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Abstract In this paper we consider the class of surface mappings consisting of those
maps which have the least number of fixed points possible among all maps in their
homotopy class. When the surface has non-empty boundary, we show that for mappings
in this class the index of a fixed point is bounded above by 1 and belowyby 2.

This generalizes a well known result for pseudo-Anosov homeomorphisms. A proof of
a Jiang—Guo type inequality is also given.

1. Introduction

One aspect of topological dynamics is to be able to make qualitative statements about the
periodic points of some class of continuous mappings defined on some restricted class
of spaces. This paper is concerned with local information which can be obtained as a
result of the restricted setting. In particular, information about the index of an isolated
fixed point of the mapping. Se®] for the definition of the fixed-point index.

The simplest such case might be that of an expanding map on a compact manifold,
where the index of each fixed point i1 depending only on the dimension of the
manifold. An analogous result for hyperbolic linear maps, or more generally, Anosov
mappings of thei-torus S* x - - - x S%, (see, for exampleJH]) is that each of the fixed
points has the same indek,= +£1. In this setting the number of fixed points of a map
f is easily computed using the formula

NE(f) = |L(f)]

where L(f) denotes the Lefschetz number of the mapping, Arfd( /) the number of

fixed points of f. Generalizations of this idea can be found in the work of a humber of
authors. SeeMl] for a survey of some of these results. Another setting is that of the area-
preserving homeomorphisms of a compact 2-manifold. When the surface in question is
topologically an annulus and the homeomorphism is smooth, Silleshpwed that the

index of a fixed point is bounded above by one. Pelikan and SlamP&argmoved the
smoothness hypothesis and generalized the result to all orientation- and area-preserving
homeomorphisms on orientable surfaces.
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Another direction is provided by the class of pseudo-Anosov homeomorphisms on a
compact surface defined by Thurston|.[Here, givenh : F — F, it follows from the
classical Euler—Poincarformula for singular foliations of surfaces (s&&.P, Expo% 5])
that for each fixed point of 1

2x(F) —1<indexx) < 1,

where x (F) denotes the Euler characteristic Bf This result was extended by Jiang
and Guo JG] to a broader class of surface homeomorphisms. Their class has the feature
that any given homeomorphism is isotopic to some member. In addition, each member
has exactly the number of fixed points predicted by the Nielsen number.Bfee [J]

for the definition and properties of the Nielsen number.

Remark Actually, more is true for the surface homeomorphisms cited above. The lower
bound of 2 (F) — 1 can only occur for a pseudo-Anosov homeomorphism on a closed
surface, and all additional fixed points have indek. In general, the sum of the indices

of all fixed points which have index less thafl is bounded below by y4(F). Also,

the lower bounds can be improved when the surface has boundary.

The purpose of this paper is to generalize the above result about homeomorphisms
of surfaces to a fairly natural class of self-mappings of surfaces. This generalization for
surfaces is optimal in some sense and also points out the essential topological feature
needed for such a result.

Let F be a surface; a compact two-dimensional manifold with or without boundary.
The Euler characteristic of is denoted byy (F). Given a continuous self-mapping
f 1 F — F we letNF(f) denote the cardinality of the set of fixed points faf We say
that f is fixed-point minimal(or simply minimal) if N F(f) is equal to the least number
of fixed points possible among all maps homotopicfto

THEOREM A. Let F be a surface with non-empty boundary and febe a fixed-point
minimal self-mapping. For each fixed poinbf f,

2x(F)—1<indexx) < 1

As remarked earlier, the lower bound of &) — 1 does occur for homeomorphisms,
but only when the surface is closed. The following simple example illustrates that, for
self-mappings, this lower bound is the best possible whenever the surface has non-empty
boundary.

Example 1.Let F be a surface with non-empty boundary. L&t denote a wedge of
n circlesws, ..., w, embedded inF and based at a point. We assume that and
W are chosen so that the inclusien W — F is a homotopy equivalence. Define a
map f : W — W by w; — w;w; for eachi, and such that Fixf) = p. Extend to
amapf : F — W. Defineg : F — F by g(x) = i(f(x)). Clearly, p is the only
fixed point of g so g is fixed-point minimal. Sincd.(g) = 2y (F) — 1, it follows that
index(p) = 2x(F) — 1.
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The inequality given in Theorem A has a variation which is more algebraic in nature.
Namely, that the index of a Nielsen fixed-point class is bounded belowyby 2 and
above by 1. These two formulations are the same for homeomorphigjsbiit not
necessarily for self-mappings. When the surface in question has non-empty boundary
Wagner W] defines a special class of mappings called W-characteristic. The author then
shows that this class is quite large (in a probabilistic sense) and that these bounds for
the index of a Nielsen class hold for all maps in this class.

