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We study the relationship between classical phase semantics for classical linear logic (LL)
and intuitionistic phase semantics for intuitionistic linear logic (ILL). We prove that (i) every
intuitionistic phase space is a subspace of a classical phase space, and (ii) every intuitionistic
phase space is phase isomorphic to an ‘almost classical’ phase space. Here, by an ‘almost
classical’ phase space we mean an intuitionistic phase space having a double-negation-like
closure operator. Based on these semantic considerations, we give a syntactic embedding of
propositional ILL into LL.

1. Introduction

Linear logic, LL (Girard 1987), is a refinement of classical and intuitionistic logics.
It inherits constructivity from intuitionistic logic and duality (exemplified by involutive
negation and de Morgan laws) from classical logic through a careful handling of the
structural inference rules. An intuitionistic version, called intuitionistic linear logic, ILL,
has also been considered (Lafont 1988; Abrusci 1990; Troelstra 1992). Although it
lacks duality, it is sometimes handier than LL in some applications in functional/logic
programming (see, for example, Abramsky (1993) and Hodas and Miller (1994)).

Given two forms of linear logic, it is natural to ask what is the relationship between
them. A partial solution is given by Schellinx (Schellinx 1991). He shows by a syntactic
argument that LL is conservative over ILL as far as the propositional formulas without L
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and 0 are concerned. This should be contrasted with the traditional (non-linear) situation,
where classical logic and intuitionistic logic are quite different, even without absurdity
(contradiction) and negation, as witnessed by Peirce’s law: (4 — B) — A) — A. While
Schellinx’s approach is purely syntactic, we take a semantic approach to this problem in
this paper.

Phase semantics (Girard 1987; Girard 1995) provides a canonical semantics for linear
logic that completely characterises provability. It has been used to show various properties
of linear logic, such as undecidability (Lafont 1996; Lafont and Scedrov 1996), cut-
elimination, strong normalisation (Okada 1996; Okada 1999; Okada 2002), and the
decidability of some fragments (Lafont 1997; Okada and Terui 1999). In recent work,
we have used phase semantics to give a necessary and sufficient condition for a sequent
calculus to admit cut elimination (Ciabattoni and Terui to appear). Corresponding to
the two forms of linear logic, there are two forms of phase semantics: classical and
intuitionistic (see Abrusci (1990), Troelstra (1992), Abramsky (1993) and Okada (1996)
for the latter).

The aim of this paper is to analyse the delicate distinction between LL and ILL in terms
of phase semantics. Recall that an intuitionistic phase space is a commutative monoid M
endowed with a closure operator Cl : p(M) — @(M). A classical phase space (M., 1) is
an intuitionistic phase space in which the closure operator is defined by double-negation:
Cl(X) = X1+, Given a classical phase space (M., L) and a submonoid M; = M,, one
naturally obtains an intuitionistic phase space (M;, Cl;) by taking Cli(X) = X** n M;
for X = M;. Call the latter a subspace of (M., L). In addition, one can imagine that the
closure operator CI; thus defined happens to coincide with the double negation operator,
namely Cli(X) = X*++ N M; = X+4+ where L is not necessarily a subset of M;. In that
case, we call (M;, Cl;) quasi-classical. With these notions, our main results can be stated
as follows:

(1) Every intuitionistic phase space is a subspace of a classical phase space.

(i1) Every intuitionistic phase space is phase isomorphic to a quasi-classical phase space.

Here, by phase isomorphic we mean that two spaces have the same algebraic structure.
The result (i), on the one hand, establishes a relationship between classical and
intuitionistic phase spaces, and on the other hand gives a new definition of intuitionistic
closure operator’: CI(X) = X**+ N M. The result (ii) yields a completeness theorem for
ILL with respect to a rather special class of phase models: quasi-classical phase models.
Furthermore, these results suggest a new view of ILL as a ‘submonoid-restriction’ of LL.
In fact, it leads to a syntactic embedding of ILL into LL. Let ¢(py) be a formula whose
intuitive meaning is that (the interpretation of) py is a ‘submonoid’ of (the interpretation
of) T. In the presence of the assumption ¢(poy), a formula of the form A & py can be
interpreted as a ‘submonoid-restriction’ of A. Based on this idea, we define a translation

 This idea was suggested by J.-Y. Girard.
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A° for any formula A of ILL that is in full accordance with the subspace relation between
intuitionistic and classical phase models. We then prove:

(ii1) For every formula 4 of ILL, 4 is provable in ILL if and only if ¢(pg) —o A° is provable
in LL.

It should be stressed that while Schellinx’s conservation result is only concerned with a
fragment of ILL without L and 0, our result covers the full range of the propositional
ILL formulas.

The rest of this paper is organised as follows. In Section 2, we recall the syntax and
phase semantics for ILL and LL. In Section 3, we introduce the central notions of this
paper: subspace, quasi-classical phase space and phase isomorphism. In Section 4, we
prove our main result, called the three-layered representation theorem, which integrates
(i) and (ii) above. In Section 5, we turn to the syntax and give a faithful embedding
of ILL into LL. In Section 6, we conclude the paper by stating a number of open
problems.

