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Abstract Lorenz maps are dynamical systems on the interval related to the Lorenz
flow. Monotone Lorenz families will be introduced and it will be shown that all possible
topological dynamical behavior of Lorenz maps is realized within every monotone Lorenz
family. Moreover, the structure of the parameter space for such families is described.

1. Introduction

The aim of this paper is to describe some parameterized families of Lorenz flows that are
topologically universal in the sense that, given any geometric Lorenz flow, its dynamics is
essentially the same as the dynamics of some element of the family. Thus, these families
play, in the context of Lorenz flows, the same role as the quadratic family in the context of
unimodal interval maps.

Lorenz in L] showed numerically the existence of some flows in three dimensions that
have complicated recurrent behavior. What we now call a Lorenz flow has a singularity
of saddle type with a one-dimensional unstable manifold and an infinite set of hyperbolic
periodic orbits, whose closure contains the saddle point. More specifically, the closure of
this set of periodic orbits is in general the global attractor of the flow.

To analyze the dynamics of such a flow we take a two-dimensional transversal section
intersecting the local stable manifold in a liheand we look at the first return map %

This map is not defined in the lineand in fact exhibits a discontinuity Abecause orbits

near!/ in opposite sides follow different branches of the unstable manifold. To describe
the dynamics of such a flow, a new hypothesis was addeWin(fee also GW]): the
existence of a one-dimensional foliationSrthat is invariant by the first return map hias

as a leaf and is such that points in the same leaf are exponentially contracted under iteration
by the first return map. A Lorenz flow with this extra structure we caikametric Lorenz

flow. Because of the exponential contraction on the leaves of the foliation, the dynamics of
such a flow can be described by the action of the first return map on the space of leaves of
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the stable foliation. This space of leaves is an interval and the induced map has a unique
discontinuity at the point corresponding/tdSuch an interval map is called a Lorenz map.
More precisely, we have the following.

Definition 1.1.Let P < 0 < Q andr > 1. AC" Lorenzmap f : [P, Q] — [P, Q] is

map described by a paiy—, f+) where:

1) f- :[P,0] - [P,Q]and f1 : [0, Q] — [P, Q] are continuous and strictly
increasing maps;

(2) f(P)= Pandf(Q) = Q andjf has no other fixed points P, Q] \ {0};

(3) there existp > 0, the exponent of , such that

f-) = fo(x1”) and fr(x) = fr(xl”)

where f_ and f,, the coefficients of the Lorenz map, af& diffeomorphisms
defined on appropriate closed intervals. This Lorenz map is denoted by

(P, Q. f-, f+).

Notice that the tripldp, f—, f1} is uniquely determined by. If the map is associated
to a Lorenz vector field then the expongnts precisely the absolute value of the ratio
between the unstable eigenvalue and the weak stable eigenvalue at the saddle point.

A Lorenz map isnon-trivial iff ([P, 0]) D [P, 0] and f ([0, Q]) D [0, Q]. Otherwise
f is trivial, any orbit of such a map is asymptotic to a fixed point.

Guckenheimer and Williams proved iGW] that there exists an open set of vector
fields in three-dimensional space that have a structure of geometric Lorenz flow with
smooth associated Lorenz maps. In fact they only considered the situation where the
exponent is smaller than one and the map expands with derivative everywhere bigger than
V2. However, we can use the same arguments to construct open sets of vector fields
having Lorenz maps with exponent bigger than one. As we will see soon, the Lorenz maps
of exponent bigger than one present a much bigger variety of dynamical behavior due to
the interplay of contractions and expansions. Compare this with the unimodal situation:
the quadratic family exhibits more types of combinatorics than the expanding tent family.
Before stating our results we need to discuss some combinatorial aspects of Lorenz maps.

A branch of f" is a maximal closed interval such thatf” is a diffeomorphism in
the interior of J. An endpoint ofJ is either P, Q or a point in the backward orbit of
0. To each branchy of f" we can associate a wowd = (wo, w1, ..., w,—1) Where
w; € {[P,0],[0, 0]} and fi(J) C w;. Itis clear that given a word of length, there
exists at most one branch ¢f associated to it. The combinatorics of all possible words
are determined by the kneading invariantsfofk —(f) and K~ (f) defined as follows.

The firstn symbols ofK_( f) are the symbols of the branch ¢gf*! adjacent to 0 that
is contained in[P,0]. Similarly for KT (f). There are many papers describing the
combinatorics of Lorenz maps, see, for exam@#® gnd specially HS]. Using the results
described there one can characterize all possible kneading invariants of Lorenz maps.

The intersection of all branches that contain a given point is either a point or a closed
interval. If such an intersection is an interval, it is calleti@ntervalof f. A critical
homtervalis a homterval that has zero as an endpoint. So there are at most two critical
homtervals. The image of a homterval is always contained in another homterval and, if
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the homterval is not critical, it is onto. An orbit of homtervals is a sequelr?ceil, ... of
homtervals such that(J") c J"t1. There are three types of orbits of homtervals:
(1) JYis awandering intervalf its orbit contains infinitely many disjoint intervals;
(2) itis periodicof periodn if J* ¢ JOandJi # JOif0 <i < n;

(3) itiseventually periodidf it is not periodic but/’ is periodic for some.

An homtervalJ is essentialff for somek > 0 we have thatf*(J) is contained in a
periodic homterval’ with 0 € 8T (wheredT denotes the boundary @f).

If a C? Lorenz f map has a critical homterval then all homtervalsfoéire eventually
periodic and there is at most a finite number of periodic homtervals since otherwise we
could, by making a modification of with support in the critical homterval, obtain a
smoothC? map with three non-flat critical points having either a wandering homterval
or infinitely many periodic homtervals, which contradicts the main theorebf$].

Definition 1.2.Let f : [P, Q] — [P, Q] be a Lorenz map. Two poinis y € [P, Q] are
equivalentx ~ vy, if and only if the intervalx, y] is contained in a union of non-essential
homtervals.

Observe the following.
(1) The quotient ma;f = f\~ : [P, Q]\~ — [P, Q]\~ is well defined. The map
f is thought of as describing the essential part of the dynamigs @fcluding the
periodic critical behavior.
(2) The kneading information of can differ from that off. If this is the casef has
to have a non-essential homtervahttached to its critical point, say,0e 3/, and
the orbit of Q. passes eventually through The kneading sequencé&s (f) and
KT (f) are both non-periodic bLﬂ"(f) is periodic.
(3) If the Lorenz mapf has negative Schwarzian derivative then the case described
above cannot happel,(f) = K*(f).
(4) If f hasat most one critical homterval then each equivalence class of the equivalence
relation above consists of exactly one homterval.
In 83 we will discuss the notion @fuasi-conjugatiomnd show that mapﬁ andg with
K=(f) = K=() are quasi-conjugated.
Let £" be the collection of”" Lorenz maps. We endo#” with a topology that takes
care of the domain, of the exponents and of the coefficients: the coefficients are compared
by the topology after a linear rescaling which makes the domains equal.

Definition 1.3. Let A  R? be closed. A Lorenz family is a continuous mép A — L',

Fy. = (Py, Oy, ¢n, ¥2).

A Lorenz family» € A — F, is full if given any non-trivial Lorenz mag e £? there
exists a parameter valuesuch thatk =( f) = K= (F,).
A monotone Lorenz family is &3 Lorenz family such that:
(1) F, has negative Schwarzian derivative foriak A;
(2) A=1[0,1]x[O0,1];
Q) F:(s,1) > (=1L L ¢ ¥y) andps; = p > 1;
(4) if 51 < s2 theng, (x) < ¢5(x) foral x € (=1,0] and if 4 < 1 then
Y, (x) < Y, (x) forall x € [0, 1);
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(5)  ¢0(0) =0,¢1(0) = 1,¢¥0(0) = —1andy1(0) = 0;
(6) DF,(£1) > 1fori € A.

THEOREMA. A monotone Lorenz family is a full family.

Next we discuss the notion of renormalization for Lorenz maps. This will allow us to
refine Theorem A.

Definition 1.4. A Lorenz mapy is called renormalizable if there exift< p <0 < g <

O such that the first return map te, ¢) is a non-trivial Lorenz map, saip, ¢, ¢, f?).
This induced Lorenz map is called a renormalizatioryofThe interval[ p, ¢] is called

a domain of renormalization. The orbitg>o f*([p, 0)) and U0 f*((0, ¢]) are called
the cycles of renormalizationiq, b) are the periods of renormalization and the type of
renormalization is the paif, 8), wherea (respectivelyg) is the word associated to the
branch of /¢ (respectivelyf?) that containgp, 0] (respectiveljf0, ¢1).