Given a surfaceF with non-positive Euler characteristic and a homeomorphism
h : F — F, Jiang and GuoJG] use the estimates on the indices for their class of
surface homeomorphisms to prove the inequality

|L(h) = x(F)| = N(h) — x(F),

where N (h) denotes the Nielsen number bf Thus, the Lefschetz number serves as a
lower bound for the number of fixed points of a homeomorphism.J(@] [the authors

raise the question as to whether or not this same inequality holds for all self-mappings
of surfaces. For surfaces with non-empty boundary, Waghgrdives evidence for an
affirmative answer to this question by showing that the inequality holds for the same
class of self-mappings mentioned above. In this paper we prove that a weak version of
the Jiang—Guo inequality holds in the case when the surface has non-empty boundary;
namely, the following.

THEOREM B. Let F be a surface with non-empty boundary. Then for any self-mapping
f:F—F,
IL(f) = x(F)| = NF(f) — x(F).

§2—5 of this paper are devoted to the proofs of Theorems A and B. The idea behind
these proofs is to define a fairly technical class of maps so that each homotopy class
contains a member which is fixed-point minimal and, at the same time, index calculations
are feasible.52 gives some notation needed for the proof.§thwe present a method
for computing indices of fixed points. I§¢ this special class of mappings, called index
reduced, is defined and relevant properties are established. Fina§ly,thre proofs of
Theorems A and B are given.

The method of proof relies quite heavily on the fact that the surface can be described
with a handle structure consisting of 0-handles and 1-handles, but no 2-handles. It is
well known that all surfaces with boundary have such a handle decomposition, while no
closed surfaces admit such. On the other hand, the results corresponding to Theorems A
and B are known to be true for the torus and Klein bottle, and as all maps on surfaces
with negative Euler characteristic hajgegreé¢ < 1, it seems quite reasonable that these
results hold for closed surfaces (other thsthand R P?). Evidence for this is given
below in Theorem E, where a very natural (but at this time unknown) topological result
concerning surface mappings is shown to be sufficient to prove these results. The proof
of Theorem E is given ir36.

CoONJECTUREC. The statements of Theorems A and B hold whes a closed surface
with non-positive Euler characteristic.
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CoNJECTURED. Let F be a closed surface with negative Euler characteristic and let
f : F — F be a self-mapping which is not homotopic to a homeomorphism. Then there
is a fixed-point minimal map, homotopic tof, such thatg(F) # F.

THEOREM E. Conjecture D— Conjecture C.

2. Definitions and notation
Let D be a two-dimensional disk and I&t denote the surface obtained by attaching the
1-handlesHy, ..., H; to D:

F=DUH,UH,U-.--UH,.

Let {Ay_1, Ay}, 1 <i <k, denote the attaching region féf;. For our purposes each
A; is viewed as a proper arc ifi. Let A = szil Aj.

Let f : F — F be a continuous mapping. Throughout this paper we will assume
that Fix(f) is a finite set disjoint fromA. A further assumption will be thaf~1(A)
is a proper one-dimensional submanifold /of transverse ta4, and contains no simple
closed curves disjoint from. The following is some terminology regardingthat was
introduced in K1] and will be used throughout this paper. The closure of a component,
U, of F\ (f~Y(A)UA) is acritical region for f if both f(U) andU are contained in the
same component of \ A. The set of critical regions foy will be denoted byCR(f).
Clearly, the union of their interiors contains FjY. The absence of simple closed curves
disjoint from A in f~1(A) ensures that critical regions are just two-dimensional disks.
Theindex of a critical region,C, is the topological fixed point index of on the interior
of C (see B] or [J]). A critical regionC is said to beaut if no component off ~1(A)NC
has its endpoints contained in a single componem .of

If « is an arcinf~%(A) let da denote its endpoints. # is a single point, sela = «.
For 1< i < 2%, let 9; denote the union of the two components(df' \ A) UdA; which
intersectA; and let7; denote the collection of connected subsetst f~1(A) that satisfy
(i) 0 C A; U9;, and (i) N A; =0 wheni # j.

Definitions. Let i, j € {1,...,2k} and suppose that is a component ofJ7; with
fl@) C Aj. The arca is said to be arij-turn if d« NdF = P anda N A; consists of
an even number of pointg; is anij-crossingif da NdF = @ anda N A; consists of an
odd number of points; and is anij-end if do« N dF # (. The terms turn, crossing, and
end will be used when the particular indices are not important for the discussion.

