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Abstract. We prove that for a C1-generic (dense Gδ) subset of all the conservative vector
fields on three-dimensional compact manifolds without singularities, we have for Lebesgue
almost every (a.e.) point p ∈ M that either the Lyapunov exponents at p are zero or X is
an Anosov vector field. Then we prove that for a C1-dense subset of all the conservative
vector fields on three-dimensional compact manifolds, we have for Lebesgue a.e. p ∈ M
that either the Lyapunov exponents at p are zero or p belongs to a compact invariant set
with dominated splitting for the linear Poincaré flow.

1. Introduction and statement of the results
Given any C1-dynamical system, the Lyapunov exponents measure the exponential
behavior of the tangent map. A positive (or negative) Lyapunov exponent gives us the
average exponential rate of divergence (or convergence) of two neighboring trajectories
whereas zero exponents give us the absence of any kind of exponential behavior. We know
by recent results of Abdenur, Bonatti and Crovisier that for any C1 diffeomorphism, with
non-zero Lyapunov exponents and with a dominated splitting with an index compatible
with the non-uniformly hyperbolic splitting, we obtain rich information about geometric
properties of the system, namely stable/unstable manifold theory. These geometric tools
are the base of most of the central results on dynamical systems nowadays. So it is
important to detect when Lyapunov exponents vanish.

A central result in this direction for discrete systems is the Bochi–Mañé theorem, which
provides a C1-residual set of area-preserving diffeomorphisms on surfaces where we have
either Anosov systems or for Lebesgue almost every (a.e.) point zero Lyapunov exponents.
This theorem was announced at the beginning of the 1980s by Mañé (1948–1995) in [9]
but there was only available a sketch of a proof (see [10]). A complete proof, due to Bochi,
appeared in [4].

Subsequently, Bochi and Viana in [5] extended this result to a large class of discrete
systems: volume-preserving diffeomorphisms with arbitrary dimension, symplectic maps
and also linear cocycles. For a survey of the theory, see [6].
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Motivated by these results we start the approach for the continuous-time setting by
proving in [3] the dichotomy (dominated splitting versus zero Lyapunov exponents) for
two-dimensional conservative linear differential systems. Here we explore the volume-
preserving 3-flows case by following closely the strategy for the proof of the discrete case,
doing the natural adaptations and developing the required techniques for perturbations
of vector fields. Our first result is the analog to the Bochi–Mañé theorem for volume-
preserving vector fields in three-dimensional compact manifolds without singularities.

THEOREM 1. There exists a residual R ⊆ X1
µ(M)

∗ such that, if X ∈ R, then either X is
Anosov or else for Lebesgue a.e. p ∈ M all Lyapunov exponents of X t are zero.

Finally, developing the ideas of the proof of Theorem 1, adding some new observations
we are able to prove the following for volume-preserving vector fields in three-dimensional
compact manifolds.

THEOREM 2. There exists a dense D ⊆ X1
µ(M) such that, if X ∈ D, then there exist X t -

invariant sets D and O whose union has full measure, so that for p ∈ O we have zero
Lyapunov exponents and D is a countable increasing union of compact invariant sets3mn

admitting an mn-dominated splitting for the linear Poincaré flow.

2. Preliminaries
2.1. Notation and standing assumptions. Given a volume form ω, let µ be the
probability measure associated to ω, which we call Lebesgue measure. We consider vector
fields X : M → T M , where M is a three-dimensional compact, connected, boundaryless
C∞ Riemannian manifold M . Given a vector field X we have an associated flow X t which
is the infinitesimal generator of X , i.e.,

d X t

dt

∣∣∣∣
t=s

(p)= X (X s(p)).

The flow X t has a tangent map DX t
p which is the solution of the non-autonomous linear

differential equation u̇(t)= DX X t (p) · u(t) called the linear variational equation. We
denote by X1

µ(M) the set of all C1 vector fields that preserve µ. We assume that X1
µ(M) is

endowed with the C1 topology. The subset of X1
µ(M) formed by the vector fields without

singularities will be denoted by X1
µ(M)

∗.

2.2. Oseledets’ theorem for the linear Poincaré flow. Oseledets’ theorem [12] is valid
in the setting of discrete-time cocycles and it holds in particular for any dynamical cocycle
over a diffeomorphism f : M → M preserving a probability measure µ. It asserts that we
have for µ-a.e. point p ∈ M a splitting Tp M = E1

p ⊕ · · · ⊕ Ek(p)
p (Oseledets splitting) and

real numbers λ1(p) > · · ·> λk(p)(p) (Lyapunov exponents) such that

D f p(E i
p)= E i

f (p) and lim
n→±∞

1
n

log ‖D f n
p · vi

‖ = λi (p)

for any vi
∈ E i

p \ {E0} and i = 1, . . . , k(p).
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Consider X ∈ X1
µ(M) and the associated flow X t

: M → M . Since Oseledets’ theorem
is an asymptotic result and DXr

(·), for fixed r , is a uniformly bounded operator, we may
replace the tangent map DX t

p = DXr
Xn(p) · DXn

p by the least integer time-n map, DXn
p,

and reformulate Oseledets’ theorem for flows. This theorem allows us to conclude also
that, for X ∈ X1

µ(M) and for µ-a.e. p ∈ M , we have

lim
t→±∞

1
t

log |det(DX t
p)| =

k(p)∑
i=1

λi (p).dim(E i
p)= 0, (1)

which is related to the sub-exponential decrease of the angles between any subspaces of
the Oseledets splitting along µ-a.e. orbits.

Denote by RX (p) the subbundle {v ∈ Tp M : v = ηX (p), η ∈ R}. Since we have
DX t

p(X (p))= X (X t (p)), we conclude that one of the Oseledets subspaces is RX (p),
and that its associated Lyapunov exponent is zero.

Our conservative setting on 3-manifolds (which implied the last equality in (1)), and the
previous paragraph guarantees that λ1(p)+ λ3(p)= 0. Hence either λ1(p)= −λ3(p) > 0
or both are zero. The former case for µ-a.e. p ∈ M implies the existence of two directions
Eu

p and E s
p associated to the positive Lyapunov exponent λ1(p)= λu(p) and the negative

one λ3(p)= λs(p), respectively. We denote by O(X) the set of Oseledets points, by
O+(X)⊆O(X) the set of points with positive Lyapunov exponent and byO0(X)⊆O(X)
the set of those with all Lyapunov exponents zero. We note thatO+(X)=O(X) \O0(X).
When there is no ambiguity we denote O(X) by O, omitting the vector field.

Let R be the set of regular points for the vector field X , i.e., X (p) 6= 0 for all p ∈ R.
The vector field X induces a decomposition of the tangent bundle TR M in a way that each
fiber Tp M has a splitting Np ⊕ RX (p) where Np = RX (p)⊥ is the normal subbundle for
p ∈ R.

Consider the automorphism of vector bundles DX t
: TR M −→ TR M such that

DX t (p, v)= (X t (p), DX t (p) · v) and 5X t (p) the canonical projection on NX t (p). The
linear map P t

X (p) : Np −→ NX t (p) defined by P t
X (p)=5X t (p)DX t (p) is called the linear

Poincaré flow at p associated to the vector field X . (This notion was first introduced by
Doering in [8] to prove the hyperbolicity of robustly transitive three-dimensional flows.)

The linear Poincaré flow is the differential of the standard Poincaré map P t
X (p) : Vp ⊂

Np →NX t (p), where NX s (p), for s = 0, t , is a surface contained in M whose tangent
space at X s(p) is NX s (p) for s = 0, t and Vp is a small neighborhood of p. We can always
guarantee the existence of a continuous time-t arrival function τ(p, t)(·) from Vp into
NX t (p) by using the implicit function theorem. Due to the presence of singularities Vp

may be very small.
In our setting, if we have a point p ∈ R ∩O+, the Oseledets splitting on Tp M induces

a P t
X (p)-invariant splitting on Np, say 5p(Eσp )= Nσ

p for σ = u, s. So we have Np =

N u
p ⊕ N s

p. If p ∈O0, then the P t
X -invariant splitting will be trivial, i.e., it is just the normal

subbundle. It follows directly from the sub-exponential behavior along the orbit of p of
the angle θt = ](X (X t (p)), EσX t (p)) (σ = u, s) that the Lyapunov exponents of P t

X (p)
associated to the subspaces N u

p and N s
p are respectively λu(p)≥ 0 and λs(p)≤ 0 (for a

proof see Lemma 2.3.1 of [2]). Therefore in order to decrease the Lyapunov exponents
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associated to the tangent flow, we can, equivalently, decrease the Lyapunov exponents
associated to the linear Poincaré flow.

In our conservative context we may restate the Oseledets’ theorem for the linear
Poincaré flow as follows.

THEOREM 2.1. (Oseledets) Let X ∈ X1
µ(M). For µ-a.e. p ∈ M there exists the upper

Lyapunov exponent λ+(X, p) defined by the limit

lim
t→+∞

1
t

log ‖P t
X (p)‖

that is a non-negative measurable function of p. For µ-a.e. point p ∈O+ there is a
splitting of the normal bundle Np = N u

p ⊕ N s
p which varies measurably with p and is such

that:
(a) if v ∈ N u

p \ {E0}, then

lim
t→±∞

1
t

log ‖P t
X (p) · v‖ = λ+(X, p);

(b) if v ∈ N s
p \ {E0}, then

lim
t→±∞

1
t

log ‖P t
X (p) · v‖ = −λ+(X, p);

(c) if E0 6= v /∈ N u
p , N s

p, then

lim
t→+∞

1
t

log ‖P t
X (p) · v‖ = λ+(X, p) and lim

t→−∞

1
t

log ‖P t
X (p) · v‖ = −λ+(X, p).

Remark 2.1. By Proposition 1.1 of [8], we conclude that any X t -invariant and compact set
3 is hyperbolic for the flow if and only if the linear Poincaré flow is hyperbolic on 3.

2.3. Coordinates, metrics, flowboxes and measures. According to Moser’s theorem
(see [11, Lemma 2]) given a volume form ω in M there exists an atlasA= {αi : Ui → R3

}

such that (αi )∗ω = dx ∧ dy ∧ dz. Moreover by compactness of M we can take A to be
finite. Fix an atlas A.

There exists r > 0 such that, for all p ∈ M , there exists i(p) (take the smallest among
all possible choices) such that the Riemannian ball of radius r , Br (p), is contained in
Ui(p). When we deal locally, and for example to compute our estimates, instead of using
the original Riemannian norm at Tp M , we use the equivalent norm ‖v‖p := ‖(Dαi(p))p.v‖

defined in Br (p).
Given two linear maps A(t) : Tp M → TX t (p)M and B(t) : Tq M → TX t (q)M we

estimate the distance, say ‖A(t)− B(t)‖, between them by using the atlas A and
translating the base points to E0 ∈ R3. Therefore, ‖A(t)− B(t)‖ is given by

‖(Dαi(X t (p)))X t (p)A(t)(Dαi(p))
−1
p − (Dαi(X t (q)))X t (q)B(t)(Dαi(q))

−1
q ‖. (2)

Analogously we estimate the distance between the linear Poincaré flows based at different
points. We implicitly make use of the charts defined above to translate our objects to R3,
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which makes the presentation clearer. For example, when we consider the usual Poincaré
map P t

X (p) :Np →NX t (p), we will consider the surface to be the normal bundle NX t (p).
In §3.2, we will consider another coordinate system which is adequate to the perturbations
involved, and in the standard way, like in (2), we estimate distance between linear maps.

