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Abstract

We introduce a fractional Bessel process with constant drift, defined as a time-changed
Bessel process via the inverse of a stable subordinator, independent of the base process.
This construction yields a model capable of capturing subdiffusive behavior and long-
range dependence, relevant in various complex systems. We derive an explicit spectral
representation of its transition density, extending the non-fractional setting. Using this
representation, we establish several analytical properties of the process, including its sta-
tionary distribution and correlation structure. These results provide new insights into the
behavior of fractional diffusions and offer analytical tools for applications in queueing
theory, mathematical finance, and related domains. In particular, we demonstrate their
applicability through a concrete problem in queueing theory.
Keywords: Fractional Bessel process; Mittag—Leffler function; spectral representation;
transition density; queueing theory; heavy-traffic approximation
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1. Introduction

The Bessel process with constant drift was first studied in detail by Linetsky [23], who
explicitly calculated the spectral representation of its transition density, making it statistically
tractable. His motivation for studying this particular stochastic process stemmed from its appli-
cations in mathematical finance and queueing theory. In particular, [8] presents the well-known
heavy-traffic averaging principle (HTAP). In queueing theory language, this principle states
that the work in each queue is emptied and refilled at a rate much faster than the rate at which
the total workload changes. This implies that the total workload can be treated as approxi-
mately constant during the course of a cycle, while the individual queue workloads fluctuate in
a fluid-like manner.

In polling systems (multi-queue systems where a single server visits queues in a fixed order),
HTAP leads to a diffusion approximation involving the Bessel process with negative constant
drift. Additionally, Linetsky shows that this process can be transformed into well-known mod-
els in mathematical finance, such as the 3/2 model and the reciprocal of the square-root CIR
process, thereby facilitating tractable pricing methods, for example, in the evaluation of Asian
options [23].
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2 I. PAPIC

Motivated by the analytical tractability and wide applicability of this process, we propose
a new time-changed version of the Bessel process with constant drift. In our formulation, the
time change is governed by the inverse of a stable subordinator, independent of the outer pro-
cess. This extension introduces flexibility into the model and enables it to capture subdiffusive
behavior and long-range dependence, phenomena frequently observed in complex systems.
Such time-changed processes arise naturally when modeling power-law waiting times between
particle jumps, and have proved useful across disciplines such as hydrology [6], biology [18],
and finance [11]. For a broader perspective on the interplay between stochastic modeling,
fractional calculus, and differential equations, see [25].

Since Linetsky’s foundational work, the Bessel process with constant drift has continued
to attract significant interest, both theoretical and applied. Alternative closed-form expres-
sions for its transition density have been derived in recent works [9, 13], though our analysis
builds on Linetsky’s spectral approach. Moreover, the process has appeared as a special case
of more general models driven by fractional Brownian motion [3]. Its applications span diverse
domains: in climatology, it has been used to describe Arctic sea-ice thickness dynamics [33,
34]; in biology, it models the dynamics of DNA bubble formation under thermal fluctuations
[10]; and in bird navigation, it appears under the name ‘pole-seeking Brownian motion’ [15]. In
conformal quantum mechanics, the process is linked to quantum Hamiltonians with Coulomb
potentials [29], which is also noted by Linetsky. Further applications in mathematical finance
and economics can be found in [5] and [21].

The structure of the paper is as follows. In Section 2 we briefly review key properties of
the Bessel process with constant drift. Section 3 introduces the fractional Bessel process (with
constant drift) and presents our main results. Specifically, we derive the spectral representation
of its transition density and provide a strong solution to the corresponding fractional Cauchy
problem. We also demonstrate that the stationary distribution remains the same as in the non-
fractional case (a gamma distribution). Furthermore, the spectral representation enables us to
compute the correlation structure of the (fractional) Bessel process, an expression not pre-
viously available in the literature, even for the non-fractional case. As a result, we establish
that the process exhibits long-range dependence. Finally, in Section 4, we present concrete
application of the model in queueing theory.

2. Bessel process

The Bessel process with constant drift was studied in detail in [23], where the spectral repre-
sentation of the associated transition density was explicitly computed. The defining stochastic
differential equation (SDE) for this process is

1
dX(r) = <VXJ(:)2 + u) dt+dB@1), ve(—1, +oo)\{— %} peR\{0}, (2.1

where (B(t), t > 0) denotes a standard Brownian motion. The state space of this process is
[0, +00), and its parameters are ¢ and v. The infinitesimal generator of the process is given by

+3 1
Gf)= (U 2+ M)f’(x) + Ef”(x)’ (2.2)

X

with the domain

D(G) = {feL2([0, +00), m) N C3([0, +00)): Gf € L*([0, +00), m), limf ®

xJ0 s(x) ZO}’ 23)
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Fractional Bessel process 3

where the speed and scale densities are
S(X) =x—2v—1 e—Zp.x’ m(x) — 2x2u+1 e2/Lx’

If the parameter u is positive, the process is transient, while for negative p, the process admits
a stationary distribution with gamma density

- " (— 2 v+1 2;uc’ > 0 24
7(x) F(21)_”)( px)= e Xz (2.4)

We fully adopt the notation in [23], as our main result is an extension of that work.
The spectral representation of a stochastic process in this context involves solving the eigen-
value problem for the generator G (or equivalently, for the Sturm—Liouville operator (— G)):

(=G)f=rf, r>0.
In general, the spectrum consists of two disjoint components: a discrete and a continuous
(essential) part (see [22] and [30] for details).
In our setting, the discrete spectrum of G, given by (2.2), depends on the following
parameter values.

e For (v, n) e (— %, +00) X (— 00, 0):

2 1 2
=[5 (k) ) e}
2 n+v+s

2 1)—I—l 2
M=Ji<1—<———17>), n e N, (2.5)
2 n+v+s;

and eigenfunctions related to generalized Laguerre polynomials L%"(x), which solve

' +Qv+1—x)y +ny=0, neN,.

with eigenvalues

The corresponding eigenfunctions are
W (x)
n!T(1 + 2v) nux p+$H\"2 nw+ 1)
- (rap)insy) R ens)

= ——F7——EXp| — 1 1 n i
I'(1+2v+n) (v+n+§) 1)+l’l+§ V+”+§
(2.6)

Note that the eigenvalues cluster near the constant 2 /2.
e For (v, p) € (— 1, —3) x (— 00, 0):
04(9) ={0}.
e For (v, n) e (— %, +00) x (0, 00):
04(9) =0.
e For (v, p) € (— 1, —3) x (0, 00):

2 +l 2
O'd(g):{%<l—<n:_v—+21> ), I’ZGNO}.
2
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The essential part of the spectrum corresponds to the continuous spectrum

w2
oc.(9)= [7, +OO>, 2.7
while functions associated with the essential part of the spectrum are
o v—1/2 —px i oy 2
W(x, A)=x ¢ Miﬁ/my( 2 /2% — x), 2.8)

N e Ay e (—21‘/ 2 — ;sz), (2.9)

where

1
M, ,(2) = z"+1/2 e_z/2M<v — X+ 5; 1+ 2v, z),

1
Wy (@)= 24172 e—Z/2U<v Xt 14 2v, Z>’ —n <arg(z) <,

are the Whittaker functions, with M(a, b; z) and U(a, b; z) being first and second confluent
hypergeometric functions (for details about Whittaker and related special functions, see e.g.