The following construction will be used to create a new m@awhich is homotopic
to the given mapf. Let o denote either a turn, a crossing or an end.«lis an
entire component off “(A) let «* = « and letag be a curve isotopic te, which
is neara and disjoint fromA. Otherwise, definex™ and ap as follows. Whena
is either a turn or a crossing lett be a regular neighborhood of in f~1(A) with
aTNA =aNnA. Letag be an arc inF such thatdoeg = da™, the interior ofag is
disjoint from f~1(A4) \ ™ andag N A consists of at most one point. Whenis an end
chooseqq so that one of its endpoints is iF and so thatpy N A = 4. If {a,} is a
collection of turns, crossings and ends, this construction can be applied to each member
with all choices being made so that the resultinés are pairwise disjoint. LeN denote
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the set consisting of all turns, crossings and ends‘foket N* (respectivelyNy) denote
the set containing all the™ (respectivelyrg). Associate tof any mapf : F — F that
satisfies/~1(A) = (f~1(A) \ N*) U No.

Also associated to a given mappirfigwe consider a grap&i ; defined in the following
manner. For each critical region ¢gf we create one vertex. Verticasandv are joined
by a single edge if and only if the respective critical regions have common to their
boundary an endpoint of either airturn, anii-crossing or ani-end for some. The
graphG; embeds naturally in the surfade by placing a vertex in the interior of each
critical region and placing each edge so that it passes through the corresponding turn,
crossing or end in exactly one point.

Example 2This example is given to illustrate the definitions, notations and constructions
described above. We consider the surfacebtained by removing five open disks from

the 2-sphere. A may : F — F is indicated in Figure 1, wherg=1(4,) is the curve(s)
labelled with the lettef. The strip between the curves labelled-2 and 2 is mapped to

the 1-handleH; while the rest is mapped intD. The critical regions forf are labelled
bya,...,oin Figure 1. There are three turns and two ends for this map; an 11-turn, 22-
turn, 44-turn, 33-end, and 34-end. Among the many crossings the 55- and 66-crossings
are the only ones which contribute ;. The graphG, can be embedded iff as
follows. A vertex ateach of, ..., o with edgec, cd, ef, fg, gh, hi and fn, each edge
crossingA in one point. By definition there is no edge at the verniexin Figure 2, the

A7 As

FiGURE 1.
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A4

As

A7 As

FIGURE 2.

curvesf1(A) for an associated map are depicted. Note that the construction removes
the critical regions labelled:, n, 0 and there is a natural correspondence between the
remaining regions. This feature is developed furthe§4n

Clearly, a mapf has at least as many fixed points as the number of critical regions with
non-zero index. In fact, there is a mgp homotopic tof such thatfofl(A) = f1(A)
and fp has the same number of fixed points as the number of critical regioyiswith
non-zero indexK1; Lemma 2.1]. The graplis gives more information about the size
of Fix(f) as indicated in Proposition 2.1 below. The index of a componer pofs
defined to be the sum of the indices of the critical regions corresponding to its vertices. It
follows from the definition that any two fixed points taken from critical regions belonging
to the same component @f; are in the same Nielsen fixed-point class. The following
proposition gives a minimum type theorem in fixed-point theory.

ProPOsSITION2.1. Given f : F — F, let M denote the number of path components of
G with non-zero index. There is a map: F — F homotopic tof which has exactly
M fixed points. MoreovelG ), is isomorphic toG;.

Proof. Let C be a component ofi ; and letT be a spanning tree i6. Let V denote the

set of vertices, and& the set of edges df. Fix a vertexz € V. SinceT is a tree, there
is a unique bijectiom; : E — (V \ {z}) which has the property thai(e) is an endpoint
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of e for eache € E. Apply Lemma 2.2 below to each € E so that indexX,) = 0,
where X, is the natural critical region correspondingii¢e).

Repeat the above for each componenGef This gives a mag with G, isomorphic
to Gy and such that each component®f yields at most one critical region with non-
zero index. The desired mdp agrees withg away from the interiors of the critical
regions and is extended, as in the proof KfLl[ Lemma 2.1] so that in each critical
region with zero index there are no fixed points, and one fixed point in all other critical
regions. O

LEMMA 2.2. Lete be an edge in the grapli; with endpointy, w. LetX, andX,, denote
the critical regions forf corresponding taw and w respectively. LeR be a disk inF

which contains the turn, crossing, or end corresponding, tmeets each of and f~1(A)

in an arc, and only meets the critical regiots, and X,,. Then there is a map which
agrees withf on F \ R such thatindex(Y,) = 0, whereY, is the critical region forg

which naturally corresponds t& .

