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Abstract

In order to solve the problems of strong nonlinearity, strong coupling and multivariable constraints of the receiverr’s
motion model in the process of the tanker/receiver autonomous approach, a nonlinear model predictive control
(NMPC) method is proposed in this paper. By analysing the external forces and torques acting on the receiver, a
nonlinear dynamic model of the receiver is established to provide an accurate prediction model for NMPC. An
objective function with the terminal state of the receiver is designed, multiple state variable constraints are added,
the adaptive gradient descent method is used to solve the optimal control quantity online and finally the stability of
NMPC is proved. The numerical simulation results show that the proposed method has good control performance
and can quickly and stably control the receiver to fly directly behind the tanker and maintain the same speed and

direction.

Nomenclature

Symbol Definition

AAR Autonomous aerial refuelling

LQR,MPC,NMPC

Linear quadratic regulator, model predictive control and nonlinear model predictive control,
respectively

UAV Unmanned aerial vehicle

J NMPC objective function

m Mass of the receiver (kg)

N,,N, Prediction- and control-horizon lengths, respectively

0, R, S(NMPC) State-error, control-input-increment and terminal-state-error weighting matrices, respec-
tively

S (aerodynamics) Reference wing area (m?)
Sampling period (s)

u, At Control-input vector and its increment, respectively

Ve, V), V, Body-axis velocity components (m/s)

v, Airspeed of the receiver (m/s)

XV, 7 Receiver position coordinates in the reference coordinate system (m)

X R )?d, X Actual, reference and predicted state vectors, respectively

o, B Angle of attack and sideslip angle, respectively (rad)

84» 8., 8, Aileron, elevator and rudder deflection angles, respectively (rad)

o Air density (kg/m?®)

¢,0,¢ Roll, pitch and yaw Euler angles, respectively (rad)

Wy, Wy, O Body-axis roll, pitch and yaw angular rates, respectively (rad/s)
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1.0 Introduction

Autonomous aerial refueling (AAR) technology can expand the combat radius and extend the air holding
time of unmanned aerial vehicles (UAVs), and is a multiplier of air power [1, 2]. In the process of AAR,
it is necessary to study high-precision flight control methods to ensure that the receiver approaches the
tanker autonomously and smoothly.

In recent years, the flight control problem of the receiver actively approaching the tanker has attracted
the research interest of many scholars at home and abroad, and has achieved fruitful research results [3].
Burns and Lugo et al. generated the flight path using the Dubins curve method, and combined the non-
linear dynamic inverse control method and vector field theory to achieve the active approach of the
receiver to the tanker [4—6]. Some scholars draw on the guidance idea of seeking to guide the receiver
to fly autonomously to a safe position behind the tanker by designing guidance laws. For example, Ochi
et al. improved the proportional guidance law and established a simple and feasible guidance method
by controlling the line-of-sight angle [7]. Smith et al. improved the proportional guidance law based on
adaptive terminal guidance, which not only solved the problem of autonomous approach of the receiver
and tanker, but also analysed the influence of external disturbances [8]. Yoon and Kung et al. adopted
the pure tracking guidance law and its improved method to achieve the autonomous approach of the
receiver and tanker, improving the sensitivity and guidance during the approach [9, 10]. In addition
to drawing on the idea of navigation guidance law, some scholars draw on the idea of guidance con-
trol rate to solve the problem of the receiverr’s autonomous approach to the tanker. For example, Jun
et al. improved the proportional guidance law based on the backstep control method to achieve terminal
heading control and designed the control law of the altitude channel [11]. Dogan et al. designed a linear
quadratic regulator (LQR) using the multi-input and multi-output state feedback method to achieve the
autonomous approach of the receiver and tanker [12]. Schumacher et al. combined the adaptive con-
trol method, neural network method and dynamic inverse theory to design the control law of the flight
motion of the receiver, achieving autonomous approach to the tanker [13]. Gong Quanquan and Yuan
Suozhong et al. designed the guidance law and control law for the flight motion of the receiver based
on the relationship between the position, speed and target line of sight between the tanker and receiver,
achieving the autonomous approach of the two [14, 15].

Although the simulation results of the above-mentioned methods demonstrate the effectiveness of the
designed guiding control method, it still can not well solve the problems of nonlinearity, strong coupling
and multiple constrained variables existing in the dynamical model of the receiver. The model predictive
control (MPC) method is a model-based finite-time-domain open-loop optimisation method. It uses the
dynamic model of the controlled object to predict the future output of the system and combines rolling
optimisation and feedback correction strategies. The performance indicators of the model are minimised
within the constraint range to determine the optimal control quantity [16, 17]. However, during the
rolling optimisation, the model needs to be linearised, and a precise nonlinear model of the system can
not be accurately established, which is prone to cause the model mismatch problem [18, 19]. In view of
the deficiencies of the MPC method, nonlinear model predictive control (NMPC) can make up for it well.
It not only has good control performance for nonlinear models, but also can explicitly handle system
constraints and solve non-convex programming problems [20]. Therefore, aiming at the characteristics
of nonlinearity and multivariable constraints such as state and input variables in the motion model of the
receiver during the receiver autonomous approach to the tanker, an autonomous approach method based
on NMPC for tanker/receiver is proposed. The proposed method can quickly achieve the autonomous
approach of the receiver and the tanker, and has good control performance.

