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The velocity field around a vibrating cantilever plate was experimentally investigated
using phase-locked particle image velocimetry. Experiments were performed at
Reynolds numbers of Reh = 101, 126 and 146 based on the tip amplitude and
the speed of the cantilever. The averaged vector fields indicate a pseudo-jet flow,
which is dominated by vortical structures. These vortical structures are identified
and characterized using the continuous wavelet transform. Three-dimensional flow
features are also clearly revealed by this technique. Furthermore, proper orthogonal
decomposition was used to investigate regions of vortex production and breakdown.
The results show clearly that the investigation of phase-averaged data hides several
key flow features. Careful data post-processing is therefore necessary to investigate
the flow around the vibrating cantilever and similar highly transient periodic flows.
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1. Introduction
A fan is an airflow generation device used for ventilation, cooling or other

gaseous transportation. Among the many kinds, the three most popular are: axial,
centrifugal and crossflow fans. All these types of fan typically consist of multiple
aerodynamically shaped blades and an electric motor to rotate the blades. They are
all widely used for various applications ranging from localized cooling within small
electronic devices to industrial applications that require large-scale fans. With the rapid
development of manufacturing techniques in small electronics as well as the need for
small-scale fluid transportation devices in bioengineering, smaller fans are needed.
However, small-scale electric motors for blade rotation are difficult to manufacture
because of their complex geometries. To produce fans for smaller applications, a
completely different driving mechanism for the creation of an airflow is required.

Swinging a plate back and forth is a good alternative and one of the simplest flow
generation methods. Flow can be generated by a plate and an actuator flapping the
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Figure 1. (Colour online) Schematic sketch of the working principle of the piezoelectric fan.
AC, alternating current.

plate. A piezoelectric fan is one such device that generates wind using a flapping
motion. As shown in figure 1, a simple piezoelectric fan is composed of a thin metal
plate, clamped at one end and free at the other, onto which a piezoelectric material
is deposited. The plate is deflected as a bimetallic strip when an electric potential
difference is applied across the piezoelectric material, causing a deformation of the
piezoelectric material proportional to the applied voltage. When an alternating-current
potential is applied to the piezoelectric material, especially at the fundamental natural
frequency of the cantilever, a flapping motion of the plate generates a flow.

Even this considerably simplified wind generation device has not been well described
in the literature. The mechanism by which a flow is generated from a vibrating
cantilever is not well understood. In addition, very little attention has been paid
to understanding the flow field around a vibrating cantilever. Since the first studies
on the airflow generation and heat transfer using piezoelectric fans by Toda (1979,
1981), several studies of the flow produced by a vibrating cantilever were performed
using flow visualization, laser Doppler velocimetry (LDV) and numerical simulation
techniques (Watanabe et al. 1990; Ihara & Watanabe 1994; Tsutsui et al. 1996;
Takato et al. 1997). Ihara & Watanabe (1994) identified a time sequence of a pair of
vortices induced by a cantilever plate during one period by means of the smoke-wire
method. Two-dimensional numerical simulations using the discrete vortex method
combined with the singularity method were also carried out, which showed that the
tracer particle movements in the numerical simulations were in good agreement with
the smoke-wire flow visualization. The numerical simulation by Takato et al. (1997)
showed the time-averaged flow field near the plate as well as the time sequence
of the velocities at several locations. However, no attention was paid to the time
sequence of the vortex generation. The flow studies using LDV measurements could
not show the details of the vortical flow because of low spatial resolution. Yoo,
Hong & Cao (2000) used several different fan geometries and measured the resonant
frequency, the tip displacement and the induced flow speed. The experimental study
of the flow fields generated by a micro-scale cantilever fan by Linderman, Sett &
Bright (2001) is notable because of the cantilever length of only 130 µm. Another
possible application of the cantilever fan is blood pumping and chemical reagent
dosage in bioengineering as shown by Lima et al. (2009). With the increasing
interest in smaller electronics, various studies aimed at building an electric cooling
fan for small-scale applications were conducted by Burmann, Raman & Garimella
(2002), Acikalin, Raman & Garimella (2003), Acikalin et al. (2004), Wait et al.
(2004, 2007) and Kimber & Garimella (2009), depending on various approaches –
namely analytical, computational and experimental methods. In the main, flow
visualizations were used to verify the results. Until Kim, Wereley & Chun (2004)
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Figure 2. Schematic of the experimental set-up.

performed particle image velocimetry (PIV) measurements, it was not possible to
identify clearly the cyclic generation of counter-rotating vortices shed from the end
of a cantilever in a quantitative manner because of the low spatial resolution of the
velocity previously measured using LDV. A piezoelectric fan was used as a vibrating
cantilever. The vortex generation mechanisms from the end of a vibrating cantilever
were clearly identified by the quantitative phase-averaged velocity fields.

In the quantitative approaches to analyse the vortex generation from a periodically
vibrating cantilever, phase-averaging was typically applied to low-noise velocity field
measurements, which, of course, removes the fluctuating velocity components at
every phase. However, since the locations of the vortex centres are fluctuating even
at the same phase, the simple phase-averaging of the fluctuating velocity fields
underestimates the peak velocity and vorticity field. In order to overcome these
limitations and to reveal the physical mechanisms behind the flow, in this study the
vortex evolution is investigated by a wavelet-based vortex identification and the proper
orthogonal decomposition (POD) method. A short introduction to the experimental
set-up and the applied wavelet analysis, as well to POD, is given in § 2. Results for
the fluctuating flow during one phase, the vortex evolution and the three-dimensional
flow effects are discussed in § 3. A brief conclusion based on these results and an
outlook for further investigations can be found in § 4.

