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Abstract. We build a Markov partition of the Feigenbaum dynamical plane, and a system
of ‘external rays’, which are invariant under rescaling. Applications to geometry of the
Feigenbaum map are given.

1. Introduction and main results

A ‘puzzle’ is a Markov partition for the dynamics of a polynomial map z — z" + c.
It was introduced by J.-C. Yoccoz for non-renormalizable quadratic polynomials to study
the problem of local connectivity of Julia sets and the Mandelbrot set [9].

We present here a different construction to build a countable Markov partition for the
famous Feigenbaum map [5, 6, 8]. Recall that this is an infinitely renormalizable map.
The key point is that our partition is invariant under the rescaling. To obtain this property,
we first construct an ‘external ray’, or access (i.e. a simple arc disjoint from the Julia set of
the map) to the critical point, which is invariant under the rescaling. Moreover, such a ‘ray’
appears to be unique; it is a fractal and a quasi-circle, see Theorem A. Taking preimages
of this ‘ray’ we obtain the Markov partition; it is described in Theorem B (see also
Theorem C(a)). Roughly speaking, it says that there exists a (in fact, unique) ‘shape’,
such that its images under the action of univalent maps with uniformly bounded distortions
(which are inverse branches and rescalings) tile the plane, and so that the boundary of any
‘tile’ touches a (rescaled) Julia set at a unique point, which is a (rescaled) preimage of the
critical point. Then we show (Theorem C) that there is a system of ‘external rays’, which
is invariant under the rescaling. For other applications, see Theorem C and Corollary.

The Feigenbaum map g is a unimodal interval map with a given criticality » > 1 at
the critical point and such that g is a fixed point of the period-doubling renormalization
operator [8]. In other words, it is a solution of the Cvitanovic-Feigenbaum equation

g(x) = ag(g(x/a)), 1)
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where @« < —1 is the Feigenbaum universal constant (rescaling in the dynamical plane).
The Feigenbaum map exists for every r > 1 [7, 10]. The uniqueness is proved for every
r even integer [14]. Moreover, in this case the map is universal [8, 11, 14]. It means
that the sequence of renormalizations of any smooth unimodal map (with the Feigenbaum
combinatorics and fixed criticality r) converges to a map which depends on r only. This is
the Feigenbaum map.

Let g be the Feigenbaum map with critical point of criticality r, where » > 1 is a fixed
even integer. As usual, g is normalized so that it is an even unimodal map of [—1, 1] into
itself, with the critical point at 0 and the critical value g(0) = 1. It is proved [5, 6] that g
extends to an analytic polynomial-like map [4]

g: Q0 —> Q,

with the single critical point at 0, where @ = C \ R U (a, &?) is a slit complex plane,
Qo C Q, and Q is a bounded topological disc; moreover, if one denotes

IT={z:arg(z) € (0,7n/r)},

then the boundary of € contains exactly one singular point ¢ in IT such that the limit
values of g at c is infinity.

The dynamical system g : Q¢ — 2 is the subject of the paper. (So, whenever we speak
about iterates g” or g7, n > 0, we mean iterates of the above map.)

There is a representation g(z) = F(z") where F is analytic in an appropriate domain.
In particular, ¢ is symmetric with respect to the rotation by the angle 2z /r, as well as
with respect to the complex conjugation

7> %

Denote by J the Juliasetof g: J = {z : g"(z) € Qo,n =0,1,2,...}. Asis proved
in [11], the union
o0
Jo=Ja"7
n=0

of an increasing sequence of compacts & J, n > 0, is dense in the plane.

This is the reason for the uniqueness of the curves constructed in Theorem A and
Theorem C(b) and (b). Note that the dense set J is connected (but not closed).

By a curve, or arc, we usually mean an open one, i.e. without the end points. A curve
with the end points is called closed (this will be clear from the context).

Denote by HD(E) the Hausdorff dimension of a subset E of the plane.

THEOREM A. (Invariant access at zero) There exists a unique simple unbounded curve L
which lies in T1 and terminates at the critical point 0, and which has the following
properties:

(1) L is invariant under the rescaling 7z — || - z;

(2) L is disjoint with the Julia set J of the polynomial-like map g; in fact,

LNJs=0.

Additionally, L satisfies the following properties:
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(3) 1 < HD(L) < 2 and L has no tangent at any point. Moreover, L is a quasicircle
(i.e. a quasiconformal image of the real line);

(4) ¢ € L; if one denotes by L, the arc of L between the points c/|a|" and c/|a|"*!,
n = 0,1,2,..., and by L the infinite arc of L between ¢ and oo, then, for
n=0,1,...,:

(4a) Lo C 2\ Qo,

(4b) the arc L, lies in the ‘annulus’ g’zi1 (2)\¢g
g2 (Q) and ¢ /||t € E)g’zn+1 (Q);

(4¢c) the curve gzn (Ly) is equal to either (L™)* or —(L™)* where L™ =
Loo/|a|" is the (infinite) arc of L between c/|a|" and oo,

(5) the intersection of the curve g2'1 (LN gfzn (R2)) with either L* or —L* is equal to
either (L™)* or —(L"™)*; moreover, for any k = 2" + 2"2 4 ... 4 2" with
ny > np > --- > ny, the intersection of the curve gk (LN gik(Q)) with one of the
curves =L, +L* is equal to one of the infinite arcs among Lo /|a|™, £L} /ot|™.

-2 () and joins points c/|x|" €

Considering all the preimages of L U L*, we build a Markov partition (even tiling,
see below) of g, which is invariant under the rescaling. Let us define it precisely.
Consider two infinite open ‘sectors’ Ry, R(’;, where R( is bounded by the curves L
and —L*. Let us rotate the curves L and L* by the angles 27j/r, 0 < j < r — 1.
Then we get 2r curves, which divide either ‘sector’ Ry, Ra‘ into r — 1 smaller ‘sectors’

Ro.1,Ro2, ..., Ror—1 (in the counterclockwise direction) and Ra‘ 1 R(’iz, e, Ra‘ 1
respectively. They are said to be the set My of 2(r — 1) pieces of depth 0. Now, for
everyn = 1,2, ..., we define the set M,, of pieces of depth n as the set of components

of g7"(R), R € Mjy. Observe that the set of 1-depth pieces consists of 2r(r — 1)
bounded Jordan domains. Hence, all pieces of all depths (>1) are bounded Jordan domains.
Closed pieces are said to be the closures of the pieces. For a piece R of depth n > 1, define
its ‘base points’ xg, xz° € 9 R as follows: if g" (R) € Mg then g"(xg) =0, g" (x¥°) = o0.
For example, for the pieces of depth 1, their base points are rotated (by 2rj/r, j € Z) and
conjugated pairs of points to the pair xo, ¢, where xo > 0 is such that g(xp) = 0.

THEOREM B. (The Markov partition) The set M = |, | M, of all pieces satisfies the

following properties. -

(a) (Invariance)if R € My, then R/a € My,. Also, IR N Joo = {xg}.

(b) (Markov property) any two pieces R, R’ are either disjoint or one contains the other
one; moreover, R N AR’ is either (i) empty, or (ii) a non-trivial arc, which contains
one of the base points xg°, x37, or (iii) RN R' =@ and 3R N OR" = {xg} = {xp'}.