The organisational structure of this paper is as follows. Section 2 conducts theoretical analysis and
mathematical derivation of the in-air motion process of the receiver and establishes a nonlinear dynamic
model of the receiver. Section 3 designs a NMPC method. The adaptive gradient descent method is
adopted to solve the optimal control quantity online, and the convergence and closed-loop stability of
the method are analysed by using the Lyapunov stability theory. Section 4 verified the validity and
accuracy of the designed method through numerical simulation; Section 5 summarises and generalises
the research work done.
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2.0 Nonlinear dynamic model of the unmanned receiver

Based on the background of AAR of UAVs, this paper mainly studies the control methods for the receiver
to autonomously approach the tanker. Therefore, establishing an accurate dynamic model of the receiver
is the primary task. The receiver system is complex, nonlinear and strongly coupled. Its motion can be
divided into two parts: the motion of the centre of mass and the rotation around the centre of mass,
namely three linear motions and three angular motions [3, 21]. In this section, a set of multi-dimensional
state variables X = [X, Y, 2, Vi, Vyy vV, 0,0, ¥, 0., @y, 0, ]" will be selected. This set of state variables con-
tains the position information of the receiver in the geocentric coordinate system, as well as the velocity,
attitude angle and angular velocity information in the body coordinate system, in order to establish the
dynamic model of the receiver. Before establishing the dynamic model of the receiver, it is necessary to
analyse and model the forces and moments acting on it during its motion process.

2.1 Analysis of force and torque

During the flight of the receiver in the air, The receiver is subjected to different external forces. The
common external forces mainly include the gravitational force G, the thrust f* of the receiver and the
total aerodynamic force A. It is precisely because of the combined effect of these external forces that the
receiver can achieve different manoeuvres in the air. The different external forces acting on the receiver
have different effects and properties. Next, we will analyse and model these different external forces.

2.1.1 Gravity

The receiver is always affected by the force of gravity during flight, and the direction is always verti-
cally downward. During the AAR process, the flight altitude of the receiver is usually between 4 and
10 km [21]. The influence of altitude on the gravitational force acting on the receiver can be ignored
and assumed as a constant vector. In the geocentric coordinate system, the gravitational force G can be
expressed as [22]:

G=m[0 0 g¢] (1)

where g is the gravitational acceleration, and g = 9.8 m/s” is a constant.
According to the transformation relationship between the geocentric coordinate system and the body
coordinate system of the receiver [22], the expression of gravity in the body coordinate system can be

obtained:
cos 0 cos ¥ cos 0 sin —siné 0
F:;:Ci’é:m sin @ cos ¥ sin @ — sin Y cos¢  sinf sin ¥ sing 4+ cos ¥ cos¢  cos @ sing 0
sinf cos ¥ cos @ +siny sing sinf sin Y cos¢ —cos ¥ sing  cos 6 cos ¢ g
—gsinb
=m | gcosf sing 2)

g cos 6 cos g

where Cg is the rotation matrix from the geocentric coordinate system to the body coordinate system of
the receiver; (¢, 6, V) are the roll angle, pitch angle and yaw angle of the receiver, respectively.

The gravitational force acting on the receiver is evenly distributed throughout the body of the receiver.
The resultant gravitational force acts on the centre of the body of the receiver and does not generate a
gravitational moment. Therefore, the moment of gravity in the body coordinate system of the receiver
can be expressed as:

Me=[0 o o] 3)
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2.1.2 Thrust

The thrust received by the receiver is used to overcome the air resistance and control the flight speed
and altitude. Imagine the engine of the receiver is a vector engine. In the body coordinate system of the
receiver, the thrust can be expressed as:

B =[fu £in £] )

When the engine is installed at a certain position away from the centre of the receiver, it will cause the
thrust to generate a corresponding thrust torque relative to the origin of the body coordinate system of the
receiver. In the body coordinate system of the receiver, suppose the distances from each component of
the thrust to the centre of mass of the receiver are [,, [, and [, respectively. According to the relationship
between torque and force, the expression of the torque generated by the thrust is:

be = [ler’ Ly fy lZfZ]T :

2.1.3 Aerodynamics

The receiver will generate aerodynamics under the action of airflow during flight. In the airflow coordi-
nate system, the components of the aerodynamic forces acting on the receiver along the o,x, axis, 0,y,
axis and o,z, axis are usually represented by drag D, lateral force Y and lift L. The aerodynamic force
received by the receiver can be divided into longitudinal aerodynamic force and transverse aerodynamic
force.

2.1.3.1 Longitudinal aerodynamics. Longitudinal aerodynamics mainly affect the movement of the
receiver in the o,x,z, plane of the body coordinate system, and the involved aerodynamics are drag
D and lift L. The main variables affecting longitudinal aerodynamics are the attack angle «, the pitch
angle velocity w, and the elevator deflection angle 6, of the receiver. In the airflow coordinate system,
the expression of the longitudinal aerodynamic force acting on the receiver is [16]:

1 C
D = EIOV;S <CD(“) + CDa)V 2_‘161(1)}, + CD5@ 82)

(6)

1 c
L= 5,0V3S (CL(Ol) + CL,,)}. 2_Vaa))' +Cu, 8")

where p is the density of air, calculated by the formula p =1.293* (actual pressure/standard physical
atmospheric pressure)* (273.15/actual absolute temperature), and under standard conditions, p is usually
taken as 1.293 kg/m?; V, is the airspeed of the receiver; S is the reference area of the receiver wing; c is
the average aerodynamic chord length of the receiver wing. For the calculation, formulas of Cp(«) and
C. (), can be seen the reference [16].

