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Abstract

The relevation model is a fundamental tool in reliability engineering for assessing the
effectiveness of redundancy allocation in coherent systems. In this study, we address
the problem of allocation of relevations for one or two nodes in a coherent system with
independent components to enhance system reliability. We establish results concerning
the usual stochastic and hazard rate orders for coherent systems. Moreover, we illustrate
our findings with a range of examples and counterexamples. In addition, we conduct a
simulation-based study and a real data analysis to further illustrate the application of our
results. Lastly, we study the case of the minimal repair policy in detail.

Keywords: Coherent system; minimal repair; relevation; stochastic orders

2020 Mathematics Subject Classification: Primary 62N05
Secondary 90B25

1. Introduction

Many real-world systems are both expensive and highly complex. As a result, system fail-
ures can lead to significant consequences. Therefore, a key challenge in reliability theory is
determining how to extend the system’s lifetime. This issue is commonly addressed by incor-
porating one or more redundant components (spares) into the system. Redundancy allocation
is an effective strategy for improving the lifetime of a system. Usually, two common methods
of redundancy allocation are utilized to enhance the reliability of the system: active redun-
dancy and standby redundancy. Active redundancy allocation involves assigning redundancy
to a component so that both the original and redundant counterpart operate simultaneously.
In contrast, standby redundancy allocation connects the redundancy such that it only activates
when the original component fails. A significant amount of research has been done on these
two allocations strategies.
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The redundancy allocation methods discussed above may not always be feasible due to the
possible increase in overall load and various economic considerations in certain scenarios [10].
As an alternative, relevation allocation may be a more effective option than traditional active
and standby redundancies. The concept of relevation was initially introduced by Krakowski
[20]. The relevation model is commonly used in reliability engineering to describe the effec-
tiveness of redundancy allocation in coherent systems. Its detailed mathematical definition is
as follows: consider two non-negative independent random variables 7 and S having survival
functions F7 and Fg, then the survival function of the relevation operation between T and S
(denoted as T#S) is given as [20]

_ _ _ o
Fras(t) =Fr(t) + Fs() / ——dFr(x), fort>0. (D)
0 Fs(x)

To understand this, let us consider two items with independent non-negative random life-
times 7 and S. Once the item with lifetime 7 fails, it is replaced by another item with lifetime
S such that it has the same age as that of the failed item. Then, the survival for the time until
the second failure is represented by (1) [11, 34]. Due to its practical significance, relevation is
applied across a range of real-world situations. We give two examples for relevation allocation.

Example 1. In a car, a machine part fails after several months of operation. Rather than replac-
ing the entire machine, a new part of the same age, made with upgraded materials, is installed.
Though similar in function to the original, this new part follows a different lifetime distribution
than the old one. Consequently, the machine’s overall distribution changes after the new part
is installed. Thus, the lifetime of the machine can be represented by relevation transformation.

Example 2. In a heating, ventilation, and air conditioning (HVAC) system, a component such
as a fan motor fails after prolonged use. Rather than replacing the entire HVAC unit, a new
fan motor of the same age but made from more heat-resistant materials is installed. While
similar in function to the original, this new part follows a different lifetime distribution from
the old one. As a result, the distribution of the HVAC system changes after the new fan motor
is installed.

Before describing the relevant works in the literature, let us first review some fundamental
concepts and definitions related to coherent systems. A system is considered coherent if all
components are relevant, and whenever a failed component is replaced by a good one, the
system lifetime does not decrease [12]. Series, parallel, and k-out-of-n systems are examples
of coherent systems. Consider a coherent system consisting of n independent components with
structure function 7. Assume the components are labeled by the numbers 1, 2, ..., n, and for
each component i, its lifetime is denoted by T;, i=1, ..., n. A path set P is defined as a
collection of components whose functioning can guarantee the functioning of the system, and
a cut set C is defined as a collection of components whose failures cause the failure of the
system. Specifically, a path set P is called a minimal path set if any of its proper subsets is not
a path set, and a cut set C is called a minimal cut set if no proper subset is a cut set. According
to Barlow and Proschan [5], the system lifetime can be expressed as

t(T)y=rt (Ty,..., Tn)—geali%%ﬂ}—rgégr]r_le%xﬂ.
Suppose A denotes the class of all minimal path sets, and S denotes the class of all minimal cut
sets. In addition, let A; = {Z € A, i € Z} be the collection of minimal path sets in which each
minimal path set contains component i, and S; = {7 € S, i € J} be the collection of minimal
cut sets in which each minimal cut set contains component i. Then, for any two components
i and j, their structural relationship can be classified into the following six types [30, 34]:
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FIGURE 1. Schematic diagram of an eight-component system.

(i) A;=A;,i.e. components i and j are included in same minimal path sets;
(ii) S§;=S§;j, i.e. components i and j are included in same minimal cut sets;

(iii) A; € A}, i.e. the minimal path sets including component i is a subset of those including
component j;

(iv) §; € §;j, i.e. the minimal cut sets including component i is a subset of those including
component j;

(v) A; and A; do not contain each other;
(vi) S;and S; do not contain each other.

Zhang and Zhang [34, p. 5] mentioned, ‘It is worth noting that some of the above six
settings might occur simultaneously’. In light of this, an example of a system structure
that satisfies cases (i)—(vi) is as follows: consider an eight-component coherent system
with component lifetimes T, T», ..., Ts, as depicted in Figure 1. It is easy to verify that
Ar={{1,3,4}}, 4, ={{2,3, 4}, A3 ={{1,3,4},{2,3, 4}, A4 ={{1, 3,4}, {2,3,4}}, As =
{{5, 6, 8}}, As ={{5. 6, 8}}, A7 ={{7, 8}}, As ={{7, 8}}, {5, 6, 8}}, Si ={{1,2,5, 7}, {1,2,
6,7}, {1,2,8}}, S={{1,2,5,7},{1,2,6,7},{1,2,8}}, S3={{3,5,7},{3,6,7}, {3, 8}},
Sa={{4,5,7},{4,6,7},{4,8}}, Ss=1{{1,2,5,7},{3,5,7},{4,5,7}}, Se={{1,2,6,7},
{3,6,7},{4,6,7}}, and S;={{1,2,5,7},{1,2,6,7},{3,5,7},{3,6,7}, {4,5,7}, {4,6, 7}},
Sz = {{3, 8}, {4, 8}}. Here, A; ={{1, 3, 4}} denotes the minimal path sets containing com-
ponent 1, Sy ={{1,2,5,7},{1, 2,6, 7}, {1, 2, 8}} denotes the minimal cut sets containing
component 1, and so on. Observe that As = Ag, S| =S, A C A3, S5 €57, whereas A
and A, do not contain each other (i.e. A; € A and A € A;), and neither do S; and S (i.e.
S g Sz and S3 g SH).

An intriguing decision problem for system design engineers is determining how to allocate a
given number of redundant components to a coherent system to maximize the system’s overall
lifetime. In this regard, a few studies have been presented that investigate the optimal allocation
policy for one or two revelations to a coherent system. Belzunce et al. [10] studied the optimal
allocation policy for one relevation performed to a series (parallel) system and then general-
ized it to a coherent system by assuming that the components where relevation is performed
share similar minimal path (minimal cut) sets (i.e. for the cases: (i) A; = A; and (ii) S; =S,
where A;, A;, S;, and §; are as defined previously). For this purpose, the authors considered
a series system with two components having lifetimes 77 and 7. Suppose two relevations
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with lifetimes S; and S are available, but due to the budget constraint, we can perform only
one relevation at a time. Then, the authors demonstrated that if 71 <p, T> and S| >}, S2, then
Uy >4 Uy, where Uy = min{T#S1, T2} with U, = min{T7, T>#5,}. They further extended this
result to the coherent system with n components and showed that for components i and j in
common path sets, the relevation should be allocated to the component with the higher hazard
rate. In contrast, for components i and j in common cut sets, the relevation should be allocated
to the component with the higher reversed hazard rate. Later, Wu et al. [30] complemented the
results of [10] by considering one relevation allocation problem to a coherent system for cases
(iii)—(vi), and compared system lifetimes in the sense of usual stochastic order. Further, under
the scenario where there is no budget issue and both the relevations can be performed at the
same time (i.e. two possible allocations policies: either Sy is attached with 7; and S, with T}, or
S is attached with 7; and S with 7}), Yan et al. [31] studied the allocation of two relevations to
a coherent system simultaneously. They extended the work of [10] by applying two simultane-
ous relevations in a coherent system, under the condition that the components where relevation
is allocated share similar minimal path sets, i.e. for case (i) A; = .A;. Recently, Zhang and
Zhang [34] have studied the optimal allocation policy for two relevations to a coherent sys-
tem for cases (iii)—(vi) in terms of minimal path sets and cut sets. They made the stochastic
comparison of coherent systems in the sense of the usual stochastic order.
From the aforementioned discussion, we make the following observations:

(a) very little work has been done so far in the literature on relevation allocation to coherent
systems;

(b) most of the works have established the usual stochastic order between system lifetimes;

(c) although the allocation of two relevations (performed one at a time) to a coherent system
has garnered the attention of researchers for cases (i)—(vi) [10, 30], the same does not
hold true for the situation when two relevations are allocated (both at the same time) to
a coherent system [31, 34].

In this study, we aim to address these gaps in the literature. With regards to observation
(a), we establish results on the stochastic comparison of system lifetimes after allocating two
relevations (one at a time and both simultaneously) to a coherent system. Next, to address
observation (b), we stochastically compare system lifetimes with respect to hazard rate order
after allocations of two relevations (performed one at a time) (see Theorems 1 and 2). By
doing so, we extend the results of [10] and also answer the call for future research on hazard
rate order. Finally, with regards to observation (c), we note that stochastic comparison results
were established in [34] in the case of two relevations (performed simultaneously) on the series
system. Thus, in this study, we address the gap on two relevation allocations (performed simul-
taneously) to a series system (by adding some more sufficient conditions in the literature) and
a coherent system for case (i) A; = A;j (see Theorems 3 and 4). In addition, by building on the
result for two relevation allocation to a parallel system (performed simultaneously), we pro-
vide stochastic comparison results in the case of two relevations (performed simultaneously)
on the coherent system for case (ii) S; = Sj, and also provide additional sets of sufficient con-
ditions for cases (iii) A; C Aj, and (iv) S; € S; (see Theorems 4-7 and 8). By obtaining new
findings on two relevations allocations (performed one at a time or both at the same time), we
not only extend the results of [10, 30], but also generalize the results of [34]. In particular, for
cases (i) A; = Aj and (iii) A; € A;, we provided additional sets of sufficient conditions to those
obtained in [34], and we also addressed the conjecture in Theorem 2 of Zhang and Zhang [34]
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by employing our Theorem 6 and establishing the usual stochastic order for two relevations
allocation (performed both at the same time) to a coherent system for case (iv) S; C S;.

As an application of our main results, we study the optimal allocation policy for two min-
imal repairs (performed one at a time) in a series system and a coherent system for case
(i) A; = A;, and make the stochastic comparison in sense of hazard rate order (see Theorems 9
and 10). For the case of multiple minimal repairs, the majority of the results focused either on
identical components or on the same number of minimal repairs performed to series and coher-
ent systems (see, for example, [3, 24, 25]). With this in mind, we concentrate on determining
the optimal allocation policy for multiple minimal repairs (which may vary in number) on a
single node (or component) within coherent systems composed of nonidentical components.
To fill these gaps for multiple minimal repairs, we provide the results for coherent systems in
cases (i) A; = A; and (iii) A; € A; by employing the result for a series system (see Theorems
11, 12, and 13). In summary, the key contributions of this paper are as follows.

e This work explores the optimal allocation policy for two relevation performed (one at
a time and both at a time) to a series or parallel system and then later generalized to a
general coherent system for cases (i)—(iv) in the sense of the usual stochastic order and
the hazard rate order.

e We study the optimal allocation policy for two minimal repairs (performed one at a
time) and multiple minimal repairs to a series system and a coherent system for cases (i)
A; = A; and (iii) A; € A; in the sense of the usual stochastic order and the hazard rate
order.

