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Abstract. We prove that for a C 1-generic (dense Gy) subset of all the conservative vector
fields on three-dimensional compact manifolds without singularities, we have for Lebesgue
almost every (a.e.) point p € M that either the Lyapunov exponents at p are zero or X is
an Anosov vector field. Then we prove that for a C!-dense subset of all the conservative
vector fields on three-dimensional compact manifolds, we have for Lebesgue a.e. p € M
that either the Lyapunov exponents at p are zero or p belongs to a compact invariant set
with dominated splitting for the linear Poincaré flow.

1. Introduction and statement of the results

Given any C'-dynamical system, the Lyapunov exponents measure the exponential
behavior of the tangent map. A positive (or negative) Lyapunov exponent gives us the
average exponential rate of divergence (or convergence) of two neighboring trajectories
whereas zero exponents give us the absence of any kind of exponential behavior. We know
by recent results of Abdenur, Bonatti and Crovisier that for any C! diffeomorphism, with
non-zero Lyapunov exponents and with a dominated splitting with an index compatible
with the non-uniformly hyperbolic splitting, we obtain rich information about geometric
properties of the system, namely stable/unstable manifold theory. These geometric tools
are the base of most of the central results on dynamical systems nowadays. So it is
important to detect when Lyapunov exponents vanish.

A central result in this direction for discrete systems is the Bochi—-Maiié theorem, which
provides a C!-residual set of area-preserving diffeomorphisms on surfaces where we have
either Anosov systems or for Lebesgue almost every (a.e.) point zero Lyapunov exponents.
This theorem was announced at the beginning of the 1980s by Mafié (1948-1995) in [9]
but there was only available a sketch of a proof (see [10]). A complete proof, due to Bochi,
appeared in [4].

Subsequently, Bochi and Viana in [5] extended this result to a large class of discrete
systems: volume-preserving diffeomorphisms with arbitrary dimension, symplectic maps
and also linear cocycles. For a survey of the theory, see [6].
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Motivated by these results we start the approach for the continuous-time setting by
proving in [3] the dichotomy (dominated splitting versus zero Lyapunov exponents) for
two-dimensional conservative linear differential systems. Here we explore the volume-
preserving 3-flows case by following closely the strategy for the proof of the discrete case,
doing the natural adaptations and developing the required techniques for perturbations
of vector fields. Our first result is the analog to the Bochi-Mafié theorem for volume-
preserving vector fields in three-dimensional compact manifolds without singularities.

THEOREM 1. There exists a residual SR C %L (M)* such that, if X € R, then either X is
Anosov or else for Lebesgue a.e. p € M all Lyapunov exponents of X' are zero.

Finally, developing the ideas of the proof of Theorem 1, adding some new observations
we are able to prove the following for volume-preserving vector fields in three-dimensional
compact manifolds.

THEOREM 2. There exists a dense D C %}L (M) such that, if X € D, then there exist X'-
invariant sets D and O whose union has full measure, so that for p € O we have zero
Lyapunov exponents and D is a countable increasing union of compact invariant sets A,
admitting an m,,-dominated splitting for the linear Poincaré flow.

2. Preliminaries

2.1. Notation and standing assumptions. Given a volume form w, let u be the
probability measure associated to w, which we call Lebesgue measure. We consider vector
fields X : M — T M, where M is a three-dimensional compact, connected, boundaryless
C® Riemannian manifold M. Given a vector field X we have an associated flow X’ which
is the infinitesimal generator of X, i.e.,

ax'
dt

(p) =X (X*(p)).
t=s
The flow X’ has a tangent map DX ; which is the solution of the non-autonomous linear
differential equation #(t) = DXxr(p) - u(t) called the linear variational equation. We
denote by %}L(M ) the set of all C! vector fields that preserve ;. We assume that %}l (M) is
endowed with the C! topology. The subset of .’{L (M) formed by the vector fields without
singularities will be denoted by %}l (M)*.

2.2. Oseledets’ theorem for the linear Poincaré flow. Oseledets’ theorem [12] is valid
in the setting of discrete-time cocycles and it holds in particular for any dynamical cocycle
over a diffeomorphism f : M — M preserving a probability measure 1. It asserts that we
have for p-a.e. point p € M a splitting T, M = Ell7 & Ef,(p) (Oseledets splitting) and
real numbers A1 (p) > - - - > Ag(p)(p) (Lyapunov exponents) such that

. . 1 .
Dfp(E}) = Efyy and - Tim —log | Dfy v/l = 2i(p)

for any v’ GE;\{E)} andi =1, ..., k(p).
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Consider X € .’{}L (M) and the associated flow X’ : M — M. Since Oseledets’ theorem
is an asymptotic result and DX/ 3 for fixed r, is a uniformly bounded operator, we may
replace the tangent map DX f,, =DX ;(,,( ) DX’, by the least integer time-n map, DX,
and reformulate Oseledets’ theorem for flows. This theorem allows us to conclude also
that, for X € XL(M) and for p-a.e. p € M, we have

k(p)
lim log [det(DX')| =) Ai(p).dim(E}) =0 (1)
0ot p 1 . p ’

t—=+
- i=1

which is related to the sub-exponential decrease of the angles between any subspaces of
the Oseledets splitting along p-a.e. orbits.

Denote by RX (p) the subbundle {veT,M :v=nX(p), n€R}. Since we have
DX;,(X(p)) = X (X'(p)), we conclude that one of the Oseledets subspaces is RX (p),
and that its associated Lyapunov exponent is zero.

Our conservative setting on 3-manifolds (which implied the last equality in (1)), and the
previous paragraph guarantees that A1 (p) 4+ A3(p) = 0. Hence either A1 (p) = —A3(p) >0
or both are zero. The former case for p-a.e. p € M implies the existence of two directions
E Z and E ‘;, associated to the positive Lyapunov exponent A1(p) = A, (p) and the negative
one A3(p) = Ay(p), respectively. We denote by O(X) the set of Oseledets points, by
O (X) € O(X) the set of points with positive Lyapunov exponent and by O°(X) € O(X)
the set of those with all Lyapunov exponents zero. We note that Ot (X) = O(X) \ O°(X).
When there is no ambiguity we denote O(X) by O, omitting the vector field.

Let R be the set of regular points for the vector field X, i.e., X(p) #0 for all p € R.
The vector field X induces a decomposition of the tangent bundle 7 M in a way that each
fiber T, M has a splitting N, & RX (p) where N, = RX( p)+ is the normal subbundle for
p ER.

Consider the automorphism of vector bundles DX':TgM —> TgM such that
DX'(p,v) = (X"(p), DX'(p) - v) and Iy (p) the canonical projection on Ny (). The
linear map Py (p) : N, —> Nxi(p) defined by P§ (p) = x:(,) DX'(p) is called the linear
Poincaré flow at p associated to the vector field X. (This notion was first introduced by
Doering in [8] to prove the hyperbolicity of robustly transitive three-dimensional flows.)

The linear Poincaré flow is the differential of the standard Poincaré map P (p) : V), C
N, p— N Xt (p)» Where N, xs(p)» for s =0, ¢, is a surface contained in M whose tangent
space at X*(p) is Nys(p) for s =0, t and V,, is a small neighborhood of p. We can always
guarantee the existence of a continuous time-¢ arrival function t(p, ¢)(-) from V), into
Nxi(p) by using the implicit function theorem. Due to the presence of singularities V),
may be very small.

In our setting, if we have a point p € R N OF, the Oseledets splitting on T, M induces
a P)’((p)-invariant splitting on N,, say I'II,(E;',) = N,‘f for o =u,s. So we have N, =
N, ®N,.Ifpe OV, then the P} -invariant splitting will be trivial, i.e., it is just the normal
subbundle. It follows directly from the sub-exponential behavior along the orbit of p of
the angle 0; = £(X(X'(p)), E;’(,(p)) (0 =u, s) that the Lyapunov exponents of P)’( (p)
associated to the subspaces N [‘f and N [S, are respectively A, (p) >0 and A;(p) <0 (for a
proof see Lemma 2.3.1 of [2]). Therefore in order to decrease the Lyapunov exponents
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associated to the tangent flow, we can, equivalently, decrease the Lyapunov exponents
associated to the linear Poincaré flow.

In our conservative context we may restate the Oseledets’ theorem for the linear
Poincaré flow as follows.

THEOREM 2.1. (Oseledets) Let X € .’{L(M). For p-a.e. p € M there exists the upper
Lyapunov exponent M (X, p) defined by the limit

. 1 t
dim _—log | Py (p)]

that is a non-negative measurable function of p. For u-a.e. point p € O there is a
splitting of the normal bundle N, = N, & N ; which varies measurably with p and is such
that:

@ if ve N\ {0}, then

. t + )
Jim —log || P (p) - vl = 25 (X. p):
(b) if ve N\ {0}, then
lim l10g I Py (p) - vl = —2T(X, p);
t—>+oot X ’ ’
(©) if O£vgNY N then
lim l10g I Py (p) - vl =AT(X,p) and lim l10g Py (p) - vl =—2"(X, p)
t—+4oot X ’ t——0o0tft X ’ ’

Remark 2.1. By Proposition 1.1 of [8], we conclude that any X’-invariant and compact set
A is hyperbolic for the flow if and only if the linear Poincaré flow is hyperbolic on A.

2.3.  Coordinates, metrics, flowboxes and measures. According to Moser’s theorem
(see [11, Lemma 2]) given a volume form w in M there exists an atlas A = {«; : U; — R3}
such that («;)s+@ = dx A dy A dz. Moreover by compactness of M we can take A to be
finite. Fix an atlas A.