[4]).
The Bessel process is a time-homogeneous diffusion. Let p(x, t; y) denote its transition
density:
d
px, ) = aP(X(t) =x|X(0)=y).
Define

B = —u(v + %) (2.10)

Notice that 8 > 0 when © <0 and v > —%, while 8 <0 in the case u <O and v € (— 1, —%).
According to [23], the spectral representation of the transition density p(x, #; y) of the Bessel
process with constant drift (as defined by (2.1)) is given by

p(x, t;y) = pa(x, t;y) + pc(x, t;y), (2.11)

where p; corresponds to the discrete spectrum contribution and p. to the continuous one. The
explicit expressions for p; and p. vary depending on the values of v and p, and are given
below. They reflect the decomposition of the transition density into discrete and continuous
spectral components associated with the generator G:

pax, £;y)
% n!B2Ax)>V+! 2Bx
@)+ 2 1\2013 L 1
n=l (n+v+53)" TQ@v+n+1) \n+v+;
n 2
X exp(Zux— 'u—l(x+y) — A,J)L%”(&l), (— %, +oo) X (— 00, 0),
n+v+s n+v+s
I ELCoF (—1,=3) x (= 00,0,
0, (— 3. +00) x (0, +00),
§ n!B(2Bx)> T 2 ( 2Bx )
=t (n+v+ )7 r@u4n+1) " \ntv+3
n 2
X exp<2ux— M—l(x+y) - )»,J)L,%”(Ll), (-1, —%) x (0, +00),
n+v+s n+v+s
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where the sets on the right-hand side specify the corresponding range of (v, ©), and

1 : 2 +1/2
Pe(x, 1Y) = L / A L‘ LG + v +15/kR) e“<f)v / Q=)+ B/K(R)
;1,2/2 k()\.) F(l + 21)) y

2
X Mig iy, v(— 2Ik(A)VIM _ig k), v(2ik(X)x) dA.,

for y > 0, while

pa(x, t;0)
> ppH
7T(x)+ Z 1\2v+3
n=1 (n+v+3)" TQv+1)
un 2v 2Bx 1
x exp| 2ux — —lx—knt L; — ) (— ok +oo) X (— 00, 0),
n+v+s n+v+s
_ 7T(X), (_ 1, _%) X (_ o0, 0)7
0, (= 4, +00) x (0, +00),
= B(2px)*H!
Z 1\2v+3
n=1 (n+v+§) rev+1
2
X exp<2ux — le— )»,J)L%"(L), (-1, —%) x (0, +00),
n+v+s n+v+s
and
pc(x7 t7 O)

_1
T om

X Mig ki), v(— 2ik(1)x) dA,

i : 2
[z +v+iB/k() oM /2 gk B/kR)
(14 2v)

/oo VL2 (5 )v =172 i (v/241/4)
12/2

for y =0, where k(1) = /21 — u? (for details and the proof, see [23, Proposition 1]).

3. Fractional Bessel process

Let (D(2), t > 0) be a standard stable subordinator with index O < « < 1. This is a non-
decreasing Lévy process characterized by the Laplace transform

E[e_SD(’)] =exp(—ts%), s>0.

We define the inverse subordinator (also known as the first passage or hitting time process) by

E@) =inflx>0: D(x) > 1}, ¢>0. 3.1)

The process (E(f), t > 0) is non-Markovian and non-decreasing. For every fixed ¢ > 0, the ran-
dom variable E(f) has a probability density function f;(x) whose Laplace transform is given by

o0
Ekﬂﬂ=/ e il) dv = Ea(— 1), 32
0
where
gol(Z).: Jg(;r(l—_i_a])’ Zeca

is the Mittag—Leffler function, which converges absolutely for all complex z (see e.g. [12]).
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The fractional Bessel process is defined as the time-changed Bessel process via the inverse
of the stable subordinator:
Xo (1) := X(E()), (3.3)

where (X(#), t > 0) is the Bessel process corresponding to the SDE (2.1) and (E(¢), 1> 0) is
the inverse «-stable subordinator (3.1), assumed to be independent of the Bessel process. We
emphasize that the resulting process is non-Markovian, but nevertheless the function py (x, ; y)
such that

P(Xy(t) e B| Xq(0)=y)= / Pa(x, t;¥)dx  for any Borel subset B of [0, +00)
B
will be referred to as transition density of the fractional Bessel process.

3.1. Spectral representation of transition density of the fractional Bessel process
In order to prove the main result, we first state and prove two technical lemmas.

Lemma 3.1. Letv € (— 1, 400) \ {—%}, w € R\ {0} and B given by (2.10), with E4(-) denoting
Mittag—Leffler function and L,%”(~) the generalized Laguerre polynomial. Then, for x >0,y > 0,

2, nB@B0* ! exp(2px — s (e +y) Lb( 2Bx )ﬁv( 28y )‘
: n+v+% " n+v+%

2

Ea(_ )\nta)

ot (n+v+ 5P rev+n+1)
< 00,
while for x > (),
o 2v+1
B(2Bx) unx 2Bx
il exp( 2mx — — ) (= 2|12 —2— )| < e
1 (n+v+3)7 T+ n+v+ s n+v+s

Proof. In order to prove the convergence of the series, it is sufficient to show that for large
values of n, the terms are bounded by those of a convergent series.
According to [31, p. 348, (36)], we have

1

2
LY (i) ~0(@2Bx) ), n— oco.
n+v+s

On the other hand, the sequence (A,, n € N), where A, is given by (2.5), is an increasing
sequence of eigenvalues such that
2
lim A, =
n— 00 2

Therefore the Mittag—Leffler function &, (— A,,¢%), which is a decreasing and bounded function
(with respect to n), is also bounded for large values of n.
Now using the asymptotic relation

FQv+n+1)~Tn) -2, n— oo,
we obtain

nlB(2Bx)> T
) PrEv+n+1)

un (Zﬂx)z"'H o
1 exp <2ux - (x+y)> ~ O(,B — =)
(n +v+ 3 n+v+ 3 n
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as n — oo. Taking all of the above estimates into account, we conclude

n!B2Pxy* ! exp(2px — ()

2 2
e nin | (22 (22
(n+v+3)" TQv+n+1) n+v+; n+v+s
Cx,y,iu,v
[— n3 b
and
B2Bx)* ! pn 2Bx Cru,
3 exp| 2pux — ———x | Eal— Ant®) Li” T < x’é Ly
(n+v+3)" T+ ntv+; n+v+s n
where ¢,y ;,,v and ¢, are some positive constants depending on x, y, u and v. O

Lemma 3.2. Letv € (— 1, 400) \ {—%}, w € R\ {0} and B given by (2.10), with E4(-) denoting
the Mittag—Leffler function and M, ,(-) the Whittaker function. Then, for x>0 and y > 0,
T(%+v+iB/k())

S 2 o\ V2
/ L (= m“)(-> - HTB/AR)
M2/2 k()\,) F(l + 21)) y

X AMig iy, v(= 2ik(INM —ig k), v(2ik(A)x)] dA < +00,

while forx >0and —1 <v < %
T(3+v+iB/k())

oo
/ k()\)v—l/Z
M2/2 F(l +2V)

x xV T2 BRI Mg 1) o (— 2ik(A)X)] dA < +o0.

2
ga(_ )‘ta)

Proof. Let

1 . 2 +1/2

5 +v+ I,B/k()»)) Ex(— M%) X v+l ex=y)+mB/k(1)
'(1+2v) y

X |Mig/in, v(— 2ik(W)Y)M_ig k), v(2ik(A)x)].