Proof. The mapyg is defined by first setting=1(A) = (f~%(A) \ R) U L, whereL is
some arc inR meeting A in a finite set of points. The regiofi, is the component
of F\ (g7 X(A) U A) which meetsdR in the same set as di&,. It follows from
Proposition 3.1 in the next section that the influence|gf on the value of indeft,) is
determined by the action af on AN L. In fact, if the cardinality ofA N L is suitably
large, one can easily definreon A N L so that indexY,) = 0. The proof is finished by
noting thatg extends to all ofR so thatL — A and it agrees withf on dR. d

3. Index computations for critical regions

The purpose of this section is give a combinatorial formula for the index of a critical
region based on the description of a map given previously. A special case of the formula,
Corollary 3.2, will be used to derive the inequalities in Theorems A and B.

LetY be a critical region forf and letE denote the handle in the given handle structure
that containg’. Suppose that there exists a subaaf 0 FNE such thaty N¢ = @. Fix a
homeomorphisnk : E — [0, 1] x [0, 1] such that:(¢) = ({1} x [0, 1]) U([O, 1] x {0, 1}).
Observe that ifp is an endpoint of a component gf1(A)NaY, thenk(p) andh(f(p))
are disjoint and contained #0} x [0, 1].

Definition. Let y be a component off X(4) N 8Y with 3y = {p,q}. Seth(p) =
0, x,), h(g) = (0,x,), h(f(p)) = (0,y,) andhi(f(g)) = (0, y,) and assume without
loss thatx, < x,. The arcy is contractingif y, > x, andy, < x,; expandingif
yp < x, andy, > x,; andneutral otherwise.

With the notation given above we now compute the fixed-point index of a critical
region. LetY be a critical region forf with the curve; as described above. There is a
unique componeng; of f~1(A) NaY with the property thay, separated \ y, from ¢
in E.

ProPOSITION3.1. Suppose that is a critical region for f and ¢ is a subarc oo F N E
as described above. Suppose further tliiats homeomorphic to a disk. Lét be a
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homeomorphism as defined above. get 1 if y, is contracting,—1 if expanding and
0 if neutral. Let:; denote the number of contracting componentsfofl(A) N aY) \ y;
and lett, denote the number of expanding components. Then

indexY) = g — t1 + (5.

Proof. The definition of indexY), given in terms ofz, can be expressed as follows. Fix
an orientation ont. The frontier ofY, denoted bydY inherits an induced orientation.

The homeomorphism induces an orientation on [@] x [0, 1] ¢ R? and hence on the

unit spheres? in R2. Define the unit vector field : Y — S on Y by

_ h(x) = h(f(x))
PO = e hF e

SincedY is a simple closed curve the degreesas well defined and is equal to ind€x).
As (0,1) € St is a regular value, the degree ¢fcan be computed by considering
the action ofp on a neighborhood of each point #1%((0, 1)). To do so, first observe
that¢—1((0, =1)) consists of all of the endpoints of the components Bin f~1(A). If
a component is either contracting or expandiggi((0, 1)) contains exactly one of its
endpoints. If neutral, then either none or both of the endpoints belogg a0, 1)).
Now if y is a component other than, then one can check thatis locally orientation
reversing at the poiny N ¢~2((0, 1)) when y is contracting, and locally orientation
preserving whery is expanding. Ify is neutral and two points occur, thenreverses
orientation at one and preserves orientation at the other. For the compertéetlocal
action is the opposite; orientation preserving for contracting, reversing for expanding.
This yields a total count ofy — ¢; + t» for the degree of. O

Our use of the above proposition will be in the restricted case when the critical region
Y is taut. We also include the case when the @does not exist and so the proposition
cannot be applied.

COROLLARY 3.2. LetY be a taut critical region. IfY does not contain all of F N E, then
indexY) = 19 — 11, Whereig and ¢; are as defined above. ¥ contains all ofdo F N E,
thenindex(Y) = 1.

Proof. Directly from the definition we see thatjf is expanding then both of its endpoints
must be contained in a single componentdof Hence, whert does not contain all of
dF N E, each component of "1(A) N Y is either contracting or neutral. I is taut
and contains all oBF N E, thenY = FE and sof(Y) C Y. O

The following example illustrates the computation of the fixed-point index of a critical
region. It also points out a feature of the maphat will be used later: a relative ease
of computation for the index.

Example 3.We continue with Example 2 and focus on the critical region labellad
Figure 1. Choose to be the segment of the outer boundary curve ftbpto As. Then
e is the curve labelled 4. Thusf(y,) C A4 and soy; is neutral. For the other two
components off "1(A) N i, the computation depends on hgfvmaps the two points of
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contact withA;. One can check that each component is either contracting or neutral, and
so from Proposition 3.1, we can only conclude from Figure 1 fimatex(i) + 1| < 1.

