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This paper presents a consistent specification test of conditional symmetry using a
kernel method+ The test statistic is shown to be asymptotically distributed as stan-
dard normal under the null hypothesis of conditional symmetry and consistent against
any conditional asymmetric distribution+ Power against local alternatives is also
investigated+ A Monte Carlo simulation is provided to evaluate the finite-sample
performance of the test+

1. INTRODUCTION

In many econometric models, for the purpose of identification, some distribu-
tional assumptions are placed on the relationship between two random vectors+
Three often imposed assumptions are conditional moment restrictions, indepen-
dence, and conditional symmetry (see Newey, 1990)+ Conditional symmetry im-
plies that the distribution of one random variable, typically the error term, given
another random vector, usually the independent variables, has a symmetric form+
Though conditional symmetry imposes a strong shape restriction, it allows for
heteroskedasticity+ There are a few semiparametric estimators proposed under
conditional symmetry+ Manski (1984) and Newey (1988) estimated regression
models under conditional symmetry+Powell (1986a) and Newey (1991) proposed
semiparametric estimation for Tobit models under conditional symmetry+

Tests for the conditional symmetry assumption were proposed by Powell
(1986b) for censored regression models and by Newey and Powell (1987) for
linear regression models via asymmetric least-squares estimation+However these
tests are unlikely to be consistent against all conditional asymmetric distribu-
tions+ The closely related problem of testing for (unconditional) symmetry was
investigated by Gupta (1967),Gastwirth (1971), Doksum, Fenstad, and Aaberge
(1977), and Randles, Fligner, Policello, and Wolfe (1980)+ It is not clear whether
these tests can be extended to testing for conditional symmetry+

This paper provides a consistent test of conditional symmetry using a kernel
estimation method+ Here, the null hypothesis imposes only a shape restriction,
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not a parametric model as in Zheng (1994, 1996a, 1996b, 1998)+ The techniques
extend those in Zheng (1996a), which tested for functional form in regression
models+ The paper is organized as follows+ Section 2 presents the test statistic+ In
Section 3, we show that the test statistic is asymptotically standard normal under
the null hypothesis of conditional symmetry and consistent against any asym-
metric distribution+ The test is also shown to be consistent against any local al-
ternatives that approach the null at rates arbitrarily slower than the parametric
raten2102+ Section 4 provides a Monte Carlo study on the finite-sample perfor-
mance of the test+

2. THE HYPOTHESIS AND TEST STATISTIC

LetF~ y,x! be the joint probability distribution function of a random vector~Y,X!
defined on some probability space~V,F,P!, where~Y,X! takes values onR 3
Rm+We have a random sample$~ y1,x1!,~ y2,x2!, + + + ,~ yn,xn!% from the probability
distributionF~ y,x!+Denote the conditional distribution function ofYgivenXand
the density function ofX by F~ y6x! andp~x!, respectively+

In applications, the conditional distribution functionF~t 6x!, as a function oft,
is assumed to be symmetric about a common center for almost everyx+We may
normalize the location of the distribution so that the center of symmetry is zero+
The null hypothesis to be tested is that the conditional distribution is symmetric,

H0: Pr@F~ yi 6xi ! 5 1 2 F~2yi 6xi !# 5 1, (2.1)

whereas the alternative to be tested is that the null is false:

H1: Pr@F~ yi 6xi ! 5 1 2 F~2yi 6xi !# , 1+ (2.2)

Thus the alternative consists of all possible conditionally asymmetric distributions+
Denote 1({) as the indicator function, i+e+, 1~A! 5 1 if event A occurs and

1~A! 5 0 otherwise+ For anyt [ R, denoteei ~t! [ 1~ yi $ t! 2 1~ yi # 2t!+ Note
thatH0 holds if and only ifE @ei ~t!6xi # 5 12 F~t 6xi ! 2 F~2t 6xi ! 5 0 for all t with
probability one+DenoteF1~t! as the marginal distribution function ofyi + Then we
have

W [ EE$ei ~t!E @ei ~t!6xi #p~xi !% dF1~t!