(c) (Tiling) the union of all closed pieces together with the real line rotated by the angles
2rj/r,j=1,...,r — 1, covers a neighborhood of zero.

(d) (Bounded distortion) all pieces are roughly of the same shape; more precisely, for
any piece R there exists a minimal n > 0 such that:

(d1) g"(R) is one of the pieces of the form G /oX, for some piece G of depth one
and for some k > 0;

(d2) the map g" : R — G /o extends to a univalent map onto V(G)/a¥, where
V(G) is a neighborhood ofE, so that V(G) is fixed for each of 2r(r — 1)
closed pieces of depth 1.
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Moreover, there exist C > 0,0 < A < 1, such that, for every m different pieces
R, C R;,_1 C --- C Ry, one has diam(R,,) < CA"diam(R).

Introduce the extended set of pieces M = [ J,z{a"R : R € M]}. The elements
of M®! are also called pieces. Theorem B(a), (c) shows that M C M and the set of
closures of all (pairwise disjoint) pieces of M (united with the rotated real axis) forms
a tiling of the plane.

Let us arrange the set of all pieces M®! by inclusion. Then there is a countable number
of the pieces of the first level (so that they are not contained in bigger pieces), the second
level, etc. Every piece of level n is contained in some pieces of levels up to n and contains
pieces of higher levels.

Let us introduce the following sets.

B = Un>0 o By, where By is the set of all z such that, for some n > 0, g"(z) = 0.

Y = Un;o oYy, where Yy is the set of all z such that, for some n > 0, g"(z) lies in the
real axis. In_particular, ByCcYycClJ.

9 M is said to be the set of all z such that z € dR for some R € M. In particular,
B C dM®.

Finally, J5 = C\ (Y U 9 M), Note that J \ Yo C J°S.

We use Theorems A-B to prove the following.

THEOREM C. (Geometry of the Feigenbaum plane)

(a) Foreveryz € J®UIM™N\Y = C\ Y there is a sequence of closed nested pieces
(Ru(2))n>0 where R, (z) € M®™is a piece of level n such that z € R, (z); moreover
(see Theorem B(d)), diamR,,(z) < CA"diamR(z), with the universal C > 0, A < 1.
Ifz € J\ Yy, then all R,(z) € M.

(b) Letx,y € Il. There exists a simple curve [(x, y), such that:
(bl) it joins the point x and y;
12) itliesin IT\ Joo.
Moreover, 1(x, y) consists of arcs of the boundaries of pieces of M, and if x, y
belong to a closed piece, then l(x,y) lies in the same closed piece; finally, if
x,y € [T\ Y, then l(x, y) is the unique simple curve that satisfies (bl) and (b2).

(b)) Given x € TI, define an ‘external ray’ | C TI to the point x as the curve l(x, 00)
(i.e. the simple curve that joins x and oo and is contained inside the curve l(x, c)
extended by the infinite arc Loo). Then: (i) for any n € Z, l(Ja|"x,00) =
la|"l(x, 00), and (ii) for any two ‘external rays’ li,1p, the intersection I} N I
is equal to a simple curve joining a point y € Il N lp and infinity, where y
is such that, for some non-negative n,k, the point g"(y/a*) belongs to the set
{cexp(i2nj/r), c*exp(i2nj/r), j=0,...,r — 1}

(c)  There exists C such that, for every point 7 € T1, there exists a rectifiable curve inside
of Jso N1 with length less than C - |z|, which connects z and 0.

We complete the system of ‘external rays’ from IT to the whole plane in a natural way,
as follows.

Complement to (b'). Applying to the ‘external rays’ in I1 complex conjugation and
rotations by the angles 27j/r (1 < j < r — 1), we define the set of ‘external rays’ in
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the whole plane (in particular, to any point of the plane). Specifically, there are precisely
2r ‘rays’ to the critical point O (obtained as above from the ‘ray’ L C IT). Hence, one can
define precisely 2r ‘rays’ to any point of the set B. Moreover, if x € R\ B, then, as is
easy to see, there are precisely two ‘rays’ to x (at least two, by the complex conjugation,
and at most two, by topological considerations). Therefore, one can define precisely two
‘rays’ to any point of Y \ B. To any other point of the plane, the number of ‘rays’ is 1
(by Theorem C(b)).

It is known [6], that g has a maximal analytic continuation to a domain W, which
is simply connected. Moreover, W = Unzo o g’2n (R2) [2, 6], and W is dense in the
plane [11] (because the dense set Joo C W). Note that W is invariant under the complex

conjugation and rotation by 2 /7. Then, Theorems A(4b) and C(b) give us the following.

COROLLARY 1.1.
(@) Lo COW,
(b) 0W is adendrite, that is:
(bl) foreverytwo points x, y € d W NII there exists a unique curve, namely l(x, y),
see Theorem C(b), that joins x and y inside oW N I1;
®2) ifx,y — z € AW, then the diameter of [(x, y) tends to zero.

Proof. Part (a) follows immediately from Theorem A(4b). To prove (bl), assume the
contrary, i.e. assume that, for some x # y in dW N I, the curve I(x, y) is not contained
in dW. Since W is connected (on the Riemann sphere), then /(x, y) U W separates
the sphere. On the other hand, both sets W and I(x, y) are disjoint with the dense and
connected set J, a contradiction. By the same reasoning, the curve /(x, y) is the unique
simple curve in the plane connecting x, y inside of dW.

For the proof of (b2), see §5. O

2. Proof of Theorem A

We construct the curve L as the union | J,,.7 |«|"1, where I is a simple (closed, i.e. with
the end points) curve joining ¢ and ¢/|«|. In turn, the curve [ is going to be the limit set of
a finite system of conformal maps (iterated function system).

2.1.  Some basic facts. Denote by HT the upper and lower half-planes. Let xq be the

unique point 0 < xo < 1, such that g(xo) = 0. The following facts (1)—(3) (see [5, 6]) will

be of crucial importance for the proof.

(1) Let u be the branch of g_1 such that u(1) = 0 and u(1/«@) = 1. Then u extends
as a univalent (symmetric under the complex conjugacy) function to the slit plane
HY UH™ U (, 1), and u(H™) C II. It satisfies the equation

u(z) = —au(u(z/a)), ze€ H"UH U (o, 1).
(2) Introduce the following antiholomorphic maps of HT into itself:
u* 7z u(®),

X iz laju*(z).
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Then u*, x extend to homeomorphisms of ﬁ+ into itself, and x : HY — HT has a unique
(globally attracting) fixed point, namely, the singular point ¢ € II.
(3) Denote

o =u*(H). )

Then w is a Jordan domain. Its boundary consists of a real segment [0, |a|xo] =

u* ([, 1]), a sequence of (closed) analytic arcs 7,,n > 0, and the point ¢. Here,

1o is the segment exp(in/r)[0, u(@?)]] = u*([1,e?]), and 1,41 = x(r)) =

w* (=D ||, Ja"*3]), n > 0. In particular, {z,} converge to the point ¢

exponentially fast. For every n, 7, 7,42 meet at a joint end point at the angle 77 /r.
Observe (after [5]) that the map u™ conjugates z — «z* and x:

x ou*(z) = u*(az™®). (3)

Hence,
x> ou*(z) = u*(@?z). 4

In particular, we have the following.