Let Dy g C L" be the subset of Lorenz maps which have a renormalization of type
(a, B). These sets are callelbmains of renormalizatiarin 84 it will be shown that:
(1) Da,p is closed and connected,;
(2) the collection of set®, g is nested: ifDy g N D&)ﬁ # () then

Do g cD&ﬁ or D&ﬁcDa,ﬁ.

Let D c L™ be the set of renormalizable maps. This set is the union of the nested
collection consisting of the sef3, g.

Fix a Lorenz familyF : A — L" with critical exponentp > 1. This family will
intersect the domair®,, g, giving rise to the following.

Definition 1.5. The archipelago of typéx, 8) is the set of all parameter valugs, g for
which the corresponding Lorenz map isT, g: A = F*l(Da,,g). An island in the
archipelagad, g is a connected component of the interiorAf g. To express the type
of renormalization we are considering, we will speak aljeup)-archipelagoes and their
(o, B)-islands.

The archipelagoes inherit properties from the e, they are closed and nested.
This implies that the closure of an island defines a Lorenz family, namely the family of
the correspondingyx, 8)-renormalizations. We call an islandfall island if the induced
family is a full Lorenz family.

THEOREMB. Every archipelago of a monotone Lorenz family contains a full island.

Observe that Theorem A is a special case of Theorem B. In 83 we will define for every
Lorenz mapf the Julia and Fatou set gf. The Fatou set is the basin of the periodic
attractors. We will distinguish Fatou sets of two different types. A quasi-conjugation
between two Lorenz maps is a homeomorphism which conjugates the dynamics on the
Julia sets and preserves the components of the Fatou set. In particular, quasi-conjugations
preserve the type of the Fatou sets involved.

THEOREMC. Let f,g € L7, r > 1, p > 1 with K*(f) = K*(8). Thenf and$ are
quasi-conjugated.
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In particular, the family associated to a full island in a given archipelago realizes all
possible quasi-conjugation classes.

Definition 1.6. A Lorenz map is called hyperbolic iff both critical orbits tend to hyperbolic
periodic attractors and the complement of the basin of these periodic attractors is a
hyperbolic set.

THEOREMD. The hyperbolic elements in a monotone Lorenz family form an open and
dense set in parameter space.

1.1. Notation. Letl c [—1, 1] be an interval with boundary poindgsandb, saya < b.
Thendl = {a,b}, 0_1 = {a} andd I = {b}. If J C I C [—1,1] are two intervals
ando_J = o_I,wesayJ C; I. If 34J = 941 thenwe say/ C, I. In the case that
aJ Nal = @ wewriteJ Cint I. The discontinuity of Lorenz maps in 0 causes such maps
to have twoecritical orbits:

f1(0-) = 'X"TT?) f"x) and f"(04) = I)jgg) "),

with n > 0.

2. Realization of finite combinatorics

In this section we will describe sufficient conditions for Lorenz families to be able to realize
all possible finite kneading sequences. This is an adaption of similar results obtained in
[MS] for continuous interval maps.

We will start by defining kneading sequences for Lorenz maps, similarly as was done
in [MT] for continuous piecewise monotone interval maps. Clearly, to describe Lorenz
maps we will need two kneading sequences, one foaid one for Q. Fix a Lorenz map
f:0-1,1 - [-1,1].

Let B, (f) be the collection obranches off”. That is, the collection of maximal
intervals on whichf” is monotone. Iff € B, (f) then the wordo(7) € {[-1, 0], [0, 1]}"
is such that

fHID) C (D)
for 0 <i < n. Thekneading sequencese defined as
K, (f)=wU-(m) and K, (f)=on)

wherel_(n), I+ (n) € B,(f),n > 0, withd, I_(n) = 0 anddo_I,(n) = 0. Let K~ (f)
andK *(f) be the limits of respectivelk, () andK,F (f),n — oo.

PROPOSITION2.1. LetV = [—1, 0] x [0, 1] andA C R? be homeomorphic t&. Let
A>i+— fi:[-1,1]— [-1,1]

be a family of Lorenz maps satisfying the following properties:
(1) the branchesf; + are C1, fi(£1) = =1, and there exist&k > 0 such that
0 < Dfyi(x) < K forall x £ 0;
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(2) Dfi(x) > 0asx — 0;
(3) letF : A — V be the continuous map defined Byr) = (f.(0+), f1(0—)) then
F(@A) C dV and the degree of the map: dA — 3V is different from zero.
If g € £ has finite critical orbits then there existssuch thatk *(g) = K*(f,).

Proof. Letg € L", r > 0 be a Lorenz map with finite critical orbits amlg) = {z1 <

< z1=0< 7741 < -+ < z;} be the post-critical set gfwhere—1 < z7 = g(04) <0
and 0< z; = g(0_) < 1 are the critical values of. The order of these points and the
mappinge : {1,2,...,/—1,1+1,...,k} > {1,..., k} defined byg(z;) = z.(;) describe
the combinatorics which we want to realize by some map of our family. Consider the
(k — 1)-dimensional simple}? = {x e R¥ | —-1=xg<x1 <---<x;=0<x41 <

- < xx < xp41 = 1} and letPgy be the interior ofP. Let pr : P — V be the projection
pr(x) = (x1, x¢) and

Z={A,x)e Ax P | pr(x)=FM)}

Let us consider the mappifg: Z — P, (A, x) — y, wherefy (y;) = x.) andy; has the
same sign as;. Itis clear thatT is well defined and continuous. To finish the proof we
have to find(x, x) € Z such thatl' (A, x) = x.

Let m(x) = min{|x; — x;j+1);i = 0,1,...,k} andd(x,y) = maX|x; — y;|;i =
1,...,k}. We need the following.

LEMMA 2.2. If (A,;, x(n)) € Z is such thain(x(n)) — 0then

im LG, x(1)), x(n))
n—00 m(x(n))

Proof. Suppose, by contradiction, that there exists> 0 and a sequende,,, x(n)) € Z
such thain (x(n)) — 0 and

d(x(n), y(n)) < Kom(x(n))
wherey(n) = T (A, x(n)).
CLAIM 1. There exists constaik; > 0 such that ifx; (n), x;(n) have the same sign then

[xe@iy(m) — xe(y(M)| < Klxi(n) — xj(n)| + Kam(x(n)).

Proof. SinceDf; (t) < K, it follows from the mean value theorem that

[xXciy () — xc(hy(M)| < Klyi(n) — y;(n)]
< Klxi(n) —x;j(m)| + Kl|yi(n) —x;(n)| + K|y;j(n) — x;(n)]
< K|xi(n) — xj(n)| + 2Kom(x (n))

and the claim is proved. a

From Claim 1 we obtain, by induction, that for althere exists a consta@t > 0 such
that if x .« (n) andxck(j)(n) have the same sign fér< s then

[Xes iy (n) — Xes(jy (M| < Cslxi(n) — xj(n)| + Csm(x(n)).

https://doi.org/10.1017/50143385701001420 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001420

Universal models for Lorenz maps 839

CLAIM 2. There existssg such that for alll € {1,...,k} there existss < so with
0 € [xesy(n), Xes g1y ()]

Consider the seP of pairs(z;, z;) such that 0¢ [z;, z;1. If the claim is false then,
since?P is finite, there exists a periodic pair #a. This implies the existence of a periodic
homterval non-essential far.

To finish the proof of the lemma Idt be such thatn(x(n)) = |x;(n) — x;41(n)|
(! depends onn). Let s < so be such that 0 e [xes()(n), xesg+1)(n)] and
Xekqy(n), Xek41)(n) have the same sign far < s. From Claim 2 we obtain some
t depending om such thatjx;(n) — x;+1(n)] < Cym(x(n)) and eitherx;(n) = 0 or
xXi41(n) = 0. Sincel fi,, ([y (1), yr41 (D] = [Dxeiry (1), Xer+1) (M) = m(x(n)) we have
that Df, (On)1y:(n) — yr+1(n)| = m(x(n)) for somed,, € [y, (n), yr+1(n)].

Consider the case when,1(rn) = 0. Then alsoy;11(n) = 0. Therefore,

d(y(n), x(n)) = |y:(n) — x;(n)|

> YOS -m(x(n)) = C -m(x(n))

1
> <7Df)~n(9n) — C) m(x(n)).

On the other handy;(n) — x;(n)| < d(y(n), x(n)) < Kom(x(n)) — 0 asn — oco. This
implies thatDf;, (6,) — 0. This contradictd (x(n), y(n)) < Kom(x(n)). O

Assume that there is no point iiwith 7 (%, x) = x.

LEMMA 2.3. There exists a continuous one-parameter family of continuous mappings
G, : Z — P suchthat:

(1) Go(r,x) =x;

(2) Gi(h,x)=xifx € OP;

(3) Gi(z)car.