On the other hand, the calculation for the critical regian Figure 2 is more exact.
Here y, is the same and the other component foft(A) Ni is contracting. Hence,
index(i) = —1.

4. Index reduced maps
In this section we define a special class of self-mappings and prove various results about
these mappings. Lat and A be as defined ig2.

Definition. The mapf : F — F is said to beindex reducedif it satisfies properties

(a1)—(a5) below.

(al) f~1(A) is a one-dimensional proper submanifold Bftransverse tod, with no
fixed points occurring om.

(a2) Each simple closed curve j#T1(A) intersectsA.

(a3) For each open sktmeetingf—1(A), f(U) meets at least two componentsiof A.

(a4) If « is anij-turn or end, then = j. If « is anij-crossing withi # j, thena is a
single point.

(ab) If a critical region meets exactly one componentipthen its frontier must contain
an entire component of ~1(A).

Example 4The mapf given in Example 2 is not index reduced, but almost so. Each of
(al)—(a3), holds whereas the 34-end violates (a4) and the three critical regiens
each violate (a5). It is index reduced everywhere else, including the area arolihis
allowed for the computation of indé® as seen in Example 3. Without increasing the
number of fixed pointsf can be deformed into an index reduced map by moving the
34-end off A3 and by simplifying the 44-turn. More generally, the following theorem
holds.

THEOREM 4.1. Giveng : F — F there exists a mag’ homotopic tog which is index
reduced and fixed-point minimal.

In order to prove Theorem 4.1 we need some of the results fiéh). [ These are
summarized in the next two lemmas using the language and notation of this paper. The
first lemma gives some fairly elementary results taken frér, [Lemmas 3.2 and 3.6]
while the second is part of the main technical lemida,[Lemma 3.5].

LEMMA 4.2. Given a mapf there exists a mag homotopic tof such that:# Fix(g) <
#Fix(f); g 1(A) is a one-dimensional proper submanifold Bftransverse ta4; g has
no fixed points om4; for each open set/ meetingg—1(A), g(/) meets at least two
components of \ A; and each simple closed curve #m(4) meetsA.

Let o be a subarc of ~1(A) with one endpoink lying on some4;, the other endpoint
yonaFUA; and such that N (AUJF) = {x, y}. There is a unique disk, such that
oD, consists ofw together with a subard, from 0F U A;. Let X, denote the closure
of the component of \ (f~1(A) U A) that containsr and lies inD,. We assume that
X, is a disk.
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LEMMA 4.3. Let f be a map with an aree C f~1(A) as above. Suppose that either
f(a) ¢ A;, or X, is a critical region, orX, # D,. Then there exist a non-empty subset
S, of J, N f~1(A), and a mapg homotopic tof such thatg satisfies the conclusion of
Lemma 4.2 ang 1(A) NA = (fL(A) NA)\ S,.

Remark.Only the casey € A; is proved in K1]. The other case, when € 9 F, can be
proved using the same argument.

Proof of Theorem 4.1Without loss of generality we may assume thais fixed-point
minimal. Properties (al)—(a3) are contained in Lemma 4.2. If either of (a4) or (ab) fails
for g, it is easy to see that the hypotheses of Lemma 4.3 are satisfied. Apply the lemma
to get a new minimal map satisfying (al)—(a3), and strictly reducing the cardinality of
g 1(A) N A. After a finite number of applications of Lemma 4.3 we obtain the desired
index reduced may. O

We now give some features of indexed reduced maps which will be used in the proofs
of the main results. Recall the construction of the associated magpemy the graph
Gy given in§2. If f is index reduced, then there is a natural bijecijobetween the set
of edges ofG; and the set of arcag given in the construction of . This is exploited
to promoteG, to a directed graph as follows. Letbe an edge ot ; with endpointsu
andv corresponding, respectively, to critical regiobisand V. The oriented edge will
be uv whereu andv are labelled according to the conventions belowe Horresponds
to an end or a turn, the@(e) intersects exactly one df or V. We assume that and
v are labelled so thap(e) intersectsU. If e corresponds to a crossing, lptdenote
the point of intersection op (¢) and A;, and letC denote the component af; \ p that
containsf(p). The mapf has two critical regions which contain the poipt Let Y
denote the one that meefsin an arc. Labek andv so thatV andY lie in the same
component ofF \ A.