Given the Poincaré map P t
X (p) : Vp ⊆ Np → NX t (p), where Vp is chosen sufficiently

small, and given B ⊆ Vp, the self-disjoint set

Fn
X (p)(B) := {P t

X (p)(q) : q ∈ B, t ∈ [0, n]}

is called the time-n length flowbox at p associated to the vector field X .
Given n1, n2 ∈ Np and induced by the volume formωwe can define a pair of 2-forms by

ω̂p(n1, n2) := ωp(X (p), n1, n2) and ωp(n1, n2)= ωp(X (p)‖X (p)‖−1, n1, n2). It turns
out that (P t

X (p))
∗ω̂p = ω̂p. The measure µ induced by the 2-form ω is not necessarily

P t
X -invariant; however the two measures µ̂ and µ are equivalent. We call µ the Lebesgue

measure at normal sections or modified area. In fact, given n1, n2 ∈ Np we have that
(P t

X (p))
∗ωp(n1, n2)= x(t)−1ωp(n1, n2), where x(t)= ‖X (X t (p))‖‖X (p)‖−1. Since

the flow is volume-preserving we have |det P t
X (p)| = x(t)−1. Therefore we can give an

explicit expression for the infinitesimal distortion area factor of the linear Poincaré flow,
which is expressed by the following simple lemma (for a proof see [2, Lemma 3.1.3]).

LEMMA 2.2. Given ν > 0 and T > 0, there exists r > 0 such that for any measurable set
K ⊆ B(p, r)⊆ Np we have |µ(K )− x(t).µ(P t

X (p)(K ))|< ν for all t ∈ [0, T ].

2.4. Dominated splitting for the linear Poincaré flow. Let 3 be an X t -invariant subset
of M . The splitting N 1

⊕ N 2 of the normal bundle N is an m-dominated splitting for the
linear Poincaré flow if it is P t

X -invariant and there is a uniform m ∈ N such that for any
point p ∈3 the following inequality holds:

1(p, m)=

‖Pm
X (p)|N 1

p
‖

‖Pm
X (p)|N 2

p
‖

≤
1
2
. (3)

Let us say a few words about this definition. If we take p ∈O+, then the existence of a
positive Lyapunov exponent only guarantees that we will see expansion for large iterates,
say for Pm(p)

X (p), but this function m(·) varies from point to point, and possibly may not be
bounded along the orbit of p. So the information given by the Oseledets’ theorem cannot
detect uniformity. If 3 has a dominated splitting, then the splitting varies continuously
from point to point and we may extend it to the closure of3. Moreover, the decomposition
is unique and the angle between the two subspaces is bounded away from zero on 3. Next
we define some useful X t -invariant sets:
• 3m(X) := {p ∈O+

: p has m-dominated splitting for the linear Poincaré flow};
• 0m(X) := M \3m(X);
• 0+

m (X) :=O+(X) \3m(X);
• 0∗

m(X) := {p ∈ 0+
m (X) : p /∈ Per(X t )}.

The set of points in O+ where (3) does not hold will be denoted by 1m(X). Clearly, in
1m(X), the orbits do not have an m-dominated splitting; nevertheless for some p ∈1m(X)
there might still exist some iterate X t (p) where (3) holds. Taking this into account we note
that 0+

m (X)=
⋃

t X t (1m(X)).
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2.5. Ergodicity of sets with dominated splitting. Theorem 14 of [6] states the following.

THEOREM 2.3. (Bochi–Viana) Let M be a compact manifold, µ the Lebesgue measure,
f ∈ Diff2

µ(M) and 3 a compact hyperbolic set for f . Then either µ(3)= 0 or 3= M.

We note that in the three-dimensional conservative setting without singularities,
dominated splitting is tantamount to hyperbolicity.

LEMMA 2.4. For X ∈ X1
µ(M)

∗, if 3m 6= ∅ then 3m is a hyperbolic set.

Proof. Since we do not have singularities and we have constant dimensions of the
subbundles the dominated splitting extends to the closure of 3m . Of course, an
m-dominated splitting implies that there exist Ĉ > 0 and 0< σ < 1 such that 1(p, t)≤

Ĉσ t for every p ∈3m and t > 0. Let θt := ](N u
X t (p), N s

X t (p)), which is bounded below

by β > 0 for every p ∈3m . Since we do not have singularities there exists K > 1 such
that, for all p ∈ M , K −1

≤ ‖X (p)‖ ≤ K . Since the flow is conservative we have

sin(θ0)= ‖P t
X (p)|N u

p ‖.‖P t
X (p)|N s

p‖. sin(θt ).x(t),

so

‖P t
X (p)|N s

p‖
2
= sin(θ0) sin−1(θt )x(t)−1.1(p, t)≤ K 2 sin−1(β)Ĉσ t .

We proceed analogously for the unstable direction and we have 3m hyperbolic for the
linear Poincaré flow, with constants σ and C := Ĉ sin(β)−1 K 2. Now by Remark 2.1 we
conclude that 3m is hyperbolic for the flow. 2

Now using the ideas of Theorem 2.3 jointly with Lemma 2.4 and also the C2 regularity
of the vector field, we are able to prove the following proposition.

PROPOSITION 2.5. Let X ∈ X2
µ(M)

∗ and3m be an X t -invariant set with an m-dominated
splitting for the linear Poincaré flow. Then µ(3m)= 0 or X is Anosov.

Proof. See Proposition 2.5.1 in [2]. 2

A conservative flow X t is called aperiodic if µ(Per(X t ))= 0.

LEMMA 2.6. There exists D ⊆ X1
µ(M)

∗ such that D is C1-dense and, for X ∈ D, X t is
aperiodic, X is of class Cs (s ≥ 2) and all its sets with dominated splitting for the linear
Poincaré flow have zero or full measure.

Proof. We take the Cs-residual given by Robinson’s version of the Kupka–Smale theorem;
see [13]. This residual set of vector fields is of class Cs and the associated flows have
countable periodic points. Since Xs

µ(M) is a Baire space (with respect to Cs topology), it
follows that we have a Cs-dense set D, therefore a C1-dense set, of vector fields with
countable periodic orbits on Xs

µ(M). We know that Xs
µ(M) is C1-dense on X1

µ(M)
(see [14]), so D is C1-dense on X1

µ(M) and all vector fields in D are Cs . Finally, we
use Proposition 2.5 and the lemma is proved. 2

https://doi.org/10.1017/S0143385707000107 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385707000107


Lyapunov exponents of generic vector fields 1451

3. Proof of Theorem 1
3.1. Outline of the proof of Theorem 1. Given X ∈ X1

µ(M), let λ+(X, p) be the upper
Lyapunov exponent which exists µ-a.e. p ∈ M by Theorem 2.1. When there is no
ambiguity we denote λ+(X, p) by λ+(p). Given an X t -invariant set 0 ⊆ M we define
the ‘entropy function’ by L E(X, 0)=

∫
0
λ+(p) dµ(p). The next simple lemma is proved

in [4] (see Proposition 2.1).

LEMMA 3.1. We have

L E(X, 0)= inf
n≥1

1
n

∫
0

log ‖Pn
X (p)‖ dµ(p),

so it is upper semicontinuous.

Denote L E(X, M) by L E(X). The next proposition will be crucial to prove Theorem 1.

PROPOSITION 3.2. Let X ∈ X2
µ(M)

∗, with X t aperiodic, and suppose that any hyperbolic
set has zero Lebesgue measure. Let ε, δ > 0 be given. Then there exists a C1 zero
divergence vector field Y ε-C1-close to X, such that L E(Y ) < δ.

For now we assume Proposition 3.2 and prove Theorem 1. By Lemma 2.6, we have a
dense set such that every X is C2, aperiodic and with hyperbolic sets having full or zero
measure. The set of conservative Anosov vector fields, denoted by A, is open. For all
k ∈ N the set Ak = {X ∈ X1

µ(M)
∗

: L E(X) < k−1
} is open, because by Lemma 3.1 L E is

upper semicontinuous. By Proposition 3.2, with δ = k−1, we get Ak dense in Ac, so the set
R =

⋂
kA ∪ Ak is a C1-residual set. But

R = A ∪

⋂
k

Ak = A ∪ {X ∈ X1
µ(M)

∗
: L E(X)= 0},

therefore for X ∈ R we have either that X is an Anosov vector field or

L E(X)=

∫
M
λ+(p) dµ(p)= 0.

This last equality implies that µ-a.e. p ∈ M has zero Lyapunov exponents and Theorem 1
is proved.

To prove Proposition 3.2 we consider a large m ∈ N (depending on ε) and we use
the fact that a.e. orbit does not have an m-dominated splitting because otherwise, by
Proposition 2.5, we must have that X is Anosov. We start with a local procedure and
we take p ∈ 0+

m (X), and also t � m. By a recurrence result (see Lemma 3.16), we
obtain q ≈ X t/2(p) such that 1(q, m)≥ 1/2, say q ∈1m(X). In §3.4 we use the ε-C1-
perturbation Y of X , developed previously in §§3.2 and 3.3, to map the direction N u

q into
N s

Xm (q). In §3.5, we conclude that this argument allows us to prove that for most points q
near p the norm of P t

Y (q) is smaller than δ. The formula for L E(·) in Lemma 3.1 allows us
to compute a bound for L E(Y ) in a finite time t . Finally, in §3.6, we make this procedure
global by using a Kakutani tower argument.

3.2. A conservative flowbox theorem. The following theorem, due to Dacorogna and
Moser [7], will be used to obtain a conservative local change of coordinates which trivialize
a vector field.
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Ω

Ω

ϕ

q X  (q)=g(q)
X(q)

1

q

Ψ̂

FIGURE 1. The conservative change of coordinates straightening out all orbits.

THEOREM 3.3. (Dacorogna–Moser) Let � be a bounded open subset of Rn with C5

boundary ∂� and g, f :�→ R positive functions of class Cs (s ≥ 2). Then there exists
a diffeomorphism ϕ :�→ ϕ(�)⊆ Rn of class Cs which satisfies the partial differential
equation

det Dϕq g(ϕ(q))= λ f (q), (4)

for all q ∈� where λ=
∫

g/
∫

f . We also have ϕ = Id at ∂�.

Let T : R3
→ R3 be the constant vector field defined by T (x, y, z)= (c, 0, 0) for some

c > 0 and F, C be the flowboxes F1
X (p)(B(p, r)) and F1

T (p)(B(p, r)). We start by
giving a brief and informal idea of the proof of Lemma 3.4 below. We would like to
find a C2 volume-preserving diffeomorphism 9̂ : C → F such that X = 9̂∗T . Given a
map ψ : B(p, r)→ B(p, r) and w ∈ C, let tw be such that T −tw ∈ B(p, r). We define
9̂(w) := X tw (ψ ◦ T −tw (w)). It is clear that if ψ is volume-preserving, then 9̂ will be a
composition of three volume-preserving maps and we are done. However, some care is
needed in the choice of ψ in order to be volume-preserving, and for our objective to be
achievable we will use Theorem 3.3 in an appropriate way.

