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Abstract

We count certain abelian surfaces with potential quaternionic multiplication over a number
field K by counting points of bounded height on some genus zero Shimura curves.
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1. Introduction

There has been significant recent interest in the problem of counting elliptic curves of
bounded height over the rational numbers @Q, or more generally over a fixed number field
K, which have a prescribed torsion group structure. Works following this trend [3, 5, 7, 11,
20, 24, 25, 26] take the perspective of counting points of bounded height on modular curves
parameterising elliptic curves with a specified structure.

In this paper, we count points of bounded height on certain compact Shimura curves of
genus zero. Let X'P denote the Shimura curve defined over K which parameterises abelian
surfaces with fixed quaternionic multiplication (QM) structure by the quaternion algebra
over Q of discriminant D. This curve has genus zero for D € {6, 10,22}. We count points
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2 TYLER GENAO ET AL.

on the corresponding Shimura curves X 6 X10 and X2, and also on their Atkin—Lehner
quotients, which parameterise abelian surfaces with potential quaternionic multiplication
(PQM). This is a step towards more generally answering these types of counting problems
for abelian varieties of higher dimension, accessed by restricting to a case where extra struc-
ture provides a one-dimensional moduli space like for modular curves. We count via the
Igusa invariants of corresponding families of genus 2 curves. For D € {6, 10} these families
of curves first appeared in work of Hashimoto—Murabayashi [12] and have also been studied
by Baba—Granath [2]. For D =22, we use generalisations of these results due to Nualart
Riera [22] and Lin—Yang [16].

For D € {6, 10, 22}, let AL(X?) denote the full group of Atkin—Lehner involutions on
AP, and let Ay denote the moduli stack of principally polarised abelian surfaces. For each
subgroup W < AL(X Dy 121, [12] and [22] describe families C‘[,’V of genus 2 curves corre-
sponding to the image of X”/W in A, under the map forgetting the QM structure. We
discuss these families further in Section 2 and Section 5-2. For any number field K, the
Igusa invariants give a map into a weighted projective stack

cP k) S P, 2,3,5K)

From this map and a height function on the weighted projective stack we define an Igusa
height function Ht on K-isomorphism classes of genus two curves. We also define a height
Ht on K-isomorphism classes of genus two curves in such a way that results on Malle’s
conjecture for counting field extensions can be used to count genus two curves in twist

classes. Let B e R., and let /T/D(W, K, B) (resp. NP(W,K,B)) be the counting function
for the number of K-isomorphism classes (resp. K-isomorphism classes) of curves C in
C€V(K ) with K a field of definition and whose Igusa height Ht(C) (resp. whose height Ht (C))
is bounded by B. With this setup, we state our main result.

THEOREM 1-1. We have that

B*/log(B)  if W e {(w3), AL(XO)},

B*/log B)'/%  if W€ {(w), (we)},

B? if W=1{id} and (— 6,2)x =1,
0 ifW={id} and (— 6,2)x = —1,

B/log(B)  if We{(w), AL(X'0),
B/logB)'2  if W e {(ws), (wio)},

if W={id} and (— 10,5 =1,
0 if W= {id} and (— 10, 5)x = —1,

B if W e {{w2), AL(X10)},

Blog (B)'/? if W e {(ws), (wi0)},

Blog (B) if W=/{id} and (— 10,5 =1,
0 if W ={id} and (— 10,5)x = —1,

NO(W.K.B)= NO(W.K.B) <

—10
N (W,K,B) < |

NOW,K,B) <« |

' See Section 3 for the precise definitions of our height functions.
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Counting points on some genus zero Shimura curves 3
B>/ log (B)' if W € {(w2), AL(X?)}

orif W= (wi1) and Q(v/~11) C K,
B3/log(B)  if W= (wn)

or if W ={id} and Q(+/—11) € K,

—22
N7 (W,K,B) <

if W € {(w2), (wa2), AL(X?%)}
orif W e {{id}, (w11)} and Q(+/—11) C K.
These bounds are sharp if K = Q or if both D € {6, 10} and W = {id}.

N®2(W,K,B) =<

Remark 1-2. The bounds in Theorem 1-1 are expected to be sharp in all cases by a conjecture
of Loughran and Smeets [18, conjecture 1-6]. The bounds are sharp in the case K = Q, due
to a result of Loughran and Matthiesen [17, corollary 1-2] on counting the number of fibers
of a conic bundle over P! containing a rational point over Q. Generalising [17, corollary
1-2] to arbitrary number fields would make the bounds in Theorem 1-1 sharp in all cases.

Remark 1-3. Theorem 1-1 makes no statement about counts if W € {{id}, (w11)} and K does
not contain Q(+/—11) in the D = 22 case. See the proof of Theorem 5-11 for details.

The conditions for having rational points on the top curves X' and X''0 (that is, in the
W = {id} cases) seen above are to be expected; by a result of Shimura [32, theorem 0], the
curve X2 has no real points for D > 1. Furthermore, a result of Jordan [14, theorem 2-1-3]
states that an abelian surface with QM by quaternion discriminant D and with no non-trivial
automorphisms has a model over a field L containing its field of moduli if and only if L splits
the quaternion algebra over QQ of discriminant D. The non-trivial quotients of these curves,
on the other hand, are not pointless over QQ; for D € {6, 10,22} and for each non-trivial
W < AL(XP), the coarse moduli space X2 /W of X'P/W is isomorphic to ]P’(b.

A novel feature of our study comes from the fact that a PQM abelian surface need not have
a model defined over its field of moduli. This does not occur for elliptic curves, where the
field of moduli of an elliptic curve is always a field of definition, as determined by Deligne—
Rapoport [8, section VI, proposition 3-2]. The obstruction to a genus 2 curve corresponding
to a PQM abelian surface having a model over its field of moduli is explicitly given by
Mestre as equivalent to the splitting of a specified conic. This obstruction leads us to con-
sider the problem of counting the number of fibers of certain conic bundles that contain a
rational point. To address this, we adapt general counting results of Loughran—Smeets [18]
and Loughran—Matthiesen [17] (see Proposition 4-1).