2. Preliminaries

In this section, we recall the syntax of ILL and phase semantics for both ILL and LL.
A proof of the completeness theorem for ILL is also outlined for later use. Refer to
Girard (1987) and Girard (1995) for the syntax of LL.

Definition 2.1. The set of formulas of ILL is defined as follows:

— Propositional variables p,q,r,... are formulas of ILL.
— 1, L, T, 0 are formulas of ILL.
— If A and B are formulas of ILL, then so are A® B, A—o B, A& B, A® B and !A.

Finite multisets of formulas are denoted by Greek capitals ', A, .... If T" stands for
Ai,...,A,, then 'I" denotes !44,...,14,. A sequent of ILL is of the form I' - A with
|A] < 1. The inference rules of ILL are given in Figure 1.

There seems to be no natural way of introducing the inference rules for ® and ? in
the intuitionistic framework, hence we do not count them as intuitionistic connectives. On
the other hand, we keep the constant L (the unit for @) in ILL, because it has natural
inference rules. However, having L in ILL is not strictly necessary (and several authors
exclude it from ILL), since it can be replaced with an arbitrary but fixed propositional
variable.

Next, we introduce a phase semantics for ILL in the style of Troelstra (1992). The
interpretation of exponentials (!, ?) is due to Girard (1995).

Let (M, ,¢) be a commutative monoid, with ¢ being its neutral element. For any
X,Y = M, we define

XY ={xy|xeX,yeY}
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Identity and Cut:
I'k4 ATLEA

m Idennty W Cut

Multiplicatives:

ABTFA Libd DEB o TeA
A9BTrA® T, T,rAeB I.TFA F1

k4 BT,FA ATFB k-
—o —or — Ll = 1lr
A—oBT,[LFA T4 —oB 1r TFL

Additives:

ATFA BTFA A or I'+B or
Ae0BrrA @ TraeB ®' Tr4aeB 77 o0rra

0!

ATEA B,T'FA I'H4 THB

A&B,FI—A&II A&B,FI—A&IZ rrAa&B & trT 17

Exponentials:

AT FA \ !A,!A,FI—A' A kA,
A, T A~ A TFA 7 IATEFA W THA "

Here !'T" stands for a multiset of formulas of the form !4,,...,!4,.

Fig. 1. Inference rules of intuitionistic linear logic (ILL)

Definition 2.2. An intuitionistic phase space (M, -, ¢, Cl) consists of a commutative monoid
(M, -, &) and a closure operator Cl, which is a mapping from the subsets of M to themselves
such that for all X,Y = M:

(C) X = Cl(X),

(C12) Cl(Cl(X)) = Cl(X),

(CB)X <Y = CI(X) = Cl(Y),

CYClX)-Cl(Y)ysCl(X-Y).

A set X = M is said to be closed if X = CI(X). The set of all closed sets in .# is denoted
by G(A).

Remark 2.3. The first three axioms (CI1)—(CI3) together with Cl() = & form Kur-
atowsky’s axiomatic definition of topological spaces. It is worthwhile observing that for
our considerations CIl() is generally non-empty.

Definition 2.4. Given an intuitionistic phase space (M, -, ¢, Cl), we define the following
operations over sets X,Y < M:

X®Y := CI(X-Y)

1 = Cl({e})
X&Y =XnNnY
T =M
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XoY =Cl(XUY)
0 = CI(QY)
X oY = {zeM |VxeX(x-z€Y)}
X = Cl(XNI), where I :=={x€e1|x x=x}.

These operations are defined in exactly the same way as in classical phase semantics.
Notice that we do not introduce an operation (a set) associated to L; it will be treated
through a valuation operator.

Example 2.5. Let (N,+,0) be the additive monoid of natural numbers. For any X = N,
define Cliy(X) and Clg(X) as follows:

Clld(X) = Xs
Cl(X) == {ne N|TIm e X(n < m)}.

Then one can easily see that both (N, +,0,Cly) and (N, +,0, Clg) are intuitionistic phase
spaces.

Definition 2.6. An intuitionistic phase model (M, -, &, Cl,v) is an intuitionistic phase space
(M, -, &, Cl) with a valuation v that maps each propositional variable to a closed subset
of M, and, in addition, assigns a closed subset of M to the constant L.

The valuation v is naturally extended to all formulas of ILL using the operations in
Definition 2.4. A formula 4 is satisfied in model (M, -, ¢, Cl,v) if and only if e€v(A).

By definition, a closure operator determines the family of closed sets. Conversely, a
closure operator is sometimes determined by a certain family of closed sets.