Remark 1. If y is any straight ray in H™ starting at zero, then u*(y) is an (open) analytic
arc in w joining the points ¢ and x¢ in dw, which has a finite length (because it is invariant
under x?2). Moreover, since the map u* extends to a univalent map in a neighborhood of
zero, u*(y) extends to an analytic curve through the point xg.

2.2. Two iterated function systems. Note that
u (@) = u@dl")) = u@dl /o)) =ul")/(—a) = o/|al|.

Since w C I1, we have w/|a| = u*(w) C u*(H') = w and u*(w) C u*(I1).
Introduce a compact set

X = w(ID) \ u*(w) = u*(ID) \ (0/|al),

and the following two families Sy = {l/fk},fil, S = {¢1, ¢2, 3} of conformal maps from
H into itself defined as follows:

V() = u*(laf2), k=1,2,3,4,..., (5)
and
o =1, ¢p=1v2 @ =x% (©6)
The equation (3) implies
(@) = xHw @) G=1, Y@ =x¥Tw (") G=0. (7

Therefore,
Vajr2 =@ 0pa, Y412 = @501 (j=0). ®)
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Remark 2. The latter means that the infinite system So is induced by the finite system S.
So, it is enough to study the system S (see also Remark 3). Although the system S
arises naturally if one wants to construct the curve L, the system S is simpler to deal
with. In the sequel, S is more convenient for the study of properties related to rescaling
((1) and (2), (4) and (5) of Theorem A) while S is used to prove the metric properties (3),
Theorem A.

Denote by p the hyperbolic metric of HT. Note that maps u* and x as conformal maps of
H™ into itself are contractions with respect to the metric p.

LEMMA 2.1. The family S has the following properties.

(1) Int(X) is a Jordan domain. The boundary of X consists of: (i) a sequence of
(closed) curves t,/|a|, n > 2, which converges to the points c/|a| € 90X, so that
Upsa w/lal U {c/lal} is a (closed) curve, which we call the ‘bottom’ Bx of X;
(ii) the curve 70 \ (70/la|) and a sequence of curves 13j, j > 1, which converges to
the point ¢ € 0X, so that tp \ (to/|ee|) U szl 72, U {c} is a curve, which we call the
‘left side’ Lx of X; (iii) the curve u*(exp(im/r)R™* \ 10), which we call the ‘right
side’ Rx of X. Finally, the compact X is contained in HY.

2) || XNX = szl 72; U{c}.

(3)  Each g; is either a holomorphic or an antiholomorphic injection of H into itself,
which maps the compact X into itself; moreover, there exist a domain V and a
number A < 1, suchthat X C V, V. c HT, ¢;(V) C V, and

p(@i(x), 9i(¥) < Ap(x,y),

fori=1,2,3andallx,y € V.

@ @iInt(X)) Ng;Int(X)) =@ forl <i < j<3.

(5) @i(X)Ng;(X) #Difandonlyifli — j| < 1.

(6) For any finite word € = {e1,...,¢&n} of n symbols ¢; € {1,2,3}, denote pz =
g, O Qgy O -+ 0 @g,. Then oz maps 'V into itself with uniformly bounded distortion:
there is K such that |pL(x)| < K|@.(y)| for every finite word € and any x,y € V.

Proof. Parts (1) and (2) follow from the definition of X and from the description of w.
Part (3). For every k > 0, y%(X) = u*(la*X) C u*(TT\w) = X. In particular,
wi(X) C X,i = 1,2. As for ¢3 = x2, one can use that Yy» = x2 o u* and write
X2 (X) = x* ou*(M\ ) = Yo(M\ ) = u* (@M \ ») Cu*\ o) = X.
Let us construct the domain V (the existence of A then follows because V. ¢ HT).
We start with the following general claim.

CLAIM. For a point a € C, a simply connected domain U > a, and a map f which
is a holomorphic injection of U* = {z* : z € U} into U, define an antiholomorphic
map [*(z) = f(*), f* : U — U, assume that f*(a) = a and 0 < |p| < 1, where
o = f'(a*). Then there is a holomorphic change of coordinates K : U — C, K (a) = 0,
suchthat Ko f*o K~ : w + pw*. Moreover, if Y C U is compact, such that f*(Y) C Y,
then there is an arbitrary small neighborhood Wy of Y, such that f*(Wy) is compactly

contained in Wy.
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It is enough to prove the existence of K locally, around a. Notice that the second
iterate (f*)2 of f* is holomorphic around its fixed point a, and its multiplier ((f*)2)’(a)
is equal to |,0|2. Hence, there is a holomorphic change K, K (a) = 0, K'(a) = 1, such
that K o (f*)> 0 K~! : w + |p|?w. Then, the map K o f* o K~ is antiholomorphic
around a; hence, there is a univalent at w = 0 map F, such that K o f* o K1 = F*,
If F(w) = pw+a,w"+- - -, then one sees by substitution that a, = 0. Thus, F(w) = pw,
which proves that K o f* o K ~!(w) = pw*. Now, for every € > 0, the neighborhood Wy
can be defined as K ~! (W¢), where W€ is the e-neighborhood of K (Y).

Let us apply the claim to the map ¢; and the point c¢/|x|. It is relevant, because
@1 = Y1 = |a|~! o x o |al; hence, c/|a| is the (global) attracting fixed point of the
map ¢; : HY — H™T. Also, ¢/|a| lies in the ‘bottom’ By of X. Note that ¢1(Bx) C By.
Hence, there is a small enough neighborhood Wp of By, such that ¢1(Wp) is compactly
contained in Wp.

Now, note that the ‘left side’ Ly of X as well as its ‘right side’ Ry is invariant under
the holomorphic map ¢3. Hence, one can choose a small enough neighborhood Wy, of Ly,
such that p3(Wp) is compactly contained in Wy . Moreover, note the following:

(a) ¢1 maps the ‘left side’ Ly onto a curve, which is an arc in the ‘right side’ Ry
extended by an arc in Int(X), and it maps Ry into Int(X) except for an end point
in By;

(b) ¢ maps Ly onto a curve, which is an arc in Ry extended by an arc in Int(X), and
it maps Ry U By into Int(X) except for an end point in By;

(c) @3 maps By into Int(X) except for end points in Ly U Ry.

It follows that there is a small neighborhood Wx of Ry, such that ¢3(Wg) is compactly
contained in Wg and ¢1(Wg) U p2(Wg) C X U Wpg; moreover, Wy is chosen so small
that 1 (Wr) U 2(Wr) C Wg. Thus,onecanset V = X U Wrg U W U Wp. We have
proved part (3). This implies also, by the Koebe distortion theorem, the bounded distortion
property (6).

