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Abstract. In this paper, we propose a new energy-preserving scheme and a new
momentum-preserving scheme for the modified regularized long wave equation. The
proposed schemes are designed by using the discrete variational derivative method
and the finite volume element method. For comparison, we also propose a finite
volume element scheme. The conservation properties of the proposed schemes are
analyzed and we find that the energy-preserving scheme can precisely conserve the
discrete total mass and total energy, the momentum-preserving scheme can precisely
conserve the discrete total mass and total momentum, while the finite volume element
scheme merely conserve the discrete total mass. We also analyze their linear stability
property using the Von Neumann theory and find that the proposed schemes are un-
conditionally linear stable. Finally, we present some numerical examples to illustrate
the effectiveness of the proposed schemes.
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1 Introduction

In this paper, we consider the following initial boundary value problem


















ut+ux+κu2ux−µuxxt=0, a≤ x≤b, t>0,

u(x,0)=u0(x),

∂ju

∂xj

∣

∣

∣

x=a
=

∂ju

∂xj

∣

∣

∣

x=b
, j=0,1,2,

(1.1)
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where κ and µ are positive constants. The equation is also known as modified regularized
long wave (MRLW) equation. In fact, MRLW equation is a special case of generalized
regularized long wave (GRLW) equation which has the form

ut+ux+κupux−µuxxt=0, (1.2)

where p is a positive integer. MRLW equation is an important equation which has many
applications in sciences, for example, drift waves in plasma, the Rossby waves in rotating
fluids, the transverse waves in shallow water, pressure waves in liquid-gas bubble mix-
tures, and so on [1, 2]. Their solutions are a kind of solitary waves named solitons whose
amplitudes, shapes and velocities are not affected by collision.

In this paper, the discrete variational derivative method (DVDM) [3] and the finite
volume element method (FVEM) are applied to study the conservative schemes of MRLW
equation. The DVDM is a method of designing special numerical schemes that retain the
conservation/dissipation properties of the original partial differential equations (PDEs).
In this aspect, various numerical schemes were proposed and studied in the literature.
For example, Furihata and Mori [4] has proposed a stable finite difference scheme for
the Cahn-Hilliard equation. Koide and Furihata [6] has used the DVDM to design four
conservative schemes for the regularized long wave equation. Further, Matsuo and Furi-
hata [7] has extended the general studies to complex-valued PDEs such as the nonlinear
Schrödinger equation. Recently, the method has been extended in various ways, such as
Yaguchi, Matsuo and Sugihara [8] has extended the method to nonuniform grids. Matsuo
and Kuramae [9, 10] have further developed an alternating DVDM, and so on.

The FVEM, as a type of important numerical tool for solving differential equations,
has a long history. This method is also known as a box method in some early refer-
ences [11,12], or known as a generalized difference method [13,14] in China. This method
has been widely used in several engineering fields, such as fluid mechanics, heat and
mass transfer and petroleum engineering. Perhaps the most important property of FVEM
is that it can preserve the conservation laws (mass, momentum and heat flux) on each
computational element. This important property, in combination with adequate accu-
racy and ease of implementation, has attracted many researchers to do research in this
field [15–20].

Li and Vu-Quoc [21] once said that ”in some areas, the ability to preserve some invari-
ant properties of the original differential equation is a criterion to judge the success of a
numerical simulation”. Thus, the main purpose of this paper is to study the conserva-
tive schemes of the MRLW equation. For MRLW equation, researchers have done a lot of
work, for instance, Gardner et al. [22] has used the cubic B-spline finite element method
to solve the MRLW equation. Durán and López-Marcos [5] has investigated some ad-
vantages of conservative numerical methods. Khalifa et al. [23, 24] have used the finite
difference method and collocation method with cubic B-splines to solve the MRLW equa-
tion. Raslan [25] has proposed a new algorithm based on the collocation method to solve
the MRLW equation. Cai [26] has proposed a multi-symplectic explicit scheme for MRLW
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equation, and so on. In this paper, we propose three conservative finite volume element
schemes for the MRLW equation.

To our knowledge, the MRLW equation satisfies only three conservation laws given
by [28]:

M=
∫ b

a
udx, (1.3a)

K=
1

2

∫ b

a

{

u2+µ
(∂u

∂x

)2}

dx, (1.3b)

J=
∫ b

a

( κ

12
u4+

1

2
u2
)

dx, (1.3c)

which correspond to conservation of mass, momentum and energy, respectively.
This work is devoted to the design of conservative finite volume element schemes for

the MRLW equation. We first construct the energy-preserving and momentum-preserving
finite volume element schemes using the DVDM and the FVEM. At last, for comparison,
we derive the standard finite volume element scheme by using implicit midpoint rule
in time. The schemes are obtained by using the linear finite volume element method in
space and finite difference method in time so that the generated schemes are of second-
order accuracy in space and time.