Definition 2.7. Given an intuitionistic phase space (M, -, ¢, Cl), a family {G,},c., of closed
sets is called a co-basis if, for any X = M,

cix)y= (] G

(e | XG,}

In fact, the (possibly uncountable) family of all closed sets forms a trivial co-basis. In
some cases, however, one might like to have a countable (or even finite) co-basis. The
next theorem states a sufficient condition for a family of sets to be a co-basis.

Theorem 2.8. Let (M,-,¢) be a commutative monoid and {G,}4e.s be a family of subsets
of M. Suppose for every G, and y € M, that {y} — G, is also a member of the family
{Gy}aew. Then operator CI defined by

caxy= () G,
{ae/ | X=G,}
satisfies the conditions (CI1)—(Cl4) to be a closure operator on M.
Proof. (C11)—~(Cl13) are all immediate. We claim that CI above satisfies the following
property:
(Cl4) X-Cl(Y)= CI(X-Y) forany X,Y = M.
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We can then derive (Cl4) by using (Cl4’) twice:

CI(X)-CI(Y) = CI(CI(X)-Y)
< CICIX-Y))=CIX-Y).

To show (Cl4'), let X - Y < Gg with f§ € /. Then for any x € X,
Y < {X} —0 Gﬂ.
Since {x} — Gp € {G,},c» by assumption,

m G, S {X} —0 G/;.

{acel | Y =G, )}
Therefore,
x}- [ G.<=Gy
{acel | Y =G,}
for any x € X and Gy =2 X - Y, which is sufficient to show our claim. U

It is known that intuitionistic phase semantics is complete for ILL.

Theorem 2.9. (Cf. Abrusci (1990) and Troelstra (1992).) For any formula A, A is provable
in ILL if and only if 4 is satisfied in every intuitionistic phase model.

Moreover, this statement can be strengthened as follows: A is provable in ILL if and
only if A is satisfied in every intuitionistic phase model that has a countable co-basis.

Proof outline. We define the canonical model (M, -, ¢, Cly,vo) for ILL as follows:

— M consists of finite multisets I" of ILL formulas. Here we ignore the multiplicity of
formulas of the form !B; for instance we identify !B, !B, !C,X with !B, !C,!C,X.

— I'"A=T,A

— ¢ = J (the empty multiset).

— [C+E] ={A | AT F E is provable in ILL}.

Let % be {[I' F E] | T - E is a sequent of ILL}. By definition, ¢ is countable. Further-

more, for every [T’ - E]] € ¥ and A € My, we have {A} < [T F E] = [A,T +E] € 4.

Therefore, by Theorem 2.8, it induces a closure operator Cly defined by

Clo(X):= () [FFE]
X<[T+E]
Finally, define
volq) == [+ ql
vo(L) == TF1]
to complete the definition of the canonical model for ILL.

It is readily seen that I = {x € 1| x-x = x} exactly consists of the elements of the form
IT". The following lemma establishes the proof of Theorem 2.9. L]

Lemma 2.10. For any ILL formula B, we have B € vy(B) < [ + B]. In particular,
¢ € vo(B) implies that B is provable in ILL.
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Proof. The proof is by induction on the complexity of B (see Okada (1996)). U]
Remark 2.11. If we replace the definition of [I" F E]] with
[T+ Z] ={A| AT Eis cut-free provable in ILL},
we obtain the cut-elimination theorem at the same time (Okada 1996).
Finally, we will just mention the phase semantics for LL.

Definition 2.12. A classical phase space (M, e, L) consists of a commutative monoid
(M, -, &) and a distinguished subset 1 of M.

We write X+ to denote X —o L. A set X< M is called a closed set (or a fact) if
X = X+ In a classical phase space, one also defines the following operations over sets
X,Y = M:

xny =xLt. vyt 2x = x1nnt.
Every classical phase space (M, ¢ L) may be viewed as an intuitionistic phase space.
Indeed, it is easily verified that the double negation operator

Cl(X)=x*++

satisfies conditions (C11)—(Cl4). On the other hand, it is not the case that every intuitionistic
phase space can be viewed as a classical one.

Example 2.13. The intuitionistic phase space (N, +,0, Cl<) given in Example 2.5 cannot be
viewed as a classical phase space. Suppose that there is L = N such that CI<(X) = X++
for all X = N. Since L is a closed set, it must be &, N, or of the form {0,...,k} for some
k € N. The first two cases are clearly impossible (we would then have X*++ = N for any
non-empty X in both cases). The final case is also impossible, because it would imply that
k+1¢ X+ for any non-empty X, and thus we would not have (k+1}tt ={0,....k+1}.
Hence there is no such 1.

3. Subspace, quasi-classical and phase isomorphism

In this section, we introduce three important notions: subspace, quasi-classical phase
space and phase isomorphism. We also prove some of their basic properties.

Definition 3.1. Let .# = (My,-,¢ Cl;) be an intuitionistic phase space. Then .#, =
(M3, -, &, Cly) is called a subspace of .# (written .#, C 1) if:

— (M3, -, ¢) is a submonoid of (M, ¢); and
— Ch(X) = Cli(X)N M, for any X < M,.

