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A second-order instability analysis has been performed for sinuous disturbances on
two-dimensional planar viscous sheets moving in a stationary gas medium using a
perturbation technique. The solutions of second-order interface disturbances have been
derived for both temporal instability and spatial instability. It has been found that the
second-order interface deformation of the fundamental sinuous wave is varicose or
dilational, causing disintegration and resulting in ligaments which are interspaced by
half a wavelength. The interface deformation has been presented; the breakup time
for temporal instability and breakup length for spatial instability have been calculated.
An increase in Weber number and gas-to-liquid density ratio extensively increases
both the temporal or spatial growth rate and the second-order initial disturbance
amplitude, resulting in a shorter breakup time or length, and a more distorted surface
deformation. Under normal conditions, viscosity has a stabilizing effect on the first-
order temporal or spatial growth rate, but it plays a dual role in the second-order
disturbance amplitude. The overall effect of viscosity is minor and complicated. In
the typical condition, in which the Weber number is 400 and the gas-to-liquid density
ratio is 0.001, viscosity has a weak stabilizing effect when the Reynolds number is
larger than 150 or smaller than 10; when the Reynolds number is between 150 and 10,
viscosity has a weak destabilizing effect.

Key words: nonlinear instability, thin films, waves/free-surface flows

1. Introduction
The instability of planar liquid sheets has a wide range of applications, such

as spray combustion, agricultural sprays, film coating chemicals, pharmaceutical
processing and more. Hence a good understanding of the physical mechanism of the
breakup is essential for implementation of the practical systems involved. The intrinsic
scientific value of the fluid instability is also of great importance. For these reasons,
liquid sheet stability has been studied extensively in various aspects by numerous
researchers.

The linear instability of thin liquid sheets was first studied by Squire (1953).
He investigated the temporal stability of inviscid sheets for the sinuous mode and
concluded that the sheet is unstable only when the Weber number is larger than one.
He also studied the case when the wavelength is very long compared to its thickness.
From this study he found the wavelength for maximum instability. Hagerty & Shea
(1955) showed that for inviscid sheets in a linear analysis, only two modes of interface
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deformation can exist, i.e. sinuous (antisymmetric) waves and varicose or dilational
(symmetric) waves. They also compared the theoretical predictions with experiments.
Lin, Lian & Creighton (1990) studied the convective and absolute instability of liquid
sheets by analysing the response to impulse, and concluded that with the ambient
gas in the sinuous mode, the sheet is convectively unstable when the Weber number
is larger than one; but when the Weber number is smaller than one, the sheet is
absolutely unstable, while it is always convectively unstable in the varicose mode.
The instability of viscous sheets was first studied by Dombrowski & Johns (1963). A
drop-sized equation was derived and compared with experimental values. Lin (1981)
investigated the stability of a viscous curtain falling down steadily under the influence
of gravity. It was found that only the spatially growing sinuous disturbances whose
group velocity points upstream are unstable; the group velocity is in the upstream
direction only when the Weber number exceeds 1/2. Li & Tankin (1991) studied the
temporal instability of viscous sheets. It was shown that, for sinuous waves, viscosity
reduces instability at large Weber numbers but enhances instability at small Weber
numbers. The result of a study by Li (1993) showed that the viscosity also reduces
the instability at large Weber numbers but plays a dual role at small Weber numbers.
The effect of co-flow ambient gas was investigated by Tammisola et al. (2011). Both
the theoretical prediction and experimental results showed that increasing the velocity
of ambient gas first stabilizes and then destabilizes the sheet; this conclusion offers
a method for stabilizing the sheets using co-flow gas streams in paper making. The
compressibility of ambient gas was studied by Li & Kelly (1992) for inviscid sheets
and Cao & Li (2000) for viscous sheets. It was shown that gas compressibility
enhances instability.

The studies cited above employed linear analysis to study the instability; linear
analysis predicts the onset of sheet instability and shows whether the sheet is stable
or unstable, convectively unstable or absolutely unstable. By comparing the temporal
or spatial growth rate, the extent of the instability can also be estimated. The linear
theory is relatively mature and has been applied broadly; however, linear analysis
cannot predict the detailed evolution of the disturbances and the process leading to
the eventual breakup. For planar liquid sheets especially, the most unstable mode
is the sinuous mode, but it cannot explain why a sheet breaks up, since the two
gas–liquid interfaces remain a constant distance apart during wave growth. Crapper,
Dombrowski & Pyott (1975) conducted experiments showing large waves on liquid
sheets. The experimental results proved that the linear instability theory is inadequate
and they developed a preliminary theory for large-amplitude waves on liquid sheets.
Asare, Takahashi & Hoffman (1981) also found deviation between the linear theory
and experimental observations for higher forcing frequencies and at larger downstream
positions, where the wave amplitude appeared to saturate just before breaking up.
Therefore, further mechanism of sheet disintegration requires nonlinear analysis.

For capillary waves on inviscid sheets in a vacuum, an exact nonlinear solution was
found by Kinnersley (1976), using the assumption that each streamline within the fluid
could be a free surface if the fluid above is removed; this was a generalization of
Crapper’s (1957) exact solution for capillary waves on fluid of infinite depth. Hogan
(1986) studied the exact criteria for the highest capillary waves on liquid sheets and
presented the profile for both sinuous and varicose waves. He also revised Kinnersley’s
(1976) study by providing the correct definition of the phase speed of capillary waves.
Their exact solutions are straightforward and accurate. However, because the waves
they considered are steady and periodic in space, they are not necessarily the cause of
the instability.
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The modulational instability of inviscid sheets in a vacuum was studied by
Matsuuchi (1974, 1976). Assuming weak nonlinearity, Matsuuchi (1974) employed
the multiple scale expansion method and obtained the third-order solution for both
symmetric and antisymmetric waves. His analysis revealed that the wave trains of
finite amplitude are modulationally unstable. Matsuuchi (1976) further studied the
instability of symmetric waves, in which he neglected the assumption of weak
nonlinearity but introduced the long-wave approximation. By calculating the second-
order solution numerically, he concluded that the waves are remarkably unstable to a
subharmonic disturbance.

An important approach to the weakly nonlinear instability problem is the
perturbation method, in which the interface displacement η and the velocity potential
φ can be expanded in a power series of the small initial amplitude η0:

η = η0η1 + η2
0η2 + η3

0η3 + · · ·, (1.1a)

φ = η0φ1 + η2
0φ2 + η3

0φ3 + · · ·. (1.1b)

Clark & Dombrowski (1972) first studied the second-order temporal instability of
sinuous waves on inviscid sheets. It was found that the first harmonic of the linear
sinuous mode is dilational, which causes the thinning and subsequent rupture of
sheets. They used the solution to calculate the breakup length of an attenuating sheet
and theoretical predictions were compared with experiments. Jazayeri & Li (2000)
extended the perturbation of inviscid sheet instability analysis to third order and found
that the second harmonic of a sinuous wave is again sinuous, making the interface
more distorted. The effects of various parameters have been discussed and the interface
deformations for temporal and spatial mode have been derived. Lee (2002) made a
third-order analysis of the instability of a planar sheet stressed at the surface by an
electric field. The surface deformation and breakup time have been derived.

Mehring & Sirignano (1999) investigated the capillary wave distortion and
disintegration of inviscid sheets. The two-dimensional problem was reduced to a
one-dimensional problem by means of the long-wave asymptotic. A second-order
exact solution for surface displacement was derived for both sinuous and dilational
waves. Comparison with fully two-dimensional nonlinear simulations shows that this
one-dimension approach provides representative nonlinear sheet dynamics for both
sinuous and dilational disturbances. A similar method was used by Yoshinaga & Kan
(2006) to study the breakup of a falling liquid sheet caused by amplified modulational
waves. Their results showed that only the sinuous mode is amplified propagating
downstream, from which the varicose mode is additionally induced. The numerical
simulation agrees well with the weakly nonlinear analysis.

The long-wave asymptotic has also been broadly applied to the instability of thin
free liquid sheets or films caused by temperature difference or van der Waals forces. In
these studies, the viscosity of liquid has been included. Yoshinaga & Uchiyama (2001)
and Yoshinaga & Yoshida (2003) studied the behaviour of a viscous sheet in a vacuum
subject to a temperature difference between two surfaces. The surface tension and
viscosity were assumed to be a linear decreasing function of the temperature, causing
the thermocapillary effect. Results showed that the sheet becomes unstable when the
temperature difference is above a certain critical value, and temperature dependence
of viscosity enhances instability. Prévost & Gallez (1986), Erneux & Davis (1993),
Sharma et al. (1995) and Vaynblat, Lister & Witelski (2001) studied a free viscous
film subject to van der Waals attractions. Results showed that the van der Waals
forces lead to the rupture of the liquid film and the nonlinear effect contributes to
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the acceleration of the rupture phenomenon. The effect of surfactant on the nonlinear
rupture of liquid films has been examined by De Wit (1986), Hwang, Chen & Shen
(1996) and Lin, Hwang & Uen (2000). Their studies showed that the surfactant has a
stabilizing effect and the liquid film with insoluble surfactant is more stable than that
with soluble surfactant.

Many authors have used numerical simulations, without long-wave approximation,
to study the nonlinear instability of sheets. Rangel & Sirignano (1991) studied
the nonlinear Kelvin–Helmholtz instability of inviscid sheets using computational
simulation. Results showed that the sinuous mode can exist when the density
ratio is of the order of 1. The sinuous mode may result in ligaments which are
interspaced by half a wavelength. The varicose mode grows monotonically and
may result in ligaments interspaced by one wavelength. Tharakan, Ramamurthi
& Balakrishnan (2002) investigated the breakup of inviscid sheets in ambient air.
Conservation equations were derived using a control volume method and solved using
MacCormack’s predictor–corrector scheme. The nonlinear breakup of sheets due to
antisymmetric disturbance has been shown. Kan & Yoshinaga (2007) studied the
nonlinear instability of a planar liquid sheet with surrounding fluids between two
parallel plane solid walls by means of the discrete vortex method. Numerical results
showed that the walls enhance nonlinearity, causing deformation and distortion of the
sheet.

The previous nonlinear instability analyses of viscous sheets or films (Prévost &
Gallez 1986; Erneux & Davis 1993; De Wit, Gallez & Christov 1994; Sharma
et al. 1995; Hwang et al. 1996; Lin et al. 2000; Vaynblat et al. 2001; Yoshinaga
& Uchiyama 2001; Yoshinaga & Yoshida 2003) all used the long-wave approximation
and the ambient gas was neglected. In this paper such simplification is removed,
because in many practical situations the unstable waves on liquid sheets are not long
waves, and the ambient gas plays a vital role in sheet instability. We use a perturbation
method similar to the inviscid analysis of Clark & Dombrowski (1972) and Jazayeri
& Li (2000) and add the effect of viscosity. By solving the inhomogeneous equations,
the second-order solution for surface displacement has been derived and the wave
deformation showing the instability has been computed. We also give a detailed study
of the effect of Reynolds number to show the role played by viscosity. Here the focus
is on the extent of the instability. It can be seen that, although the sheets are all
unstable in the situations discussed, their behaviour varies considerably according to
the given parameters.

2. Governing equations
A two-dimensional incompressible liquid sheet with a uniform thickness 2a, density

ρl, surface tension σ and viscosity µ (schematically shown in figure 1) is considered.
For the basic flow, the liquid sheet moves at a uniform velocity of U through a
stationary inviscid gas medium of density ρg. The gas is assumed to be incompressible.
The gravitational effect is neglected because the sheet moves at a relatively high
velocity. The coordinates are chosen so that the x-axis is parallel to the direction of the
liquid sheet flow, and the y-axis is normal to the liquid sheet with its origin located at
the middle plane of the liquid sheet.