The paper is organized as follows. In Section 2, notation and preliminaries asso-
ciated with FVEM are defined. In Section 3, new conservative finite volume element
schemes are proposed and analyzed rigorously. In Section 4, linear stability of the pro-
posed schemes are presented. In Section 5, numerical results are reported. Finally, some
concluding remarks are drawn in Section 6.

2 Notation and preliminaries

In this section, we define some notations employed in this paper.
Discretize the interval I=[a,b] into a grid Th with nodes

a= x0 < x1< x2< ···< xn−1< xn =b,

where h= xi−xi−1 denotes the length of the element Ii and h= b−a
N . Denote Th ={Ii : Ii =

[xi−1,xi], i=1,2,··· ,N}. Next we place a dual grid T∗
h with nodes

a= x0 < x1/2< x3/2< ···< xn−1/2< xN =b,

where xi−1/2=(xi−1+xi)/2, i=1,2,··· ,N. I∗0 =[x0,x1/2], I∗i =[xi−1/2,xi−1/2] (i=1,2,··· ,N−
1) and I∗N =[xN−1/2,xN ] denote the dual element. The trial space Uh is taken as the linear
element space with respect to Th. The basis function with respect to xi is

φi(x)=

{

1−h−1|x−xi|, xi−1≤ x≤ xi,

0, elsewhere.

https://doi.org/10.4208/aamm.2014.m888 Published online by Cambridge University Press

https://doi.org/10.4208/aamm.2014.m888


J. L. Yan, M. C. Lai, Z. L. Li and Z. Y. Zhang / Adv. Appl. Math. Mech., 9 (2017), pp. 250-271 253

The functions {φi(x) : i=1,2,··· ,N} form a basis of Uh and any uh ∈Uh has the following
expression

uh=
N

∑
i=1

uiφi(x),

where ui=uh(xi,t). Thus on the element Ii, we have

uh =ui−1(1−ξ)+uiξ, (2.1a)

u
′
h =(ui−ui−1)/h, x∈ Ii, i=1,2,··· ,N, (2.1b)

where ξ=(x−xi−1)/h.

Accordingly we choose the test function space Vh as the piecewise constant function
(step function) space. The basis functions of Vh are

ψj(x)=

{

1, xj−1/2≤ x≤ xj+1/2,

0, elsewhere,

where j=1,2,··· ,N. Any vh ∈Vh has the form

vh =
N

∑
i=1

viψi(x),

where vi = vh(xi,t). The numerical solution is denoted by U
(m)
k =u(k∆x,m∆t), where ∆x

is the space mesh size, ∆t is the time mesh size. For the MRLW equation, we adopt the
following periodic boundary conditions

∂ju

∂xj

∣

∣

∣

x=a
=

∂ju

∂xj

∣

∣

∣

x=b
, (j=0,1,2). (2.2)

And the corresponding discrete periodic boundary condition is defined as

U
(m)
k =U

(m)
kmodN, ∀k∈Z, (2.3)

which implies that U(m)∈SN , and

SN
d≡
{(

Uk∈R
)

k∈Z

∣

∣Uk=UkmodN

}

.

3 Numerical schemes

In this section, we propose the conservative finite volume element schemes, and further
analyze their conservation properties.
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3.1 Discrete variational derivative method

In order to derive the proposed schemes, we first define the ”free energy” or ”local en-
ergy” of Eq. (1.1) as

G(u,ux)=
κ

12
u4+

1

2
u2.

We call its spatial integration

J(u)=
∫ b

a
G(u,ux)dx

the ”global energy”. Thus Eq. (1.1) can be rewritten as

(1−µ∂2
x)ut=− ∂

∂x

( δG

δu

)

, (3.1)

where ∂2
x =∂2/∂x2, and δG/δu is the (first) variational derivative of G(u,ux) defined by

δG

δu
=

∂G

∂u
− ∂

∂x

( ∂G

∂ux

)

. (3.2)

Then we present a scheme of ”local energy”

Gd,k(U
(m))=

κ

12
(U

(m)
k )4+

1

2
(U

(m)
k )2,

where U
(m)
k ≃u(a+kh,m∆t), k=0,1,··· ,N, m=0,1,2,··· .