There exists » > 0 such that, for all p € M, there exists i (p) (take the smallest among
all possible choices) such that the Riemannian ball of radius r, B,(p), is contained in
Ui(p). When we deal locally, and for example to compute our estimates, instead of using
the original Riemannian norm at 7, M, we use the equivalent norm [|v]| , := || (Dot (p)) p -Vl
defined in B, (p).

Given two linear maps A(t):TyM — Txi(yM and B(t) : TyM — Txi(yM we
estimate the distance, say ||A(t) — B(¢)|, between them by using the atlas .4 and
translating the base points to 0eR3. Therefore, || A(t) — B(t)]|| is given by

Il (DOti(Xt(p)))xf(p)A(f)(DOli(p)),_,1 - (Dai(X’(q)))X’(q)B(t)(Dai(q))q_l Il )

Analogously we estimate the distance between the linear Poincaré flows based at different
points. We implicitly make use of the charts defined above to translate our objects to R3,
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which makes the presentation clearer. For example, when we consider the usual Poincaré
map P (p) : N = Nxi p)» we will consider the surface to be the normal bundle Nx: ().
In §3.2, we will consider another coordinate system which is adequate to the perturbations
involved, and in the standard way, like in (2), we estimate distance between linear maps.

Given the Poincaré map Pé( (p):Vp S Np— Nxi »)» Where V), is chosen sufficiently
small, and given B C V), the self-disjoint set

Fx(p)(B):={Px(p)(q):q € B, 1 €0, nl}

is called the time-n length flowbox at p associated to the vector field X.

Givenny, ny € N), and induced by the volume form w we can define a pair of 2-forms by
&p(n1, n2) i= wp(X (p). n1, n2) and @y(ny. n2) = wp(X(P)IX (P)I ™, n1, no). It turns
out that (P; (p)*@ p = c?),,. The measure it induced by the 2-form w is not necessarily
P;—invariant; however the two measures [t and & are equivalent. We call 7t the Lebesgue
measure at normal sections or modified area. In fact, given ni, ny € N, we have that
(P (p))*@p(n1, n2) = x(1)" '@ (n1, n2), where x(1) = |X (X" (pHIIX(p)|I!.  Since
the flow is volume-preserving we have |det P§( (p)| = x(t)~!. Therefore we can give an
explicit expression for the infinitesimal distortion area factor of the linear Poincaré flow,
which is expressed by the following simple lemma (for a proof see [2, Lemma 3.1.3]).

LEMMA 2.2. Givenv > 0and T > 0, there exists r > 0 such that for any measurable set
K € B(p,r) € Np we have |[jt(K) — x(t).ﬁ(’P%(p)(K)N <vforallt €[0, T].

2.4.  Dominated splitting for the linear Poincaré flow. Let A be an X'-invariant subset
of M. The splitting N! @ N? of the normal bundle N is an m-dominated splitting for the
linear Poincaré flow if it is Pj-invariant and there is a uniform m € N such that for any
point p € A the following inequality holds:

1P (Pl
Pz

Let us say a few words about this definition. If we take p € O™, then the existence of a
positive Lyapunov exponent only guarantees that we will see expansion for large iterates,
say for P;' ) (p), but this function m (-) varies from point to point, and possibly may not be
bounded along the orbit of p. So the information given by the Oseledets’ theorem cannot
detect uniformity. If A has a dominated splitting, then the splitting varies continuously
from point to point and we may extend it to the closure of A. Moreover, the decomposition
is unique and the angle between the two subspaces is bounded away from zero on A. Next
we define some useful X’-invariant sets:

° Ap(X) :={p € O : p has m-dominated splitting for the linear Poincaré flow};

° Cp(X) := M\ A (X);

o THO) =000\ Ap(X);

° I*(X):={pelt(X):p¢Per(X")}.

The set of points in O where (3) does not hold will be denoted by A, (X). Clearly, in

A (X), the orbits do not have an m-dominated splitting; nevertheless for some p € A, (X)
there might still exist some iterate X’(p) where (3) holds. Taking this into account we note
that T')F (X) = U, X" (A (X)).

A(p, m) =< 3)

1
7
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2.5. Ergodicity of sets with dominated splitting. Theorem 14 of [6] states the following.

THEOREM 2.3. (Bochi—Viana) Let M be a compact manifold, ju the Lebesgue measure,
fe Diffi (M) and A a compact hyperbolic set for f. Then either p(A) =0o0r A =M.

We note that in the three-dimensional conservative setting without singularities,
dominated splitting is tantamount to hyperbolicity.

LEMMA 2.4. For X € .’{L (M)*, if Ay # 0 then A, is a hyperbolic set.

Proof. Since we do not have singularities and we have constant dimensions of the
subbundles the dominated splitting extends to the closure of A,,. Of course, an
m-dominated splitting implies that there exist C>0and 0 <o < 1 such that A( p,t) <
Co! for every pe A, and t > 0. Let 6, := A(Ng‘(,(p), N;'(t(p)), which is bounded below
by B > 0 for every p € A,,. Since we do not have singularities there exists K > 1 such
that, forall p e M, K~! < || X(p)|| < K. Since the flow is conservative we have

sin(@o) = Il Px (P) vz lI-1 Py (p) w3 II. sin(@p).x (1),

SO

1P% (P I> = sin(@o) sin™"' (6)x (1) ™" A(p, 1) < K* sin™ ! (B)Co".

We proceed analogously for the unstable direction and we have A,, hyperbolic for the
linear Poincaré flow, with constants ¢ and C :=C sin(,B)_1 KZ2. Now by Remark 2.1 we
conclude that A,, is hyperbolic for the flow. ]

Now using the ideas of Theorem 2.3 jointly with Lemma 2.4 and also the C? regularity
of the vector field, we are able to prove the following proposition.

PROPOSITION 2.5. Let X € .’{i (M)* and A, be an X'-invariant set with an m-dominated
splitting for the linear Poincaré flow. Then u(Ay) =0 or X is Anosov.

Proof. See Proposition 2.5.1 in [2]. O
A conservative flow X' is called aperiodic if j1(Per(X")) = 0.

LEMMA 2.6. There exists D C %}L(M)#< such that D is C'-dense and, for X e D, X' is
aperiodic, X is of class C* (s > 2) and all its sets with dominated splitting for the linear
Poincaré flow have zero or full measure.

Proof. We take the C*-residual given by Robinson’s version of the Kupka—Smale theorem;
see [13]. This residual set of vector fields is of class C* and the associated flows have
countable periodic points. Since Xy, (M) is a Baire space (with respect to C* topology), it
follows that we have a C*-dense set D, therefore a C!-dense set, of vector fields with
countable periodic orbits on %L(M). We know that %L(M) is C'-dense on SE}L(M)
(see [14]), so D is C'-dense on X}L (M) and all vector fields in D are C°. Finally, we
use Proposition 2.5 and the lemma is proved. o
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3. Proof of Theorem 1

3.1.  Outline of the proof of Theorem 1. Given X € %}L (M), let AT (X, p) be the upper
Lyapunov exponent which exists u-a.e. p € M by Theorem 2.1. When there is no
ambiguity we denote A1 (X, p) by AT(p). Given an X'-invariant set ' € M we define
the ‘entropy function’ by LE(X, I') = fr A1 (p) di(p). The next simple lemma is proved
in [4] (see Proposition 2.1).

LEMMA 3.1. We have
1
LE(X, F)me—flOg I Px(P)Il dp(p),
n>1n Jr
S0 it is upper semicontinuous.

Denote LE (X, M) by LE(X). The next proposition will be crucial to prove Theorem 1.

PROPOSITION 3.2. Let X € %i(M)*, with X" aperiodic, and suppose that any hyperbolic
set has zero Lebesgue measure. Let €,8 >0 be given. Then there exists a C' zero
divergence vector field Y €-C'-close to X, such that LE(Y) < 6.

For now we assume Proposition 3.2 and prove Theorem 1. By Lemma 2.6, we have a
dense set such that every X is C2, aperiodic and with hyperbolic sets having full or zero
measure. The set of conservative Anosov vector fields, denoted by A, is open. For all
keNtheset Ay ={X € %}L(M)* :LE(X) < k‘l} is open, because by Lemma 3.1 LE is
upper semicontinuous. By Proposition 3.2, with § = k!, we get A; dense in A€, so the set
R = (A UAy is a Cl-residual set. But

MN=AU(|A=AU{X eX}(M)*: LE(X)=0},
k

therefore for X € R we have either that X is an Anosov vector field or
LE(X) = / 2F(p) du(p) =0.
M

This last equality implies that p-a.e. p € M has zero Lyapunov exponents and Theorem 1
is proved.

To prove Proposition 3.2 we consider a large m € N (depending on €) and we use
the fact that a.e. orbit does not have an m-dominated splitting because otherwise, by
Proposition 2.5, we must have that X is Anosov. We start with a local procedure and
we take p € F,Z(X), and also r > m. By a recurrence result (see Lemma 3.16), we
obtain g & Xt/z(p) such that A(g, m) > 1/2, say g € A, (X). In §3.4 we use the e-Cl-
perturbation Y of X, developed previously in §§3.2 and 3.3, to map the direction N, (’; into
N f{m( 0" In §3.5, we conclude that this argument allows us to prove that for most points g
near p the norm of P} (q) is smaller than 8. The formula for L E(-) in Lemma 3.1 allows us
to compute a bound for LE(Y) in a finite time 7. Finally, in §3.6, we make this procedure
global by using a Kakutani tower argument.

