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Abstract

‘We consider a continuous, infinitely divisible random field in R4 ,d=1,2,3,givenasan
integral of a kernel function with respect to a Lévy basis with convolution equivalent Lévy
measure. For a large class of such random fields, we compute the asymptotic probability
that the excursion set at level x contains some rotation of an object with fixed radius as
x — o0o. Our main result is that the asymptotic probability is equivalent to the right tail
of the underlying Lévy measure.

Keywords: Convolution equivalence; excursion set; infinite divisibility; Lévy-based
modelling

2010 Mathematics Subject Classification: Primary 60G60
Secondary 60E07; 60D05

1. Introduction

In this paper we investigate the extremal behaviour of excursion sets for a field (X;);ep
defined by

X =/ St —sHM(ds), (1.1)
R4

where M is an infinitely divisible, independently scattered random measure on RY, f is some
kernel function, and B is a compact index set. We assume that the Lévy measure of the random
measure M has a convolution equivalent right tail; see [5], [6], [10]. In [13] it was shown
under some regularity conditions that the distribution of sup,.p X; has a similar convolution
equivalent tail. In this paper we are interested in the excursion set

Ay ={t: X; > x}.

Under the additional assumption (2.10) below, we show that the asymptotic probability of the
excursion set at level x containing some rotation of an object with a fixed radius r has a tail
that is equivalent to the tail of the underlying Lévy measure. A more precise definition of the
event that is studied asymptotically is found in Section 2 below. Measures with a convolution
equivalent tail cover the important cases of an inverse Gaussian and a normal inverse Gaussian
(NIG) basis, respectively, see [13].
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834 A. RONN-NIELSEN AND E. B. VEDEL JENSEN

Lévy models as defined in (1.1) provide a flexible and tractable modelling framework that
recently has been used for a variety of modelling purposes, including modelling of turbulent
flows [4], growth processes [8], Cox point processes [7], and brain imaging data [9]. In [9], a
model (1.1) with M following a NIG distribution was suitable for modelling the neuroscience
data under consideration. For such data it is typically of interest to detect for which ¢ € B a
given field attains values that are significantly large. The results in this paper make it possible to
discuss whether a cluster of t € B with large observations jointly form an extreme observation.

For Gaussian random fields it is known that the distribution of the supremum of the field
can be approximated by the expected Euler characteristic of an excursion set (see [1] and the
references therein). The supremum and excursion sets of a non-Gaussian field given by integrals
with respect to an infinitely divisible random measure have already been studied in the case
that the random measure has regularly varying tails. Results for the asymptotic distribution
of the supremum can be found in [11], and these results were refined in [2] and [3], where
results were obtained on the asymptotic joint distribution of the number of critical points of the
excursion sets. The arguments used there, as also in the present paper, are based on finding the
Lévy measure of a dense countable subset of the field. However, otherwise the proofs of [2],
[3], and [11] rely heavily on the assumption of regularly varying tails and, therefore, cannot be
translated into the convolution equivalent framework.

Note that convolution equivalent distributions have heavier tails than Gaussian distributions
and lighter tails than those of regularly varying distributions. The latter statement follows from
the fact that convolution equivalent distributions have exponential tails while regularly varying
distributions have power function tails.

The present paper is organised as follows. In Section 2 we define the random field (1.1) and
introduce the necessary assumptions. In Section 3 we prove three technical lemmas concerning
the asymptotic behaviour of deterministic fields. These results are used in Section 4 where we
give the main result of the paper. The proof is comprised of several steps, exploiting the fact
that X can be decomposed as X! + X2, where X! is a compound Poisson sum and X has a
lighter tail than X'. The proofs in Section 4 apply techniques similar to those of [13].

2. Preliminaries

We make the same general assumptions as in [13] except for the additional assumption (2.10)
below. For completeness, we present all assumptions in the following.

Consider an independently scattered random measure M on R4, d = 1,2,3. Then for
a sequence of disjoint sets (Ap)peNn < RY in B(RY), the random variables (M (A,))neN
are independent and satisfy M(UA,) = > M(A,). Further, assume that M (A) is infinitely
divisible forall A € B(R?). Then M is called a Lévy basis (see [4] and the references therein).

For arandom variable X let kx (1) denote its cumulant function log E[e!**]. We shall assume
that the Lévy basis is stationary and isotropic such that for A € B(R?) the variable M (A) has
a Lévy—Khintchine representation given by

1 ,
Kpr(ayA) = ihama(A) — Exzemd(A)Jr/A R(eMZ — 1 =izl 1)(2))F(ds,dz), (2.1)
X

where m4 denotes the Lebesgue measure on (R?, B(RY)),a € R, 0 > 0, and F is a measure
on !B(]Rd x R) of the form

F(A x B) = mg(A)p(B). 2.2)
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We assume that p in (2.2) has an exponential tail with index g > 0, i.e. forall y € R,

p((x —y,00))

— e asx > 0. 2.3)
p((x, 00))

Here the assumption 8 > 0 excludes the subexponential case. Let p; be a normalization of
the restriction of p to (1, 00), and note that p; also has an exponential tail with index 8 > 0.
Assume also that
(p1 * p1)((x, 00))
p1((x, 00))

where m < oo. This makes p; a convolution equivalent distribution. (Formally, a distribution
is said to be convolution equivalent, if it has an exponential tail and satisfies (2.4).) Here p; * p;
denotes the convolution. In fact, m = fR+eﬂZp1 (dz); cf. [10, Corollary 2.1(ii)]. Writing
p((x, 00)) = L(x)e P, itis seen from (2.3) that, for all y € R,

L(x—y)
L(x)

— 2m asx — oo, 2.4)

— 1 asx — oo. (2.5)

For each a, b € R, the limit (2.5) holds uniformly in y € [a, b]; cf. [10, p. 408]. Further, we
assume that

/ Zp(dz) < 0. (2.6)
R
Now assume that f: Ry — Ry is a strictly decreasing kernel function satisfying
/ f(shds < oo, 2.7)
R4
and
Fo) < —N forallx > 0 2.8)
X —_— X .
’ T (x+ 14 -

for some finite, positive constant K. Further, assume that f is differentiable with f’ satisfying

0] < —2 forallx =0 29
x + 1)

for some finite, positive constant K. Finally, let r > O be fixed and assume that there exists a
g such that both f(x) < g(x) forall x > 0 and

gx) = f'r)(x —r)+ f(r) forall x € [0,2r]. (2.10)

Note that such a g exists in the particular case that f is concave on [0, 2r]. Further, we can and
do choose g on [2r, 0o) such that it satisfies (2.7)—(2.9).