Let us now prove parts (4) and (5). Fori = 1, j = 2, these follow directly from the
definition of ¢. Fori = 2, j = 3, we have g2 (X) = g3ou™(X) C @3ou*(w) = ¢3(w/|c|).
Since Int(w/|e|) is disjoint with Int(X), then ¢, (Int(X)) C ¢3(Int(w/|a])) is disjoint with
@3(Int(X)). On the other hand, @2 (X) N¢3(X) contains g2 N3 0@ (X) = Y (X) N3 (X),
which is a non-empty set, by the definition of ¥ and by (2). Finally, fori = 1,j =
3, pi(X) = w*(ja|X) C w*(ja|o) while ¢3(X) = @3 o u*(IT\ @), hence, by (4),
3(X) = u*(*TI \ w), and this set is disjoint with u*(|a|w) because |a|w and «TT \ w
are disjoint. O

2.3.  The limit set. For any infinite word of symbols & = {&,},~0, &x € {1, 2, 3}, denote
gln = {e1, &2, ..., &,} and define the limit set of S as

o0
1={J) e 0.
g n=1
Since S is finite, [ is a closed set. It is easy to see that

Izﬂx,,.

n>0
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Here, X,, is a decreasing sequence of compacts X, = U‘é‘:n 03 (X), where [g] = n
means that the number of symbols in the finite word & is n. Since ¢3(c) = ¢ and
p1(c/le]) = c/lel,s0c,c/la| € 1.

Remark 3. Let us consider the closure I, of the limit set /o, of the infinite system
Soo = {¥k : X = X}ren, Where Io = Uy (oo Yn(X), and w are the infinite words
of symbols w, € N. Then it is easy to see that I = I .. Indeed, since Sy is induced by S,
15 C I. To prove the opposite inclusion, notice that @5 (X) — ¢ (n — 00), and consider
any pointa € I,a = ﬂff:l @¢n (X), where ¢ is an infinite word of symbols ¢, € {1, 2, 3}.
If &, = 3 forall n > ng, and €,, € {1, 2}, then a = @¢n,(c) and @;|p, = Y, for a finite
word w (in the alphabet N of So). If &,; € {1, 2}, for n; — oo, then there is an infinite

word w = {wn}Zo:p w, € N, such that Peln; = Yi|j,and hence a € Ioo.

Our first aim is to show that [ is a simple (closed, i.e. with the end points ¢, ¢/|«|) curve.
Since X \ (J,~;<3 i (X) contains an open non-empty disc, and because of contraction,
the Lebesgue ‘measure (area) of I is zero. In particular, I has no interior. Clearly,
I is also locally connected. To be more precise, if x € (J; (oo ¢zx (Int(X)), there
is a unique word 7, such that gz,(/),n > 1, form a sequence of connected closed
neighborhoods of x shrinking to x. Let now x € ¢ (dX) N I, for a finite word t, |7| = n.
Assume first that n = 1. As follows from (a), (b), (c) (see the proof of Lemma 2.1),
X, N3X C 3¢} (X) Udgi ' (X) for n > 2, and that ¢/ (X) — ¢/|a|, 9} (X) — c as
n — 00. Therefore,

INJAX ={c/|x|, c} )

and, moreover, I N 1<i<3 0¢; (X) consists of the following four points a;, 1 < j < 4,
with corresponding sequences of closed connected neighborhoods:

as=c=( )i, ar=c/lal= (i), (10)
n=1 n=1
ay = ¢1(as) = ¢a(a1) = [ ) e1(95 (D) U pa (g (1)), (11)
n=1
a3 = ¢a(as) = g3(a1) = [ ] p2(5 (D) U g3 (1). (12)
n=1

If now n > 1, then x is an image by ¢;|,—1 of one of the points a;, 1 < j < 4. Thus, I is
locally connected at every point.

We have just proved that / is a dendrite. In particular, for every two points x,y € [
there exists a unique simple arc [x, y] connecting x, y inside /. Now we show that
I = [c/|a], c]. Assume there is some z € I \ [c/|x|, c]. Then we get a (branch) point
d € [c/|a],c], i.e. such that [z,c] N [c¢/|a|,c] = [d,c] and [z, ¢/|x]] N [c/|a], c] =
[d.c/le|]l. Ifd € | ; ﬂ;’lozl @z|» (Int(X)), then passing to a big scale by some (1//5)_l we
get that / has at least three different points with the boundary of X, a contradiction to (9).
Ifd € ¢, (0X) N I, for a finite word 7, |t| = n, then applying gor_‘rll_l one can assume
from the beginning that the branch point 4 is one of the points aj, 1 < j < 4, and also
that, for some 1 < i < 3, [d, z] N ¢; (X) contains a non-trivial subarc [d, z’], and either
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[c,d] or [¢/|x], d] intersects dg; (X). Then, (pi_1 (d) is either c or ¢/|«|. If, say, it is c, then
[c/]a], clU (pl._l([d, Z']) is a subset of I, and it intersets 095 (X), n big, in at least three
points, a contradiction to (9).

2.4. The curve L. Proof of (1) and (2), (4) and (5) of Theorem A. Define two curves:
Lo =1\{c,c/la|} and
L= U la|" 1.

nez
Then L is a curve which satisfies the property (1) of Theorem A. L is a simple curve
because ¢ € I N |a|l C (Int(X) U {c, ¢/|x|}) N |e|(Int(X) U {c, ¢/|a|}) = {c}, by
Lemma 2.1(2). By Remark 3 and from the definition of the maps 1, we see that

w*(Loo) = | u* (el (Lo U {eh) = [ ¥a (Lo U {c}) = Lo,
k>0 k>0
i.e.
g(Lo) = L3,.

Therefore, using the functional equation, properties (4a)—(4c) follow easily. In particular,
(4c) implies that L, N J = ¢ for all n > 0, thus proving also (2). Let us prove property (5)
and the uniqueness.

The uniqueness: assume that [ is a curve in IT satisfying (1) and (2) of Theorem A.
Let x € I N9Qp. Since d(IT N Qp) \ Jo = {c}, we must have x = c¢. Hence, also,
c/la|" € l,n > 0. If, now, [ is different from L, then (1) and (2) give us a contradiction, as
in the proof of Corollary 1.1.

(5): for any k > 0, if x lies in the intersection of y = gK(L N g7*(Q)) and, say, L,
then the whole arc of L from x to oo also belongs to y, because otherwise the dense
set (J,~oa"J would be not connected—see the proof of Corollary 1.1. We now prove
the other statements. First, it is easy to see that g(L N g’1 (Q)) NL* = L% (because
g(Lp) = L} and g3 (L) = L% /o). From this and from the functional equation,
it follows that, for any n > 0, g2 (L N g~2"(Q)) intersects either L* or —L* along
either (L™)Y* or —(L™)*. Let us apply this consequently for n = ny, ns, ..., n; when
k=2" 42" ... 42" withn; > ny > --- > n;. Then we get the statement. O

2.5. Metric properties of L: proof of (3) of Theorem A.

The curve L is nowhere differentiable. 1t is enough to show the following.
LEMMA 2.2. The curve I has no tangent at any point.