At last, we can obtain a discrete scheme of Eq. (3.2) by the following difference:

N

∑
k=0

′′
[

Gd,k(U
(m+1))−Gd,k(U

(m))
]

∆x

=
N

∑
k=0

′′
{ κ

12

[

(U
(m+1)
k )4−(U

(m)
k )4

]

+
1

2

[

(U
(m+1)
k )4−(U

(m)
k )4

]}

∆x

=
N

∑
k=0

′′
{ κ

12

[

(U
(m+1)
k )2+(U

(m)
k )2

]

(

U
(m+1)
k +U

(m)
k

)(

U
(m+1)
k −U

(m)
k

)

+
1

2

(

U
(m+1)
k +U

(m)
k

)(

U
(m+1)
k −U

(m)
k

)

}

∆x

=
N

∑
k=0

′′
{[ κ

12

(

(U
(m+1)
k )2+(U

(m)
k )2

)

+
1

2

]

(

U
(m+1)
k +U

(m)
k

)

}

(U
(m+1)
k −U

(m)
k )∆x, (3.3)

where
N

∑
k=0

′′ fk
d≡ 1

2
f0+ f1+···+ fN−1+

1

2
fN

is the trapezoidal rule.
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From Eq. (3.3), we have

δGd

δ(U(m+1),U(m))k

=
{ κ

12

[

(U
(m+1)
k )2+(U

(m)
k )2

]

+
1

2

}

(

U
(m+1)
k +U

(m)
k

)

.

On the other hand, in order to derive the momentum-preserving scheme, we propose
another scheme of δG

δu

δGd

δ(U
(m)
+ ,U

(m)
− )k

=
{ κ

12

[

(U
(m)
+ )2

k+(U
(m)
− )2

k

]

+
1

2

}

[

(U
(m)
+ )k+(U

(m)
− )k

]

,

where

(U
(m)
+ )k

d
=

1

2

(

U
(m+1)
k+1 +U

(m)
k+1

)

, (U
(m)
− )k

d
=

1

2

(

U
(m+1)
k−1 +U

(m)
k−1

)

, k∈Z, m=0,1,··· .

3.2 Concrete form of the proposed schemes

In order to derive the semi-discrete scheme of (3.1), we can approximate the unknown
solution u(x,t) of partial differential equation as follows:

u(x,t)≃U(m)(x)=
N

∑
i=1

u(m)(x)φi(x), φi(x)∈H1(Ω).

Then let us derive the semi-discrete conservative finite volume element schemes of (3.1).
First, use any function ψ∈Vh to multiply Eq. (3.1) and integrate it on [a,b], we obtain

(

(1−µ∂2
x)ut,ψ

)

=−
( ∂

∂x

(δG

δu

)

,ψ
)

,

where (·,·) denotes the inner product of L2([a,b]).
Then, we can obtain the following energy-preserving finite volume element scheme

of Eq. (1.1):

(

(1−µ∂2
x)δ

+
m U(m),ψi

)

=−
( ∂

∂x

( δGd

δ(U(m+1),U(m))

)

,ψi

)

, i=1,2,··· ,N, (3.4)

where δ+mU(m)=(U(m+1)−U(m))/∆t, and

δGd

δ(U(m+1),U(m))
=
{ κ

12

[

(U(m+1))2+(U(m))2
]

+
1

2

}

(

U(m+1)+U(m)
)

is a semi-discrete formulation of δG/δu.
Similarly, we also have the following momentum-preserving finite volume element

scheme of Eq. (1.1):

(

(1−µ∂2
x)δ

+
m U(m),ψj

)

=−
( ∂

∂x

( δGd

δ(U
(m)
+ ,U

(m)
− )

)

,ψj

)

, j=1,2,··· ,N, (3.5)
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where
δGd

δ(U
(m)
+ ,U

(m)
− )

=
{ κ

12

[

(U
(m)
+ )2+(U

(m)
− )2

]

+
1

2

}

(

U
(m)
+ +U

(m)
−

)

is another semi-discrete formulation of δG/δu.
For comparison, we also construct the following standard finite volume element scheme:

(

(1−µ∂2
x)δ

+
mUm,ψk

)

=−
( ∂

∂x

[κ

3

(U(m)+U(m+1)

2

)3
+
(U(m)+U(m+1)

2

)]

,ψk

)

, k=1,2,··· ,N. (3.6)

Remark 3.1. We can derive the fully discrete linear element difference schemes by choos-
ing the trial and the test function spaces as linear finite element and piecewise constant
function spaces respectively.

