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Abstract. Lorenz maps are dynamical systems on the interval related to the Lorenz
flow. Monotone Lorenz families will be introduced and it will be shown that all possible
topological dynamical behavior of Lorenz maps is realized within every monotone Lorenz
family. Moreover, the structure of the parameter space for such families is described.

1. Introduction
The aim of this paper is to describe some parameterized families of Lorenz flows that are
topologically universal in the sense that, given any geometric Lorenz flow, its dynamics is
essentially the same as the dynamics of some element of the family. Thus, these families
play, in the context of Lorenz flows, the same role as the quadratic family in the context of
unimodal interval maps.

Lorenz in [L ] showed numerically the existence of some flows in three dimensions that
have complicated recurrent behavior. What we now call a Lorenz flow has a singularity
of saddle type with a one-dimensional unstable manifold and an infinite set of hyperbolic
periodic orbits, whose closure contains the saddle point. More specifically, the closure of
this set of periodic orbits is in general the global attractor of the flow.

To analyze the dynamics of such a flow we take a two-dimensional transversal section
intersecting the local stable manifold in a linel and we look at the first return map toS.
This map is not defined in the linel and in fact exhibits a discontinuity atl because orbits
nearl in opposite sides follow different branches of the unstable manifold. To describe
the dynamics of such a flow, a new hypothesis was added in [W] (see also [GW]): the
existence of a one-dimensional foliation inS that is invariant by the first return map hasl
as a leaf and is such that points in the same leaf are exponentially contracted under iteration
by the first return map. A Lorenz flow with this extra structure we call ageometric Lorenz
flow. Because of the exponential contraction on the leaves of the foliation, the dynamics of
such a flow can be described by the action of the first return map on the space of leaves of
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the stable foliation. This space of leaves is an interval and the induced map has a unique
discontinuity at the point corresponding tol. Such an interval map is called a Lorenz map.
More precisely, we have the following.

Definition 1.1. Let P < 0 < Q andr ≥ 1. A Cr Lorenzmapf : [P,Q] → [P,Q] is
map described by a pair(f−, f+) where:
(1) f− : [P,0] → [P,Q] and f+ : [0,Q] → [P,Q] are continuous and strictly

increasing maps;
(2) f (P ) = P andf (Q) = Q andf has no other fixed points in[P,Q] \ {0};
(3) there existsρ > 0, the exponent off , such that

f−(x) = f̃−(|x|ρ) and f+(x) = f̃+(|x|ρ)
where f̃− and f̃+, the coefficients of the Lorenz map, areCr diffeomorphisms
defined on appropriate closed intervals. This Lorenz map is denoted by
(P,Q, f−, f+).

Notice that the triple{ρ, f̃−, f̃+} is uniquely determined byf . If the map is associated
to a Lorenz vector field then the exponentρ is precisely the absolute value of the ratio
between the unstable eigenvalue and the weak stable eigenvalue at the saddle point.

A Lorenz map isnon-trivial iff f ([P,0]) ⊃ [P,0] andf ([0,Q]) ⊃ [0,Q]. Otherwise
f is trivial, any orbit of such a map is asymptotic to a fixed point.

Guckenheimer and Williams proved in [GW] that there exists an open set of vector
fields in three-dimensional space that have a structure of geometric Lorenz flow with
smooth associated Lorenz maps. In fact they only considered the situation where the
exponent is smaller than one and the map expands with derivative everywhere bigger than√

2. However, we can use the same arguments to construct open sets of vector fields
having Lorenz maps with exponent bigger than one. As we will see soon, the Lorenz maps
of exponent bigger than one present a much bigger variety of dynamical behavior due to
the interplay of contractions and expansions. Compare this with the unimodal situation:
the quadratic family exhibits more types of combinatorics than the expanding tent family.
Before stating our results we need to discuss some combinatorial aspects of Lorenz maps.

A branch off n is a maximal closed intervalJ such thatf n is a diffeomorphism in
the interior ofJ . An endpoint ofJ is eitherP , Q or a point in the backward orbit of
0. To each branchJ of f n we can associate a wordω = (ω0, ω1, . . . , ωn−1) where
ωi ∈ {[P,0], [0,Q]} andf i(J ) ⊂ ωi . It is clear that given a word of lengthn, there
exists at most one branch off n associated to it. The combinatorics of all possible words
are determined by the kneading invariants off , K−(f ) andK+(f ) defined as follows.
The firstn symbols ofK−(f ) are the symbols of the branch off n+1 adjacent to 0 that
is contained in[P,0]. Similarly for K+(f ). There are many papers describing the
combinatorics of Lorenz maps, see, for example, [P] and specially [HS]. Using the results
described there one can characterize all possible kneading invariants of Lorenz maps.

The intersection of all branches that contain a given point is either a point or a closed
interval. If such an intersection is an interval, it is called ahomtervalof f . A critical
homtervalis a homterval that has zero as an endpoint. So there are at most two critical
homtervals. The image of a homterval is always contained in another homterval and, if
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the homterval is not critical, it is onto. An orbit of homtervals is a sequenceJ 0, J 1, . . . of
homtervals such thatf (J n) ⊂ J n+1. There are three types of orbits of homtervals:
(1) J 0 is awandering intervalif its orbit contains infinitely many disjoint intervals;
(2) it is periodicof periodn if J n ⊂ J 0 andJ i 6= J 0 if 0 < i < n;
(3) it is eventually periodicif it is not periodic butJ i is periodic for somei.

An homtervalJ is essentialiff for some k ≥ 0 we have thatf k(J ) is contained in a
periodic homtervalT with 0 ∈ ∂T (where∂T denotes the boundary ofT ).

If a C2 Lorenzf map has a critical homterval then all homtervals off are eventually
periodic and there is at most a finite number of periodic homtervals since otherwise we
could, by making a modification off with support in the critical homterval, obtain a
smoothC2 map with three non-flat critical points having either a wandering homterval
or infinitely many periodic homtervals, which contradicts the main theorem of [MMS ].

Definition 1.2. Let f : [P,Q] → [P,Q] be a Lorenz map. Two pointsx, y ∈ [P,Q] are
equivalent,x ∼ y, if and only if the interval[x, y] is contained in a union of non-essential
homtervals.

Observe the following.
(1) The quotient mapf̂ = f \∼ : [P,Q]\∼ → [P,Q]\∼ is well defined. The map

f̂ is thought of as describing the essential part of the dynamics off , including the
periodic critical behavior.

(2) The kneading information of̂f can differ from that off . If this is the casef has
to have a non-essential homtervalJ attached to its critical point, say 0+ ∈ ∂J , and
the orbit of 0− passes eventually throughJ . The kneading sequencesK−(f ) and
K+(f ) are both non-periodic butK−(f̂ ) is periodic.

(3) If the Lorenz mapf has negative Schwarzian derivative then the case described
above cannot happen,K±(f̂ ) = K±(f ).

(4) If f has at most one critical homterval then each equivalence class of the equivalence
relation above consists of exactly one homterval.

In §3 we will discuss the notion ofquasi-conjugationand show that mapŝf andĝ with
K±(f̂ ) = K±(ĝ) are quasi-conjugated.

Let Lr be the collection ofCr Lorenz maps. We endowLr with a topology that takes
care of the domain, of the exponents and of the coefficients: the coefficients are compared
by the topology after a linear rescaling which makes the domains equal.

Definition 1.3. Let3 ⊂ R
2 be closed. A Lorenz family is a continuous mapF : 3 → Lr ,

Fλ = (Pλ,Qλ, φλ,ψλ).

A Lorenz familyλ ∈ 3 7→ Fλ is full if given any non-trivial Lorenz mapf ∈ L2 there
exists a parameter valueλ such thatK±(f̂ ) = K±(F̂λ).

A monotone Lorenz family is aC3 Lorenz family such that:
(1) Fλ has negative Schwarzian derivative for allλ ∈ 3;
(2) 3 = [0,1] × [0,1];
(3) F : (s, t) → (−1,1, φs, ψt ) andρs,t = ρ > 1;
(4) if s1 < s2 then φs1(x) < φs2(x) for all x ∈ (−1,0] and if t1 < t2 then

ψt1(x) < ψt2(x) for all x ∈ [0,1);
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(5) φ0(0) = 0,φ1(0) = 1,ψ0(0) = −1 andψ1(0) = 0;
(6) DFλ(±1) > 1 for λ ∈ 3.

THEOREM A. A monotone Lorenz family is a full family.

Next we discuss the notion of renormalization for Lorenz maps. This will allow us to
refine Theorem A.

Definition 1.4. A Lorenz mapf is called renormalizable if there existP < p < 0< q <

Q such that the first return map to(p, q) is a non-trivial Lorenz map, say(p, q, f a, f b).
This induced Lorenz map is called a renormalization off . The interval[p, q] is called
a domain of renormalization. The orbits∪k≥0f

k([p,0)) and∪k≥0f
k((0, q]) are called

the cycles of renormalization,(a, b) are the periods of renormalization and the type of
renormalization is the pair(α, β), whereα (respectivelyβ) is the word associated to the
branch off a (respectivelyf b) that contains[p,0] (respectively[0, q]).

Let Dα,β ⊂ Lr be the subset of Lorenz maps which have a renormalization of type
(α, β). These sets are calleddomains of renormalization. In §4 it will be shown that:
(1) Dα,β is closed and connected;
(2) the collection of setsDα,β is nested: ifDα,β ∩ D

α̂,β̂
6= ∅ then

Dα,β ⊂ D
α̂,β̂

or D
α̂,β̂

⊂ Dα,β .
Let D ⊂ Lr be the set of renormalizable maps. This set is the union of the nested

collection consisting of the setsDα,β .
Fix a Lorenz familyF : 3 → Lr with critical exponentρ > 1. This family will

intersect the domainsDα,β , giving rise to the following.