The rest of the paper is structured as follows. The next section introduces several definitions
and lemmas that will be instrumental in proving our main results. In Section 3, we provide our
main results. Specifically, we examine the allocation problems of relevations for one (or two)
node (or nodes) in a coherent system with independent components to enhance the system’s
reliability. We have established several results concerning the usual stochastic order and hazard
rate order for a coherent system. Next, Section 4 presents an application of our results through
a simulation-based study and an analysis of real data. In addition, we study the case of the
minimal repair policy in detail (see Subsection 4.3). Finally, in Section 5 we conclude our
study.

2. Preliminaries and auxiliary results

Let X and Y be non-negative independent random variables with distribution functions Fy
and Fy, density functions fx and fy, and survival functions Fx and Fy, respectively. Throughout
the paper, all random variables under consideration are assumed to be mutually independent.
Moreover, ‘increasing’ refers to ‘nondecreasing’, and ‘decreasing’ refers to ‘nonincreasing’.

In addition, X 2 ¥ denotes that X and Y are identically distributed.

We first present the definitions of some commonly used stochastic orders, which are
employed in this study. Stochastic orders are well-known to be useful for comparing the
random lifetimes of two systems.

Definition 1. A random variable X is said to be smaller than random variable Y in the:

(i) usual stochastic order (denoted by X <5 Y) if Fx(t) < Fy(?), for all t € [0, 00);

(ii) hazard rate order (denoted by X <p; Y) iffy(t)/l_*"x(t) is increasing in t € [0, 00);
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(iii) reversed hazard rate order (denoted by X <,,Y) if Fy(t)/Fx(t) is increasing in
t € [0, 00);

(iv) likelihood ratio order (denoted by X <5 Y) if fy(t)/fx(¢) is increasing in t € [0, 00).

For a more detailed discussion on stochastic orders, readers can consult [7, 23, 29]. The
following diagram depicts the chain of implications among the aforementioned stochastic
orders.

The article also requires the idea of totally positive (reverse regular) functions of order
2 (TP(RR3)). In the domain of statistical reliability theory, totally positive (reverse regular)
functions of order 2 (TP>(RR»)) naturally emerge when analyzing the reliability of coherent
systems. Karlin made substantial contributions to this field, laying its foundations within prob-
ability and statistical theory. In 1968, he authored a seminal book on the subject, which spurred
numerous advancements. Karlin [19] defined a TP,(RR;) function as follows.

Definition 2. Letr S| and Sy be two subsets of the real line R. A non-negative function k : S1 x
Sy — [0, 00) is said to be TP> (RR») if, for x1 <x2,y1 <y2(xi € S1;y: €S2, i=1,2),

k(x1,y1) k (x2, y2) = (k (x1, y2) k (x2, ¥1) -

The following lemma is the improvement of Lemma 3(iii) of [13], in which we show that
condition g (¢) > g»(?) is not needed to prove (g(¢) + g1(¢))/(g(t) + g2(¢)) is increasing in 7 > 0.

Lemma 1. Suppose real functions gy, g, and g such that gi(t), g2(t) >0, and g(t) >0
for all t>0. If both g1(t)/g2(t) and g(t)/(g2(t) — g1(t)) are increasing in t, then
(g()+ g1(0))/(g(®) + g2(1)) is also increasing in t > 0.

Proof. The proof is given in the Appendix. O

The following lemma is due to Misra and Naqvi [22], which is very useful for proving our
main results.

Lemma 2. Let hi(x, 0) : [0, 00) x [0, 00) > R, i=1, 2, be a function and g;(0), i=1, 2, be
the Lebesgue probability distribution function of the random variable ®;, i=1, 2. Let

Jo~ ha(x, ) dG(6)

K(x) = .
®) I (. 6), dG1(0)

Now, we define the following two pairs of conditions for the positive function h;, i=1, 2:
(i) hi(x, 0) or hy(x, 0) is TP; in (x, 0) € (0, 00) x (0, 00); (ii) ha(x, 6)/h1(x, 0) increasing in
x € (0, 00)and 6 € (0, 00); (iii) hi(x, 8) or ha(x, ) is RR, in (x, 0) € (0, 00) x (0, 00), and (iv)
ho(x, 0)/h1(x, 0) decreasing in x € (0, 0c0) and increasing in 6 € (0, 00).

Suppose that conditions (i) and (ii) ((iii) and (iv)) hold. Further, if any of the following
three conditions hold:
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(@) O < O
(b) O1 <pr O2 and hi(x, 0) or ha(x, 0) is increasing in 0 € (0, 00);
(©) ©1 <, © and hi(x, 0) or ha(x, 0) is decreasing in 6 € (0, 00).

Then the function K(x) is increasing (decreasing) in x € (0, 00) (or equivalently,
fooo hi(x, 0)gi(0)do is TP2(RRy) in (i, x) € {1, 2} x [0, 00)).

3. Main results

In this section, we consider two 2-component series (parallel) systems and establish optimal
allocations of two relevations to these two series (parallel) systems. Moreover, we also study
the optimal allocation policy for a general coherent system in the sense of various stochastic
orderings, for cases (i)—(iv).

3.1. Allocation of two relevations in cases: (i) A; = .A4; and (iii) A; € A;

In this subsection, we discuss the optimal allocation policies of one and two relevations for
a series system and later generalize them to a coherent system in the sense of usual stochastic
order and hazard rate order, for the cases: (i) A; = A;j and (iii) A; C A;.

Suppose that a series system has two components with lifetimes 7 and 73, and two releva-
tions are available having lifetimes S7 and S>. However, due to time and budget issues, suppose
one can perform only one relevation at a time to the series system. That is, we are interested
in the comparison between U; = min {T1#S, T>} and U, = min {T}, T>#S>}, where the dis-
tribution function, survival function, and density function of a random variable U; (U,) are
Fy, (Fy,), FUI (FUZ), and fy, (fu,), respectively. Suppose that the component lifetimes and
the available relevation lifetimes are mutually independent. Belzunce ef al. [10] proved that if
Ty <pr Tp and S1 >, S> then Uy >4 Us. One natural question arises that under what sufficient
conditions Uy > U; can be strengthened to Uy >, U>? To answer this question, we provide
the following result on the optimal allocation policy of two relevations (performed one at a
time) for hazard rate order in the series system.

Theorem 1. Let U; = min {T1#S1, T>} and U =min {Ty, To#S2}. Suppose S >pT1 or
82 >pr To. In addition, if Ty <pr (Zpr) T2 and Sy >pr (Zpr) S2 then Uy Zpy (Spy) Un.

Proof. First, we prove that U; >, U under the conditions ‘St >, T1°, ‘T1 <pr T>’, and

Fy (¢
‘St =nr S2°. To prove Uy >, Us, it suffices to show that _U'( ) is increasing in ¢ > 0. We have

FUQ(I)
t
Fu, ()= <TVT1 )+ Fs, (t) / In@ du> Fr,), t>0, 2)
0 FS] (M)
and
t
Fu,( = (FTz(t) + Fs, (1) / /@) du) Fr,(), 1>0. 3)
o Fs,(w)
From (2) and (3), it can be seen that
- Fr,(t) Fr,(t) + Fr,(t) Fs, (1) g,
Fy () 0o Fsiw) g0+ @
= = - = , ,
Fu,(n) Fr,(t) Fr, () + Fr, (0 Fy (0 ]_cTz("‘) du g(1) + g2(1)
0 Fs,(u)
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where
le( )
8(t) =Fr,(NF1,(1), §1(1) = Fr,(t)Fs, (1) du,
0 Fs,(u)
and
_ " fry(
&= FTl(t)FSg(t) du, t>0.
52(14)

To prove that I_*"U1 ) /FU2 () is increasing in ¢ > 0, it suffices to show that
g+ g1
g(1) + g2(1)

Now, we employ Lemma 1 to show that (5) holds true. It is evident that g1(¢), g2(¢) > 0, and
g(®) > 0, for all ¢ > 0. Further, we have

is increasing in ¢ > 0. ®))

Fs, (0 / G

gl(t) FTz(t) S] (I/l)
e " Fr0 7o [T

0 FSz(M)

" Fs, (1)
_ = d
_Fr0 /0 Foay "

~ Fr,() /’ Fs, (1)
0 F‘SQ (u)fT2 (M) du

=¢1(0) $2(), (6)

where ¢1(t) = Fr,(¢)/Fr, (¢) and

0 Fg, (uy

fz Fsl(l)le () du
hlt)=———""

t Fs,(0) '
f() F Z(M)sz (l/l) du

If T1 <pr T then ¢1(¢) is increasing in ¢ > 0. To prove ¢»(¢) is increasing, it is equivalent to
prove that 1/¢(¢) is decreasing for ¢ > 0. Now,

F t
/0 Sz(t)frz(u) du / ho(t, u)go(u) du
0

1 Jo Fs,(u)
= 7 ’
9200 /fsm fr ) /hl(t, 0)g1(0) du
o Fs (u) 0

where, h;(t, u) :FSi(t)/ng(u) and g;(u) =fr;(u), for i=1, 2. On employing Lemma 2 and
using the conditions ‘71 <p, T>" and Sy <p, S1°, we get 1/¢»(¢) is decreasing in ¢ > 0. Thus,
from (6), we find that

g1

is increasing in ¢ > 0. @)
82(0)
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Now, we have to show that g(¢)/(g2(f) — g1(¢)) is increasing in ¢ > 0. We have

g(0) Fr,(DFr,(t)
g —g1() Fr (t)Fsz(t)/ sz( u) d _FTz(t)FSl(t) le(M)
Sl(u)
1
— _ t>0. (8)
/t Fs,(t) fr,(w) du—/ Fs, (1) le(M)
0 FSQ(M) I_:Tz(t) 0 FS](M) FT](t)

Now, we can see that
9 (/’ Fs, (1) fr,(w) du _/ Fs, (1) Jr (W) M)
ot 0 FSz(u) FTQ(I) 0 FS] (u) FT] (t)

_ (sz(t) B le(l)>+/’i <F52(t) fr,(w)  Fs,(0) le(M)>
FTz(t) I_:Tl (t) 0 at FSz(u) I_:Tz(t) FS] (I/t) FT] (t)

_ (sz(t) Jr, (D) ) +/t {(1_751(1)) (I_?Sz(t) Fry® fr,)  fr,w )} w
Fr,(t)  Fr,(0) o 9t |\Fr,(0/) \Fs,(t) Fry(t) Fs,(u)  Fs,(u)

</13 {(Fsl(t)) <Fsz(t) Fr,(1) fr,w) le(u))} w“

—Jo ot FTl(t) FSI(I)FTZ(t) Fsz(u) FS](M)

<0, forallr>0, 9

where the second last inequality follows from the condition ‘T <p, T>’, and, the last inequality
follows from the conditions ‘77 <y, T’, ‘S1 >n-S2°, and ‘S| >, T1’, since these conditions
imply that Fs, ()/Fr,(?) is increasing, F's,(t)/Fs, (¢) and Fr,(t)/Fr,(t) are decreasing in t > 0,
and

FSz(t) FT1 @ sz(u) _ le (u)

= = = = <0 forallr>0.
Fs, (D) Fr,(t) Fs,(w)  Fg,(u)

Therefore, we get that

8()

—————— isincreasing in f > 0. (10)
g2(t) — g1(1)

Now, by using Lemma 1, and from (7) and (10), we get that (4) is increasing
(i.e. (g(t) + g1(2))/(g(t) + ga(1)) is increasing in ¢ > 0), thereby implying that Fy, (t)/Fy,(?)
is increasing in ¢ >0, i.e. Uy >p Up. Thus, Uy >, U> under the conditions ‘Sy >, 77,
‘Ty <pr 1o, and ‘S7 >p-S2°. Similarly, we can prove Uj >p, Uy under the conditions
S2=2p T2, Ty <pr T2, and Sy =5 $27.

In a similar vein, we can prove that Uy <j, U under the assumptions ‘Sy >, T1 (or S >,
T2), ‘T1 =p T2, and “S1 <pr S’ hold true. Hence, the result is proven. U

The following example illustrates the application of Theorem 1. Recall that T is said to be
Weibull random variable with shape parameter o( > 0) and scale parameter A( > 0), denoted
by T ~ W(a, 1), if its survival function is given by Fr(t; o, A) = e~ 0" ,t>0.
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FIGURE 2. Schematic diagrams of systems with lifetimes U; (left) and U, (right) corresponding to
Theorem 1.
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FIGURE 3. Plot of the ratio of survival functions of U; and U; (i.e. Fy, (1)/Fy,(1)).