Our paper is structured as follows. In Section 2, we give a brief overview of basic facts
about Shimura curves and their Atkin—Lehner quotients. In Section 3, we define our height
functions, prove an upper bound for counting D4-octic extensions (Proposition 3-4), and
prove a result for finding asymptotics for the product of sets (Lemma 3-5). In Section 4, we
prove Proposition 4-1 which will allow us to account for the Mestre obstruction in our point
counts. The proof of Theorem 1-1 then comes in three parts: Theorem 5-2 and Theorem
5-3 in Section 5-3 for the D = 6 case; Theorem 5-6 and Theorem 5-7 in Section 5-4 for the
D =10 case; and Theorem 5-11 and Theorem 5-12 in Section 5-5 for the D = 22 case.
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4 TYLER GENAO ET AL.
2. Preliminaries on Shimura curves
2-1. Shimura curves

Let B be a quaternion algebra over Q of discriminant D. Suppose that B is indefinite,
meaning that B ®g R = M>(R). It follows that D =py - p - - - p2, is a product of an even
number of rational primes, namely those at which B is ramified, and that B is unique up to
isomorphism. Let O be a maximal order in B (unique up to conjugacy in B*).

Let : B— B denote the standard involution on B (i.e., the unique involution for which
bb € Q for all b € B). A principal polarisation on B is an element of O satisfying > = —D.
To u we associate an involution

op:B—B
b 1o,

and further we associate to i the moduli problem of classifying triples (A, A, ¢), where:

(1) A is an abelian surface;
(2) A is a principal polarisation on A; and

(3) t:O = End(A) is a ring homomorphism such that p, and the Rosati involution
ry. : End(A) ®z Q — End(A) ®z Q corresponding to A coincide on the image of ¢ (i.e.,
if a € ((O), then p,(a) = r;.(a)).

Given such a triple (A, X, t), we refer to ¢ as a quaternionic multiplication (QM) structure
by (O, 1) on the principally polarised abelian surface (A, A). We refer to the triple (4, A, ¢)
as a (principally polarised) (O, 1)-OM abelian surface.

Two (O, 1)-QM abelian surfaces (A1, A1, t1) and (A3, Ay, 1) are said to be isomorphic if
there exists an isomorphism ¢ : A| = Ay for which ¢*(A2) = A1 and for each ¢ € O we have
9 ou(c)=u(c)op.

The above moduli problem can be represented by a stack over Q (for this we refer to [4,
section 12]; see also [30, main theorem 1] for the statement on the canonical model of the
coarse moduli space), which we denote by X MD .

2-2. Atkin—Lehner quotients and forgetful maps

Consider the subgroup of the normaliser of O in B* defined by

def

Np< (O)= {u e B* :nrd(u) > 0 and u™' Ou = O).

This group acts on the moduli space X 5 as follows:
D D
NB;)(C’)) x X, — X,
(u, [(A, A, 0D = [(A, Ay, w)],
where A, = t(u)*())/nrd(u«) and where

ty : O — End(A)

a— u_lt(a)u.

Note that if u € NBXO(O) NQ*, then (A, A, ¢) and (A, A,, t,,) are isomorphic.
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We define the (positive) Atkin—Lehner group as
def
AL(XP) = Ny« (0)/Q* O € Aut(X7).

This is a finite abelian 2-group. Recalling that D =pj - pa - - - pa, is a product of distinct
primes, it is known that AL(X?) = (Z/ 27)* is generated by involutions w),, for 1 <i <2r.

Let A, denote the moduli stack of principally polarised abelian varieties. Then we have
the forgetful map

F: Xf — A
[(A, A, O] = [(A, L)].

Let V{f denote the image of F. At the level of coarse moduli schemes, Rotger has shown that
the image F (XS ) of Xg under the forgetful map to A, is birational to a specific Atkin—Lehner
quotient of Xﬁ) [27, theorem 4-3].

2-3. Genus two curves

Let M denote the moduli stack of genus two curves. The Torelli map, 7 : My — Aj
sending a genus two curve to its principally polarised Jacobian, is an open immersion of
stacks [23]. Let Cllf denote the preimage of Vf N (M) with respect to the Torelli map. We
have the following diagram:

Ay —— M,

F
21
XP —» vP < cp.

The Igusa invariants of a genus two curve C, introduced by Igusa in [13], are homoge-
neous polynomials /;(C) of degree i in the coefficients of a hyperelliptic model of C for
i €{2,4,6,10}. These invariants define a map

Ma(K) — P(2,4,6, 10)(K)
C= [1(C) : 14(C) : 16(C) = [1o(O)].

This restricts to a map
M (K) — P(2,4,6,10)(K).

The Igusa invariants can be normalised by rigidifying along the C-gerbe of P(2,4, 6, 10)
(see, e.g., [1, appendix C] for details about rigidification). In particular, let

J :My—P(1,2,3,5)

be the morphism (defined over K) for which the following diagram commutes:
My — P(2,4,6,10)

C,-rigidifiction
N \L g

P(1,2,3,5).

Mestre has shown that a point x € P(1, 2, 3, 5)(K) is contained in the image of 7 if and only
if a certain conic (depending on x) has a rational point over K [19]. This obstruction for

https://doi.org/10.1017/S0305004126102187 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004126102187

6 TYLER GENAO ET AL.

a set of K-rational Igusa invariants to correspond to a genus two curve defined over K is
referred to as the Mestre obstruction. The conic that arises is referred to as the Mestre conic
corresponding to x.