According to the transformation relationship between the airflow coordinate system and the body
coordinate system of the receiver [22], the expressions of drag D and lift L in the body coordinate
system can be obtained:

c
Cx(a) 4+ Cy, (@) =—w, + Cx, ()4,
F cose —sina || =D 1, K@)+ G )2Va S
F”X ~ | sine  cosa L | E'OV"S c 7
A Co(a) + Gy, (a)ZV o, + Cz, (a)d,
where Cx(a) =—Cp(a)cosa + C,(x)sina; Cx,, (@) =—Cp, cosa+Cp,, sina; Cy,, (@) =—Cp,,
cosa + Cp,, sina; Cz(a) = —Cp(a) sina — Cp(a) cos a; Gz, (@)=—Cp, sino + Cp, cosa; Cy (o) =

—Cp,, sina — Cp, cosa.

2.1.3.2 Lateral aerodynamics. The lateral aerodynamic force mainly affects the movement of the
receiver in the o,y, axis direction of the body coordinate system, and simultaneously influences the
rolling and yaw movements of the receiver. The involved aerodynamic force is the lateral force Y. The
main variables affecting lateral aerodynamics are the side-slip angle 8, the rolling angular velocity w,,
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the yaw angular velocity ., the aileron rudder deflection angle &, and the rudder deflection angle §, of
the receiver. In the body coordinate system, the expression of the lateral aerodynamic force acting on
the receiver is [16]:

1 b b
Fﬁy = E}OVZS (CY() + CYﬂ/B =+ Cymx W&)X + Csz ——;, + CYBH 8a + CY5r 6,) (8)

2V,

where b is the wingspan of the receiver wing; Cy,, Cy,, Cy,,, Cy,,, Cy,, and Cy, are all coefficients.
Therefore, in the body coordinate system, the expression of the total aerodynamic force acting on the
receiver is:

Cu(@)+ Cx,, (@) 3570, + Cx, @5,

F}

= g 1 b b

FAb: FZ = EijS CYO —I—Cyﬁ,B+Cywxﬁwx+Cywﬁwz+CYK“(Sa—i—Cy&r(S, (9)
Fy.

Cz(Ol) + CZw) (a)z_%wx + CZse (a)ge

Correspondingly, the expression of the aerodynamic torque acting on the receiver in the body
coordinate system can be obtained [22]:

b
b(Cm+ B+Co s+ Co s, + Cy, 8, +cx55>

=2V, O 2V,

. b
Mi=| M, |=pV.S <C‘0 +Ca+C,, 17 —w,+C, 4, ) (10)

b b
_b<C40+C~ﬂ,3+Cw 37Ot Cu gy @+ Ca 8o+ G a)_

Based on the above analysis, it can be known that in the body coordinate system, the expressions of
the resultant external force F” and the resultant external torque M? acting on the receiver are:

—sinf
ﬁ'17=ﬁ(’;’+ﬁ}1?+f‘:=mg cos 6 sin ¢
cos 6 cos ¢

Cx(a) + C, (Ot) o, + Cx, (@)d,
, T2
N 1 b b
+ f‘v + EijS CYO + CYﬂﬁ + Cyw WU)X + CYw~ WU)Z + Cyda 8(1 + Cyo.’ (S,- (11)
1.
Cz(a) + Czw‘ (0! ,+ C25 (@),
M =ME + M} + M,
_ b -
b C + Cxﬂﬂ + C’fwx 2V W, + CXw 2V 2 Xsq o a X5 01
bt 1 b
= | bh | +50ViS <C + i+ G0+ G, ) (12)
L.f.
b{Cy+CB+C, b w, + C, b +C, 8.+ C, 6
; W, —w,
L 0 o 2V ’ 2V, N

2.2 Dynamic model of the receiver

Through the analysis of the forces and torques acting on the receiver in Section 2.1, this section will
respectively establish the translational dynamics model of the centre of mass and the rotational dynamics
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model around the centre of mass of the receiver in the body coordinate system based on Newtonr’s laws
of motion and the theorem of moments of motion.

2.2.1 Translational dynamics model of the centre of mass
The receiver’s body coordinate system is adopted as the moving reference frame, and its velocity
vector relative to the geocentric coordinate system is V, and the angular velocity vector of rotation
is @. According to the relationship between the absolute derivative and the relative derivative of a vec-
tor expression, in a dynamic coordinate system, the expression for differentiating the velocity vector 1%
with respect to time is [3]:
av. v 7 3
@~ e (13)

Where represents the absolute derivative of the velocity vector V in the geocentric coordinate system;
E represents the relative derivative of the velocity vector V in the machine coordinate system.