LEMMA 3.4. (Conservative flowbox theorem) Given a vector field X ∈ Xs
µ(M) (for

s ≥ 2) and a non-singular point p ∈ M (eventually periodic with period τ > 1), there exists
a conservative Cs diffeomorphism 9 : F → C such that T =9∗ X.

Proof. Assume that p = E0 and X (p)⊆ {(x, 0, 0) : x ∈ R}. Let X1(x, y, z) be the
projection into the first coordinate of X (x, y, z). For a small r > 0, we define the functions
f : B(p, r)→ R and g : B(p, r)→ R such that f (y, z) := 1 for (0, y, z) ∈ B(p, r) and
g(y, z) := X1(0, y, z) for (0, y, z) ∈ B(p, r) (see Figure 1). Since g ∈ Cs we apply
Theorem 3.3 to �= B(p, r)⊆ R2 so there exists a diffeomorphism ϕ :�→ ϕ(�)⊆ R2

of class Cs satisfying the partial differential equation g(ϕ(y, z)) det Dϕy,z = λ, for all
(y, z) ∈� where λ=

∫
g/
∫

1, and ϕ|∂� = Id. Now we define the Cs change of
coordinates by

9̂ : R ×� −→ R3

(x, y, z) 7−→ Xλ
−1x (0, ϕ(y, z)).
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First we claim that

det D9̂(0,y,z) = 1 for all (0, y, z) ∈ R ×�. (5)

By a straightforward computation of the derivative, we obtain

det(D9̂(0,y,z))=

∣∣∣∣∣∣
λ−1 X1(X0(0, y, z)) 0 0
λ−1 X2(X0(0, y, z)) (∂ϕ1/∂ y)|(y,z) (∂ϕ1/∂z)|(y,z)
λ−1 X3(X0(0, y, z)) (∂ϕ2/∂ y)|(y,z) (∂ϕ2/∂z)|(y,z)

∣∣∣∣∣∣ .
Now using equation (4) of Theorem 3.3 we conclude that

det(D9̂(0,y,z))= λ−1 X1((0, y, z)) det Dϕ(y,z) = g(y, z)λ−1 det Dϕ(y,z) = 1,

and therefore (5) is proved. Let us now check that det D9̂(x0,y0,z0) = 1 for all
(x0, y0, z0) ∈ C. We note that

9̂(x, y, z)= Xλ
−1x0 [Xλ

−1(x−x0)((0, ϕ(y, z)))] = Xλ
−1x0 [9̂(x − x0, y, z)],

so
D9̂(x,y,z) = DXλ

−1x0

9̂(x−x0,y,z)
D9̂(x−x0,y,z).

Evaluating D9̂(x,y,z) at x = x0 we get

D9̂(x0,y,z) = DXλ
−1x0

9̂(0,y,z)
D9̂(0,y,z).

We use (5) and the fact that the flow X t is volume-preserving to conclude that
det D9̂(x0,y0,z0) = 1. Finally, take c := λ and consider the constant vector field T :=

(λ, 0, 0). Let (x, y, z)= 9̂(x, y, z). By a simple computation, we obtain

9̂∗T (x, y, z) = D9̂(x,y,z)T (x, y, z)

= (X1(Xλ
−1x (0, y, z)), X2(Xλ

−1x (0, y, z)), X3(Xλ
−1x (0, y, z)))

= X (9̂(x, y, z)).

Taking 9 = 9̂−1 we obtain T =9∗ X . This completes the proof of Lemma 3.4. 2

3.3. Realizable linear flows. The next definition adapts the definition of realizable
sequence given by Bochi in [4] and will also be central in the proof of our theorem. In broad
terms we consider modified area-preserving linear maps acting in the normal bundle at p,
L t (p) : Np → NX t (p), that do exactly what we want. Finally, we ask whether these maps
are (γ -almost C1) realizable as the linear Poincaré flow of Y , ε-C1-close to X , computed
on small transversal neighborhoods of one point.

Definition 3.1. Given X ∈ X1
µ(M), ε > 0, 0< κ < 1 and a non-periodic point p, we say

that the modified area-preserving sequence of linear maps L j : NX j (p) → NX j+1(p) for
j = 0, . . . , n − 1 is an (ε, κ)-realizable linear flow of length n at p if, for all γ > 0, there
exists, r > 0 such that, for any open set ∅ 6= U ⊆ B(p, r)⊆ Np, there exist
(a) a measurable set K ⊆ U such that µ(K ) > (1 − κ)µ(U ) and
(b) a zero divergence vector field Y , ε-C1-close to X , such that
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(i) Y t
= X t outsideFn

X (p)(U ) and DXq = DYq for every q ∈ U, Pn
X (p)(U ), and

(ii) if q ∈ K , then ‖P1
Y (Y

j (q))− L j‖< γ for j = 0, 1, . . . , n − 1.

In the previous definition we consider integer iterates, but there is no restriction if
we consider any intermediate linear maps, like L j : NX t j (p) → NX t j+1 (p) with t j < t j+1

and
∑n−1

j=0 t j = n. The point p may also be periodic, but with period larger than n. The
realizability is with respect to the C1 topology.

Next we show how to produce some elementary realizable linear flows, the linear
Poincaré flow itself and also that juxtaposition of two realizable linear flows are realizable
linear flows.

LEMMA 3.5. Let X ∈ X1
µ(M) and p ∈ M a non-periodic point.

(1) For all t ∈ R, P t
X (p) (trivial map) is (ε, κ)-realizable of length t for every ε and κ .

(2) Let {L0, . . . , Ln−1} be (ε, κ1)-realizable of length n at p and {Ln, . . . , Ln+m−1} be
(ε, κ2)-realizable of length m at Xn(p). For κ = κ1 + κ2 < 1 the sequence of linear
maps {L0, . . . , Ln+m−1} is (ε, κ)-realizable.

Proof. Claim (1) follows by choosing Y = X . Let us prove (2). Given γ > 0, let
r1, r2 be the radius according to Definition 3.1 related to the realizable linear flows
{L0, . . . , Ln−1} and {Ln, . . . , Ln+m−1} respectively. We take any non-empty open set
U ⊆ B(p, r1). If we have Pn

X (p)(B(p, r1))⊆ B(Xn(p), r2) fine; otherwise we choose a
smaller r < r1. Given ν > 0, decrease the radius r if necessary, by using Lemma 2.2, to get
|µ(K )− x(t)µ(Pn

X (p)(K ))|< ν for all t ∈ [0, n] and any measurable set K ⊆ B(p, r).
By definition and choice of the radius r > 0, we have the flowbox Fn+m

X (p)(U ). Again
by definition, given any U ⊆ B(p, r) we get a measurable K1 ⊆ U and a vector field
Y1 satisfying (a) and (b) of Definition 3.1. Also for any non-empty open subset of
B(Xn(p), r2), in particular for Pn

X (p)(U ), we get a measurable K̂2 ⊆ Pn
X (p)(U )=: Û

and a vector field Y2 satisfying (a) and (b) of Definition 3.1.
Now define the vector field Y = Y1 in the flowbox Fn

X (p)(U ), Y = Y2 in the flowbox
Fm

X (X
n(p))(Û ) and Y = X elsewhere. Then Y is C1 because by definition (DY1)q =

DXq = (DY2)q for any q ∈ Pn
X (p)(U ), so Y and U satisfy (i). To check (a) we

define K := K1 ∩ K2 where K2 is such that Pn
X (p)(K2)= K̂2. By Lemma 2.2, we get

x(n)µ(Û ) < µ(U )+ ν and also µ(U \ K2) < x(n)µ(Û \ K̂2)+ ν. So we get

µ(U \ K ) = µ(U \ (K1 ∩ K2))

≤ µ(U \ K1)+ µ(U \ K2)

< κ1µ(U )+ x(n)µ(Û \ K̂2)+ ν

< κ1µ(U )+ x(n)κ2µ(Û )+ ν

< κ1µ(U )+ κ2µ(U )+ κ2ν + ν

= κµ(U )+ (1 + κ2)ν.

Therefore the result follows by considering a sufficiently small ν. Finally, (ii) follows by
definition. 2
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Remark 3.1. Using elementary Vitali’s covering arguments we obtain that we only have
to prove the realizability of the linear maps {L0, . . . , Ln−1} for U = B(p′, r ′) where
B(p′, r ′)⊆ B(p, r).

3.3.1. Small rotations. Next we will construct realizable linear flows of time-1 length
at p, which rotate by a small angle ξ the action of the linear Poincaré flow, i.e., L0 :=

P1
X (p)R̂ξ where R̂ξ is a rotation of angle ξ defined by the matrix

R̂ξ :=

(
cos(ξ) −sin(ξ)
sin(ξ) cos(ξ)

)
in a canonical base of Np. Let Rξ be the 3 × 3 matrix associated to the linear map
(x, y, z) 7→ (x, R̂ξ (y, z)).

LEMMA 3.6. Given X ∈ X2
µ(M), a non-periodic point p ∈ M, ε > 0, 0< κ < 1 and a

fixed time T = 1. There exists an angle ξ (not depending on p and ξ = O(ε)) such that,
for every γ > 0, there exists r > 0 (depending on p) and a zero divergence vector field Y ,
ε-C1-close to X, such that:
(a) Y − X is supported in the flowbox F1

X (p)(B(p, r)); and
(b) for all q ∈ B(p, r

√
1 − κ) we have ‖P1

Y (q)− P1
X (p)R̂ξ‖< γ.

Proof. We take p ∈ M to be a non-periodic point. Let C := max{‖DX1
p‖ : p ∈ M} and

suppose that this constant is valid for any vector field ε-C1-close to X . Using Lemma 3.4
we obtain a C2 conservative diffeomorphism9 : F → C and T = (c, 0, 0). Take a uniform
bound2> 0 for the norm of the first and second derivatives of 9 computed in time-1 thin
flowboxes and suppose that this constant is also valid for any vector field ε-C1-close to X .
We take the angle ξ such that

ξ <
ε(1 −

√
1 − κ/2)

422 . (6)

Take any γ > 0. In order to obtain part (a) we note that for any α < 1 with α ≈ 1 there
exists r > 0 such that X [0,α](q) ∩ NX1(p) = ∅, for all q ∈ B(p, r). Fix α > 0 and let
g : R → R be a C∞ function such that g(t)= 0 for t < 0, g(t)= t for t ∈ [1 − α, 2α − 1],
and g(t)= α for t ≥ α and ġ ≤ 2. Now for all q = (0, y, z) ∈ B(p, r) we decrease r in
order to have

|y|, |z|<min
{

cε
22g̈

,
ε

22

}
. (7)

For such an r > 0 let G : R → [0, 1] be a C∞ function such that G(ρ)= 1 for ρ ≤

r
√

1 − κ/2, G(ρ)= 0 for ρ ≥ r and Ġ ≤ 2[(1 −
√

1 − κ/2)r ]
−1. Let ρ =

√
y2 + z2 and

consider the rotation flow Rξg(t)G(ρ)(0, y, z) acting on Np, which we denote by Rt (q),
and is defined by Rt (0, y, z)= (0, R̂ξg(t)G(ρ)(y, z)). Denote the time derivative by Ṙt .
By a simple computation, we obtain that

ṘtR−1
t (0, y, z)= ξ ġ(t)G(ρ)(0,−z, y). (8)

We consider the flow T t
= (ct, 0, 0) associated to T and for q = (0, y, z) ∈ B(p, r) we

defineϒ(t, q) := T t (Rt (q)). Let H(t, q) := (t,Rt (q)) and F(t,Rt (q)) := T t (Rt (q))=
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ϒ(t, q) so we obtain ϒ(t, q)= F ◦ H(t, q). We take time derivatives at t = s:

d
dt
ϒ(t, q)

∣∣∣∣
t=s

=
d
dt

T t (Rt (q))
∣∣∣∣
t=s

= DFH(s,q) · DHs

=
(
∂1 F ∂2 F

)
H(s,q)

(
∂1 H
∂2 H

)
s

=
(
T (T s(Rs))DT s

Rs (q)
) ( 1

Ṙs(q)

)
= T (T s

◦Rs(q))+ DT s
Rs (q)Ṙs(q).

