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CONSISTENT SPECIFICATION
TESTING FOR CONDITIONAL
SYMMETRY

JOHN XU ZHENG
University of Texas

This paper presents a consistent specification test of conditional symmetry using a
kernel methodThe test statistic is shown to be asymptotically distributed as stan-
dard normal under the null hypothesis of conditional symmetry and consistent against
any conditional asymmetric distributioPower against local alternatives is also
investigatedA Monte Carlo simulation is provided to evaluate the finite-sample
performance of the test

1. INTRODUCTION

In many econometric modelfor the purpose of identificatigrsome distribu-
tional assumptions are placed on the relationship between two random vectors
Three often imposed assumptions are conditional moment restricitaepen-
denceand conditional symmetry (see Newé@&®90) Conditional symmetry im-
plies that the distribution of one random varialilgically the error termgiven
another random vectausually the independent variabléss a symmetric form
Though conditional symmetry imposes a strong shape restrjgtiatiows for
heteroskedasticityThere are a few semiparametric estimators proposed under
conditional symmetryManski (1984) and Newey (1988) estimated regression
models under conditional symmetBowell (1986a) and Newey (1991) proposed
semiparametric estimation for Tobit models under conditional symmetry

Tests for the conditional symmetry assumption were proposed by Powell
(1986b) for censored regression models and by Newey and Powell (1987) for
linear regression models via asymmetric least-squares estimdtarever these
tests are unlikely to be consistent against all conditional asymmetric distribu-
tions The closely related problem of testing for (unconditional) symmetry was
investigated by Gupta (196,Apastwirth (1971)Doksum Fenstadand Aaberge
(1977) and Randlesligner, Policellg and Wolfe (1980)It is not clear whether
these tests can be extended to testing for conditional symmetry

This paper provides a consistent test of conditional symmetry using a kernel
estimation methodHerg the null hypothesis imposes only a shape restriction
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not a parametric model as in Zheng (19929963 1996h 1998) The techniques
extend those in Zheng (1996ayhich tested for functional form in regression
models The paper is organized as follow&ection 2 presents the test statishic
Section 3we show that the test statistic is asymptotically standard normal under
the null hypothesis of conditional symmetry and consistent against any asym-
metric distribution The test is also shown to be consistent against any local al-
ternatives that approach the null at rates arbitrarily slower than the parametric
raten /2, Section 4 provides a Monte Carlo study on the finite-sample perfor-
mance of the test

2. THE HYPOTHESIS AND TEST STATISTIC

LetF(y, x) be the joint probability distribution function of a random vedfgrX)
defined on some probability spa¢e, F, P), where(Y, X) takes values oRR X
R™ We have a random samgley:, X1), (Y2, X2), ..., (Yn, Xn)} from the probability
distributionF(y, x). Denote the conditional distribution function¥fivenX and
the density function oX by F(y|x) andp(x), respectively

In applicationsthe conditional distribution functioR(t|x), as a function of,
is assumed to be symmetric about a common center for almost eWley may
normalize the location of the distribution so that the center of symmetry is zero
The null hypothesis to be tested is that the conditional distribution is symmetric

Ho: PIF(yilx) =1 — F(-Vyilx)] = 1, (2.1)
whereas the alternative to be tested is that the null is:false
Hi: PUF(yi[x) =1 — F(=y[x)] < L (2.2)

Thus the alternative consists of all possible conditionally asymmetric distributions

Denote 1() as the indicator functign.e., 1(A) = 1 if eventA occurs and
1(A) = 0 otherwiseFor anyt € R, denotes;(t) = 1(y; =t) — 1(y; = —t). Note
thatHy holds ifand only ifE[€; (t)|x;] = 1 — F(t|x;) — F(—t|x;) = O for allt with
probability one DenoteF;(t) as the marginal distribution function gf Then we
have

W= [ Ele (VBT b4 06} dFy(0)