In this paper, we use the following fixed-point iteration method to solve Eq. (1.1):

Step 1 Choose tol:=1, eps:=10−14, U(0) :=U0;
Input coefficient matrix A and B;
Set k :=0, n :=1.

Step 2 While tol> eps Compute the right hand side g :=F(k) of proposed schemes.

Step 3 Compute U(k+1)∈SN given by

A U(k+1) :=BU(k)+g.

Step 4 Compute tol:=‖U(k+1)−U(0)‖, U(0) :=U(k+1).

Step 5 The stopping criterion:
If ‖U(k+1)−U(0)‖< eps
then stop (U(k+1) is the solution), k := k+1, go to Step 1.
else n :=n+1, go to Step 2.

3.3 Conservation properties of the proposed schemes

In the sequel, we study the conservation properties of the MRLW equation, which are
mentioned in the introduction, namely,

d

dt
M(u(·,t))=0, (3.7a)

d

dt
K(u(·,t))=0, (3.7b)

d

dt
J(u(·,t))=0. (3.7c)

Eq. (3.7) respectively corresponds mass, momentum and energy conservation law. Under
the periodic boundary condition (2.2), we can easily prove it [3,6], for simplicity, here we
only give the associated result.
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Proposition 3.1. Let u be the solution of Eq. (1.1), then the total mass M in (1.3a) is con-
stant, that is

d

dt

∫ b

a
udx=0.

Proposition 3.2. Let u be the solution of Eq. (1.1), then the total momentum K in (1.3b) is
constant, that is

1

2

d

dt

∫ b

a

[

u2+µ(ux)
2
]

dx=0.

Proposition 3.3. Let u be the solution of Eq. (1.1), then the total energy J in (1.3c) is
constant, that is

d

dt

∫ b

a
G(u,ux)dx=0,

where

G(u,ux)
d
=

κ

12
u4+

1

2
u2.

Now we start to study the discrete conservation laws of (3.4)-(3.6). Firstly, for the
semi-discrete scheme (3.4), we have the following discrete mass and energy conservation
properties:

Theorem 3.1 (Discrete mass conservation law). Let U(m) be the solution of Eq. (3.4), then the
discrete total mass M is constant, namely

∫ b

a
U(m)dx= const.

Proof. We will see

1

∆t

[

M(U(m+1))−M(U(m))
]

=
1

∆t

∫ b

a

(

U(m+1)−U(m)
)

dx=
∫ b

a

U(m+1)−U(m)

∆t
dx

=
∫ b

a

∂

∂x

(

µ
∂

∂x

(

δ+m U(m)
)

− δGd

δ(U(m+1),U(m))

)

dx

=
[

µ
∂

∂x

(

δ+m U(m)
)

− δGd

δ(U(m+1),U(m))

]b

x=a
=0.

Thus, the theorem is proved.

Theorem 3.2 (Discrete energy conservation law). Let U(m) be the solution of Eq. (3.4), then
the discrete total energy J is constant, namely

∫ b

a
Gd(U

(m))dx= const,
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where

Gd(U
(m))=

κ

12
(U(m))4+

1

2
(U(m))2.

Proof. It holds

1

∆t

[

J
(

U(m+1)
)

− J
(

U(m)
)

]

=
1

∆t

∫ b

a

[

Gd(U
(m+1))−Gd(U

(m))
]

dx=
∫ b

a

δGd

δ(U(m+1),U(m))
δ+m U(m)dx

=
∫ b

a

{( δGd

δ(U(m+1),U(m))
−µ

∂

∂x

(

δ+m U(m)
)

)

δ+mU(m)+µ
∂

∂x

(

δ+mU(m)
)

δ+m U(m)
}

dx

=
∫ b

a

{

−
(

µ
∂

∂x

(

δ+m U(m)
)

− δGd

δ(U(m+1),U(m))

) ∂

∂x

(

µ
∂

∂x

(

δ+mU(m)
)

− δGd

δ(U(m+1),U(m))

)

+
µ

2

∂

∂x

(

δ+m U(m)
)2
}

dx

=
1

2

[

−
(

µ
∂

∂x

(

δ+m U(m)
)

− δGd

δ(U(m+1),U(m))

)2
+µ

(

δ+m U(m)
)2
]b

x=a
=0.

So, we have completed the proof.