Proof. We follow [3]. Assume the contrary, i.e. I has a tangent at a point a € I.
Since S is finite, there is an infinite word € = €j€3 -+ - €, - - -, such thata = ﬂzozl Pen (X).
Then, the maps f, := ¢¢p, : V — V,n > 1, converge to the point a uniformly in V.
Let b = limj_ o by B where b, = f;fl (a). One can further assume (possibly passing to
a subsequence) that all maps f,; are holomorphic (if they are all antiholomorphic, replace
Jn; by the complex conjugate to f,;). Define F; = (f; —a)/f,;j (bn;). Since Fj(by;) =0,
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F ]/ (bn;) = 1 and F; are univalent, one can assume (possibly passing to a subsequence)
that F; converge uniformly in V to a univalent map F, F(b) = 0,F'(b) = L
Then, fp;(z) —a = 1;(F(z) +6;(z)), where A = f,;j (bp;) > 0as j — 00, 4; #0
and §; — O uniformly in V. Consider any z € I, z # b. Then, F(z) # 0. If one fixes
a sequence jp — o0, such that argA; — 6, then arg(fnj (2) —a) — 6 + arg F(2).
By our assumption, we conclude that the function arg F(z) is a constant in z € 1.
Therefore, I is an analytic arc. In particular, it is analytic in a neighborhood of the point
u*(lafc) € Lo = I\ {c, c¢/la|}. But, u*(Lso) = Lo. Therefore, the curve L = | J, 7 l|" ]
is analytic in a neighborhood of the point ¢, and, hence, the curve L is analytic at any
point. Consider the curve u*(L). It is also analytic and joins the points xo ¢ L and
¢ € L. Moreover, Lo C L Nu*(L). Thus, Lo has two different analytic continuations,
a contradiction. O

This proves that L has no tangent at any point.

Hausdorff dimension of L. Here we prove that HD(/) > 1. The method of the proof
is very similar to that for the Julia set of 72 + ¢ [16]. First, we show the existence of
an h-conformal measure for the system S (Lemma 2.3), then we derive from here that
h = HD(I) and that the h-Hausdorff measure of / is between 0 and oo (Corollary 2.1).
Hence, if h = 1, then the curve [ is rectifiable, and therefore, has tangents at many points, a
contradiction to Lemma 2.2. Here, we only state Lemma 2.3 and Corollary 2.1. The proof
is very close to the proof of corresponding statements in [15] and [12], and is postponed
until the Appendix (one could also apply directly the theory developed in [12]).

LEMMA 2.3. There exist 0 < h < 2 and a probability measure [t with its support
supp(u) = I, which is h-conformal, i.e. u(p;(A)) = fA |(p£(x)|h du(x) fori = 1,2,3
and any Borel set A C X. Moreover, i has no atoms.

COROLLARY 2.1. h = HD(I). Moreover, the h-Hausdorff measure of I is finite and
positive.

As we noticed before, Lemma 2.3, Corollary 2.1, and Lemma 2.2 imply that HD(L) > 1.

L is a quasi-circle. The inequality HD(/) < 2 follows from Lemma 2.3 and [12,
Theorem 4.5]. Hence, HD(L) = HD(/) < 2. But, we prove a stronger statement:
L (or, equivalently, /) is a quasi-circle. According to [1], it is enough to prove that
I satisfies the M-condition: there is an M such that for every three points &1, &, &3 of
the curve [ such that &3 lies between & and &2, |&3 — &11/|&2 — &1] < M. Let us agree that
the point &) lies between c/|«| and &3. The M-property follows from the following two
observations.

(a) Because of the bounded distortion property Lemma 2.1(6), one can assume that the
points &1 and &; belong to different ¢ (1), (1), 1 <k <n <3: & € px(1), & € ¢, (1).

(b) If n — k = 2, then there is ¢ > 0 such that |§] — &| > o, for all &, &3 as
above, and the existence of some M = M(o) follows. Assume, now, that n — k = 1.
For example, & € ¢2(1), & € ¢3(I). Note that ¢(I) and ¢3(/) have in common a
single boundary point a = a3 = ¢a(c) = @3(c/lal) = (e ©2(93 (X)) U @3(9] (X)).
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By the triangle inequality, it is enough to prove the M-property for & = a. So, assume
& = a. Note that & € ¢2(¢5(X)), & € @3(¢]' (X)), for some n,m > 0, and the
sets (p]3‘(X), <p12k (X) converge (as k — o0) to the fixed points ¢, ¢ /|| of 3, @1 respectively
with the same speed, because ‘/’12 = || ™! ogzola|. Hence, |§] —al/|&1 —&>| is comparable
to [&1 —al/|& — &, where £1 € p2(65°(X) \ 95" (X)), &2 € 036" (X)\ (62 (X)),
with some ng, mo > 0, and, additionally, either ng or mg is zero. Also, any two sets of
the form @2 (@7 (X) \ @51 (X)), @3(¢7(X) \ ¢""2(X)) are disjoint. All this implies that
the distance between &, & is bounded from below by the (positive) distance between the
sets 2(¢5" (X) \ <p§°+1 (X)), 93(97"° (X)) \ (¢T°+2(X )). The M-property follows.

3.  Proof of Theorem B

(a) Note that, for any n > 0, M, is invariant with respect to the complex conjugation
and with respect to the rotation by the rth root of unity. In particular, it is invariant under
7z + —z. Hence, Theorem A(1) implies that if R € Mg then R/a € M. If, now,
g"(R) = Ry for some Ry € My, then g*"(R/a) = g"(R)/a = Ro/a € My. Let us
show that R N J is the base point {xg} of R. First, R N J = {xg}, from the definition.
If, now, x € dR N a"J, for some n, then x/a" € I(R/a™)NJ =3dG N J = {xg}, fora
piece G. Hence, x = o' xg = xR.

(b) This follows from Theorem A(5). In fact, by the same reasoning, a stronger
statement holds. Namely, recall that Ry is an infinite open ‘sector’ bounded by the curves
L and —L*. Introduce the set M = {R} of all components of g7 (Ro) and g (Ry) for
all n > 1. Then, any two such components are either disjoint or one covers the other one.
Repeating (a), we get also that if R € M, then +R/a € M.

Note that any piece R is contained in one and only one element R € M such that R and
R have the same boundary ‘base points’ (recall that if g" (R) € My, then the ‘base points’
of R are xg, x° such that g" (xg) = 0, g" (x¥°) = 00).

(¢) and (d). It is enough to prove both statements, replacing R € M by R € M.

Let us construct a ‘machine’ that produces new elements of M. Consider a component
Ry of g ! (Rj), namely, Ry = u*(Ry). Its boundary consists of the points ¢, xg and two
arcs y* joining the points ¢, xo, such that g(yT) = —L and g(y~) = L*. Moreover,
Yy~ N L = Lo (because g(Lop) = L% C L*), while y™ has no common arcs with L.
Denote by y,” the sub-arc of y~ between the points ¢/|a| and xo: ¥, =y~ \ Lo . In turn,
it is divided into two arcs: B and B such that g(81) = L and g(f2) is the arc of L*
between 0 and ¢*/|«|. Observe that

yT/lel Ny = Bi. (13)

(Proof: g*(y*/lal) = g(y™)/a = —Lja = L; hence, g(y*/la]) = (y7)* and
g/l N yy) =Ly = g(B1).)