Suppose thaX is a critical region forf corresponding to a vertex of G,. Let
t,(X) denote the number of edges going outrahat correspond to a turn, and ketX)
be the number of edges coming intothat correspond to a turn. Analogously, define
co(X), ¢;(X), e,(X) ande; (X) corresponding to crossings and ends.

Another useful consequence of property (a5) is thaX ifs a critical region forf,
then there is a unique critical regidhfor f such thatx NY # ¢. Define a map

¥ 1 CR(f) — CR(f)
by ¥ (X) =Y.

LEMMA 4.4.If f: F — F is an index reduced map, then the mapefined above is a
bijection. Furthermore, for eaclk € CR(f), ¥ (X) is homeomorphic to a disk.

Proof. The fact thaty is onto follows directly from the construction qf To see
that ¢ is one-to-one, suppose there exists distinct critical reginsnd X, such that
¥ (X1) = ¥(X2). Then there is an are contained inA; for somei, such that one
endpoint is inX, the other is inX, anddo = 9t for some turnt. By (a4), t is an
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ii-turn, and by (a3), the disks bounded &yand t which lie on the opposite side of;
from X1 must be critical regions. But this contradicts (a5).

To prove the second statement supposeh@f) is not a disk. Thery ~1(A) contains
a simple closed curve bounding a digksuch thatB \ A has at most one component
whose closure intersects more than one componeunt. oBy (a4) no such component
can exist, and from (ab) it follows tha& N A = ¢. This contradicts (a2). O

LEMMA 4.5. Let X denote the set of critical regions corresponding to the vertices of a
component ofG;. Then

Z index(X) = Z index(y (X)).

XeX XeX
Proof. There exists a connected open éktwhich containsX U ¥ (X) and is disjoint
from all other critical regions forf. Moreover, there is a map’ which agrees withf
on F \ © and with f on ©. This map is homotopic tof by a homotopy with support
onF\O. O

5. Proofs of Theorems A and B
LEMMA 5.1. Let f : F — F be an index reduced map and [Etbe a critical region for
f. Thenindex(¥/ (X)) < 1—1,(X) — ¢,(X) — e,(X).

Proof. If ¥ (X) is not taut, its frontier meetf*l(A) in a single arc which is either an
ij-turn orij-end withi # j. A direct calculation shows that indgk(X)) = 0. For an
index reduced map suchya(X) can only occur whem,(X) +e¢,(X) = 1 andc,(X) = 0.

The rest of the proof concerns the case whigtX) is taut, where by Lemma 4.4,
the methods 03 can be applied to compute indgxX)). In the exceptional case
when (X)) contains all ofdo F N E, whereE is as defined irg3, the result follows as
t,(X) = ¢,(X) = ¢,(X) = 0. We now assume that(X) does not contain all cd F N E.

First suppose that,(X) > 0. Choose a component; of A that contains one of the
turns going out and choosgein 0 F N E with one endpoint om; and disjoint fromX.

It follows that v (X) N ¢ = @, so we have the homeomorphigimas defined ir§3 (using
Y = ¢/ (X)). From our choice of it follows that y; is neutral and so by Corollary 3.2,
index(v (X)) = —t;. Now let y be a component Otff‘l(A) N 9y (X)) other thany,,
and suppose that corresponds to an edge going out of the vertex correspondig to
Theny corresponds to gj-turn, end or crossing fof, for somej. If y corresponds to
a turn, then by property (a5) must separatd; andy, in the handle containing (X).
It then follows thaty is contracting. Ify corresponds to an end, then againmust
separated; andy, so y is contracting. Ify corresponds to a crossing, the convention
for orienting edges ensures thatis contracting. Except foy, all edges going out are
contracting so

1= (X)) +1,(X) +e,(X) — 1,
and the result follows.

The argument in the case that(X) > 0 is similar. For the last case we assume that
1,(X) + ¢,(X) = 0. Choose some. If y, is contracting, then it does not correspond to
a crossing going out. S@ = 1 andi; > ¢,(X). If y; is neutral, then; > ¢,(X) — 1.

In either case index/ (X)) <1 — ¢,(X). O
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Let X denote the closure of a componentof, (A U f~1(A)). We assign taX two
non-negative quantities: the number of sides and the number of borders. The number of
sidesof X, denoted by (X), is defined to be the number of componentsfof(4) N X
which meet two distinct components 6 U3 F) \ (A N3 F) with the property that the
closures of these two components are disjoint. To find the numbepfers b(X),
let n1(X) denote the number of components pfl(A) N X which meet two distinct
components ofA U dF) \ (A N dF) with the property that the closures of these two
components intersect. Let(X) denote the number of points of N dF in X. Set
b(X) = %(nl(X) + n2(X)). Immediate from these definitions we have the following.