Example 3. Suppose that the random variables 7; ~ W(a, A;) and S; ~ W(a, B;), where
a>0,2;>0,and B; >0, i=1,2. If Ay > Ay, B1 < B2, and By <A then the conditions
T\ <pr T2, S1 >nr S2, and S1 >4, T1 hold true, respectively. Consequently, the conditions of
Theorem 1 are satisfied.

Note that Belzunce et al. [10] established U; >, U, under the conditions 71 <p, 7> and
S1 >nr S2. As we can see from Theorem 1 that when we move from a weaker stochastic order-
ing (i.e. usual stochastic order) to a stronger stochastic ordering (i.e. hazard rate order), an
extra condition ‘Sy >j, T1 or S» >p, T2’ is needed for the result to hold true. The following
counterexample shows that if we relax the condition ‘S; >4, 71’ in Theorem 1, the result U
#nr Un no longer holds true.

Counterexample 1. Suppose that the random variables T; ~ W(w, A;) and S; ~ W(«a, B;),
where a >0, A; >0, and B; >0, i=1,2. Consider the resulting systems in Figure 2. If
A =4.03, Ay =2.02, 1 =6, B =8.95, and o = 1, this implies that the conditions T <p, T2,
S1 =nr S2 hold, but the condition S1 >p, T1 does not holds. Then, from Figure 3 it can be seen
that Uy }fhr Us.

With regards to relevation allocation to a coherent system, Belzunce et al. [10] investigated
the optimal allocation policies for two relevation (performed one at a time) to a coherent system
for case (i) A; = A; in the sense of usual stochastic order. They demonstrated that for compo-
nents i and j in common path sets, the relevation should be applied to the component with
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the higher hazard rate. Further, they called for future research on comparing system lifetimes
in terms of the hazard rate order after allocating a single relevation to a coherent system. To
address this, we provide the following result, which employs Theorem 1 above on series sys-
tems. For this purpose, consider an n-component coherent system with components’ lifetimes
Ty, T», . .., Ty, having structure function ¢, and minimal path sets Py, Py, . .., Pr. The system
lifetime can be expressed as

()=t (Ty,...,T,) =max min 7T;.
(T) (T n) Ped jeP Jj
In addition, let TG = T,....,Ti-1,Tix1, ..., Tj—1, Tj11, . .., T, and denote the lifetime

of the two coherent systems by Wy ~ t (T#S1, Tj, T") and Wa ~ t (T;, T#S>, TU) after
performing one relevation at a time.

Theorem 2. Let Wy ~ t (T#S1, Tj, TV) and Wy ~ t (T}, Tj#S>, TU). Consider two loca-
tions i,je€{l, ..., n} such that i <j and {i, j} C P,, for r=1iy, ..., i, where {i, ..., i} C
{1,...,k}, i.e. A;=Aj. Suppose

P ( max min {T},} > t)
1<I<k,I¢{i},....i,}meP

P max min {7} >1, max min {T,,,} <t
s€fil,...,iyymePs, m#i,j 1 <l<k,i¢{i1,...,ir)ymeP;

is decreasing in t > 0. If T; <pr (Zpr) Tj, S1 2hr (Shr) S2, and Sy Zp T (01 S2 >p Tj) then
Wi Zhr (Shr) W

Proof. To prove the result, let us consider two series systems having lifetime
U = min{T:#$1, T;} and Uz =min {Ti, Tj#Sz}. First, we prove that Wi >, W, under the
assumptions T; <p, T}, S1 >pr S2, and Sy =5, T; (or S2 >4, T}). Then, for some minimal path
set P, such that {7, j} C P,, the lifetimes of systems W; and W, can be expressed as

W1 =max {min { max min {7}, T;#S, T]} , max min {Tm}} ,
s€{it,...,ir} mePg,m#Lj 1<i<k,I¢{iy,...,ir} meP;
and
W, = max {min { max min  {T,}, T;, Tj#Sz} , max min {Tm}} .
selit,..., iy} mePg,m#i,j 1<i<k,l¢{iy,...,i;} meP;

Thus, we get

FW](t)zl—P<min{ max min _{Tm},Ti#Sl,Tj} <t,

seliy,..., iy} mePg,m#i,j

max min {7,,} <t
1<i<k,l¢{iy,...,i;} meP;

=PU;>1P max min {T,} >1, max min {T,,} <t
selit,...,iy} mePs,m#i,j 1<i<k,l¢{iy,..., i} meP;

~|—P( max min {Tm}>t>, t>0,
1<i<k,l¢{iy,...,i;} meP;

https://doi.org/10.1017/apr.2025.10051 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10051

1198 R. KUMAR ET AL

and
Fw,(t)y=P(Uy>1P ( max min {7} >t max min {7},} < t>
selit,...,ir} mePs,m#i,j 1<i<k,l¢{iy,...,i;} meP;
+P < max min {T},} > t) , t>0.
1<i<k,l¢liy,..., i} meP;
Now,
Fy (1) g0)+g1(0)
Fy,( gt +g(1)’ ’
where
g(y=P ( max min {7T},} > t) ,
1<i<k,l¢{iy,...,i;} meP;
g1H)=PWU; >1)P ( max min {7} >1t, max min {7,} < t)
SE{i1,...,ir} MEPs,MALj 1<l<k,I¢{i1,...,i) meP,
and

o) =PU;>1)P ( max min {7} >1t, max min {T},} < t> , t>0.
S€{it,.., i} mePg,m#i,j 1<i<k,l¢{iy,...,i;} meP;

Now, from Theorem 1, we get that gi(¢)/g2(¢) is increasing in ¢ > 0, since ‘T; <, T;" and
‘S> <pr S1’. Further, we have

P ( max min {T},} > t>

2 B 1<I<k,l¢{iy,...,iy} mePy
H—git) - i
£0-a@ 4 ( max min (T} > 1, max min {7,} < t)
selit,.o.ir) mePy.mi.j 1=l lgliy,....ir) mePy
1
t>0.

P W) —P U >1)

Now, from the condition of Theorem 2, we get that

1<I<k,l¢{iy,....iy} meP;

P ( max min {T,,} > t)

P < max min {7} >1t, max min {T},} < t)
SE€{isoriy) MEPg, L] 1<l<k,i¢{iy,...,ir} MEP;

is decreasing in ¢ > 0 and from the proof of Theorem 1, we get 1/(P(Us > t) — P(U; > 1)) is

increasing in ¢ > 0 under the assumptions 7; <j, T}, S1 >, S2, and 1 >4, T; (or S2 >, Tj). By

combining these two facts, we get g(¢)/(g2(¢) — g1(?)) is increasing in ¢t > 0. Hence, W; >, W».

Similarly, we can prove that W <, W, under the assumptions T; >, T}, S1 <p, S2, and rest

of the conditions are same. Hence, the result is proved. O

To illustrate the result of Theorem 2, we provide an example below.

Example 4. Consider a coherent system made up of four components Cy, Co, C3, and Cy
(illustrated in Figure 4). Let the first two components C; and C» have lifetimes 77 and 7>,
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o]

FIGURE 4. Schematic diagrams of systems with lifetimes W; (left) and W, (right) corresponding to
Example 2.

respectively, with 7; ~ W(e, X;), where « > 0, ; > 0, i =1, 2, and the other two components

C3 and Cy4 have lifetimes 73 and T4, respectively, such that T 4 T4 and T» 4 T5. Further,
suppose two relevations R and R having lifetimes S ~ W(«, 1) and S2 ~ W(«, B2), where
o >0, B;i>0,i=1, 2, are available for allocation. Assume that relevation R; is performed to
component C; and R; is performed to component Cy, then the resultant systems have lifetimes
W1 and W, respectively.

Note that the given coherent system has minimal path sets P; = {1, 2, 3} and P, = {4}.
Thus, we can say that A; = A, (i.e. components 1 and 2 are included in the same minimal
path sets). Further, it is easy to see that when Ay < A1, then T1 <p, T». In addition, if 81 < B>
and B; < A1, then S» <p, S1 and T7 <j, S1 hold true. Further, it can be seen that

P max min {T},} >t
(1<l<k,l¢{i| ..... i} meP; () ) _ P(T4 > 1)
: . T P(T HNP(Ts <t
p ( max min {7y} >1, max min {T,} < t) (T3>0 P(T4=1)
s€fit,...,iy} mePs,m#i,j 1<i<k,i¢{i,...,i;} meP

is decreasing in > 0, if Ay < A1 (i.e. T4 <p, T3). Thus, the conditions of Theorem 2 are
satisfied, i.e. W1 >y, Wa.

Up to now, we considered the optimal allocation policy for two relevations (performed one
at a time) to series and general coherent systems. Moving forward, suppose there is no budget
constraint, and we can afford to allocate two relevations, with lifetimes S| and S», simultane-
ously to a system. It is, therefore, of interest to determine the optimal allocation policy for two
relevation allocations simultaneously to a system. In this regard, Zhang and Zhang [34, Lemma
1], proved that if Ty <;, T and S1 >, S then V| > V), where V| = min {T1#S1, T»#S5} and
Vj, =min {T1#S>, To#S1}. As they gave only one set of sufficient conditions for V| > V; to
hold true, we provide additional sufficient conditions, in the following theorem, for the same
result to hold true.

Theorem 3. Let Ty, T>, S1, and S» be non-negative independent random variables, and
let Vi =min (T\#S1, To#S2} and V), =min (T\#S2, To#S1). If any of the following sets of
conditions are satisfied:

@ T <i (zy) T2 and Sy >y, S,
(b) Ty =4 (=Zyp) T2 and S1 <pr S2;

then Vi > (Zst) Vé-
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Proof. The proof of the theorem is analogous to [34, Lemma 1], hence it is omitted. O

If we assume that S follows an exponential distribution in the relevation survival formula
(i.e. (1)), then the standby redundancy allocation becomes a special case of the relevation
allocation. In light of this, one can observe that the first set of conditions, i.e. T1 <j (=) T2
and S| >j, 57, is same as that in [21, Theorem 3.1], and the second set of conditions, i.e. T1 >y,
(<y) T> and S| <p Sz, is same as that in [21, Theorem 3.2]. This highlights that in this case,
if we shift from standby redundancy allocation to relevation allocation, the conditions remain
the same.

The following counterexample shows that if we relax the likelihood ratio condition T <,
(=4 )T> to a weaker stochastic order in Theorem 3, then the result no longer holds.

Counterexample 2. Let T\ and T, be independent random variables with distribution
functions

1—e < t bt3> ift>0
—exp|—at—— ), ift>0,
Fr,(t)= P 3

0, otherwise,

and

Ly e log ift>0
Fry(t)=12 V2 )| ’
0,

otherwise,

where a, b > 0. From Figure 5(a), it can be seen that Fr, < Fr,, for a=0.8, b=3, implying
that T\ <g T>. It is also easy to see from Figure 5(b) (and (c)) that Fr,/Fr, (and fr, /fr,) is
not monotonically increasing or decreasing for a = 0.8 and b =3 (i.e. neither T frh T> nor
Ty i Ta).

Now, suppose that S and Sy are independent random variables following Gamma and
Weibull distribution with density functions

@7 e™ ift>0,
fs, (=1 (1)

0, otherwise,
and

a2 e ift>0,
Jfs, ()=

0, otherwise,

respectively, where, o1 > 0, ap > 0. One can easily prove that S1 >p S if oy =2 and ar = 1.
However, it is evident from Figure 5(d) that the result of Theorem 3 does not hold, i.e. if T
<g Tr and S1 >p, 3, it does not imply that Vi <gt Vé. Hence, if we relax the condition T1 <,
(Z1y) Tz to Ty <5 (=g) T2 in Theorem 3, then the result (i.e. V| <y (>5) V}) no longer holds
even if the other condition (i.e. S1 >p, S2) remains the same.