Definition 1.5. The archipelago of type(α, β) is the set of all parameter valuesAα,β for
which the corresponding Lorenz map is inDα,β : Aα,β = F−1(Dα,β). An island in the
archipelagoAα,β is a connected component of the interior ofAα,β . To express the type
of renormalization we are considering, we will speak about(α, β)-archipelagoes and their
(α, β)-islands.

The archipelagoes inherit properties from the setsDα,β , they are closed and nested.
This implies that the closure of an island defines a Lorenz family, namely the family of
the corresponding(α, β)-renormalizations. We call an island afull island if the induced
family is a full Lorenz family.

THEOREM B. Every archipelago of a monotone Lorenz family contains a full island.

Observe that Theorem A is a special case of Theorem B. In §3 we will define for every
Lorenz mapf the Julia and Fatou set of̂f . The Fatou set is the basin of the periodic
attractors. We will distinguish Fatou sets of two different types. A quasi-conjugation
between two Lorenz maps is a homeomorphism which conjugates the dynamics on the
Julia sets and preserves the components of the Fatou set. In particular, quasi-conjugations
preserve the type of the Fatou sets involved.

THEOREM C. Let f, g ∈ Lr , r ≥ 1, ρ > 1 with K±(f̂ ) = K±(ĝ). Thenf̂ and ĝ are
quasi-conjugated.
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In particular, the family associated to a full island in a given archipelago realizes all
possible quasi-conjugation classes.

Definition 1.6. A Lorenz map is called hyperbolic iff both critical orbits tend to hyperbolic
periodic attractors and the complement of the basin of these periodic attractors is a
hyperbolic set.

THEOREM D. The hyperbolic elements in a monotone Lorenz family form an open and
dense set in parameter space.

1.1. Notation. Let I ⊂ [−1,1] be an interval with boundary pointsa andb, saya < b.
Then∂I = {a, b}, ∂−I = {a} and∂+I = {b}. If J ⊂ I ⊂ [−1,1] are two intervals
and∂−J = ∂−I , we sayJ ⊂l I . If ∂+J = ∂+I then we sayJ ⊂r I . In the case that
∂J ∩ ∂I = ∅ we writeJ ⊂int I . The discontinuity of Lorenz maps in 0 causes such maps
to have twocritical orbits:

f n(0−) = lim
x↑0

f n(x) and f n(0+) = lim
x↓0

f n(x),

with n ≥ 0.

2. Realization of finite combinatorics
In this section we will describe sufficient conditions for Lorenz families to be able to realize
all possible finite kneading sequences. This is an adaption of similar results obtained in
[MS] for continuous interval maps.

We will start by defining kneading sequences for Lorenz maps, similarly as was done
in [MT ] for continuous piecewise monotone interval maps. Clearly, to describe Lorenz
maps we will need two kneading sequences, one for 0− and one for 0+. Fix a Lorenz map
f : [−1,1] → [−1,1].

Let Bn(f ) be the collection ofbranches off n. That is, the collection of maximal
intervals on whichf n is monotone. IfI ∈ Bn(f ) then the wordω(I) ∈ {[−1,0], [0,1]}n
is such that

f i(I) ⊂ ωi(I)

for 0 ≤ i < n. Thekneading sequencesare defined as

K−
n (f ) = ω(I−(n)) and K+

n (f ) = ω(I+(n))

whereI−(n), I+(n) ∈ Bn(f ), n ≥ 0, with ∂+I−(n) = 0 and∂−I+(n) = 0. LetK−(f )
andK+(f ) be the limits of respectivelyK−

n (f ) andK+
n (f ), n → ∞.

PROPOSITION2.1. LetV = [−1,0] × [0,1] and3 ⊂ R
2 be homeomorphic toV . Let

3 3 λ 7→ fλ : [−1,1] → [−1,1]
be a family of Lorenz maps satisfying the following properties:
(1) the branchesfλ,± are C1, fλ(±1) = ±1, and there existsK > 0 such that

0< Dfλ(x) ≤ K for all x 6= 0;
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(2) Dfλ(x) → 0 asx → 0;
(3) let F : 3 → V be the continuous map defined byF(λ) = (fλ(0+), fλ(0−)) then

F(∂3) ⊂ ∂V and the degree of the mapF : ∂3 → ∂V is different from zero.
If g ∈ Lr has finite critical orbits then there existsλ such thatK±(g) = K±(fλ).

Proof. Let g ∈ Lr , r ≥ 0 be a Lorenz map with finite critical orbits andP(g) = {z1 <

· · · < zl = 0< zl+1 < · · · < zk} be the post-critical set ofg where−1 ≤ z1 = g(0+) ≤ 0
and 0≤ zk = g(0−) ≤ 1 are the critical values ofg. The order of these points and the
mappingc : {1,2, . . . , l − 1, l + 1, . . . , k} → {1, . . . , k} defined byg(zi) = zc(i) describe
the combinatorics which we want to realize by some map of our family. Consider the
(k − 1)-dimensional simplexP = {x ∈ Rk | −1 = x0 ≤ x1 ≤ · · · ≤ xl = 0 ≤ xl+1 ≤
· · · ≤ xk ≤ xk+1 = 1} and letP0 be the interior ofP . Let pr : P → V be the projection
pr(x) = (x1, xk) and

Z = {(λ, x) ∈ 3× P | pr(x) = F(λ)}.
Let us consider the mappingT : Z → P , (λ, x) 7→ y, wherefλ(yi) = xc(i) andyi has the
same sign asxi . It is clear thatT is well defined and continuous. To finish the proof we
have to find(λ, x) ∈ Z such thatT (λ, x) = x.

Let m(x) = min{|xi − xi+1|; i = 0,1, . . . , k} and d(x, y) = max{|xi − yi |; i =
1, . . . , k}. We need the following.

LEMMA 2.2. If (λn, x(n)) ∈ Z is such thatm(x(n)) → 0 then

lim
n→∞

d(T (λn, x(n)), x(n))

m(x(n))
= ∞.

Proof. Suppose, by contradiction, that there existsK0 > 0 and a sequence(λn, x(n)) ∈ Z
such thatm(x(n)) → 0 and

d(x(n), y(n)) ≤ K0m(x(n))

wherey(n) = T (λn, x(n)).

CLAIM 1. There exists constantK1 > 0 such that ifxi(n), xj (n) have the same sign then

|xc(i)(n)− xc(j)(n)| ≤ K|xi(n)− xj (n)| +K1m(x(n)).

Proof. SinceDfλ(t) ≤ K, it follows from the mean value theorem that

|xc(i)(n)− xc(j)(n)| ≤ K|yi(n)− yj (n)|
≤ K|xi(n)− xj (n)| +K|yi(n)− xi(n)| +K|yj (n)− xj (n)|
≤ K|xi(n)− xj (n)| + 2K0m(x(n))

and the claim is proved. 2

From Claim 1 we obtain, by induction, that for alls there exists a constantCs > 0 such
that if xck(i)(n) andxck(j)(n) have the same sign fork < s then

|xcs(i)(n)− xcs(j)(n)| ≤ Cs |xi(n)− xj (n)| + Csm(x(n)).
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CLAIM 2. There existss0 such that for all l ∈ {1, . . . , k} there existss ≤ s0 with
0 ∈ [xcs(l)(n), xcs (l+1)(n)].

Consider the setP of pairs(zi , zj ) such that 06∈ [zi, zj ]. If the claim is false then,
sinceP is finite, there exists a periodic pair inP . This implies the existence of a periodic
homterval non-essential forg.

To finish the proof of the lemma letl be such thatm(x(n)) = |xl(n) − xl+1(n)|
(l depends onn). Let s ≤ s0 be such that 0 ∈ [xcs(l)(n), xcs(l+1)(n)] and
xck(l)(n), xck(l+1)(n) have the same sign fork < s. From Claim 2 we obtain some
t depending onn such that|xt (n) − xt+1(n)| ≤ Csm(x(n)) and eitherxt (n) = 0 or
xt+1(n) = 0. Since|fλn([yt(n), yt+1(n)])| = |[xc(t)(n), xc(t+1)(n)]| ≥ m(x(n)) we have
thatDfλn(θn)|yt (n)− yt+1(n)| ≥ m(x(n)) for someθn ∈ [yt (n), yt+1(n)].

Consider the case whenxt+1(n) = 0. Then alsoyt+1(n) = 0. Therefore,

d(y(n), x(n)) ≥ |yt(n)− xt (n)|
≥ 1

Dfλn(θn)
·m(x(n))− C ·m(x(n))

≥
(

1

Dfλn(θn)
− C

)
m(x(n)).

On the other hand,|yj (n)− xj (n)| ≤ d(y(n), x(n)) ≤ K0m(x(n)) → 0 asn → ∞. This
implies thatDfλn(θn) → 0. This contradictsd(x(n), y(n)) ≤ K0m(x(n)). 2

Assume that there is no point inZ with T (λ, x) = x.

LEMMA 2.3. There exists a continuous one-parameter family of continuous mappings
Gt : Z → P such that:
(1) G0(λ, x) = x;
(2) Gt(λ, x) = x if x ∈ ∂P ;
(3) G1(Z) ⊂ ∂P .

Proof. Let D = {x ∈ R
k−1 | ∑k−1

i=1 x
2
i ≤ 1} be the closed unit ball inRk−1 and let

8 : P → D be a bi-Lipschitz homeomorphism. LetT̃ : Z → D be the mapping
T̃ = 8 ◦ T . Since8 is bi-Lipschitz and the distance fromx to the boundary ofP is equal
to 1

2m(x), we have that if(λn, x(n)) ∈ Z is such thatm(x(n)) → 0 then

d(8(xn), T̃ (λn, x(n)))

d(8(x(n)), ∂D)
→ ∞.