It is then easy to verify the following theorem.

Theorem 3.2. Every subspace of an intuitionistic phase space is an intuitionistic phase
space.
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Proof. Let (M,-,¢,Cly) be a subspace of (Mj,-, ¢ Cly). It is easy to show that Cl,
satisfies properties (Cl1)—(Cl3). Property (Cl4) is a consequence of the following facts:
Ch(X) - CL(Y) = CL(X-Y)
M2 : M2 = Mz. ]
Corollary 3.3. Every subspace of a classical phase space is an intuitionistic phase space.

In other words, if (M., -, ¢, 1) is a classical phase space and M is a submonoid of M., then
(M, -, &, CI) with

Cli(X) =X**nM
for X = M is an intuitionistic phase space.
Example 3.4. Consider a classical phase space (Z,+,0, 1), where (Z,+,0) is the additive
monoid of integers and L is the set of non-positive integers. Then one can easily see that

X+t ={neZ3me X(n<m)} for any X = Z. Hence we have X++ NN = Cl(X) for
every X < N. This means that (N,+,0, Clg) is a subspace of (Z,+,0, L).

Does the converse of Corollary 3.3 also hold? In other words, can every intuitionistic
phase space be represented as a subspace of some classical phase space? A positive answer
will be given in Section 4.

We now consider a subclass of the intuitionistic phase spaces that are of special interest.

Definition 3.5. An intuitionistic phase space (M, -, ¢, Cl) is called a quasi-classical phase
space if it is a subspace of a classical phase space (M,,",¢, 1) and

clx)=xtL
for every X < M.

The closure operator CI of a quasi-classical phase space (M, -, ¢, Cl) looks almost like
a classical double-negation operator, the only difference being that L is not necessarily a
subset of M. The following lemma gives a simple condition for a subspace of a classical
phase space to be quasi-classical.

Lemma 3.6. Let (M., ¢ 1) be a classical phase space and let (M, -, ¢, Cl) be a subspace
of (M,,-,&,L). Then (M, ¢ Cl) is quasi-classical if and only if M++ = M.

Proof. 1f (M,-,&,Cl) is quasi-classical, then M*++ = CI(M) = M by definition. Con-
versely, if M*++ = M, we have

Xt e Mttt =M
for every X < M. Therefore, CI(X) = X+t nM = X+, O

Example 3.7. The intuitionistic phase space (N, +,0, Cly) in Example 2.5 is quasi-classical.
To show this, define a classical phase space (N, I,0, L) as follows:

— N = NUWN x p(N)U{ /).
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— Forn,me N, X,Y = N and x € N, let:
nfm :=n+m
ntmX)=mX)¥n = (n+mX)
(nX)+(mY) =/

JFx=xF/ =/

— 1 = {(nX)neX}

Then, we have (0, X) € X* for every X < N. Therefore, X*+* does not contain an element
of the form (n,Y) or ./ (since ./ ¢ L). Moreover, if n € X**, then (n,X) € L (since
(0,X) € X*), which means n € X. Thus we have X*++ = X = Cl;y(X). This shows that
(N, +,0, Cly) is quasi-classical.

One can similarly prove that (N, +,0, Clg) is quasi-classical.

It is not known whether every intuitionistic phase space is quasi-classical or not. On the
other hand, we shall see in the next section that every intuitionistic phase space is phase
isomorphic to a quasi-classical one. Here, the notion of phase isomorphism is defined as
follows.

Definition 3.8. Let .#; = (My,-,¢,Cly) and 4, = (M,-,¢, Cly) be intuitionistic phase
spaces. A function F : €(# 1) — 6(.#>) is called a phase isomorphism from .4 to ., if
it is bijective and preserves the operations and constants given in Definition 2.4. Namely,
for any closed sets X, Y € €(.#1),

F(X* Y) = F(X)*, F(Y) for * € {®, &, ®,—o};
F(1X) = LF(X);
F(cy) = ¢ for ¢ € {1,0,T}.

Here, the operations and constants in .#; are indexed by i (for i = 1,2).

Example 3.9. The intuitionistic phase space (N,+,0,Clc) in Example 2.5 is phase iso-
morphic to (Z,+,0,CI), where the latter closure operator CIL is defined by CIL(X) =
Cl<«(X)U {nln < 0} for any X < Z. In fact, there is a phase isomorphism F from the
former to the latter, defined by F(X) = X U {n|n < 0} for any closed set X.

It is easy to see that if F is a phase isomorphism, then so is F~!. As expected, we have
the following theorem.

Theorem 3.10. Let .#, = (My,,¢,Cly) and .#, = (M, ¢, Cly) be intuitionistic phase
spaces and F be a phase isomorphism from .#, to .#,. Given a valuation vy for .#,
define a valuation v, for .#, by

va(p) = F(v1(p))
va(L) = F(vi(L)).