2-4. The O-PQM locus

The image Vf of X f under the forgetful map F is contained in the O-POM locus of A,
which we denote by Qo C Aj. This is the locus whose points over a number field K consist
of geometric isomorphism classes [(4, )] of O-PQM abelian surfaces with field of moduli
K. Naturally, one might ask for the full structure of this locus. One must vary the polarisation
w of the quaternion order O, and at the level of associated coarse moduli schemes this is the
entire picture. This is stated in the following proposition of Rotger, which we state in a
simplified version sufficient for our needs. We let Xllf denote the coarse moduli scheme over
Q associated to X, and let V[? denote that associated to Vllf

PROPOSITION 2-1 [28, proposition 5-3].

(i) The locus Qo is the set Qp(C) of complex points of a reduced, complete subscheme
Qo of Ay defined over Q.

(ii) There exist finitely many principal polarisations 1, . . ., g of O such that
k
_ D
Qo = U Vui
i=1

is the decomposition of Qo into irreducible components.

3. Heights
Let Val(K) denote the set of places of the number field K, and let Valy(K) (resp. Valy(K))
denote the finite (resp. infinite) places of K. For each finite place v € Valg(K), let m, be a
uniformiser for the completion K, of K at v. Let w denote the (n + 1)-tuple (wo, wi, . .., wy)
of positive integers. For x = (xg, . . ., xp) € K™ —{(0,0,...,0)} define
def | max; 1, &V(x")/wd} if v e Valy(K),

|X|w,y = .
" | max; |x,~|i/w'} if v € Valo (K).

We define the height of a point x = [xp: - - - :x,,] € P(W)(K) to be
def
Hw S [ 160, sx)lwy
veVal(K)
Define the Igusa height on M»>(K) as
Ht: My(K)— R-g
C — min {Ht(1 235 (J(C')): C' = C overK}.

Note that for curves C € M»(K) for which J(C) is (geometrically) one of the three stacky
points of P(1,2,3,5) we have Ht(C) = 1. For all other curves

Ht(C) =Ht(1 235 (J(C)).
The Igusa height only depends on the K-isomorphism class of the curve.
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We now define a height that can be used to count K-isomorphism classes of genus 2
curves. For a genus two curve C over K let 91(C) denote the conductor of the Jacobian of C

over K. For each twist class of genus two curves choose a genus two curve Cpi, over K for
which

Nk /@(MU(Cin)) = min {Ng,0(OUC)): C'= CoverK} .

Let K¢ denote a finite extension (of minimal degree) of K for which C = Cpyiy over K.
Define the height of a genus two curve C € M;(K) as

Ht (0) € HI(C) - [Ng /g disck (Ko))l- 31

Remark 3-1. This height will depend upon the choice of twist minimal curves Cpip. It would
be interesting to describe a canonical way of choosing these curves. However, this choice
will not affect the asymptotic results of this paper.

3-1. Counting genus two curves in twist classes

Let C be a genus two curve over the number field K. The possible geometric automor-
phism groups Autz (C) of C are the cyclic group of order two C5, the Klein four group
Cy x C», the dihedral group of order eight Dy, the cyclic group of order ten Cjg, the dihe-
dral group of order twelve Dg, the special linear group SL;(IF3), and the general linear group
GL,(IF3). However, the only geometric automorphism groups we will encounter in this paper
are Cp, Cp x Cp, and Dy.

We have defined our height in Equation (3-1) in such a way that counting genus two
curves in the twist class of a genus two curve C is equivalent to counting field extensions of K
with Galois group Autg (C) by discriminant. Malle’s conjecture (and its refinements) predict
asymptotics for counting field extensions by discriminant. For example, the following propo-
sition is an immediate consequence of Wright’s work on enumerating abelian extensions of
number fields [35].

PROPOSITION 3-2. Let C be a genus two curve over K. Then
#{C' e My(K): Ht(C") <Band C' = C over K}

_|B if Autg (C)= G,
| B 210g(B? if Autg (C)=Cy x C.

Malle’s conjecture, in the case of D4-octic extensions, leads to the following prediction.
CONJECTURE 3-3. Let C be a genus two curve over K with Autg (C) = Dy. Then
#{C' € My(K): Ht(C') < B and C' = C over K} ~ B"/* log (B)*.

This conjecture has recently been proven when K = (Q by Shankar and Varma [29]. We
prove a weak bound for counting D4-octics over arbitrary number fields.

PROPOSITION 3-4. Let C be a genus two curve over K with Autg (C) = Dy. Then

#{C' € M»(K): Ht(C') <B and C' = C over K} = O(B'/?).
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Proof. We want to count D4-octic extensions over K by discriminant. If Lg/K is a D4-octic
extension then there exists a D4-quartic extension L4 whose Galois closure Ly is isomorphic
to Lg. Conversely, the Galois closure of any D4-quartic isomorphic to L4 will be isomorphic
to Lg. The relationship between the discriminants disck (Lg) and disck (L4) (see, e.g., [21,
chapter III, corollary 2-10]) gives the following inequality,

INk/( disck (Ls))| > [Nk o( disck (La))|?. (3-2)

Therefore, counting D4-quartics whose discriminant is bounded by B'/? will give an upper
bound for counting D4-octics with discriminant bounded by B.

Malle’s conjecture is known for D4-quartic extensions over number fields; this was stated
in [6] and can be viewed as a special case of the main result of [15]. In particular,

#{L4/K : |Ng/o(disck (La))| <B'?, [Ly: K] =4, and Gal (Ls/K)= Dy} < B'/2.