Secondly, for the semi-discrete scheme (3.5), we have the following discrete mass and
momentum conservation properties:

Theorem 3.3 (Discrete mass conservation law). Let U(m) be the solution of Eq. (3.5), then the
discrete total mass M is constant, namely

∫ b

a
U(m)dx= const.

Theorem 3.4 (Discrete momentum conservation law). Let U(m) be the solution of Eq. (3.5),
then the discrete total momentum K is constant, namely

1

2

∫ b

a

[

(

U(m)
)2
+µ

(

U
(m)
x

)2
]

dx= const.

Proof. We will prove

1

∆t

[

K
(

U(m+1)
)

−K
(

U(m)
)

]

=
1

2∆t

{

∫ b

a

[

(

U(m+1)
)2
+µ

(

U
(m+1)
x

)2
]

dx−
∫ b

a

[

(

U(m)
)2
+µ

(

U
(m)
x

)2
]

dx
}

=
1

2∆t

{

∫ b

a

[

(

U(m+1)
)2−

(

U(m)
)2
]

dx+µ
∫ b

a

[

(

U
(m+1)
x

)2−
(

U
(m)
x

)2
]

dx
}
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=
∫ b

a

{U(m+1)+U(m)

2

U(m+1)−U(m)

∆t
+µ

∂

∂x

(U(m+1)+U(m)

2

) ∂

∂x

(U(m+1)−U(m)

∆t

)}

dx

=
∫ b

a

(U(m+1)+U(m)

2

)

δ+mU(m)dx+µ
∫ b

a

∂

∂x

(U(m+1)+U(m)

2

) ∂

∂x

(

δ+m U(m)
)

dx

=
∫ b

a

(U(m+1)+U(m)

2

)

δ+mU(m)dx−µ
∫ b

a

(U(m+1)+U(m)

2

) ∂2

∂x2

(

δ+m U(m)
)

dx

=
∫ b

a

(U(m+1)+U(m)

2

)[

δ+m U(m)−µ
∂2

∂x2

(

δ+m U(m)
)

]

dx

=−
∫ b

a

(U(m+1)+U(m)

2

) ∂

∂x

( δGd

δ(U
(m)
+ ,U

(m)
− )

)

dx

=
∫ b

a

∂

∂x

(U(m+1)+U(m)

2

)( δGd

δ(U
(m)
+ ,U

(m)
− )

)

dx

=
∫ b

a

∂

∂x
Gd(U

(m))dx=
[

Gd(U
(m))

]b

x=a
=0. (3.8)

Thus, we have completed the proof.

Remark 3.2. In the above equations, integration by parts formula and discrete periodic
boundary condition (2.3) are used.

At last, for the semi-discrete scheme (3.6), we have the following discrete mass con-
servation property:

Theorem 3.5 (Discrete mass conservation law). Let U(m) be the solution of Eq. (3.6), then the
discrete total mass M is constant, namely

∫ b

a
U(m)dx= const.

The conservation property can also be proved like Theorem 3.1 based on the periodic
boundary condition (2.3).

4 Linear stability analysis

In this section, we consider the linear stability of the proposed schemes, here we apply
the Von Neumann stability theory to the proposed schemes.

Theorem 4.1. The energy-preserving scheme (3.4), the momentum-preserving scheme (3.5) and
the standard finite volume element scheme (3.6) are unconditionally linear stable.
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Proof. Firstly, from Eq. (3.4), we get the following energy-preserving finite volume ele-
ment scheme:

α1U
(m+1)
k−1 +α2U

(m+1)
k +α3U

(m+1)
k+1

=α3U
(m)
k−1+α2U

(m)
k +α1U

(m)
k+1

+α4

{

[

(U
(m+1)
k−1 )2+(U

(m)
k−1)

2
]

(U
(m+1)
k−1 +U

(m)
k−1)

−
[

(U
(m+1)
k+1 )2+(U

(m)
k+1)

2
]

(U
(m+1)
k+1 +U

(m)
k+1)

}

, (4.1)

where

α1=−24µ−6∆th, α2=24h2+48µ, (4.2a)

α3=6∆th−24µ, α4=κ∆th, (4.2b)

and k=0,1,··· ,N.
For the stability analysis, we consider the linear version of the proposed scheme (4.1),

which can be given as

α1U
(m+1)
k−1 +α2U

(m+1)
k +α3U

(m+1)
k+1

=α3U
(m)
k−1+α2U

(m)
k +α1U

(m)
k+1

+α4C(U
(m+1)
k−1 +U

(m)
k−1−U

(m+1)
k+1 −U

(m)
k+1), (4.3)

where
C= max

0≤k≤N

{

(U
(m+1)
k )2+(U

(m)
k )2

}

.