3.2. A conservative flowbox theorem. The following theorem, due to Dacorogna and
Moser [7], will be used to obtain a conservative local change of coordinates which trivialize
a vector field.
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-, X(q)
X, (@)=g(q)

FIGURE 1. The conservative change of coordinates straightening out all orbits.

THEOREM 3.3. (Dacorogna—Moser) Let Q be a bounded open subset of R" with C>
boundary 3 and g, f : Q — R positive functions of class C* (s > 2). Then there exists
a diffeomorphism ¢ : Q — ¢(2) C R" of class C* which satisfies the partial differential
equation

det Doy g(p(q)) = A f(q), 4)
for all g € Q2 where A = f g/ f f- We also have ¢ =1d at 9L2.

Let T : R — IR be the constant vector field defined by T(x, y, z) = (c, 0, 0) for some
¢>0and §, € be the flowboxes Fy (p)(B(p, r)) and F}.(p)(B(p, r)). We start by
giving a brief and informal idea of the proof of Lemma 3.4 below. We would like to
find a C? volume-preserving diffeomorphism U : ¢ — § such that X = W, T. Given a
map ¥ : B(p,r) = B(p,r) and w € €, let t,, be such that T~ € B(p, r). We define
\i/(w) = X" (y o T~ (w)). It is clear that if ¥ is volume-preserving, then U will be a
composition of three volume-preserving maps and we are done. However, some care is
needed in the choice of ¥ in order to be volume-preserving, and for our objective to be
achievable we will use Theorem 3.3 in an appropriate way.

LEMMA 3.4. (Conservative flowbox theorem) Given a vector field X € %‘L(M ) (for
s > 2) and a non-singular point p € M (eventually periodic with period Tt > 1), there exists
a conservative C* diffeomorphism V : § — € such that T = WV, X.

Proof. Assume that p =0 and X(p) <{(x,0,0):xeR}. Let Xi(x,y,z) be the
projection into the first coordinate of X (x, y, z). For a small » > 0, we define the functions
f:B(p,r)— Rand g: B(p,r) — Rsuch that f(y,7):=1 for (0,y,2) € B(p, r) and
gy, 2) :=X1(0, y, z) for (0, y, z) € B(p, r) (see Figure 1). Since g € C* we apply
Theorem 3.3 to Q = B(p, r) C R? so there exists a diffeomorphism ¢ : Q — ¢(2) C R2
of class C* satisfying the partial differential equation g(¢ (¥, z)) det Doy z = A, for all
(7,2 € where A= [g/ [ 1, and ¢|so =Id. Now we define the C* change of
coordinates by
U: RxQ— R3
® 5,2 — X* (0, 9(3, 7).
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First we claim that
det DU 5z =1 forall (0,5,2) €R x Q. (5)
By a straightforward computation of the derivative, we obtain

A1X1(X00, y, 2)) 0 0
det(DW(0.5.7) = | A1 X2(X°(0, y, 2)) (3¢1/07)| 5.2 (3¢1/02)|5.3)
A1X3(X0(0, y, 2)) (392/07)| 5.2 (392/02)|5.2)

Now using equation (4) of Theorem 3.3 we conclude that
det(DW(0,5.9) =27 X1((0, y, 2)) det D5 5 = g(y, D2~ det Doz = 1,

and therefore (5) is proved. Let us now check that det D‘ij(foioio) =1 for all
(X0, Y9, Z0) € €. We note that

U, 5.2) = X X T (0, o3, )] = X [ — X0, 7. D).

)

~ )L—lf N

D¥iyz=DXy " o DVa—552-
Evaluating D\il(y,y@ atx = xo we get
N A—lf A

DY, 55 =DXy 0 Do
We use (5) and the fact that the flow X' is volume-preserving to conclude that
det DW(x, 5,z) = 1. Finally, take c:= 2 and consider the constant vector field T :=
(2, 0,0). Let (x, y, 2) =V (x, y, 7). By a simple computation, we obtain

U, T(x,y,2) = D¥z55T X, 7,2)
Az A lx A lx
= (X1 (X" (0, y,2), X2(X* (0, y,2)), X3(X* (0, y,2))
=X\, y,2).

Taking W = U1 we obtain T = W, X. This completes the proof of Lemma 3.4. a

3.3.  Realizable linear flows. The next definition adapts the definition of realizable
sequence given by Bochi in [4] and will also be central in the proof of our theorem. In broad
terms we consider modified area-preserving linear maps acting in the normal bundle at p,
L'(p) : N, = Nyt (p), that do exactly what we want. Finally, we ask whether these maps
are (y-almost C) realizable as the linear Poincaré flow of Y, e-C!-close to X, computed
on small transversal neighborhoods of one point.

Definition 3.1. Given X € %}L(M), € >0, 0 <k <1 and a non-periodic point p, we say
that the modified area-preserving sequence of linear maps L; : Nyj(,y = Nyj+1(p) for
j=0,...,n—1isan (e, k)-realizable linear flow of length » at p if, for all y > 0, there
exists, r > 0 such that, for any open set ¥ = U C B(p, r) € N, there exist

(a) ameasurable set K € U such that t(K) > (1 — «)(U) and

(b) azero divergence vector field Y, e-C I_close to X, such that
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(i) Y'=X'outside F§(p)(U) and DX, = DY, forevery g € U, P4 (p)(U), and
(i) ifgeK.then |[PL(YI(9)—L;|<yforj=01,....n—1

In the previous definition we consider integer iterates, but there is no restriction if
we consider any intermediate linear maps, like L; : Ny; » = Nyt )
and Z;;(l) tj = n. The point p may also be periodic, but with period larger than n. The

with t; <tjq1

realizability is with respect to the C! topology.

Next we show how to produce some elementary realizable linear flows, the linear
Poincaré flow itself and also that juxtaposition of two realizable linear flows are realizable
linear flows.

LEMMA 3.5. Let X € %}L(M) and p € M a non-periodic point.
(1) Forallt eR, P)’( (p) (trivial map) is (€, «)-realizable of length t for every € and k.

(2) Let{Ly, ..., L,_1}be (€, k1)-realizable of lengthn at p and {L,,, . . . , Lyym—_1} be
(€, kp)-realizable of length m at X" (p). For k = k1 + k2 < 1 the sequence of linear
maps {Lo, ..., Lyntm—1} is (€, k)-realizable.

Proof. Claim (1) follows by choosing ¥ = X. Let us prove (2). Given y >0, let
r1, r» be the radius according to Definition 3.1 related to the realizable linear flows
{Lo,...,Lyp—1}and {L,, ..., Lyt+m—1} respectively. We take any non-empty open set
U C B(p, r1). If we have Py (p)(B(p, r1)) € B(X"(p), r2) fine; otherwise we choose a
smaller r < r;. Given v > 0, decrease the radius r if necessary, by using Lemma 2.2, to get
[t (K) — x(t)ﬁ(P}}(p)(K)H < v for all ¢ € [0, n] and any measurable set K C B(p, r).
By definition and choice of the radius r > 0, we have the flowbox F' ;‘(‘H” (p)(U). Again
by definition, given any U C B(p, r) we get a measurable K1 C U and a vector field
Y| satisfying (a) and (b) of Definition 3.1. Also for any non-empty open subset of
B(X"(p), r2), in particular for Py (p)(U), we get a measurable K> C Py(p)(U) =: U
and a vector field > satisfying (a) and (b) of Definition 3.1.

Now define the vector field ¥ =Y in the flowbox F% (p)(U), Y =Y> in the flowbox
FR X" (p))(ﬁ) and Y = X elsewhere. Then Y is C! because by definition (DY1)g =
DX, = (DY), for any g € Py (p)(U), so Y and U satisfy (i). To check (a) we
define K := Ky N K, where K is such that P} (p)(Kz) K2 By Lemma 2.2, we get
x(n)u(U) <m(U) +vandalso w(U \ K») < x(n)/L(U \ Kz) + v. So we get

BU\ K) = (U \ (K1 N K2))
<AWU\ K) + U\ K2)
<K AWU) + xR0 \ K2) +v
< K1 AU) + x (M2 i(U) + v
< k1 (U) + o (U) +1ov +v
=xku(U) + (1 +«2)v.

Therefore the result follows by considering a sufficiently small v. Finally, (ii) follows by
definition. O
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Remark 3.1. Using elementary Vitali’s covering arguments we obtain that we only have
to prove the realizability of the linear maps {Lo, ..., Ly,—1} for U = B(p/, r’) where
B(p',r') S B(p,r).

3.3.1. Small rotations. Next we will construct realizable linear flows of time-1 length
at p, which rotate by a small angle & the action of the linear Poincaré flow, i.e., Ly :=
P}( ( p)ﬁg where Iég is a rotation of angle £ defined by the matrix

B cos(&) —sin(§)
sin(§) cos(§)

in a canonical base of Nj,. Let R: be the 3 x 3 matrix associated to the linear map
(x, y,2) = (x, Re(y, 2)).

LEMMA 3.6. Given X € .’{i(M), a non-periodic point pe M, € >0, 0 <k <1 and a
fixed time T = 1. There exists an angle & (not depending on p and & = O (¢€)) such that,
for every y > 0, there exists r > 0 (depending on p) and a zero divergence vector field Y,
e-Cl-close to X, such that:

(a) Y — X is supported in the flowbox .7-'}1( (p)(B(p, 1)), and

(b) forall g € B(p, r/1 — k) we have ||P;(q) — P%(p)]@g” <.

