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Abstract. In this paper we consider the class of surface mappings consisting of those
maps which have the least number of fixed points possible among all maps in their
homotopy class. When the surface has non-empty boundary, we show that for mappings
in this class the index of a fixed point is bounded above by 1 and below by 2χ − 1.
This generalizes a well known result for pseudo-Anosov homeomorphisms. A proof of
a Jiang–Guo type inequality is also given.

1. Introduction
One aspect of topological dynamics is to be able to make qualitative statements about the
periodic points of some class of continuous mappings defined on some restricted class
of spaces. This paper is concerned with local information which can be obtained as a
result of the restricted setting. In particular, information about the index of an isolated
fixed point of the mapping. See [B] for the definition of the fixed-point index.

The simplest such case might be that of an expanding map on a compact manifold,
where the index of each fixed point is±1 depending only on the dimension of the
manifold. An analogous result for hyperbolic linear maps, or more generally, Anosov
mappings of then-torusS1 × · · ·×S1, (see, for example, [KH ]) is that each of the fixed
points has the same index,I = ±1. In this setting the number of fixed points of a map
f is easily computed using the formula

NF(f ) = |L(f )|
whereL(f ) denotes the Lefschetz number of the mapping, andNF(f ) the number of
fixed points off . Generalizations of this idea can be found in the work of a number of
authors. See [M ] for a survey of some of these results. Another setting is that of the area-
preserving homeomorphisms of a compact 2-manifold. When the surface in question is
topologically an annulus and the homeomorphism is smooth, Simon [S] showed that the
index of a fixed point is bounded above by one. Pelikan and Slaminka [PS] removed the
smoothness hypothesis and generalized the result to all orientation- and area-preserving
homeomorphisms on orientable surfaces.
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Another direction is provided by the class of pseudo-Anosov homeomorphisms on a
compact surface defined by Thurston [T]. Here, givenh : F → F , it follows from the
classical Euler–Poincaré formula for singular foliations of surfaces (see [FLP, Expośe 5])
that for each fixed pointx of h

2χ(F )− 1 ≤ index(x) ≤ 1,

whereχ(F ) denotes the Euler characteristic ofF . This result was extended by Jiang
and Guo [JG] to a broader class of surface homeomorphisms. Their class has the feature
that any given homeomorphism is isotopic to some member. In addition, each member
has exactly the number of fixed points predicted by the Nielsen number. See [B] or [J]
for the definition and properties of the Nielsen number.

Remark.Actually, more is true for the surface homeomorphisms cited above. The lower
bound of 2χ(F )− 1 can only occur for a pseudo-Anosov homeomorphism on a closed
surface, and all additional fixed points have index±1. In general, the sum of the indices
of all fixed points which have index less than−1 is bounded below by 4χ(F ). Also,
the lower bounds can be improved when the surface has boundary.

The purpose of this paper is to generalize the above result about homeomorphisms
of surfaces to a fairly natural class of self-mappings of surfaces. This generalization for
surfaces is optimal in some sense and also points out the essential topological feature
needed for such a result.

Let F be a surface; a compact two-dimensional manifold with or without boundary.
The Euler characteristic ofF is denoted byχ(F ). Given a continuous self-mapping
f : F → F we letNF(f ) denote the cardinality of the set of fixed points off . We say
thatf is fixed-point minimal(or simply minimal) ifNF(f ) is equal to the least number
of fixed points possible among all maps homotopic tof .

THEOREM A. Let F be a surface with non-empty boundary and letf be a fixed-point
minimal self-mapping. For each fixed pointx of f ,

2χ(F )− 1 ≤ index(x) ≤ 1.

As remarked earlier, the lower bound of 2χ(F )− 1 does occur for homeomorphisms,
but only when the surface is closed. The following simple example illustrates that, for
self-mappings, this lower bound is the best possible whenever the surface has non-empty
boundary.

Example 1.Let F be a surface with non-empty boundary. LetW denote a wedge of
n circles ω1, . . . , ωn embedded inF and based at a pointp. We assume thatn and
W are chosen so that the inclusioni : W → F is a homotopy equivalence. Define a
map f : W → W by ωi 7→ ωiωi for eachi, and such that Fix(f ) = p. Extend to
a mapf : F → W . Define g : F → F by g(x) = i(f (x)). Clearly, p is the only
fixed point ofg so g is fixed-point minimal. SinceL(g) = 2χ(F ) − 1, it follows that
index(p) = 2χ(F )− 1.
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The inequality given in Theorem A has a variation which is more algebraic in nature.
Namely, that the index of a Nielsen fixed-point class is bounded below by 2χ − 1 and
above by 1. These two formulations are the same for homeomorphisms [JG] but not
necessarily for self-mappings. When the surface in question has non-empty boundary
Wagner [W] defines a special class of mappings called W-characteristic. The author then
shows that this class is quite large (in a probabilistic sense) and that these bounds for
the index of a Nielsen class hold for all maps in this class.