= [ el - Fitho) ~ F-tholfptxo} dR = 0, 2.3)

where the equality holds if and onlykf, is true Thus the sample analog¥fcan

be used to test the nulAs in Powell Stock and Stoker (1989)weightingW by
the density functiorp avoids the problem of trimming the small values of the
density function
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In practice y; is usually a regression residuglw;, x;,6,) that depends on a
dependent variable;, some regressors, and some unknown parametése
® C R Denote the estimateg by y; () = g(w;, x;,#) wheref is an estimator
of 6o. We estimate the marginal distribution function gfby the empirical
distribution function ofy;(0), F(t|6) = (1/nXL11[y;(6) = t], ande;(t) by
&(t,0) = 1[yi(0) = t] — 1[yi(9) = —t].

The density weighted conditional expectatiptx;)E[e;(y)|x;] can be esti-
mated by the delete-one kernel regression method

P(x:)E(ei (1)[x) = 2 (

J#I

">ej(t,é), (2.4)

whereK is a kernel function antl is a bandwidth
We then obtain the sample analog\Wf

W= ————

n(n -1 2 hm ( h Xj)ffi(t’é)fj(t’é)dFln(tm), (2.5)

i#]

whereX;.; sums over all pairs of,j)(i,j = 1,...,n) excepti # |.

DenoteF(t|x;, 0) as the conditional distribution function gf(#) = g(w;, x;,6)
givenx; and@ andF,(t|#) as the distribution function of; (9) given#é. For any
matrix A, let | A| denote its Euclidean norme., |A| = [tr(AX)]¥2 We impose
the following regularity assumptions

Assumption 1 {(w;, x;)}{L, is arandom sample from a probability distribution
G(w,x) onR X R™ Herey; () = g(w;, x;,0), whereg(-,-,0) :R X R™" — Rfor
everyd € ® C R4 The termy;(0) is twice differentiable with respect té,
SURco 9y (0)/06]* = b(w;,x;), and supecel 02y (8)/96006' | = b(w;,x;), where
E[b(w;,X;)] < co. Here F(y|x,0) and F,(y|#) have uniformly bounded first-
order and second-order derivatives with respegtdadd. The density function
p(x) of x; and its first-order derivatives are uniformly bound@&tie termy; =
g(w;, x;,6) for an interior pointd, of ®. There exists an estimatérof 6, such
thatvi(d — 6,) = Op(1).

Assumption 2 The termK(u) is a nonnegativebounded continuous and
symmetric function ofiR™ such that/ K (u) du = 1 and/ | u]|?K (u) du < co.

The conditions ory(6) in Assumption 1 ensure that its derivatives are appro-
priately dominated by functions integrable with respect to the distrib@iam x).
For examplein the linear regression mode] = x/ 0 + y;, the conditions require
thatE(]|x;|?) < co.

For notational simplicitywe letF (y|x), F(y), andy denoteF (y|x,00), F(y|0,),
andy(6,), respectively

3. THE LIMITING NULL DISTRIBUTION AND POWER
The following theorem gives the asymptotic null distribution of the statistjc
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THEOREM 1 Given Assumptionsand2, if h — 0and nH" — oo, then under
the null hypothesig2.1),

nh™2w, %5 A(0,02), (3.1)

where

o?= sz(u)du- ff E{[1 — F(sOt|x)]?p(x;)} dF.(t) dF,(s). (3.2)

Here sOt = max{s,t}. The termo 2 can be consistently estimated by

A Xi = X
G* n(n—l)gjhm ( h >

2
X [fl[yi(é) = t]1[y;(0) zt]dFln(té)] ) (3.3)

The bandwidth condition is the same as one imposed by Prakasa Rao (1983)
for obtaining the consistency in quadratic mean of kernel density estima&tos
final test statisticT, is based oW;:

T, = nh™2W, /5. (3.4)

By Theorem 1T,, —4 N(0,1) under the null
The following result provides the asymptotic behaviofaiinder the alternative

THEOREM 2 Given Assumptionsand2, if h — 0 and nH" — oo, then under
the alternatie hypothesi$2.2),

T2 B [ E(1 - F(tx) - F-tx)Pp0) dRD/o >0, @5)

ThusT, —, oo, and the test is consistent
We next examine the local power of the téake consider the following se-
guence of local alternatives

Hin: 1 = F(ylx) = F(=y[x) = dql(y,x), (3.6)

wherel (y, x) is a nonrandom function that has uniformly bounded first-order
derivatives with respect tp andx and{d,: n = 1} is a sequence of scalar con-
stants for which lim_,..d, = 0.