Denote by Ag an open ‘triangle’ (with the ‘vertices’ xo, xo/|e|, ¢/||) bounded by the
interval (xo/|a[, x0), the sub-arc B = y, \ B1 of y, , and the sub-arc yT/la| \ B1 of
yT/|a|. Denote also by A a (bigger) open ‘triangle’ bounded by the interval (0, xo), the
arc y; , and the arc L \ Lo U L of L between 0 and ¢/|«|. It is now easy to check that
g(@Ag) = dA*, ie. Ag = u*(A). Also, Ry := Ry/|a|] C A. We have now a dynamical
system (the ‘machine’) consisting of two maps A : z — z/|a| and B : 7 — u*(z) of A

https://doi.org/10.1017/50143385704000598 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385704000598

A Markov partition for the Feigenbaum dynamics 885

into itself which produces new elements of M: if R € M is a subset of A, then A(R) and
B(R) are again elements of M. To study it, note that there is a neighborhood U of A, such
that B = u™* extends to a conformal map on U, W Cc U and m C U (for example,
take a Poincaré neighborhood of an interval (—e¢, 1) in the slit plane (C \ R) U (—¢, 1)).
Then, A, B : A — A are strict contractions in the hyperbolic metric of U. Also, A(A),
B(A) and R, are pairwise disjoint, and A(A) U B(A) U Ry = A. It follows that if we
apply to Ry all possible finite compositions of A and B, then the union of the closures
of all elements of M obtained like this, with the points of the segment [0, xp], is just the
closure of A.

Let us finish the proof of (c). As we have just seen, the set F = U £+ (A U A¥*) is
filled by the closed pieces (and the points of the segment [—xq, x9]). F is also a closed
neighborhood of the point g2(0) = 1/a € (—xo, 0). Pulling F back by a branch of g2
we get a neighborhood of zero with the same property.

Let us prove (d). Let R be any piece. Since R is a preimage of a piece of depth 1, there
indeed exists a minimal » > 0 such that g"(R) = G /ak , for some piece G of depth 1 and
for some k > 0. Then, g" (R) = f}/ak, for corresponding RODRandG D G (so that
g(G) is either Ry or Rj). To prove (d2), we find for each (among 2r) component G of
g "(Rp) or g7! (Rp) a fixed neighborhood V(G), so that the branch of g~ " from G/ak
onto R extends to a map onto V(G) /ak.

If G does not touch the real axis, such a neighborhood obviously exists. The remaining
possibility is that G is one of iﬁl, :tﬁf (see the definition of ﬁl above).

For example, let G = ﬁ1. Let us fix a neighborhood V' of the closure of ﬁ1, so that
V intersects the real axis along, say, the interval (g3 0),1 + €), with € > 0 fixed and
small enough. Assume that the branch of g=" from R /a* onto R does not extend to a
map on V/ak, ie. g7 = g~ "™ o g7 where g~ (V /aX) covers 0 for the first time.
Then, as the real Feigenbaum dynamics shows us, m = 2k and, moreover, the branch
g M) = g‘zk(z) = (l/ozk)g_l(ozkz); hence, the element g”"”(ﬁ) = g"”(ﬁl/ak) has
the form Gl/akH, for a component G of either g ' (Rg) or g_l(Ra"), a contradiction
with the minimality of n.

Thus, (d1) and (d2) are proved.

To complete the proof, we show that if R,, C R,—1 C --- C Rj are different pieces,
then diam(R,,) < CA™diam(R;), for universal C > 0,A < 1. First, observe that any
piece G of depth 1 contains at least two (in fact, an infinite number of) disjoint pieces
of level 2 (i.e. which are not contained in any other piece except G). Hence, by (d1)
and (d2), there exists p < 1, so that area(R’)/area(R) < p for arbitrary different pieces
R’ C R. It follows that area(R,;,) < p™area(R;). Second, again by (d1) and (d2), and
by compactness of an appropriate family of univalent maps, there is C, such that C~! <
(diam(R))z/area(R) < C for all pieces R. Therefore, diam(R,,) < C,om/2diam(R1).

The proof of (c) and (d) yields the following.

Remark 4. We have seen that the ‘machine’ produces the covering of the triangle A by
the pairwise disjoint pieces, and each of them touches the interval (0, xp). It follows that
every piece R of level 1 touches at its ‘base point’ xg one of the lines Rexp(inj/r),
j=0,1,...,r — 1.
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Remark 5. Since every point of A N R™ is a limit of real ‘base points’ x # of elements R
produced by the ‘machine’, for every point x € A, which lies either in RT or in the
boundary of a piece of level 1, there exists a simple curve /(x, ¢/|a|) which joins the
points x and c/|«/|, lies in the (open) ‘triangle’ A and is such that /(x, ¢/|«|) consists of
closed sub-arcs of boundary curves of pieces of level 1.

Remark 6. The ‘ray’ g2(L N g %(Q)), in a neighborhood of the landing point g2(0),
consists of (closed, i.e. with their end points) arcs of boundaries of pieces of level 1 (follows
from Theorem A(5)). This sequence of arcs accumulates only at the point 2%(0), as follows
from Theorem B(d) and the previous remark. Pulling this picture back, we see the same is
true for the ‘ray’ L (with the obvious replacement of gZ(0) by 0): L consists of a sequence
of (closed) arcs of dR, where R are some pieces of level 1, which touch the straight ray
R* exp(im/r). Recall also that at the same time L consists of a sequence of (closed) arcs
of 9 R with ends at the points ¢/|«|", n € Z, where R are some pieces of level 1, which
touch the real ray R*.

4. Some conclusions
Let us summarize some useful facts that follow from the previous section.

4.1. The structure of a piece. Let R € M be any piece. By the definition,
g™ (R/a/) = G, for some m,j > 0, where G is a piece of depth 0, i.e. one of the
infinite ‘sectors” Ro.1, Ro2, ..., Ro.r—1, RE)"J, RZ)k,r s Ra‘)rfl (see the definition before

Theorem B). The G contains one and only one straight ray of the form R* exp(inj/r), j =

+1,...,£( — 1). Denote it by y¢. The following facts have been proved.

(1) The boundary of R, dR = L(R) U {xg}, where xg € B is a ‘base point’,
ie. g"(xg/a/) = 0, and L(R) is a simple (open) curve which consists of arcs of
preimages of the curve L. Hence, L(R) C C\ Jo.

(2) Define the ‘vein’ of R, yg, so that g” (yg/a’/) = yg. Then yg is an analytic arc
joining the ‘base points’ xg, xj’f of R. Moreover, yr C Joo, and the length of yg is
finite (Remark 1 and Theorem B(d)).