Given a surfaceF with non-positive Euler characteristic and a homeomorphism
h : F → F , Jiang and Guo [JG] use the estimates on the indices for their class of
surface homeomorphisms to prove the inequality

|L(h)− χ(F )| ≤ N(h)− χ(F ),

whereN(h) denotes the Nielsen number ofh. Thus, the Lefschetz number serves as a
lower bound for the number of fixed points of a homeomorphism. In [JG] the authors
raise the question as to whether or not this same inequality holds for all self-mappings
of surfaces. For surfaces with non-empty boundary, Wagner [W] gives evidence for an
affirmative answer to this question by showing that the inequality holds for the same
class of self-mappings mentioned above. In this paper we prove that a weak version of
the Jiang–Guo inequality holds in the case when the surface has non-empty boundary;
namely, the following.

THEOREM B. Let F be a surface with non-empty boundary. Then for any self-mapping
f : F → F ,

|L(f )− χ(F )| ≤ NF(f )− χ(F ).

§2–5 of this paper are devoted to the proofs of Theorems A and B. The idea behind
these proofs is to define a fairly technical class of maps so that each homotopy class
contains a member which is fixed-point minimal and, at the same time, index calculations
are feasible.§2 gives some notation needed for the proof. In§3 we present a method
for computing indices of fixed points. In§4 this special class of mappings, called index
reduced, is defined and relevant properties are established. Finally, in§5 the proofs of
Theorems A and B are given.

The method of proof relies quite heavily on the fact that the surface can be described
with a handle structure consisting of 0-handles and 1-handles, but no 2-handles. It is
well known that all surfaces with boundary have such a handle decomposition, while no
closed surfaces admit such. On the other hand, the results corresponding to Theorems A
and B are known to be true for the torus and Klein bottle, and as all maps on surfaces
with negative Euler characteristic have|degree| ≤ 1, it seems quite reasonable that these
results hold for closed surfaces (other thanS2 andRP 2). Evidence for this is given
below in Theorem E, where a very natural (but at this time unknown) topological result
concerning surface mappings is shown to be sufficient to prove these results. The proof
of Theorem E is given in§6.

CONJECTUREC. The statements of Theorems A and B hold whenF is a closed surface
with non-positive Euler characteristic.
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CONJECTURE D. Let F be a closed surface with negative Euler characteristic and let
f : F → F be a self-mapping which is not homotopic to a homeomorphism. Then there
is a fixed-point minimal mapg, homotopic tof , such thatg(F ) 6= F .

THEOREM E. Conjecture DH⇒ Conjecture C.

2. Definitions and notation
Let D be a two-dimensional disk and letF denote the surface obtained by attaching the
1-handlesH1, . . . , Hk to D:

F = D ∪H1 ∪H2 ∪ · · · ∪Hk.
Let {A2i−1, A2i}, 1 ≤ i ≤ k, denote the attaching region forHi . For our purposes each
Aj is viewed as a proper arc inF . Let A = ⋃2k

j=1Aj .
Let f : F → F be a continuous mapping. Throughout this paper we will assume

that Fix(f ) is a finite set disjoint fromA. A further assumption will be thatf −1(A)

is a proper one-dimensional submanifold ofF , transverse toA, and contains no simple
closed curves disjoint fromA. The following is some terminology regardingf that was
introduced in [K1] and will be used throughout this paper. The closure of a component,
U, of F \(f −1(A)∪A) is acritical region for f if both f (U) andU are contained in the
same component ofF \ A. The set of critical regions forf will be denoted byCR(f ).
Clearly, the union of their interiors contains Fix(f ). The absence of simple closed curves
disjoint fromA in f −1(A) ensures that critical regions are just two-dimensional disks.
The index of a critical region,C, is the topological fixed point index off on the interior
of C (see [B] or [J]). A critical regionC is said to betaut if no component off −1(A)∩C
has its endpoints contained in a single component ofA.

If α is an arc inf −1(A) let ∂α denote its endpoints. Ifα is a single point, set∂α = α.
For 1≤ i ≤ 2k, let ∂i denote the union of the two components of(∂F \A)∪ ∂Ai which
intersectAi and letTi denote the collection of connected subsetsα of f −1(A) that satisfy
(i) ∂α ⊂ Ai ∪ ∂i , and (ii) α ∩ Aj = ∅ when i 6= j .

Definitions. Let i, j ∈ {1, . . . ,2k} and suppose thatα is a component of∪Ti with
f (α) ⊂ Aj . The arcα is said to be anij-turn if ∂α ∩ ∂F = ∅ andα ∩ Ai consists of
an even number of points;α is an ij-crossing if ∂α ∩ ∂F = ∅ andα ∩Ai consists of an
odd number of points; andα is an ij-end if ∂α ∩ ∂F 6= ∅. The terms turn, crossing, and
end will be used when the particular indices are not important for the discussion.