Now defineG̃1(λ, x) as the point in the boundary ofD such that8(x) lies in the
line segment bounded bỹT (λ, x) and G̃1(λ, x). It follows that G̃1 is continuous and
G̃1(λ, x) = 8(x) for x ∈ ∂P . DefineG̃t = tG̃1 + (1 − t)8 andGt = 8−1 ◦ G̃t . This
clearly satisfies the conditions of the lemma. 2

LEMMA 2.4. Let h : V → 3 be a homeomorphism such thatπi(x) = 0 ⇒
πi(F (h(x))) = 0 for i = 1,2, whereπi : V → R is the projection in the ith coordinate.
Then there exists a mappingH : P → Z with the following properties:
(1) H is continuous and the restriction ofH to the interior ofP is a homeomorphism;
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(2) π ◦H = h ◦ pr whereπ : Z → 3 is the projection(λ, x) 7→ λ;
(3) the restriction ofH to each fiberpr−1(v)∩ int(P ) is a diffeomorphism onto the fiber

π−1(h(v)) ∩ int(Z).

Proof. Let v = (v1, v2) andF(h(v)) = (ṽ1, ṽ2). Let Hv : R → R be the Moebius
transformation that mapsv1 to ṽ1, 0 to 0 andv2 to ṽ2. Forx ∈ pr−1(v) ∩ int(P ) define
H(x) = (h(v), (Hv(x1), . . . , Hv(xk))). 2

Choose a homeomorphismh : V → 3 with the property needed to apply Lemma 2.4
and letH : P → Z be the corresponding map from Lemma 2.4. LetĜt = Gt ◦H : P →
P . We have that:
(1) Ĝt is continuous and depends continuously ont ;
(2) Ĝt (∂P ) ⊂ ∂P andĜ0(int(P )) ⊂ int(P );
(3) Ĝt (x) = G0(H(x)) for all x ∈ ∂P ;
(4) Ĝ1(P ) ⊂ ∂P ;
(5) the degree of̂G0 is equal to the degree ofF .

The only statement that needs a proof is (5). Notice thatpr ◦ G0 = F ◦ π onZ, by
definition ofZ, whence

pr ◦ Ĝ0 = pr ◦G0 ◦H = F ◦ π ◦H = (F ◦ h) ◦ pr
and the restriction of̂G0 to pr−1(v) ∩ int(P ) is a diffeomorphism ontopr−1(F (h(v)) ∩
int(P )). Hence the degree of̂G0 is equal to the degree ofF ◦ h, which is equal to the
degree ofF . Here we are using the following topological fact. Let8 : D → D be a
continuous mapping that maps∂D onto ∂D, int(D) onto int(D) and8|int(D) is smooth.
Then the degree of8|∂D equals the degree of8|int(D) (see [D, p. 67]). Contradiction.

It follows that there is a mapfλ in the family which also has periodic critical orbits.
Moreover, the combinatorics of these critical orbits are the same as the combinatorics of
the critical orbits ofg. 2

3. Fatou sets and quasi-conjugations
In this section we will study the behavior of essential homtervals.

Definition 3.1. A Cherry map is a Lorenz mapf : [P,Q] → [P,Q] such that the
restriction off to the invariant interval[f (0+), f (0−)] is semi-conjugated to a rotation of
a circle, the restriction to(f (0+), f (0−)) is injective. A rational Cherry map is a Cherry
map with rational rotation number. Compare [MMMS ].

A simple Lorenz mapf : [P,Q] → [P,Q] is a Lorenz map which is either trivial or a
rational Cherry map. We will distinguish three types of simple Lorenz maps:
type 1:f ([P,0)) ⊂ [P,0) andf (0+) ∈ [P,0) (or f (0−) ∈ (0,Q] andf ((0,Q]) ⊂

(0,Q]);
type 2:f ([P,0)) ⊂ [P,0) andf ((0,Q]) ⊂ (0,Q];
type 3:f is a rational Cherry map.

Observe that all three types can be obtained by perturbations of a simple Lorenz map
with f (0−) = f (0+) = 0.
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Fix a Lorenz mapf ∈ L2 and its essential part̂f = f \∼ and assume that̂f has a
homterval. That means it has an essential homterval attached to 0.

LEMMA 3.2. If f̂ has only one essential homterval of the formU = [p,0] then it is
periodic andp is a periodic point. Iff̂ has two essential homtervals,[a,0] and[0, b] then
f̂ has a renormalization which is a simple Lorenz map whose domainU contains[a, b].
Proof. The case wherêf has only one essential homterval attached to zero can be dealt
with as a direct consequence of the definition.

Assume thatf̂ has two essential homtervalsL = [a,0] andR = [0, b]. A chain is
an open interval which is a locally finite union of essential homtervals. LetC− be the
maximal chain in[P,0] containingL andC+ the maximal chain in[0,Q] containingR.
There are three cases to be dealt with.

(i) C− = L and C+ = R. The orbits ofa and b cannot pass through the interior of
U = [a, b] becauseL andR are maximal chains. In particular,L andR are periodic
essential intervals with periodic boundary pointsa andb. We observe thatf̂ admits a
renormalization with domainU which is a simple Lorenz map of type 2.

(ii) C− 6= L andC+ = R (or C− = L andC+ 6= R). Let C− = (p,0]. Again observe
that the orbits ofp andb cannot pass through the interior ofU = [p, b] becauseC− and
R are maximal chains. BecauseR is an essential homterval and the orbit ofb does not hit
0, the homtervalR itself has to be periodic. We have recovered the right branch of the first
return map toU .

There exists ak ≥ 0 such thatf̂ k(L) ⊂ L ∪ R. Observe thatf̂ k(C−) ⊂ C− ∪ L ∪ R.
If f̂ k(L) ⊂ L then f̂ k(C− \ L) ⊂ C− \ L andC− \ L would not consist of essential
homtervals. Sof̂ k(L) ⊂ R and, by maximality, 0∈ ∂f̂ k(L). Now observe by maximality
that f̂ k(C−) = C− ∪ f̂ k(L) and thatp is a periodic point. We recover the left branch of
the first return map toU . The mapf̂ admits a renormalization with domainU which is of
type 1.

(iii) C− 6= L andC+ 6= R. LetC− = (p,0] andC+ = [0, q). As before observe that the
maximality ofC− andC+ implies that the orbits ofp andq cannot pass through the interior
ofU = C− ∪ C+ = [p, q]. There are minimal numbersl, r > 0 such that 0∈ f̂ l(C−) and
0 ∈ f̂ r (C+). This follows from the assumption that bothC− andC+ are not homtervals,
they differ fromL andR respectively. It follows easily, by using the maximality ofC− and
C+, that(p, q, f̂ l, f̂ r ) is a renormalization with domainU .

It is left to show that this renormalization is a rational Cherry map. We claim that the
interval [f̂ l(0−), f̂ r (0+)] is contained in a finite union of maximal essential intervals. If
C− (andC+) is a finite union of such intervals there is nothing to prove. IfC− is an
infinite union of maximal essential homtervals then these intervals can only accumulate at
p. Consequently,̂f r(0+) cannot be to close top becausef̂ r (R) is contained in a maximal
essential homterval. The claim is proved.

Let

[f̂ l(0−), f̂ r (0+)] ⊂ ∪sj=1Hj .
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AssumeHj has its right endpoint in common withHj+1. Observe that eachHj is mapped
into someHπ(j). This defines the mapπ : {0, . . . , s} → {1, . . . , s}. This mapπ reflects
in the following way that the renormalization is a Lorenz map and that the intervalsHj are
maximal essential homtervals: there existst ∈ {1,2 . . . , s − 1} such that:
(1) π : {1,2, . . . , t} → {s − t, s − t + 1, . . . , s} is a bijection;
(2) π : {t + 1, t + 2, . . . , s} → {1,2, . . . , s − t} is a bijection.

As a consequence we obtain thatπ itself is injective: the renormalization restricted
to (f̂ l(0−), f̂ r (0+)) is injective. The renormalization is a Cherry map with a periodic
attractor. It is a rational Cherry map. 2

Observe, that rational Cherry maps have a renormalization of type 2.

COROLLARY 3.3. If f̂ has essential homtervals attached to both sides of the critical point
then it admits a renormalization which is of type 1 or 2.

In the case that̂f only has an essential homtervalU = [p,0] (or U = [0, p]) on one
side of the critical point we say that̂f admits arenormalization of type 0 onU . Observe
that for eachf̂ which has essential homtervals there is a well defined smallest interval
U = [a, b] on whichf̂ admits a renormalization of type 0, 1 or 2. LetU

f̂
be the interior

of U in the case that̂f has essential homtervals. Otherwise letU
f̂

= ∅.

Definition 3.4. The Julia set of a Lorenz map̂f : [P,Q] → [P,Q] is

3
f̂

= {x ∈ [P,Q] | orb(x) ∩ U
f̂

= ∅}
and the Fatou set is

F
f̂

= [P,Q] \3
f̂
.

If F
f̂

6= ∅ then the type of Fatou set is the type of renormalization with domainU
f̂

.

LEMMA 3.5. If U
f̂

is non-empty then3
f̂

is a totally disconnected closed set and every

connected component ofF
f̂

is eventually mapped monotonically ontoU
f̂

. If f̂ is C2 and
its periodic orbits are hyperbolic then3

f̂
is hyperbolic.

Proof. Clearly3
f̂

cannot contain an interval because this interval would be an homterval

which stays away from the critical point. The (quotient) mapf̂ does not have such
homtervals.