Proof. We take p € M to be a non-periodic point. Let C := max{||DX;,|| :p € M} and
suppose that this constant is valid for any vector field e-C'-close to X. Using Lemma 3.4
we obtain a C2 conservative diffeomorphism ¥ : § — Cand T = (c, 0, 0). Take a uniform
bound ® > 0 for the norm of the first and second derivatives of W computed in time-1 thin
flowboxes and suppose that this constant is also valid for any vector field e-C!-close to X.
We take the angle & such that

el —4/1—x/2)
fx—m
4072

Take any y > 0. In order to obtain part (a) we note that for any o < 1 with o & 1 there

exists 7 > 0 such that X[%¢I(g) N N1y =9, for all g € B(p, r). Fix @ >0 and let

g :R — R be a C* function such that g(¢) =0fort <0, g(t) =t fort € [1 — o, 200 — 1],

and g(t) =« for t > o and ¢ < 2. Now for all ¢ = (0, y, z) € B(p, r) we decrease r in
order to have

€
}. @)

ce
0% 10
For such an r >0 let G:R — [0, 1] be a C* function such that G(p) =1 for p <
VT =72, G(p)=0for p>rand G <2[(1 — /T —«/2)r]"". Let p = /y2 + 22 and
consider the rotation flow Reg(G(p)(0, ¥, 2) acting on N, which we denote by R;(g),
and is defined by R;(0, y, z) = (0, ﬁgg(,)g(p) (v, 2)). Denote the time derivative by 7'2t.
By a simple computation, we obtain that

RiR;0, y, 2) =£&(1)G(p)(0, =2, ). ®)

We consider the flow T = (ct, 0, 0) associated to T and for ¢ = (0, y, z) € B(p, r) we
define Y(z, ¢) :=T"(R(¢)). Let H(t, q) := (t, R/(¢)) and F (¢, R;(q)) :=T"(R((q)) =

(6)

Iyl lz] < min{
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Y (¢, g) so we obtain Y (¢, g) = F o H(t, q). We take time derivatives at t = s:

d
—T"'(Ri(q))

d

dt

= DFp(s.q) - DH,

t=s

o H
(81F azF)H(s,q) (32[_1)
N

s S 1
= (T(T*(Ry)DTR () (Rs(q))

= T(T° o Rs(q)) + DT,y Rs(9)-

t=s

The vector field Z is defined in flowbox coordinates by
Z()=T()+ DT} () Rs(Ry - T)().
We use (8) and we obtain that the C!-perturbation is given by Z = T 4 P with

P(x,y,2)=£&f(x,y,2).A(x, y, 2), )

where f(x, y, z) is the scalar function g(x/c)G(y/y? + z2) and A(x, y, z) is the linear
map (0, —z, y). Itis straightforward to see that divZ = 0. We also have that the support of
the perturbation P is B(p, r) x [0, ca] C €. Now we are going to estimate the C'-norm of
P. Note that by (7) we have || P||c0 < €/©. To compute the C!-norm we take derivatives
in (9) and by the product rule we have

DP =&[Vf-Ax,y, z)+ f.Al

—s((§(0) 6 i (3) 6= ¢(5) 6= ) Ax.v.0+ 1A
[ c y2 +Z2 c y2 +Z2
We use again (7) to bound the terms g(x/c)G(p)c™ 'z and g(x/c)G(p)c~'y. Let us see
that the other terms are unaffected by the choice of r > 0 small. We take, for example,

Yy
/y2 + Z2
and polar coordinates (y, z) = (p cos(8), p sin(B)); then we have

. . pcos(B) . . 2p? 4p 4 €
E4(x/e)GE= "2 psin() <G <k e <6 s <
For the other three analogous terms we proceed in the same way and we obtain that
IDP|co <€/ ©2. Note that we are allowed to take y, z close to zero without interfering
with the size of the perturbation. This is a key property of the C' topology. For
g € B(p, r/T =) wehave Z' (W (q)) = (¢, Rea(¥(g))), 50 PL(¥(q)) = Req ~ Rg (just
choose r very small). Hence we obtain the analog of part (b) for the trivial vector field.
Now it is straightforward to see that part (b) follows by choosing r very small (depending
on the constants y, C and ®), which is possible by what we have seen above. Finally,
we estimate the C!-norm of P;. Using (7) and the choice of & in (6) we obtain that
1Y — X|lc1 = |P1]lc1 <€ and Lemma 3.6 is proved. O

§(x/0)G z
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LEMMA 3.7. Given X € %i(M), a non-periodic point pe M, € >0, 0 <k <1 and a
fixed time T = 1. There exists an angle & (not depending on p) such that, for every y > 0,
there exists r > 0 (depending on p) and a zero divergence vector field Y, e-C'-close to X,
such that:

(@) Y — X is supported in f;l(p)(B(p, r)) = {P%(p)(q) :q e B(p,r),te[—1,0]};
() forallg € Py (p)(B(p, VT —«r)) we have | Py(q) — Re Py (X~ (p)]| < v.
Proof. We proceed like in Lemma 3.6, this time for X ' finding a change of coordinates

\il(x, ¥y, 2) = X_)‘_IX(O, ¢(y, 2)). Then we consider Rg_gl(z)G(p)’ t > 0 and we find Z. We
define Z = W, Y and we get

PY(q) = [Py (Y @)1 ~ [Py (PR = Re[ Py (017! = Re Py (X (p)),
and the arguments are equal to the ones used in the proof of Lemma 3.6. O
Now we use the two previous lemmas to build some useful realizable linear flows.

LEMMA 3.8. Given X € %i(M), € >0, 0 <k <1, a non-periodic point p and a fixed

time T = 1. Then there exists an angle & (not depending on p) such that Lo = P)I( (p)Iég
and Lo = Rg P}( (p) are (€, k)-realizable linear flows of length one at p.

Proof. We prove that Ly = P)l( (p)Iég is (e, k)-realizable. Let y > 0. By Remark 3.1,
we may choose the open set U to be a ball, say B(p’, r') € B(p, r). Now we apply
Lemma 3.6 and we get a zero divergence vector field Y, e-C'-close to X such that ¥ — X
is supported inside the flowbox }")1( (p)(B(p', r")) and for every g € B(p', r'/1 — k) we
have || P)} (@) — P}( (p' )Ii’g || < y. Note that, since r > 0 can be taken very small, the arrival
time at Ny ) for points in B(p, r) is almost one.

Taking K = B(p’, r'/1 — k) C U we get

AK) _ a(l—or?
aU)

so part (a) follows. The support of the perturbation is contained in the flowbox. For
the perturbation P defined in Lemma 3.6 we have DX, = DY, for any g € B(p', r') U
77)1( (p)(B(p', r')). Therefore (i) in Definition 3.1 is true. Finally, (ii) follows from (b) of
Lemma 3.6 and the continuity of the linear Poincaré flow.

For Lo = Ié; P}( (p) we proceed analogously, now using Lemma 3.7. O

=1—-«

LEMMA 3.9. Given X € .’{i(M), €>0, 0 <k <1 and a non-periodic point p, there
exists an angle & such that, for |&| <&, i=1, 2,

PY(p)Re, P (p) Re, PL(X™ (p))
p > Nxip) = Nytr(py — > Nyrizp)

is an (€, k)-realizable linear flow of length r + 2 at p.

Proof. Take y > 0. By Lemma 3.8, for k1 <k we get & such that P)l((p)]égl and
Iégz P}( (X7 (p)) are (¢, k1)-realizable. By Lemma 3.5(1), the trivial map Py is (e, k1)-
realizable. Now if x1 =«/3, then we use Lemma 3.5(2) and we obtain the (e, «)-
realizability. O
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3.3.2. Large rotations. Now we will find conditions under which we can rotate by large
angles. In the previous section we were able to rotate by time 1, so what happens if we
increase time? We want to rotate by an angle 27 ; thus we take a time m such that Em = 2.
But & is in general very small, so m must be very large. Note that the choice of m may
affect the norm of the perturbation because |V ||, for ¥ given by Lemma 3.4, depends on
m and in general increases with m. One of the reasons for this fact is that, for v € Np,
we may have £ (X (v), X (X™(p))) very small. Furthermore the dynamics along the orbit
may also obstruct the construction of a small norm perturbation. Let us consider a situation
on which this last problem is minimized, say when we have simultaneously:
(a) no domination for each bundle, i.e., P)’( (p) is ‘almost conformal’ for all ¢ € [0, m];
(b) LN (p), Ny (p)) ~ /2, forall t € [0, m].
Even if we have properties (a) and (b), our perturbations may not have a small C'-norm,
because of the aforementioned problem of the decay into RX of the normal directions.
If this problem does not occur, then under conditions (a) and (b) we could perform large
rotations with just one single perturbation. In fact, this is what we did when we carried
out the development of perturbations for linear differential systems (see [3, Lemma 3.5]).
In general, we will concatenate several time-1 small rotations; however this concatenation
worsens k. In [4], this problem is bypassed by using a nested rotation lemma (Lemma 3.7
in [4]) and here we will adapt this procedure.

Let £(p) € N, be an ellipse centered in p. As in [4], given an ellipse we call

E-— [ major axis

"V minor axis
its eccentricity. We also consider J € SL(2, R) the map such that J(E(p)) is a disk.
For r > 0 we define the ellipse £(p, r) := J ' (B(p, r)). Given any ellipse £(p, r) and

J € SL(2, R) such that J(£(p, r)) is a disk, we denote by E; the elliptical rotation defined
by J ' Re J.

LEMMA 3.10. Given X € %i(M), a non-periodic point p e M, € >0, 0 <k < 1, a fixed
time T =1 and E > 1. There exists € > 0 (not depending on p) such that, for every y > 0,
there exists r > 0 (depending on p) with the following properties.