2. Experimental set-up and post-processing
2.1. Experimental set-up

In the following, there will be a brief explanation of the experimental conditions.
Details of the experimental techniques are provided in Kim et al. (2004). Figure 2
illustrates the set-up, showing a piezoelectric fan and the velocity measurement
domain. The piezoelectric fan is fixed to the apparatus in a cantilevered manner with
its bottom end clamped and top end free. The width of the piezoelectric fan, defined
as b, is 38.1 mm. The effective length, defined as c, is 25.4 mm. It is fixed between
two end plates: a transparent front wall and a rear wall. Sidewalls are placed on
either side of the cantilever. The distance from the undeflected plate to either of
the two sidewalls, which is represented as H , is 141 mm. Half of the peak-to-peak
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amplitude of the cantilever tip vibration is represented as h0, and the maximum tip
speed is denoted as VT . The vibrating frequency f0 studied here is fixed to 180 Hz,
the fundamental natural frequency of the plate. The Reynolds number based on the
tip vibration amplitude, Reh, is defined as Reh = VT h0/v.

The flow fields are studied using the PIV technique. Images are recorded using a
12 bit grey level 1280 × 1024 pixel interline transfer charge-coupled device camera
and a 60 mm macro lens. A dual-cavity 120 mJ Nd:YAG laser is used to illuminate
the flow. Background noise is removed by an average background removal technique.
Velocity fields for eight different phases are acquired by using an external trigger. The
electrical signal from the piezoelectric amplifier is used as an external trigger signal
for phase-locked image acquisition.

The particles used have been generated by a studio fog machine (Rosco) and have
a mean diameter of dP ≈ 5 µm. For these particles the buoyancy effect has been
estimated following Raffel et al. (2007) to be of the order of <0.05 % of the tip speed
VT . Owing to inertia the particles are not able to follow the flow instantaneously. The
highest acceleration can be calculated by the second derivative of the tip movement
and is ẍ = h0ω

2 sin(ωt). The velocity lag for particles exposed to this accelerations
is, according to Raffel et al. (2007), of the order of 8.7 % of the tip speed VT and is
expected to be much lower away from the tip, where the acceleration is much smaller.

For the current study, a multi-pass adaptive window shifting (64 × 64 ⇒ 32 ×
32 pixels with 50 % overlap) and the central-difference image correction technique
developed by Wereley & Gui (2003) are used to evaluate the experimental images. The
peak in the correlation plane is determined with sub-pixel accuracy, and peak locking
could effectively be avoided. For the applied multi-grid cross-correlation method,
typically above 10 particle images with a mean diameter of dI ≈ 2.3 pixels are found
in each interrogation window. The accuracy for the displacement estimation is for
these conditions between 0.05 and 0.07 pixels (Wereley & Gui 2003). Considering the
time delay to be exactly �t = 30 µs, this results in an uncertainty of the velocity of
1.7 % of the tip speed VT . Since all uncertainties should be independent, an overall
uncertainty in the worst case of εu ≈ 8.9 % of the tip speed VT close to the tip can be
estimated for the measurements. Since the biggest part is due to the high acceleration
of the cantilever tip, further away from the tip, where the particles follow the flow
ideally, the uncertainty would be 1.7 %.

For the calculation of the derivatives a central scheme has been used. The
uncertainty εω is, according to Raffel et al. (2007), εω ≈ 0.7εu/�X, where εu = 8.9 %
of the tip speed VT is the error of the velocity measurement and �X the grid spacing.
For the vorticity this uncertainty doubles, since two derivatives have been used. The
uncertainty of the non-dimensional vorticity εωh0/VT ≈ 0.92. The average vorticity in
table 1 ranges from ωP,aveh0/VT = 5 to ωP,aveh0/VT = 15 which gives an uncertainty
of 6.2–18.7 %. Again, a much lower uncertainty is expected in the field further away
from the cantilever tip.

In total, 66 image pairs are captured for each set of experimental conditions and
phase angles in this study. Flow field measurements are conducted for tip deflections
of h0/c = 0.045, 0.050 and 0.054 in order to observe the effects of the tip vibration
amplitude. The corresponding values of the Reynolds number Reh for these amplitudes
are 101, 126 and 146, respectively. Table 2 shows the experimental parameters for
the different tip amplitudes. The velocity measurement domain is 11 × 13.8 mm2.
The motion of the cantilever has been measured using a laser vibrometer (Polytec
OFV511/OFV3001). The experimentally measured vibration shapes agree well with
the analytical deflection shapes at the fundamental frequency, and no lateral modes

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/S

00
22

11
20

10
00

53
18

 P
ub

lis
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/S0022112010005318


588 Y.-H. Kim, C. Cierpka and S. T. Wereley

φ = 0◦ φ = 45◦ φ = 90◦ φ = 135◦ φ = 180◦ φ = 225◦ φ = 270◦ φ = 315◦

ΩP h0/VT
CCW 11.81 10.83 8.82 8.55 6.79 5.16 3.51 –
CW 6.65 5.16 3.86 7.79 11.61 9.15 8.92 7.65

ωP,aveh0/VT
CCW 14.38 12.86 11.38 10.18 9.76 7.54 5.10 9.22
CW 8.19 6.62 5.23 11.12 11.78 10.08 10.19 9.62

ωP,stdh0/VT
CCW 1.67 1.05 1.47 1.14 1.15 1.36 1.25 3.32
CW 0.72 0.93 0.81 3.08 1.16 0.89 0.99 0.99

Table 1. Vorticity at each phase of the cantilever deflection for the centre plane and Reh = 126:
ΩP h0/VT , peak vorticity at the phase-averaged flow field; ωP,aveh0/VT , average value of the
peak vorticity at each flow field; ωP,stdh0/VT , standard deviation of the peak vorticity at each
flow field.