Choosex ∈ F
f̂

and letk ≥ 0 be minimal such that̂f k(x) ∈ U
f̂

. We will show that there

is an intervalT containingx such thatf̂ k : T → U
f̂

is monotone and onto. In particular,
T is a connected component ofF

f̂
. Observe that the boundary points ofU

f̂
never pass

throughU
f̂

, so the connected component ofF
f̂

containingT cannot be bigger thanT .

Let (a, b) 3 x be the maximal interval on whicĥf k is monotone. Assume that
f̂ k(a) /∈ U

f̂
. That means that̂f k(a) = f̂ k−s(0+). Becausef̂ s(x) /∈ U

f̂
= (p, q) we

obtain thatf̂ k−s(q) ∈ f̂ k((a, x]) ⊂ U
f̂

. This contradicts the fact that the boundary points

of U
f̂

do not pass throughU
f̂

. We have proved that̂f k(M) ⊃ U
f̂

. In particular, we have
found the connected component ofF

f̂
containingx. It is mapped eventually ontoU

f̂
.
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The hyperbolicity statement in the case thatf̂ is smooth and only has hyperbolic
periodic orbits follows directly from Mane’s lemma in [M ]. 2

In general, the Julia set of a Lorenz map with essential homtervals is not a Cantor set. It
can have isolated points, for example, in the case when it admits a renormalization which is
a rational Cherry map. However, the isolated points will always be preimages of periodic
points which form the boundary of domains of renormalization.

The mapf̂ induces a map on the set of connected components ofF
f̂

. It will be denoted

by f̂ : F
f̂

→ F
f̂

.

Definition 3.6. A quasi-conjugation fromf̂ to ĝ is an order preserving homeomorphism
such that:
(1) h(3

f̂
) = 3ĝ andh(F

f̂
) = Fĝ ;

(2) h : 3
f̂

→ 3ĝ is a conjugation;

(3) h induces a conjugation between̂f : F
f̂

→ F
f̂

andĝ : Fĝ → Fĝ .

THEOREM C. Letf, g be Lorenz maps withρf , ρg > 1 andK±(f̂ ) = K±(ĝ) thenf̂ and
ĝ are quasi-conjugated. Moreover, the Fatou setsF

f̂
andFĝ have the same type. If one

Fatou set is empty the other is also empty and the mapsf̂ , ĝ are in fact conjugated.

The proof of this theorem needs some preparation. For every branchI ∈ Bn(f ), let
ln(I, f ) andrn(I, f ) be minimal such that

0 ∈ ∂+f ln(I,f )(I ) and 0∈ ∂−f rn(I,f )(I ),
thecutting timesof the branchI . Observe that, except for the leftmostLn and rightmost
branchRn, the cutting times are well defined. Letln(Ln) = rn(Rn) = ∞. When it is clear
which map is under consideration, we will suppress the symbolf in the above notation.

LEMMA 3.7. Letf : [−1,1] → [−1,1] andg : [−1,1] → [−1,1] be Lorenz maps such
thatK±

n (f ) = K±
n (g) for somen ≥ 1. There exists an orientation preserving piecewise

affine homeomorphismh : [−1,1] → [−1,1] such that:
(1) h preserves branches and their words: for everyk ≤ n, I ∈ Bk(f )

h(I) ∈ Bk(g) and ω(I, f ) = ω(h(I), g);
(2) h preserves cutting times: ifI ∈ Bk(f ) then

lk(h(I), g) = lk(I, f ) and rk(h(I), g) = rk(I, f ).

Proof. The proof will be by induction. The lemma holds forn = 1. Assume the lemma
holds for somen ≥ 1 and lethn be the homeomorphism given by the lemma.

CLAIM . For every branchI ∈ Bn(f ) we have

I ∈ Bn+1(f ) if and only ifhn(I) ∈ Bn+1(f ).
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Proof. AssumeI /∈ Bn+1(f ). So f n(I) 3 0. Observe thatf n(I) = (f n−ln(I )(0−),
f n−rn(I )(0+)). In particular,

(K+
n (f ))n−ln(I,f ) = [−1,0] and (K−

n (f ))n−rn(I,f ) = [0,1].
Now use the fact that the cutting times ofhn(I) coincide with the cutting times ofI and
thatf andg have the same kneading sequence:

(K+
n (g))n−ln(I,g) = [−1,0] and (K−

n (g))n−rn(I,g) = [0,1].
This implies that the monotone imagegn(h(I) contains 0. We proved thath(I) /∈ Bn+1(g).
The claim is proved by symmetry. 2

Observe that the collection of branchesBk(f ) with k = 0,1,2, . . . , n define a refining
sequence of partitions of[−1,1]. The homeomorphismhn maps this sequence of partitions
to the partitions formed byBk(g) with k ≤ n. To prove the lemma forn + 1 we have to
construct a homeomorphismhn+1 which also preserves the above partitions and moreover
mapsBn+1(f ) to Bn+1(g). In particular,hn+1 is obtained by redefininghn in the interior
of the branchesBn(f ).

Let I ∈ Bn(f ). If I ∈ Bn+1(f ) we do not changehn : hn+1|I = hn because
hn(I) ∈ Bn+1(g) (which follows from the claim). IfI /∈ Bn+1(f ) then bothI and
hn(I) will have two branches of respectivelyBn+1(f ) and Bn+1(g) (apply the claim
again). DefineHn+1|I such that these two sub-branches ofI are mapped onto the two
sub-branches ofhn(I).

Once this construction has been done for all branchesI ∈ Bn(f ) we will obtain a
homeomorphismhn+1 which preserves the branches inBn+1(f ) and their types. Clearly,
it will also preserve the cutting times. 2

Proof of Theorem C.Assume thatf̂ and ĝ have the same kneading sequences. Observe
that the fact whetherf̂ has a non-empty Fatou set or not depends completely on
its kneading information. Also the type of Fatou set is determined by the kneading
information. For example, ifK−(f̂ ) = α∞ andK+(f̂ ) = β∞ then f̂ has a non-empty
Fatou set of type 2.

Let {hn} be the sequence of piecewise affine homeomorphisms determined by
Lemma 3.7. We will show that the limit of this sequence exists and is a quasi-conjugation.
Let In ∈ Bn(f̂ ) form a nested sequence of branches. If the Fatou set off̂ is empty then
such sequences of nested branches will shrink down to a point. Using the fact thatĝ has an
empty Fatou set if and only if̂f has an empty Fatou set, it follows easily thathn converges
to a conjugation between̂f andĝ in the case of empty Fatou sets.

Assume the Fatou set of̂f (andĝ) is not empty. We will characterize combinatorially
the nested sequences of branches which do not shrink down to a point. LetIn ∈ Bn(f ) be a
nested sequence of branches and defineω = limn→∞ ω(In), an infinite symbol sequence.
The mapf̂ (andĝ) has maximal essential homtervals attached to the critical point. Let us
consider the case when̂f has such homtervals on both sides of the critical point, say[a,0]
and[0, b]. Letω− andω+ be the infinite symbol sequences describing the combinatorics
of the orbits of[a,0] and[0, b] respectively. Essential homtervals are eventually periodic.
Hence

ω− = W−α∞ and ω+ = W+β∞,
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whereW± are finite words andα∞ (β∞) is a periodic sequence obtained by concatenating
the finite wordα (β). Letσ denote the shift map on the space of one-sided infinite symbol
sequences. The following claim is a straightforward consequence of the fact that every
homterval off̂ is eventually mapped into[a,0] or [0, b].
CLAIM . I = ∩In is a non-degenerate interval, a homterval, if and only if there isn ≥ 0
such thatσnω = α∞ or β∞.

Hence, the nested sequence of branchesIn ∈ Bn(f ) shrinks down to a point if and only
if hn(In) shrinks down to a point. This implies that the limit of the sequence defines a
conjugation from3

f̂
to3ĝ .

If the nested sequence of branchesIn ∈ Bn(f ) does not shrink down to a point, it
shrinks down to a connected componentI of the Fatou set of̂f . Moreover,hn(In) shrinks
down to a connected componentI ′ of the Fatou set of̂g with the same infinite symbol
sequence. The restriction ofhn to I converges to the unique orientation preserving affine
map fromI to I ′. We have shown that the sequencehn converges to a quasi-conjugation.2

4. Domains of renormalization
In this section we will study some topological properties of the setsDα,β , the Lorenz maps
which have a non-trivial(α, β)-renormalization.

LEMMA 4.1. Letp < 0< q be two periodic points of the Lorenz mapf , say with period
a andb respectively. Assume:
(1) (p, q) ∩ (orb(p) ∪ orb(q)) = ∅;
(2) f a|[p,0] andf b|[0, q] are monotone;
(3) f a([p,0]) ⊃ [p,0] andf b([0, q]) ⊃ [0, q].

Let (l,0) (respectively(0, r)) be the maximal interval on whichf a (respectivelyf b) is
monotone.

Then

f a(l) ≤ l and f b(r) ≥ r.

Furthermore, iff a(l) = l (respectivelyf b(r) = r) then f b(0+) = 0 (respectively
f a(0−) = 0). In particular, if the Lorenz map has negative Schwarzian derivative then
the periodic pointsp andq are hyperbolic repellers.

Proof. Assume thatf a(l) ≥ l. LetL = (l, p). The assumption implies thatf a(L) ⊂ L.
Consequently, we obtain thatf n|L is monotone for alln ≥ 0, whereL is a homterval.

The maximality of the interval(l,0) gives somei < a such that 0∈ ∂f i(L). From
property (1), it follows thatf i(L) ⊃ (0, q). In particular,(0, q) is a homterval. This is
only possible iff b(0+) = 0, where the point 0+ is periodic. Hencef a(L) = L and
thereforef a(l) = l.