If E(p, r) is an ellipse with eccentricity at most E, diam(E(p, r)) <€, EAS is a rotation
of the ellipse E(p, r) and || P}( (p) — P)l( (p)Ifg | < é, then there exists a C' zero divergence
vector field Y, €-C'-close to X such that:

(@) Y — X is supported in the flowbox .7-')1( (p)(E(p, 1)), and
(b) forall g € E(p, r/1 — k) we have ||P}1(q) - P;((p)EgH < y.

Proof. The proof is the same as for Lemma 3.6, but the angle £ depends also on E. We
use Lemma 3.4 and we consider the flowbox ]—"} (p)(E(p, r)). Let J € SL(2, R) be such
that J(E(p, r)) is a disk. Now we take the flowbox .7-"} (p)(J(E(p, r))) and we define the
elliptical rotation by E¢;(1)G(p) := J_leg(t)G(p)J. Since E = || J|| = |||, € should be
smaller than that in Lemma 3.6, which is obtained by taking € ~ 0. O

The next simple lemma says that if we fix a small ellipse in a small ball B(p, r) C N,
and consider its arrival into N1,y then this set is almost the image by the linear Poincaré
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flow at p of the same ellipse modulo translations. A similar statement is proved in Lemma
3.6 of [4].

LEMMA 3.11. Let X' : M — M be a Cl—ﬂow, £ €10, 1] (near 1), E > 1. There exists
r > 0 such that, for all ellipses £(q,7) € B(p, r) C N, with eccentricity at most E we
have

PL(p)(E(q, ¢F) — @) + Px(p)(q) S Px(p)(E(g, 7))
C Py(p)(E(g, 2 —OF) —q) + Px(p)(Q).

Since P (p) is modified area-preserving, we measure the non-conformality using its
norm || P§( (p)] in the following way. Suppose that d > a are the major axis and the minor
axis (respectively) of the ellipse £(p) = P)t( (p)(B(p, 1)). Then the eccentricity of £(p)
is E = \/d/a. Since ||P(p)|| = d and by volume-preserving we have a~! =d.x(t), we
conclude that E = \/d/a = /d?x(t) = d/x(t) = | Px(p)|l~/x(t). The next lemma is a
version of Lemma 3.7 of [4] and says that bounded eccentricity is crucial to concatenate
many elliptical small rotations keeping « controlled.

LEMMA 3.12. Given XGIZ(M) €>0, O<k<1 and E>1, there exists € >0
satisfying the followzng Let p € M be a non-periodic point and suppose that for some

n €N we have |Py(p)| < Ey/x~1(j) for j=1,...,n. IfL; : Nyipy = Nxi+i(p) for

j=0,...,n—1isasequence of linear maps satlsfylng

@ Lj-1---Lo(B(p, 1)) = Py (p)(B(p, 1) for j=1,...,n, and
() [Py(X/(p)) = Ljll <éforj=0,1,....,n—1,

then {Lg, L1, ..., L,—1} is an (€, k)-realizable linear flow at p.

Proof. Let us start by fixing some constants. We choose ko < « by taking A € ]0, 1[ near
1 such that k4’1(1 — ko) >1—k. We take ¢ €10, 1[, such that ¢ € A, 1[ and 2 — ¢ €
11, A7![. Let & be given by Lemma 3.10 depending on ¢, E and k. Using part (a) and
hypothesis || PJ (Pl < EVx~L(j) (for each j) we consider E the rotation of the ellipse
j 2 5 (P)(B(p, 1)). Clearly L; = (X/ (p))E satisfy part (b) and these are the linear
maps we will be interested to (e, K)-realize. Let y > 0 be given. By Lemma 3.11 applied
n times and shrinking the radii a little bit at each step, there exists r; > 0 such that for each
j and all ellipses £(g, 7) € B(X/(p), r1) Nyj(py with eccentricity < E we have:

o Py(XI(pN(EG, 7) = q) + Py (X (p)(9) € Py (X (p)(E(q, P));

o Px(X/(P)EG, M) S Py(XI(pP)(E(G, 2 =) —q) + Py (X! (P)(@).

Take r <r;. Now we will define the vector field Y and the measurable set K as in
Definition 3.1. By Remark 3.1, we consider U = B(p', ') € B(p, r). For each j and
denoting PX (p)(p)) by p we define a sequence of ellipses & € Ny; (p) all of eccentricity

at most E by 0= B(p/, sr') for s €]0,1] and & = PL(p)(B(p', sr') — p) + .
Decreasing r if necessary, these ellipses are in the conditions of Lemma 3.11 so for each j
i 1 i ] 41 j+1
we also have SS];' SS](; o 2 Px (X (p)(ED) 2 5{; &l
For each j we apply Lemma 3.10 to p}, Ko, & and Ej, with s = A". So, there exists a
vector field Y; such that:
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(i) Y; — X is supported in the flowbox f)l((p})(é’){,,); and
(i) foreveryq; € Sinm we have ||P;(qj) — P}((p})EAjH <vy.
By (i), the Y; have disjoint supports so we define Y := Z’;;(]) Y;. Define also K :=
Egznm = B(p', »*"/T = kor'). Hence we obtain
w(K)  w(2JT—kor')?
nv) wr’?
Let us see that when we iterate we have a nested sequence, i.e., for all ¢ € K and each j we
have Y/ (q) € ngn

=AM —kp) > 1 —«.

S We have P}, (p/)(g(s)) - ?;(275) C E;A—] , so for every j we obtain

) — . .
P{,(p’)(gs) - 511*]’ C 537,,. Hence for s = A2"\/T — ko we get P,l,(p’)(K) C Sjnm,
and the orbit of g will always be inside the domain of each of these rotations. Finally, to
prove that for all ¢ € K we have || P;(Y-" (q)) — Lj|| <y we use (ii) and we go back and

decrease r once more, if necessary. O

3.4. Blending Oseledets directions along an orbit segment. Given p € I} (X), we
suppose that for ¢ > 1 and 0 < ¢ + r < m we have

Py (X! s
1P Dl I

AX'(p). 1) =
R T I

Therefore the dynamics sends vectors near N )"(,(p) into vectors near N ;,H » during that
period. The next simple lemma, whose proof may be found in [4] (see Lemma 3.9),

clarifies this behavior. Denote by nf’ € N3,

LEMMA 3.13. Given an angle &, there exists ¢ > 1 such that, if A(X'(p), r) > ¢, then
there exists v € Nxi(py \ {0} such that £(v, n}) < & and £(P3(X'(p)) - v, nj,,) <&.

two unit vectors, foro = u, s.

The next lemma gives us the conditions under which we may apply Lemma 3.12. For a
proof of the next lemma see [2, Lemma 4.0.11].

LEMMA 3.14. Let £ > 0 and d > 1 be given. There exists E > 1 such that: if, for all
t>0, L(N;,(p), N)s(,(p)) > & and
L 1Pl
TPy el T

then, for all t > 0, we have ||P§((p)|| <Ex(@)~L

Now we are able to mix the Oseledets subspaces by small perturbations along orbits
with lack of hyperbolicity.

LEMMA 3.15. Let X € %i(M), € >0and 0 <k < 1. There exists m € N such that for
every

P (s | 1

PR ()Nl T 2

there exists an (€, k)-realizable linear flow such that L™ (N['ﬁ) = N;m(p).

perA,(X)={pecOt
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Proof. First we set up the constants. Take & > 0 the minimum of the angles satisfying
simultaneously Lemmas 3.8 and 3.9 and depending on X, € and «/2. Take C :=
max{||DX*!| : p € M} and ¢ given by Lemma 3.13 depending on the angle &. It will
also be useful to take ¢ > C2. Lemma 3.14 gives us E > 1 depending on & and d = 2¢2.
Let € > 0 depending on X, €, « and E given by Lemma 3.12. Let 8 > 0 be such that, for
&0 < B, IRg, —1d|| < C~'E~2¢. Finally, we take a very large m € N satisfying m > 27 /.
We divide the proof into three parts.

Part I — A small angle between the Oseledets subspaces. We suppose that
for some r € [0, m] we have 4(N§‘(,(p), N;},(p)) <E&. (10)

We take advantage of this fact and we define a realizable linear flow of length one in
the following way. If r <m — 1 the linear map is based at X" (p) and is defined by
Ly:= P}( (X"(p))Re, and if r > m — 1 the linear map is based at X"1(p) and is defined
by Lo := Rg P)l( (X"~!(p)). Now we use Lemma 3.8 and concatenate from right and left,

if necessary, with trivial maps by using Lemma 3.5(1). We obtain L™ (N ) = N‘;(m(p).

Part Il — Locally N° dominates N*. Now we suppose that
for some 0 < r 4+t < m we have A(X'(p), r) > c. (11)

We use Lemma 3.13 and there exists a vector v € Nx(,) such that £(v, n}') <& and
L(PL(X"(p)) - v, nj,,) <&. Since & is small, we apply Lemma 3.8 at X'(p) and at
X't (p). By the choice of ¢ above, we get r > 2 and so we have disjoint perturbations.
Therefore, our first rotation allows us to send N ;‘(, »
and maps this direction into Py (X ’(p)) - v in time r, and finally another rotation sends
P}’((X’(p)) -v.R onto N}S(,Jr, ) Now we use Lemma 3.5 and concatenate the three
realizable linear flows, say rotation—trivial-rotation, by using Lemma 3.9 and we get

L™ (N#) = Ny

onto v.R, the dynamics helps us

(p)°

Part Il — Conformal behavior. Finally, we suppose that we do not have both (10) and
(11). We set up the conditions of Lemma 3.14. Since A(p, m) > % and (11) is false we
conclude that

AX"(p). 1) = AX"T(p),m —t —r) T A(p, m)A(p, 1) = 2cH) 7L
Therefore, since d = 2c2, we get

1Py (X" (P)Ing, I

X" (p)

<
TPy (X (PN, I

X"(p)

d—l

<d forallr,t:0<r+t<m.