When the sheet is disturbed, both interfaces have a displacement and the new
location of the two interfaces becomes y∗ = a + η∗1(x, t) and y∗ = −a + η∗2(x, t). The
symbol ‘∗’ denotes that the variable is dimensional. Correspondingly, the entire flow
field is disturbed and all the parameters acquire a deviation from the base flow. To
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FIGURE 1. Schematic diagram of a moving liquid sheet.

simplify the analysis and make the result more universal, all physical parameters are
non-dimensionalized. The length, time and density are scaled with sheet thickness
a, convection time a/U and liquid density ρl. Pressure is scaled with ρlU2. The
non-dimensional Reynolds number, liquid Weber number and gas-to-liquid density
ratio used in the governing equations are defined as Re = ρlUa/µ, We = ρlU2a/σ and
ρ = ρg/ρl respectively.

For the liquid phase, the non-dimensional disturbance velocities in the x and y
directions are u and v, and the non-dimensional liquid pressure is p. Because the gas
considered is inviscid, in the gas phase it is assumed that flow is initially irrotational,
so it has a non-dimensional velocity potential φgj, where j= 1 represents the gas above
the liquid sheet and j = 2 represents the gas below. The gas phase pressure is defined
as pgj. The non-dimensionalized interface deformations are set to be ηj, where j = 1
corresponds to the upper interface and j= 2 to the lower interface.

The liquid phase must satisfy the mass conservation equation:

∂u

∂x
+ ∂v
∂y
= 0 for − 1+ η2 < y< 1+ η1. (2.1)

The equations of momentum for viscous liquid are given by

∂u

∂t
+ (1+ u)

∂u

∂x
+ v ∂u

∂y
=−∂p

∂x
+ 1

Re

(
∂2u

∂x2
+ ∂

2u

∂y2

)
for − 1+ η2 < y< 1+ η1, (2.2)

∂v

∂t
+ (1+ u)

∂v

∂x
+ v ∂v

∂y
=−∂p

∂y
+ 1

Re

(
∂2v

∂x2
+ ∂

2v

∂y2

)
for − 1+ η2 < y< 1+ η1. (2.3)

Note that ‘1’ in the term ‘1+ u’ represents the basic x direction uniform flow.
The kinematic boundary condition requires

v = ∂ηj

∂t
+ (1+ u)

∂ηj

∂x
at y= (−1)j+1 + ηj. (2.4)
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As the gas phase is inviscid, the liquid shear stress at the interface should vanish:

(nj · τ )× nj = 0 at y= (−1)j+1 + ηj, (2.5)

where nj is the interface unit normal vector and τ is the extra stress tensor:

nj = ∇Fj

|∇Fj| , Fj = y− ηj, τ = 1
Re

[
∇v+ (∇v)T] , v= (1+ u, v, 0). (2.6)

For the gas phase, the mass conservation equation is

∂2φgj

∂x2
+ ∂

2φgj

∂y2
= 0, j= 1, 2 for y> 1+ η1, y<−1+ η2. (2.7)

The pressure of the gas phase can be obtained from the Cauchy–Lagrange
integration:

pgj =−ρ
[
∂φgj

∂t
+ 1

2

(
∂φgj

∂x

)2

+ 1
2

(
∂φgj

∂y

)2
]
,

j= 1, 2 for y> 1+ η1, y<−1+ η2. (2.8)

The kinematic boundary condition for the gas phase is given by

∂φgj

∂y
= ∂ηj

∂t
+ ∂φgj

∂x

∂ηj

∂x
at y= (−1)j+1 + ηj. (2.9)

The normal stress at the interface should be continuous, so the dynamic boundary
condition requires

− p+ (nj · τ
)
·nj + (−1)j+1 1

We
(∇ ·nj)+ pgj = 0 at y= (−1)j+1 + ηj. (2.10)

Equations (2.1) to (2.10) are all the governing equations and boundary conditions
needed to describe the flow field. It is assumed that this is a weakly nonlinear problem
and all the disturbance parameters can be expanded into a perturbation form:

(u, v, p, φgj, pgj)= (u1, v1, p1, φgj1, pgj1)η0 + (u2, v2, p2, φgj2, pgj2)η
2
0 + · · ·. (2.11)

In particular, this is also valid for the interface deformation

ηj = ηj1η0 + ηj2η
2
0 + · · ·, (2.12)

where η0 is the small parameter in the perturbation expansion and here it is defined
as the initial disturbance. In the present study, the perturbation expansion proceeds to
second order. The third or higher orders are neglected; they are left to be studied in
further work.

For the equations on the disturbed boundaries, it is assumed that the parameters on
the disturbed boundaries can be expressed by a Taylor series, using their values and
derivatives on the undisturbed boundaries:(

∂φgj

∂x
,
∂φgj

∂t
, u, v, p, pgj

)∣∣∣∣
y=(−1)j+1+ηj

=
(
∂φgj

∂x
,
∂φgj

∂t
, u, v, p, pgj

)∣∣∣∣
y=(−1)j+1

+ ∂

∂y

(
∂φgj

∂x
,
∂φgj

∂t
, u, v, p, pgj

)∣∣∣∣
y=(−1)j+1

ηj + · · ·. (2.13)
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Substituting (2.11)–(2.13) into (2.1)–(2.10), collecting the terms with coefficients η0

and η2
0, the first-order and second-order equations can be obtained. The first-order

equations are given by

∂u1

∂x
+ ∂v1

∂y
= 0 for − 1< y< 1, (2.14)

∂u1

∂t
+ ∂u1

∂x
=−∂p1

∂x
+ 1

Re

(
∂2u1

∂x2
+ ∂

2u1

∂y2

)
for − 1< y< 1, (2.15)

∂v1

∂t
+ ∂v1

∂x
=−∂p1

∂y
+ 1

Re

(
∂2v1

∂x2
+ ∂

2v1

∂y2

)
for − 1< y< 1, (2.16)

v1 = ∂ηj1

∂t
+ ∂ηj1

∂x
at y= (−1)j+1, (2.17)

1
Re

(
∂u1

∂y
+ ∂v1

∂x

)
= 0 at y=±1, (2.18)

∂2φgj1

∂x2
+ ∂

2φgj1

∂y2
= 0, j= 1, 2 for y> 1, y<−1, (2.19)

pgj1 =−ρ ∂φgj1

∂t
, j= 1, 2 for y> 1, y<−1, (2.20)

∂φgj1

∂y
= ∂ηj1

∂t
at y= (−1)j+1, (2.21)

−p1 + 2
Re

∂v1

∂y
+ (−1)j

1
We

∂2ηj1

∂x2
+ pgj1 = 0 at y= (−1)j+1. (2.22)

Correspondingly, the second-order equations are

∂u2

∂x
+ ∂v2

∂y
= 0 for − 1< y< 1, (2.23)

∂u2

∂t
+ ∂u2

∂x
+ u1

∂u1

∂x
+ v1

∂u1

∂y
=−∂p2

∂x
+ 1

Re

(
∂2u2

∂x2
+ ∂

2u2

∂y2

)
for − 1< y< 1, (2.24)

∂v2

∂t
+ ∂v2

∂x
+ u1

∂v1

∂x
+ v1

∂v1

∂y
=−∂p2

∂y
+ 1

Re

(
∂2v2

∂x2
+ ∂

2v2

∂y2

)
for − 1< y< 1, (2.25)

v2 = ∂ηj2

∂t
+ ∂ηj2

∂x
+ u1

∂ηj1

∂x
− ηj1

∂v1

∂y
at y= (−1)j+1, (2.26)

1
Re

[
∂u2

∂y
+ ∂v2

∂x
+ ηj1

∂

∂y

(
∂u1

∂y
+ ∂v1

∂x

)
+ 2

(
∂v1

∂y
− ∂u1

∂x

)
∂ηj1

∂x

]
= 0

at y= (−1)j+1, (2.27)

∂2φgj2

∂x2
+ ∂

2φgj2

∂y2
= 0, j= 1, 2 for y> 1, y<−1, (2.28)

pgj2 =−ρ
[
∂φgj2

∂t
+ 1

2

(
∂φgj1

∂x

)2

+ 1
2

(
∂φgj1

∂y

)2
]
, j= 1, 2 for y> 1, y<−1, (2.29)
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∂φgj2

∂y
= ∂ηj2

∂t
+ ∂φgj1

∂x

∂ηj1

∂x
− ηj1

∂

∂y

(
∂φgj1

∂y

)
at y= (−1)j+1, (2.30)

− p2 + 2
Re

∂v2

∂y
+ (−1)j

1
We

∂2ηj2

∂x2
+ pgj2 − ηj1

∂p1

∂y
+ 2

Re
ηj1
∂2v1

∂y2

− 2
Re

(
∂u1

∂y
+ ∂v1

∂x

)
∂ηj1

∂x
+ ηj1

∂pgj1

∂y
= 0 at y= (−1)j+1. (2.31)

It can be seen that the first-order equations (2.14)–(2.22) are linear in x and t,
and they are identical to the former linear analyses presented by Lin (1981) and Li
& Tankin (1991), so they can be solved using the linear analysis method. In the
second-order equations, all the nonlinear terms involved are the first-order solutions
which will already have been solved; in this way, the second-order solution can be
obtained. The second-order solutions provide more information and make the result
more accurate.

3. Mathematical solutions
3.1. First-order solutions

The first-order equations are linear in x and t, and therefore they have the normal
mode solution

(u1, v1, p1, φgj1, pgj1, ηj1)= [û1, v̂1, p̂1, φ̂gj1, p̂gj1, η̂j1] exp [i(k1x− ω1t)]+ c.c., (3.1)

where k1 and ω1 are the first-order complex wavenumber and frequency respectively,
their real parts k1r and ω1r represent the spatial and temporal oscillation frequency and
the imaginary parts k1i and ω1i represent the spatial and temporal exponential growth
rate. The symbol ‘ ˆ ’ indicates the disturbance amplitude which is a function of y only
and specially, η̂j1 is a constant; ‘c.c.’ in (3.1) represents the complex conjugate.

The linear stability analysis investigated by Hagerty & Shea (1955) has shown
that only two modes exist for inviscid sheets, i.e. sinuous (antisymmetric) waves and
varicose (symmetric) or dilational waves. Lin (1981), Li & Tankin (1991) and Li
(1993) extended the linear analysis to viscous sheets and obtained a similar conclusion.
All their studies showed that the sinuous mode dominates for a wide range of
parameters, especially in practical situations. More importantly, the waves observed
in the experiments conducted by Tammisola et al. (2011) are sinuous. Therefore, in the
present study, it is assumed that the linear part (i.e. the first-order solutions) is sinuous.