Let B be a compact, convex subset of R? with my(B) > 0 and define the set B @ C, =
{x+y:x € B,y € Cr(0)}, where C,(0) is the ball with radius » and centre at 0. We consider
the family of random variables (X;);cpgc, defined by

X 2/ fr —shM(ds)
R4

(see [13] for the existence of these integrals).
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Example 2.1. (Gaussian kernel function.) Suppose that f(x) = e_”z, o > 0. Then the
assumptions (2.7)—(2.9) are satisfied, and f is concave on the interval [0, 1/+/2¢]. In particular,
assumption (2.10) is satisfied for » < %/\/ 20.

Example 2.2. (Matérn kernel function.) Suppose that

_ IRalK (D)
T =g

’

where K, is the modified Bessel function of the second kind, index n > %, and A > 0. It can be
shown that the Matérn kernel satisfies assumptions (2.7)—(2.9) (see [12, Example 2.5] and the
references therein for details). Further, [12, Example 2.5] provides identities for the derivatives
of f from which it can be shown that when n > %, f is concave in an interval (0, §) close to 0.
In particular, assumption (2.10) is satisfied.

For s € B, let C,(s) be the ball in R¢ with radius r and centre s, and let S?~! = {o& € R?:
|| = 1} denote the unit sphere. Let D € C,(0) be a set with radius r in the sense that there
exists B € S?~! such that {—rB, r} € D. Further, let SO(d) denote the special orthogonal
group, i.e. the set of all orthogonal matrices with determinant 1. Hence, each R € SO(d)
represents a rotation in R?. For R € SO(d) and s € RY, define DR(s) = RD + 5. Recalling
the definition of the excursion set, Ay = {t € B ® C,: X; > x}, we are interested in the event

{there exist# € B and R € SO(d): DR(r) € A,}.

This event can be alternatively expressed as

{sup sup inf X; > x}.
o€ B ReSO(d) t€DR(10)

Example 2.3. One possible choice of D is C,(0); then the rotations of D are unnecessary.
Another choice is D = {rag, —rag} for some fixed og € S9=1. A third possibility is the line
segment connecting the points r« and —r«. For convenience, we let «g = 1, g = (1,0),
oo = (1,0,0) ford = 1, 2, 3 respectively.

For our study of the extremal behaviour of (X;):;cpac,, it is crucial that the field (X;);er
should itself be infinitely divisible, where T = (B & C,) N (@d and Qd denotes the rational
numbers in RY (see [13] and the references therein for details). The Lévy measure of (X;),cr
is the measure v on (R”, B(RT)) definedby v = F o V™!, where V: R? x R — R is given
by

V(s,z) = (Zf(|t - s|))[eT~

Because (X;);c7 is infinitely divisible, we have the following decomposition (see, for example,
[11]):
X, =X + X2,

where the fields (X,l)leT and (X,Z)IGT are independent. The first field, (Xl])

Poisson sum
N
xi=3 ur
n=0

where N is Poisson distributed with parameter v(A) < coand A = {x € R” : Sup,er X > 1}.

rer> 18 acompound
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The fields (U}');er are independent and identically distributed (i.i.d.) with common distribution
V] = v4/v(A), where v4 is the measure on (RT, B(RT)) obtained by restricting v to A. Further,
(X tz)t o 1s infinitely divisible with a Lévy measure v4c, the restriction of v to A€.

As argued in [13], all the fields U”, X! and X? have continuous extensions to B @ C,. Note
also that each of the fields (U")teB@C can be represented by (Zf (|t — S|)):eBac,, Where
(S,2) e R4 x R has distribution F1, the restriction of the measure F to the set

vla) = {(s,z) eRY x R: supzf(r —s|) > 1}.
teT

3. Asymptotic results for deterministic fields

An important property for the arguments in [13] is that for a continuous field (y1);cpgc,
the limit relation
. X — y
teB Fr=sh
holds for all s € B. In this paper we need a similar but more involved result concerning the
asymptotic behaviour of

—(x—y)—=0 (x— 00) 3.1

X =Vt X
inf inf sup - )
10€B ReSOW) e pry) St =) f(r)

3.2)

where SO(d) and DR (r) are as defined in Section 2.

Lemma 3.1. Let (y1);cpac, be a continuous field. Then there exists a function As((Y1);epac,)
such that, for each s € B,

X —
inf inf e

WEB RESOW) e pigy (11 — 51) f( py T e(Oiesac) = 0 (x = 00). G-3)

Further,

() if V)repac, is constant-valued and equal to 'y then ds((Yi)iepac,) = ¥/ (r) for all s;
(ii) for constant y, As((y + ¥1)iepac,) = Y/ () + As((V1)eBac,)s
(iii) for any e > 0, As((¥1);epac,) depends only on (y,),ecr+e(s).