To apply Von Neumann method, we assume that the solution of (4.1) is

Um
j =Vmeiαjh, (4.4)

where V, α are constants, substituting (4.4) into (4.3), we have

(β1+iβ2)V
m+1=(β1−iβ2)V

m, (4.5)

where

β1=α1cos(αh)+α2+α3cos(αh), β2=α3sin(αh)−α1 sin(αh)+2α4Csin(αh). (4.6)

Thus Eq. (4.5) can be written as
Vm+1= gVm,

where

g=
β1−iβ2

β1+iβ2
,

is growth factor, and the modulus of |g| is 1, therefore the linearized scheme (3.4) is
unconditionally stable. Similarly, we can also prove the scheme (3.5) and the scheme
(3.6) are also unconditionally linear stable.
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5 Numerical experiments

In this section, we will consider the following three test problems: the propagation of
single solitary wave, the interaction of two and three solitary waves. Through these
numerical examples, we validate the efficiency of the proposed schemes.

To measure the accuracy of the proposed schemes, we first define the following error
norm and convergence rate:

L∞=max
i

|uh(xi)−u(xi)|, order= log2

(‖u2h−u‖
‖uh−u‖

)

, (5.1)

where uh and u denote the numerical solution with space step h and the exact solution,
respectively.

On the other hand, in order to validate the conservation properties, we define the
discrete conservation quantities corresponding to (1.3a)-(1.3c) as follows:

Md(U
(n))≃h

N−1

∑
k=0

′′U(n)
k , (5.2a)

Kd(U
(n))≃ h

2

N−1

∑
k=0

′′
[

(U
(n)
k )2+µ

(δ+k U
(n)
k )2+(δ−k U

(n)
k )2

2

]

, (5.2b)

Jd(U
(n))≃ h

2

N−1

∑
k=0

′′
[κ

6
(U

(n)
k )4+(U

(n)
k )2

]

, (5.2c)

where δ+k U
(m)
k =(U

(m)
k+1−U

(m)
k )/h, δ−k U

(m)
k =(U

(m)
k −U

(m)
k−1)/h.

In addition, we define the relative errors of the invariants as

REj= log10

( |Ej−E0|
|E0|

)

,

where Ej denotes the global quantities associated with the invariants on the j-th time
level.

5.1 Single solitary wave

Let κ=1, µ=1, then Eq. (1.1) becomes

ut+ux+u2ux−uxxt=0. (5.3)

Eq. (5.3) has the following solitary wave solution:

u(x,t)=
√

6csech
(

A(x−(c+1)t−x0)
)

, (5.4)
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Table 1: The L∞ error and convergence order of proposed schemes in space with T= 1, ∆t= 0.001, h= 1/4,
x0 =0, c=0.8, −20≤ x≤20.

h EFVEM order MFVEM order FVEM order
1/2 0.050874 — 0.21866 — 0.050874 —
1/4 0.012715 2.0004 0.064581 1.7595 0.012715 2.0004
1/8 0.0031756 2.0014 0.016639 1.9565 0.0031755 2.0015
1/16 0.0007973 1.9938 0.0041981 1.9868 0.00079729 1.9938

Table 2: The L∞ error and convergence order of proposed schemes in time with T=1, h=1/40, x0=0, c=0.8,
−20≤ x≤20.

∆t EFVEM order MFVEM order FVEM order
1/2 0.097781 — 0.093364 — 0.092965 —
1/4 0.027595 1.8251 0.026952 1.7925 0.026452 1.8133
1/8 0.0072277 1.9328 0.0074827 1.8488 0.0069498 1.9283

1/16 0.0019179 1.9140 0.0023914 1.6457 0.001849 1.9102

where A=
√

c
(c+1)

, x0 and c are constants. This solution corresponds to a solitary wave

of amplitude
√

6c and width A, initially located at x= x0. Here c denotes the velocity of
traveling wave, and the initial condition can be obtained by the exact solution

u(x,0)=
√

6csech
(

A(x−x0)
)

. (5.5)

To compare the numerical results of three proposed schemes, we will choose x0=0, c=0.8
in the following.