Then, for any formula A, v; satisfies A (¢ € v1(A4)) if and only if v, satisfies A (& € vy(A4)).
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Proof. 1t is readily seen that v(A4) = F(v1(A4)) for any formula 4. Now observe that
e €vy(A) iff 1; = v1(A4) iff 1; =v1(A4 & 1). From this, we have

ce€v(A) = 11 =01(4&1)
<> F(1;) = F(ni(4 &1))
— h=0d&l)
< & € 1y(A). ]

The above theorem entails, in particular, that there is an intuitionistic phase space that
is not phase isomorphic to any classical phase space. Otherwise, any ILL formula satisfied
in all classical phase models would be satisfied in all intuitionistic phase models too.
However, we know that LL is not conservative over ILL (see Section 5).

4. Three-layered representation

In this section, we prove our main theorem, the three-layered representation theorem
(Theorem 4.1), which provides a good summary of the relationship between intuitionistic
and classical phase semantics. According to the theorem, every intuitionistic phase space
A is naturally endowed with a three-layered structure:

ﬂg%q E%('a

where ./, is quasi-classical and .# . is classical. Furthermore, there is a phase isomorphism
from .#, to /. The size of ./, is not unexpectedly large; in fact, it has a bound in terms
of the size of .# and a given co-basis for ./Z.

Theorem 4.1 (Three-layered representation). Let .# = (M, -, ¢, Cl) be an intuitionistic phase
space and let {G,},es be a co-basis. Then there exist a quasi-classical phase space
My = (Mg, e Cly) and a classical phase space .#. = (M., ", ¢, L) satisfying the following:
(i) A is a subspace of .#,, and .#, is a subspace of .#.. Specifically:
— forany X< M: CI(X)=X**NM, and
— forany X, = M,: Cl(X,) = X+
(ii) There is a phase isomorphism from .#, to ..
(iii) The cardinal number of M, is bounded by |M| - |«Z] - Ny, with |X| representing the
cardinal number of X; in particular, whenever both M and ./ are countable, so is
the resulting M..

Before proving the theorem, let us derive some consequences from it. The first is the
converse of Corollary 3.3.

Corollary 4.2. Every intuitionistic phase space is a subspace of a classical phase space.

Intuitionistic phase semantics is not just complete, but also countably complete for ILL;
in other words, for every unprovable formula A, there is a countable intuitionistic phase
space that invalidates 4. The next corollary ensures that this property remains true, even
though one takes into account the size of the outer classical phase space of which the
intuitionistic phase space in question is a subspace.
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Corollary 4.3. For any formula A of ILL, A is provable in ILL if and only if 4 is satisfied
in every intuitionistic phase model (.#Z,v) such that .# is a subspace of a countable
classical phase space.

Proof. The statement follows from property (iii) above and the second statement of
Theorem 2.9. U]

Finally, we have a completeness theorem for ILL with respect to the quasi-classical
phase models.

Corollary 4.4. Every intuitionistic phase space is phase isomorphic to a quasi-classical
phase space. As a consequence, a formula A4 is provable in ILL if and only if A4 is satisfied
in every quasi-classical phase model.

Proof of Theorem 4.1. As a monoid M, we take the set of all pairs of the form (x, ®),
where x is an element of M and © is a finite multiset of closed sets from {G,},c.s. The
monoid product on M, is defined as

(x%,®) - (y,E) == (x-y,PWE),

where W represents the multiset union. It is readily seen that (e, &) is the neutral element
of M.. The construction ensures the requirement (iii).
The original M is intended to be identified with the set M x { S}, which is a submonoid
of M.. More precisely, we will use the mapping
X = Xx{J},

which represents a natural 1somorphlsm ‘between M and M x{}. Accordmgly, M =
(M, -, &, Cl) is identified with M = (M, &, Cl) where Cl is defined by Cl(X) = Cl(X)
The desired L = M., is defined by

0, := {(x,®) | xeCI(), D arbitrary}
= {(x.{G4}) | x€G,, aeA}UO..

This completes the definition of .#,. = (M., ", ¢, L). One can easily verify that the set O, is
indeed the smallest closed set in .#.. More specifically, we have the following lemma.

Lemma 4.5. 0, - M. < 0,. Hence 0, < MCJ' =gyt

Proof. Suppose that (x,®) € 0. and (y,¥) € M.. Since x € CI(J), we have x -y €
Cl() - Cl({y}) = CUD - {y}) = CI(). Hence (x,®) - (y,'¥) € 0. O

We will now show that . is a subspace of ...
Lemma 4.6. For any X<M: X*t cCl(X)uo0

Proof. First observe that
(e {G.h e Xt (1)

for any G, = X. Indeed, for any (x, &) € X we have x € G,. Therefore, (6 {G,}) (x, ) =
(x,{Gy}) € L.
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Now, suppose that (z,¥) is an element of )~(J'J', and X =G, for some «. From (1), it
follows that

(2,¥) - (6,{Gu}) = (2, YW {G,}) € L. (2)
For empty P, this means directly that z € G,. Therefore,
ze (] G.=cClX),

{a€ol | X=Gy}

and hence (z, V) € C/IZ)/().
For non-empty ¥, (2) implies that z € CI(). Therefore, (z,'¥) € 0... ]
Lemma 4.7. For any X = M,
CI(X)U0, < X+*+,
Proof. Since 0. = g+ = X4+ by Lemma 4.5, it suffices to show that CI(X) = X**.