Proof. Let y* = sup,cpgc, and y, = inf;cpgc,. Then the expression in (3.2) is bounded
above by

X — Vx XX = Y I

supy, g ifreprey FU1 =5 f) — f@)  f) f@)

Similarly, the expression is bounded below by —y*/f (r). Assertion (i) for a constant field (y;)
follows from these two bounds. Similarly, assertion (ii), when a constant y is added to (y;),
follows once the existence of the limit As((y;),cpgc,) 18 established. For each x > 0 we can
choose #, € B and R, € S~! such that

X — X X — Yt X

inf inf sup = sup .
0eB RESOW) e pry ST — 5D F()  pepreq, ST =S ()

(3.4)
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First, we show that t, — s as x — 0o. We find

_. — J— J— *
x —infrec, () Yo ap L Xy o X —y

= > sup > - .
f@) teCr(s) f) teDRx (1) St —sD mfteDRX(zx) St —s)

On using inf, ¢ pre ;) f (It —s|) < f(r) this yields

X — y* < inf;eDRx(tx) f('t _S|) <
X — inftec,(s) e f) -

’

SO inf,eDRX(,x) f(t —s)) — f(r)asx — oo. Since also inf,eDR(,O) f(t — s < f(r) for
all 7o # s and R € SO(d), we can conclude that ¢, — s. From this we can conclude that
As((¥1)iepac,) depends only on y; for  close to Cy(s), i.e. assertion (iii).

In fact we need a stronger version of (iii). The differentiability of f in r implies that, for

=0 1 1
— =bu—r)+wu—ryp(u—r) 3.5
f@  f@r)
for b > 0 and some continuous function ¢ with ¢(0) = 0. Since f is decreasing, for each
K >0,

K
§—bK+¢<——> forO <u <r—K/x,
X

1 1
(7~ 7)
f@  Fo sz+¢<§>

foru >r+ K/x.

In particular, we can choose K and x such that, for all x > xo,

*

Y

< — for|t —s| <r— K/x,
X — Y _ X f(r)
flr=sh  fo) | _% for [t —s| > r + K/x.

With this choice of K, we have, for x > xo,

. . X =Y X . . X =y X
inf inf sup - = inf inf sup — ,
10€B ReSOW) ;cpr(yyy S UL —sI)  f(r)  0eBRESOW) e prynpm, fUL =) f(r)

(3.6)

where H, = {t e R¢: r — K /x < |t — s| < r + K/x}. Define
h(€) =sup{lopw —r)l:r—€ <u <r+{},

and note that 2(£) — 0 as £ — 0.

We now show the convergence result (3.3) by contradiction. To this end, assume that there

is a sequence x| < X| < X2 < X < --- and constants @ and & > 0 such that
Xn — Vi Xn Xn — Yt Xn

sup — <a sup — >a
entigy FUE =D F() weniniy TUT =D F()

+eé 3.7

for all n, where R, = R,,, Rn = Rj, are the corresponding rotation matrices, and #, = fy,,
fn = tz, correspond to the relevant displacements, chosen according to (3.4). By using
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subsequences we can assume that |f, — s| is decreasing and that (R,) is convergent. Let £
be chosen such that #(¢) < 1/m, where m € N will be determined later. Let §,, be the rotation
that is needed to rotate D®»+1(0) into D®» (0): S, DR»+1(0) = D®»(0). Choose § > 0 according
to the uniform continuity of (z:);cpgc, = (V:/f (It — sD)ieBoc, such that |z5, — z| < 4118 if
|sp — s1| < §. Further, § should be chosen so small that § < %Z. Choose ¥ > xg such that
8 + K /% < . Now choose n such that |t, — t,41| < 38, such that |S,u — u| < 18 for all
u € B® C,, and such that K /x,, + |t, — ty4+1] < K/X.

Recall that D®» (,,) can be parameterised by {R,t +t,: t € D} and, similarly, DRt (th+1)
is parameterised by {R,41t + t,4+1: t € D}. Choose D;y € D such that DRty N Hy =
{Rnt +t,: t € Dz}. From the definition of #,, it follows that

(3.8)

Xn — Vi Xn
sup

— <a
veprmn, FAE—sh  f()

Further, let D~ Rus1 e the rotation by S, of D®»(z,,) N H; centred in s: D Ruvt — g (DR (tn) N
H; —5) +s. Now D Bit1 has the form (Ry41t +1:t € Dg) for some f, where in fact t =
S, (t, —s)+s but this is n0t1mportant1n the following. Sincefort € Dyeach R, it +1 € D R
is the rotation around s of Rt +1, € DR (z,) N Hj, the distance to s is unchanged. Since also
|Ryt1t + 1 — (Ryt +1,)| < & fort € D; because of the choice of S,, the inequality (3.8) now

leads to
sup tn 7 i n _a—i—le
et SE=sD  f@) =74
which can be reparameterised as
1 1 1
e, x"(f(umlt Fiosh f(r)> T ERnard S 4 g G

Define in the same way D~ ntl (th+1) = {Ry+1t + ty41: t € D3} as a reduced version of
DRuti (ty+1). From the deﬁmtlon of t,4+1, we have, similarly,

1 1
sup x . on o
reD; "<f<an+1t+tn+1—s|> f(r)) it

and by the uniform continuity of (z,) and the small distance between #,11 and 7, we have

1 1 1
sup x — -z ;<a+ -e. (3.10)
s ”(f(|Rn+1t it —sD) f(r)> Ruii+7 4

R, . . ~ R, . . .
Note that D 1 (t,41) is a translation of D; *!. We parameterise all the intermediate transla-

tions by

i ={Rut1t +y@):t € Dz} foru €[0,1].
Here y(u) = f + u(t,+1 — f) is a linear parameterisation of the line segment from 7 to #,1.
Note that Do ; = Di"*' and Dz = D" (t,11). Now define x(u) = K /(1 —u + C) for
u € [0, 1], where C, K > () are chosen such that x (0) = x,, and x(1) = x,,+1 (see LemmaA.1).
Suppose that we can show, for all 4 € [0, 1],

1 1 1
iﬁ“”(ﬂmﬁn vy —sh f(r)) T fReeat S+ e GAD
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Then choosing u such that x (1) = X, and defining 7, = y (1) yields

. 1 | X
il f, N -z F<a+ ze.
teD; n<f(|Rn+1l‘ +t,) —s|) f(r)) Ryy1t+i 3

Using the uniform continuity of (z;) again together with a reparameterisation gives
Xn — Yt Xn
sup —
reny: St —s)

Note that from the choice of ¥ and the fact that x, < X,, DR+ (7,) N Hy €D,z In
combination with (3.6) this yields the desired contradiction to (3.7).