With regards to the allocation of two relevations to a coherent system simultaneously, Yan
et al. [31] provided the result for case (i) A; = A;. However, Zhang and Zhang [34] pointed out
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FIGURE 5. (a) Plot of the distribution functions of T and T, (i.e. Fr,(¢) and F7,(f)). (b) Plot of the
ratio of the distribution functions of 7, and T (i.e. Fr,(t)/Fr,(?)). (c) Plot of the ratio of the density
functions of T, and T (i.e. fr, (t)/fr, (t)). (d) Plot of the difference of the survival functions of Vi and Vé
(i.e. FV{ ) — FVé ®)).

an error in Theorem 1 of [31] for a two-component series system. Consequently, Theorem 4 in
[31] for two relevations allocation to a coherent system for case (i) A; = A; is also incorrect.
In the following, we present the corrected version for two relevations allocation to a coherent
system in case (i) .A; = A;. For this purpose, we consider an n-component coherent system
with components lifetimes 77, 7>, .. ., Ty, having structure function ¢, and minimal path sets

Py, P>, ..., Py, where k is the total number of minimal path sets. The system lifetime can be
expressed as
t(T)y=1t (Ty,...,T,) = min max T;.
@) ( ") PeA jeP /
In addition, let TG = T,....,Ti-1,Tix1, ..., Tj—1, Tj41, . . ., T, and we denote the lifetime

of the two coherent systems by Z; ~ t (T,~#S1, Ti#S,, T(i’j)) and Z, ~ 1 (T,~#S2, Ti#S,, T(i’j))
after performing two relevations.

Theorem 4. Let Z; ~ t (Ti#S, Ti#Sy, T*)) and Zr ~ v (Ti#Sz, T#S), TV). Consider two
locations i, je€ {1, ..., n}suchthati <jand{i,j} C Py, forr=iy, ..., i, where{iy, ..., i,} C
{1,...,k}, i.e. A;=A;. If any of the following sets of conditions are satisfied:
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@) Ti <ir (=) Tj and Sy >pr S2;
(b) Ti =i (=i) Ty and Sy <pr S2;
then Zy > (Zs1) Z2.

Proof. To prove the result, let us consider two series systems having V|'=
min {Ti#Sl, Tj#Sz} and V' = min {Ti#Sg, Ti#S, } Now, for some minimal path set P, such
that {i, j} € P,, the lifetimes of systems Z; and Z, can be expressed as

Z1 = max { min max min (T}, T#S1, Ti#S2 ¢, max min {T,,} ¢,
s€lit,....ir) mePy,m#i,j 1<I<k,I¢{i1,....i;} meP
and
Z> = max { min max min  {T,}, Ti#Ss, T#S1 ¢ , max min {T},}
s€lit,...,iy} mePs,m#i,j 1<i<k,l¢{iy,..., i} meP;

Thus, we get

I_Tzl(t)zl —P<min{ max min  {T},}, T#Sl,T#Sz}
s€li,...,iy} mePs,m#i,j

max min {7},} < t)
1<i<k,l¢{iy,...,iy} meP;
=P(Vi'>1)P ( max min {T,}> max min {T,,} < t)
s€{it,...,ir} mePy,m#ij lslsk,l¢{i1 ..... ir} meP;

+P ( max min {7T},} > t) ,

1=I=<k,l¢{iy,...,ir} meP

and
Fz,()=P(V)'>1)P < max min  {T,,} >t max min {T},} < t)
s€lit,...,ir} mePs,m#i,j 1<i<k,l¢{iy,..., ir} meP;
P ( ax min {7T},} > t) t>0.

1<i<k, 1¢{11, ., i} meP;
Now,

Fz,(t) — Fzy() = (P (V' >1) =P (Vs > t)) X 8(0), (11)
where

§()="P ( max min {7} > max min {T},,} < t) .
s€lit,...,iy} mePs,m#i,j l<l§k,l¢{i1 ..... i} meP;

Thus, from (11), it can be seen that to prove Z; > (<s)Z, it is equivalent to prove V|’ >
(<s1) V2. Hence, from Theorem 3, the result is proved. O

Up to now, we focused on the first case, i.e. A; =.A;. We now turn our attention to case
(iii) A; € A;. In the situation where only one relevation out of the two can be allocated to a
coherent system, Wu et al. [30, Theorem 2.1] showed that Wi < W5 under the conditions
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FIGURE 6. Plot of the difference of survival functions of Z; and Z; (i.e. Fz, (1) — Fz,(?)).

T; >pr Tj and Sy <p, S>. Further, when the two relevations can be allocated simultaneously to
a coherent system, Zhang and Zhang [34, Theorem 1] proved Z; >y Z, when T; > T; and

S1 <nr S2. Now, we provide additional set of sufficient conditions for Z; > (<) Z> in case

(i) A; € A;.

Theorem 5. Let Zy ~ © (T#Sy, T#S, TV) and Z, ~ v (T#S,, Ti#S1, T™). Suppose A; <
A I Ti 2 (Zir) Ty and Sy <pr (Zpr) S2 then Zy > (So1) Zo.

Proof. Denote V| =min {Ti#Sl, Tj#Sz} and V) =min {T,-#Sz, T]-#Sl}. In view of [34,
Theorem 1], to prove Z1 >y (<y) Z», it suffices to show that V| > (<s) V} and P (Tj#SQ > t)
> (<) P (T#S; > 1). Now, since 7; is non-negative, S <p- S implies that P (T#S, > 1) >
P (Tj#S) > t). Similarly, Sy >;,S, implies that P (T#S, > 1) <P (T#S; > ). Thus, from
Theorem 3, we can see that if T; >, ( <;) T; and Sy <pr (=5,) S2 then V| > (<y) V}; which
further implies that Z >4 (<s) Z>. O

The following counterexample shows that if we relax the likelihood ratio condition 77 <;,
(> )T> to a weaker stochastic order in Theorem 5, then the result no longer holds.

Counterexample 3. Consider a coherent system made up of three components having lifetimes
Ty, T, and T3. Suppose, the lifetime of a coherent system is t(T) = min{max{T1, T3}, T»}.
Thus, the minimal path sets are {1, 2} and {2, 3}, and consequently A; C A,. Suppose that
either relevation S| is performed with Ty and Sy is performed with T, or S| is performed
with T» and Sy is performed with Ty which gives that the resultant system has lifetime Z;
or 7y, i.e. Z = min{max{T#S1, T3}, To#S>} and Zp = min{max{T#S,, T3}, To#S1}. Further,
in the setup of Counterexample 2, it can be seen that Ty <g T> holds for a=0.8, b =73 (see
Figure 5(a)), but T1 <,, T>» (and T1 <;- T>) do not hold (see Figure 5(b) and (c)). In addition,
we can see that Sy >y, S2 is true for a1 =2 and oy = 1. However, it is evident from Figure 6
that the result of Theorem 5 does not hold, i.e. if T1 <y T> and S1 >, S hold, it does not imply
that Z\ <g Zy. Hence, if we relax the condition, T1 <j (>3 ) T2 to T1 <5 (>4) T2 in Theorem
5, then the result (i.e. Z1 > (Zs) Z2) no longer holds even if the other condition (i.e. S| >p,
S») remains the same.
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It is interesting to explore the problem of allocating two relevations simultaneously to a
coherent system in the sense of hazard rate order. This continues to be an open problem
requiring further exploration.

3.2. Allocation of two relevations in cases: (ii) S; = S; and (iv) S; € S;

In this subsection, we discuss the optimal allocation policies of two relevations (performed
simultaneously) for a parallel system and later generalize them to a coherent system for the
cases: (il) §; = §j and (iv) §; € §;.

Belzunce et al. [10] studied the optimal allocation policy for two relevations (performed
one at a time) in a two-component series system and later generalized to a coherent system
in case (ii) S; = S;. They made the stochastic comparison in the sense of the usual stochastic
order and demonstrated that for components i and j in common cut sets, the relevation should
be done on the component with the higher reversed hazard rate. Later, Wu et al. [30] estab-
lished the stochastic comparison for two relevations (performed one at a time) in the sense of
the usual stochastic order for case (iv) S; € S;. Recently, Zhang and Zhang [34] studied the
optimal allocation policy for two relevations (performed both at a time) in the sense of a usual
stochastic order for case (iv) S; € &;. In their study on the allocation of two relevations to a
coherent system, they proved that 7 (T #S1, Ti#S2, T /)) <aT (T #So, Ti#S1, T /)) ifS;cS,
S1 >nrS2, and Frus, (t)FTJ#Sz(t) > FTﬂe;sz(t)FT}#s1 (1), for all t > 0 (see [34, Theorem 2]). The
authors further pointed out that it is of interest to find sufficient conditions for the assump-
tion Frus, (DF74s,(t) > F T4, (DF T_,.#Sl(t) to hold true. They conjectured that it might require
T; <pr Tj or T; <y, T;. To inquire into this conjecture, we first provide the following theorem
for two-component parallel system and then investigate the case for a coherent system.

Theorem 6. Let Ty, T>, S1, and S» be non-negative independent random variables, and
let Vi =max {T1#S1, To#S2} and V) = max {T#S,, THo#S1}. If any of the following sets of
conditions are satisfied:

(a) 1 —(Fs,(1)/Fs,(w) is RRy in (i, u) € {1, 2} x (0, ] and Ty < (=) Ta;

(b) 1—(Fs,(t)/Fs;(w)) is TPy in (i, u) € {1, 2} x (0, 1} and Ty >4 ( <1 ) T2;
then

Vi 2 (Ss)Va.
Proof.

(a) First, we prove that Vi > V> under the assumptions ‘1 — (Fs,(t)/Fs,(u)) is RR, in
(i,u)e{l,2} x (0, t] and ‘Ty <,, T»’. The distribution functions of V| and V, can be
expressed as

Fvl(t)—(FTl(t) FS](Z‘)/ f]( ) )<FT2(I) FSz(t)/ f (M) >
Fs, (u) Fs,(u)
_["(;_Fa® ‘([ Fs0
_/0 <1 FSI(M)>fT1(M) du/o <1 F52(u)>fT2(u)du’

t t
- / h(1, u)g1 (u) du / h(2, u)ga(u)du, forall t> 0,
0 0
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and

! fSQ(t) /t < FS] (t)>
F = 1— = d 1— = du,
Vz(l) /() < FSZ(M))le (u) u 0 FSl (u) sz(M) u
t t
:/ h(2, u)g1(u) du/ h(1, u)go(u)du, forall¢> 0,
0 0

where, for fixed >0, h(x, u)=1— I_TSX (t)/I_75x(u) and g;(u) =fr,(u), for i=1, 2, and
x=1{1, 2}. To prove V| >4 V>, it suffices to prove that

Fy,(t) > Fy,(t), forallt>0.

Now, by using the Lemma 2, from conditions ‘1 — (Fs,(t)/Fs,(u)) is RR, in (i, u) €
{1,2} x (0, f] and ‘T1 <,5, T2’, we get

t t
Fu,(t) = Fy,(5) = /O h(L, wg1 (w)du /0 h2. Wga(u) du

' !
—/ h(2, u)g1(u) du/ h(1, u)g>(u) du
0 0
<0, forallz>0.

Hence, it can be seen that V| > V. In a similar vein, one can prove that V| <, V5 under

the assumptions ‘1 — (Fs,(#)/Fs,(u)) is RR in (i, u) € {1,2} x (0, ]’ and ‘T >, T2’.
Thus, the result is proved.

(b) Similarly, we can prove that V| > (<) V> under the assumptions ‘1 — (FS,- ) /ng(u))
isTPyin (i, u) € {1,2} x (0,¢]" and ‘T >, (<) T2’. O

In the above result, it is easy to establish reversed hazard rate ordering between 77 and
T,. To investigate the other sufficient condition ‘1 — (Fs,(t)/Fs,(u)) is RR2 (TP2) in (i, u) €
{1, 2} x (0, £]’, we illustrate in the following example that it is satisfied by some common
family of distributions, such as Weibull and Pareto.

Example 5.

(a) Weibull. Let Sy ~W(2,3) and S, ~ W(2,2). Here, Fs, (t)/Fs,u)=e"> (=) and
Fs,(t)/Fs,(u) =e 2 (®=") Now, ‘1 — Fs,(1)/Fs,u) is RRy (TPy) in (i, u) € {1, 2} x
(0, 7]’ if and only if (1 — €722 (> — u?))/(1 — e~ 3? (> — u?)) is decreasing (increasing)
in 0 < u <t, which easily follows from the fact that S} <,;, (>,,) S>.