Suppose that (x, ) € Cl( ) and (y,®) € X+ our goal is to show that (y,®) - (x, &) =
(y - x,®) € 1. There are two cases to be considered:

— ® = {G,} for some a. Then, for any z € X,

1. {G.})  (z, &) = (y°z,{G,}) € L.

By the definition of J. we get y -z € G, Therefore, {y} - X = G,. By properties
(Cl1)—~(Cl4), {y} - Cl(X) = G,. Since x € CI(X), we have y - x € G,. Therefore, we
conclude that

(1, @) - (x, F) = (y-x,{G}) € L
— @ is not a singleton. For any z€ X,
(».®)(z2,0) = (yz,®) € L,

which means that y-z € CI(F). Therefore, {y}-X = CI(). By properties (Cl11)—(Cl4),
{y}-Cl(X) = CI(). Since x € CI(X), we have y - x € CI(F). Therefore, we conclude
that

1,®) (x,F)=(yx,®) €0, = L. Ul
Bringing together Lemmas 4.6 and 4.7, we obtain
CI(X)U0, = X*+*+ 3)
for every X = M. Since Cfl&) cMand 0.NM = CT(\@), we have
cx)=xtLtnm. (4)
This shows that .7 is a subspace of C .#.. Now, define .#, = (My,,¢,Cl;) by
M, := MUO,
Clyx,) = X)tLtnm, forx, <M,
Observe that M, is a submonoid of M., because we have M-Mc M, 0.-0. <0, and

M - 0. € 0. by Lemma 4.5. Therefore, it is clear that % C .4, T M. Furthermore, we
have the following lemma.
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Lemma 4.8. For any X, = M,
11 an-Ld
X;— =X,N"nM)=—.
Proof. Obviously, we have (X, N M)J'J' c X qJ'J'. On the other hand,

xtt < (x,nMuoytt
c (x,nMugth)td  (by Lemma 4.5)
= (x,nMugtt
= x,nMm+L, O

Lemma 4.9. Cl,(X,) = (Xq)J'J' for any X, < M,. Therefore .#, is quasi-classical.

Proof. We have MqJ'J' =miL = Cm) U0, =MUO, = M,, by Lemma 4.8 and (3).
Therefore, our claim follows by Lemma 3.6. |

Finally, it remains to show that there is a phase isomorphism from .#, to . For any
Xq € My, let F(Xy) =X, NM.

Lemma 4.10. F is a bijection from 4(.#,) to (6(%).

Proof. For any closed set X, = XqJ'J' in .#,, we have

F(X,) =X}t nM =, ndttnM = Cix, n M),

by Lemma 4.8 and (4). Hence F is a function from ¢(.#,) to ¢(.#). Conversely, for any
closed set Y in .#, we have

Y =CiV)=7+L =y il

by (4). Hence F is surjective. Finally, for any closed sets X, Y, in .#,, we have F(X,) =
F(Y,) implies (X, N MLl = (Y, N M)+L Hence X, =Y, by Lemma 4.8. Therefore, F
is injective. U]

Lemma 4.11. F preserves the operations and constants given in Definition 2.4.

Proof. Since all cases are more or less similar, we consider just a few of them. In the
following, the operations in My are incle/xed by and X, Y range over 6(# ).
First, note that (X - Y)NM = (X N M) - (Y N M). Therefore,
FX®,Y) = (x-v)ttnMm
= (X -V)nMLLAM (by Lemma 4.8)
= (XnM)- (Y nM)tLnm
CI(F(X)-F(Y)) (by (4)
F(X)® F(Y).
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Second, note that Z —o, Y = z1t4 —o, Y forany Z = M, and Y € 4(.4 ). Therefore,

F(X =, Y) = Y)nM
(XmM)J'J'—o Y)NM (by Lemma 4.8)
(XN M) —o, Y)N M
— (XN M) —o (Y N M)

= F(X)—o F(Y).

(X
= (
= (
(

Finally, note that I, = I. Therefore,

F(1,X) = (X NI+t M
= xnI,n ML M (by Lemma 4.8)
xnMnhttnm
CIF(X)NT) (by (4))
= IF(X). O

This establishes the requirement (ii). To get the precise form of Theorem 4.1 it remains
to take into account our natural isomorphism between M and the original M. L]

Remark 4.12. It is clear from the definition of .#, that if CI(J) = J, then .# just
coincides with .#,. It follows that every intuitionistic phase space with CI(J) = J is
quasi-classical.