Reh h0/c h0 (mm) VT (m s−1)

101 0.045 1.14 1.29
126 0.050 1.27 1.43
146 0.054 1.37 1.54

Table 2. Experimental parameters.
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Figure 3. Definition of the phase angles and deflections at the centre of the cantilever tip for
all Reynolds numbers (a) as a time series plot and (b) in polar coordinates.

of vibration are present (Kim et al. 2004). Figure 3 shows the relationship of the
phase angles to the deflections of the cantilever tip. Even though slightly asymmetric
deflections of the cantilever plate are observed, the motion of the tip is almost
sinusoidal for all Reynolds numbers according to the time series data.

2.2. Post-processing

Obviously, the flow under investigation is inherently unsteady, and the mechanisms
for mean flow generation from zero mean boundary motion are quite complex. The
averaged velocity fields can give a first impression of the flow but will hide important
features. In the previous study of Kim et al. (2004), flow fields induced by the vibrating
cantilever were studied by primarily examining the phase-averaged velocity fields. The
averaging scheme was based on the different phases of the movement of the cantilever
plate, which is a good first choice, since the cantilever is the driving mechanism of
the whole flow. Kim et al. (2004) clearly showed by the phased-averaged velocity
and vorticity data that vortices are very important for the development of the flow.
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Figure 4. (Colour online) Averaged velocity vector field for the centre plane z/b = 0 for
Reh = 146. The lines represent the isovorticity contours. The scatter indicates the single-vortex
locations (circles) and the phase-averaged vortex locations (triangles).

However, even at the same phase, the velocity field is not stationary. Locations of the
vortices’ centres are fluctuating as can be seen in figure 4 for a Reynolds number of
Reh = 146.

Phase-averaging will therefore hide features of the flow characteristics, fluctuating
even at the same phase. Additionally, the peak vorticity at a vortex centre of the
phase-averaged velocity fields will be ‘smeared’ among the samples taken at different
times but the same phase and will therefore provide an underestimation of the peak
vorticity and velocity compared with that observed in the individual, i.e. time-resolved
vortex, measurements. Summing up, with conditional averaging one might run into
the ‘risk of obtaining results that are more representative of the conditional event than
of the coherent structure’ (Adrian 1996). Therefore, different methods are required for
a detailed study of such fluctuating flows. Since the flow field generated by a vibrating
cantilever can be represented quite well using counter-rotating vortices, vorticity fields
are mainly used in this investigation. To extract these vortices or coherent structures
from the velocity fields, several methods have been proposed and discussed in the past,
e.g. by Bonnet et al. (1998). For the present paper the continuous wavelet transform
was chosen to analyse the data and provide suitable information to characterize the
vortices’ behaviour. In addition, POD was applied to highlight regions of strong
momentum transfer and to gain further insight into the evolution of the pseudo-jet
produced by the vibrating cantilever. It is not within the scope of this paper to give
a complete treatment of both approaches. Nevertheless, a brief description of both
techniques is given in the following section to provide a better understanding of how
they are applied to this problem.
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2.3. Continuous wavelet transform

An extensive review of wavelet transforms and their application to fluid dynamics
was given by Farge (1992). The use of the continuous wavelet transform to identify
vortical structures was introduced by Schram, Rambaud & Riethmuller (2004). The
wavelet analysis is selective in space and scale and is therefore applicable for the
investigation of coherent structures. A two-dimensional Marr wavelet (also known as
the Mexican-hat wavelet) has been used to analyse the vorticity fields of each flow
representation measured by PIV. Different vortex characteristics such as vortex size
and circulation, trajectories and mean convection velocities have been determined and
can be used for a better understanding of the underlying phenomena.

For some general aspects of wavelet analysis the interested reader is referred to the
short introduction of wavelet analysis for data processing by Schram et al. (2004),
although the vortex detection scheme used here differs from that used by Schram et al.
(2004) in that the absolute value of the vorticity field is used to detect the vortices
instead of the enstrophy field.

The wavelet transform of a signal (Ψlx′ |f ) is given by the convolution of the signal
f (x) and the wavelet family Ψlx′:

〈Ψlx′ |f 〉 =

∫
Rn

f (x)Ψ ∗
lx′(x)dnx, (2.1)

where Ψ ∗ denotes the complex conjugate of Ψ , x ′ the position and l the scale of the
wavelet.

The wavelet transform was applied to the vorticity:

ωz =
∂v

∂x
− ∂u

∂y
, (2.2)

where u and v denote the velocity components in the x-direction and the y-direction,
respectively. Moreover, ωz was obtained via a central-difference scheme (Raffel et al.
2007). The vorticity is generally a well-suited basis for detecting vortices, since vortices
are regions of high vorticity. Furthermore, the vorticity is a Galilean invariant. Its
major drawback is the appearance of high vorticity not only in regions of swirling
motion, i.e. the vortices, but in regions of high shear rates as well, i.e. in the shear
layer along the cantilever plate. In the flow fields studied here, both vortices and
shear layers are present, and it is difficult to differentiate between them by applying
a simple threshold criterion. In the study of Kim et al. (2004) spatial-weighting
functions were used to filter the vorticity. In the present study, the λ2-criterion, as
proposed by Jeong & Hussain (1995), has been used in order to distinguish between
the coherent structures and the shear layer at the cantilever plate. This criterion is
based on the second highest eigenvalue λ2 of the velocity gradient tensor. If the
λ2-criterion is satisfied, i.e. for λ2 < 0, a vortex is expected, since the rotational part
of the velocity gradient tensor is larger than the one due to deformation. In the shear
layer, where the vorticity is due to deformation, λ2 is positive. Using the λ2-criterion
as the filter function allows the extraction of the vortices from the shear layers:

ωz =

{
ωz if λ2 < 0,

0 if λ2 � 0.
(2.3)