The vector field Z is defined in flowbox coordinates by

Z(·)= T (·)+ DT s
Rs (q) · Ṙs(R−s · T −s)(·).

We use (8) and we obtain that the C1-perturbation is given by Z = T + P with

P(x, y, z)= ξ f (x, y, z).A(x, y, z), (9)

where f (x, y, z) is the scalar function ġ(x/c)G(
√

y2 + z2) and A(x, y, z) is the linear
map (0,−z, y). It is straightforward to see that divZ = 0. We also have that the support of
the perturbation P is B(p, r)× [0, cα] ⊂ C. Now we are going to estimate the C1-norm of
P . Note that by (7) we have ‖P‖C0 ≤ ε/2. To compute the C1-norm we take derivatives
in (9) and by the product rule we have

D P = ξ [∇ f · A(x, y, z)+ f.A]

= ξ

[(
g̈
( x

c

)
Gc−1, ġ

( x
c

)
Ġ

y√
y2 + z2

, ġ
( x

c

)
Ġ

z√
y2 + z2

)
· A(x, y, z)+ f.A

]
.

We use again (7) to bound the terms g̈(x/c)G(ρ)c−1z and g̈(x/c)G(ρ)c−1 y. Let us see
that the other terms are unaffected by the choice of r > 0 small. We take, for example,

ġ(x/c)Ġ
y√

y2 + z2
z

and polar coordinates (y, z)= (ρ cos(β), ρ sin(β)); then we have

ξ ġ(x/c)Ġ
ρ cos(β)

ρ
ρ sin(β)≤ ξ Ġ

2ρ2

ρ
≤ξ

4ρ
(1 −

√
1 − κ/2)r

≤ ξ
4

(1 −
√

1 − κ/2)
<
ε

22 .

For the other three analogous terms we proceed in the same way and we obtain that
‖D P‖C0 < ε/22. Note that we are allowed to take y, z close to zero without interfering
with the size of the perturbation. This is a key property of the C1 topology. For
q ∈ B(p, r

√
1 − κ)we have Z1(9(q))= (c, Rξα(9(q))), so P1

Z (9(q))= R̂ξα ≈ R̂ξ (just
choose r very small). Hence we obtain the analog of part (b) for the trivial vector field.
Now it is straightforward to see that part (b) follows by choosing r very small (depending
on the constants γ , C and 2), which is possible by what we have seen above. Finally,
we estimate the C1-norm of P1. Using (7) and the choice of ξ in (6) we obtain that
‖Y − X‖C1 = ‖P1‖C1 ≤ ε and Lemma 3.6 is proved. 2
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LEMMA 3.7. Given X ∈ X2
µ(M), a non-periodic point p ∈ M, ε > 0, 0< κ < 1 and a

fixed time T = 1. There exists an angle ξ (not depending on p) such that, for every γ > 0,
there exists r > 0 (depending on p) and a zero divergence vector field Y , ε-C1-close to X,
such that:
(a) Y − X is supported in F−1

X (p)(B(p, r))= {P t
X (p)(q) : q ∈ B(p, r), t ∈ [−1, 0]};

(b) for all q ∈ P−1
X (p)(B(p,

√
1 − κr)) we have ‖P1

Y (q)− R̂ξ P1
X (X

−1(p))‖< γ.

Proof. We proceed like in Lemma 3.6, this time for X−t finding a change of coordinates
9̂(x, y, z)= X−λ−1x (0, ϕ(y, z)). Then we consider R−1

ξg(t)G(ρ), t > 0 and we find Z . We
define Z =9∗Y and we get

P1
Y (q) = [P−1

Y (Y 1(q))]−1
≈ [P−1

X (p)R̂−1
ξ ]

−1
= R̂ξ [P−1

X (p)]−1
= R̂ξ P1

X (X
−1(p)),

and the arguments are equal to the ones used in the proof of Lemma 3.6. 2

Now we use the two previous lemmas to build some useful realizable linear flows.

LEMMA 3.8. Given X ∈ X2
µ(M), ε > 0, 0< κ < 1, a non-periodic point p and a fixed

time T = 1. Then there exists an angle ξ (not depending on p) such that L0 = P1
X (p)R̂ξ

and L0 = R̂ξ P1
X (p) are (ε, κ)-realizable linear flows of length one at p.

Proof. We prove that L0 = P1
X (p)R̂ξ is (ε, κ)-realizable. Let γ > 0. By Remark 3.1,

we may choose the open set U to be a ball, say B(p′, r ′)⊆ B(p, r). Now we apply
Lemma 3.6 and we get a zero divergence vector field Y , ε-C1-close to X such that Y − X
is supported inside the flowbox F1

X (p
′)(B(p′, r ′)) and for every q ∈ B(p′, r ′

√
1 − κ) we

have ‖P1
Y (q)− P1

X (p
′)R̂ξ‖< γ . Note that, since r > 0 can be taken very small, the arrival

time at NX1(p) for points in B(p, r) is almost one.
Taking K = B(p′, r ′

√
1 − κ)⊆ U we get

µ(K )
µ(U )

=
π(1 − κ)r ′2

π.r ′2
= 1 − κ

so part (a) follows. The support of the perturbation is contained in the flowbox. For
the perturbation P defined in Lemma 3.6 we have DXq = DYq for any q ∈ B(p′, r ′) ∪

P1
X (p)(B(p

′, r ′)). Therefore (i) in Definition 3.1 is true. Finally, (ii) follows from (b) of
Lemma 3.6 and the continuity of the linear Poincaré flow.

For L0 = R̂ξ P1
X (p) we proceed analogously, now using Lemma 3.7. 2

LEMMA 3.9. Given X ∈ X2
µ(M), ε > 0, 0< κ < 1 and a non-periodic point p, there

exists an angle ξ such that, for |ξi |< ξ , i = 1, 2,

Np
P1

X (p)R̂ξ1
−−−−−→ NX1(p)

Pr
X (p)

−−−→ NX1+r (p)
R̂ξ2 P1

X (X
1+r (p))

−−−−−−−−−→ NXr+2(p)

is an (ε, κ)-realizable linear flow of length r + 2 at p.

Proof. Take γ > 0. By Lemma 3.8, for κ1 < κ we get ξ such that P1
X (p)R̂ξ1 and

R̂ξ2 P1
X (X

1+r (p)) are (ε, κ1)-realizable. By Lemma 3.5(1), the trivial map Pr
X is (ε, κ1)-

realizable. Now if κ1 = κ/3, then we use Lemma 3.5(2) and we obtain the (ε, κ)-
realizability. 2
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3.3.2. Large rotations. Now we will find conditions under which we can rotate by large
angles. In the previous section we were able to rotate by time 1, so what happens if we
increase time? We want to rotate by an angle 2π ; thus we take a time m such that ξm = 2π .
But ξ is in general very small, so m must be very large. Note that the choice of m may
affect the norm of the perturbation because ‖9‖, for 9 given by Lemma 3.4, depends on
m and in general increases with m. One of the reasons for this fact is that, for v ∈ Np,
we may have ](Xm(v), X (Xm(p))) very small. Furthermore the dynamics along the orbit
may also obstruct the construction of a small norm perturbation. Let us consider a situation
on which this last problem is minimized, say when we have simultaneously:
(a) no domination for each bundle, i.e., P t

X (p) is ‘almost conformal’ for all t ∈ [0, m];
(b) ](N u

X t (p), N s
X t (p))≈ π/2, for all t ∈ [0, m].

Even if we have properties (a) and (b), our perturbations may not have a small C1-norm,
because of the aforementioned problem of the decay into RX of the normal directions.
If this problem does not occur, then under conditions (a) and (b) we could perform large
rotations with just one single perturbation. In fact, this is what we did when we carried
out the development of perturbations for linear differential systems (see [3, Lemma 3.5]).
In general, we will concatenate several time-1 small rotations; however this concatenation
worsens κ . In [4], this problem is bypassed by using a nested rotation lemma (Lemma 3.7
in [4]) and here we will adapt this procedure.

Let E(p)⊆ Np be an ellipse centered in p. As in [4], given an ellipse we call

E :=

√
major axis
minor axis

its eccentricity. We also consider J ∈ SL(2, R) the map such that J (E(p)) is a disk.
For r > 0 we define the ellipse E(p, r) := J−1(B(p, r)). Given any ellipse E(p, r) and
J ∈ SL(2, R) such that J (E(p, r)) is a disk, we denote by Êξ the elliptical rotation defined
by J−1 R̂ξ J .

LEMMA 3.10. Given X ∈ X2
µ(M), a non-periodic point p ∈ M, ε > 0, 0< κ < 1, a fixed

time T = 1 and E ≥ 1. There exists ε̂ > 0 (not depending on p) such that, for every γ > 0,
there exists r > 0 (depending on p) with the following properties.

If E(p, r) is an ellipse with eccentricity at most E, diam(E(p, r)) < ε, Êξ is a rotation
of the ellipse E(p, r) and ‖P1

X (p)− P1
X (p)Êξ‖< ε̂, then there exists a C1 zero divergence

vector field Y , ε-C1-close to X such that:
(a) Y − X is supported in the flowbox F1

X (p)(E(p, r)); and
(b) for all q ∈ E(p, r

√
1 − κ) we have ‖P1

Y (q)− P1
X (p)Êξ‖< γ.

Proof. The proof is the same as for Lemma 3.6, but the angle ξ depends also on E . We
use Lemma 3.4 and we consider the flowbox F1

T (p)(E(p, r)). Let J ∈ SL(2, R) be such
that J (E(p, r)) is a disk. Now we take the flowbox F1

T (p)(J (E(p, r))) and we define the
elliptical rotation by Eξg(t)G(ρ) := J−1 Rξg(t)G(ρ) J . Since E = ‖J‖ = ‖J−1

‖, ξ should be
smaller than that in Lemma 3.6, which is obtained by taking ε̂ ≈ 0. 2

The next simple lemma says that if we fix a small ellipse in a small ball B(p, r)⊆ Np

and consider its arrival into NX1(p), then this set is almost the image by the linear Poincaré
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flow at p of the same ellipse modulo translations. A similar statement is proved in Lemma
3.6 of [4].