Proof. Let D = {x € RF"1 | Y F1x2 < 1) be the closed unit ball iiR*~ and let
® : P — D be a bi-Lipschitz homeomorphism. L&t : Z — D be the mapping
T = ® o T. Sinced is bi-Lipschitz and the distance fromto the boundary oP is equal
to %m(x), we have that ifA,;, x(n)) € Z is such thain(x(n)) — 0 then

d(®(xn), T (An, x(1)))
d(®(x(n)), dD)

Now defineG1(x, x) as the point in the boundary db such that®(x) lies in the
line segment bounded by (%, x) and G1(x, x). It follows that G is continuous and
G1(h,x) = ®(x) for x € 9P. DefineG, = tG1+ (1 — nN® andG, = &1 0o G,. This
clearly satisfies the conditions of the lemma. |

LEMMA 2.4. Leth : V — A be a homeomorphism such that(x) = 0 =
i (F(h(x))) = 0fori = 1, 2, wheren; : V — R is the projection in the ith coordinate.
Then there exists a mappiif): P — Z with the following properties:

(1) H is continuous and the restriction &f to the interior of P is a homeomorphism;
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(2) moH =hoprwherer : Z — A isthe projectionx, x) — A;
(3) the restriction ofH to each fibepr—1(v) Nint(P) is a diffeomorphism onto the fiber
7 Y (h(v)) Nint(2).

Proof. Let v = (v1, v2) and F(h(v)) = (v1,02). Let H, : R — R be the Moebius
transformation that mapsg to v, 0 to 0 andvy to v2. Forx € pr—1(v) Nint(P) define

H(x) = (h(v), (Hy(x1), ..., Hy(xz)))- 0

Choose a homeomorphisim: V — A with the property needed to apply Lemma 2.4
and letH : P — Z be the corresponding map from Lemma 2.4. Get= G, 0 H : P —
P. We have that:
(1) G, is continuous and depends continuouslypn
(2) G.(3P) C 3P andGo(int(P)) C int(P);
(3) G:(x) = Go(H(x)) forall x € 3P;
4) Gu(P) CIP;
(5) the degree ofiois equal to the degree df.
The only statement that needs a proof is (5). Notice fhat Go = F o w on Z, by
definition of Z, whence

proéo:proGoonFonon(Foh)opr

and the restriction o6 to pr—i) Nint(P) is a diffeomorphism onter—1(F (h(v)) N
int(P)). Hence the degree ag is equal to the degree df o h, which is equal to the
degree ofF. Here we are using the following topological fact. let: D — D be a
continuous mapping that map® onto 4 D, int(D) onto int(D) and ®|intpy is smooth.
Then the degree ab|;p equals the degree df|int(D) (see P, p. 67]). Contradiction.

It follows that there is a mag;, in the family which also has periodic critical orbits.
Moreover, the combinatorics of these critical orbits are the same as the combinatorics of
the critical orbits ofg. a

3. Fatou sets and quasi-conjugations
In this section we will study the behavior of essential homtervals.

Definition 3.1. A Cherry map is a Lorenz map : [P, Q] — [P, Q] such that the
restriction of f to the invariant intervgl f (0;.), f(0_)] is semi-conjugated to a rotation of
a circle, the restriction tof (0;.), f(0-)) is injective. A rational Cherry map is a Cherry
map with rational rotation number. CompaMNIMS ].

A simple Lorenz magy : [P, Q] — [P, Q] is a Lorenz map which is either trivial or a
rational Cherry map. We will distinguish three types of simple Lorenz maps:
type 1: f([P,0)) C [P,0) and f(0+) € [P,0) (or f(0-) € (0, Q] and f((0, Q]) C

0, 01);

type 2: £([P,0)) C [P,0) and f((0, Q]) C (0, QJ;
type 3: f is a rational Cherry map.

Observe that all three types can be obtained by perturbations of a simple Lorenz map
with f(0-) = f(0;) = 0.
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Fix a Lorenz mapf € £2 and its essential paff = f\~ and assume thaf has a
homterval. That means it has an essential homterval attached to O.

LEMMA 3.2. If f has only one essential homterval of the fotm= [p, 0] then it is
periodic andp is a periodic point. Iff has two essential homtervalg, 0] and[0, b] then
f has a renormalization which is a simple Lorenz map whose dobiaantains(a, b].

Proof. The case wherg has only one essential homterval attached to zero can be dealt
with as a direct consequence of the definition.

Assume thatf has two essential homtervals = [a, 0] andR = [0, b]. A chainis
an open interval which is a locally finite union of essential homtervals. d_ebe the
maximal chain in P, 0] containingL andC, the maximal chain if0, Q] containingR.
There are three cases to be dealt with.

(i) C- = L andC; = R. The orbits ofa andb cannot pass through the interior of
U = [a, b] becausel. and R are maximal chains. In particulak, and R are periodic
essential intervals with periodic boundary pointands. We observe thaf admits a
renormalization with domaity which is a simple Lorenz map of type 2.

(i) C- #LandCy = R (orC_- = L andCy # R). LetC_ = (p, 0]. Again observe
that the orbits ofp andb cannot pass through the interior &f= [p, b] because&_ and
R are maximal chains. Becaugeis an essential homterval and the orbithadoes not hit
0, the homtervaRr itself has to be periodic. We have recovered the right branch of the first
return map tdJ.

There exists & > 0 such thatf*(L) c L U R. Observe thaf*(C_) c C_ UL UR.
If f*(L) c L then f*(C_\ L) c C_\ L andC_ \ L would not consist of essential
homtervals. Sof*(L) c R and, by maximality, G 9 /¥ (L). Now observe by maximality
that /¥(C_) = C_ U f*(L) and thatp is a periodic point. We recover the left branch of
the first return map t&/. The map/ admits a renormalization with domalh which is of
type 1.

(i) C— # LandC4 # R. LetC_ = (p,0] andC4+ = [0, g). As before observe that the
maximality ofC_ andC_. implies that the orbits op andg cannot pass through the interior
of U = C_ U C4 = [p, q]. There are minimal numbefsr > 0 such that G fl(C_) and

0 € f7(Cy). This follows from the assumption that bath. andC,, are not homtervals,
they differ fromL andR respectively. It follows easily, by using the maximality@f and
C., that(p, ¢, f', ") is a renormalization with domaiti.

It is left to show that this renormalization is a rational Cherry map. We claim that the
interval[f’ (0), f’(0+)] is contained in a finite union of maximal essential intervals. If
C_ (andCy) is a finite union of such intervals there is nothing to prove.Clf is an
infinite union of maximal essential homtervals then these intervals can only accumulate at
p. Consequentlyfr (04) cannot be to close tp becausg?’(R) is contained in a maximal
essential homterval. The claim is proved.

Let

[0, (0] € U_, Hj.

https://doi.org/10.1017/50143385701001420 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001420

842 M. Martens and W. de Melo

AssumeH ; has its right endpointin common witi; 1. Observe that eacH; is mapped
into someH, ;). This defines the map : {0,...,s} — {1,...,s}. This mapr reflects
in the following way that the renormalization is a Lorenz map and that the intefiadse
maximal essential homtervals: there exists{1, 2...,s — 1} such that:
Q) #7:{4,2,...,t}>{s—t,s—t+1,...,s}is a bijection;
2) 7:{+1Lrt+2,...,st > {1,2,...,5s —t}is abijection.

As a consequence we obtain thatitself is injective: the renormalization restricted
to (fl(o_), fr(0+)) is injective. The renormalization is a Cherry map with a periodic
attractor. It is a rational Cherry map. a

Observe, that rational Cherry maps have a renormalization of type 2.

COROLLARY 3.3. If f has essential homtervals attached to both sides of the critical point
then it admits a renormalization which is of type 1 or 2.

In the case thaf only has an essential homterial= [p, 0] (or U = [0, p]) on one
side of the critical point we say thgt admits arenormalization of type 0 ofv. Observe
that for eachf which has essential homtervals there is a well defined smallest interval
U =[a,b]on whichf admits a renormalization of type 0, 1 or 2. Llé; be the interior

of U in the case thaf has essential homtervals. OtherwiseUgt: ?.
Definition 3.4. The Julia set of a Lorenz ma,f): [P, 0] — [P, Q]is
AA—{xe[P Q]|0rb(x)ﬂUA—@}
and the Fatou set is
F); =[P, O]\ A]:.
If Ff # () then the type of Fatou set is the type of renormalization with dorU?in

LEmMMA 3.5. If UA iS non-empty them\A is a totally disconnected closed set and every

connected component 6; is eventually mapped monotonically oritp. If fiscC?and
its periodic orbits are hyperbolic then is hyperbolic.