LEMMA 5.2. If s(X) > O, thens(X) + b(X) > 2.

Let ) denote the set of components Bf\ (A U f~1(A)) for which the number of
sides is greater than zero. Letdenote the cardinality of this set.

LEMMA 5.3. 3y (b(Y) +5(Y)) = 2m — 2x (F).

Proof. Let S be a component of \ A and letk(S) be the total number of sides counted

in YN S. Embed a grapld (S) in S as follows. Put one vertex in each membepuoh S

and join two vertices by an edge if and only if the corresponding regions have a side
in common. Lete(S) denote the number of edges ang) the number of vertices. As
G(S) contains no cycles it follows that(S) + 1 = v(S). Also, sincek(S) = 2¢(S), we

have thatk(S) = 2v(S) — 2. Summing over all 2 x components of \ A we get

D s(¥) =) k(S)=2m—22- ).
N

Ye)y

Finally, noting that the total number of borders for regions)inis the same as the
number of points inA N 9 F we get

> b(y) =22 2y). O

LEMMA 5.4.Let f : F — F be an index reduced map and suppose thids a critical
region for f such thatyr(X) is taut. Then

index(y (X)) > 1+ ¢;(X) — s(¥(X)).

Proof. If no arc ¢ (as in§3) exists the result follows immediately from Corollary 3.2.
Otherwise, choose songeand a homeomorphist as in§3. First we consider the case
when y; is neutral. In this casey = 0 and alsoy, does not correspond to a crossing
coming in. Among the remaining sides ¢f(X) each crossing coming in is neutral and
S0

1 =<s@X)) —1-cX).

Now suppose thag; is contracting. Them = 1. If y, corresponds to a crossing coming
in, then we have
u=<EWX) -1 - (X)) -1.
Otherwise we have
u < WX) -1 —alX).
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In all three cases above we see that
to—t1 =1+ c(X) —s(¥(X)).
The result now follows from Corollary 3.2. O
LEMMA 5.5. Let X be a critical region for the index reduced mgp: F — F. Then
$(X) =14 ¢;(X) +1,(X) — index(y/ (X)).

Proof. If ¥ (X) is taut, then this follows immediately from Lemma 5.4 and the fact
that s(X) — s(¥ (X)) = t,(X). If ¥(X) is not taut, then for an index reduced map
s(X) = 1+1,(X), ¢;(X) = 0and indexy (X)) = 0 which gives the desired inequalify.

LEMMA 5.6. Let X denote the set of critical regions fgt corresponding to the vertices

of a component of;;. Then
Do) = Y en(X).

XeX XeX

Proof. For each end-edge of a componentf let U andV be the two critical regions
corresponding to the endpoints. The end contributes one towards eagtUof+ n1 (V)
andna(U) + na(V). O

Proof of Theorem B. First observe that proving Theorem B is equivalent to showing
thatL(f) < NF(f) andL(f)+ NF(f) = 2x(F). Since the theorem is clearly true for
the disk we assume that(F) < 0. Also, without loss of generality, we may assume that
f is fixed-point minimal. Choose a handle structure foas in§2. From Theorem 4.1
we may assume that is also index reduced.

Let C be a component oG, and let X denote the set of critical regions fof
corresponding to the vertices 6f. Let v(C) ande(C) denote, respectively, the number
of vertices and edges @. Then clearly we have

Z(l— 1,(X) — co(X) — €,(X)) = v(C) —e(C).

XeX
SinceC is connectedy(C) — e(C) < 1. Thus by Lemmas 4.5 and 5.1,
index(X) = ) " index(X) < 1. )
XeX

Now sum (1) over allx such that indegY’) # 0 to get
Y _indexX) < NF(f),

and since the left-hand side of this inequality contains all of the fixed-point index for
we have the desired inequality
L(f) = NF(f).

To verify the other inequality for Theorem B first apply Lemma 5.5 to get
D s(X) = 0(0) + Y ((X) +1,(X)) — Y indexy (X)).