In the body coordinate system, V= [V, vy, v.]" is the velocity vector and o = [w,, w,, w,]" is the
angular velocity vector. Substituting them into Equation (13), we can obtain:

dV Vy w, Vy Ve + oV, — v,
i VWilt o | Xy |=]|Vt+oy—oyv, (14)
v, w, v, V. + oy, — o,

In the body coordinate system, F* = [F?, F}, F/]" is the resultant external force acting on the receiver,
according to Newtonr’s laws of motion, after calculation and organisation, Equation (14) can be
rewritten as:

b
. P
V= — + w0V, — )V,
" )
b
V= — v, + o, (15)
m
Fb
V.= =+ oy, — oy,
m

where m represents the mass of the receiver.
Combining Equation (11), the translational dynamics model of the centre of mass of the receiver in
the body coordinate system can be obtained:

Vy WV, — wyV,
V| = o, — o,
Vv, WyVy — Wy

. 1
—gsiné —i—Ji + —prS <Cx(a)+ Cyx,. (a) w, + Cx;, ()3, )
m 2m A TS

. 5 1 b b
+ | gcos@sing + - + %pVazS Cy, +Cy, B+ CY‘”"Z_V,ZQ)X + CY‘”‘"2_\/awZ + Cy, 8.+ Cy, 5,

~ 1
gcosfcosp+ A + —pV2S (Cz(a) +Cy, (a) v + Cz, (@)8. )
m  2m _
(16)

2.2.2 Rotational dynamics model around the centre of mass
Similarly, taking the body coordinate system of the receiver as the dynamic coordinate system, based
on the relationship between the absolute derivative and the relative derivative of the vector expression,
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the derivative of the angular momentum H with respect to time can be expressed as [3]:

an_oH +oxH (17)
—=-—+4wX

dt ot
where % represents the absolute derivative of angular momentum Hinthe geocentric coordinate system;
35—’[’ represents the relative derivative of the angular momentum H in the body coordinate system.

In the body coordinate system, the angular momentum H can be expressed as [3]:

Jx _ny _sz @y wax - J,\‘ywy - szwz
H=J &= —Jy J —J. wy, | =| —Jyor+ 0, —Jy o, (18)
_]xz - ]yz Jz w; _sza)x - Jyza)y + szz

where J,, J, and J,, respectively, represent the moments of inertia of the receiver around the three axes
0,5, 05y, and 0,7, of the body coordinate system, as well as the products of inertia J.y, Jy., Ju, Jors Iz
and J,,. And its calculation formulas are as follows [3].

J. = / O +2)dm; J, = / O+ ZHdm; J. = / O* +x2)dm
(19)
Iy = / (oy)dm = J,: = f () = J..: J,, = / (y)dm =1,

The receiver belongs to the face weight type of UAV, and its inertial products J,,=J,,=J,,=J,, =0.
Equation (19) can be rewritten as:

J): 0 _sz Wy wax - szwz
H=J-&=| 0 J, 0 w, | = Jy, (20)
_sz 0 Jz @, _szwx + szz

In the body coordinate system, M? = [M?, M, M?]" represents the resultant external torque acting on
the receiver. According to the theorem of moment of motion, combined with Equations (17) and (20),
after calculation and organisation, it can be obtained as follows:

Wy Jx O - sz - Mf (Jz - Jy)(l)ywz - sza)xw" ’
o = 0 4 0 M| — | U= Lo, + (0 - »?) @0
w, _sz O ‘IZ Mf (J‘ - Jx)wxwy + szwywz

Combining Equation (12), the rotational dynamics model of the receiver around the centre of mass
in the body coordinate system can be obtained:

d)x sza)xwy - (JZ’ - J)‘)a)ywz l)\f;
o, | =T | Jo(@] —@}) = = JIww, | +T | Lf,
d)z _szwywz - (Jy - Jx)wxwy lxﬁ

B b b
b(cxo + Cxﬂﬁ + Cx,,)x 2_‘/awx + C)‘“’z 2_‘/aa)7 + nga 811 + ng, 8r>

- b
+T-=pV3s c<Cy0 +Cy,a+C,, vt C,, 6E> (22)

b b
I b(cm + CoB o Cu 57 0+ Co 00+ Ca b+ cmrs,)
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Jx 0 _sz 1 Jsz 0 JyJ)cz
where'=| 0 J, 0 =——— | 0 JJ-J 0
\ JJJ, = J2 =
_sz 0 J z ( : J\] Xz 0 J x-]_v
To establish the dynamic model of the receiver with complete state variables, it is also necessary to
respectively provide the positional motion model of the receiver in the geocentric coordinate system and
the angular rotation model in the body coordinate system [21]:

cos 6 cos Vv, + (sin 6 cos V¥ sin @ — sin 1 cos ¢) v, + (sin 6 cos Y cos ¢ + sin ¥ sin @) v,

X
vy | = cos sinyv, 4 (sin 6 sin i sin ¢ — cos Y cos ) v, 4 (sin 6 sin Y cos ¢ — cos V¥ sin @) v,
z sin Ov, — cos 6 sin v, — cos 6 cos pv,
(23)
¢ = w, + tan f(w, sin ¢ + w, cos )
6= W, COS ¢ — W, sin @ (24)

¥ = sec 0(w, sin ¢ + w, cos )
Combining Equations (16) and (22) to (24), when X = [X, Y, 2, Vis Vs Vi, 9, 0, Y, @, @y, ]" is taken
as the state variable, u = [f,, fosfis 845 8., 8,17 is taken as the control variable, the dynamic model of the
receiver can be expressed as:

X(0) = fX(0), 1)) 25)
Wheref(f((t), (1) = [Asx1, Bixi, Gty D31

[ cos 0 cos Yy, + (sin 6 cos ¥ sin ¢ — sin ¥ cos @)v, + (sin O cos ¥ cos ¢ + sin ¥ sin @)y,
Az = | cos @ sin v, + (sin 6 sin ¥ sin ¢ — cos ¥ cos @)v, + (sin O sin Y cos ¢ — cos ¥ sinp)v, |;

sin Qv, — cos 6 sin v, — cos 6 cos gV,

- 4
w.v, —w,v, — gsinf + Ji + = (Cx(oz) + Cy, (ot)—c w, + Cy, (zx)(Sc)
’ m m ! 2V, - ‘
. fo d b b
Bya=| o, —wy,+gcosfsing +—+ — [ Cy, + Cy,B+Cy, ——0, + Cy, m—w. +Cy, 8, ++Cy, 6, | |5
m m “ 2V, “2V, ‘

~d :
WV, — w,V, — gcos 6 cos ¢ + L + — | Cy(a) + CZwk(a)Lw, + Cy, (a)d,
’ m m Y2V, ‘

[ w, + tan 6(w, sin ¢ + w. cos @)
Cia = w, COS ¢ — w_ sin ¢ :

sec O(w, sin ¢ + w, cos @)

i (J}J(.J,n. — P 4TI u)wxa), - (JJ2 — 2+ J‘.Jf:)cq‘.a)z T
AN
(e = 53) (0} = 0}) = (U = T2) (U = J) w0,
Iy J. = 1T
(WL =T+ 120 w0, — (WS — P2+ T ) o0,
JIJ.— T2

b
Lf,+db (C +C,B+C,, v +C.,, TR +C, 8. +C, &)

b
+r Lf, +dc (Cm +C,a+C,, Ww, +C,, 81,>

b
Lf.+db (CZU +C,B+C.,, Sy @ +C.,,

a

b
Syt CLb+C, &)

- a —
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In addition, during the process of refueling operations, the receiver will be affected by atmospheric
turbulence. The Dryden model is a commonly used atmospheric turbulence model in flight control, and
its descriptive equation is [21]:

, L 1
(I)x =0 - -——
7 14+ (LQ)7
0,=r L LH2LD) 2
T [T+ 4L
L, 1+ 12(L.Q)
(I)Z =0 - —
S [1+4(L.Q)2P

where @, ®, and ®, are the three-axis spectral functions of atmospheric turbulence in the body coor-
dinate system; €2 is the spatial frequency of atmospheric turbulence; o,, o, and o, are the turbulence
intensity at a certain height and o, =0, =0,; L,, L, and L, are the turbulence scale at a certain height,
and L,=L,=L,.

The atmospheric turbulence can be seen as external uncertainty disturbances experienced by the
receiver. Therefore, Equation (25) can be rewritten as

X(0) = X0, it) + (1) 27)

where ¢(¢) represents external uncertainty disturbances that include atmospheric turbulence.

At this point, through the analysis of the motion process of the receiver, the nonlinear dynamic model
of the receiver as shown in Equation (27) is obtained. Our target is to design a controller based on the
nonlinear model of Equation (27) to enable the receiver to actively approach the tanker smoothly and
rapidly. Itis required that the final flight speed and attitude of the receiver when successfully approaching
the tanker be the same as those of the tanker, and maintain a certain safety distance and height deviation
from the tanker.

3.0 Design of the NMPC method

In the actual process of AAR, we expect the receiver to approach the tanker actively and quickly in a
short time and with low fuel consumption. This can not only save the aerial refueling time and improve
the success rate of the receiver in performing subsequent tasks, but also reduce the exposure time of the
tanker/receiver in the air, ensuring the safety of the two UAVs. Essentially, the approach control problem
of the tanker/receiver can be regarded as an optimal control problem, that is, to seek an optimal control
quantity #*(¢) so that the approach control time of the tanker/receiver is short and the fuel consumption
is low. This section will adopt the NMPC method to solve the optimal control problem of the active
approach of the receiver to the tanker.

3.1 Objective function

NMPC is usually described in two forms: the discrete-time model and the continuous-time model.
Compared with the continuous-time model, the discrete-time model is more robust in the case of small
sample time intervals [23]. Therefore, the prediction model in the discrete-time state is used. Assuming
the sampling time is 7', the dynamic model of the receiver in the discrete-time state in the form of
Equation (28) is shown as follows.

X(k+ 1) =X (k) + T - fFX(k), Ai(k)) + E(k)

. . . (28)
u(k) = u(k — 1) + Au(k)

where k is the sampling moment; Az(k) is the increment of the control input.

https://doi.org/10.1017/aer.2026.10233 Published online by Cambridge University Press


https://doi.org/10.1017/aer.2026.10233

10 Song et al.

Assuming that £(k) remains constant in the predicted time domain, the following form of objective

function can be established'

7= 3 Rk i) — X+ i) QLR k -+ i) — Xk + iR

+ Zi:@ (AR (k+ i[OR (AR (k + ilk)

+ [Xatk+ N, k) — X(k + N, 6] S[Xa(k +

N, k) — X(k + N, k)] (29)

where the first item and the second item are respectively the state cost and control input cost func-
tions, which realise the active approach control from the receiver to the tanker; the third item is
the terminal state cost function, which is used to ensure the stability of the NMPC controller;
[)?d(k + 11k), )?d(k + 2|k), - )?d(k + N,|k)]” is the reference value of the state vector of the receiver at

time k which can be obtained from the output value of the dynamic model of the tanker; [X(k +

1|k),X(k+ 2\k), - - X(k+N |k)]” is the predicted value of the state vector of the receiver at time
k; [Au(k|k), Aﬁ(k +1lk), - -+, Au(k + N, — 1]k)]" is the increment of the optimal control input of the
receiver at moment k; N, and N, are respectively the lengths of the prediction and control time domains

and Nu ENp,QZdlag[Cll,%, »le]T,R:diag[rl,rz,"' s

T and S=diagls,,s,, - ,sn]" are

respectively the weight matrices of the corresponding states, control inputs and terminal states.