THEOREM 3 Given Assumptiond and 2, if h — 0, nh™ — oo, and d, =
n~Y2h~™4 then under the local alternates(3.6),

nh™2T. 4 AV, 1), (3.7)
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where

mo= E[fl z(t,xi)dFl(t)p(Xi)j|/‘7-

Thus with proper choice oh, the test is consistent against any local alterna-
tives approaching the null at rates arbitrarily slower than the parametric T4te

4. A MONTE CARLO SIMULATION

In this sectionwe conduct a Monte Carlo simulation of the size and power of the
test to evaluate the finite-sample performance of the test

The data are generated as followet x ande be two independent random
variablesThe termxis drawn from the standard normal distributié&vdependent
variablew is generated as = 1 + X + xe. Definey=xe =w — 1 — x. The null
hypothesidi, that we want to test is thatonditioning orx, y is symmetric about
zera Herey is estimated by the least-squares residualthe regression o on
constant anct.

We drawe from symmetric and asymmetric distributions to yield condition-
ally symmetric and asymmetric distributions fgr To investigate the size of
the test we first generates from the standard normal distribution and the
t-distribution with 10 degrees of freedom/e then select another six distribu-
tions two symmetric and four asymmetyitom the generalized lambda family
(GLF) proposed in Ramberg and Schmeiser (1974 distributions in this
family are defined in terms of the inverses of the cumulative distribution func-
tions F ~X(u) = A, + [u*s — (1 — w*]/A, for 0 < u < 1. The parameters
defining the six distributions are listed in Tablgalong with the values for the

TaBLE 1. Distributions used in the Monte Carlo study

DiStribution /\l )\2 /\3 /\4 ag Ay

Symmetric distributions

1 Standard normal

2 t-distribution with 10 degrees of freedom

3 0.00000 016666670 10000 10000 Q000 180
4 0.00000 —0.01412640 —0.0800 —0.0800 0000 599

Asymmetric distributions

5 —1260100 -—0.00980045 -0.1100 -0.0001 -—2.924 1952
6 9.77260 001518780 —0.0010 —0.1300 3160 2380
7 —7.84595 -0.02236430 —-0.1500 -0.0010 -3.478 3024
8 6.43871 000317949 -0.0001 -—0.1700 3880 4Q70
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associated skewness parametgand kurtosis parametey,. We transform all
distributions from this family to have mean equal to 0 and variance equal to 1

The critical issue in the simulation is how to select the bandwidtiere we
choose the bandwidth to minimize the generalized cross-validation (GCV)
function

GCV(h) = _:Zl[fl = 0n(x)]%[n(1 = tr(H)/n)?], (4.1)

whereg,(-) is a kernel estimator of the regression functi®jny; | x; |

. d X=X\ /& X = X

Gh(¥) = 2 K 9%/ 2K (4.2)
= h = h

and ti(H) is the trace of the matrikl = (h; j),xn With

hi,j=K<¥>/ilK<X‘;X'). (4.3)

In the regression caseninimizing GCV will yield an asymptotically optimal
bandwidth that is proportional to~%* (see Hardle1990) So we choose the
bandwidthh to becn™%® wherec is a constantWe use the grid search method to
find the optimalc that minimizes GCWVe let Q05 = ¢ = 5.0 and the grid points
be Q05, 0.15,...,4.90, and 50 with increment QL.