XeX XeX XeX
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Hence, by Lemmas 4.5 and 5.6,
D ) +b(X)) = v(C) + Y (ci(X) +1(X) + 6,(X)) — Y index(X), (2

XeX XeX XeX

and since the middle summation counts the number of edg€s in

Y (s(X) +b(X)) = v(C) + e(C) — index(X) > 2v(C) — 1 — indexX).
XeX
Thus,
1+ indexX) > 2v(C) — Y (s(X) + b(X)). 3
XeX

Summing over each suck with indexX’) % 0 we get

NF(f)+L(f) =2 (€)=Y (s(X) +b(X)). 4

The summations on the-right hand side of (4) are assumed to be over the correct regions.
Now let Z denote the set of componenXsof F \ (AU f~1(A)) which satisfy either

of the following: (i) X is not a critical region but has at least one side; or Xii)s a

critical region where the correspondifg has index zero. Note that whefiis minimal

each critical region inZ has index zero. Also, by Lemma 5.2, for eaXhe Z we have

0=2—(s(X) +b(X)). )

Finally, sum the inequality (5) over all regions # and combine with (4) to obtain the
inequality

NF(f)+L(f)=2) v(@)+ Y 2= (s(X)+b(X)).
C XeZ Xe)
Because every critical region has at least one side, the first two summations on the right-
hand side of this inequality reduces to twice the cardinalitp)ofThus by Lemma 5.3,
the right-hand side is justi2— (2m — 2x), which completes the proof of Theorem B.

Proof of Theorem A. Let f be fixed-point minimal and let € Fix(f). Let X denote
the set of critical regions which corresponds to a componer@ oéind contains:. By
Proposition 2.1x is the only fixed point inX’ and so, by (1), the right-hand inequality
in Theorem A is proved.

For the left-hand inequality use (3) only for this particufdr otherwise use (5) for
all other regions iny to get

1+4indexx) > > 2= " (s(X) + b(X)).

Xe)y Xey

As in the proof of Theorem B, the right-hand side reducesxor. O

6. The closed surface case
To prove Theorem E we first need the following minor variation of Theorem B resulting
from a restricted hypothesis.
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PROPOSITIONG.1. Let F be a surface with negative Euler characteristic and exactly one
boundary component. Suppose thfat F — F is such thatf(d F) is null homotopic.
ThenNF(f) + L(f) > 2x(F) + 2.

Proof. Fix a handle structure foF. As in the proof of Theorem B we assume that
is an index-reduced minimal mapping. Without loss we assumejttaF) is a single
point disjoint from A. Thus f~%(A) consists only of simple closed curves. If any of
these curves is isotopic ®F, [K2, Lemma 2.2] can be used to convert an outermost
such curve into two arcs each being isotopic (rel endpoints) to an &£ iriThese arcs
are removed as in2, Lemma 2.1]. As a result we can assume tiiat(A) does not
contain any simple closed curves isotopicats. This in turn ensures that there exists a
componentX of F\ (AN f~1(A)) which is contained inD, and whose closure contains
at least four points oA N JF.

Now eitherX is a critical region with indegt’) # 0 or X € Z, whereX and Z are
as given in§5. In the former case we see that

> b(X) =2 while ) e, (X)=0.
XeX XeX
This creates a difference of at least two in (2). This difference carries through the rest
of the argument giving the desired result.
In the case wherX € Z the argument depends on the number of sidex of If
s(X) > 2, then we get
—2>2—(s(X) + b(X))

in (4) which, as before, carries a difference of at least two through the argument. Finally,
if s(X) = 1, someA; must be contained in the closure ¥f Let A;: be such tha#; and

Aj form the attaching region for one of the 1-handles, and’lelenote the component

of F\ (AN f~1(A)) whose closure containd;. Note thatY is also contained irD.

As Y also contains at least four points afn d F, the arguments given above allow us

to assume that € Z ands(Y) = 1. If X # Y, then we have that

—1>2-(X)+b(X)) and —1=2—(s(¥Y)+b()),

which leads to the desired result. On the other hand, i Y, then this region contains
at least six points oA N 9 F and so

—2>2—(s(X)+ b(X)). O
The proof given above immediately gives us the following variation of Theorem A.

PROPOSITIONG.2. Let F and f be as in Proposition 6.1 and suppose thats minimal.
For each fixed poink of f, 2x(F) + 1 < index(x) < L

Proof of Theorem E. Conjecture C is known to be true whénis either the torus or the
Klein bottle, so we assume that F) < 0. As the result is known in the case whgris
homotopic to a homeomorphisniG], we assume otherwise. According to Conjecture
D, there is a minimal mag, which is homotopic tof and such thafp(F) N E = ¢ for
some diskE in F. As in §5, it suffices to prove the result for the map.
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Let G = F \ int(E) and letg = fo|g. By Proposition 6.1,
NF(g)+ L(g) = 2x(G) + 2.
Sinceg and fy have the same fixed point set
NF(fo) + L(fo) = 2(x(F) = 1) + 2= 2x(F).
From Theorem B we hav®/ F(g) < L(g), and so
NF(fo) < L(fo).
It follows from Proposition 6.2 that

2x(F)—1<indexx) <1

for each fixed point of f. O
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