For the sinuous mode, the upper and lower interface disturbances are the same:

(ηj1)j=1 = (ηj1)j=2, (η̂j1)j=1 = (η̂j1)j=2. (3.2)

The first-order solutions of the liquid phase for the sinuous mode can be solved to
give

û1 = il1

k1
B1 sinh l1y+ iD1 sinh k1y, v̂1 = B1 cosh l1y+ D1 cosh k1y, (3.3)

p̂1 = ω1 − k1

k1
iD1 sinh k1y, (3.4)

B1 =− 2k2
1

Re cosh l1
η̂j1, D1 = k2

1 + l2
1

Re cosh k1
η̂j1, l2

1 = k2
1 + iRe(k1 − ω1). (3.5)
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For the gas phase, the solutions are

φ̂gj1 = (−1)j+1η̂j1
iω1

k1
exp[k1 + (−1)jk1y] (3.6)

p̂gj1 = (−1)jη̂j1ρ
ω2

1

k1
exp[k1 + (−1)jk1y], (3.7)

where k1 and ω1 should satisfy the first-order dispersion relation for the sinuous mode,

Dsin (ω1, k1)= 0, (3.8)

where Dsin (ω, k) is defined by

Dsin(ω, k)=−ρω2 + k3

We
+ (l

2 + k2)
2

Re2
tanh k −

(
2

Re

)2

lk3 tanh l, (3.9)

l2 = k2 + iRe(k − ω). (3.10)

Equation (3.10) is identical to the linear analysis presented by Lin (1981), Li &
Tankin (1991) and Li (1993). For inviscid sheets, Re→∞, (3.10) reduces to that
presented by Squire (1953):

[Dsin(ω, k)]Re→∞ =−ρω2 + k3

We
− (ω − k)2 tanh k. (3.11)

The dispersion character equation for the other, varicose, mode is (Lin 1981; Li
1993)

Dvar(ω, k)=−ρω2 + k3

We
+ (l

2 + k2)
2

Re2
coth k −

(
2

Re

)2

lk3 coth l, (3.12)

l2 = k2 + iRe(k − ω) (3.13)

and for inviscid sheets (Hagerty & Shea 1955),

[Dvar(ω, k)]Re→∞ =−ρω2 + k3

We
− (ω − k)2 coth k. (3.14)

They will be used in the subsequent discussion.
The first-order linear solutions are standard and well known, and more details

can be found in the cited literature. The linear analysis predicts the onset of sheet
instability and focuses mainly on the dispersion relation. By analysing the response
to the impulse disturbance, Lin (1981) concluded that the sinuous wave of the sheet
is convectively unstable when the Weber number is larger than one and absolutely
unstable when the Weber number is smaller than one, with the ambient gas. Using
Fourier inverse transformation, the response of any disturbance can be derived. In the
present study, the focus is on only two of the most typical forms of instability, i.e.
temporal instability and spatial instability.

3.2. Second-order solutions for temporal instability
In temporal instability, it is assumed that liquid sheet is infinite, a small disturbance,
which is periodic in space, is imposed on the sheet and the disturbance increases
exponentially at the same time rate everywhere. The temporal revolution of the
sheet indicates the sheet’s instability. Therefore the wavenumber k1 is real and the
temporal frequency ω1 is complex; the imaginary part ω1i represents the temporal
exponential growth rate and causes the instability. According to the discussions above,

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
3.

50
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2013.502


258 L. Yang, C. Wang, Q. Fu, M. Du and M. Tong

it is assumed that there is a sinuous disturbance at the beginning. The initial condition
is given by

(ηj)j=1|t=0
= (ηj)j=2|t=0

= η0 cos k1x= 1
2η0 exp(ik1x)+ c.c., (3.15)

where η0 is the initial disturbance amplitude.
The second-order solutions are based on the first-order solutions. According to

the forms of first-order solutions expressed in (3.1), noticing that k1 is real and
ω1 is complex, the first-order nonlinear terms involved in second-order equations
(2.24)–(2.27) and (2.31) can be expressed in the following forms:

u1
∂u1

∂x
+ v1

∂u1

∂y
= f̂u exp[2i(k1x− ω1t)] + ĝu exp(2ω1it)+ c.c., (3.16)

u1
∂v1

∂x
+ v1

∂v1

∂y
= f̂v exp[2i(k1x− ω1t)] + ĝv exp(2ω1it)+ c.c., (3.17)

u1
∂ηj1

∂x
− ηj1

∂v1

∂y
= f̂η exp[2i(k1x− ω1t)] + ĝη exp(2ω1it)+ c.c., (3.18)

ηj1
∂

∂y

(
∂u1

∂y
+ ∂v1

∂x

)
+ 2

(
∂v1

∂y
− ∂u1

∂x

)
∂ηj1

∂x
= f̂µ exp[2i(k1x− ω1t)] + ĝµ exp(2ω1it)+ c.c., (3.19)

−ηj1
∂p1

∂y
+ 2

Re
ηj1
∂2v1

∂y2
− 2

Re

(
∂u1

∂y
+ ∂v1

∂x

)
∂ηj1

∂x
+ ηj1

∂pgj1

∂y
= f̂d exp[2i(k1x− ω1t)] + ĝd exp(2ω1it)+ c.c., (3.20)

where f̂u, f̂v, f̂η, f̂µ, f̂d, ĝu, ĝv, ĝη, ĝµ and ĝd are functions of y only. The expressions
for f̂u, f̂v, f̂η, f̂µ and f̂d are given in appendix A; the expressions for ĝu, ĝv, ĝη, ĝµ
and ĝd are not noted because they are not used to describe the interface disturbance
amplitude.

So according to the forms of the first-order nonlinear terms expressed in
(3.16)–(3.20), the second-order solutions are assumed to be

(u2, v2, p2, φgj2, pgj2, ηj2)= [û21, v̂21, p̂21, φ̂gj21, p̂gj21, η̂j21] exp[2i(k1x− ω1t)]
+ [û22, v̂22, p̂22, φ̂gj22, p̂gj22, η̂j22] exp(2ω1it)

+ [û23, v̂23, p̂23, φ̂gj23, p̂gj23, η̂j23] exp[i(2k1x− ω2t)]
+ [û24, v̂24, p̂24, φ̂gj24, p̂gj24, η̂j24] exp(−iω′2t)+ c.c. (3.21)

The first and second terms in (3.21), with subscript 21 and 22, are generated from
the first-order solutions and they have the same wavenumbers and frequencies as those
in (3.16) to (3.20). They represent the energy transfer from the fundamental first order
to second order. The third and fourth terms with subscript 23 and 24 represent the
inherent second-order instability and they correspond to homogeneous equations. ω2

and ω′2 are the second-order frequencies corresponding to wavenumber 2k1 and 0. The
wavenumbers are chosen to be the same as the terms with subscript 21 and 22 in order
to satisfy the initial condition (3.15).

The second-order disturbances with subscript 21 in (3.21) will be solved first.
Combining (2.23), (2.24) and (2.25) yields

∂2p2

∂x2
+ ∂

2p2

∂y2
=− ∂

∂x

(
u1
∂u1

∂x
+ v1

∂u1

∂y

)
− ∂

∂y

(
u1
∂v1

∂x
+ v1

∂v1

∂y

)
. (3.22)
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Substituting (3.16), (3.17) and (3.21) into (3.22), collecting the terms with
coefficient exp [2i(k1x− ω1t)] yields

d2p̂21

dy2
− 4k2

1p̂21 =−
(

2ik1 f̂u + df̂v
dy

)
= f̂p, (3.23)

where f̂p is a new variable defined in (3.23). Solving (3.23) yields

p̂21 = Cp exp(2k1y)+ Dp exp(−2k1y)+ ĥp, (3.24)

where Cp and Dp are integration constants to be found and ĥp is the particular solution
of (3.23), satisfying the inhomogeneous term f̂p. The expressions for f̂p and ĥp are
given in appendix A; f̂p consists of constants and hyperbolic functions, so according
to (3.23), ĥp also consists of constants and hyperbolic functions and has the same
parity as f̂p. The symbol ĥp is used here to represent the particular solution so that the
calculation process can be greatly simplified. This method is also used in the following
calculation process.

Substituting (3.16), (3.21) and (3.24) into (2.24) yields

d2û21

dy2
− l2

21û21 = Re{2ik1[Cp exp(2k1y)+ Dp exp(−2k1y)+ ĥp] + f̂u}, (3.25)

where

l2
21 = 4k2

1 + 2iRe(k1 − ω1). (3.26)

Substituting (3.17), (3.21) and (3.24) into (2.25) yields

d2v̂21

dy2
− l2

21v̂21 = Re

{
2k1

[
Cp exp(2k1y)− Dp exp(−2k1y)

]+ dĥp

dy
+ f̂v

}
. (3.27)

The solutions of (3.25) and (3.27) are

û21 = Cu exp(l21y)+ Du exp(−l21y)

+Re
2ik1

4k2
1 − l2

21

[
Cp exp(2k1y)+ Dp exp(−2k1y)

]+ ĥu, (3.28)

v̂21 = Cv exp(l21y)+ Dv exp(−l21y)

+Re
2k1

4k2
1 − l2

21

[Cp exp(2k1y)− Dp exp(−2k1y)] + ĥv, (3.29)

where ĥu is the particular solution of

d2û21

dy2
− l2

21û21 = Re(2ik1ĥp + f̂u) (3.30)

and ĥv is the particular solution of

d2v̂21

dy2
− l2

21v̂21 = Re

(
dĥp

dy
+ f̂v

)
. (3.31)

The expressions for f̂u, f̂v, ĥu and ĥv are given in appendix A.
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Substituting (3.21) into mass conservation equation (2.23), collecting the terms with
coefficient exp[2i(k1x− ω1t)] yields

û21 = i
2k1

dv̂21

dy
. (3.32)

Inserting (3.28), (3.29) into the conservation equation (3.32) yields

Cu = il21

2k1
Cv, Du =− il21

2k1
Dv. (3.33)

Note that ĥu and ĥv have a relation shown as (A 7) in appendix A and satisfy the mass
conservation equation (3.32).

For the gas phase, substituting (3.21) into (2.28), collecting the terms with
coefficient exp[2i(k1x − ω1t)], and noticing the disturbance should not be infinite at
y→∞, one arrives at

φ̂gj21 = Cgj exp
[
(−1)j2k1y

]
. (3.34)

Inserting (3.34), (3.6) and (3.21) into kinematic boundary condition (2.30), we find

Cgj =
[
(−1)j+1η̂j21

k1
+ η̂2

j1

]
iω1 exp(2k1). (3.35)

Substituting (3.34), (3.35), (3.6) and (3.21) into (2.29), the second-order gas phase
pressure yields

p̂gj21 = 2ω2
1ρ

k1

[
(−1)jη̂j21 − k1η̂

2
j1

]
exp

[
2k1 + (−1)j2k1y

]
. (3.36)

Using the expression in (3.18), (3.19), (3.20) and (3.21), the boundary condition
(2.26), (2.27), (2.31) for terms with coefficient exp[2i(k1x− ω1t)] yields

v̂21 = 2i(k1 − ω1)η̂j21 + f̂η at y= (−1)j+1, (3.37)
dû21

dy
+ 2ik1 v̂21 + f̂µ = 0 at y=±1, (3.38)

−p̂21 + 2
Re

dv̂21

dy
+ p̂gj21 + 1

We
(−1)j+14k2

1η̂j21 + f̂d = 0 at y= (−1)j+1. (3.39)

The expressions for f̂η, f̂µ and f̂d are given in appendix A. Substituting (3.24), (3.29),
(3.32) and (3.36) into boundary conditions (3.37), (3.38) and (3.39), we obtain six
linear algebra equations of six unknown constants Cv, Dv, Cp, Dp, and η̂j21(j = 1, 2).
It can be seen that the coefficient matrix of Cv, Dv, Cp, Dp, and η̂j21(j = 1, 2) is the
same as the first-order linear analysis if 2k1 and 2ω1 are replaced with k1 and ω1

respectively. Therefore, according to linear analysis, the coefficient matrix of Cv, Dv,
Cp, Dp, and η̂j21(j= 1, 2) is singular only when the corresponding dispersion relation is
satisfied:

Dsin(2ω1, 2k1)= 0 or Dvar(2ω1, 2k1)= 0. (3.40)

As k1 and ω1 have already satisfied Dsin(ω1, k1) = 0, (3.40) does not hold. So the
coefficient matrix of Cv, Dv, Cp, Dp, and η̂j21(j = 1, 2) is non-singular. According to
Cramer’s rule in linear algebra, the solution exists and is single.