Kim et al. (2004) showed that the vorticity distribution of the phase-averaged vortices
for this flow is very similar to the vorticity distribution of Lamb–Oseen vortices. The
vortex detection algorithm can therefore be calibrated with the theoretical model of
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the Lamb–Oseen vortex defined as follows:

uφ (r) =
Γ

2πr

[
1 − exp

(
r2

2σ 2

)]
, (2.4)

ω (r) =
Γ

2πσ 2
exp

(
−r2

2σ 2

)
, (2.5)

where uφ denotes the tangential velocity, Γ the circulation and σ the size of the
vortex. The size of the vortex core, Dc, is usually defined by the maximum of the
tangential velocity and can be determined to be Dc = 3.17σ for the Lamb–Oseen
vortex. The wavelet coefficient for a Lamb–Oseen vortex is now defined to be

〈Ψl |ω〉 = 2π

∫ ∞

0

Γ

2πσ 2
exp

(
−r2

2σ 2

)
︸ ︷︷ ︸

ω

1

l

(
2 − r2

l2

)
exp

(
− r2

2l2

)
r︸ ︷︷ ︸

Ψl

dr (2.6)

which gives after some algebra the derivative of the scale as

∂ 〈Ψl |ω〉
∂l

= −2Γ l2(l2 − 3σ 2)

(l2 + σ 2)3
(2.7)

and therefore a maximum for l/σ =
√

3. Using this relation it is possible to associate
a certain vortex core diameter with the maximum wavelet coefficient. For the details,
the interested reader is referred to Cierpka, Weier & Gerbeth (2008).

It has to be mentioned that a criterion has been used to ensure that a detected
structure is indeed a vortex. The absolute value of the wavelet coefficient depends on
the size of a vortex and its strength. The ratio between the detected wavelet coefficient
and the theoretical one, β , can be calculated on the basis of the vorticity at the centre
of the structure. In the following, the β-criterion for a valid vortex is required to have
at least an 80 % agreement between the Lamb–Oseen vortex model and the detected
structure.

In order to have the best possible choice for the wavelet scales l, the algorithm
calculates the size of possible structures in advance by calculating an equivalent
diameter of connected regions of negative λ2. The range for the wavelet scales is
then adjusted to cover the smallest and largest equivalent diameters. This method can
decrease the computational time and enhance the accuracy of the algorithm, since
the range is adjusted if necessary, for situations in which the sizes of the vortices may
vary. The vortices increase in size for further downstream coordinates. To ensure an
accurate detection, larger wavelets, i.e. a larger-scale parameter l in (2.7), are needed.
For the present study the range for the wavelet scales has been set to 200 discrete l

and is updated for every vector field processed. The final procedure is now to read
a vector field, calculate the vorticity and apply the λ2-filter. The estimation of the
size of possible structures gives the range of wavelet scales. According to this, the
wavelets are then calculated. The practical implementation of the convolution in (2.1)
has been done using a two-dimensional fast Fourier transform of the vorticity field
and the wavelets. Their multiplication and a final back transformation yields the
fields of wavelet coefficients for each scale. The maxima among the scales are then
determined, and the reliability criterion is applied. If a structure is identified to be a
vortex, certain flow variables are extracted and stored for further analysis.
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2.4. Proper orthogonal decomposition

POD has been applied to decompose the velocity and vorticity fields. The POD
method was introduced in the field of fluid mechanics by Lumley (1967). An overview
of the method and its possible applications can be found, e.g. in Berkooz, Holmes &
Lumley (1993). The method has become widely used for the identification of coherent
structures (Hilberg, Lazi & Fielder 1994; Bonnet et al. 1998; Delville et al. 1999) and
low-order modelling of turbulent flows (Holmes et al. 1997; Smith, Moehlis & Holmes
2005; Bourguet & Braza 2007; Siegel et al. 2007). Especially in connection with PIV
data the method helps to reveal characteristic flow features (Bernero & Fiedler 2000;
Braud et al. 2004; Kostas, Soria & Chong 2005).

The basic idea is to find an approximation of the function f ,

f (x, y, t) ≈
K∑

k=1

ak(t)Φk(x, y), (2.8)

which is exact for K = ∞. The (POD) basis functions Φk (x, y) are chosen to be
orthonormal and as good as possible for each K in a least-squares sense (Cordier &
Bergmann 2003). Considering that f (x, y, t) is a flow variable, measured at Nt instants
of time, (2.8) results in finding basis functions that fulfil

min

Nt∑
i=1

∥∥∥∥∥f (x, y, ti) −
K∑

k=1

(f (x, y, ti) , Φk (x, y)) Φk (x, y)

∥∥∥∥∥
2

2

, (2.9)

where ‖.‖2 is the L2 norm and (., .) the inner product of two quantities. Using velocity
distributions as input, the resulting POD modes Φk(x, y) are an optimal decomposition
in terms of kinetic energy. The POD modes used in the current paper are based on
both the velocity u, v and the vorticity ωz. Taking the vorticity as input, the resulting
modes are optimal in terms of enstrophy and highlight regions of strong momentum
transfer in the flow (Weier, Cierpka & Gerbeth 2008). Additionally, Kostas et al. (2005)
have shown that for some flows the convergence of vorticity-based POD modes is
prior to that of velocity-based modes. By correctly ordering the measured quantities
into a matrix A, the problem can be solved by singular-value-decomposition routines
provided in standard libraries. To decrease the numerical effort we have followed the
snapshot method as proposed by Sirovich (1987). By pre-multiplying the matrix of
the measurements, A, with its transpose, one ends up with the eigenvalue problem

AT Aν = λν, (2.10)

where λ are the eigenvalues and ν the eigenvectors of AT A. The POD modes can be
calculated using

Φk =
1√
λk

Aνk. (2.11)

Eigenvalue routines of Matlab were used to determine the POD modes for this
investigation.