Let L− = L = (l, p) andL+ = (p,0). We havef a(L±) ⊃ L±. The maximal
principle for maps with negative Schwarzian derivative, see [MS], implies thatp is a
repeller. 2
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LEMMA 4.2. If f ∈ Dα,β ∩ D
α̂,β̂

then α̂ and β̂ are formed by concatenating the words
α, β. In particular,

α̂ = αβ . . . , β̂ = βα . . .

and|α̂|, |β̂| ≥ |α| + |β|. Vice versa,α andβ can be expressed in terms ofα̂ andβ̂.

Proof. Let f ∈ Dα,β ∩ D
α̂,β̂

with renormalizations(p, q, f a, f b) and(p̂, q̂, f â, f b̂) of

type(α, β) and(α̂, β̂) respectively. We will first show that

(p̂, q̂) ⊂ (p, q) (or (p, q) ⊂ (p̂, q̂)).

Without loss of generality, we may assume that(p, q) is not contained in(p̂, q̂), say
p̂ ∈ (p,0). We are going to show thatq̂ ∈ (0, q), the intervals are nested.

Assumeq̂ > q. Then

f b̂(q) ∈ f b̂((0, q̂)) ⊂ (p̂, q̂) ⊂ (p, q̂).

However, the orbit ofq never enters(p, q). Sof b̂(q) ∈ [q, q̂). Because the orbit ofq is
finite it is impossible thatf b̂(q) ∈ (q, q̂): the mapf b̂ : [q, q̂] → [q, q̂] is monotone and

would have a periodic attractor. Sof b̂(q) = q andb̂ = m·b. The interval[q, q̂] is periodic
which is impossible because the orbits in the boundary are expanding, see Lemma 4.1. We
provedq̂ ≤ q.

The aim is to prove that̂q < q. Assumeq̂ = q. Then both renormalizations will have
f b|(0,q) as right branch. In particular,f b(0+) > p̂.

Let (x,0) ⊂ (p,0) be the maximal monotone interval on whichf â is monotone. The
mapf admits a renormalization of type(α̂, β̂) = (α̂, β), so we have:
(1) p̂ ∈ (x,0);
(2) f â((x,0)) ⊃ (x,0) (by Lemma 4.1).

Observe thatf a((x,0)) ⊂ (0, q). The next images of this interval will always stay on
the right-hand side off b(0+). We have

f b(0+) > p̂ > x,

so the images of(x,0) will never be able to cover(x,0) completely, a contradiction. We
have proved̂q < q and, in particular, that the(α̂, β̂) renormalization is a first return map
of the(α, β) renormalization. 2

In the proof of the next proposition we will use the usual lexicographic order on the 0,1-
words. The length of a wordω will be denoted by|ω|. Moreover, ifj ≤ min{|ω1|, |ω2|}
then

ω1 <j ω2

means thatω1 < ω2 and the words differ in the firstj symbols.

PROPOSITION4.3. The domains of renormalization have the following properties:
(1) Dα,β is closed and connected;
(2) the collection of setsDα,β is nested. IfDα,β ∩ D

α̂,β̂
6= ∅ then

Dα,β ⊂ D
α̂,β̂

or D
α̂,β̂

⊂ Dα,β .
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Proof. The setsDα,β are closed because of Lemma 4.1. Next we will show thatDα,β is
path connected. Letf0, f1 ∈ Dα,β . We can conjugatef0 to a mapf1/2 ∈ Dα,β such
that the cycles off1/2 coincide with the cycles off1. In particular, by deforming the
conjugation, we can construct a path fromf0 to f1 within Dα,β . Consider the restrictions
of f1/2 andf1 to their cycles, which are the same for both maps. Clearly we can deform
one to the other, for example linearly. This deformation extends to a deformation off1/2 to
f1 which preserves the cycles. We have constructed a deformation fromf1/2 to f1 within
Dα,β .

Let f, g ∈ D
α̂,β̂

and assume thatf ∈ Dα,β butDα,β is not a subset ofD
α̂,β̂

. To prove
the second part of the proposition we have to show that alsog ∈ Dα,β . Observe that, by
Lemma 4.2, the kneading sequences off andg are equal up to at least|α| + |β| = a + b.

Let (p, q, f a, f b) be the(α, β) renormalization off and(0, y) the maximal interval
on whichf b is monotone. Lemma 4.1 states thatf b((0, y)) ⊃ (0, y). In particular,
f b(y) > y.

There exists a uniquej = rb((0, y), f ) < b, which by Lemma 3.7 depends only onα
andβ, such that 0= ∂+f j ((0, y)). The kneading sequence off b(y) equalsσb−j (α̂) and
satisfies

σb−j (α̂) >j β,

which is the combinatorial formulation off b(y) > y. Observe that

|σb−j (α̂)| = â − (b − j) ≥ a + b − (b − j) > j,

so the above relation betweenσb−j (α̂) andβ is well defined.
The mapg has a(α̂, β̂) renormalization. Lemma 4.2 states thatβ̂ = βα . . . . The map

g has a branch(0, y ′) of gb of typeβ. We are going to prove that

gb((0, y ′)) ⊃ (0, y ′).

First, becausêβ = βα we havegb(0+) < 0. The branch(0, y ′) is also going to be cut at
momentj = rb((0, y ′), g) = rb((0, y), f ). So the kneading sequence ofgb(y ′) equals

σb−j (α̂) >j β.

In particular,gb(y ′) > y ′, otherwise the kneading sequenceσb−j (α̂) would start with the
word β. This contradicts the kneading information obtained fromf . We have proved
that gb((0, y ′)) ⊃ (0, y ′) and hence the existence of a periodic pointq ′ ∈ (0, y ′) with
gb(q ′) = q ′.

Let (x ′,0) be the maximal interval on whichga is monotone, i.e. the branch of type
α. In a similar way as above we show thatf a((x ′,0)) ⊃ (x ′,0) and the existence of a
periodic pointp′ ∈ (x ′,0) with ga(p′) = p′.

It is left to show that(p′, q ′, ga, gb) is an(α, β) renormalization. First we will show
that the orbits ofp′ andq ′ never enter(p′, q ′). The kneading sequences of the periodic
orbits ofp′ andq ′ areα∞ andβ∞ respectively. The periodic orbits ofp andq of f never
enter the interval(p, q) and also have kneading sequencesα∞ andβ∞ respectively. This
implies the following kneading information: for everyk ≥ 0 it is impossible that

α∞ < σk(β∞), σ k(α∞) < β∞.
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This kneading information implies that the orbits ofp′ andq ′ never enter(p′, q ′).
We now show thatgb((0, q ′)) ⊂ [p′, q ′] (andga((p′,0)) ⊂ [p′, q ′]). Becauseg has an

(α̂, β̂) renormalization there exists a branchq̂ ∈ (0, z) ⊂ (0, q ′) with kneading sequence
β̂ = βα . . . . If gb(0+) is to the left ofp′ then alsogb((0, z)) is to the left ofp′ (the orbit of
p′ never enters(p′, q ′)). According to the word̂β = βαα . . . we have to apply the branch
ga |(x ′,0) a few times. Thengb+i·a((0, z)) will still be to the left ofp′. This is impossible.
Eitherb + i · a = b̂, in which casegb+i·a(q̂) = q̂, butgb+i·a(q̂) < p′; or b + i · a < b̂, in
which case we have to apply the branchgb|(0, y), butgb+i·a((0, z)) ∩ (0, y) = ∅.

We have proved that(p′, q ′, ga, gb) is a(α, β) renormalization. 2

5. Density of hyperbolicity in monotone families

Example.Let φλ : [−1,1] → [−1,1], λ ∈ [0,1], be a one-parameter family of unimodal
maps. Say,φλ(±1) = −1 for λ ∈ [0,1], andφ0(0) = 0, φ1(0) = 1. Moreover, assume
that this unimodal family is monotone: wheneverλ1 < λ2 we haveφλ1(t) < φλ2(t) for all
t ∈ (−1,1).

Consider the Lorenz familyf(x,y) : [−1,1] → [−1,1] with (x, y) ∈ [0,1]× [0,1] and

f(x,y)(t) = φx(t), if t < 0

f(x,y)(t) = φ1−y(t), if t > 0.

Notice that for(x, y) ∈ U = {(t, s) ∈ [0,1] × [0,1] | s = 1 − t} the Lorenz mapf(x,y)
behaves exactly like theunimodalmapφx . Namely

f n(x,y)(t) = ±φnx (t),
for n ≥ 0 andt ∈ [−1,1].

This example inspires us to change the coordinates of the parameter space of monotone
Lorenz families. Fix a monotone Lorenz familyF : [0,1] × [0,1] → L. We will identify
the parameters with the corresponding Lorenz maps. The usual coordinatesx andy for
[0,1] × [0,1] are not appropriate to explore the monotonicity of the family. We will use

U = {(x, y) | y = 1 − x} M = {(x, y) | y = x}
as coordinate axes for[0,1]×[0,1] giving rise to the coordinatesu andm on[0,1]×[0,1],
u = x−y,m = x+y−1. The axisU is called the unimodal axis and the axisM is called
the monotonicity axis.

For u ∈ U let Mu = {(u,m) | m ∈ M} = {(x, y) | x − y = u} and for
(x, y) ∈ [0,1] × [0,1] let

C+
(x,y) = {(t, s) | t ≥ x, s ≥ y},
C−
(x,y) = {(t, s) | t ≤ x, s ≤ y},
B(x,y) = [0,1] × [0,1] \ (C+

(x,y) ∪ C−
(x,y)).

These cones will play a crucial role in the study of the parameter space of monotone
Lorenz families. TheC+-cones describe deformations in which both branchesmove up.
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FIGURE 1. Theu,m coordinates.