Hence η̂j21(j = 1, 2) can be directly solved, but the process can be simplified in the
following way. According to (3.5) and (3.7), p̂gj1 and û1 are odd and v̂1 is even, so it
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can be seen in appendix A that f̂η, f̂µ, f̂v, ĥv are odd and f̂p, f̂d, ĥp, f̂u, ĥu are even. If

(η̂j21)j=1 =−(η̂j21)j=2, Cv =−Dv, Cp = Dp, (3.41)

then according to (3.24), (3.28), (3.29), (3.33) and (3.36), v̂21 will be odd and û21, p̂21,
p̂gj21 even; this will make the boundary condition (3.37), (3.38) and (3.39) at y= 1 and
y=−1 equivalent. Thus, both the number of equations and unknown constants reduce
from 6 to 3. Solving them, one arrives at

η̂j21 =−(−1)j
{
(l2

21 + 4k2
1) coth 2k1

2Rek1(4k2
1 − l2

21)

[
Re

(
dĥp

dy
+ f̂v

)
− 2ik1 f̂µ + (4k2

1 + l2
21)f̂η

]

+ 4ik1l21 coth l21

Re
(
4k2

1 − l2
21

) [ i
2k1

Re

(
dĥp

dy
+ f̂v

)
+ f̂µ + 4ik1 f̂η − i(4k2

1 − l2
21)

2k1
ĥv

]

+ ĥp − 2
Re

dĥv
dy
+ 2ρω2

1η̂
2
j1 − f̂d

}∣∣∣∣∣
y=1

2k1

Dvar(2ω1, 2k1)
. (3.42)

The disturbances with exp(2ω1it) in (3.21) can be solved in the same way, but
as they do not contain the variable x, the process can be simplified. Proceeding
with the same parity analysis, it is deduced that the disturbances with coefficient
exp(2ω1it) have the same parity as those with coefficient exp[2i(k1x − ω1t)], so v̂22 is
odd and (η̂j22)j=1 =−(η̂j22)j=2. Substituting (3.21) into (2.23), collecting the terms with
coefficient exp(2ω1it) yields

dv̂22

dy
= 0. (3.43)

Noticing that v̂22 is odd, the solution of (3.43) gives

v̂22 = 0. (3.44)

Substituting (3.21) into (2.26), collecting the terms with coefficient exp(2ω1it) yields

v̂22 = 2ω1iη̂j22 − η̂j1

(
ik1 û1 + dv̂1

dy

)
at y= (−1)j+1. (3.45)

The bar on top of η̂j1 indicates the complex conjugate. Inserting (3.5) and (3.44) into
(3.45) yields

η̂j22 = 0. (3.46)

The solutions of û22, p̂22, φ̂gj22 and p̂gj22 can also be obtained using the same method;
it is not necessary that they be zero. But focusing on the interface deformation, they
are not noted. Hence, the interface disturbances generated from first-order disturbances
have been derived.

Substituting the terms with coefficient exp[i(2k1 − ω2)t] in (3.21) into governing
equations (2.23) to (2.31), it can be seen that they do not contain inhomogeneous
nonlinear terms generated from the first order, so they are the same as equations
in the first-order linear analysis, with k1 and ω1 replaced by 2k1 and ω2. Similar
properties apply to the terms with coefficient exp(−iω′2t). The non-trivial solution of
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homogeneous equations is not single, so the initial condition is required. Substituting
(2.12), (3.1) and (3.21) into initial condition (3.15) yields

η0η̂j1 exp(ik1x)+ η2
0

[
(η̂j21 + η̂j23) exp(2ik1x)+ (η̂j22 + η̂j24)

]= 1
2η0 exp(ik1x), (3.47)

(3.47) yields

η̂j1 = 1
2 , η̂j23 =−η̂j21, η̂j24 =−η̂j22 = 0, (3.48)

and (3.48) indicates that η̂j22 and η̂j24 are zero, so according to (3.21), there are
no purely time-dependent series in the second-order interface disturbance, and this
is identical to the nonlinear solution for inviscid sheets presented by Clark &
Dombrowski (1972) and Jazayeri & Li (2000). Because we have proved (η̂j21)j=1 =
−(η̂j21)j=2 in (3.41), according to (3.48), we have(

η̂j23

)
j=1
=−(η̂j23)j=2. (3.49)

This means that the mode of second-order inherent instability is varicose. So,
correspondingly, the dispersion relationship should be that of the varicose mode:

Dvar(ω2, 2k1)= 0. (3.50)

Hence ω2 is obtained. Calculation results show that the second-order growth rate ω2i

is very small and negligible for two reasons. First, ω2i is obtained from the varicose
dispersion relation, so its value is inherently much smaller than the sinuous growth
rate ω1i. Second – and most importantly – it corresponds to the wavenumber 2k1.
When k1 acquires a relatively large number where the sheet is very unstable, 2k1

is always larger than the cut-off wavenumber, making ω2i zero or negative. So in
subsequent discussions, its property will not be noted. Clark & Dombrowski (1972)
shared a similar opinion.

Finally, we have the expression for interface deformation:

ηj = 1
2η0 exp(ik1x− iω1t)+ η2

0(η̂j21)η̂j1=1/2

× exp(2ik1x)[exp(−2iω1t)− exp(−iω2t)] + c.c., (3.51)

where ω1, η̂j21 and ω2 are defined in (3.8), (3.42) and (3.50). The most important
character of (3.51) is that according to (3.42) or (3.41), the second-order interface
disturbance is varicose: this explains why the sinuous wave can disintegrate. According
to the parity analysis, similar to the process of obtaining (3.41), it can be deduced
that the third-order interface disturbance is also sinuous or antisymmetric, which is
identical to the study presented by Jazayeri & Li (2000) for inviscid sheets. The
third-order sinuous waves make the interface deformation more distorted but do not
contribute to the thinning or breakup. So in terms of disintegration only, the third-order
perturbation gives the same conclusion as the second-order perturbation, and the error
of this analysis is fourth-order.

It can also be concluded that because the second-order growth rate ω2i is very
small and negligible, the first-order and second-order waves travel at the same velocity,
explaining the phenomenon in which the thinning and the final breakup are at the
same location of the fundamental wave.

The following is a comparison to the previous studies. The surface disturbances
presented by Clark & Dombrowski (1972) and Jazayeri & Li (2000) can both be
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expressed as

ηj1 = exp(ik1x)[η̂j11 exp(−iω1t)+ η̂j12 exp(−iω1t)] + c.c., (3.52)

ηj2 = exp(2ik1x)[η̂j21 exp(−2iω1t)+ η̂j22 exp(−2iω1t)+ η̂j23 exp(−iω1t − iω1t)
+ η̂j24 exp(−iω2t)+ η̂j25 exp(−iω2t)] + c.c. (3.53)

Here

ω1 =−α + iβ, ω1 =−α − iβ, (3.54)

where ω1, ω1 are two roots of dispersion relation (3.8) and ω2, ω2 are two roots of
dispersion relation (3.50). The two roots of dispersion relation for inviscid sheets are
complex conjugates when the temporal growth rate is positive. Setting ω1 as the root
with the positive growth rate, β is positive. Note that ω1, ω2, α, β, k1 in (3.52), (3.53)
and (3.54) correspond to non-dimensionalized −n, −a, α, β, k in the study of Clark
& Dombrowski (1972), and −ω1, −ω2, α1, β1, k in the study of Jazayeri & Li (2000).
As the normal mode exponent term in their study is ‘exp(ikx + iωt)’, the temporal
frequencies ω1, ω2 in this paper are opposite in sign to those in their studies.

In (3.53), η̂j21, η̂j22, η̂j23 are the second-order disturbance amplitudes generated from
the first-order disturbances and η̂j24, η̂j25 are the second-order inherent instability
amplitudes. Similar to this paper, in (3.52) and (3.53), η̂j21, η̂j22, η̂j23 are obtained
by solving inhomogeneous equations and η̂j11, η̂j12, η̂j24, η̂j25 are determined by initial
conditions. Comparing (3.52) and (3.53) to (3.1) and (3.21), η̂j11 in (3.52) and η̂j21

and η̂j24 in (3.53) correspond to η̂j1 in (3.1) and η̂j21 and η̂j23 in (3.21). In this paper,
we only consider the root of the dispersion relation (3.8) and (3.50) with a positive
temporal growth rate (for (3.50), if the positive growth rate ω2i exists); therefore (3.1)
and (3.21) do not contain the terms corresponding to η̂j12, η̂j22, η̂j23 and η̂j25 in (3.52)
and (3.53). Including the other root of the dispersion relation will make it possible
to give another initial condition, i.e. the initial velocity condition. The different initial
condition may also make η̂j24 in (3.53) different from η̂j23 in (3.21) in the present study.
However, as the temporal growth rates of the disturbance component with amplitude
η̂j12, η̂j22, η̂j23, η̂j24 and η̂j25 are either negative or too small, they do not contribute to
instability. ‘η̂j21 exp(2ik1x − 2iω1t)’ is the disturbance component that will cause the
breakup of the sheet and it is only dependent on the first-order disturbance component
‘η̂j11 exp(ik1x− iω1t)’. Therefore, η̂j21 can be compared to the present study.

Clark & Dombrowski (1972) and Jazayeri & Li (2000) obtained η̂j11 = 1/4
according to their chosen initial conditions. Setting η̂j1 = 1/4, when viscosity vanishes,
i.e. Re→∞, (3.42) reduces to

η̂j21 = (−1)j+1
k1

{
(ω1 − k1)

2

[
1
2

(
3− tanh2k1

)− 2 tanh k1 coth 2k1

]
+ ρω2

1

}
8[Dvar (2ω1, 2k1)]Re→∞

. (3.55)

And when the second-order growth rate ω2i is positive, according to the dispersion
relation (3.14) and (3.50), (3.55) can be rewritten as

η̂j21 = (−1)j
k1

{
(ω1 − k1)

2

[
1
2

(
3− tanh2k1

)− 2 tanh k1 coth 2k1

]
+ ρω2

1

}
8(ρ + coth 2k1)(−ω2 + 2ω1)(−ω2 + 2ω1)

. (3.56)
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The result of Clark & Dombrowski (1972) is

η̂j21 = (−1)j
P+ Q

4[−ω2 − 2(α − iβ)][−ω2 − 2(α − iβ)] , (3.57)

where

P=
[
β2k1 − (1+ α/k1)

2k3
] [1

2

(
3− tanh2k1

)− 2 tanh k1 coth 2k1

]
+ ρk1(β

2 − α2)

2(ρ + coth 2k1)
,

(3.58a)

Q=
2iβk2

1(1+ α/k1)

[
1
2

(
3− tanh2k1

)− 2 tanh k1 coth 2k1

]
+ 2iαβρk1

2(ρ + coth 2k1)
. (3.58b)

Note that η̂j21 in (3.57) corresponds to non-dimensionalized ‘−((−1)jA7)/2’ in the
study of Clark & Dombrowski (1972). Equation (3.57) has been non-dimensionalized
from the original dimensional form. After simplification, (3.57) can be rewritten as

η̂j21 = (−1)j+1
k1

{
(ω1 − k1)

2

[
1
2

(
3− tanh2k1

)− 2 tanh k1 coth 2k1

]
+ ρω2

1

}
8(ρ + coth 2k1)(−ω2 + 2ω1)(−ω2 + 2ω1)

. (3.59)

Comparing (3.56) to (3.59), we find that our result of η̂j21 is opposite in sign to
that of Clark & Dombrowski (1972). We have also checked their inviscid analysis,
but again obtained solutions identical to our study. This difference does not affect
the breakup time, but as it causes a half-wavelength displacement of the second-order
waves, the shape of the sheet deformation will not be the same.