In order to measure the accuracy in space and time, we discretize the problem over the
region [−20,20] up to time T=1. Firstly, we choose a relatively small time step ∆t=0.001
such that the error from the time discretization is negligible compared with those from
the space. The results are presented in the Table 1, which clearly shows that the errors
are halved when the space step is halved. In other words, the proposed schemes are
second-order in space. Nevertheless, it is noted that the energy-preserving scheme and
the standard finite volume element scheme have higher accuracy than the momentum-
preserving scheme. The results also can be seen in the Fig. 1(a), the straight lines of three
schemes are roughly parallel to the standard line y=2x.

Similarly, in order to investigate the accuracy in time, we choose a relatively small
space step h = 1/40 such that the error from the space discretization is negligible. The
L∞ errors and convergence orders are presented in Table 2, which shows that the pro-
posed schemes are second-order in time, but the energy-preserving scheme and the stan-
dard finite volume element scheme have better stability than the momentum-preserving
scheme, which also can be seen in Fig. 1(b), the straight line of momentum-preserving
scheme curves downward. In addition, Table 3 list the results when h=∆t. The results
clearly show that the proposed schemes are second-order in space and time, which can
also be seen in Fig. 1(c).
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Table 3: The L∞ error and convergence order of proposed schemes when h=∆t and T=1, −20≤ x≤20.

h=∆t EFVEM order MFVEM order FVEM order
1/2 0.13562 — 0.26407 — 0.13164 —
1/4 0.039218 1.7900 0.085951 1.6193 0.038138 1.7873
1/8 0.010202 1.9427 0.023109 1.8951 0.0099353 1.9406
1/16 0.0025835 1.9815 0.0058952 1.9708 0.0025143 1.9824

Secondly, we perform a simulation with space step h = 1/4 and time step ∆t = 0.01
for a single solitary wave over the region [−20,20] up to time T = 1. Fig. 2(a) presents
the numerical results of the energy-preserving scheme and shows that the solitary wave
moves to the right at a constant speed and almost unchanged amplitude as time pro-
gresses, as is expected. We also calculate the relative errors of the invariants evaluated
along the numerical solution with respect to the the conserved quantities at t=0. Fig. 2(b)
presents the conservation properties of the energy-preserving scheme and shows that it
can precisely conserve the discrete mass and energy to within the machine precision. On
the other hand, Fig. 3 presents the conservation properties of the momentum-preserving
scheme and the finite volume element scheme and shows that the momentum-preserving
scheme can precisely conserve the discrete mass and momentum, and the finite volume
element scheme only can precisely conserve the discrete mass to within the machine pre-
cision. So the energy-preserving scheme and the momentum-preserving scheme have
better conservation properties than the standard finite volume element scheme.

Fig. 4 presents the numerical solution and the exact solution of the energy-preserving
scheme and the momentum-preserving scheme in the time interval [0,1]. Fig. 5 presents
the errors associated with the proposed methods and shows that the energy-preserving
scheme have higher accuracy than the momentum-preserving scheme.

Thirdly, in order to study the long-time conservation properties of the proposed
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Figure 1: The convergence order of the proposed schemes. (a): convergence order in space; (b): convergence
order in time; (c): convergence order when h=∆t.
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Figure 2: The numerical results of energy-preserving scheme with T=1, ∆t=0.01, h=1/4, c=0.8, x0=0. (a):
the numerical solution at T=1; (b): the relative errors of invariants.
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Figure 3: The relative errors of invariants for momentum-preserving scheme and finite volume element scheme
with T=1, ∆t=0.01, h=1/4, c=0.8, x0 =0. (a): momentum-preserving scheme; (b): finite volume element
scheme.

schemes, we also perform a simulation with space step h = 1/4 and time step ∆t = 0.1
for a solitary wave over the region [−20,20] up to time T=1000. Fig. 6 presents the nu-
merical results of the energy-preserving scheme in the time interval [0,1000]. The solitary
wave propagates towards the right at a constant speed and almost unchanged amplitude.
Moreover, the scheme reveals very good long-time conservation properties in preserving
the discrete mass and energy. On the other hand, Fig. 7 presents the conservation prop-
erties of the momentum-preserving scheme and the finite volume element scheme and
also reveals very good long-time conservation properties, which is in accordance with
the theoretical results.
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Figure 4: The exact solution and numerical solution of the proposed schemes at T= 1 for ∆t= 0.01, h= 1/4,
c=0.8, x0 =0. (a): energy-preserving scheme; (b): momentum-preserving scheme.
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Figure 5: Numerical errors of at T= 1 for ∆t= 0.01, h= 1/4, c= 0.8, x0 = 0. (a): energy-preserving scheme;
(b): momentum-preserving scheme.