LEMMA 3.11. Let X t
: M −→ M be a C1-flow, ζ ∈ ]0, 1[ (near 1), E ≥ 1. There exists

r > 0 such that, for all ellipses E(q, r̃)⊆ B(p, r)⊆ Np with eccentricity at most E we
have

P1
X (p)(E(q, ζ r̃)− q)+ P1

X (p)(q) ⊆ P1
X (p)(E(q, r̃))

⊆ P1
X (p)(E(q, (2 − ζ )r̃)− q)+ P1

X (p)(q).

Since P t
X (p) is modified area-preserving, we measure the non-conformality using its

norm ‖P t
X (p)‖ in the following way. Suppose that d ≥ a are the major axis and the minor

axis (respectively) of the ellipse E(p)= P t
X (p)(B(p, 1)). Then the eccentricity of E(p)

is E =
√

d/a. Since ‖P t
X (p)‖ = d and by volume-preserving we have a−1

= d.x(t), we
conclude that E =

√
d/a =

√
d2x(t)= d

√
x(t)= ‖P t

X (p)‖
√

x(t). The next lemma is a
version of Lemma 3.7 of [4] and says that bounded eccentricity is crucial to concatenate
many elliptical small rotations keeping κ controlled.

LEMMA 3.12. Given X ∈ X2
µ(M), ε > 0, 0< κ < 1 and E ≥ 1, there exists ε̂ > 0

satisfying the following. Let p ∈ M be a non-periodic point and suppose that for some
n ∈ N we have ‖P j

X (p)‖ ≤ E
√

x−1( j) for j = 1, . . . , n. If L j : NX j (p) → NX j+1(p) for
j = 0, . . . , n − 1 is a sequence of linear maps satisfying
(a) L j−1· · ·L0(B(p, 1))= P j

X (p)(B(p, 1)) for j = 1, . . . , n, and
(b) ‖P1

X (X
j (p))− L j‖< ε̂ for j = 0, 1, . . . , n − 1,

then {L0, L1, . . . , Ln−1} is an (ε, κ)-realizable linear flow at p.

Proof. Let us start by fixing some constants. We choose κ0 < κ by taking λ ∈ ]0, 1[ near
1 such that λ4n(1 − κ0) > 1 − κ . We take ζ ∈ ]0, 1[, such that ζ ∈ ]λ, 1[ and 2 − ζ ∈

]1, λ−1
[. Let ε̂ be given by Lemma 3.10 depending on ε, E and κ0. Using part (a) and

hypothesis ‖P j
X (p)‖ ≤ E

√
x−1( j) (for each j) we consider Ê j the rotation of the ellipse

P j
X (p)(B(p, 1)). Clearly L j := P1

X (X
j (p))Ê j satisfy part (b) and these are the linear

maps we will be interested to (ε, κ)-realize. Let γ > 0 be given. By Lemma 3.11 applied
n times and shrinking the radii a little bit at each step, there exists r1 > 0 such that for each
j and all ellipses E(q, r̃)⊆ B(X j (p), r1)⊆ NX j (p) with eccentricity ≤ E we have:
• P1

X (X
j (p))(E(q, ζ r̃)− q)+ P1

X (X
j (p))(q)⊆ P1

X (X
j (p))(E(q, r̃));

• P1
X (X

j (p))(E(q, r̃))⊆ P1
X (X

j (p))(E(q, (2 − ζ )r̃)− q)+ P1
X (X

j (p))(q).
Take r < r1. Now we will define the vector field Y and the measurable set K as in
Definition 3.1. By Remark 3.1, we consider U = B(p′, r ′)⊆ B(p, r). For each j and
denoting P j

X (p)(p
′) by p′

j we define a sequence of ellipses E j
s ⊆ NX j (p) all of eccentricity

at most E by E0
s = B(p′, sr ′) for s ∈ ]0, 1] and E j

s = P j
X (p)(B(p

′, sr ′)− p′)+ p′

j .
Decreasing r if necessary, these ellipses are in the conditions of Lemma 3.11 so for each j
we also have E j+1

sλ−1 ⊃ E j+1
s(2−ζ ) ⊇ P1

X (X
j (p))(E j

s )⊇ E j+1
sζ ⊇ E j+1

sλ .

For each j we apply Lemma 3.10 to p′

j , κ0, E j
s and Ê j , with s = λn . So, there exists a

vector field Y j such that:
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(i) Y j − X is supported in the flowbox F1
X (p

′

j )(E
j
λn ); and

(ii) for every q j ∈ E j
λn√

1−κ0
we have ‖P1

Y (q j )− P1
X (p

′

j )Ê j‖< γ .

By (i), the Y j have disjoint supports so we define Y :=
∑n−1

j=0 Y j . Define also K :=

E0
λ2n√

1−κ0
= B(p′, λ2n√

1 − κ0r ′). Hence we obtain

µ(K )
µ(U )

=
π(λ2n√

1 − κ0 r ′)2

πr ′2
= λ4n(1 − κ0) > 1 − κ.

Let us see that when we iterate we have a nested sequence, i.e., for all q ∈ K and each j we
have Y j (q) ∈ E j

λn√
1−κ0

. We have P1
Y (p

′)(E0
s )⊆ E1

s(2−ζ ) ⊂ E1
sλ−1 , so for every j we obtain

P j
Y (p

′)(E0
s )⊂ E j

sλ− j ⊆ E j
sλ−n . Hence for s = λ2n√

1 − κ0 we get P1
Y (p

′)(K )⊂ E j
λn√

1−κ0
,

and the orbit of q will always be inside the domain of each of these rotations. Finally, to
prove that for all q ∈ K we have ‖P1

Y (Y
j (q))− L j‖< γ we use (ii) and we go back and

decrease r once more, if necessary. 2

3.4. Blending Oseledets directions along an orbit segment. Given p ∈ 0+
m (X), we

suppose that for c � 1 and 0 ≤ t + r ≤ m we have

1(X t (p), r)=

‖Pr
X (X

t (p))|N s
Xt (p)

‖

‖Pr
X (X

t (p))|N u
Xt (p)

‖
≥ c.

Therefore the dynamics sends vectors near N u
X t (p) into vectors near N s

X t+r (p) during that
period. The next simple lemma, whose proof may be found in [4] (see Lemma 3.9),
clarifies this behavior. Denote by nσt ∈ Nσ

X t (p) two unit vectors, for σ = u, s.

LEMMA 3.13. Given an angle ξ , there exists c > 1 such that, if 1(X t (p), r) > c, then
there exists v ∈ NX t (p) \ {E0} such that ](v, nu

t ) < ξ and ](Pr
X (X

t (p)) · v, ns
t+r ) < ξ .

The next lemma gives us the conditions under which we may apply Lemma 3.12. For a
proof of the next lemma see [2, Lemma 4.0.11].

LEMMA 3.14. Let ξ > 0 and d > 1 be given. There exists E > 1 such that: if, for all
t > 0, ](N u

X t (p), N s
X t (p)) > ξ and

d−1
≤

‖P t
X (p)|N s

p‖

‖P t
X (p)|N u

p ‖
≤ d

then, for all t > 0, we have ‖P t
X (p)‖ ≤ E

√
x(t)−1.

Now we are able to mix the Oseledets subspaces by small perturbations along orbits
with lack of hyperbolicity.

LEMMA 3.15. Let X ∈ X2
µ(M), ε > 0 and 0< κ < 1. There exists m ∈ N such that for

every

p ∈1m(X)=

{
p ∈O+

:
‖Pm

X (p)|N s
p‖

‖Pm
X (p)|N u

p ‖
≥

1
2

}
there exists an (ε, κ)-realizable linear flow such that Lm(N u

p)= N s
Xm (p).
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Proof. First we set up the constants. Take ξ > 0 the minimum of the angles satisfying
simultaneously Lemmas 3.8 and 3.9 and depending on X , ε and κ/2. Take C :=

max{‖DX±1
‖ : p ∈ M} and c given by Lemma 3.13 depending on the angle ξ . It will

also be useful to take c > C2. Lemma 3.14 gives us E > 1 depending on ξ and d = 2c2.
Let ε̂ > 0 depending on X , ε, κ and E given by Lemma 3.12. Let β > 0 be such that, for
ξ0 < β, ‖Rξ0 − Id‖ ≤ C−1 E−2ε̂. Finally, we take a very large m ∈ N satisfying m ≥ 2π/β.
We divide the proof into three parts.

Part I – A small angle between the Oseledets subspaces. We suppose that

for some r ∈ [0, m] we have ](N u
Xr (p), N s

Xr (p)) < ξ. (10)

We take advantage of this fact and we define a realizable linear flow of length one in
the following way. If r < m − 1 the linear map is based at Xr (p) and is defined by
L0 := P1

X (X
r (p))Rξ , and if r > m − 1 the linear map is based at Xr−1(p) and is defined

by L0 := Rξ P1
X (X

r−1(p)). Now we use Lemma 3.8 and concatenate from right and left,
if necessary, with trivial maps by using Lemma 3.5(1). We obtain Lm(N u

p)= N s
Xm (p).

Part II – Locally N s dominates N u . Now we suppose that

for some 0 ≤ r + t ≤ m we have 1(X t (p), r) > c. (11)

We use Lemma 3.13 and there exists a vector v ∈ NX t (p) such that ](v, nu
t ) < ξ and

](Pr
X (X

t (p)) · v, ns
t+r ) < ξ . Since ξ is small, we apply Lemma 3.8 at X t (p) and at

X t+r (p). By the choice of c above, we get r > 2 and so we have disjoint perturbations.
Therefore, our first rotation allows us to send N u

X t (p) onto v.R, the dynamics helps us
and maps this direction into Pr

X (X
t (p)) · v in time r , and finally another rotation sends

Pr
X (X

t (p)) · v.R onto N s
X t+r (p). Now we use Lemma 3.5 and concatenate the three

realizable linear flows, say rotation–trivial–rotation, by using Lemma 3.9 and we get
Lm(N u

p)= N s
Xm (p).

Part III – Conformal behavior. Finally, we suppose that we do not have both (10) and
(11). We set up the conditions of Lemma 3.14. Since 1(p, m)≥

1
2 and (11) is false we

conclude that

1(Xr (p), t)=1(X t+r (p), m − t − r)−11(p, m)1(p, r)−1
≥ (2c2)−1.

Therefore, since d = 2c2, we get

d−1
≤

‖P t
X (X

r (p))|N s
Xr (p)

‖

‖P t
X (X

r (p))|N u
Xr (p)

‖
≤ d for all r, t : 0 ≤ r + t ≤ m.

In particular for r = 0 we have that ](N u
X t (p), N s

X t (p)) > ξ , for all t ∈ [0, m]. We use

Lemma 3.14 and conclude that ‖P t
X (p)‖ ≤ E

√
x(t)−1 for all t ∈ [0, m].