(b) Pareto. Recall that T is said to be a Pareto random variable with shape parameter o > 0
and scale parameter A > 0, denoted by T ~ Pareto(c, 1), if its survival function is given
by Fr(t;a, ) = (A/D)%, t > A. Let S| ~ Pareto(2, 1), and Sy ~ Pareto(1, 1). Thus, for all
0 <u; <up <t, we have

_ fS](l‘) . FSZ([) _ ~ B .
|:1 FS'('“)][I FSz(uz)]_(t—i_ul)(t u)(t —uz) -t
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and

Fs (¢ Fs, (t

L0 | 108 = (t+w)(t —u)t —up) - 1.
Fs,(u2) Fs,(u1)

Therefore, it is easy to see that condition ‘1 — Fsi(t) /ng(u) is RRy in (i, u) € {1, 2} x

(1, #]’ holds true. Similarly, suppose S; ~ Pareto(1, 1), and Sy ~ Pareto(2, 1), then

3 FS,-(I) . . . ,
Fs;(u) is TP in (i, u) € {1, 2} x (0, 1]".

Now, we are ready to present the results for the allocation of two relevations simultaneously
to a coherent system for case (ii) S; = S; and case (iv) S; C §;. It is to be noted that for case (ii)
S; = §;j, although a result was provided in [10] on optimal allocation policy for two relevations
(performed one at a time), no result exists in the literature for two relevations (performed at
the same time) allocation to a coherent system. To fill this gap in the literature, we provide the
following result, which employs Theorem 6 and uses the notation from Subsection 3.1.

Theorem 7. Let Z; ~ © (T#Sy, Ti#Sz, T)) and Z, ~ v (Ti#Sy, T#Sy, TW). Consider two
locationsi,je {1, ...,n}suchthati <jand{i,j} C Cy, forr=iy, ..., i, wheref{iy, ..., i} C
{1,...,m}, ie. §; =S If any of the following sets of conditions are satisfied:

(i) 1— (Fs;(t1)/Fs;(w) is RRy in (i, u) € {1, 2} x (0, t] and T; <y (=) Tj;
(ii) 1— (Fs(t)/Fs,w)) is TPy in (i, u) € {1, 2} x (0, 1] and T; > ( <) Tj;
then

Zl >t (Sst) Z2-

Proof. The idea of the proof is borrowed from [10, Theorem 2]. First, we prove (i). To
prove Z; > Z; under the assumptions ‘1 — Fs,(t)/Fs.(u) is RR; in (i, u) € {1, 2} x (0, f]" and
‘T; <n T}, let us consider two parallel systems having lifetime V| = max {T,-#S 1 Tj#Sz} and
V> = max {Ti#Sz, Ti#S, } Then, for some minimal cut set C, such that {i, j} C C,, the survival
functions of systems Z; and Z, can be expressed as

1_72] = P< min { max {7y} } >1¢, min { max [ max {Ty}, Ti#S1,
1<i<m,l¢{iy,iz,...,i;} L keC se{iy,ia,...,ir} keCy,k#i,j

T/#Sz} } > f)

=P min max {7y} } >, rnax{ min { max {7y} }, V1} >t
1<i=m,I¢{iy,iz,....ir} L keC; s€liy,ip,....ir} LkeCy k#ij

:<I—Fvl(t)P( min { max {Tk}}§t|

s€{il,izs.nir) L keCy ki j

min {max {Tv} } > t)) P( min {max {Tv} } > t),
1<i<m,l¢{iy,iz,....i;} L keC; 1<i<m,l¢{iy,iz,....i;} L keC;
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S, S2
T, T
I3 —oO L

T I

S5 51
FIGURE 7. Schematic diagrams of systems with lifetimes Z; (left) and Z, (right) corresponding to
Example 4.
and
I_Tzz(t) =P< min max {7y} } > t, max { min [ max {7y} }, V1} > t)

1<i<m,l¢ir,iz,....ir} | keCy selit iz, ir) L keCy ki)

= (1 —FVz(t)P( min { max {7} } < t|

sefin,iz,....ir} UkeCy ki j

min [ max {7} } > t>> P( min [ max {7} } > t>.
I<l<m,l¢{i1,iz,....ir} L keC; I<l<m,l¢{i1,iz,....ir} L keC;

Thus, to prove Zj >y Zp, it suffices to show that V| >y V,, which we obtain, by
using conditions ‘1 — Fs,(#)/Fs,(u) is RRy in (i, u) € {1,2} x (0, ]’ and ‘T; <, T;’, from
Theorem 6. B

In a similar vein we can prove that Z; <y Z» under the assumptions ‘1 — ;SSI((;)) is RR; in
(i, u) € {1, 2} x (0, ]’ and ‘T; <,;, T;’. Hence, the results of Theorem 7 of (i) are lproved.

The proof of (ii) of Theorem 7 is analogous to the proof of part (i), hence it is omitted. [

To illustrate the application of Theorem 7, we present the following example. Recall that
T is said to be a truncated normal random variable with mean zero, variance o ( > 0), and
parameter 4 = 1/2, denoted by T ~ TN(u, o), if its density function is given by

_ 1 2
Fr(t;u,0)= ———ex (——) t>0.
wo 2w P\ 202

Example 6. Consider a coherent system made up of three components having lifetimes 77, 7>,
and T3. Suppose the lifetime of a coherent system is 7(T) = min{max{77, 7>}, 73}. Thus, the
minimal cut sets are {3} and {1, 2} and, consequently, S; =S, = {1, 2}. Suppose that either
relevation S is performed with 7| and S; is performed with 75 or S; is performed with 75
and §3 is performed with 7 which gives that the resultant system has lifetime Z; or Z, i.e.
Z1 = min{max{T1#S1, To#52}, T3} and Z; = min{max{T1#S,, To#S1}, T3} (see Figure 7).
Further, let 7; ~ TN(u;, 0;) fori =1, 2, 3, where o; > 0, for i = 1, 2. In addition, suppose that
S1 and §; are independent random variables coming from the Weibull family with §1 ~ W(2, 3)
and Sp ~ W(2, 2) for t > 0. It is easy to verify that when o1 < o3, then T <,;, T. Since
S1 <;u S2, it implies that condition ‘1 — Fs,(1)/Fs,(u) is RRy in (i, u) € {1, 2} x (0, ]’ holds
true. Thus, the conditions of Theorem 7 (1) are satisfied.
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With regards to case (iv) S; € S;, Wu et al. [30] established the usual stochastic order for
two relevations allocation (performed one at a time). Their result was further extended by
[34, Theorem 2] by establishing the usual stochastic order for two relevations allocation
(performed both at the same time). As mentioned previously (Theorem 6), we explore the
conjecture of [34, Theorem 2] by employing Theorem 6 and establishing the usual stochastic
order for two relevations allocation (performed both at the same time) to a coherent system.

Theorem 8. Let Z; ~ v (T#Sy, Ti#Sy, T') and Zy ~ v (T#Sa, TSy, T™). Suppose S; <
S;. If any of the following sets of conditions are satisfied:

(i) 1 —(Fs;(0)/Fs,(w) is RRy in (i,u)e{1,2}x (0,7, Ti<m(=m)T; and Si <p
(Zhr)S2;

(i) 1 —(Fs(t)/Fs;w) is TP in (i,u)e{l,2} x(0,1], T; > (<m)T; and Si <p
(Znr)S2;

then Z1 >4 (Zg) 2.

Proof. Denote Vi =max {Ti#S), T#S>} and V, =max {Ti#S,, Tj#S,}. First, we prove
part (i). In view of [34, Theorem 2], to prove Z; > Z, it is suffices to show that V| >
V> and P (Tj#Sz < t) <P (Tj#51 < t). Now, since T; is non-negative, S1 <p- S> implies that
P (Tj#Sg < t) <P (Tj#Sl < t). By using conditions ‘1 — Fsi(t)/fs,.(u) is RRy in (i, u) € {1, 2} x
(0, ¢] and ‘T; <, T}, from Theorem 6, we get V| >y V>. Hence, the result is proved. In the
similar vein, one can prove that Z; <y Z, under the assumption that ‘1 — F,(¢)/Fs,(u) is RR;
in (i, u) € {1,2} x (0, 1", ‘T; =, T}’ and ‘S1 >4, S2’. Hence, the results of part (i) are proved.

The proof of part (ii) of Theorem 8 is analogous to the proof of part (i), hence it is
omitted. O

As observed, one of the conditions of Theorem 8, i.e. S| >p, 52, is the same as a condition
in [34, Theorem 2], where the authors conjectured that 7; <,, T; might be required to prove
Fras, (OF Tj#gz(t) > FT;#SZ(I)FT/#SI (1), for t > 0. We have found in Theorem 8 that to prove this
conjecture we require T; <, T}, as well as 1 — (I_'“Sl.(t)/l_?gi(u)) is TP, in (i, u) € {1, 2} x (0, t].
Moreover, our proposed Theorems 7 and 8 contribute to the literature by adding some new
results on coherent systems, and also, collectively summarizing all the existing results in a
comprehensive manner.

The following example illustrates the application of Theorem 8.

Example 7. Consider a coherent system made up of three components having lifetimes 77,
T, and T3. Suppose, the lifetime of a coherent system is t(T) = max{min{Ty, 1>}, T3}. We
have S; = {{1, 3}} and &3 = {{1, 3}, {2, 3}} and, consequently, S| € S3. Let T; ~ TN(u;, 0;)
for i=1, 2,3, where 0; >0 and u; >0 for i =1, 2. It is easy to verify that when o1 < 03,
then 77 <, T3. Further, suppose that S1 and S» are independent random variables from the
Pareto family, with S ~ Pareto(cy, A1) and S ~ Pareto(a, Ap), where oy, ap, A1, Ap >0,
and ¢t > min(A(, Ap). It can be seen that if A, A >0 and «a; =y, then the conditions
‘1 — Fs,(t)/Fs,(u) is RRy in (i, u) € {1,2} x (0, 1]’ and ‘Sy <p, S»’ are satisfied. Hence, the
conditions of Theorem 8(i) are satisfied.

We provide the following counterexample, which shows that the conditions of Theorem 8
are not sufficient to establish hazard rate order (or reversed hazard rate order), i.e. Z; >y,
(Shr) 2o (or Zy =4 (<) Z>). Furthermore, we also show that the conjecture proposed
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FIGURE 8. (a) Plot of the ratio of distribution functions of Z| and Z; (i.e. Fz,()/Fz,(t)). (b) Plot of the
ratio of survival functions of Z; and Z, (i.e. 1721 ) /fz2 (7). (c) Plot of the difference of survival functions
of Z; and Z; (i.e. FZI (1) — Fzz(l‘)).

in [34, Theorem 2] (i.e. stating that T; <,, T; might required to prove Frus, (DF745,(1) >
Frs,0)Fras, (1), for t > 0), may not hold true for a coherent system.

Counterexample 4. Under the setup of Example 7, assume that o1 =2, o9 =20, 03 =10,
w1 =p2=u3=0.5, a1 =ar =2, Ay =1, and Ay =2. Then, the conditions of Theorem 8§ are
satisfied. However, from Figure 8(a) we can see that the ratio of distribution functions of
Zy and 7 (i.e. Fz,[Fz,) is neither increasing nor decreasing. Hence, we can conclude that
Zy P (L) Zo. Similarly, we can see from Figure 8(b) that Zy ?pr ( Lnr ) Zo, when o1 =2,
00=20,03=20, u1=p2=u3=0.35, a1 =ar =2, Ay =1, and Ay =2 (i.e. conditions of
Theorem 8 are satisfied). Thus, the conditions of Theorem 8 are not sufficient to establish
reversed hazard rate and hazard rate orders between Z| and Zj.