3. Results
3.1. Fluctuating flow at constant phase

In order to investigate the highly turbulent flow structures induced by periodic
actuation, a phase-averaged technique, where measurements at many different times
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Figure 5. (Colour online) (a) Phase-averaged flow field plotted on top of average vorticity
and (b) phase-averaged flow field plotted on top of the r.m.s. value of the vorticity fluctuation
on the centre plane (z/b = 0) for φ = 0◦ and Reh = 126.

but at the same phase are averaged together, is surely a good first approach. The
fluctuating quantities in each phase-averaged flow field which are obtained as root-
mean-square (r.m.s.) values can be calculated for each phase from the measurements,
but the significance of areas of high r.m.s. versus those of low r.m.s. can be difficult to
determine. Especially in case of vortex-dominant flows, where each vortex is spatially
scattered, even at the same driving cantilever phase, the peak vorticity in each phase-
averaged flow field is underestimated, which makes the fluctuating quantities decrease
rapidly, and the clear shapes of the scattered vortices coalesce into a single weak
time-averaged vortex. In order to show the highly spatially fluctuating vortex flow
field clearly, the wavelet analysis technique of phase-averaged flow fields is necessary,
which instead indicates the distribution of vortex centre locations, as well as their
sizes and magnitudes.

Figure 5 represents the phase-averaged distribution of vorticity and its r.m.s. value
on the centre plane (z/b = 0) for φ = 0◦ and Reh = 126. The flow structure shows
clearly a pair of counter-rotating vortices near the moving fan. As indicated, the r.m.s.
fluctuating vorticity field is similarly shown in figure 5(b), but the spatially fluctuating
vortices are not clearly identified.

Figure 6 shows at each phase angle the spatial distribution of the vortex core
locations (circle centres) and their sizes (circle diameters) for each of the 66
instantaneous velocity fields that comprise the phase-averaged flow field for each
phase angle. The birth and travel of the counter-rotating vortices near the tip as well
as the breakdown of the vortices further downstream are clearly visible. While the sizes
of all vortex families at each phase angle are similar in magnitude, the locations of
the vortex cores are scattered, suggesting an irregular motion of the vortex structures.
The principal direction of the scattered vortex centres, which is calculated by finding
the straight line that fits best to all the vortex centre locations for each vortex family
at each phase angle, has a strong dependence on the phase angle or, equivalently,
the distance downstream of the cantilever tip. When a vortex starts to form near the
cantilever tip, the principal direction is almost completely parallel to the y-axis; that
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Figure 6. (Colour online) Spatial distribution of the vortex cores and their sizes for each of
the 66 instantaneous velocity fields comprising each phase of the cantilever deflection on the
centre plane for Reh = 126. The circles represent the sizes and locations of each vortex core;
the dash-dotted lines denote the principal direction of the vortex core scatter.
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Figure 7. The principal direction of the vortex core scatter as a function of distance from
the tip. The filled symbols represent counterclockwise vortices and the open symbols clockwise
vortices. The principal direction θ is defined as shown in figure 6.

is, Θ is approximately 0◦. As the vortex travels downstream, the principal direction
gradually changes to become parallel to the x-axis. This variation of the principal
direction is also shown graphically in figure 7. In the figure, |θ | = 0◦ occurs near
the cantilever tip (y/h0 = 0), and it increases monotonically in the downstream
direction, finally reaching approximately 90◦ at the location of vortex breakdown,
around y/h0 = 5.

The other limitation of a phase-averaged flow analysis is underestimating the peak
vorticity magnitude in a spatially fluctuating vortex flow. As shown in table 1 for
clockwise (CW) and counterclockwise (CCW) rotating vortices, the peak vorticity
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φ = 0◦ φ = 45◦ φ = 90◦ φ = 135◦ φ = 180◦ φ = 225◦ φ = 270◦ φ = 315◦

Dc/h0
CCW 1.26 1.42 1.70 1.73 1.98 2.30 2.76 –
CW 2.05 2.35 2.55 1.28 1.30 1.80 1.82 1.98

dcave/h0
CCW 1.13 1.31 1.48 1.63 1.62 1.90 2.33 1.12
CW 1.87 2.13 2.28 1.03 1.34 1.72 1.71 1.72

dcstd/h0
CCW 0.18 0.09 0.24 0.18 0.18 0.26 0.48 0.37
CW 0.15 0.26 0.28 0.29 0.17 0.14 0.20 0.23

Table 3. Vortex core size at each phase of the cantilever deflection for centre plane and
Reh = 126: Dc, vortex core size at the phase-averaged flow field; dcave , average value of the
vortex core sizes at each flow field; dcstd , standard deviation of the vortex core sizes at each
flow field.

extracted from the phase-averaged flow fields (ΩP ) is lower than the averaged values
of the instantaneous peak vorticity (ωP,ave) at all phase angles. The standard deviation
of the peak vorticity at each phase angle (ωP,std ) is quite small. For instance, ωP,std is
only 9–11 % of ωP,ave for φ = 0◦, while ΩP is 81–82 % of ωP,ave , meaning that a two-
standard-deviation 95 % confidence interval does not cover the difference between
the two values. Similarly, the overestimation of vortex core size in the phase-averaged
flow field can be seen in table 3. Vortex core sizes for the phase-averaged flow field
(Dc) are considerably larger than the averaged value of the instantaneous vortex core
sizes at each phase angle (dcave). In addition, the standard deviation of the vortex
core size at each phase angle (dcstd ) is also comparatively small. For the study of
vortex-dominant flows, averaging the instantaneous vortex data is necessary for the
correct identification of the shedding mechanisms and gives more reliable results than
averaging of the flow fields and the later estimation of the vortex characteristics.
Since the positions of the individual vortices do not coincide within the instantaneous
vector fields for the same phase, their strength will be smeared according to the
probability of the different locations in the individual vector fields. The averaging of
instantaneous vortex data does not underestimate the strength and size of the vortices
and gives statistically correct results.