The following construction will be used to create a new mapf̂ which is homotopic
to the given mapf . Let α denote either a turn, a crossing or an end. Ifα is an
entire component off −1(A) let α+ = α and letα0 be a curve isotopic toα, which
is nearα and disjoint fromA. Otherwise, defineα+ and α0 as follows. Whenα
is either a turn or a crossing letα+ be a regular neighborhood ofα in f −1(A) with
α+ ∩ A = α ∩ A. Let α0 be an arc inF such that∂α0 = ∂α+, the interior ofα0 is
disjoint from f −1(A) \ α+ andα0 ∩A consists of at most one point. Whenα is an end
chooseα0 so that one of its endpoints is in∂F and so thatα0 ∩ A = ∅. If {αn} is a
collection of turns, crossings and ends, this construction can be applied to each member
with all choices being made so that the resultingα0’s are pairwise disjoint. LetN denote
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the set consisting of all turns, crossings and ends forf . LetN+ (respectivelyN0) denote
the set containing all theα+ (respectivelyα0). Associate tof any mapf̂ : F → F that
satisfiesf̂ −1(A) = (f −1(A) \N+) ∪N0.

Also associated to a given mappingf , we consider a graphGf defined in the following
manner. For each critical region off we create one vertex. Verticesu andv are joined
by a single edge if and only if the respective critical regions have common to their
boundary an endpoint of either anii-turn, anii-crossing or anii-end for somei. The
graphGf embeds naturally in the surfaceF by placing a vertex in the interior of each
critical region and placing each edge so that it passes through the corresponding turn,
crossing or end in exactly one point.

Example 2.This example is given to illustrate the definitions, notations and constructions
described above. We consider the surfaceF obtained by removing five open disks from
the 2-sphere. A mapf : F → F is indicated in Figure 1, wheref −1(Ai) is the curve(s)
labelled with the letteri. The strip between the curves labelled 2i−1 and 2i is mapped to
the 1-handleHi while the rest is mapped intoD. The critical regions forf are labelled
by a, . . . , o in Figure 1. There are three turns and two ends for this map; an 11-turn, 22-
turn, 44-turn, 33-end, and 34-end. Among the many crossings the 55- and 66-crossings
are the only ones which contribute toGf . The graphGf can be embedded inF as
follows. A vertex at each ofa, . . . , o with edgesbc, cd, ef, fg, gh, hi andf n, each edge
crossingA in one point. By definition there is no edge at the vertexm. In Figure 2, the

FIGURE 1.
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FIGURE 2.

curvesf̂ −1(A) for an associated map̂f are depicted. Note that the construction removes
the critical regions labelledm, n, o and there is a natural correspondence between the
remaining regions. This feature is developed further in§4.

Clearly, a mapf has at least as many fixed points as the number of critical regions with
non-zero index. In fact, there is a mapf0 homotopic tof such thatf −1

0 (A) = f −1(A)

andf0 has the same number of fixed points as the number of critical regions off with
non-zero index [K1; Lemma 2.1]. The graphGf gives more information about the size
of Fix(f ) as indicated in Proposition 2.1 below. The index of a component ofGf is
defined to be the sum of the indices of the critical regions corresponding to its vertices. It
follows from the definition that any two fixed points taken from critical regions belonging
to the same component ofGf are in the same Nielsen fixed-point class. The following
proposition gives a minimum type theorem in fixed-point theory.

PROPOSITION2.1. Givenf : F → F , let M denote the number of path components of
Gf with non-zero index. There is a maph : F → F homotopic tof which has exactly
M fixed points. Moreover,Gh is isomorphic toGf .

Proof. Let C be a component ofGf and letT be a spanning tree inC. Let V denote the
set of vertices, andE the set of edges ofT . Fix a vertexz ∈ V . SinceT is a tree, there
is a unique bijectionη : E → (V \ {z}) which has the property thatη(e) is an endpoint
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of e for eache ∈ E. Apply Lemma 2.2 below to eache ∈ E so that index(Xe) = 0,
whereXe is the natural critical region corresponding toη(e).

Repeat the above for each component ofGf . This gives a mapg with Gg isomorphic
to Gf and such that each component ofGg yields at most one critical region with non-
zero index. The desired maph agrees withg away from the interiors of the critical
regions and is extended, as in the proof of [K1; Lemma 2.1] so that in each critical
region with zero index there are no fixed points, and one fixed point in all other critical
regions. �

LEMMA 2.2. Lete be an edge in the graphGf with endpointsv,w. LetXv andXw denote
the critical regions forf corresponding tov andw respectively. LetR be a disk inF
which contains the turn, crossing, or end corresponding toe, meets each ofA andf −1(A)

in an arc, and only meets the critical regionsXv andXw. Then there is a mapg which
agrees withf on F \ R such thatindex(Yv) = 0, whereYv is the critical region forg
which naturally corresponds toXv.

Proof. The mapg is defined by first settingg−1(A) = (f −1(A) \ R) ∪ L, whereL is
some arc inR meetingA in a finite set of points. The regionYv is the component
of F \ (g−1(A) ∪ A) which meets∂R in the same set as didXv. It follows from
Proposition 3.1 in the next section that the influence ofg|R on the value of index(Yv) is
determined by the action ofg on A ∩ L. In fact, if the cardinality ofA ∩ L is suitably
large, one can easily defineg on A ∩ L so that index(Yv) = 0. The proof is finished by
noting thatg extends to all ofR so thatL 7→ A and it agrees withf on ∂R. �

3. Index computations for critical regions
The purpose of this section is give a combinatorial formula for the index of a critical
region based on the description of a map given previously. A special case of the formula,
Corollary 3.2, will be used to derive the inequalities in Theorems A and B.