Thus, the proof will be complete, if we can show (3.11). First, we observe that the cases
u = 0 and u = 1 follow from (3.9) and (3.10). The result for a general u € (0, 1) then follows
if, for any given t € Dj;, we can show that

3
f@r) =atgs

x(w)F(u) <a+z7+ %8 for all u € [0, 1], (3.12)

where
1 1 y
= — _ , F= N
fAv@ —sh  f(r) Ru1t+

For ease of notation, ¢ is suppressed. To obtain (3.12), we use the facts that, for all 7 such that
rft—s|<r+¢,

1 1 1 1
(b— n—1)(|t Csl-n < (mt i f(r)> < (b+ Z)(u —sl=n, (13

and, forr — £ < |t —s|<r,

1 1 1 1
(b+ E)(“ —sl=r = (f(lt ) f(r)) = <b— n—1>(|t —sl=r), (3.14)

where we have applied (3.5) and the fact that 4(€) < 1/m. Note that the assumptions above
imply that ||y (u) — s| — r| < £ for all u € [0, 1]. Note also that F' () > 0 if and only if
|y (u) — s| —r > 0. Consider the four cases (1°) F(0), F(1) > 0; (2°) F(0), F(1) < 0; (3°)
F0) <0< F(1);4°) F(0O) > 0> F(1).

For case (1°), using (3.13), we find, foru = 0, 1,

F(u) Y (W) = Ruy1t +y u).

1 - |
<b——>x(u)(|y(u)—s|—r) <a-+z+-¢. (3.15)
m 4
Now let G («) be the linear interpolant such that G(0) = (]y(0) —s| —r) and G(1) = (|y (1) —
s| — r). Then since, foru =0, 1,

<b - l)x(u)G(u) <a+z+ 18, (3.16)
m 2

and since u +— x(u)G (1) is monotone, Lemma A.1 implies that inequality (3.16) is satisfied
for all u € [0, 1]. Also, since u — |y (1) — s| is convex, (3.15) is satisfied for all u € [0, 1];
thus, for all  in [0, 1],

1 > b+ 1/m

(b + nii)xwxmu) —sl-r) < (a )
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Another appeal to (3.13) then shows that

x(u)F(u) < <a+2+ls)m. (3.17)

- 4 Jb—1/m
For the (2°) case, since F(u) < 0 if both F(0) < 0 and F(1) < 0, inequality (3.12) is
trivially satisfied if a + Z + %8 > (. So assume thata + 7 + %8 < 0. Then, similarly, using

(3.14),

x(u)F(u) < <a+z+ le)ﬂ (3.18)

- b+ 1/m

Case (3°) is trivially satisfied because u +— F (u) is 1ncreasmg
For case (4°), we only need to show that x(u) F(u) <a+27+ g Le forall u € [0, ug], where
F(ug) = 0. To do so, we can repeat the technique from (1°), since now x(w)F(u) <a+z + €

foru =0, ugp.
The desired inequality (3.12) follows from (3.17) and (3.18) by letting m — oco. Note that
this can be carried out uniformly in ¢ because the field (z;) is bounded. O

The next lemma describes A for a particularly simple set D.

Lemma 3.2. If D = {—agr, agr} with o as defined in Example 2.3 then

A
s((yt)zeB@Cr) (XGSS(P 1 2f( )(yv+otr + Ys—ar)-

Proof. First, we introduce the notation D% (s) = {s —ar, s +ar} fora € S? ! and s € R?.
Then, for such s fixed, {D%(s): o € S?~1} = {DR(s): R € SO(d)}, so for D chosen as in the
lemma, we can use unit vectors to parameterise all rotations. Now define u; o = s + ro for
o € S !and Usiya =5+ty +rafort >0andy € S9! The latter parameterises points
on the boundary of a ball with radius r and centre in s + ty. Note that u; ¢ ) o = Uy, and that
lim; 0 U5,y = Us,y,. Further,

Uryo — S| =ty +ra| = \/tz +r2 4 2trcos L(a, y),

where /(«, y) denotes the angle between « and y (for example, in the one-dimensional case,
we have Z(1, —1) = 7). Because f is differentiable in r, we can write

T Flaya=sD  FO ]~ Fop L@

[ f{ ()2) (Iry +ral =) + ¢ty +ral =)ty + ra| - r>}

=0
f@r)?
where ¢ is continuous with ¢ (0) = 0. Using a second-order Taylor approximation around O

of t > \/t2 +r2 4 2trcos L(a, y), we see that (|ty + ra| — r)/t converges to cos Z(«, y)
uniformly in ¢, y as ¢ — 0. Thus, for all s € B,

sup

1 ! LY =)
B - L(a, 0 0).
(f(|ustya—s|) f(r)> ()2 cos(a,y)| =0 (t—0)
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Since yu, ., , = Yu,, uniformlyina, y € S?-! due to uniform continuity of the (y,)-field, we
find that if (#,) is a sequence decreasing to O such that x¢, — C as x — oo, then

_y”atx y.a X _f/(r) yus,a
_ _ L(a,y) — 2o
Ftrnya —s) _ F0) < cos e y)

f(r)? f@r)
From this we find, still for x — o0,

X =Vt X f/( ) Yt
sup| max — — max — 5 cos L(t—s,y)— —
teD"‘(s+yt) fde—=s) f@) reDY(s) f( r) f@)

Y.a

sup
v,

>‘_>0 (x = 00).