Proof. Clearly A y cannot contain an interval because this interval would be an homterval

which stays away from the critical point. The (quotient) mﬁpdoes not have such
homtervals.

Chooser € Ff and lett > 0 be minimal such thaf"(x) € UJ;. We will show that there

is an intervall’ containingx such thatf* : T — Up is monotone and onto. In particular,
T is a connected component 6} Observe that the boundary pointsl(zijf never pass
througth, so the connected component@f containing?’ cannot be bigger than.

Let (a,b) > x be the maximal interval on which* is monotone. Assume that
Fka) ¢ U;. That means thaf*(a) = f¥5(0,). Becausef*(x) ¢ Us = (p.q) we
obtain that/*=5(¢) € f*((a,x]) C U;. This contradicts the fact that the boundary points
of Up do not pass througU We have proved thatk (M) > Up. In particular, we have

found the connected component@f containingx. Itis mapped eventually onid;.
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The hyperbolicity statement in the case trféﬁs smooth and only has hyperbolic
periodic orbits follows directly from Mane’s lemma iM[]. ]

In general, the Julia set of a Lorenz map with essential homtervals is not a Cantor set. It
can have isolated points, for example, in the case when it admits a renormalization which is
a rational Cherry map. However, the isolated points will always be preimages of periodic
points which form the boundary of domains of renormalization.

The mapf induces a map on the set of connected componerﬁ)s.dt will be denoted
by 2 7y = Fj.

Definition 3.6. A quasi-conjugation frony to g is an order preserving homeomorphism
such that:

(1) h(Ap) = Ag andh(Fy) = F;

2) h: Ap— Ay is a conjugation;

(3) hinduces a conjugation betweghn: Fp—> F; andg : /; — ;.

THEOREMC. Let £, g be Lorenz maps with, p, > LandK*(f) = K*(§) thenf and
g are quasi-conjugated. Moreover, the Fatou sE/bsandb;; have the same type. If one

Fatou set is empty the other is also empty and the nfaggsare in fact conjugated.

The proof of this theorem needs some preparation. For every brarcki, (1), let
I,I, ) andr, (I, f) be minimal such that

0eay f"ED(y and 0eo_ fUD (1),

the cutting timesof the branch/. Observe that, except for the leftmdst and rightmost
branchr,, the cutting times are well defined. Ug{L,,) = r,(R,) = co. Whenitis clear
which map is under consideration, we will suppress the synftinlthe above notation.

LEMMA 3.7. Let f : [-1,1] —» [—-1,1]andg : [-1, 1] — [—1, 1] be Lorenz maps such
that K,;'E(f) = Kf(g) for somen > 1. There exists an orientation preserving piecewise
affine homeomorphism: [—1, 1] — [—1, 1] such that:

(1) h preserves branches and their words: for every n, I € B (f)

h(l) € Br(g) and w(l, f) = w(h(]), g);
(2) h preserves cutting times: iIf € B, (f) then
(h(1),8) =L, f) and re(h(l), 8) = ri(l, f).

Proof. The proof will be by induction. The lemma holds fer= 1. Assume the lemma
holds for some: > 1 and leth,, be the homeomorphism given by the lemma.

CLAIM . For every branchl € B, (f) we have

I € B,+1(f) ifand only ifh,, (1) € B,+1(f).

https://doi.org/10.1017/50143385701001420 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001420

844 M. Martens and W. de Melo

Proof. Assumel ¢ B, 1(f). So f"(I) > 0. Observe thatf"(I) = (f* 1 0.),
7= (04)). In particular,

K,S -ty py =[-1,01 and (K, (fDn—r,, ) = [0, 1].

Now use the fact that the cutting times/of(/) coincide with the cutting times af and
that f andg have the same kneading sequence:

(K, (@)n—t,1.9) = [-1,0] and (K, (¢))n—r,(1.¢) = [0, 1.
This implies that the monotone imagé(h (1) contains 0. We proved thatl) ¢ B, +1(g).
The claim is proved by symmetry. |

Observe that the collection of branch®d /) with k = 0,1, 2, ..., n define a refining
sequence of partitions §f1, 1]. The homeomorphisify, maps this sequence of partitions
to the partitions formed bR (g) with & < n. To prove the lemma fat 4+ 1 we have to
construct a homeomaorphisiy).1 which also preserves the above partitions and moreover
mapsB,,+1(f) to B,+1(g). In particular,1 is obtained by redefining, in the interior
of the brancheB,, (f).

Let I € B,(f). If I € B,11(f) we do not changé, : h,y1|l = h, because
hn(I) € B,41(g) (which follows from the claim). Ifl ¢ B,+1(f) then bothl and
h,(I) will have two branches of respectively,+1(f) and B, +1(g) (apply the claim
again). DefineH, 1|l such that these two sub-branches/cdire mapped onto the two
sub-branches df, (I).

Once this construction has been done for all brandhes B, (f) we will obtain a
homeomorphism,, .1 which preserves the branchedhp,1(f) and their types. Clearly,
it will also preserve the cutting times. ad

Proof of Theorem CAssume thatf andg have the same kneading sequences. Observe
that the fact whether/ has a non-empty Fatou set or not depends completely on
its kneading information. Also the type of Fatou set is determined by the kneading
information. For example, ik ~(f) = «® andK+(f) = B> then f has a non-empty
Fatou set of type 2.

Let {n,} be the sequence of piecewise affine homeomorphisms determined by
Lemma 3.7. We will show that the limit of this sequence exists and is a quasi-conjugation.
Let I, € B,(f) form a nested sequence of branches. If the Fatou sgtisfempty then
such sequences of nested branches will shrink down to a point. Using the faghéman
empty Fatou set if and only if has an empty Fatou set, it follows easily thatconverges
to a conjugation betweefi andg in the case of empty Fatou sets.

Assume the Fatou set gf (and@) is not empty. We will characterize combinatorially
the nested sequences of branches which do not shrink down to a poirfit. £ &, (/) be a
nested sequence of branches and defire lim,_, o w(I,,), an infinite symbol sequence.
The map/ (andg) has maximal essential homtervals attached to the critical point. Let us
consider the case whgﬁhas such homtervals on both sides of the critical point{gaf]
and[0, b]. Letw_ andw be the infinite symbol sequences describing the combinatorics
of the orbits offa, 0] and[O, »] respectively. Essential homtervals are eventually periodic.
Hence

w_ =W_a* and wy = W+,Boo,
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whereW_. are finite words and® (8°°) is a periodic sequence obtained by concatenating
the finite wordx (8). Leto denote the shift map on the space of one-sided infinite symbol
sequences. The following claim is a straightforward consequence of the fact that every
homterval off is eventually mapped int, 0] or [0, b].

CLAaM. I = NI, is a non-degenerate interval, a homterval, if and only if there is 0
such thab"w = ™ or .

Hence, the nested sequence of brandhesB,, (/) shrinks down to a point if and only
if h,(I,) shrinks down to a point. This implies that the limit of the sequence defines a
conjugation fromAf to A;.

If the nested sequence of branchgse B,(f) does not shrink down to a point, it
shrinks down to a connected componémtf the Fatou set of . Moreover s, (I,,) shrinks
down to a connected componeHttof the Fatou set of with the same infinite symbol
sequence. The restriction bf to I converges to the unique orientation preserving affine
map from/ to I’. We have shown that the sequehgeonverges to a quasi-conjugatian.

4. Domains of renormalization
In this section we will study some topological properties of the Bgts, the Lorenz maps
which have a non-triviale, 8)-renormalization.

LEMMA 4.1. Letp < 0 < ¢ be two periodic points of the Lorenz mgpsay with period
a andb respectively. Assume:
(1) (p,q) N (orb(p) Uorb(g)) = &;
(2)  f9[p,0]and f?|[0, ¢] are monotone;
(3)  f“(p.0D D [p. 0l and £([0, 4]) O [0, q1.

Let (/, 0) (respectively0, r)) be the maximal interval on whicfi¢ (respectivelyf?) is
monotone.

Then

A <1t and fo(r)>r.

Furthermore, if f¢(l) = [ (respectivelyf?(r) = r) then f?(0,) = 0 (respectively
f%(0-) = 0). In particular, if the Lorenz map has negative Schwarzian derivative then
the periodic pointg andq are hyperbolic repellers.

Proof. Assume thatf“(l) > 1. Let L = (I, p). The assumption implies thgt (L) C L.
Consequently, we obtain thgt' |, is monotone for alk > 0, whereL is a homterval.