LetY be a critical region forf and letE denote the handle in the given handle structure
that containsY . Suppose that there exists a subarcζ of ∂F ∩E such thatY ∩ζ = ∅. Fix a
homeomorphismh : E → [0,1]× [0,1] such thath(ζ ) = ({1}× [0,1])∪([0,1]×{0,1}).
Observe that ifp is an endpoint of a component off −1(A)∩∂Y , thenh(p) andh(f (p))
are disjoint and contained in{0} × [0,1].

Definition. Let γ be a component off −1(A) ∩ ∂Y with ∂γ = {p, q}. Set h(p) =
(0, xp), h(q) = (0, xq), h(f (p)) = (0, yp) andh(f (q)) = (0, yq) and assume without
loss thatxp < xq . The arcγ is contracting if yp > xp and yq < xq ; expanding if
yp < xp andyq > xq ; andneutral otherwise.

With the notation given above we now compute the fixed-point index of a critical
region. LetY be a critical region forf with the curveζ as described above. There is a
unique componentγζ of f −1(A)∩ ∂Y with the property thatγζ separatesY \ γζ from ζ

in E.

PROPOSITION3.1. Suppose thatY is a critical region forf and ζ is a subarc of∂F ∩ E
as described above. Suppose further thatY is homeomorphic to a disk. Leth be a
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homeomorphism as defined above. Setι0 = 1 if γζ is contracting,−1 if expanding and
0 if neutral. Letι1 denote the number of contracting components of(f −1(A) ∩ ∂Y ) \ γζ
and letι2 denote the number of expanding components. Then

index(Y ) = ι0 − ι1 + ι2.

Proof. The definition of index(Y ), given in terms ofh, can be expressed as follows. Fix
an orientation onE. The frontier ofY , denoted by∂Y inherits an induced orientation.
The homeomorphismh induces an orientation on [0,1] × [0,1] ⊂ R

2 and hence on the
unit sphereS1 in R

2. Define the unit vector fieldφ : ∂Y → S1 on ∂Y by

φ(x) = h(x)− h(f (x))

|h(x)− h(f (x))| .

Since∂Y is a simple closed curve the degree ofφ is well defined and is equal to index(Y ).
As (0,1) ∈ S1 is a regular value, the degree ofφ can be computed by considering

the action ofφ on a neighborhood of each point inφ−1((0,1)). To do so, first observe
thatφ−1((0,±1)) consists of all of the endpoints of the components of∂Y ∩ f −1(A). If
a component is either contracting or expanding,φ−1((0,1)) contains exactly one of its
endpoints. If neutral, then either none or both of the endpoints belong toφ−1((0,1)).
Now if γ is a component other thanγζ , then one can check thatφ is locally orientation
reversing at the pointγ ∩ φ−1((0,1)) when γ is contracting, and locally orientation
preserving whenγ is expanding. Ifγ is neutral and two points occur, thenφ reverses
orientation at one and preserves orientation at the other. For the componentγζ the local
action is the opposite; orientation preserving for contracting, reversing for expanding.
This yields a total count ofι0 − ι1 + ι2 for the degree ofφ. �

Our use of the above proposition will be in the restricted case when the critical region
Y is taut. We also include the case when the arcζ does not exist and so the proposition
cannot be applied.

COROLLARY 3.2. LetY be a taut critical region. IfY does not contain all of∂F ∩E, then
index(Y ) = ι0 − ι1, whereι0 and ι1 are as defined above. IfY contains all of∂F ∩ E,
then index(Y ) = 1.

Proof.Directly from the definition we see that ifγ is expanding then both of its endpoints
must be contained in a single component ofA. Hence, whenY does not contain all of
∂F ∩ E, each component off −1(A) ∩ ∂Y is either contracting or neutral. IfY is taut
and contains all of∂F ∩ E, thenY = E and sof (Y ) ⊂ Y . �

The following example illustrates the computation of the fixed-point index of a critical
region. It also points out a feature of the mapf̂ that will be used later: a relative ease
of computation for the index.

Example 3.We continue with Example 2 and focus on the critical region labelledi in
Figure 1. Chooseζ to be the segment of the outer boundary curve fromA4 to A5. Then
γζ is the curve labelled 4. Thus,f (γζ ) ⊂ A4 and soγζ is neutral. For the other two
components off −1(A) ∩ i, the computation depends on howf maps the two points of
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contact withA1. One can check that each component is either contracting or neutral, and
so from Proposition 3.1, we can only conclude from Figure 1 that|index(i)+ 1| ≤ 1.

On the other hand, the calculation for the critical regioni in Figure 2 is more exact.
Here γζ is the same and the other component off̂ −1(A) ∩ i is contracting. Hence,
index(i) = −1.