Next, we claim that, for all o, y € S4-1and C > 0,

—'0) i
rer%%’fn(CW sy = f(r))

f (r) Vs+ra _f/(r) Ys—ra
7002 cos L(a, y) — o) ,—C 7072 cos Z(a, y) — 0 }

(ys+rot + Ys— ra)

= max{

> su
= st 120

with equality if
{ Vs+ra + Ys—ra
2f(r)

and, further, Yo = ap and Co = f(r)/(=2f'(r))(Ys+ra — Ys—ra). For the proposed choice of
a0, Y0, and Cy, it is easily seen that

_f/(r) ys+ra0 _f/(r) ys—rao
Co———— cos L(a, y0) — = —Co——— cos L(ao, Y0) — ;
f(r)? Q) f@r)? f@r)
and that the common value equals the desired lower bound. It is also seen that any other choice
of @, y and C can only increase one of the two terms above.
Now let («;,) and (y,,) be sequences in S (1) a sequence of positive numbers, and (x,,)
a sequence increasing to oo. Then the results above show that

Q@ = arg max D Vstra = ys—m},

aeSd-1

.. X =Vt X Vs+ra + Vs—ra

lim inf max — > sup ————,

n—00 1eDy(s+yat) \ f (It —s[)  f(r) wesd-1 2f(r)
and that there is equality if o0, = o, ¥» = y0, and x,¢, — Co with ap, yp, and Cy as proposed
above. Combined with Lemma 3.1 this gives the desired result. |
Lemma 3.3. Letn € N and assume that, for eachi =1, ...,n, (yf),eg@cr has the form

yf = zif(lt —s'D forallt € B® C,,
where all 7' > 0 and s' € R?. Let g be as defined in (2.10). Define, for s € RY,
@(s) = f(N1Bec, (5) + 1sac,) (s) sup g(|t — s]). (3.19)
teB

Then

sup Ag ((Zﬁ) > I )Zz @(s), sup sup inf Zyt Zziw(si).
i=1 teBOC, i=1

seB 10€B qeSd—1 IED"‘(to)
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Proof. Assume that si € B® C,. Foreacha € S9! and s € B, if min{|s + ro — st,
|s —ra —s'|} = r — § for some § > 0, then max{|s +ro —s'|, |s —ra — s'|} > r +§. Using
assumption (2.10) then yields

YO e F V) S 3 (g =8 + g +8) =2 f(r) = Z o(s).

Clearly, this inequality is also satisfied if both |s + ro — sii>rand|s —ra —s'| > r. If
st € (B @ C,)° then for all choices of s € B and « € S9!, we must have

Ol + Vi) < 2 g(s +ra = s + g(ls —ra — s']) < Zp(sh).

Recall that for a given rotation matrix R € SO(d), there exists o € S9-1 such that {s —ra,
s+ra} C DR(s); then combined with Lemma 3.2, we now see that, for each s € B,

M((; yt)zeBeac) = aeSd 1 2f(r) (Z Ystar T X:yY ar)
1
: Z 2f(@r)

_f()ZW(S

Taking the supremum over s € B yields the first statement of the lemma.
For the second statement, similarly, we have, for each #p € B and R € SO(d),

n
inf Zyt = mm{zytoﬂa’ Zyto ra} = 2<Zyt0+ar +ny0 otr) = Zzifp(si),
i=1

teDR(to)

sup (ys+ar+yA otr)

aeSd-

where, again, o € S?=1 is chosen such that {s — ra, s + ra} € DR(S). The result follows by
taking the supremum over fp € B and R € SO(d). ]

4. The main theorem
In this section we derive the main result, namely Theorem 4.4 below. For x > 0, define the

set

Ax) = {(y;);eg@cr sup sup inf  y, > x}
t0eB ReSO(d) t€ DR (19)

Note that for a random field (Y;);cpgc, With excursionset Ay = {t € B® C,: ¥, > x},

P((Y:)iepac, € A(x)) = P(there exist € B and R € SO(d): D®(1r) C A,).

Our first step is to determine the asymptotic behaviour of excursion sets for a field U with
distribution v;. Recall the definition of L(x) from (2.5).

Theorem 4.1. Assume that (U),cpgc, has distribution vy and let (y1),cpgc, be continuous.
Then, as x — 00,

P((U; + yiepac, € Ax)) 1 / A d 4.1
LG /7)) exp(—Br/f ) — (A BCXP(,B s((V)reBac,))ds, (4.1)
P((Up)ieac, € Alx)) my(B), 4.2)

L/f(r) exp(—Bx/f () v(A)
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and

P(U; + )’t);eBe;c,. € A(x)) - fB eXP(,B)m((yt);eB@c,))ds

(4.3)
P((Ut)epac, € AX)) mq(B)

Proof. The limit results (4.2) and (4.3) follow directly from (4.1), so we only need to prove
(4.1). We can assume that (y;),cpac, 18 nonnegative: simply write x = x" — xq for a suitable xq
such that (xo + y:);epgc, 18 nonnegative; we shall find

lim P((U; + x0 + Y)repac, € AX))
x'—oo  L(x'/f(r))exp(—Bx'/f(r))

Consider

P((U; + y)iepac, € AX))

1
= F({(s,z)e]Rde: sup sup inf zf(lt—s|)+yt>x}>
v(A) toe B ReSO(d) te DR (t9)
1 . X — V
= F (s,z)eRde:z>1nf su —})
V(A) <{ tO’RtEDR[:t()) f(lt _S|)