The maximality of the intervall, 0) gives som& < a such that Oc 3f!(L). From
property (1), it follows thatf’ (L) > (0, ¢). In particular,(0, ¢) is a homterval. This is
only possible if f?(04) = 0, where the point 0 is periodic. Hencef?(L) = L and
thereforef“(l) = 1.

letL_. =L = (,p)andL; = (p,0). We havef?(L+) D L. The maximal
principle for maps with negative Schwarzian derivative, 9d8]} implies thatp is a
repeller. |

https://doi.org/10.1017/50143385701001420 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001420

846 M. Martens and W. de Melo

LEMMA 4.2 If f € Dy p N D, i thend and 8 are formed by concatenating the words
a, B. In particular,

a=aB..., B=pBa...
and|al, || = |«| + |B|. Vice versag and 8 can be expressed in termsdandj.

Proof. Let f € Dy N D, i with renormalizations p, ¢, /¢, ) and(p, 4, 12, f’s) of
type (a, ) and(a, B) respectively. We will first show that

(p,q) C (p,q) (or(p,q) C (p,q)).

Without loss of generality, we may assume tliat g) is not contained in(p, §), say
p € (p,0). We are going to show thgte (0, ¢), the intervals are nested.
Assumeg > g. Then

2@ e £20.4) € (5.9) € (p. d).

However, the orbit ofy never entergp, g). So fl;(q) € [q, ¢). Because the orbit af is
finite it is impossible thaif®(¢) (q. 4): the mapf? : [¢, 4] — [q, 4] is monotone and
would have a periodic attractor. $8(q) = g andb = m-b. The intervalg, §] is periodic
which is impossible because the orbits in the boundary are expanding, see Lemma 4.1. We
provedg < gq.

The aim is to prove thaj < ¢. Assumeg = ¢g. Then both renormalizations will have
f?l0.q) as right branch. In particulay’ (0;) > p.

Let (x, 0) C (p, 0) be the maximal monotone interval on whigH is monotone. The
map f admits a renormalization of typ@, 8) = (&, B), so we have:
(1) pex0);
2) f%x,0) D (x,0) (by Lemma4.1).

Observe thaff“((x, 0)) C (0, ¢). The nextimages of this interval will always stay on
the right-hand side of?(0,). We have

fb(0+) > p>x,

so the images ofx, 0) will never be able to covefx, 0) completely, a contradiction. We
have proved < ¢ and, in particular, that thé, ) renormalization is a first return map
of the («, B) renormalization. O

In the proof of the next proposition we will use the usual lexicographic order on1he 0
words. The length of a wor@ will be denoted byw|. Moreover, if j < min{|w1]|, |w2|}
then

w1 <j w2
means thab; < wy and the words differ in the first symbols.

PrRoPOSITION4.3. The domains of renormalization have the following properties:
(1) Da,p is closed and connected,;
(2) the collection of set®, g is nested. 1D, g N D&_ﬁ # ( then

Da,,ch&)ﬁ or D&ﬁcDa,ﬁ.
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Proof. The setsD, g are closed because of Lemma 4.1. Next we will show Thag is
path connected. Lefy, f1 € Dy . We can conjugatep to a map fi2 € Dq g such
that the cycles off1/> coincide with the cycles off1. In particular, by deforming the
conjugation, we can construct a path frggito f1 within D, g. Consider the restrictions
of f1/2 and f1 to their cycles, which are the same for both maps. Clearly we can deform
one to the other, for example linearly. This deformation extends to a deformatjaypdd
f1 which preserves the cycles. We have constructed a deformationffrerto f1 within
Dy p-

Let f,g € D&ﬁ and assume that € D, g butD, g is not a subset 0@&)3. To prove
the second part of the proposition we have to show thatglsdD, g. Observe that, by
Lemma 4.2, the kneading sequenceg @&ndg are equal up to at leagt| + |8| = a + b.

Let (p,q. f% f") be the(a, B) renormalization off and (0, y) the maximal interval
on which f? is monotone. Lemma 4.1 states thé((0, y)) D (0, y). In particular,
P >y

There exists a uniqug = r,((0, y), f) < b, which by Lemma 3.7 depends only an
andg, such that 0= 8. f/((0, y)). The kneading sequence pf(y) equalss?~/ (&) and
satisfies

"I @) >; B,
which is the combinatorial formulation gf?(y) > y. Observe that
o’ @ =a-b-j)=a+b—0b-j) > ]

so the above relation betweefi—/ (&) andg is well defined.
The mapg has a(&, B) renormalization. Lemma 4.2 states tifa& S« . ... The map
g has a brancko, y’) of g” of type 8. We are going to prove that

g2 ((0,¥)) 2 (0,y).

First, becaus@ = Ba we haveg”(0;) < 0. The branch0, y’) is also going to be cut at

momentj = r,((0, '), g) = r»((0, y), f). So the kneading sequencegi(y’) equals
oI (&) >; B.

In particular,g”(y") > y’, otherwise the kneading sequende/ (&) would start with the

word 8. This contradicts the kneading information obtained frgm We have proved

that g”((0, y)) D (0, ") and hence the existence of a periodic pajhte (0, y’) with

g =4

Let (x’, 0) be the maximal interval on whicl” is monotone, i.e. the branch of type
a. In a similar way as above we show thgt((x’,0)) O (x/, 0) and the existence of a
periodic pointp’ € (x’, 0) with g?(p’) = p’.

It is left to show that(p’, ¢’, g%, g”) is an(a, B) renormalization. First we will show
that the orbits ofp’ andgq’ never enterp’, ¢’). The kneading sequences of the periodic
orbits of p’ andq’ area™ andB> respectively. The periodic orbits gfandq of f never
enter the intervalp, ¢) and also have kneading sequene&sand s> respectively. This
implies the following kneading information: for eveky> 0 it is impossible that

a® < of(B®), ok (™) < B*.
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This kneading information implies that the orbitsygfandq’ never entetp’, ¢').

We now show thag?((0, ¢")) C [p’, ¢'1 (andg®((p’, 0)) C [p’, ¢']). Because has an
(@, p) renormalization there exists a brangke (0,z) c (0, ¢') with kneading sequence
B = Ba.... If g"0L)istothe left ofp’ then alseg? ((0, z)) is to the left ofp’ (the orbit of
p’ never entergp’, g’)). According to the worgd = Baw ... we have to apply the branch
g%l(x’, 0) afew times. The?t%((0, z)) will still be to the left of p’. This is impossible.
Eitherb + i - a = b, in which case?™%(§) = ¢, butg?*t4(§) < p/;orb+i-a < b, in
which case we have to apply the branéh(0, y), butg?*:2((0, z)) N (0, y) = #.

We have proved thap’, ¢’, g%, g”) is a(a, ) renormalization. |

5. Density of hyperbolicity in monotone families

Example.Let ¢, : [—1, 1] — [—1, 1], A € [0, 1], be a one-parameter family of unimodal
maps. Sayg,(£1) = —1 for » € [0, 1], and¢p(0) = 0, ¢1(0) = 1. Moreover, assume
that this unimodal family is monotone: whenewgr< Ao we havep,, (t) < ¢, (t) for all
te(—11).

Consider the Lorenz family, yy : [-1, 1] — [—1, 1] with (x, y) € [0, 1] x [0, 1] and

fan@®) =¢x@), ift <0

f(x’y)(t) = ¢1-y(1), if r > 0.
Notice that for(x, y) € U = {(t,s) € [0,1] x [0,1] | s = 1 — ¢} the Lorenz mapf(., )
behaves exactly like thenimodalmapg¢,. Namely

Tley(@® = 201 (@),
forn > 0 andr € [-1, 1].
This example inspires us to change the coordinates of the parameter space of monotone

Lorenz families. Fix a monotone Lorenz fami#y: [0, 1] x [0, 1] — £. We will identify

the parameters with the corresponding Lorenz maps. The usual coordinatels, for
[0, 1] x [0, 1] are not appropriate to explore the monotonicity of the family. We will use

U={x,y)|y=1-x} M={x,y)|y=x}

as coordinate axes f@®, 1] x [0, 1] giving rise to the coordinatesandm on[0, 1] x [0, 1],
u=x—y,m=x+y—1. TheaxidJ is called the unimodal axis and the axiis called
the monotonicity axis.

Foru € UletM, = {(u,m) | m € M} = {(x,y) | x —y = u} and for
(x,y) €[0,1] x [0, 1] let

C(J;’y) ={@s)|t=>x,5>y}
C(;,y) =1
B(x.y) = [0,1] x [0, 1]\ (c(tyy) UCq )

(t,s) |t =x,5 <y},

These cones will play a crucial role in the study of the parameter space of monotone
Lorenz families. TheC*-cones describe deformations in which both branchese up
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FIGURE 1. Theu, m coordinates.