The kernel functiorK (-) is chosen to be the Gaussian kernel

K(u) = 27)" Y2 exp(—u?/2). (4.4)

TABLE 2. Proportion of rejections for distributions 1-8

Symmetric n 5% 10% Asymmetric n 5% 10%
1 100 52 8.6 5 100 149 229
200 57 101 200 320 439
300 70 9.3 300 474 616
2 100 69 114 6 100 168 257
200 89 134 200 363 479
300 70 103 300 541 645
3 100 34 6.9 7 100 184 286
200 39 6.1 200 400 513
300 29 55 300 560 692
4 100 68 101 8 100 215 303
200 74 131 200 436 541
300 78 125 300 610 722
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The simulation is conducted with sample sizes, 2l and 300 Each exper-
iment is based on,Q00 replicationsThe critical values for the test are from the
standard normal distributioh.et N;_,/, be the(1 — «/2)th percentile from the
standard normal distributiomhen at(1 — «) level, the null is rejected ifT,| >
Ni_q/2. We leta be.05 and.10.

The results of the size study are shown in the left panel of Tabl& actual
sizes are reasonably close to their asymptotic sidesresults of the power study
are presented in the right panel of the same tabie power always increases
with sample sizewhich is in line with the asymptotic theary
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APPENDIX: PROOFS

We will apply U-statistic theories to obtain the asymptotic distributions of the statigtic
W, can be approximated byld-statistic of order 2 which is of the form

1
U,= m% Hn(z,7), (A.1)

where{z }{L,isanii.d.random sample artd, is a symmetric functiosthatis H,(z;, 7)) =
Hn(z,z). Definer,(z) = E[Hn(z, 7)|z ] andr, = E[Hn(z;, 7)]. The first part of the fol-
lowing lemma follows from Lemma.2 of Powell et al(1989) and the second part follows
from the first part

LEMMA 1. If E[|Hn(z,Zz)]?] = o(n), then
nY2[U, — ry]l = 2n"Y2 3 [r(z) — Fp] + 05(1) and U, = F, + 0p(1).
i=1

The following lemma shows th&, can be approximated by a second-ordestatistic
Its proof is available from the author upon requdste proof uses results from Sherman
(1994)

LEMMA 2. Under Assumptions and2, if h — 0 and nh" — oo, then under the null
hypothesig2.1), W, = V, + Op(n~*), where

1 1 Xi = X
n(n—l)%ﬁK< h )

% [ = - 100 = 0l = 0 - 10y = vl R,

V=

Proof of Theorem 1. By Lemma 2we only need to find the asymptotic distribution for
V,,. The termV, is aU-statistic with kernel

1 —
(2,2 = 1 K (S5 ) [ae 0 a0, (A2)

wherez; = (i, x{)". BecauseE[e;(1)|x; ] = 0, V, is degenerate
We apply Theorem 1 of Hall (1984)First we verify its condition Noting that
|[ei(t)e(t) dFy(t) = 4fdFy(t) = 4 and

Elei(s)e (D[xi] = 2[1 — F(sOt|x)], (A.3)
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under the null for ang, t, we have

E[G3(z1,25)] = E{E[Hn(Zs,21)Hn(23,2,)| 21, 2,]}?

44 X3 — X1 X3 — Xo
SWE{EM h >K< h )

44
:W

2
231,23

2
X ff[fK(u)K(u + v)h™p(x1 + hu) du} pP(X)p(Xy — hv)h™dx, dv
= O(L/h™), (A.4)

eHie, 2] = € <2 (272 [ coatesse drs o |
- h—imffE{K2<xl+X2> X 2[1 — F(sOt|xy)]
x 21— F(sDt|x2)]} dF.(s) dF(t)
= h—imﬂ{ﬂ K 2(u) X 2[1 — F(s Ot|x;)] X 2[1 — F(sOt|x, — hu)]
X p(x)p(x¢ — huyh™ du dxl} dF.(s) dF.(t)

4
= FJKZ(U)dUX ﬂ E{[1 — F(sOt/x)]%p(x)} dFy(s) dFy(t)