(3) Letn > 1 be the level of the piece R. Let us look at the set M®X'(R) of all pieces of
level n + 1 which are contained in R. Then:

(3a) they form a partition of R, i.e. they are pairwise disjoint, and the union of their
closures P (P € M®(R)) united with the (closed) ‘vein’ yg U {xg} U {x%}
is the closure of R;

(3b) each P € M®Y(R) touches the ‘vein’ yg at the point xp (Remark 4);
the boundaries of P, R are either disjoint or have a common non-trivial arc;

(3c) the latter is true for any two pieces P, P’ € M®X!(R), with an extra possibility
that P, P’ can lie on different sides of the ‘vein’ and have the same ‘base point’
xXp=Xxp;

Bd) all P € M=Y(R) as well as R have roughly the same shape
(see Theorem B(d));

(3e) the ‘base points’ xg,xy’ divide dR into two simple curves: LE(R)
(in other words, LT(R) U L™ (R) U {xF} = L(R)). As follows from
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Remark 6, either curve L*(R) consists of a sequence {L,jf(R)},‘fgi oo Of
(closed) sub-arcs of boundaries of pieces R,jf from MY(R) (so that x RF =
xR;), which accumulate at the points xg, x3°: lim, o L,jf(R) = {xgr},
lim,, s 100 L,:::(R) = {xlogo}
For every large enough integer m, denote by W,,(R) the domain bounded by
the arcs L,jf, n > m, the points x> and Xpt = Xp-, and arcs of 8R;f from X R
to dR.

(3f) if y is an end point of an arc L,T(R), then, for some non-negative n, j,
the point g"(y/a/) belongs to the set {cexp(i2mj/r), c*exp(i27j/r), j =
0,...,r—1}. Indeed, it is enough to prove this when R is of depth 0. Note that
y belongs to the boundaries of two different pieces. Then, iterating it further
we apply Theorem A(5) and get the statement.

4.2. Neighborhoods of points. Fix a point z € dM'\ Y. That is, for some non-

negative n, j, the point w = w(z) = g"(z/a’) is either infinity or belongs to one of the

curves L exp(i2nj/r), L*exp(i27j/r) (0 < j < r — 1). We want to describe a basis of
neighborhoods at z as a union of pieces. Consider two cases:

° zis not a ‘base point’ x° of any piece R. Then, by Remark 4, the corresponding w
is a boundary point of at least two and at most three closed pieces of level 1, such
that their union forms a closed neighborhood of w. Returning to z and using (3e),
we find a sequence of closed neighborhoods W,,(z) of z shrinking to z, such that each
W, () is the union of at least two and at most three closed pieces;

° z is a ‘base point’ xg° of a piece R. It follows from the definition of x3°, that then
there are exactly r — 1 pieces Rj, j =1,...,7r —1,so thatz = x%;. Moreover, all
R; are of the same depth (and, in fact, of the same level). Similarly to the first case,
we then get a sequence of closed neighborhoods W, (z) of z shrinking to z, such that
each W), (z) is the union of at least 1 and at most two closed pieces and r — 1 closures
of domains W, (R;), j =1,...,r — 1 defined in (3e) (see the previous subsection).

5. Theorem C and Corollary 1.1
5.1. Proof of Theorem C. If z € J®5, (a) follows directly from Theorem B(b) and (¢).
If z € M\ Y, then (a) follows from §4.2.

To prove (c) we need the following.

FACT. There is C' such that, for any piece R € M and any point w € R, there exists
a rectifiable curve o (w, xg) C R N Jx (in fact, consisting of closed (arcs of) ‘veins’ of
different pieces), which joins w and the ‘base point’ xg and of length less than C'diamR.

Indeed, let R be of level n; if z ¢ Y, then, by (a), {w} = ﬂk>n Ry (w) where Ry (w) is
a piece of level k such that w € Ry(w). Moreover, for any k > n, Ri4+1(w) is contained
in Ry (w) and touches the ‘vein’ of Ry (w). With this representation, the curve o (w, xg)
arises naturally: we start at xg and follow the ‘vein’ yg until the base point xg, | (), then
12 (w) €tc. Now, the fact is a corollary of
Theorem B(d). If z € Y, then y belongs to a ‘vein’ of a piece R,, contained in R, (w).

follow the ‘vein’ yg, ., (w) until the base point xg

Then, we repeat the above construction, going along ‘veins’ from the piece R, until the
base point xg.
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Then (c) follows from the fact and Theorem B(c).

It remains to prove (b) and (b’). The existence of the curve I(x, y) (x,y € TI) follows

from (i)—(vii).

(i) Ifl(x,y) is constructed then one can set [ (ja|/ x, ||/ y) = |a|/l(x, y), j € Z.

(i) It is enough to construct /(x, ¢), for any x € II, because then [(x, y) will be a
composition of the curves [(x, ¢), [(c, y) with cancelling out arcs passing in opposite
directions.

(iii) Ifx e RT orx € dR, where Ris a piece of level 1, which lies in the closed ‘sector’
S bounded by the curves L and R*, then using (i) and Remark 5, we see that the
curve [(x, c¢) exists, belongs to S and goes inside some of the curves L(R) where R
runs over the pieces of level 1.

(iv) Letx € G, for a piece G of depth zero (since x € TI, it means that x belongs to the
closed ‘sector’ bounded by L and exp(27i/r)R™). Moreover, let us assume that x
lies either on the ray exp(27i/r)R™ orin R, for a piece R of level 1. Consider the
point g(x). It belongs to the ‘sector’ S (defined in (iii)). Using (i) and (iii), we obtain
the curve /(g(x), ¢), and then define the curve I(x, g~ (c)) = g~ ' ((g(x), ¢)), with
a branch g~' : g(G) — G. Extending the curve [(x, g~ '(c)) along the boundary
of G to infinity, we get a curve [(x, co) which lies in G and consists of arcs of the
curves L(R) where R are pieces of level 1.

Cases (iii) and (iv) cover the points x € TI belonging either to two rays 1T or to the
boundary of a piece of level 1.

(v) Now we can go into deeper levels. Let x € R, for some R, € M, a piece of
level n, and such that x lies either on the ‘vein’ yg, or in the boundary d R, of a
piece R, of level n + 1. Using (i) one can assume that R, € M. If, now, m > 0
is so that g™ (R,) = G € My, then we can apply (iv) to the point g”(x) € G.
Going back to R, by a branch of g~", we get the curve I(x, x,‘;‘;) C R,. It consists
of arcs of curves L(R), for a collection of pieces R C R, of level n + 1.

(vi) Letx € Y \ OIl. Then x lies in a ‘vein’ of a closed piece R, of a maximal level n.
Then use (v) to get I(x, x,‘;‘;). Since xj'-‘f; lies in a closed piece R,_1 of level n — 1,
we get l()c,%‘j1 , x%‘iil), which composing with [ (x, x%‘i) gives I(x, x,%‘;il) etc. until we
get I(x, x°), where x° is a base point of a piece R of level 1. Then apply (iv).
The above considerations also treat the case when x € d M.,

(vii) Finally, let x € J®°. Then {x} = (1,2, R.(x), and /(x, ¢) can be defined as the
composition of curves l(x;’ej(x), x}’;:+I (x)) for all n.

Let us prove the uniqueness. If x, y are not in J, then [(x, y) is unique because
otherwise (as in the proof of Corollary 1.1) Jo would not be connected. Let now
x € |a/*J \ Y. If there are two different simple curves joining x, y and satisfying (bl)
and (b2) of Theorem C, then again because J, is connected, for some m > n, the set
la|™J \ {x} has at least two components. This is equivalent to saying that x € |«x|"Yp, a
contradiction.