5 EE$@1 2 F~t 6xi ! 2 F~2t 6xi !#
2p~xi !% dF1~t! $ 0, (2.3)

where the equality holds if and only ifH0 is true+Thus the sample analog ofWcan
be used to test the null+ As in Powell, Stock, and Stoker (1989), weightingW by
the density functionp avoids the problem of trimming the small values of the
density function+
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In practice, yi is usually a regression residualg~wi ,xi ,u0! that depends on a
dependent variablewi , some regressorsxi , and some unknown parametersu0 [
Q , Rq+ Denote the estimatedyi by yi ~ Zu! [ g~wi ,xi , Zu! where Zu is an estimator
of u0+ We estimate the marginal distribution function ofyi by the empirical
distribution function ofyi ~ Zu!, F1n~t 6 Zu! 5 ~10n!(i51

n 1@ yi ~ Zu! # t#, and ei ~t! by
ei ~t, Zu! 5 1@ yi ~ Zu! $ t# 2 1@ yi ~ Zu! # 2t#+

The density weighted conditional expectationp~xi !E @ei ~ y!6xi # can be esti-
mated by the delete-one kernel regression method:

[p~xi ! ZE~ei ~t!6xi ! 5
1

n 2 1 (
jÞi

1

hm KSxi 2 xj

h Dej ~t, Zu!, (2.4)

whereK is a kernel function andh is a bandwidth+
We then obtain the sample analog ofW:

Wn [
1

n~n 2 1! (
iÞj

1

hm KSxi 2 xj

h DEei ~t, Zu!ej ~t, Zu! dF1n~t 6 Zu!, (2.5)

where(iÞj sums over all pairs of~i, j !~i, j 5 1, + + + , n! excepti Þ j+
DenoteF~t 6xi ,u! as the conditional distribution function ofyi ~u! [ g~wi ,xi ,u!

givenxi andu andF1~t 6u! as the distribution function ofyi ~u! givenu+ For any
matrix A, let 7A7 denote its Euclidean norm, i+e+, 7A7 5 @tr~AA'!#102+We impose
the following regularity assumptions+

Assumption 1+ $~wi ,xi !% i51
n is a random sample from a probability distribution

G~w,x! on R 3 Rm+ Hereyi ~u! [ g~wi ,xi ,u!, whereg~{,{,u! :R 3 Rm r R for
every u [ Q , Rq+ The termyi ~u! is twice differentiable with respect tou,
supu[Q7]yi ~u!0]u72 # b~wi ,xi !, and supu[Q7]2yi ~u!0]u]u ' 7 # b~wi ,xi !, where
E @b~wi ,xi !# , `+ Here F~ y6x,u! and F1~ y6u! have uniformly bounded first-
order and second-order derivatives with respect toy andu+ The density function
p~x! of xi and its first-order derivatives are uniformly bounded+ The termyi 5
g~wi ,xi ,u0! for an interior pointu0 of Q+ There exists an estimatorZu of u0 such
that!n~ Zu 2 u0! 5 Op~1!+

Assumption 2+ The termK~u! is a nonnegative, bounded, continuous, and
symmetric function onRm such that*K~u! du 5 1 and*7u72K~u! du , `+

The conditions ony~u! in Assumption 1 ensure that its derivatives are appro-
priately dominated by functions integrable with respect to the distributionG~w,x!+
For example, in the linear regression modelwi 5 xi

'u 1 yi , the conditions require
thatE~7xi72! , `+

For notational simplicity,we letF~ y6x!,F~ y!, andydenoteF~ y6x,u0!,F~ y6u0!,
andy~u0!, respectively+