3.2 Constraint conditions

During the process of the receiver actively approaching the tanker, its movement speed, attitude and
the control amount applied to it will all be subject to certain constraints and limitations. At the same
time, considering that the two UAVs need to maintain a certain safety distance when approaching
and the receiver is located directly behind and below the tanker, the specific constraint conditions are

expressed as:

mln_u(k+l_1|k)<umax(l_1 2

N.) (30)

where the subscripts min and max are respectively represented as the upper and lower boundaries of the

constraints.

Vi < VO A+ 010 < Vi
Pumin < @k + 1K) < Qruax
Oin < Ok + 1K) < O
Vnin < V(K + i1k) < Y

C_[)min S C?)(k + l|k) S E)max

§ <yatk+ N,lk) — 3k + N, k) <&

& < Vilk+ Nyl — V(k+ N, o) < &
£ <@uk+N,Jk) — G(k+ N, k) <&
£ <0,(k+N,Jk)— 0k +N,lk) <&

£ <Yulk+N,lk)— Y (k+N,lk) <&

where  Ax=ux,4(k + N,|k) — X(k + N, |k); Ay =y (k + N,|k) — 3k +

-, N,) 31

VI = (AyP — (A2 — & <x,(k+ N,Jk) — &k + N, k) < /I — (Ay? — (A7) +&

VIE = (Ax) = (Ay) — & < zy(k+ N, Jk) — 2k + N, k) < VI — (Ax) — (Ay)* +&

(32)

N, |k); Az = z4(k 4 N,|k) — z(k +

N, |k); I, is the safe distance between the tanker and receiver; £ is a minimum value greater than 0.
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Given the initial state X 0]0) = X (0), combined with the dynamic model and constraint conditions,
solving the optimal control variable #*(¢) so that the objective function J takes the minimum value.

3.3 Solution of the optimal control quantity
After establishing the prediction model for the motion control of the receiver, in order to obtain the
optimal control quantity, the NMPC needs to solve a nonlinear optimisation problem shown in Equation
(29) online in each control step. This paper will adopt the adaptive gradient descent method [5] to
optimise the objective function online in order to obtain the optimal control quantity.

Let the state error é(k + ilk) = Xd(k + ilk) — )?(k +ilk),(i=1,2,.--,N,),and the objective function
(29) can be rewritten as:

J= ZZ:]ET(k + ilk)Qe(k + ilk) + ZZ‘;' (AW (k+ iR (AT) (k + ilk)
+&"(k+ N, [k)Se(k + N, k) (33)

Let E(k) = [é(k + 1]k), é(k + 2|k), - - - , é(k + N,|k)]" be the state error vector, AU(k) = [ALi(k|k),
Au(k +11k), - - -, Au(k+ N, — 1|k)]" be the control input increment vector, M = diag[Q;, Q> - - - ,
Ow,-1,S]" is the state weight matrix, H = diag[R,, R, - - - , Ry,]" be the control weight matrix, and then
we have

J =E"(WMEK) + (AU) ()H(AU)(k) (34)

The adaptive gradient descent method is adopted to optimise the objective function Equation (34),
and the control increment vector AU(k) can be obtained. The expression of gradient descent is:

Ulk+1)=U(k) — n - g{k) = U(k) + 2nP" ())ME(k) — 2nH(AU) (k) (35)

where 7 is the adaptive optimisation rate of the gradient descent method.
According to Equation (35), the control incremental vector AU(k) can be obtained:

AUk) = (1 + 2nH) ™' 2nP" (k)ME(k) (36)

where the expression of the matrix vector ﬁ(k) is

[ Xk + 1[k)

P(k) = au(k|k)

duk + 1|k)

OX(k+N,JK)  9X(k + N, [k)

du(k|k)

duck + 1]k)

DX (k + N, k)

du(k+N, — 1|k)

_ 0 . 0
du(k|k)
aX(k+2k) X (k+2[k) 0
(37)

It can be deduced from the above that in the process of solving the control increment vector, the inver-
sion and multiplication of matrices are involved, which increases the computational load and complexity
of NMPC. Under normal circumstances, we choose the first control quantity #*(k|k) in the control quan-
tity U*(k) = [*(k|k), w*(k + 1]k), - - - , #*(k + N, — 1|k)]" obtained through the optimisation solution as
the control input quantity for the next optimisation solution [24]. Facts have proved that this choice can
still enable NMPC to achieve satisfactory control effects [25]. Therefore, when the control time domain
length N, is set to 1, Equation (36) can be rewritten as:

Aii(k[k) = (1+2nR))~" 2nP{ (k) E(k) (38)

OX(k+ 11k) Xk +21k)
dukl)  duklk)