Take ξ0, ξ1, . . . , ξm−1 with ξ j < β for each j and such that
∑m−1

j=0 ξ j = ](N u
p , N s

p).
We define

L j : NX j (p) −→ NX j+1(p)

v 7−→ P j+1
X (p)Rξ j [P j

X (p)]
−1

· v.
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Let us see that we are in the hypotheses of Lemma 3.12. Since by definition for each j we
have L j−1· · ·L0 = P j

X (p)R∑ j−1
i=0 ξi

we obtain part (a) of Lemma 3.12. Now we have

‖P1
X (X

j (p))− L j‖ ≤ ‖P1
X (X

j (p))− P j+1
X (p)Rξ j [P j

X (p)]
−1

‖

= ‖P1
X (X

j (p))[Id − P j
X (p)Rξ j [P j

X (p)]
−1

]‖

≤ ‖P1
X (X

j (p))‖‖P j
X (p)[Id − Rξ j ][P j

X (p)]
−1

]‖

≤ ‖P1
X (X

j (p))‖‖P j
X (p)‖‖[P j

X (p)]
−1

‖‖Id − Rξ j ‖

≤ C E
√

x−1( j)E
√

x( j)‖Id − Rξ j ‖.

In last inequality we use ‖P−t
X ‖ ≤ E

√
x(t). Therefore we obtain

‖P1
X (X

j (p))− L j‖ ≤ C E2
‖Id − Rξ j ‖ ≤ ε̂

and part (b) of Lemma 3.12 is true. By this lemma, we have the realizability; therefore

Lm(N u
p)= Lm−1· · ·L0(N u

p)= Pm
X (p)R∑m−1

j=0 ξ j
(N u

p)= Pm
X (p).N

s
p = N s

Xm (p),

which proves the lemma. 2

3.5. Lowering the norm – local procedure. We begin this section by adapting two
lemmas to our setting: Lemma 3.12 from [4] and Lemma 4.5 from [5]. The first lemma (for
a proof see [2, Lemma 5.0.13]) gives us information about when we have a recurrence to a
positive measure set. The second lemma is an elementary result which relates the original
norm with a new norm.

LEMMA 3.16. Let X t
: M → M be a measurable µ-invariant flow, 1⊆ M a positive

measure set, 0 =
⋃

t X t (1) and γ > 0. There exists a measurable function T : 0 → R
such that, for µ-a.e. p ∈ 0, all t ≥ T (p) and every τ ∈ [0, 1], there exists some s ∈ [0, t]
satisfying |s/t − τ |< γ and X s(p) ∈1.

Consider p, q := X t (p) ∈ 0 and the map P : Np → Nq with matrix written relative to
the Oseledets basis (given by {nu

p, ns
p} and {nu

q , ns
q}) as

P =

(
auu aus

asu ass

)
.

Let ‖P‖max = max{|auu
|, |aus

|, |asu
|, |ass

|}.

LEMMA 3.17. We have
(a)

‖P‖ ≤ 4
1

sin ](N u
p , N s

p)
‖P‖max,

(b)

‖P‖max ≤
1

sin ](N u
q , N s

q )
‖P‖.

Now we are able to decrease the norm under a small perturbation.
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LEMMA 3.18. Let X ∈ X2
µ(M), with X t aperiodic and such that all hyperbolic sets have

zero measure. Let ε, δ > 0, 0< κ < 1. There exists a measurable function T : M → R
such that, for µ-a.e. p ∈ M and every t ≥ T (p), there exists an (ε, κ)-realizable linear
flow at p with length t such that ‖L t (p)‖ ≤ etδ .

Proof. First we take m ∈ R large enough given by Lemma 3.15 and depending on
X, ε, κ/2. Abbreviate 0 = 0+

m (X), 1=1m(X) and note that X t aperiodic implies that
µ(0∗

m(X))= µ(0). We have µ(O0
∪ 0)= 1, because otherwise there exists a hyperbolic

set with positive measure which contradicts our hypothesis. We suppose that µ(0) > 0
because if µ(0)= 0 then for µ-a.e. point p ∈ M we have λ+(p)= 0 and the proof is over
because a trivial map does the work. Remember that 0 =

⋃
t X t (1). For µ-a.e. p ∈ 0 the

Oseledets’ theorem gives us Q(p) such that for all t ≥ Q(p) we have:
(1) (1/t) log ‖P t

X (p) · nu
‖< λ+(p)+ δ for all nu

∈ N u
p \ {E0};

(2) (1/t) log ‖P t
X (p) · ns

‖<−λ+(p)+ δ for all ns
∈ N s

p \ {E0};
(3)

log
1

sin ](N u
X t (p), N s

X t (p))
< tδ.

By using Lemma 3.16 with τ = 1/2, we get recurrence to 1 approximately in the
middle of the orbit segment. However, to get good estimates to the norm of the linear
map L t , points in the orbit and after this time must also satisfy (1) and (2). Let Bn := {p ∈

0 : Q(p)≤ n} for n ∈ N. Of course Bn ⊆ Bn+1 and µ(0 \ Bn)→n→∞ 0. Consider now a
family of sets defined by C0 := ∅ and Cn :=

⋃
t X t (1 ∩ X−m(Bn)). Clearly Cn →n→∞ 0,

so the measurable function T : 0 → R will be µ-a.e. defined on each Cn \ Cn−1 for n ∈ N.
Taking c >max{log ‖DX1

p‖ : p ∈ M} yields the Lyapunov exponents of any p ∈O less
than c. For p we have non-zero Lyapunov exponents so we have the Oseledets one-
dimensional subspaces N u

p and N s
p. Let γ = min{1/6, δ/c}. Now we use Lemma 3.16,

replacing 1 by 1 ∩ X−m(Bn) and 0 by
⋃

t X t (1 ∩ X−m(Bn)). By this lemma, for
each n, there exists a measurable function Tn : Cn → R such that for µ-a.e p ∈ Cn ,
and for all t ≥ Tn(p), there exists some s ∈ [0, t] satisfying X s(p) ∈1 ∩ X−m(Bn) and
|s/t −

1
2 |< γ . Now we define a sufficiently large T (p) for p ∈ Cn \ Cn−1:

T (p)≥ max

{
Tn(p),

m
γ
, 6Q(p),

1
δ

log
4

sin ](N u
p , N s

p)

}
. (12)

Let p ∈ Cn \ Cn−1 and t ≥ T (p); since t ≥ T (p)≥ Tn(p), we obtain X s(p) ∈1. So
by Lemma 3.15 we define an (ε, κ/2)-realizable linear flow L1 : NX s (p) −→ NX s+m (p),
sending N u

X s (p) into N s
X s+m (p). Now we concatenate from right and left with trivial maps

and by Lemma 3.5 we obtain an (ε, κ)-realizable linear flow defined by

Np
L0

−→ NX s (p)
L1

−→ NX s+m (p)
L2

−→ NX t (p)

with L0 = Ps
X (p) and L2 = P t−m−s

X (X s+m(p)). Now we estimate ‖L t (p)‖, and for
that we consider the linear maps relative to a suitable unitary basis {nu

Xr (p), ns
Xr (p)} for

r ∈ [0, t] which is invariant for the linear Poincaré flow, so they have the form

L2 =

(
cuu 0
0 css

)
, L1 =

(
buu bus

bsu bss

)
, L0 =

(
auu 0
0 ass

)
.
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The key observation is that buu
= 0. Consider the product matrix:

L t (p)= L2 · L1 · L0 =

(
0 auubuscss

assbsucuu assbsscss

)
.

CLAIM 3.1. For p ∈ Cn \ Cn−1 and t ≥ T (p) we have:
(a) log|auu

|, log|cuu
|< 1

2 t (λ+(p)+ 4δ); and
(b) log|ass

|, log|css
|< 1

2 t (−λ+(p)+ 4δ).

Proof. To prove that log|auu
|< 1

2 t (λ+(p)+ 4δ)we first note that s > t (1/2 − γ ) > t/3 ≥

T (p)/3 ≥ Q(p), so by Oseledets’ theorem we have that log|auu
| = log |Ps

X (p) · nu
p|<

s(λ+(p)+ δ). Since γ λ+(p) < γ c ≤ δ and γ < 1/2 we obtain

s(λ+(p)+ δ) < t (1/2 + γ )(λ+(p)+ δ) < t (λ+(p)/2 + δ/2 + λ+(p)γ + γ δ)

< t (λ+(p)/2 + δ/2 + δ + δ/2) < 1
2 t (λ+(p)+ 4δ)

and the inequality follows. Now to prove that log|cuu
|< 1

2 t (λ+(p)+ 4δ) we consider
the fact that X s(p) ∈ X−m(Bn), therefore X s+m(p) ∈ Bn and by definition of Bn ,
Q(X s+m(p))≤ n, so we will have the approximation rate given by Oseledets’ theorem
if t − m − s > n. By (12) for t ≥ T (p), we have −m/t ≥ −γ . Since −s/t >−

1
2 − γ and

−γ ≥ −1/6 we obtain

t − m − s = t
(

1 −
m
t

−
s
t

)
> t
(

1
2

− 2γ
)
>

t
6

≥ Q(p)≥ n.

So t − m − s will be sufficiently large to use (1), hence

log|cuu
| = log |P t−m−s

X (X s+m(p)) · nu
X s+m (p)|< (t − m − s)(λ+(p)+ δ)

< t (1 − m/t − s/t)(λ+(p)+ δ) < t (γ + 1/2)(λ+(p)+ δ)

= t (γ λ+(p)+ γ δ + λ+(p)/2 + δ/2)

< t (δ + δ/2 + λ+(p)/2 + δ/2)=
1
2 t (λ+(p)+ 4δ).

We note that part (b) is analogous to part (a) and the claim is proved. 2

Now we return to the proof of Lemma 3.18 and estimate ‖L1‖max. First note that

s + m > t (1/2 − γ + m/t) > t (1/2 − γ ) > t/6> Q(p)≥ n,

so by (3) we have sin−1 ](N u
X s+m (p), N s

X s+m (p)) < e(s+m)δ < etδ . Since L1 is (ε, κ)-
realizable we conclude that ‖L1 − Pm

X (X
s(p))‖ is small. Therefore, since t > T (p)≥

m/γ and γ c ≤ δ, we have ‖L1‖ ≤ emc
≤ etγ c

≤ etδ . By Lemma 3.17(b), we get

‖L1‖max ≤ sin−1 ](N u
X s+m (p), N s

X s+m (p))‖L1‖ ≤ e2tδ.

Now we give estimates for each of the entries of the product matrix:

|auubuscss
| ≤ e

1
2 t (λ+(p)+4δ)+2tδ+ 1

2 t (−λ+(p)+4δ)
= e6tδ

;

|assbsucuu
| ≤ e

1
2 t (−λ+(p)+4δ)+2tδ+ 1

2 t (λ+(p)+4δ)
= e6tδ

;

|assbsscss
| ≤ e

1
2 t (−λ+(p)+4δ)+2tδ+ 1

2 t (−λ+(p)+4δ)
≤ e−tλ+(p)+6tδ

≤ e6tδ.
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FIGURE 2. Realizing vector fields given a linear map L t .

This implies the inequality ‖L t (p)‖max < e6tδ . By Lemma 3.17(a), we have

‖L t (p)‖ ≤ 4
1

sin ](N u
p , N s

p)
‖L t (p)‖max.