3. THE LIMITING NULL DISTRIBUTION AND POWER

The following theorem gives the asymptotic null distribution of the statisticWn+
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THEOREM 1+ Given Assumptions1 and2, if h r 0 and nhmr`, then under
the null hypothesis~2+1!,

nhm02Wn
d
&& N~0,s 2!, (3.1)

where

s 2 5 8EK 2~u! du{EE E$@1 2 F~s ∨ t 6xi !#
2p~xi !% dF1~t! dF1~s!+ (3.2)

Here s∨ t [ max$s, t%+ The terms 2 can be consistently estimated by

[s 2 [
8

n~n 2 1! (
iÞj

1

hm K 2Sxi 2 xj

h D
3 FE1@ yi ~ Zu! $ t#1@ yj ~ Zu! $ t# dF1n~t 6 Zu!G2

+ (3.3)

The bandwidth condition is the same as one imposed by Prakasa Rao (1983)
for obtaining the consistency in quadratic mean of kernel density estimators+ The
final test statisticTn is based onWn:

Tn [ nhm02Wn0 [s+ (3.4)

By Theorem 1, Tn rd N~0,1! under the null+
The following result provides the asymptotic behavior ofTnunder the alternative+

THEOREM 2+ Given Assumptions1 and2, if h r 0 and nhmr`, then under
the alternative hypothesis~2+2!,

Tn0nhm02 p
&& EE$@1 2 F~t 6xi ! 2 F~2t 6xi !#

2p~xi !% dF1~t!0s . 0+ (3.5)

ThusTn rp`, and the test is consistent+
We next examine the local power of the test+ We consider the following se-

quence of local alternatives:

H1n: 1 2 F~ y6x! 2 F~2y6x! 5 dnl ~ y,x!, (3.6)

where l ~ y,x! is a nonrandom function that has uniformly bounded first-order
derivatives with respect toy andx and$dn: n $ 1% is a sequence of scalar con-
stants for which limnr`dn 5 0+

THEOREM 3+ Given Assumptions1 and 2, if h r 0, nhm r `, and dn 5
n2102h2m04, then under the local alternatives~3+6!,

nhm02Tn
d
&& N~m,1!, (3.7)

142 JOHN XU ZHENG

https://doi.org/10.1017/S0266466698141063 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698141063


where

m 5 EFE l 2~t,xi ! dF1~t!p~xi !GYs+

Thus, with proper choice ofh, the test is consistent against any local alterna-
tives approaching the null at rates arbitrarily slower than the parametric raten2102+

4. A MONTE CARLO SIMULATION

In this section,we conduct a Monte Carlo simulation of the size and power of the
test to evaluate the finite-sample performance of the test+

The data are generated as follows+ Let x ande be two independent random
variables+The termx is drawn from the standard normal distribution+Adependent
variablew is generated asw 5 1 1 x 1 xe+ Definey [ xe 5 w 2 1 2 x+ The null
hypothesisH0 that we want to test is that, conditioning onx, y is symmetric about
zero+ Herey is estimated by the least-squares residual[y in the regression ofw on
constant andx+

We drawe from symmetric and asymmetric distributions to yield condition-
ally symmetric and asymmetric distributions fory+ To investigate the size of
the test, we first generatee from the standard normal distribution and the
t-distribution with 10 degrees of freedom+ We then select another six distribu-
tions, two symmetric and four asymmetric, from the generalized lambda family
(GLF) proposed in Ramberg and Schmeiser (1974)+ The distributions in this
family are defined in terms of the inverses of the cumulative distribution func-
tions: F 21~u! 5 l1 1 @ul3 2 ~1 2 u!l4#0l2 for 0 , u , 1+ The parameters
defining the six distributions are listed in Table 1, along with the values for the

Table 1. Distributions used in the Monte Carlo study

Distribution l1 l2 l3 l4 a3 a4

Symmetric distributions
1 Standard normal
2 t-distribution with 10 degrees of freedom
3 0+00000 0+16666670 1+0000 1+0000 0+000 1+80
4 0+00000 20+01412640 20+0800 20+0800 0+000 5+99