Remark 5.1. Here, for simplicity, we only present the numerical solution of the energy-
preserving scheme. In fact, the other schemes have similar results. Combining the above
observations, we think that the energy-preserving scheme is a better choice in practical
computation.

5.2 Interaction of two solitary waves

In this example, we study the interaction of two solitary waves. The initial condition is
given by

u(x,0)=
√

6c1sech
(

A1(x−x1)
)

+
√

6c2sech
(

A2(x−x2)
)

,
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Figure 6: The numerical results of energy-preserving scheme with T=1000, ∆t=0.1, h=1/4, c=0.8, x0 =10.
(a): the numerical solution at T=1000; (b): the relative errors of invariants at T=1000.
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Figure 7: The relative errors of invariants for momentum-preserving scheme and finite volume element scheme
with T=1000, ∆t=0.1, h=1/4, c=0.8, x0=10. (a): momentum-preserving scheme; (b): finite volume element
scheme.

where Ai=
√

ci
ci+1 , i=1,2, x1=40, x2=90, c1=2, c2=0.5. The first solitary wave is initially

located at x = x1 and moved to the right with speed c1 and amplitude
√

6c1. The other
one is initially located at x= x2 and moved to the right with the speed c2 and amplitude√

6c2.

We perform a simulation with space step h=1/2 and time step ∆t=0.1 for two solitary
waves over the region [0,250] up to time T=60. Fig. 8 presents the numerical results of the
energy-preserving scheme in the time interval [0,60]. Fig. 8(a) presents the profile of two
solitary waves and shows that the collision of the two solitary waves is elastic. Figs. 8(c)-
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Figure 8: Computation for the two solitary waves initial state with T= 60, h= 0.5, ∆t= 0.1, c1 = 2, c2 = 0.5,
x1 =40, x2 =90.
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Figure 9: Computation for the three solitary waves initial state with T=70, h=0.5, ∆t=0.1, c1 =2, c2 =0.75,
c3 =0.2, x1 =30, x2 =90, x3 =120.
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8(f) present the numerical solution at different times and clearly show that the collision
occurs at about t = 30, and at about t = 34, two solitary waves start to leave away. At
about t=60, the two solitary waves fully leave away, and continue to propagate towards
the right. It is noted that there produces small waves after collision. In addition, Fig. 8(b)
presents the conservation properties of the energy-preserving scheme and shows that it
can also precisely conserve the discrete mass and energy to within the machine precision.

5.3 Interaction of three solitary waves

In this example, we study the interaction of three solitary waves. The initial condition is
given by

u(x,0)=
3

∑
i=1

√

6cisech
(

Ai(x−xi)
)

,

where Ai =
√

ci
ci+1 , i = 1,2,3, x1 = 30, x2 = 90, x3 = 120, c1 = 2, c2 = 0.75, c3 = 0.2. The

first solitary wave is initially located at x= x1 and moved to the right with speed c1 and
amplitude

√
6c1. The second one is initially located at x=x2 and moved to the right with

the speed c2 and amplitude
√

6c2. The third one is initially located at x= x3 and moved
to the right with the speed c3 and amplitude

√
6c3.

We perform a simulation with space step h = 1/2 and time step ∆t = 0.1 for three
solitary waves over the region [0,250] up to time T = 70. Fig. 9 presents the numerical
results of the energy-preserving scheme in the time interval [0,70]. Fig. 9(a) presents the
profile of three solitary waves and shows that the collision of the three solitary waves
is also elastic. Figs. 9(c)-9(f) present the numerical solution at different times and clearly
show that the collision occurs at about t=45, and the three solitary waves start leave away
at about t=50. At about t=70, the three solitary waves fully leave away and continue to
travel towards the right. It is noted that there also produces small waves after collision.
In addition, Fig. 9(b) also presents the conservation properties of the energy-preserving
scheme and shows that it can also precisely conserve the discrete mass and energy to
within the machine precision.

6 Conclusions

In this paper, we propose three conservative finite volume element schemes for the
nonlinear MRLW equation. Using the linear finite volume element method in space
and symmetric scheme in time, we derive the energy-preserving scheme, momentum-
preserving scheme and the classic finite volume element scheme. The numerical results
show that the energy-preserving scheme have higher accuracy and better stability than
the momentum-preserving scheme, and can correctly simulate the solitary wave behav-
ior of the nonlinear MRLW equation, by preserving the mass and energy in the discrete
level.
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