(b"). (i) is clear from the construction. (ii): notice that, by the construction of the curves
I(x, y), any two such curves are either disjoint, or intersected along an arc, so that each
end point belongs to two different pieces. It remains to apply the property (3f) of §4.1.
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5.2.  Proofof Corollary 1.1(b2). We need to show that the curves /(x, y) — z whenever
x,y,z€o0Wandx,y — z.

If z € J®°%, then z is the intersection of nested sequence of (open) pieces R, (z), so that
R, (z) is a neighborhood of z. Then the statement follows from Theorem C(a).

If z € 9M"\ Y, then we use the sequence of closed neighborhoods W, (z) of z
constructed in §4.2: I(x, y) C W,(z) whenever x,y € W,(z). Since the W, (z) shrink
to z, we get the result. O

Acknowledgements. 1 would like to thank Feliks Przytycki, Juan Rivera-Letelier,
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A. Appendix. Proof of Lemma 2.3 and Corollary 2.1
Recall that [ is the limit set of the system of maps S = {¢; : X — X}i<i<3.

Proof of Lemma 2.3. We need to find 0 < & < 2 and a non-atomic probability measure p
with its support supp(u) = I, which is h-conformal, i.e. u(¢;(A)) = fA |<plf(x)|h du(x)
for i = 1,2,3 and any Borel set A C X. There are two ways of proving such
statements. One method goes back to Bowen and Ruelle, and is developed e.g. in [12];
first, it shows the existence of a so-called semi-conformal measure, which is a fixed point
of the corresponding adjoint Ruelle transfer operator, then the condition (5) of Lemma 2.1
can be used to prove that this semi-conformal measure is actually conformal (see the proof
of [12, Lemma 3.10]). Here we follow the second, more direct, approach of [15], where the
existence of conformal measure for rational maps is proved. The main difference from [15]
is that the system of inverse maps ¢, ! does not glue to a global map. On the other hand,
the set of points where it does not happen, ¢; (X) N ¢;(X),i # j, is ‘small’ because of
Lemma 2.1(5).
Fix a point z € Int(X) \ 1. For every s > 0, define the series

P(s) =) loL@I,
geA
where A is the set of all finite words ¢. Considering the area case (s = 2), we see that P (s)
is finite for s > 2. Define

h =inf{s : P(s) < oo}.

Then i > 0 because inf{i, x € X : |<plf(x)|} > 0. Pick a positive function t(¢), ¢ > 0, such
that:

(i) t(t) —> 400 ast — 0insuch a way that, forall § > 0,0 < A < oo, there is #(5, A)
sothat t(Af)/T(t) € (1 — 8,14 8) for0 < ¢ < 19;

(ii) Pe(h) = Y pen T(gb@DIRL @I = 00,

(If P(h) = oo, there is no need to introduce the function t.)

Notice that (i) implies that t(t) < ¢~ for every a > 0 and all r small enough.
Therefore, Pr(s) 1= Y, ca T(l90L(2) D@, (2)|° < oo fors > h.
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For every s > h, define a probability measure

> et @DIeL @) 8, ) (14)

eeA

TR
Let u be any weak limit of ug as s decreases to i. Then, (ii) implies that p is supported
on [. Fix i € {1, 2,3}. First, consider any point xo € I N Int(X) and consider a small
enough neighborhood U of xo. Then, ¢;(x) € ¢;(U), for some x € X, implies that j =i
and x € U. Because of (i), and since the length of words &, such that ¢.(z) € U, tends to
infinity as U shrinks to xo, we derive that for any s > h,

s (9i (U)) 19} (x0)° s (U) € [K ™, K1, 5)

where the constant K > 1 tends to 1 uniformly in s as U shrinks to xg.

Let us show that any x € [ is not an atom of u. Assume the contrary. If x =
Mo @ein(Int(X)) for an infinite word &, then applying (15) finitely many times to the
points (ps_‘rll (x) we come to a contradiction to the fact that the measure w is finite. As for the
rest of the points x, the same argument shows that one can assume from the beginning that
xeln U1§j§3 09;(X) ={aj, 1 < j <4)}. If x is either a; or a4, then x is the attracting
fixed point of either ¢ or 3. If, say, x = ay, then again, for small neighborhoods U of aj,
@j(y) € 1(U), for some y € X, implies that j = 1 and y € U. Then, we can apply the
same argument as above to the map ¢, and get a contradiction. Consider the remaining
cases when x is either a> or a3z, say, x = ap. Since ap = @3(a;) = ¢i(as), for a small
neighborhood U of a3, ¢;(y) € U, for some y € X, implies that j is either 3 or 1, and
y lies in a neighborhood of a1, a4 respectively. It shows that either a; or a4 is an atom, a
contradiction.

Since p has no atoms and I N, ;-3 ¢i (3X) is finite, it is easy to see that the measure
w* defined by u*(A) = u(p;(A)), for any Borel A C X, is absolutely continuous with
respect to w. By the same reasoning, xo as in (15) is a typical point of . Passing to the
limit in (15) as s — & and U shrinks to xo we have du™/du = |g0;|h u-a.e. O

Proof of Corollary 2.1. Prove that h = HD(/) and the h-Hausdorff measure of 7 is finite
and positive. This will follow in a usual way (see e.g. [12], Lemma 3.14) from the finiteness
of the system S and the existence of the conformal measure. By a general fact from
geometric measure theory, see e.g. [13], it is enough to show that there exists a constant
C > 0, such that, forevery x € [ andevery 0 <r < 1,

C‘lswsc.

r

(16)

Notice that by the bounded distortion property there is Co such that, for every finite
word 7, |t| = n, for every y € X, we have CO_1 < diam(p.(X))/l¢L(y)| < Co,
Cy' < area(p (X))/diam(pr (X)) < Co, €y < diam(g, (X)) /diam(gej,—1 (X)) < Co
and CO_l < wu(pe(X))/diam(p, (X)" < Cp. Letx = ﬂ;’lozl @ein(X). Let m be minimal
such that ¢;,,(X) C B(x,r). From the minimality of m and because x € @g;n(X),
diam(gem (X)) > r/Co; hence, u(B(x,r)) > diam(gem(X))"/Co = r#/CHTL. To prove
the opposite inequality, consider a collection ¥ of sets of the form ¢, (X), such that
Bx,r) N ou(X) # 0, ¢u(X) C B(x,2r), and the cardinalities |w| are minimal
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(ie. if ¢y, (X) € Z, then @yjw|—1(X) is not a subset of B(x,2r)). Clearly, these sets
form a cover of B(x, r) N I, and their interiors are pairwise disjoint. From the minimality
of |w|, we conclude that diam(¢, (X)) > r/Co. Hence, 4nr? = areaB(x,2r) >
Y ey area(A) > CO_1 Y Aex diam(A)? > er/Cg, where N is the number of

elements in X. Therefore, N < 4x CS, and, finally, u(B(x,r)) < ZAE): w(A) <
Co Y pex diam(A)" < NCo(4r)" < 41hgCarh. i
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