4. Index reduced maps
In this section we define a special class of self-mappings and prove various results about
these mappings. LetF andA be as defined in§2.

Definition. The mapf : F → F is said to beindex reducedif it satisfies properties
(a1)–(a5) below.
(a1) f −1(A) is a one-dimensional proper submanifold ofF transverse toA, with no

fixed points occurring onA.
(a2) Each simple closed curve inf −1(A) intersectsA.
(a3) For each open setU meetingf −1(A), f (U) meets at least two components ofF \A.
(a4) If α is an ij -turn or end, theni = j . If α is an ij -crossing withi 6= j , thenα is a

single point.
(a5) If a critical region meets exactly one component ofA, then its frontier must contain

an entire component off −1(A).

Example 4.The mapf given in Example 2 is not index reduced, but almost so. Each of
(a1)–(a3), holds whereas the 34-end violates (a4) and the three critical regionsm, n, o

each violate (a5). It is index reduced everywhere else, including the area aroundi. This
allowed for the computation of index(i) as seen in Example 3. Without increasing the
number of fixed points,f can be deformed into an index reduced map by moving the
34-end offA3 and by simplifying the 44-turn. More generally, the following theorem
holds.

THEOREM 4.1. Giveng : F → F there exists a mapf homotopic tog which is index
reduced and fixed-point minimal.

In order to prove Theorem 4.1 we need some of the results from [K1]. These are
summarized in the next two lemmas using the language and notation of this paper. The
first lemma gives some fairly elementary results taken from [K1, Lemmas 3.2 and 3.6]
while the second is part of the main technical lemma [K1, Lemma 3.5].

LEMMA 4.2. Given a mapf there exists a mapg homotopic tof such that:# Fix(g) ≤
# Fix(f ); g−1(A) is a one-dimensional proper submanifold ofF transverse toA; g has
no fixed points onA; for each open setU meetingg−1(A), g(U) meets at least two
components ofF \ A; and each simple closed curve ing−1(A) meetsA.

Let α be a subarc off −1(A) with one endpointx lying on someAi , the other endpoint
y on ∂F ∪Ai and such thatα ∩ (A∪ ∂F ) = {x, y}. There is a unique diskDα such that
∂Dα consists ofα together with a subarcJα from ∂F ∪ Ai . Let Xα denote the closure
of the component ofF \ (f −1(A) ∪ A) that containsα and lies inDα. We assume that
Xα is a disk.
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LEMMA 4.3. Let f be a map with an arcα ⊂ f −1(A) as above. Suppose that either
f (α) 6⊂ Ai , or Xα is a critical region, orXα 6= Dα. Then there exist a non-empty subset
Sα of Jα ∩ f −1(A), and a mapg homotopic tof such thatg satisfies the conclusion of
Lemma 4.2 andg−1(A) ∩ A = (f −1(A) ∩ A) \ Sα.

Remark.Only the casey ∈ Ai is proved in [K1]. The other case, wheny ∈ ∂F , can be
proved using the same argument.

Proof of Theorem 4.1.Without loss of generality we may assume thatg is fixed-point
minimal. Properties (a1)–(a3) are contained in Lemma 4.2. If either of (a4) or (a5) fails
for g, it is easy to see that the hypotheses of Lemma 4.3 are satisfied. Apply the lemma
to get a new minimal map satisfying (a1)–(a3), and strictly reducing the cardinality of
g−1(A) ∩ A. After a finite number of applications of Lemma 4.3 we obtain the desired
index reduced mapf . �

We now give some features of indexed reduced maps which will be used in the proofs
of the main results. Recall the construction of the associated mappingf̂ and the graph
Gf given in§2. If f is index reduced, then there is a natural bijectionφ between the set
of edges ofGf and the set of arcsα0 given in the construction of̂f . This is exploited
to promoteGf to a directed graph as follows. Lete be an edge ofGf with endpointsu
andv corresponding, respectively, to critical regionsU andV . The oriented edge will

be
⇀
uv whereu andv are labelled according to the conventions below. Ife corresponds

to an end or a turn, thenφ(e) intersects exactly one ofU or V . We assume thatu and
v are labelled so thatφ(e) intersectsU . If e corresponds to a crossing, letp denote
the point of intersection ofφ(e) andAi , and letC denote the component ofAi \ p that
containsf̂ (p). The mapf̂ has two critical regions which contain the pointp. Let Y
denote the one that meetsC in an arc. Labelu andv so thatV andY lie in the same
component ofF \ A.

Suppose thatX is a critical region forf corresponding to a vertexx of Gf . Let
to(X) denote the number of edges going out ofx that correspond to a turn, and letti(X)
be the number of edges coming intox that correspond to a turn. Analogously, define
co(X), ci(X), eo(X) andei(X) corresponding to crossings and ends.

Another useful consequence of property (a5) is that ifX is a critical region forf ,
then there is a unique critical regionY for f̂ such thatX ∩ Y 6= ∅. Define a map

ψ : CR(f ) → CR(f̂ )

by ψ(X) = Y .