TheC−-cones describe deformations in which both branchesmove down. TheB-cone
contains the maps for which one branch moves up and the other down. The situation is
illustrated in Figure 1. The deformations into theB-cones are the ones which are difficult
to understand. We will explore the deformations into theC±-cones.

For example, the monotonicity of the family implies immediately the monotonicity in
kneading information: letK±(z) = K±

Fz
then

K±(z′) ≥ K±(z), for z′ ∈ C+(z)

and

K±(z′) ≤ K±(z), for z′ ∈ C−(z),

where we used the usual lexicographic order on theL− R-sequences(L < R).

Proof of Theorem D.Given a mapf in a monotone Lorenz family, we will construct
arbitrarily close a map in the family whose critical orbits tend to hyperbolic periodic
attractors. Then general arguments [M ] will show that this perturbation is actually a
hyperbolic Lorenz map.

Assume that both critical orbits do not tend to a periodic attractor. We may also assume
that the mapf is not in the boundary of parameter space:C−

f ∩ ([0,1] × [0,1]) 6= ∅. The

first step will be to find a map inC−
f close tof such that 0− is periodic.

Take g1 ∈ C−
f close tof . Assume that there is some minimaln0 > 0 such that

g
n0
1 (0−) < 0 < f n0(0−). If we move back along the straight line fromg1 to f then
gn0(0−) will increase up tof n0(0−). Hence along this straight line there is a mapg with
gn0(0−) = 0.
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The second case is that for alln > 0 we have thatgn1(0−) andf n(0−) are on the same
side of 0. In particular,gn1(0−) < f n(0−) for all n > 0. Consider the intervals

Jn = [gn1(0−), f n(0−)]
with n ≥ 0. Observef (Jn) ⊂ Jn+1. The intervalsJn have to accumulate at 0+. If not
the intervalJ1 would be a homterval off not accumulating on 0+. By redefiningf on a
small interval(0, a], we can define a continuous map which isC2 away from 0 and which
is around 0 of the formh(|x|ρ) with h smooth, havingJ1 as a homterval: by [MMS ] we
know thatJ1 tends to a periodic attractor off . In particular, the orbitf n(0−) tends to a
periodic attractor. This is a contradiction because we have assumed that both critical orbits
do not accumulate at periodic attractors.

We have proved that the critical orbitgn1(0−) accumulates at 0+. For each perturbation
g2 ∈ C−

g1
there will be somen0 > 0 such thatgn0

2 (0−) < 0 < g
n0
1 (0−). (If not the

pointsgk2(0−) andgk1(0−) would be on the same side of 0 for allk ≥ 0. Consequently,
gk2(0−) < gk(0−)− ε, for someε > 0 depending ong2. This contradicts the fact that the
critical orbit gn1(0−) accumulates at 0+.) Again we can move back slightly to find a map
g ∈ C−

f close tof such that 0− is periodic forg. We have proved the following.

CLAIM . If both critical orbits of f are not accumulating at a periodic attractor then
arbitrarily close there is a mapg such that0− is periodic. In particular, arbitrarily close
there is a map such that0− is attracted to a hyperbolic periodic attractor but is not itself a
periodic attractor.

Assume that one critical orbit is attracted to a periodic attractor but is not itself periodic.
We may assume that this orbit is that of the critical point 0−. The boundary points−1 and
1 are expanding fixed points. Because the map has negative Schwarzian derivative the
periodic attractor is of one of the following types.
(1) There exist an interval(0, p] and n > 0 such thatf n((0, p)) ⊂ (0, p) and

f n(p) = p. By takingg ∈ C−
f close tof we may assume that the periodic attractor

is hyperbolic and also still attracts 0−. We have obtained a situation in which both
critical orbits are attracted to a hyperbolic periodic attractor. Theorem D is proved.

(2) There exists an interval[p,0) andn > 0 such thatf n([p,0)) ⊂ [p,0). Again by
takingg ∈ C+

f we may assume that the periodic orbit ofp is a hyperbolic attractor.
This situation will persist in a small neighborhood ofg.

It is left only to deformg such that 0+ also is attracted towards a hyperbolic attractor.
Assume that 0+ is not attracted towards a hyperbolic attractor. It could be attracted towards
a neutral periodic attractor. Takeg1 ∈ C+

g close tog. Consider the two orbitsgn(0+) and
gn1(0+), n ≥ 1. If at some moment these points are separated then we can move back
slightly towardsg and make 0+ periodic and by moving back slightly more we can make
it to be attracted towards the periodic attractor which already attracted 0−.

If these points are never separated, we show, as before, that they accumulate at 0+ or are
attracted towards a periodic attractor. As before we can make 0+ to be attracted towards a
hyperbolic attractor. 2

The proof of Theorem D also shows that the hyperbolic Lorenz maps are dense in the
whole spaceLr of Lorenz maps (this can also be obtained from the arguments of [R]).
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Notice that this space contains a closed subspaceLs of symmetric Lorenz maps. These are
Lorenz mapsf with branchesf− andf+ such thatf−(x) = −f+(−x). To each symmetric
Lorenz map we can associate a unimodal mapφf , namely

φf (x) = f−(x), for x < 0

φf (x) = −f+(x), for x ≥ 0.

Observe thatφn(x) = ±f n(x), for n ≥ 0. The Lorenz mapf can be seen as an orientation
preserving ‘lift’ of the unimodal mapφf . It follows that the density of the hyperbolic
Lorenz maps inLs would imply the density of hyperbolic maps in the space of unimodal
maps. This is an important open question.

One should compare this with the situation of flows on non-orientable surfaces. These
flows are covered by flows on the orientable cover of the manifold. Theorem D should be
compared with the Peixoto theorem for flows on orientable surfaces.

6. Archipelagoes in the parameter plane
In this section we will study the parameter plane of a given monotone Lorenz family
F : [0,1] × [0,1] → Lr , r ≥ 0. The main object of our study is to understand the
topological structure of archipelagoes. The next proposition states that the boundaries of
islands of an archipelago are formed by graphs of Lipschitz functionsγ± : U → M. The
fact that these boundaries are graphs of continuous functions is the central ingredient in the
study of archipelagoes.

Let us concentrate on the archipelagoA = Aα,β . For everyλ ∈ A the domain of an
(α, β)-renormalization is denoted by(pλ, qλ). Furthermore, leta = |α| andb = |β|.
PROPOSITION6.1. (Island structure)Let I be an island of the archipelagoA. Then we
have the following.
(1) For all u ∈ U ,Mu ∩ Aα,β = Mu ∩ I .
(2) There exists an interval[u1, u2] ⊂ U and Lipschitz functions∂+, ∂− : [u1, u2] → M

with Lipschitz constant1 and∂−(x) < ∂+(x), x ∈ (u1, u2), such that

I = {(u,m) | u ∈ (u1, u2) and∂−(u) < m < ∂+(u)}.
Furthermore,∂−(u1) = ∂+(u1) and∂−(u2) = ∂+(u2).

(3) The pointsλ = (u1, ∂−(u1)) andλ = (u2, ∂−(u2)) are calledextremalpoints of the
island. There are two possible types of extremal points, either

f aλ (0−) = 0 and f bλ (0+) = 0

or

f aλ (0−) = qλ and f bλ (0+) = pλ.

The first possibility is called atrivial extremal point, the second afull-branch
extremal point.

(4) For all λ ∈ ∂+
f aλ (0−) = qλ or f bλ (0+) = 0.
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(5) For all λ ∈ ∂−
f aλ (0−) = 0 or f bλ (0+) = pλ.

Proof. Fix u ∈ U such thatI∩Mu 6= ∅, whereMu = {u}×M. Let(pu,m, qu,m, f au,m, f
b
u,m)

be the renormalization offm ∈ I ∩Mu. Observe thatm 7→ qu,m andm 7→ pu,m are strictly
monotone decreasing andm 7→ f au,m(0−) andm 7→ f bu,m(0+) are strictly monotone
increasing. This implies that, once we arrive at the boundary ofI ∩ Mu, by increasing
m up tom+ we are in the situation

f au,m(0−) = qm or f bu,m(0+) = 0.

In particular, for anym′ > m+ we have

K−(fu,m′) > αβ∞ or K+(fu,m′) ≥ β∞,

and hencem′ /∈ A. Similarly, we study what happens whenm decreases up to the boundary
of I ∩Mu. We have proved that

A ∩Mu = I ∩Mu

and that this intersection is an interval{u} × (∂−(u), ∂+(u)). The boundary ofI ∩ Mu

consists of points(u, ∂−(u)) and points(u, ∂+(u)): the boundary ofI consists of two
parts,∂−I and∂+I . Moreover,

f bu,∂−(u)(0+) = pu,∂−(u) or f au,∂−(u)(0−) = 0

and

f au,∂+(u)(0−) = qu,∂+(u) or f bu,∂+(u)(0+) = 0.

The islandI is open and connected. Hence the set of valuesu for whichMu ∩ I 6= ∅ is an
open interval, say(u1, u2). Now observe that for anyz ∈ ∂±I we have

∂±I ⊂ Bz,

whereBz is the complement of the conesC+
z , C−

z defined in §5. In particular, the
functions∂± : (u1, u2) → M are Lipschitz and extend uniquely to continuous functions
∂± : [u1, u2] → M.

It is left for us to explain the behavior of the boundary points∂±(u) whenu tends
to u1 or u2. For everyu ∈ (u1, u2) we have∂−(u) < ∂+(u). Let us assume that
also ∂−(u1) < ∂+(u1). The archipelagoA is closed. Hence for any(u1,m) with
∂−(u1) < m < ∂+(u1) there is a renormalization(pu1,m, qu1,m, f

a
u1,m

, f bu1,m
). Because

(u1,m) ∈ C−((u1, ∂+(u1)) and(u1,m) ∈ C+((u1, ∂−(u1)) we havef au1,m
(0−) < qu1,m

andf b(0+) > pu1,m. Because of Lemma 4.1 the point(u1,m) is in the interior ofI . This
is a contradiction, proving that∂−(u1) = ∂+(u1). 2

We have to distinguish special points on the boundary of islands. One type of special
point are the extremal points, discussed in the above proposition. The other type of special
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point are vertices. Let∂+I be the upper part of the boundary of the islandI . A point
λ ∈ ∂+I in the upper boundary is called avertexif

f aλ (0−) = qλ and f bλ (0+) = 0.