As shown by these results, the individual vortex characteristics – such as the
location, size and magnitude of each vortex – provide the detailed topology of
spatially fluctuating vortices at each phase, which is an essential information in the
study of any periodic flow.

3.2. Vortex development in the downstream direction

The wavelet algorithm gives the position and characteristic of every vortex in the
instantaneous velocity data set. Approximately three vortices are present at any given
time in the measurement region of each vector field. To study the effect of phase
averaging on the trajectories of the vortices, the vortex core locations calculated from
the phase-averaged flow fields were compared with the locations found by averaging
each instantaneous vortex centre location over that same phase angle. Further, the
instantaneous vortex core locations were compared with both of the averaged values.
For the spatial averaging, the downstream coordinate y was chosen. The average
y-position was obtained by sorting all available vortex data, separately for CW and
CCW vortices, with increasing y-coordinate. The y-coordinate was then divided into
bins having a width of 32 pixels, which corresponds to two times the grid resolution,
and the mean vorticity and vortex core size of the data in a certain bin were calculated.
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Figure 8. (Colour online) Trajectories of the vortex cores for the centre plane and Reh = 126.
The circles represent the location of each vortex core; the squares represent the averaged
location of the vortex cores; and the triangles represent the location of the vortex cores of
the phase-averaged flow fields. The filled symbols denote CCW vortices and the open symbols
CW vortices.

As shown in figure 8, the mean trajectory of the vortex cores obtained from the phase-
averaged flow fields follows well the averaged path of the vortices. Figure 9(a,c,e)
plots the peak vorticity and and figure 9(b,d,f ) the core size of each instantaneous
vortex over the range of different Reynolds numbers tested. Clearly, the general trend
is that the strength of each vortex is decreasing with increasing downstream position.
In the figure, the vortex strength and size of the phase-averaged flow fields are also
shown. These values also agree with the generally decreasing trend. Careful inspection
of the figure reveals that the maximum vorticity in all cases occurs in the range of
0 < y/h0 < 1 – slightly downstream of the cantilever tip. From that point the vorticity
decreases monotonically in the downstream direction, while the vortex size increases.
With the increasing downstream position, the vortices break down until eventually
no vortex can be detected. As discussed earlier, the vorticity in the phase-averaged
flow is known to be underestimated. The more widely scattered the instantaneous
vorticity values (ωP , dc), the larger the difference between the averaged instantaneous
vorticities of each vortex (ωP,ave, dcave) and the vorticity from the phase-averaged flow
(ΩP , Dc).

While figure 9 shows the scatter of instantaneous vortex strengths, figure 10 shows
the trajectories of averaged instantaneous vortex locations for the three Reynolds
numbers explored in this paper. There is a clearly observed relationship between not
only the inclined vortex trajectory and the strength of the averaged vorticity (ωP,ave

and ΩP ) but also the inclined vortex trajectory and the strength of the degree of
scattering of the instantaneous vorticity (ωP ). The trajectories of the vortex cores at
Reh = 126 and 146 are slightly inclined to the left (−x-direction). In figure 9(c–f ), the
strength of the averaged vorticity (ωP,ave and ΩP ) of CCW vortices is seen to be greater
than that of CW vortices. Moreover, the degree of scattering of the instantaneous
vortex strength (ωP ) at each y/h0 position is larger for CCW vortices for the two
slightly inclined flows. Consequently, the vorticity calculated from the phase-averaged
flow will considerably underestimate the vorticity as calculated from the averaged
instantaneous vorticity for CCW vortices. For Reh = 101, the trajectories are nearly
vertical, and the degree of scatter is smaller. Further, the difference in strength between
CCW and CW vortices is considerably smaller. Nonetheless, the vorticity calculated
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Figure 9. (Colour online) Growth and decay of each vortex on the centre plane: (a, c, e) peak
vorticity; (b, d, f ) vortex core size. The Reynolds number values are Reh = (a, b) 101, (c, d ) 126
and (e, f ) 146. The small circles represent the instantaneous vorticity; the squares represent
averaged instantaneous vorticities; and the triangles represent vorticities of phase-averaged
flow fields. The filled symbols represent CCW vortices and the open symbols CW vortices.

from the phase-averaged flow still underestimates the vorticity calculated by averaging
the instantaneous vorticity.

The difference in strength between CCW and CW vortices suggests that the jet
flow produced by the cantilever is asymmetric. As Kim et al. (2004) discussed,
these asymmetric flows could be formed by a slight misalignment in the experimental
apparatus or slight asymmetric deflection of the cantilever plate due to the asymmetric
geometry of the cantilever itself. The piezoelectric material is attached on only one side
of the thin metal plate. This asymmetric geometry causes slightly distorted harmonic
motion of the cantilever tip as shown in figure 3.
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Reh Kinetic energy (%) Enstrophy (%)

101 42 16
126 43 16
146 41 15

Table 4. Fraction of energy contributed by the mean flow to the total energy. The energy in
the region of −1.6 < y/h0 < 8.4 and −4 < x/h0 < 4 is considered.
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Figure 10. (Colour online) Trajectories of the vortex cores as calculated by averaging the
instantaneous vortex centres on the centre plane for different Reynolds numbers. The filled
symbols represent CCW vortices and the open symbols CW vortices.