LEMMA 4.4. If f : F → F is an index reduced map, then the mapψ defined above is a
bijection. Furthermore, for eachX ∈ CR(f ), ψ(X) is homeomorphic to a disk.

Proof. The fact thatψ is onto follows directly from the construction of̂f . To see
thatψ is one-to-one, suppose there exists distinct critical regionsX1 andX2 such that
ψ(X1) = ψ(X2). Then there is an arcσ contained inAi for some i, such that one
endpoint is inX1, the other is inX2 and ∂σ = ∂τ for some turnτ . By (a4), τ is an
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ii-turn, and by (a3), the disks bounded byσ andτ which lie on the opposite side ofAi
from X1 must be critical regions. But this contradicts (a5).

To prove the second statement suppose thatψ(X) is not a disk. Thenf −1(A) contains
a simple closed curve bounding a diskB such thatB \ A has at most one component
whose closure intersects more than one component ofA. By (a4) no such component
can exist, and from (a5) it follows thatB ∩ A = ∅. This contradicts (a2). �
LEMMA 4.5. Let X denote the set of critical regions corresponding to the vertices of a
component ofGf . Then

∑

X∈X
index(X) =

∑

X∈X
index(ψ(X)).

Proof. There exists a connected open setO which containsX ∪ ψ(X ) and is disjoint
from all other critical regions forf . Moreover, there is a mapf ′ which agrees withf
on F \ O and with f̂ on O. This map is homotopic tof by a homotopy with support
on F \ O. �

5. Proofs of Theorems A and B
LEMMA 5.1. Let f : F → F be an index reduced map and letX be a critical region for
f . Thenindex(ψ(X)) ≤ 1 − to(X)− co(X)− eo(X).

Proof. If ψ(X) is not taut, its frontier meetŝf −1(A) in a single arc which is either an
ij -turn or ij -end with i 6= j . A direct calculation shows that index(ψ(X)) = 0. For an
index reduced map such aψ(X) can only occur whento(X)+eo(X) = 1 andco(X) = 0.

The rest of the proof concerns the case whenψ(X) is taut, where by Lemma 4.4,
the methods of§3 can be applied to compute index(ψ(X)). In the exceptional case
whenψ(X) contains all of∂F ∩ E, whereE is as defined in§3, the result follows as
to(X) = co(X) = eo(X) = 0. We now assume thatψ(X) does not contain all of∂F ∩E.

First suppose thatto(X) > 0. Choose a componentAi of A that contains one of the
turns going out and chooseζ in ∂F ∩ E with one endpoint onAi and disjoint fromX.
It follows thatψ(X)∩ ζ = ∅, so we have the homeomorphismh as defined in§3 (using
Y = ψ(X)). From our choice ofζ it follows that γζ is neutral and so by Corollary 3.2,
index(ψ(X)) = −ι1. Now let γ be a component of(f̂ −1(A) ∩ ∂ψ(X)) other thanγζ ,
and suppose thatγ corresponds to an edge going out of the vertex corresponding toX.
Thenγ corresponds to ajj -turn, end or crossing forf , for somej . If γ corresponds to
a turn, then by property (a5)γ must separateAj andγζ in the handle containingψ(X).
It then follows thatγ is contracting. Ifγ corresponds to an end, then againγ must
separateAj andγζ so γ is contracting. Ifγ corresponds to a crossing, the convention
for orienting edges ensures thatγ is contracting. Except forγζ all edges going out are
contracting so

ι1 ≥ co(X)+ to(X)+ eo(X)− 1,

and the result follows.
The argument in the case thateo(X) > 0 is similar. For the last case we assume that

to(X)+ eo(X) = 0. Choose someζ . If γζ is contracting, then it does not correspond to
a crossing going out. Soι0 = 1 andι1 ≥ co(X). If γζ is neutral, thenι1 ≥ co(X) − 1.
In either case index(ψ(X)) ≤ 1 − co(X). �
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Let X denote the closure of a component ofF \ (A ∪ f −1(A)). We assign toX two
non-negative quantities: the number of sides and the number of borders. The number of
sidesof X, denoted bys(X), is defined to be the number of components off −1(A)∩X
which meet two distinct components of(A ∪ ∂F ) \ (A ∩ ∂F ) with the property that the
closures of these two components are disjoint. To find the number ofborders, b(X),
let n1(X) denote the number of components off −1(A) ∩ X which meet two distinct
components of(A ∪ ∂F ) \ (A ∩ ∂F ) with the property that the closures of these two
components intersect. Letn2(X) denote the number of points ofA ∩ ∂F in X. Set
b(X) = 1

2(n1(X)+ n2(X)). Immediate from these definitions we have the following.

LEMMA 5.2. If s(X) > 0, thens(X)+ b(X) ≥ 2.

Let Y denote the set of components ofF \ (A ∪ f −1(A)) for which the number of
sides is greater than zero. Letm denote the cardinality of this set.

LEMMA 5.3.
∑

Y∈Y(b(Y )+ s(Y )) = 2m− 2χ(F ).