A vertex in the lower boundary is defined similarly. In Lemmas 6.3 and 6.4 we will show
that each of the conditions defining a vertex holds on a set of parameter values inU ×M

which forms the graph of a Lipschitz function fromU toM. Hence, the set of vertices is
formed by intersecting these two graphs. In particular, it does not necessarily consist of
isolated points.

LEMMA 6.2. Every archipelago contains only finitely many islands with a vertex.

Proof. Suppose the archipelagoAα,β has infinitely many islandsIn which have a vertex
vn ∈ ∂+In. Here∂+In denotes the upper boundary ofIn. We may assume thatvn → v.
Since archipelagoes are closed sets,v ∈ Aα,β .

The topological type of the maps in the vertices are all the same and it follows easily
that the map corresponding to the parameterv also inherits this type. So

f av (0−) = qv and f bv (0+) = 0.

By decreasing both parameters a little, we observe thatv is actually a vertex of some
island I in the same archipelagoAα,β . In particular,v is not an extremal point ofI .
From Proposition 6.1 we obtain a neighborhood(a, b)×M of I such that the archipelago
intersects this neighborhood only inI , and there are no other islands intersecting this
neighborhood. But the vertexv of I lies in this neighborhood, and it cannot be accumulated
by the islandsIn. Contradiction. 2

LEMMA 6.3. Let λ be a parameter for which0− is periodic, say with perioda = |α|,
whereα is the word describing the combinatorics of the orbit of0−. Denote the set of
parameters for which0− is periodic with the same combinatoricsα byα−.

Then there exists an interval[u1, u2] ⊂ U and a Lipschitz functionγ : [u1, u2] → M

with Lipschitz constant1 such that[u1, u2] ×M is a neighborhood ofλ and

graph(γ ) ∩ ([u1, u2] ×M) = α− ∩ ([u1, u2] ×M).

Proof. Let z = (u,m) ∈ α−. The monotonicity of the family implies

α− ⊂ Bz

and

K−(z′) < α, z′ ∈ ∂C−
z \ {z}

K−(z′) > α, z′ ∈ ∂C+
z \ {z}.

For a small enough neighborhood[u1, u2] × N of z ∈ α− the orbit of 0− will have the
combinatorics given byα except for the last symbol. For eachu′ ∈ [u1, u2], let m′± be
such that(u′,m′±) ∈ ∂C±(z). According to the above observation we have foru′ 6= u

K−((u′,m′−)) < α, K−((u′,m′+)) > α.
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In particular, for eachu′ ∈ [u1, u2] there exists a uniquem′(u′) ∈ (m′−,m′+) ⊂ Mu′ with

(u′,m′(u′)) ∈ α−

where the setα− ∩ ([u1, u2] ×M) is the graph of the functionm′ : [u1, u2] → M. The
first property discussed in this proof, namelyα− ⊂ Bz for eachz ∈ α−, implies that this
functionm′ is 1-Lipschitz. 2

LEMMA 6.4. Letλ be a parameter for which the mapfλ has two periodic pointsp < 0<
q, say with perioda = |α| andb = |β|, respectively. Furthermore, assume
(1) (p, q) ∩ (orb(p) ∪ orb(q)) = ∅;
(2) f a|[p,0] andf b|[0, q] are monotone;
(3) Df a(p) > 1 andDf b(q) > 1;
(4) f a([p,0]) = [p, q].

The wordαβ∞ describes the combinatorics of the orbit of0−. Denote the set of
parameters for which the corresponding map has the properties (1), (2), (3) and (4) by
αβ∞− .

Then there exists an interval[u1, u2] ⊂ U and a Lipschitz functionγ : [u1, u2] → M

with Lipschitz constant1 such that[u1, u2] ×M is a neighborhood ofλ and

graph(γ ) ∩ ([u1, u2] ×M) = αβ∞− ∩ ([u1, u2] ×M).

Proof. Let z ∈ αβ∞− . The properties (1), (2) and (3) hold in a neighborhood ofz. The
proof continues in this neighborhood as the proof of Lemma 6.3. 2

Similar statements hold for the combinatorics of the orbit of 0+. The corresponding
sets of parameters will be denoted byβ+ andβα∞+ respectively. The uniqueness part of
the above lemma allows us to consider maximal arcs: the connected components of the
setsα− andαβ∞− are graphs of Lipschitz functions with uniform Lipschitz constant.

LEMMA 6.5. Letγ : (u0, u1) → M be the Lipschitz function whose graph is a component
of αβ∞− . Then:
(1) this function can be extended to a Lipschitz function on[u0, u1];
(2) there exists a functionγ2 : [u0, u1] → M whose graph is contained inβ+;
(3) if there existsλ = (u,m) ∈ (graph(γ ) ∩ Aα,β) \ β+, thenβ+ intersects each

component ofgraph(γ ) \ {λ} unless such a component terminates in the boundary
of the parameter domain. Moreover,γ2(u) > γ (u), and theβ+ curve lies above the
point (u,m) in theαβ∞− curve.

In particular, a component ofαβ∞− \ {(u,m)} which does not terminate in the boundary
of the parameter domain contains a vertex in the upper boundary of an island of the
archipelagoAα,β .

Proof. The functionγ is defined on an open interval. However, every Lipschitz function
can be extended to a Lipschitz function on a closed interval. To prove (2) it is enough to
show thatβ+ ∩Mu 6= ∅ for eachu ∈ (u0, u1). Let u ∈ (u0, u1) and{λ} = αβ∞− ∩Mu.

Case I:f bλ (0+) > 0. Consider the maps inMu with the properties:
(a) there exists a branchT = (0, x) of typeβ;
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(b) there existsx0 ∈ T with f bu,m(x0) < x0;
(c) f bu,m(0+) > 0.

Observe that properties (b) and (c) imply the existence of a periodic attractor inT

which attracts the orbit of 0+. In particular, the orbit of 0+ is infinite. This implies that
0 /∈ ∂−f i(T ) for eachi ≤ b. Consequently, if(u,m) is a point with these properties than
there is a small interval{u} × (m− ε,m] of maps with the three properties.

Observe that the map inλ = (u,m0) has the three properties. LetH = {t} × (m1,m0]
be the maximal interval of maps with the above properties. We are going to show that in
(t,m1) the map is inβ+.

Observe that by decreasingm ∈ (m1,m0] we see that the intervalT is increasing in
length. Because the family is monotone, the same pointx0 in T which was moved to the
left persists to be inT and will be moved to the left. As before we see that the orbit of the
intervalT will never hit 0+.

We have shown that properties (a) and (b) also hold in(u,m1). Hence, in the boundary
of H property (c) has to be violated. Otherwise we could decreasem slightly more.

Case II:fλb(0+) < 0. Consider the maps inMu with the properties:
(a) there exists a branchT = (0, x) of typeβ;
(b) f bu,m(x) > x;
(c) f bu,m(0+) < 0.

Properties (b) and (c) imply that there is a hyperbolic periodic pointq ∈ T of typeβ.
Consequently, the branch of typeβ will persist under small perturbations. The collection
of the above maps is open.

Observe that the map inλ satisfies the above properties. We havef bλ (x) > x. Otherwise
the orbit of 0− could not be trapped in the orbit of typeβ, which is the case inλ ∈ αβ∞− .
LetH = {u} × [m0,m1) be the maximal interval of maps with the above properties. We
are going to prove that(u,m1) ∈ β+.

Observe that by increasingm ∈ [m0,m1) the branchT will be decreasing, a
consequence of the fact that the family is monotone. However, the periodic orbit persists
and there has to be a periodic orbit at(u,m1). This may no longer be hyperbolic. In
particular, there is a branchT = (0, x ′) of typeβ in (u,m1).

The monotonicity of the family implies

f bu,m1
(x ′) = f

j
u,m1(0−) > f

j
λ (0) = f bλ (xλ) > xλ,

wherexλ is the boundary point of the branch offλ mentioned in property (a). The branch
mentioned in property (a) decreases whenm increases. Hence,x ′ < xλ. Therefore

f bu,m1
(x ′) > x ′.

The only property which can be violated in(u,m1) is property (c):f bu,m1
(0+) = 0 and

(u,m1) ∈ β+.

To prove (3) let(u,m) = λ ∈ (graph(γ )∩Aα,β) \β+. ThenMu contains a point inβ+.
Because(u,m) ∈ Aα,β \ β+, there is a renormalization, so we obtain thatγ2(u) > γ (u).
To finish the proof of (3) we have to show thatf bu1,γ (u1)

(0+) > 0 (andf bu2,γ (u2)
(0+) > 0).
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Because(u1, γ (u1)) is a boundary point we obtain thatDf bu1,γ (u1)
(q) = 1. Otherwise

we could extendαβ∞− . The map under consideration has negative Schwarzian derivative.
Hence, the neutral periodic point attracts a critical point with an infinite orbit. The orbit
of 0− is trapped in the orbit ofq. Only the orbit of 0+ can be attracted towardsq. In
particular,f bu1,γ (u1)

(0+) > 0. 2

A similar lemma holds for the combinatorics of 0+. Moving up or down has well
understood consequences on the combinatorics of the map. On the other hand moving
one branch up and the other down are the deformations which are difficult to understand,
with the deformations in directions parallel toU . The next lemma indicates a difference
between such movements to the right and to the left.