The expression for η̂j21 presented by Jazayeri & Li (2000) is

η̂j21 = (−1)j
C

(−ω2 + 2ω1)(−ω2 + 2ω1)
, (3.60)

C =− 1
32

(
tanh2k1 + 4 coth 2k1 tanh k1 − 5

) (
ω2

1 − 2k1ω1 + k2
1

)
, (3.61)

where η̂j21 in (3.60) corresponds to ‘(−1)jA2’ in the study of Jazayeri & Li (2000).
Equation (3.60) is different from both (3.56) and (3.59). This can be attributed to the
difference in boundary conditions shown in appendix C. But we note that after careful
examination, even using their boundary condition (C 9) in appendix C, the result we
have derived is

η̂j21 = (−1)j
2k1C

(ρ + coth 2k1)(−ω2 + 2ω1)(−ω2 + 2ω1)
, (3.62)

C =− 1
32

(
tanh2k1 + 4 coth 2k1 tanh k1 − 5

) (
ω2

1 − 2k1ω1 + k2
1

)
. (3.63)

We conclude that the coefficient ‘2k1/(ρ + coth 2k1)’ was missed in their study, and
‘k1/(ρ + coth 2k1)’ exists in both (3.56) and (3.59).

3.3. Second-order solutions for spatial instability
In temporal instability analysis, the sheet considered is infinite and the disturbances
grow with time at the same growth rate everywhere in space. But the most common
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situation is a sheet emitted from a nozzle. In this case, the disturbances grow along the
sheet. The spatial instability is more appropriate for describing this occurrence.

In spatial instability, the time frequency ω1 is real and the wavenumber k1 is
complex. This means that at a fixed point, the sheet oscillates at the same amplitude
and the disturbance amplitude grows with space at the growth rate −k1i, which is the
opposite number of k1’s imaginary part. This situation can be created by an external
source of forcing on the sheet. Because Lin et al. (1990) showed that with ambient gas
the sinuous mode of sheets is convectively unstable when the Weber number is larger
than one, the disturbance that is impulsively introduced will finally die out at any fixed
location; thus spatial instability can exist.

As the disturbance grows along the sheet, spatial instability is more approximate
to the practical situation and can predict the disintegration length, which is of great
practical use. Clark & Dombrowski (1972) noticed this and explained that spatial
growing waves are more likely to be generated. But they did not discuss the spatial
instability and they used Utd to estimate the breakup length, where U is the velocity
of liquid sheets and td is the disintegration time in temporal instability. This method
has been used by many other researchers as it is easy to understand and there were
agreements with experiments, but the physical meaning is not very clear and it does
not give any information on the deformation of the sheets. Jazayeri & Li (2000)
and Ibrahim & Jog (2008) transformed the solution for temporal instability into the
solution for spatial instability according to the relation between temporal and spatial
growth rate presented by Gaster (1962). However, this method may not be adequate
for nonlinear analysis because based on the solution for linear analysis, Gaster’s (1962)
transformation does not give any information about the nonlinear terms. Furthermore,
Gaster (1962) himself noted: ‘these relations do not constitute a transformation of
a time-dependent solution into a spatially-dependent one, but merely provide a link
between the values of the parameters existing in two problems’. The ‘parameters
existing in two problems’ refer to the temporal and spatial growth rate. Therefore, we
shall give an exact second-order solution for spatial instability.

The initial condition (3.15) for temporal instability may not fit the spatial instability,
as the interface deformation does not evolve with time. Instead, a boundary condition
should be introduced to indicate the external forcing:

(ηj)j=1|x=0
= (ηj)j=2|x=0

= η0 cosω1t = 1
2η0 exp(−iω1t)+ c.c. (3.64)

The sinuous mode is still chosen according to linear analysis. The first-order solutions
are the same as those in temporal analysis, but the wavenumber k1 is now complex
and the temporal frequency ω1 is real. So, similar to (3.16)–(3.20), the nonlinear terms
generated from the first-order solutions are expressed as

f̂ ′ exp[2i(k1x− ω1t)] + ĝ′ exp(−2k1ix)+ c.c. (3.65)

Therefore, considering the boundary condition (3.64), the second-order interface
disturbance is assumed to be

ηj2 = η̂′j21 exp[2i(k1x− ω1t)] + η̂′j22 exp(−2k1ix)

+ η̂′j23 exp[i(k2x− 2ω1t)] + η̂′j24 exp(ik′2x)+ c.c., (3.66)

where k2 and k′2 are the second-order wavenumbers. η̂′j21 and η̂′j22 are solved using the
same method as temporal instability and they are given in appendix B. Substituting
(2.12), (3.1) and (3.66) into boundary condition (3.64), η̂′j1, η̂′j23 and η̂′j24 can be solved
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to give

η̂j1 = 1
2 , η̂′j23 =−η̂′j21, η̂′j24 =−η̂′j22. (3.67)

According to (3.67), the second-order interface disturbance for spatial instability is
also varicose, so the second-order complex wavenumber is solved according to the
dispersion relation

Dvar(2ω1, k2)= 0 and Dvar

(
0, k′2

)= 0 (3.68)

where Dvar(0, k′2)= 0 yields

k′2 = 0. (3.69)

So the interface disturbance for spatial instability is

ηj = 1
2η0 exp(ik1x− iω1t)+ η2

0

(
η̂′j21

)
η̂j1=1/2

exp(−2iω1t)[exp(2ik1x)− exp(ik2x)]
+ η2

0

(
η̂′j22

)
η̂j1=1/2

[exp(−2k1ix)− 1] + c.c. (3.70)

Comparing (3.70) to (3.51), it can be seen that the solution for spatial instability does
not have a second-order temporal frequency ω2 but has a second-order wavenumber k2

instead. The second-order spatial growth rate −k2i is also very small and negligible.
Calculation results show that at the same real wavenumber, the second-order interface
disturbance amplitudes of spatial and temporal instability are nearly the same:

η̂′j21(k1r + ik1i)≈ η̂j21(k1r), η̂′j22(k1r + ik1i)≈ η̂j22(k1r)= 0. (3.71)

This may be because the spatial or temporal growth rate is very small compared to the
frequency of oscillation, i.e. |k1i| � |k1r|, and this makes

k1r + ik1i ≈ k1r. (3.72)

As the second-order disturbance amplitude is a function of complex wavenumber
k1, (3.71) can be derived according to (3.72). This explains the phenomenon that
interface deformation for temporal and spatial instability is nearly the same at the
same wavelength. As the conclusions from temporal and spatial instability are very
similar, they will be discussed together.

4. Results and discussion
Using the second-order solution, more features of sinuous wave growth can be

obtained. Figure 2 shows the temporal evolution of sinuous interface waves of a
viscous sheet at a Weber number of 400, a Reynolds number of 1000, a gas-to-liquid
density ratio of 0.001 and initial disturbance of 0.1. The wavenumber is chosen to
be 0.23, which is equal to the dominant wavenumber for the sinuous disturbance
according to linear analysis. It can be seen that the wave amplitude grows and
maintains the sinuous character for the majority of the time. The distance between
the two interfaces remains almost a constant until the dimensionless time of 400. Then
the nonlinear effect becomes significant and the wave becomes more distorted. At a
time of 500, distinct thinnings appear on the sheet. Finally at 547, the two interfaces
touch each other and the sheet breaks up, resulting in ligaments interspaced by half a
wavelength.

We focus on the parameters in the second-order interface disturbances because the
second-order surface deformation is varicose (or dilatational) and this is the cause of
the disintegration. Because the conclusions of temporal and spatial instability are very
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FIGURE 2. Temporal evolution of sinuous waves at k1 = 0.23, We= 400, Re= 1000,
ρ = 0.001, η0 = 0.1: (a) t = 250, (b) t = 400, (c) t = 500, (d) t = 547.
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FIGURE 3. Real and imaginary part of η̂j21/η̂
2
j1 at We= 400, ρ = 0.001: (a) Re→∞,

(b) Re= 1.

similar, only the parameters in temporal instability will be investigated. According
to (3.51), as we have proved that ω2i is negligible, the first-order complex temporal
frequency ω1 and the second-order initial amplitude η̂j21 are the key factors affecting
the second-order interface disturbances. While ω1i represents the temporal exponential
growth rate, η̂j21 indicates the nonlinear effects. The initial disturbance η0 is assumed
to be 0.1, according to the experiment conducted by Clark & Dombrowski (1972), in
which the initial disturbance is of the order of 10−4 m, and the widths of most nozzles
are of the order of 1 mm. The value of the initial disturbance will affect the breakup
time or length, but does not change the breakup character or the effect of Weber
number, Reynolds number or gas-to-liquid density ratio.

Here η̂j21 is in proportion to the square of η̂j1, so η̂j21/η̂
2
j1 will be used to judge

the ratio of the first harmonic to the fundamental disturbances; η̂j21/η̂
2
j1 is a complex

number, its real and imaginary parts for two typical conditions are shown in figure 3.
The absolute value of the real part of

(
η̂j21/η̂

2
j1

)
j=1

is much larger than its imaginary
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FIGURE 4. The effect of Weber number on (a) dispersion relation and (b) initial amplitude of
second-order interface disturbance at Re= 1000, ρ = 0.001.

part, and this also holds for other situations. Therefore, we set

η̂2 = Re
(
η̂j21

η̂2
j1

)
j=1

(4.1)

and η̂2 will be used to represent the second-order initial disturbance amplitude in the
following study.

Figure 4(a) shows the dispersion relation (temporal instability) at different Weber
numbers. It can be seen that a larger Weber number increases the temporal growth rate
drastically and results in a broader range of unstable wavenumbers as well. The
dominant wavenumber, which is the wavenumber corresponding to the maximum
growth rate, also increases with the Weber number. As instability is mainly caused
by amplification of the disturbance amplitude, the focus here is on the situation in
which the temporal and spatial growth rates are positive. The capillary wave distortion
in which the disturbance amplitude remains the same, studied by Mehring & Sirignano
(1999), will not be discussed here.

Figure 4(b) shows the second-order initial amplitude η̂2 as a function of
wavenumber k1 (temporal instability); |η̂2| generally increases with k1, indicating that
shorter waves have stronger nonlinear effects. The wavenumber range is chosen to
be the range of the unstable wave with positive temporal growth rate according to
figure 4(a). A larger Weber number provides a broader unstable wavenumber range, so
|η̂2| can acquire a much larger value. Hence the Weber number will contribute greatly
to both the temporal growth rate and the second-order initial disturbance amplitude,
greatly enhancing the instability.

The breakup time td as a function of wavenumber k1 is shown in figure 5. With the
increase of wavenumber, the breakup time first decreases and then increases towards
infinity, when the wavenumber approaches the cut-off wavenumber. This is because the
disturbance is amplified only when the temporal growth rate ω1i is positive. Obviously,
a larger Weber number results in a much shorter breakup time and greatly enhances
instability.

Figure 6 is a comparison of the most unstable wavelength predicted by linear and
nonlinear analysis. The Ohnesorge number, Z = µ/√ρlaσ , is chosen according to
the property of water at a = 1 mm; thus different Weber numbers represent different
velocities. According to linear analysis, the most unstable wave is that which has the
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FIGURE 5. The effect of Weber number on breakup time at Re= 1000, ρ = 0.001.
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FIGURE 6. Comparison of the most unstable wavelength predicted by linear and nonlinear
analysis at Z = 0.0037, ρ = 0.001.

largest temporal growth rate ω1i. This idea was first suggested by Rayleigh (1879) in
the linear stability analysis of cylinder jets. For the weakly nonlinear analysis in this
paper, the wave with the shortest breakup time td is the most unstable. It can be seen
that the most unstable wave predicted by nonlinear analysis is slightly shorter under
the chosen conditions. This is because according to figure 4(b), a shorter wave has
a larger second-order initial amplitude |η̂2|. This may provide an explanation for the
phenomenon observed by Heislbetz, Madlener & Ciezki (2007) and Yang et al. (2012)
that the measured wavelength is smaller than the theoretical dominant wavelength
predicted by linear analysis when the Weber number is not very large.