L,

N T
BX(k + zwa}

where P, (k) = [ dui(k|k)
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To accelerate the convergence speed of the gradient optimisation method, n can adaptively adjust in
the real-time control process, namely [17]:

K
Ne=T"—"=—""=—""7 (39)
)\'max (Pl (k)P{(k))
where 0 < k < 2; Ao is the maximum eigenvalue of i’l(k)i’lT(k).
Based on the above analysis, the optimal control increment A*(k|k) can be expressed as:

i I v (0X(k+ilk).
A (klk) = nPTOEGK) = 1.y | =l e(k + ilk 40
i (klk) = 1. P{(OE(k) ”Z~<au(k|k) ek + ilk) (40)

Substituting the optimal control increment Au*(k|k) into Equation (41), the optimal control quantity
u*(k) at time k can be obtained:

u*(k) = u(k — 1) + Au*(k|k) 41

The optimal control quantity #*(k) is input into the dynamic model of the receiver; the NMPC per-
forms a new round of predictive control based on the motion state of the tanker/receiver at time k + 1
until the control target requirements are met.

3.4 Stability analysis

Stability is a prerequisite for ensuring the normal operation of the control system. There are many meth-
ods for analysing the stability of control systems, such as Routhr’s criterion, root locus method and
Lyapunovr’s theorem, etc. This paper will adopt the Lyapunov stability theorem to analyse the stability
of the designed NMPC.

Selecting the Lyapunov quadratic positive definite function as shown in Equation (42):

V0o = B (0 Eh) “2)
When the difference calculation is performed on Equation (42), there is
AV = V(k + 1) — V(k)
= E"(k+ DE(k + 1) — ET(OE(k)
= [E"(k) + AE"(0)|[Etk) + AEK)] — E" (WEK)

= AE"(0)[2E®K) + AE()] 43)
Since E(k) = [é(k + 1]k), é(k + 2|k), - - - , é(k + N, |k)]”, then there is
S S S 3 T
AE(k AX(k+ 11k) aX(k+ 2]k X (k + N, |k -
q():_ (ﬁ+ I)’ (ﬁ+ I)’.__’M — B (44)
duk|k) du(k|k) duk|k) du(k|k)
Therefore, Ai?(k) can be expressed as:
AE®) PE®) ATi(k[k) PL(0P (WEK) (45)
= u = -1,
du(k|k) e
Substituting Equation (45) into Equation (43) and rearranging, we can obtain:
AV(k) = —n.[P, (0PI (OE®K)] [2Ek) — 0P, () PT(E(K)]
= —n.E" (P ()P, (W)[2] — n.P (k)P (k) |E(K) (46)

From Equation (44), it can be known that 0 < nckmax(f’.(k)i’{(k)) =k <2, then A\7(k) < 0, which
can prove that the designed NMPC method is theoretically stable and convergent.
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Table 1. Configuration of high-performance computers

Name Specification model Name Specification model

Processor Intel i7-13700KF Main frequency 2.7 GHz

Motherboard ~ Asus ROG Z790-A Graphics card Raptor ROG-STRIX-RTX
4084-016G-W

Memory G.skill (16G*4) DDRS5 7200 Hard disk 2T*2 PCIE solid-state
Samsung 990Pro

Power supply  ROG STRIX Blowing Snow Heat dissipation =~ ROG Rozen III 360ARGB

1000W white water cooler

Table 2. Physical parameters of the dynamic model [26, 27]

Variable Value Variable Value
Quality m 2400 kg Wing area S 8 m?
Wing span b 12m Average aerodynamic chord 6 m

length of the wing ¢
Moment of inertia J, 5.0 x 10 kg x m?>  Moment of inertia J, 5.0 x 107 kg x m?
Moment of inertia J, 8.9 x 10 kg x m*> Moment of inertia J,, 0.006 x 107 kg x m?

Table 3. Aerodynamic coefficient of the dynamic model [28]
Variable Value Variable Value Variable Value Variable Value Variable Value

Cy, 0400 C, 2000 C, —0.100 C, 0002 Cp, —0.100
Cp, —0.100  Cp, 0001 Gy, 0.150  Cy, 1000 Cy, ~0.100
Cy., —0.100  Cy, 0.004  Cy, 0003 C, 0150 C, 1.500
C., 0050 C,  —0050 C, 0001 C,  0.002 Y 0.200
C, 1500 ¢,  —0070 C, 0001 C, 0250 C, 2.000
C., 0070 C, -0070 C, 0002 C, 0003 p  1293kgm’

4.0 Numerical simulation and result analysis

To verify the control performance of the NMPC method established in this paper during the active
approach of the receiver to the tanker, a certain type of UAV was taken as the controlled object, and
numerical simulation and result analysis were carried out in the Matlab/Simulink environment on a
high-performance desktop computer. The configuration of the high-performance desktop computer is
shown in Table 1 as follows.