The C~-cones describe deformations in which both branahese down The B-cone
contains the maps for which one branch moves up and the other down. The situation is
illustrated in Figure 1. The deformations into tRecones are the ones which are difficult
to understand. We will explore the deformations into @e-cones.

For example, the monotonicity of the family implies immediately the monotonicity in
kneading information: leK *(z) = Kf, then

K*(Z) 2 K*(2), forz e CT(z)
and
K*(@) < K*(z), ford eC(2),
where we used the usual lexicographic order on/the R-sequencegl. < R).

Proof of Theorem DGiven a mapf in a monotone Lorenz family, we will construct
arbitrarily close a map in the family whose critical orbits tend to hyperbolic periodic
attractors. Then general argumenité][will show that this perturbation is actually a
hyperbolic Lorenz map.

Assume that both critical orbits do not tend to a periodic attractor. We may also assume
that the magpy is not in the boundary of parameterspa(:’(;?: N ([0, 1] x [0, 1]) £ @. The
first step will be to find a map iﬁ‘]i close tof such that Q is periodic.

Takegy € C; close tof. Assume that there is some minimaj > 0 such that
gZO(O_) <0< f"(0-). If we move back along the straight line frog to f then
g"9(0_) will increase up tof"°(0_). Hence along this straight line there is a ngawith
g"(0-) =0.
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The second case is that for all> 0 we have thag] (0-) and /" (0-) are on the same
side of 0. In particulargy (0-) < f"(0-) foralln > 0. Consider the intervals

Jn = [£7(0-), f"(0-)]

with n > 0. Observef(J,) C J,+1. The intervals/, have to accumulate at,0 If not

the intervalJ; would be a homterval of not accumulating on 0. By redefiningf on a

small interval(0, a], we can define a continuous map whickCsaway from 0 and which

is around O of the forni(|x|?) with 2~ smooth, having/; as a homterval: byNIMS] we

know thatJ; tends to a periodic attractor ¢f. In particular, the orbitf” (0_) tends to a
periodic attractor. This is a contradiction because we have assumed that both critical orbits
do not accumulate at periodic attractors.

We have proved that the critical orlg§ (0-) accumulates at0 For each perturbation
g2 € Cg, there will be someig > 0 such thag,°(0-) < 0 < ¢7°(0-). (If not the
pointhg(O,) andg’l‘(O,) would be on the same side of O for &ll> 0. Consequently,
g’z‘(O,) < gX(0_) — ¢, for somee > 0 depending o,. This contradicts the fact that the
critical orbit g7 (0_) accumulates at{3) Again we can move back slightly to find a map
g§eCy close tof such that Q is periodic forg. We have proved the following.

CLAIM . If both critical orbits of f are not accumulating at a periodic attractor then
arbitrarily close there is a mag such thatO_ is periodic. In particular, arbitrarily close
there is a map such th&t_ is attracted to a hyperbolic periodic attractor but is not itself a
periodic attractor.

Assume that one critical orbit is attracted to a periodic attractor but is not itself periodic.
We may assume that this orbit is that of the critical point The boundary points-1 and
1 are expanding fixed points. Because the map has negative Schwarzian derivative the
periodic attractor is of one of the following types.
(1) There exist an interval0, p] andn > 0 such thatf"((0, p)) < (0, p) and
f"(p) = p. Bytakingg € Cr close tof we may assume that the periodic attractor
is hyperbolic and also still attracts.0 We have obtained a situation in which both
critical orbits are attracted to a hyperbolic periodic attractor. Theorem D is proved.
(2) There exists an interv@p, 0) andn > 0 such thatf"([p, 0)) C [p,0). Again by
takingg € C;f we may assume that the periodic orbityofs a hyperbolic attractor.
This situation will persist in a small neighborhoodgf
It is left only to deformg such that Q also is attracted towards a hyperbolic attractor.
Assume that Q is not attracted towards a hyperbolic attractor. It could be attracted towards
a neutral periodic attractor. Tale € C; close tog. Consider the two orbitg” (0) and
g1(04), n > 1. If at some moment these points are separated then we can move back
slightly towardsg and make Q periodic and by moving back slightly more we can make
it to be attracted towards the periodic attractor which already attracted O
If these points are never separated, we show, as before, that they accumulate ated
attracted towards a periodic attractor. As before we can make 0e attracted towards a
hyperbolic attractor. m]

The proof of Theorem D also shows that the hyperbolic Lorenz maps are dense in the
whole spaceC” of Lorenz maps (this can also be obtained from the argumentR]df [
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Notice that this space contains a closed subsgaa# symmetric Lorenz maps. These are
Lorenz mapg with branches_ andf; suchthatf_ (x) = — f4(—x). To each symmetric
Lorenz map we can associate a unimodal gapnamely

dr(x)= f-(x), forx <O
¢r(x) =—fr(x), forx=>0.

Observe thap" (x) = + f"(x), forn > 0. The Lorenz may’ can be seen as an orientation
preserving ‘lift’ of the unimodal mag . It follows that the density of the hyperbolic
Lorenz maps inC; would imply the density of hyperbolic maps in the space of unimodal
maps. This is an important open question.

One should compare this with the situation of flows on non-orientable surfaces. These
flows are covered by flows on the orientable cover of the manifold. Theorem D should be
compared with the Peixoto theorem for flows on orientable surfaces.

6. Archipelagoes in the parameter plane
In this section we will study the parameter plane of a given monotone Lorenz family
F :[0,1] x [0,1] — L£", r = 0. The main object of our study is to understand the
topological structure of archipelagoes. The next proposition states that the boundaries of
islands of an archipelago are formed by graphs of Lipschitz funcijignsU — M. The
fact that these boundaries are graphs of continuous functions is the central ingredient in the
study of archipelagoes.

Let us concentrate on the archipelago= A, g. For everyr € A the domain of an
(o, B)-renormalization is denoted kiy;,, ¢;). Furthermore, let = |«| andb = |8].

PrROPOSITIONG.1. (Island structurelet I be an island of the archipelaga. Then we

have the following.

(1) PorallueU,M,NAypg=M,NI.

(2) There exists anintervéih1, u2] C U and Lipschitz functiond,, o_ : [u1, u2] > M
with Lipschitz constart ando_ (x) < 34 (x), x € (u1, u2), such that

I ={(u,m)|ue€ ,ux)andd_(u) <m < d4+(u)}.

Furthermored_(u1) = 94+ (u1) anda_(u2) = 94 (u2).
(3) The points. = (u1, 0—(u1)) andx = (uz, —(up)) are calledextremalpoints of the
island. There are two possible types of extremal points, either

f40-)=0 and f/(0;)=0
or
02 =¢q. and f2(04) = ps.

The first possibility is called drivial extremal point the second &ull-branch
extremal point
(4) Forall x e ot

02y =g, or f204) =0.

https://doi.org/10.1017/50143385701001420 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001420

852 M. Martens and W. de Melo

(5) Forallxead_

fa0.)=0 or fPO4) =ps.

Proof. Fixu € U suchthat NM, # 9, whereM, = {u}x M. Let(pum, qum, & ms fom)

be the renormalization of,, € INM,. Observe thai > g, ,, andm — py, n are strictly
monotone decreasing amd — f, (0_) andm +— f,j’_m(0+) are strictly monotone
increasing. This implies that, once we arrive at the bOundanymeu, by increasing

m up tom we are in the situation
() =gu or fr (0;)=0.

In particular, for anyn’ > m we have
K™ (fum) > @B 08 K¥(fum) = B,

and hence:’ ¢ A. Similarly, we study what happens wherdecreases up to the boundary
of I N M,,. We have proved that

ANM,=1NM,

and that this intersection is an interval} x (9—(u), 9+(«)). The boundary of N M,
consists of pointgu, 9_(«)) and points(u, 04 (1)): the boundary ofl consists of two
parts,0_I andd . Moreover,

f,ﬁa_(u)(0+) = Pup_u) Or f,Za_(u)(O—) =0

and

f,f,a_,_(u)(of) =qu,3, ) OF f,ﬁa_,_(u)(OJr) =0.

The island! is open and connected. Hence the set of valuies which M, N1 # @ is an
open interval, sayu1, up). Now observe that for any € 9.1 we have

d0+1 C B,

where B. is the complement of the cones’, C. defined in §5. In particular, the
functionsoL : (u1,u2) — M are Lipschitz and extend uniquely to continuous functions
0+ : [u1,u2l — M.