1 . X =) . X =
= L{inf sup —————— )exp|—Binf sup —————]ds
U(A) B lo.@ teDR(1p) f('t - |) lO’Rl‘eDR(t()) f('t - S|)
1

. X =W . X =W
+ L(lnf sup —)exp(—ﬂlnf sup —)ds.
v(A) Jrang R e prgy S = sD) 0 iy FUIE = 51)
4.4

Start by showing that the second term in (4.4) is o(L(x/f(r)) exp(—Bx/f(r))). Let y* =
SUPsepac, Vs Observe that L(x)e ¥ decreases in x so if x > y* then the second term is
bounded above by

1 x—y* x —y*
L exp| —B ds, (4.5)

v(A) Jra\ So(s) So(s)
where fo(s) = sup, ginf,cpr(, f(If — s[). From arguments similar to those used to

prove [13, Theorem 3.1] it can be seen that for all y > 0 there exists xo > 0 and C > 0
such that

L
L(ax) < Ce D forallx > xpanda > 1. (4.6)
L(x)

Note that the convexity of B implies that fo(s) < f(r) forall s € R? \ B. Combining this
with (2.5), relation (4.6), and the fact that L(x)e™"* — O forall y > 0 shows that the integrand

in (4.5)is o(L(x/f (r)) exp(—=Bx/f (r))).

Denote the integrand of (4.5) by &(s; x). If we can find an integrable function g such that
h(s; x)

L(x/f(r))exp(=px/f(r)

then the dominated convergence theorem implies that (4.5) is o(L(x/f (r)) exp(—Bx/f (r))).
Let 0 < y < B. Using (4.6) and the boundedness of L((x — y*)/f(r))/L(x/f(r)), we can

) < g(s), s € Rd,
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find a constant C and xo > y* such that, for x > x,

hs: ) <éexp(ﬁy*)exp(—(ﬂ—y>[ ! —L}xo—y*))
LGe/f () exp(—B/f () — 7o) o) F0) ¥ 7‘)

Now choose D > Osuchthat B@C, € Cp(0) andsup,.p f (|t —s]) < f(r)foralls ¢ Cp(0).
Then using (2.8), we find for s ¢ Cp(0) that

1 1
fo(s) <sup f(It —s) < sup f(|t—s]) < sup = .
1€B 1eCp(0) recp (Ut —=sl+ D4 (Is|— D+ 1)4

It follows that the function (4.7) is integrable.
The theorem now follows by applying dominated convergence to the first term of (4.4).
From Lemma 3.1, we have, for s € B,

L(infy, g SUp,c pr () (¥ — y2)/ f (It = sD) (=B infyy g SUp,c pryg) (¥ — yo)/ f (|t = 5]))
L(x/f(r))exp(=Bx/f(r))

— eﬂ)‘ﬁ' ((ve)e) .

Again using the fact that L(x)e™#* is decreasing, it follows that, for large enough x,

‘ L(infzy, g SUp;e pr(g) (X — 1)/ f (It — s1)) exp(=Binfy, g SUp;e prey (X — yo) / f (It = 51))
L(x/f(r))exp(—=Bx/f(r))
_ eﬁls(()’t)t)

_ Lx = yH/f o) exp(=p&x = y9)/f () 4 eBr ()
- L(x/f (r)) exp(=Bx/f(r))
(€ + 1),

IA

where C is chosen such that
L= y)/f ) _
Lx/f(r)) —

The result is integrable over B. ]

The next step is to extend the result of Theorem 4.1 to the case P(U' 4+ -+ U"+y); €
A(x)), where U i i=1,...,n,are independent with common distribution v;. Recall that each
(U})IGB@Q can be represented by (Z' f (|t — 8 D)teB@c,’ where (S?, Z') has distribution Fj.
For this purpose we need the following lemma and corollary.

Lemma 4.1. Let (S, Z) be distributed according to Fy. Then, when x — o0,

P(Zp(S) > x) MBS GC)
L(x/f(r)) exp(=Bx/f(r)) v(A)

E[exp(L)] < 0.
FNZp(S)
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Proof. Similar to the proof of Theorem 4.1, we can write

ﬁF({(s, 2) e RY x R: zo(s) > x})

! L< a )exp(—ﬁ—x)ds
v(A) Jpec, \f() f@r)
1

" s o
v(A) Jpac, sup;cp (It — s)) sup;cp g(It — s))

where the first term equals L(x/f (7)) exp(—Bx/f (r)) times the desired limit while a dominated
convergence argument (using sup,.p g([t — s|) < f(r) forall s € (B @ C,)°) shows that the

second term is o(L(x/f (r)) exp(—Bx/f (r)).
The second particular result follows from [10, Corollary 2.1(ii)]. ]

P(Z¢(S) > x)

Corollary 4.1. For U', U2, ... iid. with distribution vy,

E[exp(ﬁ sup g (U} + -+ + Ul")teg@c,))] <o (alln €N).
SEB

Proof. Because each U' has the form (Z' f (|t — S'|));epac, » the result follows from Lem-
mas 3.3 and 4.1. O

Theorem 4.2. Ler U, U2, ... be i.i.d. with distribution v| and assume that Oiepoc, s
continuous. For alln € N and x — oo,
P(UM -+ UM+ y)r € A(x))
P((U}): € A(x))

— md}zB) /BE[exp(ﬁ,\s((U} 4+ U 4 y)))1ds.