3.3. Mean flow fields and POD analysis

The net effect of each vortex can be shown by averaging each flow field over a period
of cantilever oscillation. The averaged flow forms a pseudo-jet with a pair of counter-
rotating vortices standing just downstream of the cantilever tip. Figure 11 shows an
overlaid mean velocity field for the centre plane (z/b = 0) for all three Reynolds
numbers measured: Reh = 101, 126 and 146. It may be noted that a high downstream
jet is formed in between the trajectory of the phase-averaged vortex cores. The jet is
collimated, seemingly confined, in the y-direction up to a distance of y/h0 = 4 from
the tip and spreads rapidly after y/h0 = 4.

The contribution of energy in the mean flow field to the total energy contained in
the flow is an indicator of the complexity of the fluctuating flow. Table 4 shows the
fraction of the energy in the mean flow relative to the total energy in the fluctuating
flow. Both kinetic energy and enstrophy are listed in the table in the same manner
as used by Kostas et al. (2005) for quantifying the fluctuation in a backward-facing
step. For all Reynolds numbers the mean flow contributes less than 50 % of the total
flow energy. Around 60 % of the total energy is due to oscillations, indicating highly
fluctuating flow. The contribution of mean enstrophy to the total flow enstrophy is
much lower – only 15–16 % – suggesting that vigorous vortical motion appears in
the field of investigation.

For a detailed analysis of the fluctuating flow, a POD analysis has been applied to
the vector fields and the vorticity fields for the different Reynolds numbers explored.
The relative contribution of each POD mode to the fluctuating enstrophy, which is
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Velocity Vorticity

Mode i
Σi

1Ei

Etot

(%)
Ei

Etot

(%)
Σi

1Ei

Etot

(%)
Ei

Etot

(%)

1 19.2 19.2 19.6 19.6
2 33.0 13.9 33.3 13.7
3 34.9 1.8 37.4 4.1
4 37.4 2.5 40.5 3.2
5 40.6 3.2 43.0 2.4
6 41.1 0.5 45.2 2.2
7 41.8 0.7 46.9 1.7
8 43.7 2.0 48.5 1.6
9 44.8 1.0 49.8 1.4

10 45.7 0.9 51.0 1.2

Table 5. Cumulative and modewise contributions to the total enstrophy at the centre plane
at Reh = 126.
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Figure 11. Superposition of the mean velocity fields at the centre plane of z/b = 0 with
averaged vortex locations. The diamonds represent Reh = 101, the circles Reh = 126 and the
squares Reh = 146.

the total enstrophy minus the mean flow enstrophy, is reflected in the the eigenvalues
for the vorticity-based modes. The modes of the velocity fields are optimal in energy,
and the eigenvalues reflect the modal contribution of the fluctuating energy. To
make a comparison on the same basis between the modes by both approaches,
the corresponding vorticity field was obtained by the reconstructed velocity modes.
The enstrophy related to each velocity mode can now be calculated from this
corresponding vorticity field (Kostas et al. 2005). The normalized fraction of the
enstrophy content and the cumulative fraction of the enstrophy content by each
mode for both approaches are listed in table 5 for the first 10 modes. The enstrophy
content of mode i is denoted by Ei; the total sum for mode 1 to i is denoted by
Σi

1Ei; and the total sum for all modes is denoted by Etot . It is observed that the most
significant amount of the fluctuating enstrophy is contained in the first two modes; the
enstrophy decreases rapidly with the increasing mode number. Starting from mode 3,
the vorticity-based modes seem to occur pairwise with an almost equal enstrophy

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/S

00
22

11
20

10
00

53
18

 P
ub

lis
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/S0022112010005318


600 Y.-H. Kim, C. Cierpka and S. T. Wereley

content. The total contribution of the first 10 velocity modes to the enstrophy is 46 %
and is lower than for the vorticity-based modes by 51 %.

Since the content of fluctuating enstrophy is very high, by 85 % according to table 4,
and since the vorticity modes represent vortex-dominant flow structures better than
the velocity modes (Kostas et al. 2005), in figures 12 and 13 the spatial distribution of
the first four vorticity modes Mw1-4 are presented together with the mean vorticity
and the mean flow vectors for all three Reynolds numbers considered. The POD
modes of periodic flow phenomena often occur pairwise (Siegel et al. 2007; Tinney &
Jordan 2008). The spatial distribution of modes 1 and 2, as well as that of modes 3
and 4, indicates a relation among them.

As the first mode contains the highest enstrophy, it is likely to represent the place
where the vortices are at the highest energy. In the region close to the cantilever tip
the momentum transfer from the quiescent surrounding fluid to the pseudo-jet flow
is at its highest value. This is found near the cantilever tip at around y/h0 = 0.7 for
the left side and y/h0 = 0.4 for the right side. The location of high values in the
first mode is in good agreement with the position at which the maximum vorticity
is found as shown in figure 9. At this position the evolving vortices are shed from
the shear layer on the cantilever plate and start to move further downstream. The
wavelength in space of mode 1 is approximately 5 in the y/h0-direction. It may be
observed that this wavelength is almost the same as the distance between the CCW
vortex near the tip and that of the previous cycle at φ = 0◦, located at the left side
where x/h0 < 0, as shown in figure 6. The first mode shows a symmetric pattern
along the line of x/h0 = 0, while the mean flow shows two counter-rotating flows
having skew-symmetric vortices.