1
+ 0<m>
= 02%/(2h™) + o(1/h™) = O(1/h™), (A.5)

4 —
E[HA(z1,2,)] = % E[K4<><1Tx2ﬂ

44
= ham HK“(um(xl)p(xl — hu)h™dx du

= 0(1/h3). (A.6)

Thus we have

E[G2(z1,2,)] + n *E[H{(z1,2,)] _ O(1/h™) + n~*O(1/h3M)
{E[HZ(z1,22)]}? N O(1/h?M)

= 0(h™) + O(1/nh™) -0, asn—o. (A7)

The condition of Theorem 1 of Hall (1984) is satisfjexhd it follows from (A5) that
Vn —d N(O,O’Z).
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Next we show tha# 2 is a consistent estimator of2. Denotes £ as theU-statistic with
kernelHn(z,z) = (8/h™K?2[(x; — xJ)/h][fl(yI = t)1(y; = t) dF(t)]% Similarly to
Lemma 2 we can show that? = ¢¢ + o,(1). Similarly to (A.5) we can show that
E[IHn(zi,)]?] = O(1/h™) = o(n). Thus the condition of Lemma 1 is satisfidtle have

ElHy(2,2)] = o £ {22 )

X ff E[1(y; = sOt)[x]E[1(y; = sDt)|xj]dF1(s)dF1(t)}

- %Jf{fsz(u) X [1 = F(sOt|x)] X [1 — F(sOt|x — hu)]

X p(Xi)p(Xi - hu)hmdu dx} dFl(S) dFl(t)

= BJKZ(U) du X ff E{[1 — F(sOt|x)]%p(x;)} dFy(s) dF,(t) + o(1)

= o2+ o(1). (A.8)
Therefore by Lemma, 152 = £ + 0,(1) = E[Hn(z,2)] + 05(1) = 02 + 0,(1). u

Proof of Theorem 2. Again similarly to Lemma 2we can show that\, = V,, + 0,(1).
The condition of Lemma 1 can be shown to be satisfi@elcauseE[€(t)|x] = 1 —
F(t|x;) — F(—t|x;) under the alternativave have

k2201 = = [[] (5521 - R - F-tho)

X [1 = F(tlx) — F(=t[x)]p(xi)p(x;) dx dx dFy(t)

h_lmfﬂ K[l = F(t]x) — F(=t]|x)]

X [1 = F(t|x; — hu) — F(—t|x; — hu)]

X p(x)p(xi — hu) dx h™ du dR (1)

fE{[l — F(t]x) — F(=t}x)]?p(x)} dFy(t) + o(2). (A.9)
Thus by Lemma 1 we have
Vi = JE{[l — F(t]x) = F(=t]x)]?p(x)} dFy(t) + 0p(2). (A.10)

Proof of Theorem 3. Similarly to Lemma 2we can show tha\, = V,, + Op(n~1).
Note that under the local alternativéq ¢; (t)|x; | = dl(t, x;). HereV, can be decomposed
as
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Vi = {n(n_l);hm < Xj)f[eia)fdnlu,xi)][s,-(t)fdnl(t,xn]da(t)}

+ 2dn{ oD 2 (X‘ 23 Xi)f[ei(t) - dnl(t,xi)]l(t,xj)dFl(t)}

|¢J
X.
+ dﬁ{n(ni D ; hm ( ; J)fl(t,xi)l(t,xj)dFl(t)}
= Vi + 20, Vo + dEVap. (A.11)

Similarly to the proof of Theorem, ve can show thath™?2V,,, —4 N(0,0 2). Applying
Lemma 1 we can show th&b, = Oy(n~*2) and

Van —>pEU|Z(t,xi)dFl(t)p(xi)]. (A.12)
Thus if d, = n~¥2h~™4 then

Nh™2V, =4 N(E[ JI 2(t, %) dFl(t)p(Xi)],a-2>, (A.13)

andT, — M(u,1), whereu = E[ [12(t,x;) dF (t)p(xi)]/o. ]
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