LEMMA 6.6. Let λ ∈ αβ∞− ∩ βα∞+ , sayλ = (u,m). Then there exists a parameter
µ = (t,m′) such that:
(1) t ≤ u;
(2) µ is the right extremal point of an islandI of the archipelagoAα,β , moreover it is a

full branch extremal point;
(3) the islandI has a vertex in its upper (and lower) boundary.

Proof. Let γ+ : (t+, u] → M be the function whose graph is the component ofαβ∞− \ {λ}
which touchesλ from the left-hand side. Similarly letγ− : (t−, u] → M be the function
whose graph is the component ofβα∞+ \ {λ} which also touchesλ from the left-hand side.
Lemma 6.4 ensures that these functions and graphs are well defined.

Let t ∈ [t+, u] ∩ [t−, u] be minimal such thatγ+(t) = γ−(t), describing the left most
intersection point of the components under consideration ofαβ∞− with βα∞+ . Observe that
these components are graphs of functions: the leftmost intersection is well defined. Letµ

be the intersection point. Observe that Lemma 6.4 can be applied in this point, giving us
local extensions of the arcsαβ∞− andβα∞+ . Soµ is a point in the interior of both graphs.

In fact,µ ∈ Aα,β , the map is of full branch type. So we can apply Lemma 6.5: lets ≤ t

be maximal such thatµ1 = (s, γ+(s)) ∈ β+ ∩ αβ∞− . Observe thatαβ∞− cannot terminate
to the left in the boundary of parameter space.

Clearlyµ1 is a vertex point in the upper boundary of some islandI ⊂ Aα,β . Observe
that the islandI intersects[s, t] ×M only below the graph ofγ+|[s, t], moving up a point
in this graph would destroy the renormalization immediately.

The aim is to show that the graph ofγ+|[s, t] is part of the upper boundary of the island
I . From Lemma 6.5 we obtain that the arcβ+ lies above the pointµ. Furthermore,µ1 is
the rightmost intersection of the graph ofγ+|(t+, t] with theβ+ arc. So theβ+ arc in the
strip (s, t)×M lies above the graph ofγ+, which lies above the islandI . So the boundary
points of the islandI in the strip(s, t)×M lie in the graph ofγ+, and the boundary points
in the upper boundary can only be of two typesαβ∞− or β+, from Proposition 6.1.

We have shown that the boundary∂+I ∩ ([s, t] ×M) ⊂ graph(γ+|[s, t]). We need to
show equality. Clearly the piece of the boundary in the strip can no longer have vertices,
for this one needs points inβ+. So the graph contains the right extremal point of the island.
This extremal point cannot be trivial, for this one needs a point inβ+. So it is of full branch
type. The only parameter of this type in the graph ofγ+|[s, t] isµ. Clearly the island does
not extend beyond the right ofµ, and the archipelago intersects{t} ×M only inµ. 2
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FIGURE 2. Illustration of the proof of Lemma 6.6.

7. Proof of Theorem B
Fix a monotone Lorenz familyF : [0,1] × [0,1] → Lr , r ≥ 3. Let A = Aα,β ⊂
[0,1] × [0,1] be on theα, β-archipelago.

PROPOSITION7.1. The archipelagoA has an islandI ⊂ A which has a trivial and a full
branch extremal point.

Proof. By Proposition 2.1 there existsλ ∈ αβ∞− ∩βα∞+ . Lemma 6.6 gives an island which
has a vertex and its right extremal point is of full branch type. Because there are only
finitely many islands with a vertex we can take the leftmost islandI ⊂ Aα,β which has a
vertex and whose right extremal point is of full branch type.

We now only need to show that the left extremal point of this island is trivial. Suppose
not and apply Lemma 6.6 again: we will find an island left ofI which has a vertex and
whose right extremal point is of full branch type. ButI was the leftmost island with these
properties. This is a contradiction. 2

LEMMA 7.2. Let I ⊂ Aα,β be an island which has a trivial and a full branch extremal
point. The Lorenz familyG : I → Lr defined by

I 3 λ 7→ (pλ, qλ, f
a
λ , f

b
λ ) ∈ Lr

contains Cherry maps with arbitrary rotation number.

Proof. Let λ = (u,m) ∈ I be the trivial extremal point. This point is the intersection of
two graphs, say of the functionsγ1, γ2 : [a, b] → M with
(i) graph(γ1) ⊂ α∞− ;
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(ii) graph(γ2) ⊂ β∞+ ;
(iii) λ = (u,m), withm = γ1(u) = γ2(u), u ∈ [a, b];
(iv) an ε > 0 such thatγ1(t) < γ2(t) for all t ∈ (u, u+ ε).

The last property holds because of the following. The two extremal points are of
different types: one is of full branch type and the other is trivial. Hence, both boundary
components∂+I and∂−I have a vertex. Letv± ∈ ∂±I be vertices closest to the trivial
extremal point. Observe that these are well defined. We use the fact that the boundaries∂±
are graphs. Then

v+ = (u+, γ2(u+)) ∈ ∂+I, v− = (u−, γ1(u−)) ∈ ∂−I,
with u± > u. Hence, there is anε > 0 such that

γ2(u+ t) > γ1(u+ t),

for t ∈ (0, ε]. We may takeε small enough such that for allt ∈ [0, ε] andm ∈
[γ1(u + t), γ2(u + t)] the Lorenz mapgu+t,m is a Cherry map. This is possible because
ρ > 1.

Fix t1 ∈ (0, ε] and consider the family of Cherry maps

m 7→ gu+t1,m

withm ∈ [γ1(u+t1), γ2(u+t1)]. This is a continuous family and hence the rotation number
will depend continuously onm. Observe that the rotation number ofgu+t1,γ1(u+t1) is zero
and the rotation number ofgu+t1,γ2(u+t1) equals 1. The lemma follows, every rotation
number will be realized. 2

THEOREM B′. Every Archipelago of a monotone Lorenz family{fλ} contains a full island.
In particular, letI ⊂ Aα,β be an island which has a trivial and a full branch extremal point.
The Lorenz familyG : I → Lr defined by

I 3 λ 7→ (pλ, qλ, f
a
λ , f

b
λ ) ∈ Lr

is a full family.

Proof. Observe, that Proposition 2.1 can be applied to the familyG. Let f ∈ Lr with
ρ > 1. In the previous Lemma 7.2 we showed that Cherry combinatorics are realized in
this family. We may assume thatf does not have kneading sequences which correspond
to Cherry maps.

Case I: f admits infinitely many renormalizations.Say,

f ∈ · · ·Dα2,β2 ⊂ Dα1,β1 ⊂ Dα0,β0 ⊂ I.

Proposition 2.1 implies that the familyG has an archipelagoAα0,β0 of type(α0, β0). By
Proposition 7.1, applied to the original family, we find an islandIα0,β0 ⊂ Aα0,β0 with
a trivial and full branch extremal point. This argument can be repeated and we find a
sequence of archipelagos and islands of the following types

Aα0,β0 ⊃ Iα0,β0 ⊃ Aα1,β1 ⊃ Iα1,β1 ⊃ Aα2,β2 ⊃ Iα2,β2 . . . ,
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the intersection of which contains mapsgλ with

K±(ĝλ) = K±(f̂ ).

Case II: f admits only finitely many renormalizations.By performing the previous
argument only finitely many times we will find an islandIαn,βn with a simple and a full
branch extremal point such that the maps in this island are at leastn times renormalizable
and follow the same renormalization steps asf . The case II is reduced to case III or IV.

Case III: f admits no renormalizations and is simple.This means that the kneading
sequences are

K+(f̂ ) = α∞, K−(f̂ ) = β∞

or

K+(f̂ ) = α∞, K−(f̂ ) = βα∞

or the corresponding cases(αβ∞, β∞). These cases can be represented by maps which
have finite critical orbits; such maps are assured to exist by Proposition 2.1.

Case IV: f admits no renormalizations and is not simple.Let K±
n (f̂ ) be the truncated

kneading sequences of̂f . By a small perturbation off we obtain a Lorenz map whose
critical orbits are finite and the firstn symbols of the kneading sequences coincide with
those off̂ . Proposition 2.1 assures the existence of a mapgn ∈ G such that

K±
n (f̂ ) = K±

n (ĝn).

The familyG is compact, so we can take a limitgn → g ∈ G. The mapĝ has the same
kneading sequences aŝf . To prove this we have to show that the sequences ofĝ are not
degenerate, that is they are not periodic. To do so we consider two cases.

Case IVa: f̂ has one periodic kneading sequence (sayK− = α∞). By construction we
have that 0− is periodic andK−(ĝ) = α∞. If K+(ĝ) where also degenerate, that is
periodic, then, by Lemma 3.2,̂g would be renormalizable. In particular, the kneading
sequences of̂f would be of the formK−(f̂ ) = α∞ andK+(f̂ ) = βα∞. This kneading
information implies thatf̂ has essential homtervals on both sides of 0. Lemma 3.2 implies
thatf̂ is renormalizable. Contradiction.

Case IVb: f̂ has no periodic kneading sequences.Supposeĝ has periodic kneading
sequences. First, observe both sequences cannot be periodic. Otherwiseĝ would be
a trivial extremal point of the family and every map nearby would be a simple Lorenz
map or an irrational Cherry map. This is impossible becausef̂ does not have Cherry
combinatorics. IfK+(ĝ) = β∞ then

K+(f̂ ) = βK−(f̂ ).

This together with the fact thatK−(f̂ ) is non-periodic implies thatf̂ has a non-
periodic homterval attached to 0−. By construction,f̂ cannot have such a homterval.
Contradiction. 2
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