According to [26, p. 335], the regularized Whittaker function M, ,(z)/I'(1 +2v) is an
entire function in both parameters x and v, Therefore the subintegral function A(1) is also
entire. Since

1 |
=551 (

lim k(L) =0, lim k(L) = +o0,
r—u2/2 A—>+00

to complete the proof we must verify that 4(A) is bounded by an integrable function in the
neighborhood of the endpoints 12/2 and +o0. According to [4, p. 100, (21a)],
IMig ki, v (= 2] ~ epuy - kO)" T2 d— )2,
IM—ig k. v QIKID| ~ v - k) T2 = p?/2,
where cg v x and cg,,,y are positive constants depending on B, v, x, and y. On the other hand
(see [26, p. 141]),

2

‘F(%+v+iﬂ/k()»)) ~ 2 (BN e TIBUKD) 5 2
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Since the Mittag—Leffler function A +— &,(— At*) is monotone decreasing and bounded (in
fact, £,(0) = 1), it follows that:

e for >0, h(A) ~O0(c), ceR, 1 — u?/2,
o for B <0, h(L) ~O(e TIBI/KMY ) — 122,

In both cases, #(X) is dominated by an integrable function near the lower limit.

For the upper endpoint A — 400, the following asymptotic expansion holds for the
Whittaker function (see [4, p. 92, (4)]):
exp(%% + i(% +v))

T3 +v+iB/k(n)

where N € N is an arbitrary fixed constant, and

IMig/kn), v(— 2ik(L)y)| <

N (2k(§)2 )1 / -1
Y in (P qin o)
§ T (J:ll sin p{™ sin p¢ ) ,

=0

tan pfi) = + B> 0.
k(A)(r — 5 £v)
Using the identity
o tan o
Isin p@®)| = | ———|.
/1 ()72
+ tan o,
we find

~ Ok, 1 — oo.

1 -1
(1_[ sin p£+) sin p§)>
r=1

Hence, since k(L) — o0 as A — o0,
IMig/k(r), v(— 2ik(A)y)| ~ O(bg v,y), A — 00,

where bg , x is a positive constant depending on 8, v, and x. This asymptotic estimate is valid
for B > 0, but using the symmetry of the Whittaker function in its first parameter,

Mig sy, v(— 2ik(V)y) = e T OFDM_g65 1, Qik(L)Y),

we conclude that for g € R,
IMig sk, v(— 21k()VM —igjk(r), v(2Ik(A)X)[ ~ O(bg,v x,y), A —> 0.
From [14, (6.5)],

Eu(— %) ~ A — 400,

Il —a)re’
we deduce

|hO)| ~ 0737, A — +oo.
This completes the proof for the first integral, while the proof for the second integral is omitted
as it follows a similar reasoning.

Remark 3.1. The restriction on the parameter v is essential to establish the convergence of
the second integral. Consequently, for the fractional Bessel process to start at the initial point
y =0, the parameter v must lie within the range (— 1, %)\ —%}.

Now we are ready to state and prove our main result.
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Theorem 3.1. Spectral representation of the transition density of the fractional Bessel process
(3.3) is given by

Pa(X, ) = pa,d(x, ) + Pa,c(X, 1Y), (3.4)
where
Pa,d(X, 15 Y)
o+ io: n!B2px)y* ! exp(2ux — %(}C +))
T(X
it (v + HPPrQu 4+ 1)
2Bx 2
X Ey(— xnta)L,%”< P 1 >L5V( by 1 ) (= 1, +00) x (= 00, 0),
n+v+s n+v+s
i E.765) (=1, —3) x (= 00, 0),
07 (_ %7 +OO) X (Oa +OO)7
& n!p2px)* ! pun
13 exp| 2ux — —l(x +y)
n=1 (n—i—v—i—%) 'Qv+n+1) n+v+s
2Bx 2
X Eg(— xnza)L§v< p 1)LgV< By 1), (=1, 1) x (0, +00),
n+v+s n+v+s3

for x>0,y >0, where the sets on the right-hand side specify the corresponding range of
(v, w), and

pa,d(x7 ta 0)
x (2Bx)>vH! nx
T(xX)+) p 1 ﬂb% exp(Zux— —1)
n=l (n+v+53)" TQv+1) n+v+s3
2
X Eql— Ant™ L2 <il> (=1 1) x (= 00,0,
n—+v-+ 2
_ JT(X), (_ 15 _%) X (_ o0, 0)7
0, (_ %1 %) X (07 +OO),
§ B(2Bx)>+! <2 nx >
exp| 2ux — —
=t (n+v+ 37 reu+ 1) n+v+4i
2
X Eql— xnﬂ)Lg“(il) (= 1, —1) x (0, +00),
n+v+ 2

for x >0, while

1 [ 1 |TG+v+iB/kt)
Pa,c(x, 1;y) = 2_ / TN
T ll2/2 k()\) F(l +2U)

X Mig k0, v(— 20k(OVIM i /i), v(21k(A)x) dA,

2 v+1/2
Eu(— Moe)(f> M= +TB/KG)
y

forx>0,y>0, and

2

]"(% +v+1iB8/k(X)) £(— Moc)xv-i-l/Z

T(1+2v)

th )(x t: O): L /00 2u+1/2k()\')l)—1/2 eiﬂ(U/2+1/4)
R 2 M2/2

x et FTBIKOINL g 0 o(— 2ik(A)x) dA,
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for x>0 and v e (— 1, P\{5}, where k() =+/21 — u2, w(-) is given by (2.4), L2'() is
the generalized Laguerre polynomial, £,(-) is the Mittag—Leffler function, and M ,.(-) is the
Whittaker function.

Proof. The proof consists primarily of repeated applications of Fubini’s theorem (and the
Fubini—Tonelli theorem) several times, as follows. By the definition of the fractional Bessel
process (3.3), we have

p(xamemxa(m:y):/o POG(E) € B | X1(0) ) i(0) e
:/ /p(x’T§Y)ﬁ(T)dxdr
o Ja
=/£;/(; (Pd(X, T;Y)-l—pc(x, T;y))ﬁ(l')d‘[ dx,

where the second equality follows from the definition of the transition density of the non-
fractional Bessel process, and the third equality uses the Fubini—Tonelli theorem to justify the
exchange of the order of integration.

Let us first consider the case y > 0. In the next step, we substitute the spectral representation
of the Bessel process from (2.11), yielding

o0

/0 pelx, T3y) fi(r) de

_ 1 . 2 1/2

:/OOL/OO e M| T(5 +v+ip/k(r)) x i M=)+ /()
0o 271 Ju2p2 k() I'(1+2v) y

X Mig k), v(— 21k()VIM _ig /), v(2ik(A)x)fi(T) dA d. (3.5)

In the next step we change the order of integration using Fubini’s theorem (rather than
Tonelli’s), since the integrand is not necessarily non-negative. To justify this step, we verify
the absolute integrability of the integrand,

1 . 2 +1/2
/Oo L /‘X’ L F(j +v+ 1,3/k()\)) o <f)v / M=)+ B/K()
0 27 ap k| Ta+2) y

X |\ Mig ki), v(= 2ik(A)YIM g k(n), v(21k(A)x)|fi(T) dA dT

1 . 2 1/2
1 1 |T(L+v+ip/ko) <x>”+/ =B AR)

T Jep k| T +2v) y

X \Mig k), v(— 2ik(A)YVIM _ig k), v(21k(1)x)

/ - e M fi(r)dr da
0

_ b / LG HYIBKG) 2\ e
T 2n w22 k(A) r'a+2v) y

X |Migkny, v(— 2ik()YIM _ig k), v(2ik(A)x)| Eq (— A1*) X < 400,

where in the first equality we applied the Fubini—Tonelli theorem, in the second we used (3.2),
and the finiteness of the integral follows from a direct application of Lemma 3.2.
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Now, (3.5) simplifies to

o0

/ pe(x, T;y) fi(r) dT

0

_ 1 : 2 12

ZL/"O /°° e |T(5 4+ v +iB/k()) <J_C)v+/ MO +TB /(L)
21 Ju2pJo o k(A) [(1+2v) y

X Migkn), v(— 2ik()YIM i k), v (21k(AX)fi(T) dT dA

L / 1D+ HIBKM) P\ o
21 J 20 k(X) r'+2v) y

o0

X M, (= BRIk QKGR0 [ €M) e

0

1 : 2 1/2
_ L% G a)| DG+ v +iB/AG) [* (x\ T Gy B/K(R)
2m J2pp k(A r'+2v) y
X Mig/kr), v(— 21k(A)YIM—ig/k(2), v(21k(A)x) dA.
This confirms that the continuous part of the spectral representation is given by