Asymmetric distributions
5 212+60100 20+00980045 20+1100 20+0001 22+924 19+52
6 9+77260 0+01518780 20+0010 20+1300 3+160 23+80
7 27+84595 20+02236430 20+1500 20+0010 23+478 30+24
8 6+43871 0+00317949 20+0001 20+1700 3+880 40+70
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associated skewness parametera3 and kurtosis parametera4+ We transform all
distributions from this family to have mean equal to 0 and variance equal to 1+

The critical issue in the simulation is how to select the bandwidthh+ Here we
choose the bandwidthh to minimize the generalized cross-validation (GCV)
function

GCV~h! 5 (
i51

n

@ [y 2 [gh~xi !#
20@n~1 2 tr~H !0n!2#, (4.1)

where [gh~{! is a kernel estimator of the regression functionE @ yi 6xi #

[gh~x! 5 (
j51

n

KSx 2 xj

h D [yjY(
j51

n

KSx 2 xj

h D (4.2)

and tr~H ! is the trace of the matrixH 5 ~hi, j !n3n with

hi, j 5 KSxi 2 xj

h DY(
l51

n

KSxi 2 xl

h D+ (4.3)

In the regression case, minimizing GCV will yield an asymptotically optimal
bandwidth that is proportional ton2105 (see Härdle, 1990)+ So we choose the
bandwidthh to becn2105 wherec is a constant+We use the grid search method to
find the optimalc that minimizes GCV+We let 0+05# c # 5+0 and the grid points
be 0+05, 0+15, + + + ,4+90, and 5+0 with increment 0+1+

The kernel functionK~{! is chosen to be the Gaussian kernel

K~u! 5 ~2p!2102 exp~2u202!+ (4.4)

Table 2. Proportion of rejections for distributions 1–8

Symmetric n 5% 10% Asymmetric n 5% 10%

1 100 5+2 8+6 5 100 14+9 22+9
200 5+7 10+1 200 32+0 43+9
300 7+0 9+3 300 47+4 61+6

2 100 6+9 11+4 6 100 16+8 25+7
200 8+9 13+4 200 36+3 47+9
300 7+0 10+3 300 54+1 64+5

3 100 3+4 6+9 7 100 18+4 28+6
200 3+9 6+1 200 40+0 51+3
300 2+9 5+5 300 56+0 69+2

4 100 6+8 10+1 8 100 21+5 30+3
200 7+4 13+1 200 43+6 54+1
300 7+8 12+5 300 61+0 72+2
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The simulation is conducted with sample sizes 100, 200, and 300+ Each exper-
iment is based on 1,000 replications+ The critical values for the test are from the
standard normal distribution+ Let N12a02 be the~1 2 a02!th percentile from the
standard normal distribution+ Then at~1 2 a! level, the null is rejected if6Tn6 .
N12a02+We leta be +05 and+10+

The results of the size study are shown in the left panel of Table 2+ The actual
sizes are reasonably close to their asymptotic sizes+The results of the power study
are presented in the right panel of the same table+ The power always increases
with sample size, which is in line with the asymptotic theory+
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APPENDIX: PROOFS

We will applyU-statistic theories to obtain the asymptotic distributions of the statisticWn+
Wn can be approximated by aU-statistic of order 2 which is of the form

Un [
1

n~n 2 1! (
iÞj

Hn~zi ,zj !, (A.1)

where$zi % i51
n is an i+i+d+ random sample andHn is a symmetric function, that is,Hn~zi ,zj ! 5

Hn~zj ,zi !+Definern~zi ! 5 E @Hn~zi ,zj !6zi # and Srn 5 E @Hn~zi ,zj !#+ The first part of the fol-
lowing lemma follows from Lemma 3+1 of Powell et al+ (1989), and the second part follows
from the first part+