Proof. As in the proof of Theorem 4.1, we can assume that (y;);cpac, 1S nonnegative. The
result is shown by induction over n. For n = 1, the result is shown in Theorem 4.1. Assume
now that the theorem is correct for some n € N. For convenience, write V = U! + ... 4+ U"
and recall the representation U] = Z f(|t — S'|). Then

P((V; + U 4 y,), € Ax))

n
. . 1 1
= P(Z Zip(8") = 2, 28 > S, (Ve + UM 4 )y € A<x>>

i=1
el 1 n+1
+]P’<§Z (S = 3%, (Vi + UM+ 3 € A(x))
+P(Z" (8" < L, (Vi + UM 4 ) € A)). (4.8)
The first term on the right-hand side is bounded above by the product

“ i i l n+1 n+1 l
]P’(ZZ o(SH > 2x>IP<Z (" > 2x>.

i=1
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In Lemma 4.1 we showed that the distribution of each Z/¢(S’) is convolution equivalent.
Thus, both terms of the product are asymptotically equivalent with p1((x/(2f(r)), 00)), and
then it follows from the proof of [5, Lemma 2] that the product is o((p1 * p1)((x/f (r), 00))).
In particular, the product above is o(p1((x/f(r), 00))) due to convolution equivalence (see
around (2.5) above concerning these ideas for p and p1).

The two remaining terms in (4.8) divided by IP’((Utl ); € A(x)) can be rewritten as below:

Frendest, ' .58, 2")

/ PUMM + 30 2 (= 5T + v € A))
C P(UM: € Ax))

/ P((V; +zf (It — s + y)r € Ax))
é P(UN; € Ax))

Fi(d(s, 2)). (4.9)

Here F 1* ®" s the n-fold product measure of F1, and we have used the fact that (V;); can be
represented by (37, Z £ (|t — S')));. The sets Cy and C, in (4.9) are defined by

n . ) 1 » 1
Cy = {(sl,zl; st 2 Y el < Ex} and C, = {(s,z): 29(s) < Ex}.

i=1

Using Theorem 4.1 and the induction assumption, the two integrands of (4.9) multiplied by 1¢,
and IC‘X respectively, converge as x — 00 to

1 ¥, '
fl(slv Z1§ st = i (B) /;gexp<,3)»s<<yz + ;Zlf(“ — Sl|))[eB®Cr))dS

and

n

fls,z) = ma(B)

/B Elexp(Brs (U} + -+ UM 4 2£ (11 — s1) + y)repac,)ds,

respectively. We want to show that (4.9) converges to

/fl(sl,zl;...;s”,z")Fl*(X’"(d(sl,zl;...;s",z”))—f-/fg(s,z)Fl(d(s,z))

n+1
= Elexp(BAs (U + -+ U} + y))1ds.
mq(B) Jp
To this end, it is enough to find integrable functions g (s', z'; ...; s, z"; x) and g2(s, z; x)
that are upper bounds of the two integrands of (4.9) such that the limits g1 (s, z'; .. .; s", ") =
limy s 0o gl(sl, b s x) and g2(s, z) = limy— o g2(s, Z; X) exist with

/ gl(sl,zl;...;s”,z";)c)Fl"“X’"(d(sl,zl;...;s",z"))+/~ g2(s, z; x)Fi(d(s, 2)) (4.10)
Cy Cx

converging to the similar integrals with gi(s', z';...; ", z") and g2(s, z), and use Fatou’s
lemma. Using Lemma 3.3 we find that as functions g (51, 2l st x) and g3(s, 2; x)
Wwe can use
]P)Zl Sl >x —y*— ’f’_zi Si
aish 2 st ) = (Z¢(S) Y= 2= 2 9( ))7

P((Up): € T'(x))
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where, as previously, y* = sup,cpgc, yr» and

PO, Zip(SH) > x — y* — z¢(s))
P((Uy); € T'(x))

&(s,z;x) =

From Theorem 4.1 and Lemma 4.1, we see that, for large x,

- mq(B) 1 1
P((Uy); € T'(x)) 1 B&C) C,)P(Z e(S") > x),
and, hence,
gish 2l s ) = st st s
mq(B & C,) ( B
= ex —
mgq(B) FO* 430 Ze(sh)

)

Since the distribution of ) /_, Z i (8" is convolution equivalent, [6, Corollary 2.11] yields

82(s,z;x) = ga(s,2) = ma(B)

‘We observe that

/gl(sl,zl; ...;s",z")Fl*@’”(d(sl,zl; ...;s",z”))+/g2(s,z)F1(d(s,

_ md(B D Cr)

1) . PO (RieBIfDZ o(SH\
7(B) (n+1)-e (Ele 1)

MaBOC), 11010 420 (el 170y,

2))

A.11)

Since the tailsof Y 7_, Z {p(Sh) and Z'p(S"), in particular, are exponential with index B/ f (r),

appealing to [5, Lemma 2] shows that (4.10) is asymptotically equal to

7oy POCZL Zie(8) > 1)
P(Zlp(S!) > x)

which, by another reference to [6, Corollary 2.11], is seen to converge to (4.11).

For a dominated convergence argument, we need the lemma below.

Lemma 4.2. Let UL, U2, ... be i.i.d. with distribution v\, and assume that (S, Z) has distri-

bution F\. There exists a constant K such that

]P’((U,1 +...4+U"N € Ax)) < K"P(Zp(S) > x) (alln € Nand all x > 0).

Proof. Since Z¢(S) has a convolution equivalent tail according to Corollary 4.1, it follows

from [6, Lemma 2.8] that there exists K such that

P(sz¢(si) > x) < K"P(Z¢(S) > x).

i=1
The result now follows directly from Lemma 3.3.

