess

357 357

25|

25F

[ E 05

FIGURE 2. Reconstructed scatterer, ellipse. (a) k = 2.5, kR ~ 5, after 10 iterations. (b) k = 0.1,
kR =~ 0.2, after 50 iterations.

from numerical evidence, we could not prove it analytically at this point. For this reason,
we apply a projection operator P

P : L*S') - {sin0,cos 0}*
to the mapping F. Thus, one may use the iteration scheme
Lot = Cn — P(Gr(n) — 2luc(—d. d, ) ). (4.7)

In particular, applying the projection operator may be understood as a regularisation
method in the case of noise data.

We remark that to show (4.6), which characterises far field patterns for convex domains,
is an interesting problem itself. Indeed, it is a general result of Kress and Rundell’s work
(190);

D|F(®By)>’¢ =0, ¢ = cos0,sin 0.

Figure 2 shows a reconstructed scatterer from the method (4.7) with different k values.
To solve the direct problem, we follow the numerical method described in [1]. A more
non-trivial example is given in Figure 3 with noisy data.

5 Conclusion

In this work, we provided an iterative numerical algorithm to reconstruct convex scat-
terers from phaseless backscattering data. In this algorithm, we do not need the Fréchet
derivative of F, or |F}| so we avoid the additional cost of computing the derivative DFj,.
Furthermore, one may have a stability result by showing convergence since the algorithm
is based on a fixed point argument.
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— Exact domain, +++  Computed domain, —- Initial guess

(b)

FIGURE 3. Reconstructed scatterer, r(0) = 1/(1 4+ 0.6 cos @ — 0.04sin 50). (a) k = 0.5, kR ~ 1, after

50 iterations. (b) k = 0.5, kR ~ 1, 3% noise level, after 50 iterations.

From the theoretical point of view, this iteration method is a tool for uniqueness results
of the inverse problems. In particular, we showed certain existence and uniqueness for the
inverse problem assuming scatterers are circles.

The next step of our work is to analyse the proposed numerical method for more
general convex domains. This includes certain convergence results of the iteration scheme
and effects of the general ill-posedness of the inverse obstacle problem to the numerical
solutions. This requires computation of a;(y;d) for convex domains and characterisation
of the far field patterns such as (4.6).
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Appendix A

Here, we compute the coefficients by, and ¢y, in (3.9)—(3.12).
We rewrite the left-hand side of (3.9) using ag(y,d) = 2id - v(y) and t = 7 — 0;

/240 ~ /2 "
/ ao(y(f);d(g))ezkzb(r)df — —4i/ cos te~2ikcost g4
—n/2+0 0

Here, we use
¢(t) = —2cos(t —0), d(0) v(y(r)) = —cos(t — 0).

Since 0 is the only stationary point for cost over [0,7/2], it follows from the stationary
phase method that

/2 B
/ cos te—21k costdt
0

il (1 /g 1 a1, 1
= e [fr (2) hO)e™ K2+ ST (D)™ + 4T (3

2 2

1
ro(h).

Here, h(7) is defined as

) h(z)(O)ei3”/4l~<73/2

h(t) = g(t)%, g(t) = —cost, T=2sin %

Note that, the first order boundary term (2.6) vanishes.
We deduce that

2-2
h(z) = ﬂ (A1)
and
3
(x) G—2p W=(x) = @G —2)p
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Thus, we obtain

—21k+1n/4\/>[

<ﬂH
|

[ IS

Pt

S —

Pl

A

n (3.10), the corresponding h(t) = 2/+/4 — 2. Thus,

h0) =1
and
bui —21k+in/4\/ﬁ 1
k Jk
As for (3.11), since g(t) = —4cos’t
2—1)?
h(t) = 22—~
(7) —
and
4 2
() _ ~T(37T" — 207" + 28)
() =2 a—apn ,
W) — 1276 — 1207* + 3687% — 224
(1) =— 4 — )2 :
Thus,
ho)y=—4, KY0)=0, h?0)=7
and

1 1 —2ik+in/4 1
— —4—= 1+
COl \/I; k\/l; —° f|: \/7 4 k\/7:|

Since a;(—d;d) = 1 from Lemma 2 and the phase function ¢ has the stationary point
at y = —d, h(0) corresponding to (3.12) is the same as the value of h(z) in (A1) at t = 0.
As a consequence,

+ co2

ci1 = bor.
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