5. An embedding of ILL into LL

Based on the semantic insights we have obtained so far, we now give a syntactic embedding
of ILL into LL. Before doing so, we observe that LL is already conservative over ILL as
far as the propositional formulas without 0 and L are concerned.

Theorem 5.1 (Schellinx 1991). Let 4 be a formula of ILL that does not contain 0 or L.
Then A is provable in ILL if and only if it is provable in LL.

Therefore, there is no need to translate this fragment. On the other hand, in the presence
of 0 or L (or second-order quantifiers), LL is not conservative over ILL, as witnessed by
the following:

(p—ol)—ol)—op

(T—1)—((p—=0)—<0)—op.

These ILL formulas are provable in LL but not in ILL. Our embedding is intended to
cover the full propositional logic ILL including 0 and L.

Definition 5.2. Let py be a distinguished propositional variable. We define

@(po) == (1po)®(po ® po —° po).
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To each formula 4 of ILL, we associate another formula 4° of ILL as follows;

q° = q&po, for a propositional variable g
¢ = c&po, force {T,1}
d° = d, for d € {1,0}
(A— B)° = (A4°— B°) & po
(A* B)° = A°* B, for * € {®, &, @)
(14)° = 14°.

In addition, we define
(Aq,...,Ap)° = A45,..., 4.

n

Lemma 5.3.

1 For every n > 0, the following is provable in ILL:

®(Po), pos - --» Po = po-
——
n times
2 The following is a derived rule in ILL:

@(po)aAl &p()a"'aAn &pO l_ B
(p(p()),Al &pO,---,An &pO l_ B &p()

Proof.

1 We use induction on n. For n = 0, the statement follows from !py F po. The case
n = 1 is immediate. For n > 2, we can derive ¢(po), po, po, I F po from ¢(po), po, I' F po
as follows:

Po,Po = po ® po ¢(po), po, I" F po
©(Po), po ® po — po, po, po, I F po
®(Po), po> po, I = po

2 From 1 we derive

¢(po), A1 & po, ..., Ay & po = po
by the &I rule. Hence the &r rule yields the desired sequent. |

Remark 5.4.

1 Intuitively, the formula ¢(A4) asserts that ‘(the interpretation of) A is a submonoid
(of the domain of the phase space in question). In fact, ¢@(A4) is satisfied in an
intuitionistic phase model (M, -, ¢, Cl,v) whenever v(A4) is a submonoid of M (cf.
Lemma 5.10), although the converse is not always true. It is interesting to note that:

— (1) and ¢(T) are provable in ILL; and

— (1) and v(T) are closed submonoids of M, the former being the smallest and the
latter being the largest.

2 The suffix &py may be viewed as S4-modality [J in the presence of the assumption
@(po). The derived rule of Lemma 5.3(2) exactly corresponds to the right rule for [J,
while the &I rule corresponds to the left rule for .
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Lemma 5.5. For every formula 4 of ILL,
@(po) F A° —o (A°&po) and ¢(po) | (A°&py) —o A° are provable in ILL.

Proof. The latter is trivial, while the former is proved by induction on the complexity
of A. Ul

Using this, the soundness of the embedding can be easily established.

Lemma 5.6. Let I - 2 be a sequent of ILL. If I' - E is provable in ILL, then ¢(py), I'° F E°
is provable in ILL.

Proof. We use induction on the length of the proof of I' - E. For instance, when the
last inference rule is —or of the form
A,Cy,....,C, F B
-
Cr....C,FA—oB "

our claim can be shown as follows. By the induction hypothesis, we have
o(po),A°,Cy,...,C, F B°.
By the rules &I and —or,
@(po), Cy & po, ..., C; & po = A° —o B°.
By Lemma 5.3,

®(po), C{ & po,...,C, & po - (A° — B°) & po.

Finally, by Lemma 5.5, we obtain the desired sequent ¢(po),Cy,...,C, F (4° — B°)
& po. O

To prove the faithfulness of the embedding, we exploit the three-layered structure of
intuitionistic phase models. Since the general construction given in the previous section
fails to satisfy the required properties (in particular, v(L) = L N M,), we explicitly build
a canonical model endowed with a three-layered structure.

First, define a classical phase space .#, = (M,,", ¢, 1) by

M, := {(I';A)|T,A are multisets of ILL formulas}
(T;A) - (2;11) = (I, Z;A,10)
¢ = (J: )
0. = {(I'; A)IT - 0 is provable in ILL, A arbitrary}
L = {(I'; )T+ C is provable in ILL} U Q..
As in the proof of Theorem 2.9, the multiplicity of formulas of the form !B is ignored.

Note that if (I';A) € 0, then (I',X;®) € 0. for arbitrary £ and ®. In fact, if ' - 0 is
provable, then so is I', X F 0. Hence (I',X; ®) € 0.
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Second, define an intuitionistic phase space .#, = (M, -, ¢, Cl;) by
M {(T; )T is a multiset of ILL formulas}
M, = MUO,
Cl,(x) == x+L.

We then have the following lemma.
Lemma 5.7. .Z, is a quasi-classical subspace of .Z..