3.2. A product lemma

We now prove a lemma for counting points on products of sets. For complex numbers
71, 22 € C with positive real part the beta function is defined as

def [
B(z1,220) é/ t“‘l(l —t)ZZ‘ldt.
0

LEMMA 3-5 (Product Lemma). Let Hty and Hty be counting functions on sets X and Y
respectively. Assume for all x € X and y € Y that Htx (x) € R.¢ and Hty (y) € R.o. Suppose
that cx, cy € Ryg and ax, ay, Bx, By € Q with ax > ay > 0 and By > 0 are such that

#{x € X : Hty (x) < B} ~ cxB*X log (B)**
and

#{y € Y: Hty (y) < B} ~ cyB*' log (B)P".
Let

c € BBy +1 ﬁx + Dexeyay

log (k)Pr
e2 = exerax Z kaf ay+1°

Then #{(x,y) € X x Y : Htyx (x) - Hty (y) < B} is asymptotic to

1B log BT ifay =ay,
c2BX log (B)Px if ax > ay.

Remark 3-6. Similar results to Lemma 3-5 can be found in [34, lemma 3-1 and lemma 3-2],
[10, proposition 2], and [9, lemma 7-1]. The main difference in our result is that it allows for
,BX < 0.

Proof. Let A1 <Ay <... be anon-decreasing enumeration of the multiset {Hty (y):y € Y},
so that

https://doi.org/10.1017/S0305004126102187 Published online by Cambridge University Press
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#{(x,y) €X x ¥ : Hix (x) - Hty () < B} (3-3)
#{yeY : Hty (y)<B)

— Z #{x e X : Hty (x) < B/A;}
i=1
#{yeY : Hty (y)<B}

= Y cxB/a)™log B/ (1+0(1)).
i=1

For j € Z> let a(j) déf#{y € Y:j<Hty (y) <j+ 1}. Then the expression in Equation (3-3)
equals

[B]
> aex(B/j)™ log (B/)P (1+ o(1)) + O (a(O)ex (B/21)** log (B/x)) . (3-4)
j=1

Consider the sum

LB] LB]
SBEY " a()ex(B/j)*™ log (B/jy™ = cxB™ Y a()i  log (B/)P* . (3-5)

i=1 i=1
By Abel summation,
B { lul
S(B) ~ cxB™ / > a() | w " log (B/u)* ! (ax log (B/u) + Bx) du
1

j=1

B
~ cxcy B / u® = og (u)?" log (B/w)P* ! (ax log (B/u) + Bx) du.  (3:6)
1

Now separate into the two cases ay = ay and oy > ay.
In the case ay = oy, Equation (3-6) becomes

B
S(B) ~ cxcy B / u~ " log ()P log (B/u)®*~! (ax log (B/u) + Bx) du
1
B
~ cxcyoaxB*¥ f u” ! log (w)P" log (B/u)* du
1
B
+ cxcy BB f u~ " log (w)?" log (B/u)?*~'du.
1
Making the substitution v = log (1)/ log (B), this becomes

1
cxcyaxB log (B)PxTAr+1 / v (1 = )P gy
0

1
+ cxcy BxB*X log (B)ﬂx+ﬂy / WP a- V)ﬁx—l dv
0
= 1B log (B P+l 4 0 (B* log (BY*HFY) .

By Equation (3-5), this implies Lemma 3-5 in this case.
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Now consider the case oy > ay. In this case the integral
* log (u)P”
—————du
| u(xxfoty+l
converges and equals

oo oo

“l log ) -y log (k)P¥
k uox—ay+1 u_k kox—ay+1
=1

(14+0(1)).
k=1

Then Equation (3-6) becomes

B
cxcy B / u®* == og (u)P" log (B/u)P* =" (ax log (B/u) + Bx) du
1

oy Bx—1 — log (k)ﬂy
~ cxcyB™ log (BY* ™! (ax log (B) + Bx) D )
k=1
~ ¢2B% log (B)PX.

By Equation (3-5), this implies Lemma 3-5 in this case.

4. Counting fibers of conic bundles which have a rational point

Let m : Z— X be a dominant proper morphism of smooth irreducible varieties over a
perfect field k. For each point x € X let k(x) denote the residue field of x, and choose a finite
group I'y through which the absolute Galois group Gal (@/ k(x)) acts on the irreducible
components of

_ def _ T
7 O = 700 @i k().

Define §,(r) to be the quantity

5.07) def #{y € I’y : y fixes an irred. component of x! (x)@ of multiplicity 1}
X - .
#I,

Let X1 denote the set of codimension 1 points of X, and define

def
A(m)=E Y (1= 8p()).
Dex(®
PROPOSITION 4-1. Let
(p:IEDl — Pwo,wi,...,wy)

[x:yl= [foC, ) file,y): - fulx, y)]

be a morphism of stacks over K for which there exists a § € Z~q such that the f; are
homogeneous of degree w;. Let

7:7— P!
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be a non-singular conic bundle over K, all of whose non-split fibers lie above rational points.
Assume there exists a smooth fiber of w with a rational point. Then

2/8
..... W .
If K =Q or A(r) =0 then this bound is sharp.

Proof. As deg (f;) = éw;, we find that ¢*Opqy,...w,) (1) is linearly equivalent to Op1(8) as
line bundles on P!, Therefore,

Htgyy,....wn) (@(x)) = Htpx o5y (x) = Htq 1) «*) + o(1),

where the error term O(1) accounts for the possible difference of height functions (i.e., the
possibly different metrisations of ¢*Opy,....w,)(1) and Opi(8)).

Since the Hasse principle holds for conics, the desired result follows from [18, theorem
1-2]. When A(sr) = 0 this is sharp by [18, theorem 1-3]. That this is sharp in the case K = Q
follows from [17, corollary 1-2].

5. The cases of discriminant 6, 10 and 22

In this section we restrict to the cases of discriminant D € {6, 10, 22}. Main references for
results used about the corresponding Shimura curves X’ 5 and their quotients are [2] and [22].