It is left for us to explain the behavior of the boundary poiftgu) whenu tends
to up or up. For everyu € (u1,uz) we haved_(u) < 94(u). Let us assume that
also d_(u1) < 94+(u1). The archipelagA is closed. Hence for anyui, m) with
0_(u1) < m < 94+(up) there is a renormalizatiotp,,,m, quy,m, [, fb ). Because

ug,m> Juy,m

(u1,m) € C_((u1, 94+ (u1)) and(uz, m) € Cy((u1, 0—(u1)) we havefy , (0-) < qusm

andf”(0+) > pu,,m- Because of Lemma 4.1 the poimt, m) is in the interior of/. This
is a contradiction, proving that (u1) = 94 (u1). O

We have to distinguish special points on the boundary of islands. One type of special
point are the extremal points, discussed in the above proposition. The other type of special
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point are vertices. Led, I be the upper part of the boundary of the islandA point
A € 041 in the upper boundary is calledvartexif

fO0-) =g, and f(0;)=0.

A vertex in the lower boundary is defined similarly. In Lemmas 6.3 and 6.4 we will show
that each of the conditions defining a vertex holds on a set of parameter valiies if

which forms the graph of a Lipschitz function frobhto M. Hence, the set of vertices is
formed by intersecting these two graphs. In particular, it does not necessarily consist of
isolated points.

LEMMA 6.2. Every archipelago contains only finitely many islands with a vertex.

Proof. Suppose the archipelagh, g has infinitely many island$, which have a vertex
v, € 04+1,. Hered, I, denotes the upper boundary Bf We may assume thaf, — v.
Since archipelagoes are closed sets, A, g.

The topological type of the maps in the vertices are all the same and it follows easily
that the map corresponding to the parametalso inherits this type. So

fE0-)y=¢q, and f20;) =0.

By decreasing both parameters a little, we observe ithiat actually a vertex of some
island 7 in the same archipelagd, g. In particular,v is not an extremal point of.
From Proposition 6.1 we obtain a neighborh@adb) x M of I such that the archipelago
intersects this neighborhood only i) and there are no other islands intersecting this
neighborhood. But the vertexof I lies in this neighborhood, and it cannot be accumulated
by the islandd,,. Contradiction. O

LEMMA 6.3. Let A be a parameter for whicB_ is periodic, say with period = |«],
where« is the word describing the combinatorics of the orbitOof. Denote the set of
parameters for whicl@_ is periodic with the same combinatoriesby .

Then there exists an intervaly, uz] € U and a Lipschitz functiow : [u1, u2] > M
with Lipschitz constant such thaffu1, u2] x M is a neighborhood of and

graphly) N ([u1, uz2]l x M) = a— N ([uz, uz] x M).

Proof. Letz = (u, m) € a—. The monotonicity of the family implies
o_ C B;
and

K (@)<a Ze 0C; \ {z}
K~ (Z)>a, Z €dCl\({z}.

For a small enough neighborho@h, u2] x N of z € a_ the orbit of Q_ will have the
combinatorics given by except for the last symbol. For eagh e [u1, u2], letm/_ be
such thatu’, m’,) € dC*(z). According to the above observation we haveifos u

K= (W' ,ml)) <a, K ((u',m)) > a.
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In particular, for eaclr’ € [u1, uz] there exists a unique’(u’) € (m’_, m’,) C M, with
W', m'w)) ea_

where the sei_ N ([u1, u2] x M) is the graph of the functiom’ : [u1, u2] — M. The
first property discussed in this proof, namely C B, for eachz € «_, implies that this
functionm’ is 1-Lipschitz. a

LEMMA 6.4. Let) be a parameter for which the maf has two periodic pointp < 0 <
q, say with period: = |«| andb = |B|, respectively. Furthermore, assume
(1) (p,q)N(orb(p) Uorb(q)) = &;
(2) f9[p,0]and f?|[0, ¢] are monotone;
(38) Df“(p) > 1andDf’(q) > 1;
@ fp,0D) =Ip.ql

The wordaS® describes the combinatorics of the orbit @f. Denote the set of
parameters for which the corresponding map has the properties (1), (2), (3) and (4) by
afe.

Then there exists an intervaly, up] C U and a Lipschitz functioy : [u1, up] - M
with Lipschitz constant such thatffu1, u2] x M is a neighborhood of and

graphly) N ([ug, u2] x M) = af> N ([ug, uz2] x M).

Proof. Let z € af>. The properties (1), (2) and (3) hold in a neighborhood.ofThe
proof continues in this neighborhood as the proof of Lemma 6.3. m]

Similar statements hold for the combinatorics of the orbit of O'he corresponding
sets of parameters will be denoted by and Ba° respectively. The uniqueness part of
the above lemma allows us to consider maximal arcs: the connected components of the
setsau_ andaB%° are graphs of Lipschitz functions with uniform Lipschitz constant.

LEMMA 6.5. Lety : (ug, u1) — M be the Lipschitz function whose graph is a component

ofaf>°. Then:

(1) this function can be extended to a Lipschitz functiofuqpnu1];

(2) there exists a functiop, : [uo, u1] — M whose graph is contained iy ;

(3) if there existsh = (u,m) € (graphy) N Aq ) \ B+, then B, intersects each
component ofraph(y) \ {1} unless such a component terminates in the boundary
of the parameter domain. Moreoveg(u) > y (1), and thes,. curve lies above the
point («, m) in theaB> curve.

In particular, a component aig> \ {(u, m)} which does not terminate in the boundary
of the parameter domain contains a vertex in the upper boundary of an island of the
archipelagoAq g.

Proof. The functiony is defined on an open interval. However, every Lipschitz function
can be extended to a Lipschitz function on a closed interval. To prove (2) it is enough to
show that8, N M,, # ¢ for eachu € (ug, u1). Letu € (uo, u1) and{r} = af> N M,.

Case I:ff(0+) > 0. Consider the maps iM,, with the properties:
(8) there exists a brandh= (0, x) of type §;
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(b) there existsg € T with £, (x0) < xo;
©  fim(©p) >0.

Observe that properties (b) and (c) imply the existence of a periodic attractr in
which attracts the orbit of 0. In particular, the orbit of Q is infinite. This implies that
0 ¢ d_ fi(T) for eachi < b. Consequently, ifu, m) is a point with these properties than
there is a small intervdl:} x (m — €, m] of maps with the three properties.

Observe that the map in= (u, mg) has the three properties. LAt = {¢t} x (m1, mo]
be the maximal interval of maps with the above properties. We are going to show that in
(t, m1) the map is inB.

Observe that by decreasing € (im1, mg] we see that the intervdl is increasing in
length. Because the family is monotone, the same p@iimt 7 which was moved to the
left persists to be if" and will be moved to the left. As before we see that the orbit of the
interval T will never hit Q..

We have shown that properties (a) and (b) also hol@jm:1). Hence, in the boundary
of H property (c) has to be violated. Otherwise we could decreasightly more.

Case Il £,°(0;) < 0. Consider the maps i, with the properties:
(8) there exists a brandh= (0, x) of type §;

(b) f,ﬁm(x) > X;

© ft,04) <0.

Properties (b) and (c) imply that there is a hyperbolic periodic ppiatT of type 8.
Consequently, the branch of typewill persist under small perturbations. The collection
of the above maps is open.

Observe that the map nsatisfies the above properties. We haﬁex) > x. Otherwise
the orbit of @ could not be trapped in the orbit of tygke which is the case in € af*°.
Let H = {u} x [mo, m1) be the maximal interval of maps with the above properties. We
are going to prove thai, m1) € f4.

Observe that by increasingg € [mg, m1) the branchT will be decreasing, a
consequence of the fact that the family is monotone. However, the periodic orbit persists
and there has to be a periodic orbit(at m1). This may no longer be hyperbolic. In
particular, there is a brandh = (0, x’) of typeB in (u, m1).

The monotonicity of the family implies

I = [l (00) > f10) = fP ) > xi,

wherex; is the boundary point of the branch gf mentioned in property (a). The branch
mentioned in property (a) decreases whemcreases. Hence, < x;. Therefore

(x> x'.

u,mi
The only property which can be violated {n, m1) is property (c):ﬁﬁn11(0+) = 0and
(I/l, ml) € 18+

To prove (3) letlu, m) = A € (grapi(y) N Aq g) \ B+. ThenM, contains a pointirB_..
Becauseu, m) € Aq,p \ B+, there is a renormalization, so we obtain that:) > y (u).
To finish the proof of (3) we have to show thg‘il’y(ul) (0;) >0 (andffz’y(uz) (04) > 0).
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Becausdgui, y(u1)) is a boundary point we obtain thmffl’y(ul) (g) = 1. Otherwise
we could extendB>°. The map under consideration has negative Schwarzian derivative.
Hence, the neutral periodic point attracts a critical point with an infinite orbit. The orbit
of O_ is trapped in the orbit of. Only the orbit of Q. can be attracted towards In

particular,f sy (04) > 0. o

A similar lemma holds for the combinatorics of. 0 Moving up or down has well
understood consequences on the combinatorics of the map. On the other hand moving
one branch up and the other down are the deformations which are difficult to understand,
with the deformations in directions parallel #6. The next lemma indicates a difference
between such movements to the right and to the left.