Moreover, it is interesting to see that if condition ‘1 —fsl.(t)/l?gi(u) is RR> (or TPy) in
(i, u) € {1, 2} x (0, t]’ is relaxed in Theorem 8, then will the result hold or not ? It is easy to
see that if o1 =2, 00 =10, 03 =20, u1 =2 =u3=0.5, a1 =5, ap =10, and »1 =1y =1,
then Ty <,, T3 and S1 >pr Sa hold but the condition ‘1 —I_'“Sl.(t)/l_?sl.(u) is RR> (or TP») in
(i, u) € {1, 2} x (0, t]” does not hold. Thus, we can see from Figure 8(c) that if T1 <,;, T3 and
S1 >pr S2 hold but ‘1 — I_*"Si(t)/l_*"gl.(u) is RRy (or TPy) in (i, u) € {1, 2} x (0, t]’ does not hold,
then neither Z, Zs, Zp nor Zy ﬁsr Z>. Hence, the above conjecture given by [34] may not be
true for a general coherent system.
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From the discussion, it is clear that exploring the problem of simultaneously allocating
two relevations to a coherent system in terms of reversed hazard rate order is intriguing. This
remains an open problem that warrants further investigation.

4. Applications

In this section, we aim to demonstrate the practical application of our theoretical results
in reliability engineering. Through a simulation study and real-world examples, we highlight
the effect and effectiveness of the theorems we developed. We begin with a simulation study
that provides a thorough comparison of the two systems described in Subsection 3.1. By doing
so, we study the simulation study at component level (for Theorem 2) and system level (for
Theorem 1) in Subsection 4.1. Later, in Subsection 4.2, we conduct a real data analysis that
aims to enhance the tensile strength of a high-voltage electricity transmission network. Finally,
in Subsection 4.3, we study the allocation of two relevations in a coherent system under a
minimal repair policy.

4.1. Simulation study

4.1.1. An empirical data analysis at component level: In this subsection, we conduct a simu-
lation study to investigate the implications and performance of Theorem 2. To achieve this, we
analyze and assess the behavior of the following systems:

Wi = max{min{T#S1, T», T3}, T4} and W, = max{min{T;, To#S,, T3}, T4}.

We begin with the assumption that the random variables 77 and 7, follow Weibull
distributions with the distribution functions:

l—e ™0 ift>0,
Frit o, A1) =
0, otherwise,

and

1—e ™" ift>0,
Fr,(t;a, A2) =
0, otherwise,

where o > 0, A; >0, i =1, 2. In addition, assume that T} 4 T4 and T, 4 T5. Further, let two
random variables S| and S, that follow Weibull distributions with distribution functions,

1—e B ift>0,
Fs,(t;a, B1) =
0, otherwise,

and
1 —e B0 ift>0,

Fs,(t; 0, B2) = '
0, otherwise,

where o > 0, B; > 0, i =1, 2. First, we fix the value of @ as 2. We now follow a step-by-step
procedure.
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TABLE 1. Goodness-of-fit test.

Parameter Estimate Statistic p-value
A 0.3992 0.1152 0.5155
A2 0.1993 0.1149 0.5168
b1 0.2991 0.1363 0.4340
B2 0.5960 0.3880 0.0778

Step 1. Simulate random numbers from the distribution functions Fr, for i=1, 2, 3, 4, and
Gs, for i=1,2. We generate 10,000 random numbers from Fr, (t;2, 0.4), Fr,(1;2,0.2),
Fr;(t;2,0.2), Fr,(t; 2, 0.4), Gs,(t; 2, 0.3), and G, (1; 2, 0.6).

Step 2. Use the simulated data to obtain an estimate (see, [36]) of parameters ():1, 5»2, /§1 and
;éz). The Cramér—von Mises statistic is used in the context of goodness-of-fit tests [14, 15, 32,
33]. It measures the discrepancy between an empirical distribution function (EDF) K,,(v) and a
theoretical distribution function Ky, (v). The statistic is given by

1
Sn(K)=n /0 (Kn(v) —Ke,l(V))2 dKg, (v)

where K, (v) is the EDF based on the sample data and Kj, (v) is the theoretical cumulative
distribution function (CDF) under the null hypothesis, parameterized by 6,,. The p-values of
the goodness-of-fit test are obtained as follows.

e From the estimated parameters ():1,):2, Bl and /§2), we obtain estimated F7; for
i=1,2,3,4, and Gg, fori=1, 2.

e For each Fr;,i=1, 2, 3,4, and Gg,, i =1, 2, generate random observations and obtain
Cramer—von Mises statistic S, (K). Repeat this process 10,000 times to obtain 10,000 test
statistics.

e Estimate the p-value by calculating the percentage of the above statistics that exceed the
value obtained from the simulated data.

The p-values in Table 1 are relatively high, indicating that the simulated data aligns well
with the model. From Table 1, it can be seen that the conditions of our Theorem 2 (i.e. A <
M, /31 < /32 and ﬁl < M, imply ‘T1 <pr T2, “S2 <pr S1°, and ‘Tq Shr S1’°, respectively) are
satisfied. In addition, from Example 2, we can see that since Az < M, i.e. Ty <pr T3 implies
that condition

P ( max min {T},} > t)

1<I<k,l¢{iy,...,iy}meP;

P max min {7} >1, max min {T,,,} <t
seliy,...,irymePg,m#i,j 1<i<k,l¢{iy,...,i;}meP,

is decreasing in ¢ > 0, is satisfied. Thus, all conditions of Theorem 2 are satisfied.
Therefore, we can conclude that Wi >p, W». To illustrate this, we plot tlle survil/al functions
of W1 and W», and also plot the ratio of survival functions Wy and W; (i.e. Fy, (1)/Fw,()) using
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FIGURE 9. (a) Plot of the survival functions of W; and W5 (i.e. Fy, () and Fy, (#)). (b) Plot of the ratio
of survival functions of Wy and W, (i.e. Fw, (t)/Fw, ().

the estimated parameters, as shown in Figure 9(a), and (b), respectively. The plot demonstrates
that Fy, (t)/Fw,(t) is increasing in ¢ > 0, implies that W; >4, W».

4.1.2. An empirical data analysis at system level: This subsection presents a simulation study
to illustrate the result of Theorem 1. Consider two systems defined by

U =min{T1#S1, T»}, and U, =min{T,#S;, T},

where T7 and T> are component lifetimes, and S and S, represent the lifetimes of two available
relevations.

Assume that the lifetimes 71, T2, S1, and S»> are mutually independent and exponentially
distributed. Let 71 ~ Exp(A1), T2 ~ Exp(12), S1 ~ Exp(81), and S» ~ Exp(B2), with survival
functions

Frp=e™"', Fr(=ec' Fs@t)=e"",
Fs,(n=e"P,  where A1, A2, B1, and 2 > 0.

If Ay > A2, B1 < B2, and B; < A then the conditions T <p, T2, S1 >, S2, and Sy >p, T1 hold
true, respectively. Consequently, the conditions of Theorem 1 are satisfied. Thus, the values of
the parameters are fixed (such that the conditions of Theorem 1 are satisfied) as

A =007, A =005 B =003 p»=0.4.

To examine the behavior of the systems U; and U,, we simulate 1,000 observations from
each distribution. The samples are generated using the inverse transform method based on the
derived forms of the CDFs for each system. The Kaplan—Meier estimator (Kaplan and Meier
[18]) is used to estimate the survival functions of U and U,. Figure 10(a) illustrates that the
system U] tends to exhibit higher survival probabilities than U, across time. Moreover, the ratio
of the survival functions plotted in Figure 10(b) shows a non-decreasing trend. This empiri-
cal observation provides numerical support for the hazard rate ordering U; >, Us, thereby
validating the theoretical result established in Theorem 1.
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FIGURE 10. (a) Plot of the survival functions of U; and U; (i.e. fUl () and fUz(t)). (b) Plot of the ratio
of survival functions of U and U (i.e. Fy, (t)/Fu,(t)).

4.2. A real data analysis

A cable is usually made up of several wires and, over time, the tensile strength of a cable
generally diminishes due to the wear and aging of its internal parts. As a result, improving the
tensile strength of cables is an essential and fascinating challenge, with the goal of maximizing
their reliability and maintaining their operational status for as long as possible. To address this
issue, a common strategy is to introduce redundancies, such as relevation, at the component
level.

Based on the data recorded by Hand et al. [17], the tensile strengths of wires (refer to
Table 2) were examined in a study that included a collection of cables taken from various
high-voltage electricity transmission networks. A cable typically comprises multiple wires,
and the strength of the structured cable can be viewed as a k-out-of-n system, with each wire
regarded as an individual component. There are nine cables, and each cable contains twelve
wires. This dataset has been widely used in various research papers on reliability optimization,
including [16, 26, 32, 33]. Now, let us consider a cable composed of two wires connected
in series, namely Wire 7 (lifetime is denoted by 77) and Wire 5 (lifetime is denoted by 73),
and two available relevations to perform, namely Wire 4 (lifetime is denoted by S1) and Wire
6 (lifetime is denoted by S,). In addition, assume that either the relevation S; is performed
with T} or S, is performed with 7>, which gives a resultant system has lifetime Uy or Us,
i.e. Uy =min {T#S1, T»} and Uy = min {T}, T>#S>}. Thus, we want to make a comparison
between Uy = min {T#S;, T»} and Uy = min {T, T>#S»}.

To start, we use Gamma, Log-Normal, Exponential, Weibull, and Pareto distributions to
model the tensile strengths of these four wires (Wires 4, 5, 6, and 7). We estimated the parame-
ters of these four wires based on the method of maximume-likelihood estimation [36], wherein
the values of the criterion such as the Akaike information criterion (AIC; cf. [1]) and Bayesian
information criterion (BIC; cf. [28]) are also estimated. It can be seen from Table 3 that the
best-fitted distribution is Log-Normal for Wire 5, Wire 6, and Wire 7. Overall, it should be also
noted that the best-fit distribution is Log-Normal (since AIC and BIC of Log-Normal are lower
compared with other distributions) of all wires. Thus, we can conclude that the best-fitted dis-
tribution is Log-Normal for all four wires. From Table 3, for Log-Normal distribution, it can
be seen that the estimated standard deviations are approximately the same (= 0.02, say &) for
Ty, T>, S1, and S». Now, suppose, the density functions of the Log-Normal distribution of 77,
T>, S1, and S, are denoted as fr, (t; 1, o), fr,(t; w2, o), fs, (t; w3, o), and fs, (¢; 14, 0), respec-
tively, where o > 0, uys >0, for i=1, 2, 3, 4, and ¢ > 0. Suppose the maximum-likelihood
estimates of u; and o are [i; and &, respectively, for Log-normal distribution. Since, it can be
seen from Table 3 that 1] < fip, fi4 < [13, and i1 < [13, which imply ‘T} <p, T2°, ‘S2 <pr S1’,
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TABLE 2. Dataset for wire measurements.

Dataset Tensile strength of wires

Wire 4 338 348 328 350 340 336 341 345 348
Wire 5 330 337 338 335 350 339 336 350 355
Wire 6 334 328 332 332 346 340 342 348 351
Wire 7 335 328 335 328 345 342 347 341 333

and ‘T <prS1’, respectively. Hence, we can see that the conditions of our Theorem 1 are
satisfied for the real data set. It can be seen from Figure 11 that the ratio of survival functions
of Uy and U, (i.e. Fy, /Fuy,) is increasing. Thus, Uy >, Us.

4.3. Minimal repair policy

In reliability engineering, the minimal repair policy is a highly cost-effective approach,
frequently employed to extend the lifetime of a system. In minimal repair, a failed component is
replaced with a redundant one that has the same age and distribution as the original component
at the time of failure. Suppose that the survival functions of random variables T and S are the
same (say F), then relevation is reduced to minimal repair policy, as follows:

_ _ _ r _ _
FT#s(t)=F(t)+F(l)/ =—dF(x) =F()[1 — In (F())].
0 F(x)

Barlow and Hunter [4] first introduced the notion of minimal repair. Note that the minimal
repair is a special case of relevation [31] and is also an alternate to standby redundancy allo-
cation. Minimal repair is employed in various real-world situations. For instance, in the case
of heart failure caused by coronary occlusion, cardiopulmonary resuscitation (CPR) can revive
the patient. If the revival occurs without significant damage to vital organs, CPR can be con-
sidered a minimal repair [6]. For more details on minimal repair, the reader may refer to [2, 3,
10, 24, 31, 34, 35] and others.