4.1 Parameter initialization

The tanker is assumed to maintain straight and level flight at a constant speed. In the geocentric coor-
dinate system, the initial positions of the tanker are (4.25, 12, 6.58) km, the flight speed is 25 m/s, and
the attitude angles (¢, 6, ¥) are (0, 0, 0) degrees, respectively. In order to verify the effectiveness of
the proposed method, the three initial positions of the receiver are be given as (0, 0, 5) km (condi-
tion 1), (1, 2, 3) km (condition 2) and (2, 2.5, 5) km (condition 3), the initial speed is 30 m/s, and the
initial attitude angles (¢,, 6y, V) are (0, 0, 66) degrees, respectively. The physical parameters and aero-
dynamic coefficient initialisations of the dynamic model of the receiver are shown in Tables 2 and 3,
respectively.
The conditions that the receiver is subject to during its flight are shown in Table 4 as follows.
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Table 4. Variable constraints [29, 30]

Minimum  Maximum Minimum  Maximum
Variable value value Variable value value
Speed V 0 120m/s Rolling angle ¢ —180° 180°
Pitch angle 6 —180° 180° Yaw angle i —180° 180°
Engine thrust f 0 124.50kN  Aileron rudder —35° 35°
deflection angle §,
Elevator deflection —35° 35° Rudder deflection —35° 35°
angle g, angle §,

TOO0O -

G500 -

= 6000 -

5500

15000
‘\-\ -
< 8000
= 6000
4000

10000

S000 e
£ 2000
Y/m 0 X/m

Figure 1. Rendezvous trajectory in condition 1.

Our goal is that, based on the above parameters and constraints, the receiver will eventually fly at the
same speed and in the same direction as the tanker and be located directly below and behind the tanker.

4.2 Simulation result analysis

Suppose the length of the prediction domain N, =20 and the length of the control domain N, =1, the
receiver eventually flies forward parallel to the ground horizontal line at a constant speed of 25 m/s,
and the deviation between the flight position and the position of the tanker is A = (—0.05, 0.0,
—0.08) km. According to the settings of the parameters in section 4.1, the numerical simulation results
are as follows.

Figures 1-6 present the motion trajectory and the three-axis position errors of the tanker/receiver
during autonomous approach and rendezvous with three different conditions, respectively. It can be
seen from that although the initial positions of the receiver is different, the receiver can quickly achieve
autonomous approach and rendezvous with the tanker, and the three-axis errors between the receiver and
the tanker are eventually stabilized at —50 m, 0 m and —80 m, respectively, indicating that the receiver
is directly below and behind the tanker, meeting the flight position requirements set by the numerical
simulation.

Figures 7-10 present the change curves of flight speed, roll angle, pitch angle and yaw angle during
the autonomous approach of the receiver to the tanker in condition 1, respectively. It can be seen that
the receiver flies at an initial speed of 30 m/s, after approximately 30 s, it begins to reach the maximum
speed of 115 m/s, and then flies towards the tanker at the maximum speed independently. After approx-
imately 100 s, the receiver begins to decelerate and fly towards the tanker. Finally, after around 150,
it decelerates to 25 m/s and maintains the same flight speed as the tanker. After a period of change, the
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Figure 2. The position errors of the three axes of the tanker/receiver.
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Figure 3. Rendezvous trajectory in condition 2.
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Figure 4. The position errors of the three axes of the tanker/receiver.
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Figure 5. Rendezvous trajectory in condition 3.
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Figure 6. The position errors of the three axes of the tanker/receiver.

flight attitude angle of the receiver remains consistent with that of the tanker at about 150s. That is,
the receiver eventually maintains the same flight direction as the tanker, meeting the requirements of the
flight speed and direction of the tanker/receiver.

Taking into account the impact of atmospheric turbulence on the tanker and receiver, a simulation
is conducted to verify the control performance of the proposed method under turbulence effects. The
simulation results are presented in Figures 11 and 12. It can be seen that although atmospheric turbulence
can have a certain impact, the receiver is directly below and behind the tanker, meeting the flight position
requirements set by the numerical simulation, indicating the control stability of the proposed method.

To further verify the control performance of the proposed method, the relative distance between the
tanker and the receiver is taken as the performance indicator. The simulation comparison results between
the proposed method, LQR and MPC are shown in Figure 13. As seen in the figure, the NMPC-based
control performance is the best.

The simulation results show that the proposed method can meet the requirements for autonomous
approach and rendezvous between the receiver and the tanker. The receiver can maintain a position
directly behind and below the tanker while flying at the same speed as the tanker. The established method
has good control performance, verifying its effectiveness.
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Figure 7. The flight speed of the receiver.

4.5 1

roll angle/®
e w
N Tad M 4

[¥]

i

0.5

0 20 40 60 80 100 120 140 160

pitch angle/”

0 20 40 60 80 100 120 140 160
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Figure 13. The comparison results with different methods.

5.0 Conclusion

In this paper, an autonomous approach and rendezvous method for unmanned tanker/receiver based on
NMPC is established. Through the analysis and modelling of the resultant external force and torque
acting on the receiver during its motion process, appropriate state variables and control variables are
selected to establish a nonlinear dynamic model of the entire state of the receiver. The objective function
with state terminals is designed by applying the NMPC theory. Combined with the constraint conditions,
the adaptive gradient descent method is adopted to solve the optimal control quantity online, and the
stability analysis is carried out. Numerical simulation verifies the control performance of the established
method.

The simulation results show that the established method can quickly achieve the autonomous
approach and rendezvous of the tanker and receiver in the air, ensuring that the receiver maintains the
same speed and direction as the tanker directly behind and below it. The established method features
high control accuracy, stable control process and excellent control performance.

Data and materials availability. The authors confirm that the data supporting the findings of this study are available within the
article.
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