5-1. The O-PQM locus for D € {6, 10,22}

The Shimura curves X /? of genus 0 with D > 1 are those with D € {6, 10, 22}.

It is known that, up to canonical isomorphism, the moduli stack X /? is independent of the
polarisation u (see, e.g., [33, lemma 43-6-23] and [28, section 6]). For this reason, we will
suppress u in our notations related to these curves and their images under the corresponding
forgetful maps.

A result of Rotger [28, theorem 8-1] states that, for D € {6, 10}, the O-PQM locus
Qo is irreducible, hence equal to V2, and is birational to the full Atkin—Lehner quotient
sz /AL(XS ). The same follows in the D =22 case from Rotger’s result since the locus is
irreducible and this is a twisting case, as the quaternion algebra of discriminant 22 is iso-
morphic to (—22,2/Q). This justifies viewing the counts of points on X°/AL(XP) in these
cases as counts of points on the corresponding O-PQM loci of Aj.

5-2. Canonical rings

For D € {6, 10,22} and W < AL(X?) a subgroup of the Atkin—Lehner group, set XVDV o
XP /W and let X‘L,)V denote the coarse space of XVDV. Let 2 denote the canonical bundle of the
quotient stack X’ D and let

o0

RY E P HO (1D, %)
d=0

denote the canonical ring of leg.
Define C{f, analogously to how CP was defined in Section 2.3, but with XP = X{li)d}

replaced by lea. Let Cé)v denote the coarse space of Cg,.
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5-3. The discriminant 6 case

It follows from [2, proposition 3-2] that the canonical ring of X is
R{g) = Qlha, he, h12]/ (hiy + 3hg + hS). (5-1)
The Atkin-Lehner group acts on the modular forms A4, g, and k1, as follows:
hy = —wa(hs) = —w3(hg) = we(hy)
he =wa(he) = —w3(he) = —we(he)
hiz = —wa(h12) = wi(h12) = —we(hi12).

The ring of invariants of R?id} with respect to the action of the involution wg =w» o
w3 € AL(X) is generated by ha, h2, hehi2, with the relation (heh12)? + 3(h2)* -+ h§h2 = 0.
Setting x = h4, y = h2, and z = hehi2, we find that

RS, = Q[ha, hg, hehi2]/ (hght, + 3hG + h§hg)
=Qlx, y, 21/ + 3y +x°). (52)
Similarly, we compute
RS, = Qlhahg, b, hg, hi2)/ (h12® + 3hg + h§, (hahe)* — h3hg)
= Qlw, x,y,21/( +3y* + 27, w2 —xy)
RS, = QIhg. he, hahi2]/ ((hahi2)® + 3hhg + (h3)*)
= Qlx, v, Z]/(Z2 +3xy* + x4)
RSy oy = QU 1, hahehia)/(hahshia) +303(3)° + (3)*h3)
= QIx, y, 21/ (2 + 3xy° +x%y). (5-3)

From [2, proposition 3-6] we know that the weight zero modular form j = (4hé / 3h‘31)2
on X% induces an isomorphism j: C® — P! — {0, co}. Taking Igusa invariants of the curve
corresponding to j € P! — {0, oo} induces a morphism

P —{0,00} — P(1,2,3,5)
Je 112G+ D66 +j+ D467 = 27 + D2 7).
Setting j = u/v and homogenising with respect to the weights, this map can be written as
[u:v]l—[12(u+v): 6(142 + uv + v2) : 4(u3 — 2P + v3) : u3v2]. (5-4)
We now give a description of the Mestre obstruction in each case.

PROPOSITION 5-1. For each subgroup W of the Atkin—Lehner group AL(X), outside of
finitely many j, the Mestre obstruction on C gv can be described by the Hilbert symbol given
in Table 1.
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Table 1. Mestre obstructions on
Cev, where x and y are as in
Equation (5-2) and Equation (5-3)
in each respective case

\\% Mestre obstruction
{id} (—=6,2)k

(w2) (—6x,2)g
(w3) (= 6x, 2x)x
(we) (=6, —2y)k
AL(X9) (— 6x, 2y)k

Proof. By [2, proposition 3-12 and proposition 3-13], the Mestre obstruction to a curve C,
corresponding to a point of C®, with rational Igusa invariants being defined over a number
field K can be described by the Hilbert symbol

(=65, —2(27j + 16))k (5-5)

outside of the finitely many j such that the corresponding curve has extra automorphisms

(specifically, j = —16/27 corresponding to the genus 2 curve C(_p4) with —24-CM and

J = 81/64 corresponding to the genus 2 curve C(—19) with —19-CM from [2, section 3-3]).
By our expression Equation (5-1) for the canonical ring R{6i q)» we have h%z + 3hg + 18 =0.

Also, we have by definition that j= 16hg/9h2. Therefore, we can rewrite the Mestre
obstruction as follows:

1677 16/ s 4 6
—6—2,-2(27—L+16 = (— 6(16h%), —2(27(16h¢) — 16(9h9))k
RS On§ <
= (— 6, —2(3h¢ + )k
= (— 6,21,k

The other cases are similar, starting with Equation (5-5) and using the relations from the
expressions Equation (5-2) and Equation (5-3) for the canonical rings.

Letm:B— le be the conic bundle corresponding to the Mestre obstruction on Ca,. We
have the following commutative diagram:

s, (K) —L £(1,2,3,5)(K)

\Tf

P(K) ~ {0, oo}

i

B.

(5.6)

Recall from the introduction that we define the function A/ 6(W, K, B) to be that which

counts, up to isomorphism over K, curves C in C%,(K) which have a model over K and
satisfy Ht(C) < B.
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THEOREM 5-2. We have that

B?/log (B) if W e {AL(X®), (w3)},

—% B%/log (B)'/? if W e {(wa), (we)},
N KB <], ifW—{id}zandE—6 N =1
-_ b K_ 9
0 if W = {id} and (— 6,2)x = —1.