Belzunce et al. [10] studied the optimal allocation policy for two minimal repairs (per-
formed one at a time) to a two-component series system. They proved that Uy > Us, if T1 <y

T> and T; 4 S; fori=1, 2 (see [10, Lemma 2]). Later, Yan et al. [31] provided a necessary and
sufficient condition to prove U; >, U, for a two-component series system. They established
that Uy >y, Uy if and only if r7, ()/(1 — In (I_TT1 ®) = rr,(0/(1 —1In (I_TT2 (1)), where rr; is the
hazard rate of random variable 7; for i = 1, 2. Moreover, in Theorem 1, we studied the optimal
allocation of two relevations (performed one at a time) in the two-component series system, in
the sense of hazard rate order. As we know, minimal repair is a special case of relevation, in
light of this, it is interesting to determine the sufficient conditions in the case of minimal repair.
The following theorem provides sufficient conditions to establish U >, (<) U in case of

the minimal repair policy (i.e. T; 4 Sifori=1,2).
Theorem 9. Let Uy = min {T 1#T1, T2} and U, = min (T, To#1>}. Suppose Hr, and Hr, are

cumulative hazard rates of random variables T\ and T», respectively. If Hr, /Hr, is increasing
(decreasing), and Ty <p, (Zp;) T2 then Uy 24, (Zpy) U

Proof. First, we prove that Uy >5, Uz under the conditions Hr, /Hr, is increasing, and
T) <pr T2. To prove U; >y, Uy, it suffices to show that Fy, (¢)/Fy,(t) is increasing in ¢ > 0.
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TABLE 3. Estimate of parameters of four wires.

Wire Distribution MLE AIC BIC

Wire 4 Gamma shape =2321.367, rate = 6.7967 63.73970 64.13415
Wire 4 LNorm meanlog = 5.8333, sdlog = 0.0195 63.70862 64.10307
Wire 4 Exp rate = 0.0029 125.00319 125.20041
Wire 4 Weibull shape = 64.8032, scale = 344.6259 62.57137 62.96582
Wire 4 Pareto shape = 5725063.5725, scale = 1952741996.3093 127.00320 127.39765
Wire 5 Gamma shape = 1869.757, rate = 5.482 66.79049 67.18494
Wire 5 LNorm meanlog =5.8319, sdlog = 0.0232 66.75677 67.15122
Wire 5 Exp rate = 0.0029 124.97975 125.17697
Wire 5 Weibull shape = 43.4577, scale = 345.1539 68.51233 68.90678
Wire 5 Pareto shape = 4217915.3987, scale = 1439034532.0315 126.97975 127.37420
Wire 6 Gamma shape =1712.0152, rate = 5.0488 66.25260 66.64705
Wire 6 LNorm meanlog = 5.8264, sdlog = 0.0226 66.16431 66.55876
Wire 6 Exp 0.0029 124.87980 125.07702
Wire 6 Weibull shape = 49.1605, scale = 342.9849 66.74408 67.13853
Wire 6 Pareto shape = 4778084.8466, scale = 1620415101.2033 126.87980 127.27425
Wire 7 Gamma shape =2232.0617, rate = 6.6202 63.58830 63.98275
Wire 7 LNorm meanlog = 5.8202, sdlog = 0.0196 63.48042 63.87486
Wire 7 Exp rate = 0.003 124.76743 124.96465
Wire 7 Weibull shape = 57.3725, scale =340.3374 63.90417 64.29862
Wire 7 Pareto shape =2982905.8774, scale = 1005566065.5832 126.76743 127.16188
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FIGURE 11. Plot of the ratio of survival functions of U; and U, (i.e. FUI 3) /fU2 0).

We have
o R A 11C) R SR -
Fy O =\FrO+Fn () | = du ) Fry() = Fr,(0[1 — In (Fr,(0))|Fr,(1), >0,
0 FT1 (l/t)
(12)
and
- - I Nw o= -
Fy,(t)= (Frz(t) + Fr,(9) / = du) Fr,() = Fr,(®[1 — In(Fr,(0)|Fr, (), t>0.
0 FT2 (l/l)
(13)
From (12) and (13), it can be seen that
Fy()  1—In(Fr (1) g+ g1() 0. (14)

Fu,()  1—In(Fr,(0) &0+ g’

where g(t)=1, g1() = — In(Fr,(t)) and g2(t)=—In (Fr,(1)). To prove Fy,(t)/Fu,(®) is
increasing in 7 > 0, it suffices to show that

g +g1(0)

is increasing in ¢ > 0. (15)
g(1) + g2(1)

Now, g1(®)/g2(t)=—1n (I_TTI (®)/—In (FTZ(I)) = Hr,(t)/Hr,(¢) is increasing in ¢ > 0, where
Hr, and Hr, are cumulative hazard rates of random variables 77 and T», respectively. Further,

to prove g(#)/(g2(r) —g1(1))=1/In (FTI (t)/l'_fT2 (t)) is increasing, it suffices to show that
In (Fr,(t)/Fr,(t)) is decreasing in ¢ > 0:
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o (Fr@\] @, fr0
FTz(I) FTl(t) FTz(t)

— sz(t) . le(t)

Fr,(t) Fr,(t)

<0.

The last inequality is due to T1 <p-T>» (i.e. sz(t)/FTZ(t) <fr (t)/l'_’T1 (1) for all > 0).
Thus, g(r)/(g2(f) — g1(7)) is increasing in #> 0. From Lemma 1, it is easy to see that
(8(1) + g1(1)/(8(t) + 82(1)) is increasing in 7 > 0, since g1(r)/g2(¢) and g()/(g2(r) — g1(1)) are
increasing in ¢ > 0. Hence, U >, U; holds true under the assumptions Hr, /Hr, is increasing
int>0,and Ty <p, T,.

Similarly, one can prove that U; <p U holds true under the assumptions Hr, /Hr, is
decreasing in t > 0, and 77 >, T>. O

Note that the conditions in Theorem 9 are easy to prove and satisfied by some general fam-
ilies of distribution. For instance, see the following examples which satisfy by some common
families of distributions, such as Weibull and Pareto.

Example 8.

(a) Weibull. Let Ty ~ W(2, 3) and T> ~ W(2, 2). Here, Fr,(t)/Fr, (1) = _e’2(32_22) is increas-
ing in ¢t > 0. It implies that Ty <p- T>. Now, Hr,(t)/Hr,() =In (F1,(8))/In (F7,(1)) =
4/9 is nondecreasing in ¢ > 0.

(b) Pareto. Let T ~ Pareto(3, 2),_and T_2~Paret0(1, 2). It is easy to see that condition
‘T <pr T2’ holds true, since Fr,(t)/Fr,(t) = 2 is increasing in ¢ > 0. In addition, one
can see that Hr, (1)/H7,(?) is increasing in ¢ > 0.

Note that [10, Lemma 2] showed that Uy > U; if T <y T> in a two-component series

system under the minimal repair policy, i.e. T; 4 S;fori=1, 2. In Theorem 9, we showed that
Ui =>pr (Zh) Uz if T1 <pr (=pr) T2 and Hy, /Hr, is increasing (decreasing) in ¢ > 0. Thus, it
is evident that when we move from a weaker stochastic ordering, i.e. U >4 U to a stronger
stochastic ordering, i.e. Uy >p, Ua, T1 < T gets strengthen to 77 <p, 7> and an additional
condition Hr,(t)/Hr,(?) is increasing in ¢ > 0, is also needed for the result to hold true. This
highlights the trade-off between the set of sufficient conditions when we move from a weaker
to a stronger stochastic ordering.

The following example illustrates the application of Theorem 9.

Example 9. Suppose that the random variables T} ~ Pareto(c1, A1) and 7> ~ Pareto(oa, A7),
where o1, op, A1, A2 >0, and ¢ > min (A, Ap). It is easy to see that if A1 > Ay >1 then
Hy,(1)/Hr, (1) is increasing in > 0, since [Hr, (t)/Hr,(n] £ (1/0)(In A1 — In A2) > 0, for all
t>0and Ay > Ay > 1. Moreover, if &) > ay then T} <j, T> holds true. Thus, the conditions of
Theorem 9 are satisfied. In particular, if A =4, A =2, @1 =0.3, and a» = 0.1 (implying that
T1 <pr T2 and Hr,(t)/H7,(?) is increasing in ¢ > 0) then from Figure 12(a) we can see that the
ratio of survival functions of U; and U (i.e. FUI (z‘)/FU2 (1)) is increasing in ¢ > 0.

The following counterexample shows that the condition Hr, (t)/Hr,(?) is increasing in > 0
in Theorem 9, is not sufficient to prove Uy >, U,.
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FIGURE 12. Plot of the ratio of survival functions of U and U, (i.e. Fy, (t)/Fy, (1))

Counterexample 5. Suppose that the random variables T1 ~ W(1, 2) and T, ~ W(2, 1). It is
easy to see that HTl @) /HT2 (1) =0.25 x t is increasing in t > 0. However, T <p, T does not
hold true, since FT1 (t)/FTz(t) =e'=2 |5 neither increasing nor decreasing in t > 0. From
Figure 12(b), it can be seen that the ratio of survival functions of U1 and U (i.e. FU1 (t)/FU2 (1)
is neither increasing nor decreasing in t > 0 (i.e. U] \éhr U, ). Thus, we can conclude that to
prove Uy >y, Ua, condition Hr (t)/Hr,(t) is increasing in t > 0, is not sufficient.

In Theorem 9, we established the result for minimal repairs in a series system, in the sense
of hazard rate order. In light of this, it is interesting to determine sufficient conditions for
minimal repairs in a coherent system in the sense of hazard rate order. In this regard, Yan et al.
[31] provide an ‘if and only if’ condition to establish W| >j, W, for minimal repair policy for
a coherent system. In the following theorem, we give sufficient conditions to establish hazard
rate order for a coherent system in the case of minimal repairs.

Theorem 10. Let Wy ~ t (T#T;, Tj, TV) and W, ~ © (T;, T#T;, T"). Consider two loca-
tions i,je{l,...,n} such that i <j and {i, j} C P,, for r=1iy, ..., i, where {i, ..., i} C
{1,...,k}, i.e. A;=Aj. Suppose

P ( max min {T},} > t)

1<i<k,l¢{iy,...,iyJmeP,
P max min {7} > max min {T,,,} <t
s€fil,...,ir}mePg,m+#i,j 1<l<k 1¢{iy,...,i,JmeP;

is decreasing int > 0. If I_7U2 1 — FUI (1) is decreasing (increasing) and negative (positive) in
t>0then Wi > (Zp)Wa.

Proof. The proof is analogous to Theorem 2, hence it is omitted. (]

It is worth mentioning here that the condition FUz(t) - 1’_7[]1 () is decreasing (increasing) and
negative (positive) in ¢ > 0 implies that Ful @) /FU2 () is increasing (decreasing) in ¢ > 0, i.e.
Ui =nr (Zpr)Us (the result established in Theorem 9).

Note that establishing the stochastic comparison between V| and V (for the series system
with two revelations), V; and V; (for the parallel system with two revelations), and Z; and Z;
(for a coherent system with two revelations) under a minimal repair policy is trivial, since both
systems have same lifetimes.
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Up to now, we focused on the optimal allocation policy for two minimal repairs (performed
one at a time). In real-life situations, reliability engineers might face the problem of where to
allocate multiple minimal repairs to a series or coherent system. This has caught the attention
of the researchers over the past decade. In this regard, Arriaza et al. [3], Navarro et al. [24], and
Navarro and Ferndndez-Martnez [25] studied the allocation of » number of minimal repairs to
the same components in coherent systems by using redundancy distortion function approach.
Moreover, the majority of the results focused either on identical components or on the same
number of minimal repairs performed to series and coherent systems. In light of this, we focus
on the optimal allocation policy for multiple minimal repairs (not necessarily the same number
of repairs) on a single node (or component) within coherent systems with nonidentical compo-
nents. To begin with, we develop the result of a series system and then later generalize it to a
coherent system. Suppose 7; #" T; denote the lifetime of the component i (having lifetime 7;)
after allocating  ( > 0) minimal repairs. Then, the survival function of T; #" T; is given by

_ "1 _
PTi# Ti> 0 =Fr() 3 [ = InFrol,
k=0

where I_*"T,. is the survival function of T; (see, [25]). Suppose, we have a two-component series
system with component lifetimes 71 and 7». Furthermore, assume that either k| minimal repairs
are performed on T or k; are on T5. That is, the resultant series systems have lifetimes U} =
min {7} #1 T\, T»} and U} = min {T}, T, #2 T, }. In addition, suppose the system consists of
nonidentical components. With these assumptions, we are now ready to state the following
theorem for the series system.