Proof. Let S be a component ofF \A and letk(S) be the total number of sides counted
in Y ∩S. Embed a graphG(S) in S as follows. Put one vertex in each member ofY ∩S
and join two vertices by an edge if and only if the corresponding regions have a side
in common. Lete(S) denote the number of edges andv(S) the number of vertices. As
G(S) contains no cycles it follows thate(S)+ 1 = v(S). Also, sincek(S) = 2e(S), we
have thatk(S) = 2v(S)− 2. Summing over all 2− χ components ofF \ A we get

∑

Y∈Y
s(Y ) =

∑

S

k(S) = 2m− 2(2 − χ).

Finally, noting that the total number of borders for regions inY is the same as the
number of points inA ∩ ∂F we get

∑
b(Y ) = 2(2 − 2χ). �

LEMMA 5.4. Let f : F → F be an index reduced map and suppose thatX is a critical
region forf such thatψ(X) is taut. Then

index(ψ(X)) ≥ 1 + ci(X)− s(ψ(X)).

Proof. If no arc ζ (as in §3) exists the result follows immediately from Corollary 3.2.
Otherwise, choose someζ and a homeomorphismh as in§3. First we consider the case
when γζ is neutral. In this caseι0 = 0 and alsoγζ does not correspond to a crossing
coming in. Among the remaining sides ofψ(X) each crossing coming in is neutral and
so

ι1 ≤ s(ψ(X))− 1 − ci(X).

Now suppose thatγζ is contracting. Thenι0 = 1. If γζ corresponds to a crossing coming
in, then we have

ι1 ≤ (s(ψ(X))− 1)− (ci(X)− 1).

Otherwise we have
ι1 ≤ (s(ψ(X))− 1)− ci(X).
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In all three cases above we see that

ι0 − ι1 ≥ 1 + ci(X)− s(ψ(X)).

The result now follows from Corollary 3.2. �

LEMMA 5.5. LetX be a critical region for the index reduced mapf : F → F . Then

s(X) ≥ 1 + ci(X)+ to(X)− index(ψ(X)).

Proof. If ψ(X) is taut, then this follows immediately from Lemma 5.4 and the fact
that s(X) − s(ψ(X)) = to(X). If ψ(X) is not taut, then for an index reduced map
s(X) = 1+to(X), ci(X) = 0 and index(ψ(X)) = 0 which gives the desired inequality.�

LEMMA 5.6. Let X denote the set of critical regions forf corresponding to the vertices
of a component ofGf . Then

∑

X∈X
b(X) ≥

∑

X∈X
eo(X).

Proof. For each end-edge of a component ofGf let U andV be the two critical regions
corresponding to the endpoints. The end contributes one towards each ofn1(U)+n1(V )

andn2(U)+ n2(V ). �

Proof of Theorem B. First observe that proving Theorem B is equivalent to showing
thatL(f ) ≤ NF(f ) andL(f )+NF(f ) ≥ 2χ(F ). Since the theorem is clearly true for
the disk we assume thatχ(F ) ≤ 0. Also, without loss of generality, we may assume that
f is fixed-point minimal. Choose a handle structure forF as in§2. From Theorem 4.1
we may assume thatf is also index reduced.

Let C be a component ofGf and let X denote the set of critical regions forf
corresponding to the vertices ofC. Let v(C) ande(C) denote, respectively, the number
of vertices and edges ofC. Then clearly we have

∑

X∈X
(1 − to(X)− co(X)− eo(X)) = v(C)− e(C).

SinceC is connected,v(C)− e(C) ≤ 1. Thus by Lemmas 4.5 and 5.1,

index(X ) =
∑

X∈X
index(X) ≤ 1. (1)

Now sum (1) over allX such that index(X ) 6= 0 to get
∑

index(X ) ≤ NF(f ),

and since the left-hand side of this inequality contains all of the fixed-point index forf

we have the desired inequality
L(f ) ≤ NF(f ).

To verify the other inequality for Theorem B first apply Lemma 5.5 to get
∑

X∈X
s(X) ≥ v(C)+

∑

X∈X
(ci(X)+ to(X))−

∑

X∈X
index(ψ(X)).
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Hence, by Lemmas 4.5 and 5.6,
∑

X∈X
(s(X)+ b(X)) ≥ v(C)+

∑

X∈X
(ci(X)+ to(X)+ eo(X))−

∑

X∈X
index(X), (2)

and since the middle summation counts the number of edges inC,
∑

X∈X
(s(X)+ b(X)) ≥ v(C)+ e(C)− index(X ) ≥ 2v(C)− 1 − index(X ).