The interface deformation at breakup time (temporal instability) at different Weber
numbers is shown in figure 7. The wavenumber k1 is chosen to be that with the
shortest breakup time td. With the increase of Weber number, the breakup time reduces
significantly and the interface deformation becomes more distorted, gradually changing
from a nearly sinuous wave into a sawtooth-like shape. This is due to the increase of
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FIGURE 7. The shape of interface deformation at breakup time for different Weber numbers,
Re = 1000, ρ = 0.001: (a) We = 200, k1 = 0.11, td = 801; (b) We = 400, k1 = 0.28, td = 488;
(c) We= 800, k1 = 0.51, td = 262.
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FIGURE 8. Spatial evolution of interface deformation for different Weber numbers at
Re = 1000, ρ = 0.001: (a) We = 200, k1 = 0.11 − 0.0069i, ld = 798; (b) We = 400,
k1 = 0.28− 0.0091i, ld = 488; (c) We= 800, k1 = 0.51− 0.014i, ld = 268.

|η̂2|, making the nonlinear effect more prominent. The spatial instability of the same
parameters and wavelengths is shown in figure 8. The evolution of the disturbance
is clearly observed until the location of disintegration. The breakup length is defined
as ld. Similar to temporal instability, a larger Weber number results in a significantly
smaller breakup length and a more distorted interface deformation. It can be seen
that the non-dimensional breakup length nearly coincides with the non-dimensional
breakup time in temporal instability, and the shape of the wave near the breakup
region is also very similar to that of temporal instability. Therefore the temporal and
spatial instability give the same conclusion.

Figure 9 is a comparison of figure 8(b) at a different wavelength. The Weber
number, Reynolds number and gas-to-liquid density ratio in figure 9 are the same as
those in figure 8(b), but the wave in figure 9 is longer. According to dispersion relation
(3.8), a different wavenumber k1 can be created by giving a different oscillating
frequency ω1 in the boundary condition (3.64) for spatial instability. Compared to
figure 8(b), the wave in figure 9 is less distorted because according to figure 4(b), a
longer wave has a smaller nonlinear amplitude |η̂2|. Although the wave in figure 9 has
the largest spatial growth rate and is therefore the most unstable according to linear
analysis, the breakup length is longer than that of figure 8(b). This also proves that the
most unstable wave predicted by nonlinear analysis is different from linear analysis.
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FIGURE 9. Spatial evolution of interface deformation at We= 400, k1 = 0.23− 0.0098i,
Re= 1000, ρ = 0.001, ld = 541.
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FIGURE 10. Spatial evolution of interface deformation at We= 20, k1 = 0.010− 0.0020i,
Re= 1000, ρ = 0.001, ld = 4060.
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FIGURE 11. The effect of gas-to-liquid density ratio on (a) dispersion relation and (b) initial
amplitude of second-order interface disturbance at Re= 1000, We= 200.

When the Weber number becomes very small, e.g. smaller than 50, both ω1i, or −k1i

and |η̂2| are so small that it takes a very long time, or distance, to disintegrate: see
figure 10. If the width of the nozzle (the dimension scale of length) is not very small,
e.g. around 1 mm, the breakup length will be several metres. Therefore the instability
may not be easily observed as the wavelength is too long and the amplitude is so
small in practical finite space. This can explain the experimental conclusion presented
by Mouis (2003), that the sheets in the stationary gas medium with Weber numbers
smaller than 50 are in the smooth regime, where the sheet is stable and few wave
motions can be observed, although theoretically the sheet is convectively unstable at
Weber numbers larger than one (Lin et al. 1990). But if the width of the nozzle is very
small, e.g. of the order of 10−4 cm (like the experiment conducted by Squire 1953),
the length dimension scale is greatly reduced and the wave instability is still visible
and distinct.

The effect of the gas-to-liquid density ratio is shown in figures 11–14. A larger gas
density enlarges the temporal growth rate ω1i and the second-order initial disturbance
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FIGURE 12. The effect of gas-to-liquid density ratio on breakup time at Re= 1000,
We= 200.
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FIGURE 13. The shape of interface deformation at breakup time for different gas-to-liquid
density ratios, Re = 1000, We = 200: (a) ρ = 0.001, k1 = 0.11, td = 801; (b) ρ = 0.002,
k1 = 0.28, td = 346; (c) ρ = 0.003, k1 = 0.36, td = 201.

amplitude |η̂2|, resulting in a much shorter disintegration time or length, and a more
distorted interface deformation. So the effect of gas-to-liquid density ratio is very
similar to the effect of Weber number. Under the chosen conditions, the destabilizing
effect of the gas-to-liquid density ratio is even stronger than that of Weber number.

Figure 15 shows the spatial evolution of interface deformation at a very small
gas-to-liquid density ratio ρ = 10−4. Similar to the case of small Weber number, the
sheet takes a very long distance to disintegrate so that it seems nearly stable in
common finite space. Again, this is identical to the experiment conducted by Squire
(1953), in that the breakup is not caused by wave motion at small gas-to-liquid
density ratios, although theoretically the sheet is convectively unstable when We> 1 as
long as the ambient gas exists (Lin et al. 1990). The present study only focuses on
wave disintegration, whereas there are two other forms of disintegration, i.e. rim and
perforated-sheet disintegration (Fraser & Eisenklam 1953). Previous studies (Sirignano
& Mehring 2000) have shown that the wave disintegration is caused by aerodynamic
interaction with the surrounding gas. This is identical to the present study in which
wave instability is distinct only at relatively large Weber numbers and gas-to-liquid
density ratios. The rupture of liquid sheets or films studied by Prévost & Gallez
(1986), Erneux & Davis (1993), De Wit et al. (1994), Sharma et al. (1995), Hwang
et al. (1996), Lin et al. (2000), Vaynblat et al. (2001), Yoshinaga & Uchiyama (2001)
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FIGURE 14. Spatial evolution of interface deformation for different gas-to-liquid density
ratios at Re = 1000, We = 200: (a) ρ = 0.001, k1 = 0.11 − 0.0069i, ld = 798; (b) ρ = 0.002,
k1 = 0.28− 0.013i, ld = 343; (c) ρ = 0.003, k1 = 0.36− 0.021i, ld = 205.
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FIGURE 15. Spatial evolution of interface deformation at ρ = 10−4, We= 400, Re= 1000,
k1 = 0.020− 0.0010i, ld = 7140.

and Yoshinaga & Yoshida (2003) can also be attributed to wave disintegration, but
these wave instabilities are not caused by the ambient gas, as the ambient gas has been
neglected in their analyses. They are caused by other factors such as van der Waals
forces or temperature differences.

The effect of Reynolds number is examined next. In the experiment of Hagerty &
Shea (1955) and Tammisola et al. (2011), the Weber number was approximately 300
and 500 respectively, while the gas-to-liquid density ratio was the ratio of air to water.
Their linear stability analyses agreed well with their experiments. Therefore, We= 400
and ρ = 0.001 is chosen as a typical condition to study the effect of Reynolds number.
The Weber number remains a constant for different Reynolds numbers, so the effect of
Reynolds number represents the effect of viscosity.

The dispersion relations for different Reynolds numbers are shown in figure 16(a).
The temporal growth rate decreases with the decreased Reynolds number, so the linear
theory concludes that viscosity has a stabilizing effect. Figure 16(a) also indicates that
the stabilizing effect of viscosity is very weak at large Reynolds numbers, but becomes
stronger at small Reynolds numbers.

The second-order disturbance amplitude η̂2 at different Reynolds numbers is shown
in figure 16(b). Here |η̂2| first decreases as the Reynolds number decreases from
infinity to ∼150. However, in the most unstable wavenumber range (the range with the
shortest breakup time, approximately 0.1 < k1 < 0.3), a further reduction of Reynolds
number makes η̂2 negative and the absolute value of η̂2, |η̂2| again increases. Hence
viscosity reduces nonlinear disturbance amplitudes at large Reynolds numbers but
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FIGURE 16. The effect of Reynolds number on (a) dispersion relation and (b) initial
amplitude of second-order interface disturbance at We = 400, ρ = 0.001: curve 1, Re =∞;
curve 2, Re = 500; curve 3, Re = 150; curve 4, Re = 50; curve 5, Re = 10; curve 6, Re = 3;
curve 7, Re= 1.

enhances nonlinear amplitudes at smaller Reynolds numbers. Figure 16(b) also shows
that the variation of η̂2 at different Reynolds numbers is prominent when the Reynolds
number is between approximately 10 and 150; η̂2 is insensitive to Reynolds number
when the Reynolds number is very large or very small.

The overall effect of Reynolds number is assessed by the breakup time (for temporal
instability), shown in figure 17. The effect of Reynolds number varies among different
ranges of Reynolds numbers. When the Reynolds number is larger than 150, viscosity
reduces both the temporal growth rate ω1i and the second-order disturbance amplitude
|η̂2|. Therefore, as shown in figure 17(a), a decrease of Reynolds number leads to an
increase of breakup time. When the Reynolds number becomes smaller than ∼150,
the effects of viscosity on the temporal growth rate and the second-order amplitude
become opposite: according to the discussion above, viscosity reduces temporal growth
rate but enhances the second-order amplitude. Figure 17(b) indicates that when the
Reynolds number is between 10 and 150, a reduction of Reynolds number leads to a
decrease of breakup time. This can be explained by figure 16: the destabilizing effect
of viscosity on |η̂2| is pronounced but the stabilizing effect of viscosity on ω1i is
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FIGURE 17. The effect of Reynolds number on breakup time at We= 400, ρ = 0.001: (a)
Re > 150, (b) 10 6 Re 6 150, (c) Re 6 10.

relatively minor when 10 6 Re 6 150. Figure 17(c) displays that when the Reynolds
number is smaller than 10, a reduction of Reynolds number leads to an increase of
breakup time. This can also be attributed to the trend shown in figure 16: when the
Reynolds number is very small, the stabilizing effect of viscosity on ω1i becomes
prominent and dominates over the effect of η̂2. In summary, under the condition of
We = 400 and ρ = 0.001, viscosity has a stabilizing effect when the Reynolds number
is approximately larger than 150 or smaller than 10. When the Reynolds number is
between 150 and 10, viscosity has a destabilizing effect.

Figures 18 and 19 show the deformations at different Reynolds numbers. The
wavelength is the one with the shortest breakup time for temporal instability. The
variation of breakup length with different Reynolds numbers shown in figure 19 is
generally identical to the breakup time discussed in figure 17. For Re > 500, η̂2 is
positive at the chosen wavenumber; therefore according to (3.51), (3.70) and (4.1), the
sheet breaks up at the positions corresponding to a half and full wavelength of the
fundamental sinuous wave. For Re 6 150, η̂2 is negative at the chosen wavenumber, so
the sheet breaks up at the positions corresponding to 1/4 and 3/4 of the wavelength of
the fundamental sinuous wave.

For other Weber numbers or gas-to-liquid density ratios, the effect of Reynolds
number or viscosity is similar to figure 17, although it is not necessary that the
critical Reynolds numbers be 150 and 10. But note that for small Weber numbers and
gas-to-liquid density ratios, i.e. when ρWe < 0.2, η̂2 is already negative for inviscid
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FIGURE 18. The shape of interface deformation at breakup time for different Reynolds
numbers at We = 400, ρ = 0.001: (a) Re =∞, k = 0.29, td = 474; (b) Re = 1000, k = 0.28,
td = 488; (c) Re = 500, k = 0.28, td = 499; (d) Re = 150, k = 0.18, td = 530; (e) Re = 50,
k = 0.20, td = 512; (f ) Re = 10, k = 0.21, td = 488; (g) Re = 3, k = 0.20, td = 493; (h)
Re= 1, k = 0.18, td = 521.

liquid in most wavenumbers (see figure 20); viscosity only enhances the nonlinear
amplitude. Therefore, the regime shown in figure 17(a), in which the viscosity plays
a stabilizing role at large Reynolds numbers, vanishes under this condition. Viscosity
plays a weak destabilizing role at large Reynolds numbers and a weak stabilizing
role at small Reynolds numbers. Also note that, in fact, the breakup time and wave
deformation vary only a little for different Reynolds numbers under this condition (see
figure 21); the effect of viscosity is too weak and virtually negligible.