Proof. (M,,-,¢) is a submonoid of (M.,-,¢), because M -M = M, M - 0. = 0. and
0. - 0. = 0..

To show that Cl, is a well-defined closure operator on (My,,¢), first observe that
(T;T) e MqJ'. Indeed, for any (I'; &) € M, we have

I@) (B T)=I;T)e L,
and for any (I';A) € 0., we have
(I5A) - (:;T) = (T4, T) €0 = L.

Finally, we show that MqJ'J' € M,, which is sufficient to ensure that XJ'J'ﬂMq =xid
Let (T';A) € MqJ'J'. If A is empty, (I';A) € M, holds trivially. Otherwise, observe that
(I';A,T) € L, because (J;T) € MqJ'. By the definition of L, (I';A,T) € 0.. Hence
(I';A) € 0. = M, U]

Define a canonical valuation v, for .#, by

[A] = {(I'; &)IT - A is provable} U 0,
ve(p) = [pl
vg(L) = [L].
One can show that (J;A4) € [[A]]J', and thus [A]+* < [A] for any formula A. Therefore,

v, surely assigns a closed set to each propositional variable.
Furthermore, we have the following lemma.

Lemma 5.8. v,(L) =L N M,.
Proof. Observe the following:
(I'; &) € vy(L) <= T' I L is provable

< I'+ is provable

— ;@) e d.
U]

On the other hand, the following lemma can be proved by the standard method (see
Okada (1996)).

Lemma 5.9. For any formula 4, (4; &) € vy(4) < [A]l. In particular, if ¢ € v,(A), then
F A is provable in ILL.
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Define a valuation v, for ., by

ve(po) == My;
ve(r) = w,(r),

where r is a propositional variable other than py. Since M, = M, qJ'J' and v,(r) = vq(r)J'J',

v, 1s surely a valuation for .Z..

Lemma 5.10.

1 ¢(po) is satisfied in (M, -, ¢, L,v.).
2 v4(A) = v,(A°) for every formula 4 of ILL.

Proof. The first statement is easily verified based on the fact that M, is a submonoid
of M..
The second statement is proved by induction on the complexity of 4. For instance,

vg(A —o B) = vy(A) —oq vg(B) = v.(A%) —oq4 v:(B°)
= (0:(A°) =0 v:(B°)) N M, = 0:((A° —o B°) & po) = v:((A — B)°).

Here, it should be noted that X —, Y = {y e M |Vxe X(x-ye Y),and X < Y = {y €
M.Vx e X(x-yeY)}. Hence X —, Y = (X —o. Y) N M,. We also have

v(L) = L0 My = v(L & po) = ve( L)
by Lemma 5.8. OJ
We finally end up with the main result of this section.
Theorem 5.11. A formula A4 of ILL is provable in ILL iff ¢(pg) —o A° is provable in LL.

Proof. Lemma 5.6 gives one direction. To show the other direction, suppose that
¢@(po) —o A° is provable in LL. By the soundness of classical phase semantics, ¢(py) —o 4°
is satisfied in the classical phase model (M., -, ¢, L,v.). Since ¢ € v.(¢p(py)) by Lemma 5.10
(1), we have ¢ € v.(4°). Hence ¢ € vy(4) by Lemma 5.10 (2). Therefore, 4 is provable in
ILL by Lemma 5.9. L]

6. Conclusion

LL and ILL are almost equivalent, though there are certainly some differences. To clarify
the delicate relationship between them, we have made a phase semantic analysis. The
outcome is a tight connection, perhaps a tighter one than expected, between intuitionistic
and classical phase spaces. In particular, it has been shown that every intuitionistic phase
space is a subspace of a classical one, and phase isomorphic to a quasi-classical one.

Our results show that, for any monoid M, whatever intuitionistic closure operator CI we
take for it, Cl can be defined in a rather simple ‘almost classical’ form: CI/(X) = X LlAm.
Remarkably, it does not involve any ‘big’ (second-order, impredicative) quantifications in
contrast to the closure operators in Abrusci (1990) and Okada (1996). We hope that our
simpler definition will find an interesting application in the study of linear logic.

https://doi.org/10.1017/50960129505005062 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129505005062

Intuitionistic phase semantics is almost classical 85

In Section 5, we have given an embedding of ILL into LL. It is interesting to observe
that it is nothing but a linear analogue of Godel’s embedding of intuitionistic logic into
modal logic S4 (viewing &po as a modal operator). A difference is that, while one has to
introduce an extra modal operator [ in the case of intuitionistic logic, our modal operator
&py is already definable in ILL. This is due to the rich expressive power of linear logic.

Finally, we leave the following questions as open problems:

1 Is every intuitionistic phase space quasi-classical? We conjecture it is not, but it seems
difficult to give a concrete counterexample.

2 Does the embedding theorem (Theorem 5.11) extend to the second-order setting?

3 Do our main results hold for substructural logics other than linear logic?
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