[ee] l .
Pt £5y) = —— / 1 [T +v+ip/kO0)
w

2 v+1/2
Eo(— Mog(f) HE—Y+TB/K()
y

27 20 k(1) (1 +2v)
X Mig ki), v(— 2ik(A)YIM g /k(r), v(2ik(X)x) dA. (3.6)
The discrete part of the spectral representation is handled based on the values of the parameters

v and .

o If (v, p) € (=1, —1) x (— 00, 0), then py(x, £;y) = m(x), 50

o o
Pad(X, 1;y) = / pax, T y)fi(r) dr =7 (x) f fi(r)dr =7 (x), (3.7
0 0
where the last equality follows from the fact that f;(-) is a probability density function.
o If (v, n) e(— % 400) x (0, +00), then py(x, t; y) = 0, and thus

Pa,d(x, 1;y) =0. (3.8)

o If (v, w)e(—1, —%) x (0, +00), we apply the discrete part of the spectral representa-
tion of the Bessel process. Then, using Fubini’s theorem, we obtain

Da,d(x, 1Y) = /0 pa(x, T;V)fi(t)dt

- nlp2px)*+! pn
-y e exp(2mx— ey
m (n+v+3) FQv+n+1) n+v+s
2 2 o
XL%[U( ﬂx I)Lﬁv( ﬁy 1)[ e—)nn‘[ﬁ(_[)dr
n+v+s n+v+5/Jo
S 2v+1
n!B(2Bx n
I . )
- (n+v+§) rCv+n+1) n+v+s
2 2
x&(—M"‘)Li”( A 1>L,%“( by 1), (3.9)
n+v+§ I’l+\)+§
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where the use of Fubini’s theorem in the second equality is justified by Lemma 3.1.

o If (v, n) e(— %, +00) X (— 00, 0), then by Lemma 3.1, we similarly obtain

S 2v+1
n!B(2Bx) un
Pa,dx, 1Y) =7 (x) + Z R exp(2ux — ————(x+)
nmi (n+v+3)" T TQv+n+1) nt+v+s
2 2
X Ey(— Ant“)L,?( px 1)Lﬁ”< by 1). (3.10)
n+v+5 n+v+s5

Finally, combining (3.6), (3.7), (3.8), (3.9), and (3.10) yields the full spectral representation
of the transition density of the fractional Bessel process, as given in (3.4). Considering Lemmas
3.1 and 3.2, the case y =0 is addressed in a similar fashion and therefore we skip this part of
the proof. U

Notice that for @ = 1 the fractional case reduces to the non-fractional case. In particular,
since E(t) =t a.s., it follows that

Xo()=X1(t) =X(E(t) =X() as.
Moreover, the Mittag—Leffler function reduces to the exponential function,
Ei(—ry=eM,

and therefore the transition density of fractional diffusion p, (x, #; y) reduces to the transition
density of the non-fractional diffusion p(x, t; y). This observation explains why the defined
fractional model can be seen as an extension of the non-fractional model.

3.2. Fractional Cauchy problem for fractional Bessel process

The transition density of a diffusion process, which is a solution of the SDE
dX(1) = n(X(1) dr + o(X(2)) dB(1),

solves the Kolmogorov backward partial differential equation involving the corresponding
infinitesimal generator

ap(x, t;y) ap(x, t;y)  o*(y) 0°p(x, 1;y)
” n(y) PR +— o2 gp (3.11)

with the point-source initial condition p(x, 0;y) = 8(x — y), where § denotes the Dirac delta
function.
Furthermore, under standard conditions, the family of operators (73, ¢ > 0),

T f(y) =E[f(X(1) | X(0) = y],

forms a strongly continuous bounded (Cp) semigroup on the space of bounded continuous
functions f on [0, co) vanishing at infinity (see e.g. [20]). This fact, together with [1, Theorem
3.1.9], ensures that the strong (classical) solution of the Cauchy problem

Su(y,
”(ayt D Gue . uy, 0)=f0), (3.12)
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is given by

ut;y) =T f(y) =E[f(X(0)) | X(0) =y] = /0 J@)p(x, 1, y) dx.

Moreover, if the spectral representation of the transition density of the diffusion is available,
one can write an explicit strong solution in spectral form.

Fractional diffusions have analogues of equations (3.11) and (3.12). Replacing the time
derivative on the left-hand side of (3.12) with the Caputo fractional derivative 9%/9d¢*, one
obtains the fractional Cauchy problem

%u(y, 1)
ST R Gu(y, 1), u(y, 0)=f(). (3.13)
t()(
The Caputo fractional derivative of order « € (0, 1) is defined by
d*f@

1 ! / —a
o F(l—a)/of(f)(t_t) dr.

It turns out that explicit strong solutions to (3.12) and (3.13) are connected via their correspond-
ing stochastic solutions, provided that spectral representations of their transition densities are
available.

Remark 3.2. For a general treatment of fractional calculus we refer the reader to [17] and [28].
We emphasize that there exist other definitions of fractional derivatives such as Riemann—
Liouville, Grunwald-Letnikov, Hadamard, and many others, but a Caputo-type derivative is
of particular interest in probability theory. The primary reason is that it enables us to link
time-changed stochastic processes with solutions of certain partial differential equations via
fractional calculus. This connection explains why the stochastic process defined in (3.3) is
referred to as a fractional diffusion.

We now return to the Bessel process. As we have already obtained the explicit spectral
representation of the transition density for the fractional Bessel process (see Theorem 3.1), we
are equipped with the necessary tools to solve the fractional Cauchy problem (3.13). For the
Bessel process, this problem reduces to

805”(_)), t) _ v+ % i 81/!(_)), t) N 1 821/!()1, [)
e\ y H Ay 2 9y?

Theorem 3.2. If the initial condition function f belongs to the domain of the generator G as
defined in (2.3), then a strong solution to the fractional Cauchy problem (3.14) is given by

o ouy, 0)=£(). (3.14)

ug(t;y) = /0 Da(x, £ Y)f (x) dx, (3.15)

where the transition density p is given by equation (3.4).
Proof. According to [23], the family of operators (77, ¢ > 0), where
T f(y) =E[f(X(1) | X(0) =],

forms a strongly continuous, bounded semigroup on the space of bounded continuous functions
on [0, c0), and therefore also on the subspace of bounded continuous functions on [0, co)
vanishing at infinity.
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Then Theorem 3.1.9 of [1] yields that 7; f(y) = E[ f(X(¢)) | X(0) = y] is a strong solution for
the Cauchy problem

du(y, 1 vt 1 du(y, 1) 19%u(y, t
0.0 _ 2 4 0.0 1976,
at y ay 2 9y?

Next, according to [2, Theorem 3.1], for any g in the domain of the generator G,

o ou(y, 0)=£().