But
t ≥ T (p)≥

1
δ

log
4

sin ](N u
p , N s

p)
so

4
sin ](N u

p , N s
p)

≤ etδ

and we get ‖L t (p)‖ ≤ e7tδ . Replacing δ by δ/7 we conclude that ‖L t (p)‖ ≤ etδ and the
lemma is proved. 2

3.5.1. Realizing vector fields. Let X ∈ X2
µ(M)

∗, with X t aperiodic and also with all
hyperbolic sets with zero Lebesgue measure. Given ε, δ > 0 and 0< κ < 1, we suppose
that m is large enough to satisfy Lemma 3.15. By Lemma 3.18, there exists a measurable
function T : M → R such that, for µ-a.e. p ∈ M and for every t ≥ T (p), there exists an
(ε, κ)-realizable linear flow at p with length t such that ‖L t (p)‖ ≤ etδ . This means that,
for all γ > 0, there exists r(p, t) > 0 such that for all open sets U ⊆ B(p, r) there exist
a measurable set K ⊆ U such that µ(K ) > (1 − κ)µ(U ) and a zero divergence C1 vector
field Y , ε-C1-close to X , such that Y = X outside the flowbox F t

X (p)(U ), and if q ∈ K ,
then ‖P t

Y (q)− L t
‖< γ . Since ‖L t (p)‖ ≤ etδ we conclude that ‖P t

Y (q)‖ ≤ eδt + γ for
all q ∈ K (where γ ≈ 0). The vector field Y realizes the abstract map L t (p), i.e.,
P t

Y (q)≈ L t (p) for a large percentage of points q ∈ U ⊂ Np (see Figure 2).

3.6. Lowering the norm – global procedure

3.6.1. Sections of flows and special flows. Now we use the local construction of
realizable linear flows with a small norm in order to decrease the function L E(·) for a zero
divergence vector field Y that is C1-close to X . First we recall the definition of a special
flow built under a ceiling function h. Consider a measure space 6, a map R :6 →6, a
measure µ̃ defined in 6 and an integrable function h :6 → R+, with h(x)≥ α > 0 for all
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x ∈6 and
∫
6

h(x) dµ̃(x)= 1. We consider the product space Mh ⊆6 × R where Mh is
the set below the graph of h(x). The flow

Ss
: 6 × R −→ 6 × R

(x, r) 7−→ (Rn(x), r + s −
∑n−1

i=0 h(Ri (x))),

where n ∈ Z is uniquely defined by
∑n−1

i=0 h(Ri (x))≤ r + s <
∑n

i=0 h(Ri (x)), is called
a special flow. Informally speaking Ss moves any point (x, r) ∈ Mh to (x, r + s) at
time-1 speed until it hits the graph of h, after which the point returns to the base 6 and
continues its journey. It follows from the Ambrose–Kakutani theorem (see [1]) that any
aperiodic flow is isomorphic to some special flow. This theorem is applicable to the flow
of Proposition 3.2. The isomorphism is given by W : M → Mh . The measure µ∗

= W∗µ

is decomposed into the product of Lebesgue measure in R and an R-invariant measure µ̃
in 6, i.e., ∫

Mh

f (x, s) dµ∗
=

∫
6

∫ h(x)

0
f (x, s) ds dµ̃(x).

So we have a simplified representation of our flow X s(p). Hereafter we assume that our
flow has this representation. Given a special flow over a section6 the set Q =

⋃
t X t (6) is

called the Kakutani castle and the tower of height i, which is denoted by Ti , is the set below
the graph of h(Bi ) where Bi = {x ∈6 : h(x)= i} so Ti = X [0,i](Bi ). Next we consider a
lemma which is the flow version of Lemma 4.1 of [4]. For a proof of the next lemma see [2,
Lemma 6.1.2].

LEMMA 3.19. Let X t
: M → M be a µ-preserving aperiodic flow. For every positive

measure set U ⊆ M and every h ∈ R, there exists a µ̃-positive measure section B ⊆ U
such that X [0,h](B) is a flowbox and B is maximal (i.e., no set containing B and with
larger measure has the same properties as B).

For a µ-generic point p, Lemma 3.18 gives us T (p), which, in general, is very large.
Hence Lemma 3.19 will be very useful to avoid the overlapping of perturbations.

Consider X in the hypotheses of Proposition 3.2. For all Y that are ε-C1-close to X
we define C := max{‖P1

Y (p)‖ : p ∈ M}. We take κ = δ2. Using the function given by
Lemma 3.18 we define Zh := {p ∈ M : T (p)≤ h}. Of course, µ(M \ Zh)→h→∞ 0 so
for h sufficiently large we have

µ(M \ Zh) < δ
2. (13)

We intend to build a special flow with a ceiling function with height not less than h and
section inside Zh . Since for large h the set Zh has almost full measure, by Lemma 3.19,
we get a µ̃-positive measure set B ⊆ Zh . If x ∈ B, then h(x)≥ h, and since B ⊆ Zh , we
have h ≥ T (x), so we are in the hypotheses of Lemma 3.18. Let Q̂ be the castle with
base B. We have Q̂ ⊇ Zh in measure theoretical sense, so by (13) we get the inequality
µ(Q̂c)≤ δ2. Define the subcastle Q ⊆ Q̂ by excluding the towers of Q̂ with height larger
than 3h. Adapting Lemma 4.2 of [4] (see [2, Lemma 6.2.1] for all the details) we obtain

µ(Q̂ \ Q) < 3δ2. (14)
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3.6.2. The zero divergence vector field Y , ε-C1-close to X. Now we make use of the
realizability of vector fields and the properties of special flows to construct a conservative
vector field Y inside the subcastle Q by gluing a finite number of local perturbations
supported on self-disjoint flowboxes. We note that the measures µ̃ and µ are equivalent.
In the next lemma we follow Lemma 4.14 of [5].

LEMMA 3.20. Given γ > 0, there exists Y , ε-C1-close to X, a castle U for Y t and a
subcastle K for Y t such that:
(a) the castle U is open;
(b) µ(U \ Q) < γ and µ(Q \ U ) < γ ;
(c) µ(U \ K ) < κ(1 + γ );
(d) Y t (U )= X t (U ) and Y t

= X t outside the castle U;
(e) if q is in the base of K and h(q) is the height of the tower of K that contains q, then

‖Ph(q)
Y (q)‖ ≤ eδh(q) + γ .

Proof. The castle Q is a measurable set and since µ is Borel regular, there exists a compact
J ⊆ Q such that

µ(Q \ J ) < γµ(Q̂)/2. (15)

The compact J is an X t -castle with the same structure as Q (i.e., preserving the same
dynamics of bases and towers as the castle Q). Now we choose an open castle V such that
J ⊆ V with

µ(V \ J ) < γµ(Q̂), (16)

and also with the same structure of Q and J . For every point p1 in J ∩ B we have
h(p1)≥ h. Since (J ∩ B)⊆ Zh we have T (p1)≤ h, and therefore T (p1)≤ h ≤ h(p1).
So for all t1 ≥ T (p1), and for γ fixed, there exists a radius r1(p1, t1) (decrease r1 if
one leaves the open castle V ) such that for almost (related with κ = δ2) all points in
U1 = B(p1, r1)⊆ Np1 , more precisely for all points q ∈ K1 ⊆ U1, we have a vector
field Y1 supported in a small flowbox containing the orbit segment X [0,t1](p1) such that
‖P t1

Y1
(q)‖ ≤ eδt1 + γ . Now we continue by choosing the pi and by Vitali’s arguments we

fill up J with a union U of self-disjoint open flowboxes in order to obtain

µ(J \ U )≤ γµ(J )/2. (17)

The set U is an X t -castle with its section (base of the castle) the union of the Ui .
So for each i we get a vector field Yi supported in a small flowbox containing the
orbit segment X [0,ti ](pi ), ε-C1-close to X and such that for all q ∈ Ki ⊆ Ui we have
‖P ti

Yi
(q)‖ ≤ eδti + γ . Now we define Y = Yi inside each flowbox and Y = X outside.

Since these flowboxes are pairwise disjoint, the vector field is well defined and it is
ε-C1-close to X . Note that V is also a castle for Y t , and U is also a Y t -subcastle
of the Y t -castle V (having for base the union of all the Ui ). We take K to be the
Y t -subcastle with a section the union of all the Ki . By construction of U , we get parts
(a), (d) and (e). Now we prove part (b). By (16) and recalling that V ⊇ U and J ⊆ Q we
get µ(U \ Q) < µ(V \ J ) < γµ(Q̂)≤ γ . To prove that µ(Q \ U ) < γ we use (15) and
(17) and we conclude that µ(Q \ U )≤ µ(Q \ J )+ µ(J \ U ) < γµ(Q̂) < γ . Finally, for
part (c) we observe that part (b) implies that µ(U ) < µ(Q)+ µ(U \ Q) < 1 + γ , we use
the inequality µ(U \ K ) < κµ(U ) and we get µ(U \ K ) < κ(1 + γ ). 2
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3.6.3. Computing L E(Y ). We take t = hδ−1 (we may assume that this is an integer).
By Lemma 3.1, we obtain

L E(Y )≤

∫
M

1
t

log ‖P t
Y (p)‖ dµ(p).

By what we did above for orbit segments inside the castle K and starting in the base, we
guarantee small upper Lyapunov exponent. Therefore we define the set of points whose
orbit stays for a long time in K by G := {p ∈ M : Y s(p) ∈ K ∀ s ∈ [0, t]} and denote by
Gc its complementary set.

LEMMA 3.21. For p ∈ G we have ‖P t
Y (p)‖< et (1+6 log C)δ for some C > 0.

Proof. Let p ∈ G. We split the orbit segment X [0,t](p) by return times at
BK (the section of the castle K ), say t = b + rn + · · · + r2 + r1 + a, where all
Xa(p), Xr1+a(p), Xr2+r1+a(p), . . . , X

∑n
i=1 ri +a(p) are in the base BK . It is clear that

a, b, ri ∈ ]0, 3h] except when p ∈ BK (a = 0) and X t (p) ∈ BK (b = 0). Note that

‖P t
Y (p)‖ = ‖P

b+
∑n

i=1 ri +a
Y (p)‖ ≤ ‖Pb

Y (X
∑n

i=1 ri +a(p))‖

×‖Prn
Y (X

∑n−1
i=1 ri +a(p))‖ × · · · × ‖Pr1

Y (X
a(p))‖ × ‖Pa

Y (p)‖.

But these maps are based at points in BK so we recall Lemma 3.20(e) and for C :=

max{‖DX1
p‖ : p ∈ M} (suppose that this constant is valid for any vector field ε-C1-close

to X ) we get

‖P t
Y (p)‖ ≤ C3he

∑n
i=1 ri δC3h

≤ e(b+
∑n

i=1 ri +a)δC6h
≤ etδC6δt

≤ et (1+6 log C)δ. 2

For points in Gc we use inequality (14), Lemma 3.20 and some elementary observations
(see [5, Lemma 4.16]) to prove the following lemma.

LEMMA 3.22. Let γ = δ2h−1 as in Lemma 3.20; then µ(U ∪ 0∗
m(X) \ G) < 12δ.