Recall that we can write the field (X,);c7 as X; = X! + X t2 where the field X'

]

is obtained

from the fields U!, U2, ... and an independent Poisson distributed variable N with parameter

v(A)by X! =N ur.
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Theorem 4.3. (a) For eachs € B, E[exp(BAs(X}),cpac, )] < 00

(b) For a continuous field (y1),cpgc,
i POX7 4300 € AK))

x—o00 L(x/f(r))exp(—Bx/f(r))

Proof. To prove part (a), recall that A;((X!)repac,) < (l/f(r))fo:o Z'¢(S") and that

Elexp(B8/f(r)Z'¢(S1))] is finite.
To prove (b), we use the relation

/BH*l[(exp(ﬁ)»s((x,l + y)iepec,)))1ds

A
P((X/ +yt>feA<x>>—e—”<A>Z ( ) —=P((U} + -+ U+ y): € Ax)).

n=1

For the sum here, we use Lemma 4.2 and the notation y* = sup,cgg, yr as follows:

i V(A" P(U} + -+ U" 4+ y) € Ax))
n! P(Zp(S) > x — y*)

n=1
V(A" P(U! + -+ UMy € Alx — y¥))
n! P(Zp(S) > x — y*)

M

3
I

K"v(A)" P(Zp(S) > x —y*)
nt P(Ze(S) > x —y*)

E%g

1

K"v(A)”
= Z

< Q.

8II

Now we obtain from Lemma 4.1 and Theorem 4.2 that
lim P(U! +--- 4+ U"+ y); € Ax))
X—00 P(Zp(S) > x — y*)

n 1 n—1
— E eﬂ)\y((U, ++U; " +y)r) ds,
AT ma(B @ Cr) / [ ]

with the convention that Ut1 44 U[“l = 0if n = 1. Then dominated convergence yieldss

im P((X} + y)i € Ax))
x=o00 P(Zp(S) > x — y*)

—v(A
_ v(4) V(A) Bs (UL -+U"4y)0)
_ Ele lds
eﬁ/f(”)y md(BGBC ) n! B
o0
_ ' v(A) Z e_v(A) V(A—)n / E[eﬁ)\s((U,]+v..+U,”+)‘t)t)]ds
IO my(B® C,) = n' Jp
_ v(A) E[eﬂks((U,l+...+U1N+yr)r)]ds
eBlFOY ma(B @ Cy)
_ v(4) / E[ePhs (X300 14
eBIFOY my(B @ C,) ’
which with a final reference to Theorem 4.1 and Lemma 4.1 concludes the proof. ]
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The theorem below is the main result of our paper. In the formulation of the theorem, we
explicitly state the assumptions under which the limit holds.

Theorem 4.4. When M satisfies assumptions (2.1)—(2.6) and f satisfies (2.7)—(2.10), we have
Elexp(BA1, ((X0):epac,)] < 00 and

. P(sup; e p SUPReso) Ifreprizy) Xi > X)
AT Ll yeppairan o RBRaEiessc malB)]

where ty € B is chosen arbitrarily and Ly, is as defined in Lemma 3.1.

Proof. First we note that E[exp(y sup,cpgc, X2)] < oo for all y > 0 according to [13,
Lemma 4.1]. Since, by Lemma 3.1, we also have

1 2 _ 1 sup; th
Ay ((X1)r) < Ay ( X, +sup X; = Ay (X[ )1) + ——,
t t fr)
the first statement follows from part (a) of Theorem 4.3. Let 7 be the distribution of (X tz),E B&C, -

We find that

P((X0)r € AX)) / P((X] + y0)i € A¥))
P((X}): € A(x)) P((X}): € A(x))

7(dy) =ff(y;x)N(dy),
where .
P((X; +y)r € Ax))
(y;x) = .
TOS0 = T (%D, € A
From Theorem 4.3 it is seen that as x — o0,

. _ J Elexp(BA (X! + y)repac,)))]ds
T = ) = o o (Bae (X o )lds

If we can show that
_/f(y:X)ﬂ(dy) - /f(y)ﬂ(dy) as x — oo, 4.12)

then the theorem follows with another reference to Theorem 4.3 and by recalling that (X;);cpac,
is stationary. According to Fatou’s lemma, (4.12) follows if we can find integrable nonnegative
functions g(y; x) and g(y) such that

Fix) < gy x), (4.13)
g(y; x) — g(»), (4.14)
fg(y;x)n(dy) - fg(y)n(dy). (4.15)

For this purpose, let

_ P((X} + sup, y1): € A(x))
g(yix) = i .
P((X;):r € A(x))
Then (4.13) is satisfied. Further, using Theorem 4.3 and Lemma 3.1, we find that (4.14) is
satisfied with g(y) = exp(B/f (r) sup, y;). To prove (4.15), we have

P(supm’R inf,eDR(to) X,1 + sup, X,2 > X)

/g(y; x)ma(dy) =

P(sup;, g inf e pr (g X/ > x)
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Note that sup,, g inf,cpr(,) X ! has a convolution equivalent tail according to Theorem 4.3
and [10, Lemma 2.4 (i)]. Since E[exp(y sup, Xt2)] < oo for all y > 0, it follows from [10,
Lemma 2.1] and [10, Lemma 2.4 (ii)] that

P(su inf X!+ sup, X% > x
lim (supyy, 1eDR i) T lpt >0 ]E|:exp<—ﬂ 2>} = fg(y)ﬂ(dy)-
x—>00 P(sup,, g Inf,cpry) X; > X) f(r)sup, X7

Thus, (4.15) is satisfied. O

Appendix A.
The following simple lemma is used in Lemma 3.1.

LemmaA.l. Let 0 < x,, < x,41 be given. Then there exist constants C, D > 0 such that
x: [0, 1] — [0, oo) defined by
C
R — A.l
W) = g A1)
is strictly increasing with x(0) = x, and x(1) = xp41. Further, if g(u) = au + b then
u +— x(u)g(u) is monotone on [0, 1].

Proof. Any function of the form (A.1) is clearly strictly increasing on [0, 1]. The constants
C, D that yield x(0) and x(1) as stated are found by straightforward manipulation. The last
result is proved by differentiating u +— x(u)g (u). O
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