Sig(y) = fo T\g) fi(u) du

solves the fractional Cauchy problem (3.14), where f; is the density of the inverse stable subor-
dinator E(¢), given by (3.2). Finally, since E(0) = 0 almost surely, and rewriting the expression
in (3.15), we have

fO Palx, 1) F(0) d = E f(Xa(1)) | Xa(0) = ]
_ /0 E[F(X(w) | X(0) = ] fi(w) du

- /0 T f ) fi(u) du

=S/
Therefore, for any f € D(G), (3.15) is a strong solution to (3.14). O

As a direct consequence, we can express explicit strong solutions in spectral representation
form, depending on the values of the model parameters.

Corollary 3.1. For any f € D(G), a strong solution of the fractional Cauchy problem (3.14)
can be written in the form

1 [ © 1 |TG+v+i
Uy (y, ) = — X —
a0, ) 27 /0 s )fﬂg/z k(k)‘ I'(1+42v)
X Mig iy, v(— 2Ik(A)YIM i k), v(2ik(X)x)dA dx

2 v+1/2
&= Mog(") Ha—+TB/K()
y

SO (x) dx
> nlB exp(— n+v+1/2)5 (— Apt® ) ( 28y )
w1 (n4+v+ ] )2v+3l"(2u+n+1) n+v+%
x / (2ﬂx)2“+‘L§”(2ﬂxl) exp(Zux - 'ul)f(x)dx (=1, +00) x (= 00, 0),
OO0 n+v+s; n+v+;

. /0 FO)m(x) dx, (=L —%) x (= 00, 0),
0, (= 5. +00) x (0, +00),
i n'B
—1 (n +v+ %)2v+31’(2v +n+1)

x exp( W)g - A,,mw(zﬂyl)
n+v+ n+v+s3
y / (213)6)2\;+1L3V<2/%C1> exp<2m_ ’”’x1>f(x) dv, (=1, -1) %0, +00),
0 n+v-+ bl n+v+ 2
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fory > 0, where the sets on the right-hand side specify the corresponding range of (v, ), and

1 . 2
1 (0, 1) = 1 /oof(x) /oo V24 (V12 T (/241/4) L'(3 +v+iB/k() £0(— %)
27T 0 M2/2 F(l +2]))
x XV het BRI A 1o (= 2ik(2)x) dA dx,
[ rommar ek
S (x) dx + Ea(— Ant™)
0 v+ ) Proveny
o 2
X / (2ﬂx)2”+1L,21U (ﬁxl> eXp(ZMx— 'unxl>f(x) dx, (— %, %) X (_ oo, 0),
0 n+v+s; n+v+;
[e.¢]
[ (= 1.-1) x (= 00, 0),
0
0, (= 2> 2) X (0, +00),
= B
Ea(—Ant™)
S (n+v+H)Prev+n
o vl 2Bx unx
X / (2Bx)>v+ an<1) exp(QpLx— 1)f(x) dr, (=1, —1%) x (0, +00),
0 n—+v-+ 2 n+v+ 5
fory=0.
Proof. This result follows by a direct application of Theorems 3.1 and 3.2. U

3.3. Stationary distribution of fractional Bessel process

Here, we prove that the stationary distribution of the fractional Bessel process coincides
with the stationary distribution of the non-fractional Bessel process (provided it exists). In
other words, both the fractional and non-fractional Bessel processes share the same stationary
distribution.

Theorem 3.3. Let (X, (?), t>0) be the fractional Bessel process defined via (3.3) and
let py(x, t) denote the probability density function of X,(t). If (v, u) € (—1, 00)\ {—%} X
(— 00, 0), then for any initial probability density function f of X, (0) vanishing at infinity, we
have

Pa(x, 1) > w(x) ast— oo,
where 1 (-) is a gamma stationary distribution (2.4).
Proof. 1t is sufficient to prove the convergence of the transition density, i.e. to show that
Pa(x, t;y) > w(x) ast— 00 (3.16)

for fixed x and y. To see this, recall that o
Palx, 1) = / Pa(x, V) (y) dy.
0
Assuming (3.16), we obtain

tilgo Palx, t)ztilgo /0 Pax, 1 Y)f(¥) dy
_ /0 Tim po(r. £/ dy
e /0 £ dy

=1 (x).
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The second equality follows from the dominated convergence theorem, which applies because
f() and py(x, t; y) are density functions and f vanishes at infinity. Thus it remains to prove
(3.16). Without loss of generality, we consider the case y > 0. Recalling the spectral rep-
resentation of the transition density of the fractional Bessel process (see Theorem 3.1), we
need to show that the continuous part vanishes, while the discrete part converges to m(x) as ¢
approaches infinity.

We begin by proving that the continuous part of the spectral representation, py (¥, t; ),
vanishes as t — oco. According to [32, Theorem 4], the Mittag—Leffler function satisfies the
following bounds:

1 1
O0<—rF—— <& —FF
14T —a)x 14T +a) 1x
for x > 0. In particular, for any constant ¢ > (/LZ/2 )14+ T — «), we have
1 1 1

(3.17)

0< =< <&(—M*) < < .
cir® T 14T —a)ar® 1+ +o) A — T +a) ae
Now
1 . 2 1/2
<1 / © L TG HvHIBKODPL A\NTE an
2w 1 u2/2 k()\) F(l +2U) A y
X Mig k(). v(— 2ikQ)YIM —ig k), v(2ik(A)x) dA
< Pa,c(x, 1;y)

1 - 2 +1/2
S L 1 PG v B/ P ) ()Y ) B k()
T2 @ u2/2 k()n) F(l + 21)) A y

X Mig /iy, v(—= 2ikQIVIM —ig k), v(2ik(A)x) A

for fixed x and y. Since the integrals involved are finite (by Lemma 3.2), we conclude

Da,c(x, t;y) >0 ast— oo.

For the discrete part, we have the following.
o If (v, w)e(—1, —%) x (— 00, 0), the result is immediate, since py 4(x, t; ¥) = 7 (x).
o If (v, u) e (=1, 400) x (= 00, 0), then

lim pg a(x, t;y)
11— o0

0 2v+1
n!B(2Bx n

=m(x)+ lim Z 1'8§va ) exp (2;” — 'u—l(x + y))

e (n+v+3) rQv+n+1) n+v+s

2 2
X Eql— M“)Lﬁ”( px I)L,%"( 2} 1)
n—+v-+ 2 n+v-+ b}
© 2v+1
n!B(2Bx) un

=T+ T eXp(2ux——1(x+y)

1 (n+v+3)7 T TQv4+n+1) n+v+ 3

2 2
x (lim (- xnt“))L,?( P ])L§“( Py 1)
=00 ntv+d) " \ntvt ]

= (x).
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The use of the dominated convergence theorem in the second equality is justified by
(3.17) and arguments similar to those in the proof of Lemma 3.1. Finally, for fixed x and
v, we conclude that

lim po(x, £;y) = Im pea(x, ;y) + Im pg c(x, 1;y) =7 (),
—00 t—00 t—00
which completes the proof. O

3.4. Correlation structure of the fractional Bessel process

In this subsection we provide an explicit formula for the correlation structure of both the
fractional Bessel process and its eigenfunction-based transformation. Moreover, we show that
both the fractional Bessel process and the transformed process exhibit the long-range depen-
dence property, that is, their correlation function falls off like a power law with exponent
O<a<l.

We assume that the (non-fractional) Bessel process is stationary, that is, a stationary gamma
distribution 7 exists (which requires (v, u) € (— 1, 00) \ {—%} X (— 00, 0)), and X(0) ~ 7.
Although the fractional Bessel process is non-stationary, we say it is in the steady state if
it starts from the stationary distribution with density 7.

We begin by showing that a space transformation of the fractional Bessel process via
eigenfunctions yields a long-range dependent stochastic process.