Theorem 11. Consider a two-component series system with nonidentical components having
lifetime Ty and T». Let Uy =min {T) #1 T\, T»} and Uy = min {T, T> #2 To}. If ky > () k2
and T <g (>5) T2 then U} >4 (<y) U;.

Proof. First, we prove that U} > U; under the conditions k; > k3 and Ty <y T>. To prove
it, we first prove for case (i) k; = ko = r (say) and then for case (i) k1 > k3.

Case (i): k1 = ko = r. We have

_ 1 _
P(U} > 1) = Fr,Fr,() (=InFr, )", (16)
k=0 "
and
_ _ "1 _
P(U; > 1) =Fr,(0Fp,() Y (= InFr,(0)". (17)
k=0

Thus, from (16) and (17), we have

r

x| -

P(UF > 1) — P(U; > 1) =Fr, (I)FTZ(I)|: (=InFr,) = (~n FTZ(I))k>:|,

k=0

>0.

The last inequality holds due to the fact that 77 <g T,, implies that [— lnFT1 (t)]k >
— k
[— lnFTZ(t)] .
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Case (ii): k1 > ky. We have
ki

_ 1 _
P(U} > t) =Fr,(0Fr, (1) Z a (=InFp, (t))k , (18)
k=0
and L
2
— — 1 —
P(U3 > 1) =FriFr,() Y - (~1In Fr,0)". (19)
k=0
Thus, from (18) and (19), we have
ko
— — 1 — —
P(UF > 1) —P(U; > 1) =Frp, (t)FTz(t)|: 3 ﬁ((_ InFr,(0)" — (—1n FTz(t))k>
k=0

ky
1 _
+ Y E(_ InFr, (;))"},

k=kp+1 "
> 0.

The last inequality holds due to the fact that 77 <y T».
Similarly, we can prove U i“ <yt U’Z" under the conditions k1 <k and T >4 T5. O

Note that in Theorem 11 if we assume that k; = k>, then one can obtain the conditions of
[25, Proposition 1(i)] (see Remark 4 there).

In the context of a coherent system, Arriaza et al. [3] studied the optimal repair policy
for any coherent system with identically distributed components, where r minimal repairs are
performed to the system. Later, Navarro and Ferndndez-Martnez [25] established the usual
stochastic order for » minimal repairs to a coherent system having nonidentical components.
In particular, suppose a system has n components with lifetimes T, 7>, . . ., Ty, and r minimal
repairs are available to be performed (either perform at 7; or T, i.e. the resultant systems having
lifetimes t (T,- #T1,7;, T (i’j)) and 7 (Ti, T;# T, T(i’j))). Then, they studied the optimal repair
policy for coherent systems, focusing either on identical components or on the same number of
minimal repairs performed to the same node (or component). One natural question arises here
that if we perform different numbers of minimal repairs to 7; and 7}, and the system has non-
identical components, then what should be the sufficient conditions to prove Wf > (<) W,
denoted as W} ~ (Ti #iT, T3, T(i’j)) and Wj ~ 1 (Ti, T; #h T3, T(i’j))? To answer this ques-
tion, we provide the following results which establish the usual stochastic order between W}
and W7 for cases (i) A; = A; and (iii) A; C A;.

Theorem 12. Let Wi ~ v (T;#1 T;, Tj, T*) and Wj ~ t (T;, T; #*2 T;, TU). Consider two
locationsi,je {1, ..., n}suchthati <jand i, j} C Py, forr=1iy, ..., i, where{iy, ..., i} C
{1,....k}ie Ai= A If ki > () ko and Ty < (=) Tj then W > (<) W3,

Proof. To prove the result, let us consider two series systems having lifetime U} =
min{T; # T}, T;} and U3 = min {Ti, T; #h Tj} First, we prove that Wi >, W3 under the
assumptions ki > k» and T; <y, T;. Then, for some minimal path set P, such that {7, j} C P,
the lifetimes of systems W} and W3 can be expressed as

Wi‘ = max { min max min {7}, T; #h T, T;¢, max min {T},} ¢,
SE{i1,...iy} mEPs,m#ELj 1<i<k,l¢{iy,...,ir} mEP;
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and

Wi“ = max { min max min  {T,}, T;, T; #2 Tit, max min {T},} ¢ .
s€lil,...,iy} mePs,m##i,j I<i<k,l¢{iy,....i;} meP;

Thus, we get

I_TWik(t) =1- P(min { max min {7y}, Ti#k‘ T;, T,} <t,

s€{iy,...,iy} mePg,m#ij

max min {T,,} <t
V<<, I¢{i1 ...iy}) meP;

=P(U; >1)P| max min  {Tp}>1, max min {T},)} <t
SEli1svomniy} mEPs ML 1<i<k.i¢{iy.....ir) meP,

+P< max min {Tm}>t>, t>0,
1<I<k,I¢{i},....iy} meP;

and

Fy:(t)=P (U; > t) P ( max min  {T,}>1, max min {T},,} < t)
2 s€lil,...,ir} mePs,m#i.j 1<i<k,l¢{iy,....ir} meP

P < max min {T},} > t> , t>0.

1<i<k,l¢{i,...,i;} meP
Now, we have
fwr @) — FW; =P (Uf>1)=P(U; >1)) x 8(0), (20)

where

8(t)="P max min {7} >1, max min {T,,} <t]).
SE(i1,....iy} MEPs, m#i,j 1<l<k,i¢{i1,...,ir} meP

Thus, from (20), it can be seen that to prove W} > (<y) W7, it is equivalent to prove U >y
(<) U;. Hence, the result follows from Theorem 11. O

In Theorem 12, we established the usual stochastic order between W} and W7 for case (i)
A; = A;j. Now, we investigate case (iii) A; C Aj, to establish the usual stochastic order between
Wi and W; in the following theorem.

Theorem 13. Let W ~ t (T; #1 T;, Tj, T") and Wi ~ t (T;, T # T;, TU)). Suppose A;
Aj If ki = () ko and Ty <5 (=) Tj then Wi >4 (<) W3.

Proof. The idea of the proof is borrowed from [30, Theorem 2.1]. To establish that Wf >t
(<s) W3, it suffices to prove that P(T; > 1) P(T; #2 T > t) < (=) P(T} > ) P(T; #1 T; > 1), i.e.
U ’1“ > (Zsr) Uik . Consequently, the result follows from Theorem 11. O

5. Conclusion

In this article, we have studied the optimal allocation policy of two relevations to a coher-
ent system in the sense of the usual stochastic order and hazard rate order. For this purpose,
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we have focused on cases (i) A; = A;, (ii) S; =S, (iil) A; € Aj, and (iv) S; € S; (discussed
in Section 1) and established stochastic comparison results for a coherent system, by building
on the results of series or parallel systems. In particular, for case (i) A; = A;, we studied the
optimal allocation policies of two relevations performed one at a time to a series system and
later generalized to a general coherent system in the sense of hazard rate order in Theorems 1
and 2, respectively. By doing so, we answer the call for future research on hazard rate order by
Belzunce et al. [10]. For cases (i) A; = A; and (iii) A; € A;, we provided additional set of suf-
ficient conditions to those obtained in [34] (see Theorems 4 and 5). We further contribute to the
literature by studying the optimal allocation of two relevations (performed at the same time) to
a parallel system and a coherent system for cases (ii) S; = S; and (iv) S; € §; (see Theorems 6,
7, and 8). By establishing new results on the allocation of two relevations, either performed one
at a time or simultaneously to a coherent system, we not only extend the findings of [10, 30],
but also contribute to the results of [34] (see Theorems 1, 2, 6, 7, and 8).

In addition, we examined the minimal repair policy in the case of a general coherent system.
In real-life situations, reliability engineers often face the problem of how to allocate multiple
minimal repairs within a series or coherent system. This issue has garnered considerable atten-
tion from researchers over the past decade. In this context, Arriaza et al. [3], Navarro et al. [24],
and Navarro and Ferndndez-Martnez [25] investigated the allocation of » minimal repairs to
the same components in coherent systems using the redundancy distortion function approach.
Moreover, most existing studies have focused either on systems with identical components
or on scenarios involving the same number of minimal repairs applied to series and coherent
systems. Motivated by these limitations, we studied the optimal allocation policy for multiple
minimal repairs, possibly differing in number, assigned to a single node (or component) in
coherent systems with nonidentical components.

Specifically, we studied the problem of minimal repair allocation policy to one node (that
is, to one component) in a series (coherent) system and made the stochastic comparisons in the
sense of hazard rate order (see Theorems 9 and 10). Moreover, we also established the case
for multiple minimal repairs to one node in a series system and then later generalized it to a
coherent system in the sense of the usual stochastic order (see Theorems 11, 12, and 13).

Our study offers valuable insights for future research. In Theorems 1 and 2, we estab-
lished results for the hazard rate order in a series system and a general coherent system. It
is interesting to extend this investigation to the problem of simultaneously allocating two
relevations to a coherent system in the sense of the hazard rate order. To establish the haz-
ard rate order for a single relevation allocation problem, we employed Lemma 1. A similar
type of lemma is required to derive results for the simultaneous allocation of two rele-
vations in the hazard rate order. Specifically, while Lemma 1 requires that the function
(g(t) + g1(1))/(g(t) + g2(1)) be increasing in ¢ > 0, we now seek a sufficient condition under
which the function (g1(¢) + g2(#))/(g3(¢) + g4(?)) is increasing in ¢ > 0. This remains an open
problem that warrants further investigation. Moreover, we considered cases (i)—(iv) out of six
possible cases (as discussed in Section 1); the remaining two cases, (v) and (vi), remain open
for exploration. It is important to mention that, in the existing literature, the results for cases
(v) and (vi) impose rather restrictive conditions on the Birnbaum reliability importance mea-
sure of the components. In addition, several distinct subcases need to be considered in order to
establish the results for cases (v) and (vi) [30, 34]. Further, it would be interesting to explore
relevation allocation policies for coherent systems, particularly in the case of three or more
than three relevations. To the best of the authors’ knowledge, most existing results have been
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established under the assumption of independent components; therefore, exploring relevation
allocation policy in the presence of dependency is also of significant interest.

To underscore the practical relevance of our findings, we included a simulation-based study
and a real data analysis that affirm the applicability and effect of our theoretical results.
Moreover, we illustrate our findings with a range of examples and counterexamples. Thus,
we believe our research provides valuable insights into the optimal allocation strategies in
coherent systems, contributing to both theoretical understanding and practical applications in
stochastic orderings.
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Appendix A.

Proof of Lemma 2.3. Since, g1(t)/g2(¢) and g(r)/(g2(f) — g1(?)) are increasing in ¢ > 0, for
all #, > t; > O such that ¢; and 1, € t, then we have

and

gi1(t) - g1(n)
g(t1) ~ ()

(AL)

g(r) - g(n)
g (t1) — gi(1) ~ g(t) — gi(r)

(A2)
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Let, ¢p(t) = (g(t) + g1(1))/(g(?) + g2(?)). To prove ¢(¢) is increasing in ¢ > 0, it suffices to prove
that ¢(¢2) > ¢(#1) for all 1, > t; > 0. Now, for all 1, > #; > 0, we have

8(t2) +81(r2)  gt1) +g1(11)
g() +ga(t2)  g(tr) + g2(t1)

P(t2) — P(11) =

L g(t)g(12) + g12)g2(11) + 1(12)8(1) + g1(12)82(11)
— 8(t1)g(r2) — g(t1)g2(12) — g1(11)g(12) — g1(11)g2(12)
= g(12)g2(t1) + g1(12)g(11) + g1(12)82(11) — g(t1)g2(12) — g1(11)g(12) — g1(11)g2(12)
= [8(2)ga(11) + g1(12)g(t1) — g(11)g2(12) — g1(11)g(12)]
+[g1()ga2(11) — g1(11)ga(12)]

> [g(t2)g2(t1) + 81(12)g(11) — g(t1)g2(t2) — g1(11)g(12)]
0.

v

The first inequality is due to (A1) and the last inequality is due to (A2). Thus, we have that
¢(?) is increasing in ¢ > 0, which further implies that (g(¢) + g1(¢))/(g(?) + g2(¢)) is increasing
int>0. O
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