In particular for r =0 we have that K(N)”(,(p), N;'(,(p)) > &, for all t € [0, m]. We use
Lemma 3.14 and conclude that || P} (p)|| < E+/x(¢)~! for all ¢ € [0, m].
Take &, &1, ..., &m—1 with §; < B for each j and such that Z’}:& & = 4L(Ny, N;',).
We define
Lj: ij(p) — NXf+l(p) _
vi— Py ()R [PL(P)]! - v,

https://doi.org/10.1017/50143385707000107 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000107

1462 M. Bessa

Let us see that we are in the hypotheses of Lemma 3.12. Since by definition for each j we

have L _1---Lo= P)j( (p)Rijl g We obtain part (a) of Lemma 3.12. Now we have
i=0 St

1Py (X7 (p) — Ljll < IPY(X/ (p)) — P (p)Re, [PL (017
= | PY (X7 (p)[Id — P§(p)Re, [P (1] 1]
< [IPYXT (p)II P4 (p)[1d — Re, 1[P3 ()1~ 11l
< [P XTI PLINTPE ()T I — R, |

< CE\Jx ' (j)Ey/x(j)lIld — Re,].
In last inequality we use || Py "I < E/x(t). Therefore we obtain
IPg (X7 (p)) — Lj| < CE*|ld— Rg,|| <¢é
and part (b) of Lemma 3.12 is true. By this lemma, we have the realizability; therefore
L"(Np) = L1 - -Lo(Np) = PR (D) Ryt o (N}) = PR (P).N}y = Nimp,

which proves the lemma. O

3.5. Lowering the norm — local procedure. We begin this section by adapting two
lemmas to our setting: Lemma 3.12 from [4] and Lemma 4.5 from [5]. The first lemma (for
a proof see [2, Lemma 5.0.13]) gives us information about when we have a recurrence to a
positive measure set. The second lemma is an elementary result which relates the original
norm with a new norm.

LEMMA 3.16. Let X': M — M be a measurable ji-invariant flow, A € M a positive
measure set, I' =|J,X"(A) and y > 0. There exists a measurable function T : T — R
such that, for u-a.e. p €T, allt > T (p) and every T € [0, 1], there exists some s € [0, t]
satisfying |s/t — 7| < y and X*(p) € A.

Consider p, ¢ := X'(p) € I" and the map P : N, — N, with matrix written relative to
the Oseledets basis (given by {n?,, nj,} and {ng, n;}) as

auu aus
P = (aSM aSS) N
Let || P|lmax = max{|a""], |a"*|, |a*"], |a**]}.
LEMMA 3.17. We have
(@)

1
Pl <4———— | Pllmax.
1Pl < sin Z(N% N3) Il £ |l max

(b)

1
Pllmax < ———————| P|.
1P llmax < sin Z(NE. ) 1Pl

Now we are able to decrease the norm under a small perturbation.
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LEMMA 3.18. Let X € leL (M), with X" aperiodic and such that all hyperbolic sets have
zero measure. Let €,8 >0, 0 <k < 1. There exists a measurable function T : M — R
such that, for p-a.e. p € M and every t > T (p), there exists an (€, k)-realizable linear
flow at p with length t such that | L' (p)|| < €*°.

Proof. First we take m € R large enough given by Lemma 3.15 and depending on
X, €, /2. Abbreviate I' =T} (X), A = A, (X) and note that X" aperiodic implies that
w( (X)) = u(r). We have w(O®UT) = 1, because otherwise there exists a hyperbolic
set with positive measure which contradicts our hypothesis. We suppose that p(I") > 0
because if 1(I") = 0 then for u-a.e. point p € M we have AT (p) = 0 and the proof is over
because a trivial map does the work. Remember that I" = UtX "(A). For p-a.e. p €T the
Oseledets’ theorem gives us Q(p) such that for all # > Q(p) we have:

1) (1/1)1og ||P)’((p) -n'| < AT (p) + S forall n* Nz \ {6};

@) (/) log [Py(p) - n*ll < =A% (p) + 8 forall * € N \ {0};

3)
1

o8 sin £(Nxr(p)» Nxi(p)) )
By using Lemma 3.16 with v =1/2, we get recurrence to A approximately in the
middle of the orbit segment. However, to get good estimates to the norm of the linear
map L’, points in the orbit and after this time must also satisfy (1) and (2). Let B, := {p €
I': Q(p) <n}forneN. Of course B, € B,+1 and u(I" \ By) —n— 00 0. Consider now a
family of sets defined by Cp := @ and C,, := [ J, X" (A N X~ (By)). Clearly C;, > p—o0 I',
so the measurable function 7 : I' — R will be u-a.e. defined on each C,, \ C,,—1 forn € N.
Taking ¢ > max{log ||DX;,|| : p € M} yields the Lyapunov exponents of any p € O less
than ¢. For p we have non-zero Lyapunov exponents so we have the Oseledets one-
dimensional subspaces NIL,‘ and N;,. Let y =min{l1/6, §/c}. Now we use Lemma 3.16,
replacing A by ANX""(By,) and T by |J,X'(ANX""(B,)). By this lemma, for
each n, there exists a measurable function 7, : C, — R such that for u-a.e p € Cp,
and for all t > T,,(p), there exists some s € [0, ¢] satisfying X*(p) € AN X""™(B,) and
|s/t — %| < y. Now we define a sufficiently large 7'(p) for p € Cp, \ Cp,—1:

16.

m 1 4
T(p) > max { T,(p), —, 6 , —log —— ¢. 12
()2 max To(p). 2. 60(p), 3108 iy —es (12)
Let peC, \ Cy—1 and ¢t > T(p); since t > T (p) > T,,(p), we obtain X*(p) € A. So
by Lemma 3.15 we define an (e, x/2)-realizable linear flow Ly : Nxs(p) —> Nxs+m(p),
sending N into N§ Now we concatenate from right and left with trivial maps

X5(p) Xstm(p): . .
and by Lemma 3.5 we obtain an (€, «)-realizable linear flow defined by

Ly L Ly
Np — NXA‘(p) —> NXS+m(p) — NX'([?)

with Lo = P} (p) and Ly = P)t(_m_‘Y(X”""(p)). Now we estimate ||L’(p)||, and for
that we consider the linear maps relative to a suitable unitary basis {n’j(, () n‘§(,.( p)} for
r € [0, t] which is invariant for the linear Poincaré flow, so they have the form

Cuu O buu bMS auu 0
Ly = < 0 css)’ L= (bsu bss)’ Lo=( 0 ass)'
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The key observation is that »** = 0. Consider the product matrix:

0 auubuscss
LI(P)=L2-L1-L0=< )

aSSbSLlCMM aSSbSSCSS
CLAM 3.1. For p e Cy \ Cp—1 and t = T (p) we have:

(@) logla""|, log|c*"| < %t()ﬁ‘(p) +46); and

(b)  logla®], logle™| < 1(=a*(p) + 49).

Proof. To prove that log|a""| < %t()f"(p) + 46) we first note thats > t(1/2 — y) >t/3 >
T(p)/3 = Q(p), so by Oseledets’ theorem we have that log|a“"| =1log |P§(p) ~n’;,| <
s(AT(p) +8). Since yAT(p) < yc <8 and y < 1/2 we obtain

sOF(P) +8) <t(1/24+y)AT(p) +8) <t F(p)/2+8/2+ 1T (p)y +v9)
<t (p)/2+8/2+8+8/2) < 3t (AT (p) + 49)
and the inequality follows. Now to prove that log|c**| < %t()ﬁ‘ (p) + 45) we consider
the fact that X*(p) € X~"™(B,), therefore X*™"(p) e B, and by definition of B,,
Q(X*T™(p)) < n, so we will have the approximation rate given by Oseledets’ theorem
ift —m —s >n.By(12) fort > T(p), we have —m/t > —y. Since —s/t > —% — y and
—y > —1/6 we obtain
t E T PO L B T
—m—s5= —— == )>tl=-- > — n.
t ot 2 v 6~ pr=

So t —m — s will be sufficiently large to use (1), hence

logle""| = log [Py " 7 (X* ™™ () - ysim | < (0 —m — )T (p) +8)
<t =m/t =5/ (p)+8) <ty +1/2) (T (p) +9)
= t(ya"(p) +y8+ 27 (p)/2+8/2)
<t +8/2+ 1T (p)/2+8/2) = St (p) + 49).
We note that part (b) is analogous to part (a) and the claim is proved. O

Now we return to the proof of Lemma 3.18 and estimate || L1 ||max- First note that
s+m>t(1/2—y+m/t)>t(1/2 —y)>1t/6> Q(p) =n,

so by (3) we have sin~! L(N;’(Hm(m, N;S(s+m(,,)) < eWtmd o8 Since Ly is (e, k)-
realizable we conclude that |L — P}’(” (X*(p))|l is small. Therefore, since t > T'(p) >
m/y and yc <8, we have || L] < €™ <e'V¢ < ¢!®. By Lemma 3.17(b), we get

L1 |lmax < sin™' £(NY

s 216

Now we give estimates for each of the entries of the product matrix:
a4 s 55| < e%z(x*(p)+43)+2za+%t(—,\+(p)+4a) _ eeza;

S b | < e%t(f)\+(P)+45)+2t8+%t(k*(ﬁ)+48) — (018

’

1 + 1 + +
|assbss6m| Seit(—)\ (p)+48)+2t5+ 51 (AT (p)+43) Se—lk (p)+618 56618.
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FIGURE 2. Realizing vector fields given a linear map L'.