The mean flow affected by this mode may have alternative vortex flow patterns
similar to a phase-averaged flow at φ = 0◦ as shown figure 5. The positive
values near (x/h0, y/h0) = (−1.3, 0.7) in the first mode and the negative ones
near (x/h0, y/h0) = (1.3, 3.0) make the vorticity in the mean flow stronger, while
the negative values near (x/h0, y/h0) = (−1.7, 3.3) and the positive ones near
(x/h0, y/h0) = (1.3, 0.4) make the vorticity in the mean flow weaker. For the
second mode, the position of high momentum transfer is shifted roughly one quarter
wavelength in space in the downstream direction and represents the entrainment of
fluid due to the downstream motion of the vortices. Nevertheless regions of high
momentum exchange occur close to the tip of the cantilever and even in between the
positions of the fully deflected cantilever. This indicates that the direct movement of
the cantilever also produces vorticity and contributes to the mean flow for y/h0 < 0.
This feature first occurs in the the second mode, which contributes by 13 % to the
total enstrophy compared with 20 % of mode 1. The more dominant process to
feed the pseudo-jet is therefore the shedding of the vortices at the cantilever tip as
indicated in mode 1. Similar to the first mode, the wavelength, in the y/h0-direction,
of the second mode is almost the same as the distance between the CCW vortex near
the tip and that of the previous cycle at φ = 315◦. The third and fourth modes occur
pairwise with approximately the same contribution to the total enstrophy (∼4 %).
Such a pairwise occurrence of POD modes is typical for bluff body wakes, even for
the first modes. Since this is not the case here, the phenomenon related to active
vortex generation due to the moving cantilever plate differs significantly from a wake
flow with passive vortex shedding. Additionally, modes 3 and 4 are much weaker
than modes 1 and 2. However, the wavelength is half of those for the first and
second modes. In case of Reh = 101, which has a symmetric mean flow as shown
in figure 13(d,e), the mode shape shows a skew-symmetric pattern along the line of
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Figure 12. (Colour online) (a–c) Mean vorticity field, (d–f ) POD mode 1 and (g–i ) POD
mode 2. The Reynolds number values are Reh = (a, d, g) 101, (b, e, h) 126 and (c, f, i) 146.

x/h0 = 0. For the slightly inclined flows, Reh = 126 and 146, clear asymmetric mode
shapes are seen in the third and fourth modes. The fourth-mode shape is quite similar
for Reh = 126 and 146, but a clear difference is seen in the fourth mode of Reh = 101.

3.4. Three-dimensional effects in the mean trajectories

The three-dimensionality of the flow was already mentioned by Kim et al. (2004). A
complex secondary flow forms near the end plates to conserve mass. This flow can be
observed by measurements taken at positions b/z = 0.15 and 0.30. In figure 14 the
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Figure 13. (Colour online) (a–c) POD mode 3, (d–f ) POD mode 4 and (g–i ) fluctuation of
the vorticity. The Reynolds number values are Reh = (a, d, g) 101, (b, e, h) 126 and (c, f, i) 146.

averaged flow fields and vorticity, together with the averaged vortex centre locations,
are given for Reh = 126.

On the left side the velocity field and vorticity distribution form the aforementioned
pseudo-jet. The closed symbols show the CCW vortex locations; the open ones
show the CW vortex locations. In the centre plane (z/b = 0) the evolving vortices
move along the shear layers, as highlighted by the vorticity distribution. Two large
rolls are formed to feed the pseudo-jet from a region upstream of the cantilever
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Figure 14. (Colour online) Average vorticity distribution and streamlines for different planes
in the z-direction at Reh = 126: z/b = (a) 0, (b) 0.15 and (c) 0.3. The vortex trajectories, given
by the symbols, are overlaid and show clearly the three-dimensional effects. The filled symbols
represent CCW vortices and the open symbols CW vortices.

tip. With increasing distance from the centre plane these two rolls become smaller.
In the case of z/b = 0.15, the trajectories of the vortices seem to bend into the
middle at around x/h0 = 0 and y/h0 = 5. This effect becomes much clearer for
b/z = 0.30. The vortex trajectories even shift from one side to the other. They
intersect at x/h0 = 0 and y/h0 = 3. The flow topology differs significantly from the
one at the centre plane. In addition to the very small rolls that feed the pseudo-jet
near (y/h0 = 1), two rolls of the opposite sense of rotation can be observed at
around y/h0 = 5 with the vorticity distribution which changes sign at y/h0 ≈ 3.5.
The two counter-rotating rolls generate reverse flow, which can also be confirmed
in the flow measurement on the plane of x/h0 = 0 as shown in figure 15. The
boundary between the pseudo-jet and the reversed flow (top to bottom) coincides
with the intersection points of the vortex trajectories z/b = 0.15 and y/h0 = 5 and
z/b = 0.3 and y/h0 = 3. Because of the influence of the end plate at z/b = 0.50,
the flow near the end plate is decelerated. This forces the vortices to move into the
centre and further on, owing to their own sense of rotation. In that case the averaged
trajectories show that the vortices from the left side move to the right side and vice
versa. The magnitude of these vortices is lower than that close to the jet, but they
are still recognizable as vortices. The vortex trajectories of the phase-averaged flow
would hide this phenomenon.

4. Conclusion and outlook
The present study showed the flow characteristics induced by a vibrating cantilever

plate, using a wavelet-based vortex analysis and the POD method. Phase-averaging
often hides flow features for a vortex-dominant cyclic flow with one predominant
frequency, since the fluctuations are smeared out. However, analysing individual
vortex information such as the size, strength, distribution and position of each
vortex, acquired by the wavelet analysis from phase-locked measurements, provides
the detailed topology of the spatially fluctuating vortices at each step as well as the
details of the flow generation process. The POD analysis provides an efficient method
to describe the net effect of the flow without phase information. The general flow
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Figure 15. Spanwise flow measured on the plane of x/h0 = 0 for Reh = 126.

generation process of the cyclic flow is described well with mean flow and the first
two POD modes. At higher modes clear differences are observed in the flows which
are seen to be quite similar in the averaged flow fields.

A detailed numerical study with higher temporal resolution is needed to reveal all
the different phenomena of the flow. The same methods as those presented here can
be used to investigate the numerical data and will allow for comparison. Once the
validity of the numerical model is proven, different parameters such as the cantilever
length, frequency and chamber geometry can easily be simulated. Furthermore, the
system can be optimized.
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