Theorem 3.4. Let m,neNandt>s > 0. Then

Corr[Wn (X (1)), Wn(Xe ()] = Corr[ V(X (0)), Wn(X(0))]

Amt® s/t ga(_ Amt®(1 —2)%) )
Eq(— Apt” dz ).
§ ( a0+ 5 | ¢

Zlfot

Proof. According to [16], for any eigenfunction—eigenvalue pair (f, A) of the diffusion
generator G, i.e. for f € D(G) such that

Gf = =AM,
it holds that
T, f(x) = E[f(X(1)) | X(0) = x] = e f(x).
Therefore
E[W,(X(1) | X(0) = x] = e """, (x),

since W,(x) is an eigenfunction of G with corresponding eigenvalue X, as specified in (2.5).
Now, applying Theorem 2.2 (and also Example 3.1) from [27], the result follows. U

Remark 3.3. Based on the preceding theorem, if a first-order polynomial is an eigenfunction
of a diffusion process, then it is straightforward to show that the process exhibits long-range
dependence. However, since this condition does not hold for the Bessel process, we proceed
differently.

To determine the correlation structure of the (fractional) Bessel process, we utilize the
spectral representation of its transition density (see (2.11) and Theorem 3.4). To simplify the
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formulas and reduce their complexity, we introduce the following notation:

1 1\ vtH1/2 N2 [rv+nt
V(0 =—- (—) (v + —) #wn(x),
n+v+35\28 2 n!CQRv+ 1)
1 .
W(x, 1) = v+1 TG + v +iB/k) T (V/2H A ETB QRO (. )
' 2k(M)C(2v + 1) (—2u)"+1 A

where W, (x) and W(x, 1) are given by (2.6) and (2.8). Since the eigenfunctions (¥, n € Ny)
form an orthogonal system in LZ([O, +00), m), we have

/R VIOWEMT0) dy =0, nm

Moreover, Lo =0 and \Ila‘ (x) = 1. Finally, the transition density takes on a more conventional
form (see e.g. [22]):

plx, t; y):rr(x)(Z WHWE () e M + / W (x, Wy, A e M d)\), (3.18)
n=0 w22

which clearly demonstrates the exponential rate at which the transition density approaches the
stationary density.

Theorem 3.5. Let £ <0, v e (— 1, —I—oo)\{—%}, and let (X(t), t > 0) be a stationary solution
of the SDE (2.1). Then, for any t > s and y > 0,

(i)
o o)
EIX(0) | X(s) =)= eaby()e 79 + f cCOIW*(y, e ™9 dn,  (3.19)
n=0 n2/2
(i)
2M2 00 o)
Corr(X(t), X(5)) = Z 2 e M=o 4 / ) e M9 ax |, (3.20)
v+ 1 - u2/2
where

Ch= / @) x)dx, ()= / W *(x, M) (x) dx.
R R

Proof. Taking into account spectral representation (3.18), together with the fact that
(X(1), t = 0) is a square integrable stochastic process (under the specified parameter values),
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we have

E[X(n) | X(s) =yl = / xp(x, 1;y) dx

= / x 7 (x) (Z WH)WH(y) e Ml 4 /ij W, MWy, A)e M dk)dx
n=0 H

=3 ( / X (07 (x) dx) Wr(y) e )
n=0

+ f ( f xW*(x, A7 (x) dx)lll*(y, ) e M9 gy
)7

2/2
0 00
= GBIt [ e ae Y
n=0 n*/2
which proves formula (i).
Next, since the process is stationary and Markovian and ¢ > s, by the law of total expectation

(also known as tower property), conditioned on Fy; = o(X(«): 0 <u <) we have

E[X(r) X(s)] = E[E[X () X(s) | Fs]]

=E[X(s) E[X(0) | X(9)]]

—K |:X(s) (Z cnWH(X(s)) e M=) 4 f ZO c)W*(X(s), 1) e =9 dA):|

n=0 n2/2
=Y cBIXO)W(X(0)]e ) + [ ” cOVE[X(0)W*(X(0), A)] e =) da.
n=0 Hz/z

Taking into account that A9 =0, \I/(’;(~) =1, we have

co= f xWg (o) (x) dx = / x7 (x) dx = E[X(0)]

and
coR[X(0)Wg (X(0))] e 0= = E[X(0)]*.
Since
v+1

Varx o) =5

cn =EXO)W,;(X(O0)],  c(d) =E[XO)¥*(X(0), M],

we finally arrive at

Corr(X(1), X(s))

2 2 o0 o)
_H e E[X(0)WH(X(0))] e (=) 4 / cVE[XO0)W*(X(0), M)]e =9 da
v+ 1 el ;/,2/2
2M2 o0 00
= Z ci g Anlt=s) 4 / cz()») e M=) g |,
v+ 1 el u2/2

which proves (ii). O
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To the best of our knowledge, the closed-form formula (3.20) for the correlation function of
the Bessel process with negative constant drift is not available in the existing literature, and is
presented here as new. Now we are ready to calculate the correlation structure of the fractional
counterpart of the process.

Theorem 3.6. Let p <0, ve(—1, +oo)\{—%} and let (X(t), t > 0) be a stationary solution of
SDE (2.1). Then, for any t > s and y > 0,

»
EXo(0) | Xa(0) =y] =Y ea W (1 Eal— hnt”) + / O (. MEa(— ar%) di,
n= u=/2
’ (3.21)
(ii)
Corr(Xy (1), Xo(s))
_ 22 |52 o @t [ (= (1= D))
) v+1[,§ c”<5°‘(_ PO s 71 dz)
* o rat® [ Ey(— A (1 —2)%) > -
+/M2/2c (A)(&x( A )+—F(l+a) A T dz)dr |, (3.22)

where

Cn =/ 2y (x)dx,  c() =/ xW*(x, M (x) dx.
R R

Proof. The first formula is verified using the spectral representation of the transition density
(3.4), following an approach analogous to the proof in the preceding theorem. As such, the
proof is omitted.

The proof of formula (ii) is based on the technique first used in [19, Theorem 3.1]. In
particular, we rely on the Lebesgue—Stieltjes integration formula

Corr(X, (1), Xo(s)) = /00 /00 Corr(X(u), X(v))H(du, dv) (3.23)
o Jo

with respect to the bivariate distribution function
H(u,v) =P(E®) < u, E(s) < ).

Observe that the time components u and v in Corr(X(u), X(v)) appear only through an
exponential expression of the form e~?/“~I. According to [19, Theorem 3.1],

Rl S Dot [ Ey(— 01%(1 — 2)%)
Olu—v| _ _p o
/0 /0 e H(du, dv)_<€a( Y rive ) e dz). (3.24)

Taking into account (3.20) and (3.24), a straightforward application of the Fubini—Tonelli
theorem in (3.23) yields the desired formula (3.22). O

Remark 3.4. If =+, both formulas (3.20) and (3.22) must yield the value 1. To see this,
simply recall Parseval’s theorem in the context of spectral theory for self-adjoint operator G in
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L2([0, +00), m), which ensures

E[X(0)*] = Zcﬁ + / ” c(1)* dx (3.25)
n=0 l/«z/z

(for details, see e.g. [22]). Therefore

2u? | & o0
Corr(X (1), X(1) = = |:Z 2 e M= 4 / c(h)? e M0 dA]
u2/2

v+1 =
_ 2p? - 2 * 2 2
= v+1|:gcn+/l;2/zc()») dr — ¢}
2/L2 2 2
= 2= [E[X0?] - E[xO]]
=0 1Var(X(O))
=1.