616

This implies the inequality | L! (p)|lmax < €**°. By Lemma 3.17(a), we have

1
L <4— L' )
IL (Pl < sin Z(N5. N3) IL" (P)lImax

But
4 4 /5

1
t>T >_—log ——M _ <
=T(p) = 3 log = Ny 0 sind(Nu Ny ©

and we get ||L!(p)| < e’*®. Replacing § by 8/7 we conclude that ||L!(p)|| < e'® and the
lemma is proved. O

3.5.1. Realizing vector fields. Let X € f{i(M )*, with X’ aperiodic and also with all
hyperbolic sets with zero Lebesgue measure. Given €, § > 0 and 0 < k < 1, we suppose
that m is large enough to satisfy Lemma 3.15. By Lemma 3.18, there exists a measurable
function T : M — R such that, for u-a.e. p € M and for every t > T(p), there exists an
(¢, k)-realizable linear flow at p with length ¢ such that ||L’(p)| < ¢'®. This means that,
for all y > 0, there exists r(p, t) > 0 such that for all open sets U € B(p, r) there exist
a measurable set K € U such that Z(K) > (1 — k)(U) and a zero divergence C 1 vector
field Y, e-C'-close to X, such that ¥ = X outside the flowbox }')’((p)(U), andif g € K,
then ||PL(q) — L'|| < y. Since ||L'(p)|l <e’® we conclude that || P} (q)| < e* + y for
all g € K (where y ~0). The vector field Y realizes the abstract map L’(p), i.e.,
P} (q) ~ L' (p) for a large percentage of points ¢ € U C N, (see Figure 2).

3.6. Lowering the norm — global procedure

3.6.1. Sections of flows and special flows. Now we use the local construction of
realizable linear flows with a small norm in order to decrease the function L E(-) for a zero
divergence vector field Y that is C'-close to X. First we recall the definition of a special
flow built under a ceiling function 4. Consider a measure space ¥, amap R: ¥ — X, a
measure /i defined in ¥ and an integrable function / : & — RT, with h(x) > a > 0 for all
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x € ¥ and fE h(x) dix(x) = 1. We consider the product space M, € X x R where M}, is
the set below the graph of 4 (x). The flow

S: Y xR— Y xR
(x,r) — (R"(x), r +5 — Y /=0 h(R (x))),

where n € Z is uniquely defined by Z:'l:_ol R(RU(x)) <7 +s <Y I yh(R (x)), is called
a special flow. Informally speaking S° moves any point (x, r) € M) to (x,r +s) at
time-1 speed until it hits the graph of 4, after which the point returns to the base ¥ and
continues its journey. It follows from the Ambrose—Kakutani theorem (see [1]) that any
aperiodic flow is isomorphic to some special flow. This theorem is applicable to the flow
of Proposition 3.2. The isomorphism is given by W : M — Mj,. The measure u* = W,u
is decomposed into the product of Lebesgue measure in R and an R-invariant measure [i
in X, i.e.,

h(x)
fx,s)du* =// fx,s)dsdi(x).
My 2J0

So we have a simplified representation of our flow X*(p). Hereafter we assume that our
flow has this representation. Given a special flow over a section X the set Q = [ J, X" (2) is
called the Kakutani castle and the rower of height i, which is denoted by T, is the set below
the graph of h(B;) where B ={x € ¥ : h(x) =i}so T; = X01(B;). Next we consider a
lemma which is the flow version of Lemma 4.1 of [4]. For a proof of the next lemma see [2,
Lemma 6.1.2].

LEMMA 3.19. Let X' : M — M be a p-preserving aperiodic flow. For every positive
measure set U C M and every h € R, there exists a [i-positive measure section B C U
such that X'%"(B) is a flowbox and B is maximal (i.e., no set containing B and with
larger measure has the same properties as B).

For a p-generic point p, Lemma 3.18 gives us 7 (p), which, in general, is very large.
Hence Lemma 3.19 will be very useful to avoid the overlapping of perturbations.

Consider X in the hypotheses of Proposition 3.2. For all Y that are €-C'-close to X
we define C := max{||P)}(p)|| :p €M} We take k = 82. Using the function given by
Lemma 3.18 we define Z;, :={pe M :T(p) <h}. Of course, u(M \ Zp) >p—00 0 SO
for h sufficiently large we have

w(M\ Zy) < 8. (13)

We intend to build a special flow with a ceiling function with height not less than 4 and
section inside Zj. Since for large A the set Z; has almost full measure, by Lemma 3.19,
we get a [i-positive measure set B C Z,. If x € B, then h(x) > h, and since B C Zj,, we
have h > T (x), so we are in the hypotheses of Lemma 3.18. Let Q be the castle with
base B. We have Q D Zj, in measure theoretical sense, so by (13) we get the inequality
u( Qc) < 82. Define the subcastle Q C Q by excluding the towers of Q with height larger
than 34. Adapting Lemma 4.2 of [4] (see [2, Lemma 6.2.1] for all the details) we obtain

n(Q\ Q) <38 (14)
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3.6.2. The zero divergence vector field Y, e-C'-close to X. Now we make use of the
realizability of vector fields and the properties of special flows to construct a conservative
vector field Y inside the subcastle Q by gluing a finite number of local perturbations
supported on self-disjoint flowboxes. We note that the measures i and & are equivalent.
In the next lemma we follow Lemma 4.14 of [5].

LEMMA 3.20. Given y > 0, there exists Y, e-Cl-close to X, a castle U for Y' and a
subcastle K for Y' such that:

(a) the castle U is open;

®) wW\Q)<yandu(Q\U) <y;

© wnWU\NK)<k(d+y);

(d YH(U)=X'"(U)and Y' = X" outside the castle U,

(e) ifqisinthe base of K and h(q) is the height of the tower of K that contains q, then

1Py D (@)l < @ +y.

Proof. The castle Q is a measurable set and since u is Borel regular, there exists a compact
J C Q such that

w(@\J) <yu(Q)/2. (15)
The compact J is an X’-castle with the same structure as Q (i.e., preserving the same
dynamics of bases and towers as the castle ). Now we choose an open castle V such that
J €V with

p(VAJ) <yr(Q), (16)

and also with the same structure of Q and J. For every point p; in J N B we have
h(p1) = h. Since (J N B) C Z;, we have T (p1) < h, and therefore T (p1) <h < h(p1).
So for all #; > T(p1), and for y fixed, there exists a radius ri(pi, 1) (decrease r; if
one leaves the open castle V) such that for almost (related with x = 82) all points in
Ui = B(p1,r1) € Np,, more precisely for all points g € K1 € Uj, we have a vector
field Y supported in a small flowbox containing the orbit segment X%%11(p;) such that
| P{)] (@)|l < e® + y. Now we continue by choosing the p; and by Vitali’s arguments we
fill up J with a union U of self-disjoint open flowboxes in order to obtain

n(J\U) <ynlJ)/2. 17
The set U is an X'-castle with its section (base of the castle) the union of the U;.
So for each i we get a vector field Y; supported in a small flowbox containing the
orbit segment X [O”f](p,-), e-Cl-close to X and such that for all q € K; CU; we have
||P;"i (@)| <€’ +y. Now we define ¥ =Y; inside each flowbox and ¥ = X outside.
Since these flowboxes are pairwise disjoint, the vector field is well defined and it is
e-Cl-close to X. Note that V is also a castle for Y’, and U is also a Y'-subcastle
of the Y'-castle V (having for base the union of all the U;). We take K to be the
Y!-subcastle with a section the union of all the K;. By construction of U, we get parts
(a), (d) and (e). Now we prove part (b). By (16) and recalling that V 2 U and J C Q we
get u(U\ Q) <u(V\J) < yu(Q) <y. To prove that u(Q \ U) < y we use (15) and
(17) and we conclude that u(Q\ U) < u(Q\J)+u(J\U) < yM(Q) < y. Finally, for
part (c) we observe that part (b) implies that u(U) < u(Q) + w(U \ Q) <1+ y, we use
the inequality (U \ K) < ku(U) and we get u(U \ K) < k(1 + yp). O
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3.6.3. Computing LE(Y). We take t = h8~! (we may assume that this is an integer).
By Lemma 3.1, we obtain

1
LE(Y)S/ —log | Py (p)Il diu(p).
Mt

By what we did above for orbit segments inside the castle K and starting in the base, we
guarantee small upper Lyapunov exponent. Therefore we define the set of points whose
orbit stays for a long time in K by G:={pe M :Y*(p) € K Vs €0, t]} and denote by
G°€ its complementary set.

LEMMA 3.21. For p € G we have || P, (p)| < ' 176106 O3 for some C > 0.