Now using Lemma 3.22 we obtain µ(Gc) < 12δ. Finally, we finish the proof of
Proposition 3.2 and consequently Theorem 1:

L E(Y ) = inf
n≥1

∫
M

1
n

log ‖Pn
Y (p)‖ dµ(p)≤

∫
M

1
t

log ‖P t
Y (p)‖ dµ(p)

≤

∫
G

1
t

log ‖P t
Y (p)‖ dµ(p)+

∫
Gc

1
t

log ‖P t
Y (p)‖ dµ(p)

≤ (1 + 6 log C)δµ(G)+ log Cµ(Gc)= (1 + 18 log C)δ.

Now we substitute δ by δ/(1 + 18 log C) along the proof and Proposition 3.2 is proved.

4. Proof of Theorem 2
4.1. Adapting the proof of Theorem 1. We begin by noting that, since X t is aperiodic,
the measure of all singularities is zero. Moreover, when we estimate the C1-norm of
the perturbation P , defined in (9), the choice of r(p) in (7) guarantees that, even near
singularities (when c ≈ 0), the perturbation can be done. Furthermore, if in Theorem 3.3
we take � with C∞ boundary and g, f also C∞, the diffeomorphism ϕ, provided by
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Dacorogna and Moser, is also C∞. So our conservative flowbox theorem guarantees a
C∞ conservative change of coordinates 9. Note that the perturbation P , defined in (9), is
also C∞; moreover we know by [14] that X∞

µ (M) is C1-dense in X1
µ(M). The following

proposition is similar to Proposition 3.2. The main difference is where the computation of
the entropy function is done.

PROPOSITION 4.1. Let X ∈ X∞
µ (M) and ε, δ > 0. There exists m ∈ N and a zero

divergence C∞ vector field Y , ε-C1-close to X, that equals X outside the open set 0m(X)
and such that L E(Y, 0m(X)) < δ.

Proof. For a fixed m ∈ N we have p ∈ 0+
m (X) \ 0∗

m(X) if p is periodic, has positive
Lyapunov exponent and belongs to 0m(X). We consider the following simple claim. For a
proof see [3, Lemma 3.1].

CLAIM 4.1. Given δ > 0, there exists m ∈ N such that µ(0+
m (X) \ 0∗

m(X)) < δ.

Take m ∈ N satisfying both Lemma 3.15 and Claim 4.1 and let T : 0∗
m(X)→ R be

similar to the function of Lemma 3.18. Let Zh = {p ∈ 0∗
m(X) : T (p)≤ h}. Of course

µ(0∗
m(X) \ Zh)→h→∞ 0 so we take h such that µ(0∗

m(X) \ Zh) < δ
2µ(0∗

m(X)). Now
we increase h, if necessary, and use Oseledets’ theorem to get for p ∈O0(X) the inequality

‖P t
X (p)‖< etδ for all t ≥ h. (18)

Of course X t
: 0∗

m(X)→ 0∗
m(X) is an aperiodic flow. We follow the construction of

§3.6.2 and finally we compute L E(Y, 0∗
m(X)). Analogously we define the set G := {p ∈

0∗
m(X) : Y s(p) ∈ K , ∀ s ∈ [0, t]}. Denote (1/t) log ‖P t

(·)(p)‖ by At
p(·). Then

L E(Y, 0m(X)) ≤

∫
0m (X)

At
p(Y ) dµ

≤

∫
0m (X)\(U∪0+

m (X))
At

p(Y ) dµ+

∫
U∪0+

m (X)\G
At

p(Y ) dµ

+

∫
G

At
p(Y ) dµ.

By (18) and since Y = X outside U , we obtain∫
0m (X)\(U∪0+

m (X))
At

p(Y ) dµ≤

∫
0m (X)\0+

m (X)
At

p(X) dµ≤ δ.

Let C := max{‖P1
X (p)‖ : p ∈ M}. Using Claim 4.1 and Lemma 3.22 we conclude that∫

U∪0+
m (X)\G

At
p(Y ) dµ≤ 13δ log C .

Finally, at G, our construction allows us to obtain∫
G

At
p(Y ) dµ(p)≤ δ

and the proposition is proved. 2
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4.2. End of the proof of Theorem 2. Let X̃ ∈ X1
µ(M) and ε̃ > 0 be given. We will prove

that there exists Y ∈ X1
µ(M), ε̃-C1-close to X , satisfying the conclusions of Theorem 2.

For ε = ε̃/2, there exists X ∈ X∞
µ (M), ε-C1-close to X̃ . It suffices to prove Theorem 2 for

the vector field X and ε > 0.

Proof of Theorem 2. Let X ∈ X∞
µ (M) and ε > 0. We will find Y , ε-C1-close to X ,

and a partition M = D ∪ O into Y t -invariant sets such that for all p ∈ O we have zero
Lyapunov exponents and D is a countable increasing union of compact invariant sets 3mn

admitting an mn-dominated splitting for the linear Poincaré flow. We define the sequence
{Xn}n≥0 ∈ X∞

µ (M), mn ∈ N, and eventually εn > 0 for n ≥ 0.
Take X0 = X , θ > 1 (near 1) and δn →n→0 0. If

∫
0m (X)

λ+(X) dµ= 0 for some m ∈ N,
then we are finished by taking Y = X , D =3m(X) and O a full measure subset of
0m(X). Otherwise for some m = m0 and X = X0 we have

∫
0m0 (X0)

λ+(X0) dµ > 0. Let
ε0 ∈ (0, ε/2) be such that∫

0m0 (X0)
λ+(Z) dµ≤ θ

∫
0m0 (X0)

λ+(X0) dµ,

for all Z that are 2ε0-C1-close to X0 and Z = X0 outside 0m0(X0). Clearly, ε0 always
exists because L E(·, 0m0(X0)) is upper semicontinuous and 0m0(X0) is invariant for
both X t

0 and Z t . Recursively, knowing Xn−1, mn−1 and εn−1 ∈ (0, ε2−n), we define
Xn ∈ X∞

µ (M), mn ∈ N and eventually εn > 0.
By Proposition 4.1, there exists mn ∈ N and a perturbation of Xn−1, Xn ∈ X∞

µ (M),
εn−1-C1-close to Xn−1, with Xn = Xn−1 outside 0mn (Xn−1) and such that∫

0mn (Xn−1)
λ+(Xn) dµ < δn .

Suppose that mn ≥ mn−1. Now 0mn (Xn)⊆ 0mn (Xn−1)⊆ 0mn−1(Xn−1). If we have that∫
0mn (Xn)

λ+(Xn) dµ= 0, then we are finished by taking Y = Xn , D =3mn (Y ) and O
a full measure subset of 0mn (Y ). Otherwise if

∫
0mn (Xn)

λ+(Xn) dµ > 0 we choose
εn ∈ (0, εn−1/2) such that B(Xn, 2εn)⊆ B(Xn−1, εn−1) and also∫

0mn (Xn)

λ+(Z) dµ≤ θ

∫
0mn (Xn)

λ+(Xn) dµ,

for all Z that are 2εn-C1-close to Xn and Z = Xn outside 0mn (Xn).
We continue this procedure and if for some n ∈ N we obtain

∫
0mn (Xn)

λ+(Xn) dµ= 0

we are over; otherwise the sequence {Xn}n≥0 converges C1 to some Y ∈ X1
µ(M); moreover

since εn < ε/2n we have Y that is ε-C1-close to X .
Let D =

⋃
n3mn (Xn). Since 3mn (Xn)⊇3mn−1(Xn−1) and Y = Xn at 3mn (Xn),

Y t has an mn-dominated splitting at 3mn (Xn).
Let 0 := Dc

=
⋂

n0mn (Xn); clearly 0 ⊆ 0mn (Xn). To finish the proof of Theorem 2
we now check that

∫
0
λ+(Y ) dµ= 0.

Note that Y ∈ B(Xn, 2εn) for all n ∈ N. So we have∫
0

λ+(Y ) dµ <
∫
0mn (Xn)

λ+(Y ) dµ≤ θ

∫
0mn (Xn)

λ+(Xn) dµ≤ θδn −−−−→n → ∞
0.

We conclude that we have zero Lyapunov exponents in a full measure subset O of 0 and
Theorem 2 is proved. 2
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Now we consider the reason why Theorem 2 is stated for a dense subset instead of
a residual subset. In [5], the authors developed a strategy to obtain a residual subset;
unfortunately, this strategy does not apply in our case. Let us see why. They start with
a C1 system X which is a continuity point of the entropy function. Then they define
the ‘jump’(see [5, p. 1467]) of this semicontinuous function which is an integral over
0∞(X) :=

⋂
m0m(X). Being a continuity point implies that the ‘jump’ is zero. So, by

definition of ‘jump’, µ(0∞(X))= 0 or λ+(p)= 0 for µ-a.e. point p ∈ 0∞(X) and the
statements of Theorem 2 are verified. In order to estimate a lower bound for the ‘jump’ we
perturb the original vector field X like we did to prove Theorem 2. But our conservative
flowbox theorem may not be applied to X , unless X is of class C2, so this argument only
works for X ∈ X2

µ(M). However, this set equipped with C1 topology is not a Baire space,
so in general residual sets are meaningless. Nonetheless, let us consider the following
hypothesis again in the three-dimensional context.

Hypothesis A. Every vector field in X2
µ(M) satisfies the following property: for every

X t -invariant set 3m with an m-dominated splitting for the linear Poincaré flow, either
µ(3m)= 0 or X is Anosov.

Under this hypothesis we prove an analog to Proposition 3.2, this time over X2
µ(M) and

consequently we obtain the global dichotomy.

THEOREM 4.2. Under Hypothesis A there exists a residual R ⊆ X1
µ(M) such that if X ∈

R then we have that X is Anosov or for µ-a.e. p ∈ M we have zero Lyapunov exponents.

Finally, we recall that in [5] the higher dimensional version of the Bochi–Mañé
theorem is proved. The approach, like in the two-dimensional case, relies on perturbing
the dynamical system by sending directions in Eu into E s , in order to blend different
expansion rates. If dim(Eu)= n it is shown that these perturbations cause a decay on the
norm of the nth exterior product of the perturbed linear systems, which is sufficient to
obtain the dichotomy. The multidimensional counterpart of Theorem 2 will be obtained by
considering the perturbation framework developed in this paper, jointly with the strategy
developed in [5], and will appear in a forthcoming work.
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[10] R. Mañé. The Lyapunov exponents of generic area preserving diffeomorphisms. Int. Conf. on Dynamical

Systems (Montevideo, 1995) (Pitman Research Notes in Mathematics Series, 362). Longman, Harlow,
1996, pp. 110–119.

[11] J. Moser. On the volume elements on a manifold. Trans. Amer. Math. Soc. 120 (1965), 286–294.
[12] V. I. Oseledets. A multiplicative ergodic theorem: Lyapunov characteristic numbers for dynamical

systems. Trans. Moscow Math. Soc. 19 (1968), 197–231.
[13] C. Robinson. Generic properties of conservative systems. Amer. J. Math. 92 (1970), 562–603.
[14] C. Zuppa. Regularisation C∞ des champs vectoriels qui préservent l’elément de volume. Bol. Soc. Brasil.
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