In the fractional case we have (see [19, Remark 3.2])
Qat® U Eu(—01%(1 — 2)%)
rd+aw) Jo Famd

dZ =1- ga(_ eta)v
so that
Corr(Xy (1), Xo ()

= | 20 = ) 1 = Eal= hat)

n=1

+ /00 CONEy(— M) + 1 — Ey(— M%) dA:|
I

22
2u? . 2 /OO 2
= c, + c“(A)da
U+1|:r;n MZ/Z
=1.

Now that we have obtained explicit formulas for the correlation structure of fractional
Bessel process, we proceed by showing that the correlation function falls off like a power
law of order 0 < o < 1, which corresponds to the order of the Caputo fractional derivative. In
other words, the fractional Bessel process exhibits long-range dependence property.

Theorem 3.7. Let 1 <0, ve(—1, —|—oo)\{—%} and let (X(t), t > 0) be a stationary solution of
the SDE (2.1). Then, for any fixed s > 0 as t — 00,

@) 2
2u i
Corr(X(2), X(s)) ~ U__HC% et s)’
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(ii)

1 22 (& [ 2 s*
Corr(Xe(?). Xa(s)) t"‘l"(l—ot)(v—i-l(Z)h_n_'_/;;z/z A dk)+r(1+“)>'

n=1
Proof. Recall that (A, n € Np) is an increasing sequence of eigenvalues and by assumption

we have E[X(0)2] < oo, so that the summands in (3.25) are finite. Therefore, from (3.20), we
have

0 2
lim Corr(X(1), X(s)) — tim |14 Z i g=(u=r1)t=9) /Oo ) o (A =21)(1=8) ¢,
t—00 %C% e—r(t—s) t—00 % u2/2 c%
=1,
where the second equality is justified by a dominated convergence argument. This proves (i).

Next we prove the second asymptotic formula. Taking into account Theorem 3.1 and
Remarks 3.2 and 3.3 from [19], for 8 > 0 and fixed s > 0, we have

Oat® s/t Sa(—et“(l—z)"‘)d 1 1+ 5%
T +a) Jo e T Rri—o\8 TTe+ )

and for any t > 5 > 0,

Ea(—01") +

Oar® [ Ey(— 01%(1 — 2)Y)
o
AN 1.
Eul 6t)+1"(1+ot) A e dz <

Now, (3.22) together with the dominated convergence theorem yields

22 00 )\nta S/tga—)»ntal— o
Corr(Xa(t),Xa(s))zv_il[Z Cﬁ(f/’a(— Aont®) + I‘(]ia) i ( Z]_(Ol 2) )dz>

n=1

+/OO cz(,\)<5a(— A%) +
"

2/2

2u? | & 1 1 o
S1b> )
v+1 T —a)\r, T(a+1)

n=1

C 3 .

Finally, taking into account (3.25), we obtain

s/t _ _ L\«
Aot Eq(— A% (1 —2) )dZ a
rd+aw) Jy 71—

2p? 1 G
Corr(Xy (1), Xy (s)) ~ (1 —a) .
orr(Xy (1), Xo(5)) v+ 10T —a) n; An

o0 Cz(k) %
+/ﬂz/2 - dA+Var(X(O))—F(a+ 1))

as t — oo, which proves (ii). O

The analytical properties obtained equip the fractional Bessel process with powerful mod-
eling capabilities. In particular, its ability to capture long-range dependence and subdiffusive
dynamics makes it a suitable candidate for describing phenomena in applied fields such as
queueing theory, finance, biology, and physics. The flexibility offered by the fractional time
change opens the door to modeling systems influenced by memory effects or random delays,
thereby extending the practical relevance of the classical Bessel process to a broader class of
real-world scenarios.
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4. Application to queueing theory

In this section we explain how the fractional Bessel process can be applied in queueing
theory.

Time-fractional models of the form (3.3) are preferred when there are random periods dur-
ing which the process becomes trapped (i.e. temporarily halted) due to possibly unknown
environmental forces. In queueing theory, this corresponds to scenarios where the server may
malfunction and stop working for random intervals of time, such that the total unfinished work
in the system remains unchanged until the server is repaired. Here we assume that no new
customers arrive during the repair period.

The fractional Bessel process introduced in the previous section is naturally connected to
queueing theory. In particular, the (non-fractional) Bessel process arises as the heavy-traffic
limit of the unfinished work in a so-called polling system. This system consists of two queues,
each visited by a single server one at a time, with the server working until no work is left in
the current queue. Switchover times from one queue to another are assumed to be non-zero
(see [8] for details). Moreover, Coffman et al. [8] proved the heavy-traffic averaging principle
(HTAP) for this model.

Remark 4.1. It should be noted that the assumption of non-zero switchover times is essential
for obtaining the Bessel process in the heavy-traffic regime. If this assumption is violated, the
limiting process becomes a reflected Brownian motion instead (see [7]). Therefore the Bessel
process serves as a cornerstone in modeling heavy-traffic regimes in queueing theory under
non-zero switchover times.

Next we show how these results can be extended to a more general model, namely to the
fractional case. To that end, we first summarize the Coffman two-queue polling model with
non-zero switchover times and its key assumptions and results.

We consider n two-queue polling systems. For each system, we use the following notation
for the /th queue, where / € {1, 2} (as in [8]).

° 5,?’1 > 0: interarrival time for the kth customer to the /th queue.
o o' =Y1_, &' time of the ith arrival to the /th queue.

. n;"l: ith service time in the /th queue.

) S:l’li ith switchover time from the /th queue.

We assume that the sequences {S,?’l, keN}, {nZ’l, k € N}, and {sZ’l, k € N} are indepen-
dent and identically distributed for each [ € {1, 2}. For the expected values of these random
variables, we have

1 1 A

)"nz_a /’an_9 anESn,l’ pnz_la

l ]ng’l l E’??’l 1 1 1 7
A N2
o= ol ek ol =BG o€

Let
n 1 n
Vit)y=—=U t>0, 4.1

\/ﬁ nt
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where U}' denotes the total unfinished work in the nth system at time ¢. It is assumed that the
initial unfinished work U} is independent of the sequences {&;' ! keN 3 {nZ’l, k €N}, and
[sp!, ke N} forie(l,2).

Theorem 1 of [8] establishes that the scaled total unfinished work (4.1) in the two-queue
polling system can be approximated in the heavy-traffic regime by a Bessel process with neg-
ative constant drift. It turns out that this heavy-traffic approximation in the non-fractional case
can be naturally extended to the fractional case.

Let

Vo=V E®D), Vo)=V(E®D), «e, 1), (4.2)

where V = {V(¢), t > 0} is the solution of the stochastic differential equation

d
dv(y = (c + m) dt + o dB(?),

and E(r) is the inverse of an «-stable subordinator as defined in (3.1), assumed to be
independent of the processes V" and V.

Theorem 4.1. Assume that V"'(0) = Vyy for some non-negative random variable V. Suppose
A=A, w—>w, of —>o, di—d, n— o0,
and define
or=nrof+r0F >0, p=x/w, 1€{1,2}, d=pipadi+do).
Under the heavy traffic condition
(et —1)—c¢, n— oo

and the Lindeberg conditions

. n,1\2 T n,\2 T n,1\2 _
Jim BE) Tgpteym = I B0 e s = Jim BG) T 5y =0,
we have

Vi=Vy, n—00
in the Skorokhod space D([0, +00)) equipped with the Ji topology.
Proof. Under the conditions of the theorem, we have
V=V, n— oo

in the Skorokhod space D([0, 400)) with the J; topology (see [8, Theorem 1]). Since the
inverse a-stable subordinator (E(f), ¢ > 0) is a.s. continuous, non-decreasing, and independent
of both V" and V, by classical arguments [35] we have the desired convergence

Vi=Vy, n—o0
in the Skorokhod space ID([0, +00)) with J; topology. O

The idea behind the random time change in the processes (4.2) via the inverse of the «-stable
subordinator is as follows. If the server in the aforementioned polling system malfunctions and
stops working for random periods of time, then the total unfinished work remains the same
until the server is repaired and new customers are allowed to enter the system.