These bounds are sharp when K = Q or W = {id}.

Proof. Note that _¢# extends to a morphism on all of P!. For W # {id} we apply Proposition
4.1 with ¢ = _#. By the definition of _# we see that § = 1. Although the Mestre obstructions
computed in Proposition 5-1 ignore finitely many points in IP’; (i.e., finitely many curves in
Cgv), this will not affect our asymptotic results. We now compute A(sr). Note that the smooth
fibers of 7 will only have a single irreducible component, and thus 8,(;r) = 1 in these cases.
It remains to study the geometrically reducible fibers. From Proposition 5-1 we have that the
conic bundle 7 : B — }P’jl has exactly two reducible fibers when W = AL(X®) and exactly
one reducible fiber when W € {{w3), (wg)}. In each of these cases the reducible fiber nfl(x)f
has two irreducible components and Gal (K /K) acts transitively on these components, so that
8x(m)=1/2. In the case W = (w3) we have a single reducible component of multiplicity 2.
Therefore 8,(;r) = 0. It follows that

_Jrifwe {AL(X®), (w3)},

AG)=1
1/2if W € {{wa), (we))-

Applying Proposition 4-1 gives the desired result.
When W = {id} we either have (— 6, 2)x = 1, in which case the Mestre obstruction van-
ishes and the desired result follows from Proposition 4-1, or we have (— 6,2)x = —1, in

which case C/GxL(Xﬁ)(K) =0.

We now bound the number of K-isomorphism classes.
THEOREM 5-3. We have that

B*/log(B)  if We {AL(X®), (w3)},

B*/log (B)'/%  if W€ {(w2), (we)}

B2 ifW={id} and (— 6,2)x =1,
0 if W={id} and (— 6,2)xk = —1.

NOW,K,B) <

These bounds are sharp when K = Q or W = {id}.

Proof. From [2, proposition 3-12] there are finitely many curves corresponding to points of
C%, with geometric automorphism group C> x C3, and outside of these exceptions the geo-
metric automorphism group is C,. From Proposition 3-2 the contribution to N°(W, K, B)
from curves with Autg (C) = C; x Gy is O(B). From Proposition 3-2, Theorem 5-2, and
Lemma 3.5, the contribution from curves with Autg (C) = C, gives the bounds in the
statement of the theorem.
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Table 2. Number vy, of un-stacky points and dimension s,
of the space of weight m modular forms on X‘}VO

W V2 V3 54 56 512 s18
{id} 0 4 1 3 5 7
(wa) 2 2 1 1 3 3
(ws) 2 2 1 1 3 3
(w1o) 2 2 1 1 3 3
AL(X10) 3 1 1 0 2 1

5-4. The discriminant 10 case

We first describe the stacky geometry of the Atkin—Lehner quotients X‘}VO. For each
W the stack X‘}VO has a generic pp-gerbe. Rigidifying along this gerbe we get a stacky

curve X&;? / M2, Let v; denote the number of u;-stacky points of le‘g) I M2, and set si def
dim (HO(X [0, Q®%)). In this case we will only have p;-stacky points and p3-stacky points.
As we are in the genus O case, the dimension s; can be written in terms of v, and v3 as
follows for even weight k > 2 [31, theorem 2-24]:

sk=1—k+v E—Fv E+v 3k +v Sk 57
k= 2| g 33 4173 ol 15 |

while s, = 0. The curve X' has 4 points with CM by discriminant —3 and has no —4-CM
points, as Q(i) does not split the quaternion algebra over Q of discriminant D = 10. Each
involution w,, has 2 fixed points: w, has two fixed points which are the —8-CM points on
this curve, ws fixes the —20-CM points, and wyg fixes the —40-CM points. We compute
Table 2, analogous to that given in [2, section 3-1] in the D = 6 case.

From Table 2 we can fix a weight 4 modular form g4 and weight 6 modular forms gg, /6
and kg such that the Atkin—Lehner involutions act as follows:

84 =w2(84) = ws(84) =wi0(g4)
86 =w2(86) = —ws(g6) = —w10(g6)
he = —w2(he) = ws(he) = —wio(he)
ke = —wa(ke) = —ws(ke) = wio(ke).
As noted in [2, section 4], we may normalise these forms so that
EH+2R2+k2=0 and  4g3+27h2+kZ=0.

These forms generate the ring of modular forms corresponding to X'1°. With these relations,
and the observation that in this case

Sk+12 =Sk + 4,
we compute the canonical ring for each Atkin—Lehner quotient:

Ry = Qlga. 86, he. kel/ (8¢ + 2hg + kg 43 + 27he + kg)
R}, = Qlga, g6, hoks1/ (3285 — 116385 + 2785 + 625(heks)”)
>~ Qlx, v, 21/(32x° — 116x°y% + 27y* + 6257%)
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RD) = Qlgs. he. géké]/(16g4+208g4h + 675k + (g6k6)?)
>~ Qlx, y, z1/(16x° 4 208x%y? + 675y* + 2%)
R ) = Qlga, ke, g6hel/ (3285 — 923k — 25kg + 729(g6hs)”)
= Qlx, y, 21/(32x° — 92x3y% — 25y* + 7297%)
Ry = Qlga, g5, g6heks1/ (3528326 — 1728386 + 2188 — (g6hke)?)
>~ Qlx, y, z1/(32x% — 116x3y? + 27y° + 6252). (5-8)

We give one example of the above computations, with the rest being similar.