Thus,
1 + index(X ) ≥ 2v(C)−

∑

X∈X
(s(X)+ b(X)). (3)

Summing over each suchX with index(X ) 6= 0 we get

NF(f )+ L(f ) ≥ 2
∑

v(C)−
∑

(s(X)+ b(X)). (4)

The summations on the-right hand side of (4) are assumed to be over the correct regions.
Now let Z denote the set of componentsX of F \ (A∪ f −1(A)) which satisfy either

of the following: (i) X is not a critical region but has at least one side; or (ii)X is a
critical region where the correspondingX has index zero. Note that whenf is minimal
each critical region inZ has index zero. Also, by Lemma 5.2, for eachX ∈ Z we have

0 ≥ 2 − (s(X)+ b(X)). (5)

Finally, sum the inequality (5) over all regions inZ and combine with (4) to obtain the
inequality

NF(f )+ L(f ) ≥ 2
∑

C

v(C)+
∑

X∈Z
2 −

∑

X∈Y
(s(X)+ b(X)).

Because every critical region has at least one side, the first two summations on the right-
hand side of this inequality reduces to twice the cardinality ofY. Thus by Lemma 5.3,
the right-hand side is just 2m− (2m− 2χ), which completes the proof of Theorem B.�

Proof of Theorem A. Let f be fixed-point minimal and letx ∈ Fix(f ). Let X denote
the set of critical regions which corresponds to a component ofGf and containsx. By
Proposition 2.1,x is the only fixed point inX and so, by (1), the right-hand inequality
in Theorem A is proved.

For the left-hand inequality use (3) only for this particularX , otherwise use (5) for
all other regions inY to get

1 + index(x) ≥
∑

X∈Y
2 −

∑

X∈Y
(s(X)+ b(X)).

As in the proof of Theorem B, the right-hand side reduces to 2χ(F ). �

6. The closed surface case
To prove Theorem E we first need the following minor variation of Theorem B resulting
from a restricted hypothesis.
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PROPOSITION6.1. Let F be a surface with negative Euler characteristic and exactly one
boundary component. Suppose thatf : F → F is such thatf (∂F ) is null homotopic.
ThenNF(f )+ L(f ) ≥ 2χ(F )+ 2.

Proof. Fix a handle structure forF . As in the proof of Theorem B we assume thatf
is an index-reduced minimal mapping. Without loss we assume thatf (∂F ) is a single
point disjoint fromA. Thusf −1(A) consists only of simple closed curves. If any of
these curves is isotopic to∂F , [K2, Lemma 2.2] can be used to convert an outermost
such curve into two arcs each being isotopic (rel endpoints) to an arc in∂F . These arcs
are removed as in [K2, Lemma 2.1]. As a result we can assume thatf −1(A) does not
contain any simple closed curves isotopic to∂F . This in turn ensures that there exists a
componentX of F \ (A∩ f −1(A)) which is contained inD, and whose closure contains
at least four points ofA ∩ ∂F .

Now eitherX is a critical region with index(X ) 6= 0 or X ∈ Z, whereX andZ are
as given in§5. In the former case we see that

∑

X∈X
b(X) ≥ 2 while

∑

X∈X
eo(X) = 0.

This creates a difference of at least two in (2). This difference carries through the rest
of the argument giving the desired result.

In the case whenX ∈ Z the argument depends on the number of sides ofX. If
s(X) ≥ 2, then we get

−2 ≥ 2 − (s(X)+ b(X))

in (4) which, as before, carries a difference of at least two through the argument. Finally,
if s(X) = 1, someAj must be contained in the closure ofX. LetAj ′ be such thatAj and
Aj ′ form the attaching region for one of the 1-handles, and letY denote the component
of F \ (A ∩ f −1(A)) whose closure containsAj ′ . Note thatY is also contained inD.
As Y also contains at least four points ofA ∩ ∂F , the arguments given above allow us
to assume thatY ∈ Z ands(Y ) = 1. If X 6= Y , then we have that

−1 ≥ 2 − (s(X)+ b(X)) and −1 ≥ 2 − (s(Y )+ b(Y )),

which leads to the desired result. On the other hand, ifX = Y , then this region contains
at least six points ofA ∩ ∂F and so

−2 ≥ 2 − (s(X)+ b(X)). �

The proof given above immediately gives us the following variation of Theorem A.

PROPOSITION6.2. Let F andf be as in Proposition 6.1 and suppose thatf is minimal.
For each fixed pointx of f , 2χ(F )+ 1 ≤ index(x) ≤ 1.

Proof of Theorem E. Conjecture C is known to be true whenF is either the torus or the
Klein bottle, so we assume thatχ(F ) < 0. As the result is known in the case whenf is
homotopic to a homeomorphism [JG], we assume otherwise. According to Conjecture
D, there is a minimal mapf0 which is homotopic tof and such thatf0(F )∩E = ∅ for
some diskE in F . As in §5, it suffices to prove the result for the mapf0.
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Let G = F \ int(E) and letg = f0|G. By Proposition 6.1,

NF(g)+ L(g) ≥ 2χ(G)+ 2.

Sinceg andf0 have the same fixed point set

NF(f0)+ L(f0) ≥ 2(χ(F )− 1)+ 2 = 2χ(F ).

From Theorem B we haveNF(g) ≤ L(g), and so

NF(f0) ≤ L(f0).

It follows from Proposition 6.2 that

2χ(F )− 1 ≤ index(x) ≤ 1

for each fixed pointx of f . �
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