The parameter « controls the length of the malfunction periods in the following way.
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Bessel process fractional Bessel process
(a) (b)
o | o
™ o
0 0
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FIGURE 1. Sample paths of the non-fractional (a) and fractional (b) Bessel processes with parameters
pn=—1,v=0.5,and o = 0.7, based on 10 000 points and initial state Xo = 0.4.

e Smaller values of o correspond to longer malfunction periods, i.e. extended intervals
during which the total unfinished work remains constant.

e Larger values of o correspond to shorter malfunction periods, i.e. brief intervals during
which the total unfinished work remains constant.

e Setting o = 1 recovers the classical result of [8, Theorem 1].

This behavior is further illustrated by simulated sample paths of the fractional and non-
fractional Bessel processes (see Figure 1). The simulation is based on a standard approach for
simulating time-changed stochastic models via inverse subordinators (see e.g. [24]).

This means that the heavy traffic regime with random malfunction times can be modeled by
stochastic process V,, = {0 X, (), t > 0}, where X, () is defined by (3.3) and the corresponding
parameters from (2.1) are given by

c d 1
b= "7 7
Therefore one can exploit the spectral representation result in Theorem 3.1 to compute the
asymptotic distributional properties of the two-queue polling model with exhaustive service
and possible random malfunction times.

Under the assumptions of Theorem 4.1, and for any real-valued continuous function f, the

well-known heavy traffic averaging principle (HTAP) is valid (see [8, Theorem 2.2]):

t t 1
ff(vg‘l)ds=>/ / fwVy)duds, n— oo.
0 0 JO

It turns out that the same reasoning used in the previous theorem extends the HTAP to the
fractional model as well (FHTAP):

t t 1
f fvehyds = f / f(uVys)duds, n— oo.
0 0 JO
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In a similar manner one can show FHTAP for the sojourn times W, ;(i) at queue i € {1, 2}:

t ) t 1 1— Oi
/ @y ds:>/ / f< luV,m) duds, n— oo,
0 ' 0 Jo 102

with Yg:é = Wg[’,ns(i)/ﬁ, 0 <s <1 (see[8, (1.2)] for the non-fractional case).

First we illustrate that in the stationary setting, fractional and non-fractional models lead to
the same limiting mean values. Let V) be distributed according to the stationary gamma density
(2.4). According to the HTAP, for f(x) = x the limiting mean sojourn time of queue i € {1, 2}

can be approximated by

Lt (1—p 1 ["1—p;
E[—//f( p'u%)duds]:—/ PRV, ds
tJo Jo P1P2 tJo p1p2

1_ .
_1=ligy,

P12

l—piv+1

pi1p2

The same conclusion holds for the fractional model. Although the time-changed process
is not strictly stationary, if it is initialized according to the stationary distribution (2.4), its
mean remains constant in time (in order to see this, average the identity (3.21) according to the
stationary distribution). Consequently, the limiting mean sojourn times predicted by the HTAP
coincide for the fractional and non-fractional models.

In the non-stationary setting, we illustrate the effect of fractional dynamics by numeri-
cally comparing the time evolution of conditional expectations and corresponding transition
densities for the fractional and non-fractional queue diffusion approximations. Specifically,
we exploit the obtained spectral representations (3.19) and (3.21) to compute the conditional
expectations and transition densities of the Bessel process and its fractional counterpart, start-
ing from a fixed initial state. We employ appropriate truncation of both the discrete series
and the continuous spectral integral. In particular, Figures 2 and 3 use the first five terms of
the discrete series, with the continuous spectral integral truncated at A = 20. Recall that the
discrete-series terms decay as O(n~3) (Lemma 3.1), so a few terms capture the sum to high
precision, while the continuous-spectrum integrand decays as O(1~>/2) as A — oo (Lemma
3.2). For example, extending the cutoff from A =20 to A = 100 alters the integral by less than
1.5 x 1073 at the smallest plotted times, where the tail is heaviest. Consequently, all displayed
quantities are accurate to at least two decimal places.

Figure 2 displays the convergence of the conditional expectation E[X,,(¢) | X,,(0) = 1] to the
stationary mean (equal to 1.5 for the chosen parameters) for different values of the fractional
parameter «. The case o = 1 corresponds to the classical (non-fractional) model and exhibits
the fastest convergence. Smaller values of o, which reflect heavy-tailed interruptions in the
underlying time change, lead to a slower approach to stationarity. Even at relatively large times,
the fractional models exhibit a significantly slower convergence to stationarity. For instance, at
t =30 we obtain numerically

E[X0.6(30) | X0.6(0) = 1]~ 1.44,
E[X08(30) | Xp8(0) = 1]~ 1.48,
E[X1(30) | X;(0) = 1]~ 1.5,
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E[XQa(t) | Xa(0)=x]

15 R
14 JIUUPEEL
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13} .
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A
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k ’ 4 6 8 10

FIGURE 2. Graph of the conditional expectation E[X,(?) | X, (0) =1] for 0 <7 <10, « € {0.6, 0.8, 1},

with parameters u = —1 and v =0.5.
(a) Transition density convergence (a = 1) (b) Fractional transition density convergence (a =0.7)
osf 06 QS
05 05 t=6
t=6 t M N\ e t=7

0.4 04

------- t=7 ----- =8
o3p 4N meee- t=8 0.3 stationary density

FIGURE 3. Transition density p(x, #;¥) (a) and fractional transition density p,(x, #;y) (b) for Bessel
process with parameters © = —1,v=0.5, ¢ =0.7and y = 1.

illustrating that smaller values of « lead to a substantially slower approach to the stationary
mean.

The major difference between the two models lies in the rate at which they approach
the steady state. According to [23], the non-fractional model converges to the steady state
exponentially fast, with decay parameter

2 v+ 1\2
T0-GH)) =t
5= v+3
2

Ladl
>

1
—l<v<—j3.
More precisely,

8:= sup{B =0: p(x, 1;y) — 1 (x) = O(e ") for all y € S},

where we assume ¢ < 0 and the stationary density 7 (-) is given by (2.4).
This behavior follows from the spectral structure and the corresponding spectral represen-
tation (2.11) of the transition density of the Bessel process. The temporal dependence enters
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through exponential factors e/, where A belongs either to the discrete spectrum (2.5) or to the

essential spectrum (2.7). In particular, if —1 <v < —%, the discrete spectrum consists only of

1

Ao = 0, while the lowest point of the essential spectrum is ,u2 /2. On the other hand, if v > — s

the smallest positive eigenvalue is

2 vt 1\
=5 0-G5))

2 v+ 5
Recall that the fractional Bessel process is obtained via a stochastic time change of the
classical Bessel process, which is reflected in the spectral representation given in Theorem 3.1.
In this case, the exponential decay is replaced by a much slower decay governed by the Mittag—
Leffler function &, (— At*), which is monotone decreasing. Since the spectral representations
of the fractional and non-fractional models differ only in the temporal component, the above

arguments can be repeated to conclude that the fractional Bessel process approaches the steady
state with polynomial (power-law) decay with exponent «. More precisely,

sup{B = 0: pa(x, 1;y) — (x) = O(Ey(— B1)) for all y € S}

2 v+ 1\2
()
— V+§

_)2
2
%, —l<v< —%.
Finally, recall that
1
Ea(— M)~ ————  1—> o0.
'l —a)r®
Figure 3 further illustrates the observed difference in the rates of convergence to the steady
state.
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