Example 5-4. We indeed note that R%»%z) has minimal generating set {g4, g¢, hske}; each of
these generators is fixed by the action of w», no two are scalar-multiples of one-another, and
our relations and dimension formula above show that any other form fixed by w; is in the
ideal they generate. Using the relations among the generators of Rll(? , we can eliminate ke
and hg, respectively, to get the relations

25h =gt —4g;  and  25kZ=8g] —27g2.
Now using these relations, we compute

625(heke)* = (g2 — 4g3)(8¢3 — 2742)
=325 + 116g3g% — 27g¢.

This confirms the relation noted in R%Bz) in Equation (5-8). Furthermore, with our chosen
generators the ideal of relations for this ring is generated by a single element, and it is clear
from the relations on Ril(? that there does not exist a relation between g4, g and hgke in lower
degree.

Let j denote the weight zero modular form gi / g%. From [2, proposition 4-2, proposition
4.6] j induces an isomorphism j : C1% - P! — {0, c0}. Set

B 122 —16j + 12,

Js 6 — 16/ + 62 — 16j + 6,

Jo £ 4i® — 16/ + 32 — 8/ — 16j + 4,

def 4
Jio=J""

This defines a morphism

J:P' 10,00} — P(1,2,3,5)
jr=> 2 :Ja:Js: J10)-

In the same way as Equation (5-4), we may write the morphism _¢ in terms of homogeneous
polynomials by setting j = u/v and homogenising with respect to the weights.

Using [2, proposition 4-4], we compute the Mestre obstruction on each C‘l,‘(,) in the same
way as in Proposition 5-1.
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Table 3. Mestre obstructions on C ‘149 where x and
y are as in Equation (5-8) in each respective case

w Mestre obstruction

{id} (— 10,5k

(w2) (— 10% — 4x), 5(8x> — 27y?)k
(ws) (— 1025y — 4x%), S)k
(w1o) (— 10, 15(8x3 — 25y%)k
AL(X10) (— 10(y — 4x3), 5(8x3 — 27y))k

PROPOSITION 5-5. For each subgroup W of the Atkin—Lehner group AL(X'0), outside of
finitely many j, the Mestre obstruction on C‘l,g can be described by the Hilbert symbol given
in Table 3.

Letting 77 : B — P! denote the conic bundle corresponding to the Mestre obstruction on
C ég, we obtain a commutative diagram analogous to Equation (5-6).

THEOREM 5-6. We have that
B/ log (B) if W € {AL(X10), (w2)},

B/log (B)'/? if W e {(ws), (wio)},
B if W={id} and (— 10,5 =1,

—10
N (WK, B) K

0 if W={id} and (— 10,5)g = —1.
These bounds are sharp when K = Q or W = {id}.

Proof. Note that _# extends to a morphism on all of P!, For W # {id} we apply Proposition
4.1 with ¢ = _#. By the definition of _# we see that § =2. We now compute A(r). Note
that the smooth fibers of = will only have a single irreducible component, and thus §,(7) = 1
for these fibers. It remains to study the geometrically reducible fibers. From Proposition
5-5, we have that the conic bundle 7 : B — IP’} has exactly two reducible fibers when
W e {AL(X19), (w,)} and exactly one reducible fiber when W € {(ws), (w1g)}. In each of
these cases the reducible fiber 7 ! ()% has two irreducible components and Gal (K/K) acts
transitively on these components, so that §,(r) = 1/2. It follows that

1if W e {AL(X'9), (w)},
A(r)=
1/2if W € {(ws), (wio)}.

Applying Proposition 4-1 gives the desired result.

When W = {id} we either have (— 10, 5)x = 1, in which case the Mestre obstruction van-
ishes and the desired result follows from Proposition 4-1, or we have (— 10, 5)x = —1, in
which case C {li%}(K) =0.

We now count K-isomorphism classes.
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Table 4. Number vy, of u,-stacky points and dimension sy,
of weight m modular forms on XVZVZ

w Vo V3 v4 S4 S6 S§ S10 S12 S18
{id} 2 4 0 3 5 5 7 11 15
(W) o 2 2 1 3 3 3 5 17
(wi1) 3 2 0 2 2 3 3 6 1
(wa2) 3 2 0 2 2 3 3 6 7
AL(X?2) 2 1 1 1 1 2 1 303

THEOREM 5-7. We have that

B if W e {AL(X10), (w2)},

Blog (B)'/ if W € {{ws), (wio)},

Blog (B) if W= {id} and (- 10,5)x =1,
0 if W=1{id} and (— 10,5)g = —1.

NOW. K, B) «

Proof. From [2, proposition 4-11] there are finitely many curves corresponding to points
of Cé‘? with geometric automorphism group Cy x Cy or D4, and outside of these excep-
tions the automorphism group is C,. From Proposition 3-2 the contribution to A/'%(W, K, B)
from curves with Autg (C) = C2 x C; is o(B). From Proposition 3-4 the contribution from
curves with Autg (C) = Dy is also o(B). From Proposition 3-2, Theorem 5-2 and Lemma
3.5, the contribution from curves with Autg (C) = C, gives the bounds in the statement of
the theorem.

5-5. The discriminant 22 case

Assume the same setup and notation as in the D = 10 case. The curve X% has 2 geometric
points with CM by discriminant —4 and 4 geometric points with CM by discriminant —3. As
2|22, we will encounter p4-stacky points on the quotient by (w») and on the full quotient.
Each involution w,, has 2 fixed points: w» fixes the two —4-CM points, and w1 and wop fix
the —11-CM and —88-CM points, respectively, on X2,

Table 4 displays counts of stacky points and dimensions of spaces of modular forms on
each quotient in even weights up to 18.