Proof. Let peG. We split the orbit segment X*/l(p) by return times at
Bk (the section of the castle K), say t=b+r,+---+r+r; +a, where all
X%(p), X" T4 (p), X2tita(py, ..., X2iz Ti¥d(p) are in the base Bg. It is clear that
a, b, r; €10, 3h] except when p € Bk (a = 0) and X'(p) € Bk (b = 0). Note that

b+ rit n oy
IPL(P)I| = [ PEYZ=1 7 () < [ PE(XZimt it ()

x || Py" (XX ()] x - - x 1Py (X ()| < 1Py (Il

But these maps are based at points in Bg so we recall Lemma 3.20(e) and for C :=
max{||DX }U | : p € M} (suppose that this constant is valid for any vector field e-C'-close
to X) we get

” P;' (p) ” S C3heZ;~l:1 Vi(SCSh S e(b+z;l:1 r,-+u)8C6h E el(Scﬁ(Sl S el(1+6 log C)5 O
For points in G we use inequality (14), Lemma 3.20 and some elementary observations
(see [5, Lemma 4.16]) to prove the following lemma.
LEMMA 3.22. Let y = 8*h~! as in Lemma 3.20; then u(U UT(X) \ G) < 126.
Now using Lemma 3.22 we obtain u(G¢) < 125. Finally, we finish the proof of
Proposition 3.2 and consequently Theorem 1:

. 1 i} 1
LE(Y) = lnf/ — log || Py (p) |l de(p) S/ —log | Py (p)ll du(p)
n>1Jy n Mt

1 1
< /G 7 log || Py (p)|l di(p) + /G 7 log || Py (p) |l du(p)
< (1 +4+6logC)su(G) +1log Cu(G) = (1 + 181og C)3.

Now we substitute § by /(1 + 18 log C) along the proof and Proposition 3.2 is proved.

4.  Proof of Theorem 2

4.1. Adapting the proof of Theorem 1. We begin by noting that, since X' is aperiodic,
the measure of all singularities is zero. Moreover, when we estimate the C'-norm of
the perturbation P, defined in (9), the choice of r(p) in (7) guarantees that, even near
singularities (when ¢ & 0), the perturbation can be done. Furthermore, if in Theorem 3.3
we take Q2 with C* boundary and g, f also C*, the diffeomorphism ¢, provided by
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Dacorogna and Moser, is also C*°. So our conservative flowbox theorem guarantees a
C® conservative change of coordinates W. Note that the perturbation P, defined in (9), is
also C°°; moreover we know by [14] that %ZO (M) is C'-dense in %}L (M). The following
proposition is similar to Proposition 3.2. The main difference is where the computation of
the entropy function is done.

PROPOSITION 4.1. Let X € .’{;’f(M) and €,6>0. There exists m e N and a zero
divergence C™ vector field Y, e-C'-close to X, that equals X outside the open set T, (X)
and such that LE(Y, T, (X)) < 6.

Proof. For a fixed m € N we have p € I,/ (X) \ '} (X) if p is periodic, has positive
Lyapunov exponent and belongs to I';,, (X). We consider the following simple claim. For a
proof see [3, Lemma 3.1].

CLAIM 4.1. Given § > 0, there exists m € N such that M(Fn"; X)\TH(X)) <.

Take m € N satistying both Lemma 3.15 and Claim 4.1 and let 7 : "}, (X) — R be
similar to the function of Lemma 3.18. Let Z;, ={p e I'}; (X) : T(p) < h}. Of course
w3 (X)\ Zp) = h—o00 0 so we take h such that u(I') (X) \ Zj) < (SZM(F;;(X)). Now
we increase h, if necessary, and use Oseledets’ theorem to get for p € O°(X) the inequality

IPy(p)ll <e'® forallz > h. (18)

Of course X" : "} (X) — I'}i (X) is an aperiodic flow. We follow the construction of
§3.6.2 and finally we compute LE (Y, I} (X)). Analogously we define the set G :={p €
H(X):Y*(p) e K,Vsel0,t]}. Denote (1/1) log ||P(f)(p)|| by A’(-). Then

LE(Y, 'n(X)) = / AL(Y)du
T (X)

<

Ay i+ [ AL (Y) du

/rm CO\UUTS (X)) UUTE (X\G

+ / A;,(Y) du.
G
By (18) and since Y = X outside U, we obtain
/ AL(Y) dus/ Al (X)dp < 6.
T O\(UUTS (X)) Ty GO\ (X)

Let C := max{|| P}( ()|l : p € M}. Using Claim 4.1 and Lemma 3.22 we conclude that

/ AL(Y)dp <138 log C.
UULE (X)\G
Finally, at G, our construction allows us to obtain

/ AL(Y)du(p) <8
G

and the proposition is proved. O
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4.2.  End of the proof of Theorem 2. Let Xe %L (M) and € > 0 be given. We will prove
that there exists ¥ € %}L (M), é&-C'-close to X, satisfying the conclusions of Theorem 2.
For € = €/2, there exists X € Xff (M), e-C'-close to X. It suffices to prove Theorem 2 for
the vector field X and € > 0.

Proof of Theorem 2. Let X € %ZO(M) and € >0. We will find ¥, e-C'-close to X,
and a partition M = D U O into Y’-invariant sets such that for all p € O we have zero
Lyapunov exponents and D is a countable increasing union of compact invariant sets A,
admitting an m,,-dominated splitting for the linear Poincaré flow. We define the sequence
{Xn}n=0 € %ZO(M), my € N, and eventually €, > 0 for n > 0.

Take Xo = X, 0 > 1 (near 1) and 8, —,—0 0. Iffrm(x) AT (X)du =0forsomem e N,
then we are finished by taking ¥ =X, D = A,,(X) and O a full measure subset of
[, (X). Otherwise for some m = mq and X = X we have meO(Xo) At (Xo)du > 0. Let
€o € (0, €/2) be such that

/ AH(Z) du <6 / A (Xo) i,
Fmo (XO) Fmo (XO)

for all Z that are 2¢y-C!-close to X and Z = X outside i (Xo). Clearly, €y always
exists because LE(:, Iy, (Xo)) is upper semicontinuous and I'y,,(Xo) is invariant for
both X{ and Z’. Recursively, knowing X, 1, m,_1 and €,_1 € (0, €27"), we define
X, € .’{ZO(M), m, € N and eventually ¢, > 0.

By Proposition 4.1, there exists m, € N and a perturbation of X,,_1, X, € %ZO(M),
€,—1-Cl-close to X,,_1, with X,, = X,,_; outside Iy, (Xn—1) and such that

/ AT (X)) du < 8.
rmn(xnfl>

Suppose that m, > m,_;. Now I'y, (X,) €Ty, (X,—1) STy, (Xp—1). If we have that
me,. X)) AT(X,) du =0, then we are finished by taking ¥ = X,,, D = A,,,(Y) and O
a full measure subset of I',,(Y). Otherwise if fl“mn(xn) AT(X,)du >0 we choose
€, € (0, €,—1/2) such that B(X,,, 2¢,) € B(X,—1, €,—1) and also

/ A2y du <6 / (X i,
an (Xn) an (Xn)

for all Z that are 2¢,-C!-close to X, and Z = X,, outside L, (Xn).
We continue this procedure and if for some n € N we obtain fl“m X)) A X,)dp=0

we are over; otherwise the sequence {X,,},>¢ converges C Ttosome Y € .’{L(M ); moreover
since €, < €/2" we have Y that is e-C'-close to X.

Let D=J,Am,(Xn). Since Ay, (Xn) D A, (X,—1) and Y =X, at Ay, (X,),
Y' has an m,-dominated splitting at A, (X,).

Let ' := D¢ = ﬂnl"mn (Xn); clearly I € I'yy,, (X,,). To finish the proof of Theorem 2
we now check that [ AT(Y) du =0.

Note that Y € B(X,,, 2¢,) for all n € N. So we have

[/\+(Y) du</ AT dugef AH(Xp) du <68, == 0.
r Loy (Xn) Loy (Xn)

We conclude that we have zero Lyapunov exponents in a full measure subset O of I" and
Theorem 2 is proved. |
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Now we consider the reason why Theorem 2 is stated for a dense subset instead of
a residual subset. In [S], the authors developed a strategy to obtain a residual subset;
unfortunately, this strategy does not apply in our case. Let us see why. They start with
a C! system X which is a continuity point of the entropy function. Then they define
the ‘jump’(see [S, p. 1467]) of this semicontinuous function which is an integral over
Foo(X) :==(,,['m(X). Being a continuity point implies that the jump’ is zero. So, by
definition of jump’, u(I's(X)) =0 or AT (p) =0 for pw-a.e. point p € I'oo(X) and the
statements of Theorem 2 are verified. In order to estimate a lower bound for the ‘jump’ we
perturb the original vector field X like we did to prove Theorem 2. But our conservative
flowbox theorem may not be applied to X, unless X is of class C2, so this argument only
works for X € Xﬁ (M). However, this set equipped with C! topology is not a Baire space,
so in general residual sets are meaningless. Nonetheless, let us consider the following
hypothesis again in the three-dimensional context.

Hypothesis A. Every vector field in Xﬁ(M ) satisfies the following property: for every
X'-invariant set A, with an m-dominated splitting for the linear Poincaré flow, either
w(A,,) =0or X is Anosov.

Under this hypothesis we prove an analog to Proposition 3.2, this time over Xﬁ (M) and
consequently we obtain the global dichotomy.

THEOREM 4.2. Under Hypothesis A there exists a residual SR C %}L (M) such that if X €
R then we have that X is Anosov or for u-a.e. p € M we have zero Lyapunov exponents.

Finally, we recall that in [S] the higher dimensional version of the Bochi—-Maiié
theorem is proved. The approach, like in the two-dimensional case, relies on perturbing
the dynamical system by sending directions in E* into E°, in order to blend different
expansion rates. If dim(E") = n it is shown that these perturbations cause a decay on the
norm of the nth exterior product of the perturbed linear systems, which is sufficient to
obtain the dichotomy. The multidimensional counterpart of Theorem 2 will be obtained by
considering the perturbation framework developed in this paper, jointly with the strategy
developed in [S5], and will appear in a forthcoming work.
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