LEMMA 6.6. Let L € af™ N Ba?®, sayr = (u,m). Then there exists a parameter

u = (t,m’) such that:

1) t=u

(2) wisthe right extremal point of an islantlof the archipelaga, g, moreover itis a
full branch extremal point;

(3) theislandl has a vertex in its upper (and lower) boundary.

Proof. Lety : (¢4, u] — M be the function whose graph is the componentg®f \ {1}
which touches. from the left-hand side. Similarly let_ : (r—, u] — M be the function
whose graph is the component@#%° \ {A} which also touches from the left-hand side.
Lemma 6.4 ensures that these functions and graphs are well defined.

Lets € [t4, u] N [z—, u] be minimal such that, (r) = y_(¢), describing the left most
intersection point of the components under consideratioBéf with Ba2°. Observe that
these components are graphs of functions: the leftmost intersection is well defined. Let
be the intersection point. Observe that Lemma 6.4 can be applied in this point, giving us
local extensions of the aregg®™ andpa°. Sou is a point in the interior of both graphs.

Infact, u € Aq g, the map is of full branch type. So we can apply Lemma 6.5 letr
be maximal such thaiy = (s, y+(s)) € B+ NaB>. Observe tha&8>° cannot terminate
to the left in the boundary of parameter space.

Clearly 1 is a vertex point in the upper boundary of some isldnd A, g. Observe
that the island intersectgs, ] x M only below the graph of.|[s, ], moving up a point
in this graph would destroy the renormalization immediately.

The aim is to show that the graphgf|[s, ] is part of the upper boundary of the island
1. From Lemma 6.5 we obtain that the agt¢ lies above the point. Furthermorey; is
the rightmost intersection of the graphyaf| (7, ¢] with the 8. arc. So the3, arc in the
strip (s, t) x M lies above the graph of,, which lies above the islantl So the boundary
points of the island in the strip(s, t) x M lie in the graph of/,, and the boundary points
in the upper boundary can only be of two typg®*® or S, from Proposition 6.1.

We have shown that the boundaxy! N ([s, t] x M) C graphiy+|[s, t]). We need to
show equality. Clearly the piece of the boundary in the strip can no longer have vertices,
for this one needs points jfi.. So the graph contains the right extremal point of the island.
This extremal point cannot be trivial, for this one needs a poifitinSo it is of full branch
type. The only parameter of this type in the graplyofis, 7] is . Clearly the island does
not extend beyond the right of, and the archipelago interse¢t$ x M only in . o

https://doi.org/10.1017/50143385701001420 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001420

Universal models for Lorenz maps 857

(xﬁo_o - j

FIGURE 2. lllustration of the proof of Lemma 6.6.

7. Proof of Theorem B
Fix a monotone Lorenz family : [0,1] x [0,1] — L', r > 3. LetA = Aqp C
[0, 1] x [O, 1] be on thex, B-archipelago.

PrROPOSITION7.1. The archipelagdd has an island c A which has a trivial and a full
branch extremal point.

Proof. By Proposition 2.1 there existse af> N Bal°. Lemma 6.6 gives an island which
has a vertex and its right extremal point is of full branch type. Because there are only
finitely many islands with a vertex we can take the leftmost islard A, g which has a
vertex and whose right extremal point is of full branch type.

We now only need to show that the left extremal point of this island is trivial. Suppose
not and apply Lemma 6.6 again: we will find an island lef/ofvhich has a vertex and
whose right extremal point is of full branch type. Blutvas the leftmost island with these
properties. This is a contradiction. ]

LEMMA 7.2. Let] C Ay g be an island which has a trivial and a full branch extremal
point. The Lorenz familg : I — £ defined by

I3h (pagu i fD) e L’
contains Cherry maps with arbitrary rotation number.

Proof. Let» = (u,m) € I be the trivial extremal point. This point is the intersection of
two graphs, say of the functions, y» : [a, b] — M with
() graphiy1) C a2
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(i) graphiy) C B
(i) A= (u,m),withm = y1(u) = y2(u), u € [a, b],
(iv) ane > 0suchthat1(t) < y2(¢) forallt € (u, u + €).

The last property holds because of the following. The two extremal points are of
different types: one is of full branch type and the other is trivial. Hence, both boundary
componentsd,/ andd_I have a vertex. Let. € 3.1 be vertices closest to the trivial
extremal point. Observe that these are well defined. We use the fact that the boutdaries
are graphs. Then

vy = (uy, y2(uy)) € 041, v = (u—,y1(u-)) € 9-1,

with u4+ > u. Hence, there is an > 0 such that

yo(u +1) > y1(u +1),

fort € (0,¢]. We may takee small enough such that for all € [0,¢] andm €
[y1(u + 1), y2(u + 1)] the Lorenz magg,++» is a Cherry map. This is possible because
p > 1.

Fix 11 € (0, €] and consider the family of Cherry maps

m v gutt1,m

withm € [y1(u+11), y2(u+t1)]. Thisis a continuous family and hence the rotation number
will depend continuously om. Observe that the rotation numberg®f,;, ,,w-+) iS zero
and the rotation number f, 4+, ,,w+s) €quals 1. The lemma follows, every rotation
number will be realized. ad

THEOREMB'’. Every Archipelago of a monotone Lorenz fanfify} contains a full island.
In particular, let! C A, g be anisland which has a trivial and a full branch extremal point.
The Lorenz familys : I — £" defined by

Ishe (o fi el
is a full family.

Proof. Observe, that Proposition 2.1 can be applied to the fadilyLet f € £" with

p > 1. In the previous Lemma 7.2 we showed that Cherry combinatorics are realized in
this family. We may assume thgt does not have kneading sequences which correspond
to Cherry maps.

Case I: f admits infinitely many renormalizatiorSay,
f € Duypy CDayypy CDagpy C1.

Proposition 2.1 implies that the family has an archipelagd,, g, of type («o, fo). By
Proposition 7.1, applied to the original family, we find an islalaglsg, C Aqg,pg, With

a trivial and full branch extremal point. This argument can be repeated and we find a
sequence of archipelagos and islands of the following types

Aag,Bo D lag, o D Aas.pr D Ly, 1 D Ay D LBy - - - »
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the intersection of which contains magswith
K*($) = K*(f).

Case II: f admits only finitely many renormalizatiorBy performing the previous
argument only finitely many times we will find an isladg, g, with a simple and a full
branch extremal point such that the maps in this island are atrddases renormalizable
and follow the same renormalization stepsfas'he case Il is reduced to case Il or IV.

Case llI: f admits no renormalizations and is simplehis means that the kneading
sequences are

KT (f)=a®, K (f)=p>
or
KT (f)=a®, K (f) = pa™

or the corresponding caségs>, 8°°). These cases can be represented by maps which
have finite critical orbits; such maps are assured to exist by Proposition 2.1.

Case IV: f admits no renormalizations and is not simplet Kjt(f) be the truncated
kneading sequences ¢f By a small perturbation of we obtain a Lorenz map whose
critical orbits are finite and the first symbols of the kneading sequences coincide with
those off. Proposition 2.1 assures the existence of a ggap G such that

KE(f) = KE(@n).

The family G is compact, so we can take a lingit — g € G. The mapg has the same
kneading sequences gs To prove this we have to show that the sequencesare not
degenerate, that is they are not periodic. To do so we consider two cases.

Case IVa: f has one periodic kneading sequence (&y = «*). By construction we
have that Q is periodic andKk—(8) = «®. If K*(g) where also degenerate, that is
periodic, then, by Lemma 3.2 would be renormalizable. In particular, the kneading
sequences of would be of the formk —(f) = a® andK+(f) = Ba™. This kneading
information implies thatf has essential homtervals on both sides of 0. Lemma 3.2 implies
that f is renormalizable. Contradiction.

Case IVb: f has no periodic kneading sequenc&sipposes has periodic kneading
sequences. First, observe both sequences cannot be periodic. Othemwisdd be

a trivial extremal point of the family and every map nearby would be a simple Lorenz
map or an irrational Cherry map. This is impossible becafistoes not have Cherry
combinatorics. Kt (g) = B> then

KT (f) = BK~(f).

This together with the fact thak —(f) is non-periodic implies thatf has a non-
periodic homterval attached ta_0 By construction,f cannot have such a homterval.
Contradiction. m]
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