The effect of viscosity is somewhat complicated and different from the normal
expectation that viscosity only tends to damp out or dissipate disturbances. But there
have already been studies showing the destabilizing effect of viscosity. For viscous
sheets, the linear instability analysis of Lin (1981), Li & Tankin (1991) and Li (1993)
have all concluded that the viscosity plays a dual role on the sheet instability. Li
& Tankin (1991) also listed three other situations in which the fluid viscosity may
have a destabilizing effect depending on the flow conditions: planar Poiseuille flow,
studied by Heisenberg (1924), Blasius flow studied by Schlichting (1933) and Tollmien
(1929), and the Bénard problem (thermal instability of a layer of fluid heated from
below) under constant rotation studied by Chandrasekhar (1961). Drazin (2002) made
a detailed study of the effect of viscosity on the stability of parallel flows and
the Orr–Sommerfeld problem. It has been clearly shown that viscosity may render
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FIGURE 19. Spatial evolution of interface deformation for different Reynolds numbers
at We = 400, ρ = 0.001: (a) Re = ∞, k1 = 0.29 − 0.0090i, ld = 482; (b) Re = 500,
k1 = 0.28 − 0.0090i, ld = 500; (c) Re = 150, k1 = 0.18 − 0.0098i, ld = 539; (d) Re = 50,
k1 = 0.20 − 0.0098i, ld = 518; (e) Re = 10, k1 = 0.21 − 0.0096i, ld = 493; (f ) Re = 3,
k1 = 0.20− 0.0094i, ld = 502; (g) Re= 1, k1 = 0.18− 0.0091i, ld = 523.

unstable a flow which is stable for an inviscid fluid; it may also make a flow for an
inviscid fluid more unstable.

In the situation described above, the complicated dual role played by viscosity may
be attributed to two aspects: on one hand, it has a damping effect by dissipating
energy, as has been shown that the temporal growth rate decreases with the decrease
of Reynolds numbers; on the other hand, viscosity changes the property and condition
of the disturbances, corresponding to the complicated variation of the second-order
disturbance amplitude with different Reynolds numbers. Many authors have tried
to explain the destabilizing effect of viscosity. Prandtl (1935) and Drazin (2002)
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FIGURE 20. The initial amplitude of second-order interface disturbance at We= 100,
ρ = 0.001.

x x

–21

0

21

y

–42

42

–20

0

20

–40

40

–20

0

20

–40

40

40 80 120 0 40 80 120
x

0 40 80

(a) (b) (c)

FIGURE 21. The shape of interface deformation at breakup time for different Reynolds
numbers at We= 100, ρ = 0.001, k = 0.06: (a) Re=∞, td = 1260; (b) Re= 1, td = 1233; (c)
Re= 0.1, td = 1248.

attributed it to the energy transfer from the basic flow to the perturbation by means
of Reynolds stress, and Taylor (1915) suggested that for the wall boundary, the
viscosity’s prevention of slip at the walls might permit generation of a perturbation
momentum, which causes the instability.

Generally, under the normal conditions examined in this paper, the effect of
viscosity on sheet instability is much weaker than that of gas-to-liquid density ratio
and Weber number, because the variation of breakup time or length is very limited
over the large variation of Reynolds numbers. A similar conclusion was drawn by
Cousin & Dumouchel (1996), who proved that for planar sheets, the effect of viscosity
can be neglected for a wide range of parameters. Since the Weber number and the
gas-to-liquid density ratio are the predominant parameters, the wave instability of the
liquid sheets is caused mainly by aerodynamic interaction with the surrounding gas.

The weak effect of viscosity may be difficult to observe through experimentation.
Arai & Hashimoto (1986), Negeed et al. (2011) and Mouis (2003) have conducted
experiments on planar sheets. Very different empirical equations have been developed
from the intact length data as a function of sheet thickness, Reynolds number,
and Weber number. The effect of Reynolds number also varies considerably from
one to another. However, the liquid used in their experiments was simply water;
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the effect of the liquid property was not considered. The Ohnesorge number,
Z = µ/√ρlaσ =

√
We/Re, of their experimental data is a fixed value; the Reynolds

number and the Weber number have a fixed relation at different velocities. Therefore
the correlations they obtained may not be sufficient to explain the effect of changing
the Reynolds number at a constant Weber number, which is investigated in this paper.
Heislbetz et al. (2007) conducted experiments on the liquid sheets formed by a doublet
impinging jet. Results showed that a sheet with high viscosity is far more stable than
a low-viscosity sheet at the same jet velocity. But this is not caused by the effect of
viscosity on the instability of liquid sheet, since in their study the temporal growth rate
is nearly the same for high-viscosity and low-viscosity sheets. The real reason seems
to be the difference in geometric character: the thickness of a high-viscosity sheet is
much greater than that of a low-viscosity sheet, and this gives the high-viscosity sheet
a much greater dimensional breakup length. So this does not contradict the present
study.

The last situation to be briefly discussed is the viscosity-enhanced instability in
linear temporal instability presented by Li & Tankin (1991). This happens only
for very small Weber numbers and Reynolds numbers and very large gas-to-liquid
density ratios. When the Weber number is larger than 1.6, or the gas-to-liquid density
ratio is smaller than 0.05, this phenomenon disappears. The dispersion relation is
shown in figure 22. There are two unstable regions: the region corresponding to
smaller wavenumbers is called ‘aerodynamic instability’ and the region with a much
larger wave range is called ‘viscosity-enhanced instability’ by Li & Tankin (1991).
The inviscid sheets have only aerodynamic instability, and the temporal growth rate
for aerodynamic instability remains nearly the same for all Reynolds numbers. The
temporal growth rate for viscosity-enhanced instability increases with the decrease
of Reynolds number, so the viscosity has a destabilizing effect according to linear
analysis. The interface deformations at breakup time for two typical situations are
shown in figure 23. The wave deformations for these two cases are very similar.
According to the breakup time, it can be concluded that viscosity does enhance
instability under this condition. However, the temporal growth rate is too small
and the breakup time is too long compared to the cases previously discussed, so
this instability is too weak. Considering the rare conditions needed, this ‘viscosity-
enhanced’ instability may be too difficult to observe.

Finally, we remark on the extent of nonlinearity in the cases studied in this paper.
Although the disturbance amplitudes become very large, they are caused by large
amplitudes of the first-order linear disturbances; the second-order nonlinear amplitudes
only take a very small proportion. For the perturbation solution in this paper, the
disturbance amplitude ηa can be expressed as

ηa = ηa1 + ηa2 + ηa3 + · · ·, (4.2)

where ηa1, ηa2, and ηa3 are the disturbance amplitudes of the first, second and third
order respectively. Take figures 7(a), 7(b) and 7(c) for example: at breakup time, the
values of ηa2/ηa1 are 0.039, 0.12 and 0.27 respectively, and 0.27 in figure 7(c) is
actually the largest value of all the figures in this paper. Therefore, the nonlinearity is
very weak. This can also be confirmed by the fact that the linear sinuous character is
prominent in all figures showing the wave profile. It is assumed that this trend goes to
higher orders, i.e. ηa3/ηa2, ηa4/ηa3, . . . have parallel values as ηa2/ηa1, and in this way,
the disturbance amplitudes of higher orders are very small and negligible. To ensure
the small value of ηa2/ηa1, it is recommended that the present theory be applied in
situations where ρWe < 1. Because we have not solved the solutions of higher-order
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FIGURE 22. Dispersion relation for viscosity-enhanced instability at We= 1.025, ρ = 0.1:
curve 1, Re= 0.1; curve 2, Re= 0.3.
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FIGURE 23. The shape of surface deformation at breakup time for viscosity-enhanced
instability at k1 = 0.08, We= 1.025, ρ = 0.1, (a) Re= 0.1, η̂j21/η̂
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disturbances, we cannot estimate the errors caused by neglecting the higher-order
terms, nor can we assert that the disturbance amplitudes of higher orders are certain to
be very small and negligible. This is a limitation of the present study. The influence of
higher-order harmonics will be left for further research.

5. Conclusions
A weakly nonlinear instability of two-dimensional planar viscous sheets moving in

an inviscid and incompressible gas medium has been investigated using a perturbation
technique. The second-order governing equations and interface disturbance solutions of
the linear sinuous mode for both temporal and spatial instability have been derived. It
is found that the second-order disturbance of the fundamental sinuous wave is varicose
or dilational, causing disintegration and resulting in ligaments which are interspaced by
half a wavelength. The breakup time for temporal instability and the breakup length
for spatial instability have been calculated to estimate the extent of the instability. The
interface deformations have been shown. The conclusions obtained from the temporal
and spatial instability are generally identical. The effect of the Weber number, gas-to-
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liquid density ratio and Reynolds number have been discussed. Results indicate that
for a wide range of parameters, shorter waves have stronger nonlinear initial amplitude,
and the most unstable wavenumber predicted by nonlinear analysis is slightly larger
than linear analysis. The first-order growth rate and the second-order initial amplitude
work together to cause the breakup. Increasing the Weber number and the gas-to-liquid
density ratio will increase both the first-order growth rate and the second-order initial
amplitude extensively, resulting in a much shorter breakup time or length, and a
more distorted interface deformation. When the Weber number or the gas-to-liquid
density ratio is very small, it takes a rather long time to disintegrate and the sheet is
approximately stable. Under normal conditions, viscosity has a stabilizing effect on the
first-order temporal or spatial growth rate, but it plays a dual role on the second-order
disturbance amplitude. The overall effect of viscosity assessed by the breakup time
or length is minor and complicated. For most of the common conditions, viscosity
reduces instability at large or small Reynolds numbers, but enhances instability at
medium Reynolds numbers. At the typical condition of We = 400 and ρ = 0.001,
viscosity has a weak stabilizing effect when the Reynolds number is larger than 150 or
smaller than 10 and a weak destabilizing effect when the Reynolds number is between
150 and 10. The viscosity-enhanced instability under very small Weber numbers and
very large gas-to-liquid density ratios has also been examined; the conclusion reached
is the same as in the linear analysis.
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Appendix A. Disturbance amplitude in temporal instability

f̂η = (−2B1l1 sinh l1y− 2D1k1 sinh k1y) η̂j1, (A 1)

f̂µ =
[

l1

k1
(l2

1 + 5k2
1)iB1 sinh l1y+ 6ik2

1D1 sinh k1y

]
η̂j1, (A 2)

f̂d =
(

4l2
1 + 2k2

1

Re
B1 cosh l1y+ l2

1 + 5k2
1

Re
D1 cosh k1y

)
η̂j1

+ η̂2
j1ρω

2
1 exp[k1 + (−1)jk1y], (A 3)

f̂u = i
2k1

(
f̂p + df̂v

dy

)
, (A 4)

f̂v = 0, (A 5)

f̂p = 2(l2
1B2

1 + k2
1D2

1)+ (l1 − k1)
2B1D1 cosh(l1y+ k1y)

+ (l1 + k1)
2B1D1 cosh(l1y− k1y), (A 6)

ĥu = i
2k1

dĥv
dy
, (A 7)

ĥv = ReB1D1(l
2
1 − k2

1)

×
{

sinh(l1y+ k1y)

(l1 + 3k1)
[
(l1 + k1)

2 − l2
21

] + sinh(l1y− k1y)

(l1 − 3k1)
[
(l1 − k1)

2 − l2
21

]} , (A 8)
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ĥp = − 1
2k2

1

(l2
1B2

1 + k2
1D2

1)+
l1 − k1

l1 + 3k1
B1D1 cosh(l1y+ k1y)

+ l1 + k1

l1 − 3k1
B1D1 cosh(l1y− k1y), (A 9)

where B1, D1, and l1 are defined in (3.5).