LEMMA 1 + If E @7Hn~zi ,zj !72# 5 o~n!, then

n102 @Un 2 Srn# 5 2n2102 (
i51

n

@rn~zi ! 2 Srn# 1 op~1! and Un 5 Srn 1 op~1!+

The following lemma shows thatWn can be approximated by a second-orderU-statistic+
Its proof is available from the author upon request+ The proof uses results from Sherman
(1994)+

LEMMA 2 + Under Assumptions1 and2, if h r 0 and nhm r `, then under the null
hypothesis~2+1!,Wn 5 Vn 1 Op~n21!, where

Vn [
1

n~n 2 1! (
iÞj

1

hm KSxi 2 xj

h D
3 E @1~ yi $ t! 2 1~ yi # 2t!#@1~ yj $ t! 2 1~ yj # 2t!# dF1~t!+

Proof of Theorem 1. By Lemma 2,we only need to find the asymptotic distribution for
Vn+ The termVn is aU-statistic with kernel

Hn~zi ,zj ! 5
1

hm KSxi 2 xj

h DEei ~t!ej ~t! dF1~t!, (A.2)

wherezi 5 ~ yi ,xi
'!'+ BecauseE @ei ~t!6xi # 5 0, Vn is degenerate+

We apply Theorem 1 of Hall (1984)+ First we verify its condition+ Noting that
6*ei ~t!ej ~t! dF1~t! # 4*dF1~t! 5 4 and

E @ei ~s!ei ~t!6xi # 5 2@1 2 F~s ∨ t 6xi !#, (A.3)
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under the null for anys, t, we have

E @Gn
2~z1,z2!# 5 E$E @Hn~z3,z1!Hn~z3,z2!6z1,z2#%2

#
44

h4m EHEFKSx3 2 x1

h DKSx3 2 x2

h D*z1,z2GJ2

5
44

h4m

3 EEFEK~u!K~u 1 v!hmp~x1 1 hu! duG2

p~x1!p~x1 2 hv!hm dx1 dv

5 O~10hm!, (A.4)

E@Hn
2~z1, z2!# 5

1

h2m EFK 2Sx1 2 x2

h DEE e1~s!e1~t!e2~s!e2~t! dF1~s! dF1~t!G
5

1

h2m EEEHK 2Sx1 2 x2

h D 3 2@1 2 F~s ∨ t 6x1!#

3 2@1 2 F~s ∨ t 6x2!#J dF1~s! dF1~t!

5
1

h2m EEHEE K 2~u! 3 2@1 2 F~s ∨ t 6x1!# 3 2@1 2 F~s ∨ t 6x1 2 hu!#

3 p~x1!p~x1 2 hu!hm du dx1J dF1~s! dF1~t!

5
4

hm E K 2~u! du 3 EE E$@1 2 F~s ∨ t 6xi !#
2p~xi !% dF1~s! dF1~t!

1 oS 1

hmD
5 s 20~2hm! 1 o~10hm! 5 O~10hm!, (A.5)

E @Hn
4~z1,z2!# #

44

h4m EFK 4Sx1 2 x2

h DG
5

44

h4m EEK 4~u!p~x1!p~x1 2 hu!hm dx1 du

5 O~10h3m!+ (A.6)

Thus we have

E @Gn
2~z1,z2!# 1 n21E @Hn

4~z1,z2!#

$E @Hn
2~z1,z2!#%2 #

O~10hm! 1 n21O~10h3m!

O~10h2m!

5 O~hm! 1 O~10nhm! r 0, asn r `+ (A.7)

The condition of Theorem 1 of Hall (1984) is satisfied, and it follows from (A+5) that
Vn rd N~0,s 2!+
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Next we show that[s 2 is a consistent estimator ofs 2+ Denote [s1
2 as theU-statistic with

kernel Hn~zi ,zj ! 5 ~80hm!K 2@~xi 2 xj !0h#@*1~ yi $ t!1~ yj $ t! dF1~t!# 2+ Similarly to
Lemma 2, we can show that [s 2 5 [s1

2 1 op~1!+ Similarly to (A+5) we can show that
E @7Hn~zi ,zj !72# 5 O~10hm! 5 o~n!+ Thus the condition of Lemma 1 is satisfied+We have

E @Hn~zi ,zj !# 5
8

hm EHK 2Sxi 2 xj

h D
3 EE E @1~ yi $ s ∨ t!6xi #E @1~ yj $ s ∨ t!6xj # dF1~s! dF1~t!J

5
8

hm EEHEE K 2~u! 3 @1 2 F~s ∨ t 6xi !# 3 @1 2 F~s ∨ t 6xi 2 hu!#

3 p~xi !p~xi 2 hu!hm du dxiJ dF1~s! dF1~t!

5 8EK 2~u! du 3 EE E$@1 2 F~s ∨ t 6xi !#
2p~xi !% dF1~s! dF1~t! 1 o~1!

5 s2 1 o~1!+ (A.8)

Therefore by Lemma 1, [s 2 5 [s1
2 1 op~1! 5 E @Hn~zi ,zj !# 1 op~1! 5 s 2 1 op~1!+ n

Proof of Theorem 2. Again similarly to Lemma 2, we can show thatWn 5 Vn 1 op~1!+
The condition of Lemma 1 can be shown to be satisfied+ BecauseE @ei ~t!6xi # 5 1 2
F~t 6xi ! 2 F~2t 6xi ! under the alternative, we have

E @Hn~zi ,zj !# 5
1

hm EEE KSxi 2 xj

h D@1 2 F~t 6xi ! 2 F~2t 6xi !#

3 @1 2 F~t 6xj ! 2 F~2t 6xj !#p~xi !p~xj ! dxi dxj dF1~t!

5
1

hm EEE K~u!@1 2 F~t 6xi ! 2 F~2t 6xi !#

3 @1 2 F~t 6xi 2 hu! 2 F~2t 6xi 2 hu!#

3 p~xi !p~xi 2 hu! dxi h
m du dF1~t!

5 EE$@1 2 F~t 6xi ! 2 F~2t 6xi !#
2p~xi !% dF1~t! 1 o~1!+ (A.9)

Thus by Lemma 1 we have

Vn 5 EE$@1 2 F~t 6xi ! 2 F~2t 6xi !#
2p~xi !% dF1~t! 1 op~1!+ (A.10)

n

Proof of Theorem 3. Similarly to Lemma 2, we can show thatWn 5 Vn 1 Op~n21!+
Note that under the local alternatives, E @ei ~t!6xi # 5 dnl ~t,xi !+HereVn can be decomposed
as
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Vn 5 H 1

n~n 2 1! (
iÞj

1

hm KSxi 2 xj

h DE @ei ~t! 2 dnl ~t,xi !#@ej ~t! 2 dnl ~t,xj !# dF1~t!J
1 2dnH 1

n~n 2 1! (
iÞj

1

hm KSxi 2 xj

h DE @ei ~t! 2 dnl ~t,xi !# l ~t,xj ! dF1~t!J
1 dn

2H 1

n~n 2 1! (
iÞj

1

hm KSxi 2 xj

h DE l ~t,xi ! l ~t,xj ! dF1~t!J
[ V1n 1 2dnV2n 1 dn

2V3n+ (A.11)

Similarly to the proof of Theorem 1,we can show thatnhm02V1nrd N~0,s 2!+ Applying
Lemma 1 we can show thatV2n 5 Op~n2102! and

V3n rp EFE l 2~t,xi ! dF1~t!p~xi !G+ (A.12)

Thus, if dn 5 n2102h2m04, then

nhm02Vn rd NSEFE l 2~t,xi ! dF1~t!p~xi !G,s2D, (A.13)

andTn r N~m,1!, wherem 5 E @* l 2~t,xi ! dF1~t!p~xi !#0s+ n
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