Appendix B. Disturbance amplitude in spatial instability

η̂′j21 = −(−1)j
{
(l2

21 + 4k2
1) coth 2k1

2Rek1(4k2
1 − l2

21)

[
Re

(
dĥp

dy
+ f̂v

)
− 2ik1 f̂µ + (4k2

1 + l2
21)f̂η

]

+ 4ik1l21 coth l21

Re(4k2
1 − l2

21)

[
i

2k1
Re

(
dĥp

dy
+ f̂v

)
+ f̂µ + 4ik1 f̂η − i(4k2

1 − l2
21)

2k1
ĥv

]

+ ĥp − 2
Re

dĥv
dy
+ 2ρω2

1η̂
2
j1 − f̂d

}∣∣∣∣∣
y=1

2k1

Dvar(2ω1, 2k1)
, (B 1)

η̂′j22 = (−1)j+1

{
(l′222 − 4k2

1i) coth 2ik1i

2iRek1i(−4k2
1i − l′222)

[
Re

(
dĵ′p
dy
+ ĝ′v

)
+ 2k1iĝ

′
µ + (l′222 − 4k2

1i)ĝ
′
η

]

+ −4k1il′22 coth l′22

Re(−4k2
1i − l′222)

[
1

2k1i
Re

(
dĵ′p
dy
+ ĝ′v

)
+ ĝ′µ − 4k1iĝ

′
η −

(−4k2
1i − l′222)

2k1i
ĵ′v

]

+ ĵ′p −
2

Re

dĵ′v
dy
+ ρω2

1η̂j1η̂j1 − ĝ′d

}∣∣∣∣∣
y=1

2ik1i

Dvar(0, 2ik1i)
, (B 2)

l′222 =−4k2
1i − 2Rek1i, (B 3)

ĝ′v =
B1B1

2k1k1
k1r

(
k1l1 + k1l1

)
sinh

(
l1y+ l1y

)+ B1B1

2k1k1
k1r

(
k1l1 − k1l1

)
× sinh

(
l1y− l1y

)+ k1 + k1

2k1
B1D1 (k1 + l1) sinh

(
l1y+ k1y

)
+ k1 + k1

2k1
B1D1 (l1 − k1) sinh

(
l1y− k1y

)
+
(
k1 + k1

)
2

D1D1 sinh
(
k1y+ k1y

)
, (B 4)

ĝ′µ =
[

l1

k1
(l2

1 + k2
1 − 4k1k1)iB1 sinh l1y+ ik1D1(2k1 − 4k1) sinh k1y

]
η̂j1, (B 5)

ĝ′η =
k1 − k1

k1
[l1B1 sinh l1y+ k1D1 sinh k1y] η̂j1, (B 6)

ĝ′d =
[

2
Re

B1

(
l2
1 −

l2
1k1

k1
− k1k1

)
cosh l1y+ 1

Re
D1

(
l2
1 + k2

1 − 4k1k1

)
cosh k1y

]
η̂j1

+ η̂j1η̂j1ρω
2
1 exp[k1 + (−1)jk1y], (B 7)
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ĵ′v =
B1B1Re

2k1k1

[(
l1 + l1

)2 − l′222

] [k1r(k1l1 + k1l1)−
(
k1l1 + k1l1

)2
(l1 + l1)

(l1 + l1)
2 + 4k2

1i

]

× sinh(l1y+ l1y)+ B1B1Re

2k1k1

[(
l1 − l1

)2 − l′222

]
×
[

k1r(k1l1 − k1l1)−
(
k1l1 − k1l1

)2
(l1 − l1)

(l1 − l1)
2 + 4k2

1i

]
× sinh(l1y− l1y)+ B1D1Re

k1

[(
l1 + k1

)2 − l′222

]
×
[

k1r(k1 + l1)− k1
(l1 + k1)

2(l1 + k1)(
l1 + k1

)2 + 4k2
1i

]
× sinh(l1y+ k1y)+ B1D1Re

k1

[(
l1 − k1

)2 − l′222

]
×
[

k1r(l1 − k1)− k1
(l1 − k1)

2(l1 − k1)(
l1 − k1

)2 + 4k2
1i

]
× sinh(l1y− k1y)+

(
k1 + k1

)
D1D1Re(

k1 + k1

)2 − l′222

×
[

1
2
− 2k1k1(

k1 + k1

)2 + 4k2
1i

]
sinh

(
k1y+ k1y

)
, (B 8)

ĵ′p = −
B1B1

2k1k1

(
k1l1 + k1l1

)2(
l1 + l1

)2 + 4k2
1i

cosh
(
l1y+ l1y

)
− B1B1

2k1k1

(
k1l1 − k1l1

)2(
l1 − l1

)2 + 4k2
1i

cosh
(
l1y− l1y

)
− B1D1k1(k1 + l1)

2

k1

[(
k1 + l1

)2 + 4k2
1i

] cosh
(
l1y+ k1y

)
− B1D1k1(k1 − l1)

2

k1

[(
k1 − l1

)2 + 4k2
1i

] cosh
(
l1y− k1y

)
− 2k1k1D1D1(

k1 + k1

)2 + 4k2
1i

cosh
(
k1y+ k1y

)
. (B 9)

Appendix C. Dynamic boundary condition for inviscid sheets

The dynamic boundary conditions for inviscid sheets vary in the studies of different
authors, so we revisit this problem and prove our opinion.

If the flow field of the inviscid sheet is initially irrotational, it has a velocity
potential defined as φ. The relation between velocity and the velocity potential is

v=∇φ, vg =∇φg. (C 1)
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Note that φ contains the basic x direction uniform flow, i.e. for undisturbed flow,
φ = x. The normal stress on the interface should be continuous, so the dynamic
boundary condition requires

1
2
+ ρ ∂φgj

∂t
− ∂φ
∂t
+ 1

2
ρ

[(
∂φgj

∂x

)2

+
(
∂φgj

∂y

)2
]
− 1

2

[(
∂φ

∂x

)2

+
(
∂φ

∂y

)2
]

= (−1)j

We

∂2ηj

∂x2[
1+

(
∂ηj

∂x

)2
]3/2 at y= (−1)j+1 + ηj, (C 2)

where the pressure has been indicated using Cauchy–Lagrange integration:

pgj =−ρ
[
∂φgj

∂t
+ 1

2

(
∂φgj

∂x

)2

+ 1
2

(
∂φgj

∂y

)2
]
, (C 3a)

p=−
[
∂φ

∂t
+ 1

2

(
∂φ

∂x

)2

+ 1
2

(
∂φ

∂y

)2
]
+ 1

2
. (C 3b)

The term 1
2 in the second equation is the integration constant making the basic

flow pressure zero. As it does not appear in the boundary condition of Clark &
Dombrowski (1972), their boundary condition for basic flow does not hold.

Using the perturbation technique (which is the same as in § 2), the first-order and
second-order boundary condition can be derived:

ρ
∂φgj1

∂t
− ∂φ1

∂t
− ∂φ1

∂x
− (−1)j

We

∂2ηj1

∂x2
= 0 at y= (−1)j+1, (C 4)

ρ
∂φgj2

∂t
− ∂φ2

∂t
− ∂φ2

∂x
− (−1)j

We

∂2ηj2

∂x2
= ηj1

(
−ρ ∂

2φgj1

∂t∂y
+ ∂

2φ1

∂t∂y
+ ∂2φ1

∂x∂y

)
−ρ

2

[(
∂φgj1

∂x

)2

+
(
∂φgj1

∂y

)2
]
+ 1

2

[(
∂φ1

∂x

)2

+
(
∂φ1

∂y

)2
]

at y= (−1)j+1 (C 5)

where (C 5) is identical to (2.31) when Re→∞.
The non-dimensionalized second-order equation of Clark & Dombrowski (1972) is

∂φ2

∂t
− ρ ∂φgj2

∂t
− 1

2

[(
∂φ1

∂x

)2

+
(
∂φ1

∂y

)2

+ 2
∂φ0

∂x

∂φ2

∂x

]
+ ρ

2

[(
∂φgj1

∂x

)2

+
(
∂φgj1

∂y

)2
]

− ηj1

(
ρ
∂2φgj1

∂t∂y
+ ∂

2φ1

∂t∂y
− ∂φ0

∂x

∂2φ1

∂x∂y

)
= (−1)j

We

∂2ηj2

∂x2
at y= (−1)j+1 (C 6)

where φ1, φ2, φgj1, φgj2, ηj1 and ηj2 in (C 6) correspond to non-dimensionalized 1φ,
2φ, 1φ′j ,

2φ′j ,
1ηj and 2ηj in the study of Clark & Dombrowski (1972). The velocity

potential they defined is the opposite of the definition in this paper:

v=−∇φ, vg =−∇φg. (C 7)

The zero-order velocity potential identifying the basic flow is

φ0 =−x. (C 8)
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Despite the definition of velocity potential, there is a small difference between (C 5)
and (C 6), for if we replace every velocity potential with its opposite number in (C 6),
the signs of the terms ‘ηj1

(
∂2φ1/∂t∂y

)
’ and ‘ηj1 (∂φ0/∂x)

(
∂2φ1/∂x∂y

)
’ in (C 6) are

opposite to those in (C 5). We believe this is a typographical omission by the authors.
The second-order dynamic boundary condition presented by Jazayeri & Li (2000) is

ρ
∂φgj2

∂t
− ∂φ2

∂t
− ∂φ2

∂x
− (−1)j

We

∂2ηj2

∂x2
=−ρ

(
∂ηj1

∂t

∂φgj1

∂y
+ ηj1

∂2φgj1

∂y∂t

)
+
(
∂ηj1

∂t

∂φ1

∂y
+ ηj1

∂2φ1

∂y∂t

)
− 1

2
ρ

[(
∂φgj1

∂x

)2

+
(
∂φgj1

∂y

)2
]

+ 1
2

[(
∂φ1

∂x

)2

+
(
∂φ1

∂y

)2
]
+
(
∂ηj1

∂x

∂φ1

∂y
+ ηj1

∂2φ1

∂y∂x

)
at y= (−1)j+1, (C 9)

where φ1, φ2, φgj1, φgj2, ηj1 and ηj2 in (C 9) correspond to φl1, φl2, φg1, φg2, ηj1

and ηj2 in the study of Jazayeri & Li (2000). The sign of every term in (C 5)
is identical to that of (C 9). However, compared to (C 9), (C 5) does not have the
terms ‘−ρ (∂ηj1/∂t

) (
∂φgj1/∂y

)
’, ‘
(
∂ηj1/∂t

)
(∂φ1/∂y)’ and ‘

(
∂ηj1/∂x

)
(∂φ1/∂y)’. This

is because they did not use the technique shown in (2.13) to expand

∂φ

∂x

∣∣∣∣
y=(−1)j+1+ηj

,
∂φ

∂t

∣∣∣∣
y=(−1)j+1+ηj

and
∂φgj

∂t

∣∣∣∣
y=(−1)j+1+ηj

, (C 10)

which are required in (C 2). Instead, they expanded

φ|y=(−1)j+1+ηj
and φgj

∣∣
y=(−1)j+1+ηj

(C 11)

and obtained

∂(φ|y=(−1)j+1+ηj
)

∂x
,

∂(φ|y=(−1)j+1+ηj
)

∂t
and

∂(φgj

∣∣
y=(−1)j+1+ηj

)

∂t
. (C 12)

Because ηj is a function of x and t, the terms in (C 12) are not identical to those in
(C 10). Therefore, this method does not appear to be appropriate.
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