From this information, we fix weight 4 forms f4; for i € {1, 2, 4} generating the space of
weight 4 forms on X 22 and weight 6 forms fq; for j € {1, 2, 3,4, 5} generating the space of
weight 6 forms on X'?? such that

Jar=wa(fa ) =wii(fa,1) = wa(fa1),

fap =—wa(fa2) =wi1(fa2) = —w2n(fa2),
Jaz=—wa(fa3) = —wi(fa3) = wan(f13),
Jo1 =wa(fe1) = —wi1(fe,1) = —w2(f6.1),
foo=w2(fo2) = —wii(fe2) = —wan(fs2),
Jo3=—wa(f63) =wi1(f6,3) = —w2(f63),
Jo.a =w2(fe4) =wi1(fe4) = wa(fe,4) and
fo.s = —wa(fo,5) = —wi1(fe,5) = w2 (f6.5)-
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As in the D = 10 case, it follows from the dimension formula Equation (5-7) that the full
ring of modular forms corresponding to X'>? is generated by the weight 4 and weight 6 forms
84, ha, k4, g6, he, j6, ke, and £¢. Moreover, in this case we have

Sg12 = si + 10.

The dimensions of these spaces of forms make it difficult to determine all of the relations
without further information, compared to the D = 6, 10 cases. Fortunately, these are worked
out in thesis work of Joan Nualart Riera [22] using explicit computations of expansions
of automorphic forms around CM points. Our notation for the generators has been chosen
to match that in [22], and the relations are determined in [22, proposition 6-17] to be as

follows:
0=r €125 +17 + 11725, 0=ri3 1767 far — 121fs afo.a — 27fs 25 5,
0=r & —f4 2f62 +f4.1f6,5, 0=ru% ~f3s + fofor
=ry & —f4 26,5 +fa1f6.1, 0=rs¥ —fo.afo.s + fo,1f6.3
O=ry4 =f4 2f6.4 — fa3fe.1 0=ric = foofos —forfos,
0=rs € fi1fou — farfos. 0=ri7 & — 1125 + 121f2, — 2, + 12172,
=re & —f4 2f6,3 +fa,1f6.4, 0=rig & 1f6,3f6.4 + 62065 + 11f6,1/6,5,
0=r & f4Lf6%—f43f62, 0=rio € 1125 + 2, + 11f25,
0=rs & 11fiafos + funfos + 11faofor. 0=ra S 176f), — 121f25 — 27125,

0=ro £ 1faafos +fafor + 11faofss.

0=rio % 19361117, + 297125 — 1331f2, + 27f2,,
0=r11 € 176fs.1faafs3 — 16foafoa + 12151 fos,
0=ri2 €176/ fu3 — 16fs.0f6.3 + 121fo.1fo 3.

Let R ={r;| 1 <i <20} denote the complete set of 20 relations among the generators.
The canonical rings for each quotient are then:

Ri Z QUfarfar:faz-for-for-fosfoarfos)/ R
W2> = QUfa1-fionfaafaz fors Lo foal/ Riw)
WM) = QUfs1. a2 fo3fossforl/Rown)

RE ) ZQLfa1.fa3.fodrfos1/ Riwm)

Ry Z QUL [ foas faofsafors faafaafor, faofe 1 fos. fanfoofos. faafo 1 fo3s
Jaafoaf6,3,fo,1f6,36,5: f6,206,3f6,51/ R AL (222,

where, for each non-trivial subgroup W < AL(X 22y we write Ry for the ideal of relations
in R fixed by W. (While identifying explicit generators for the canonical ring of each quotient
will be useful in what follows, writing down a full set of generators for each Ry appears to
be computationally difficult and will not be necessary.)

For a wide range of indefinite quaternion discriminants D, Igusa invariants and the Mestre
obstruction on X'’ are worked out explicitly in [16] in terms of a specified Hauptmodul on
the full quotient. In terms of a specific hauptmodul j on X?2/AL(X??), Igusa invariants for
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Table 5. Values of Hauptmoduln
at some CM points of X2

CM order tz'z Jj
Z[V=T1] 1 o0
AR ] I/ U
| o0 0

C?2 can be derived from [16]; they are

I E223/5 4 5% 42373 + 1072 + 4+ 3),

T3 2310 4770 + 278 + 5777 4+ 25178 + 26175 + 120/* + 277 + 47 + 8j + 3),

Je = =22 (P =3 =37 — 6 —4j—1)

(G045 — 958 — 697 — 87/% — 89 — 36j* + 17/° + 12> — 1),
NoE =G =D G+ D2
The Igusa invariants induce a morphism
J P! —{0,00} — P(1,2,3,5)
jr=> 2 :Ja:Js: J10]-

In the same way as Equation (5-4), we may write the morphism _¢ in terms of homogeneous

polynomials by setting j = u/v and homogenising with respect to the weights.
The Mestre obstruction on X2 is given (in [16, table 4]) by the symbol

(=22j, —11(16j + 11)) .

To make use of the explicit computation of the Mestre obstruction, as well as the above
explicit computation of canonical rings on each quotient, we will relate this j from [16] to
the Hauptmodul t;rz on the full quotient defined in [22, theorem 2-4].

LEMMA 5-8. The Hauptmoduln j and t;z satisfy the relation

o n
T 6, -1

Proof. Each of j and tég is a Hauptmodul on X’ 22 JAL(X 22y 5o there are a, b, ¢, d with
L a+b
Iyy=—""7-
cj+d
Knowing the values of ¢ and j at three distinct points will then determine the relationship.
Specifically, we use values at the three CM points that specify j in [16, table 2]. The values

of 1;2 at these same CM points are given in [22, theorem 3-1], and we copy the values of
each in Table 5.
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Table 6. Points of C** with extra automorphisms

CM order Jj Autg (C)
Z[3v-1] 1/3 Dy
[1+3f ] 4 Cy x Gy

Z[v-22] —11/16 Cry x Cy

Z[V-14] = A Gy x C

7 [ ] 3664/93;627 Co x Cy

7 [pﬁé@] 732304)/2—&—%%33401/4-29645 Gy x Gy

PROPOSITION 5-9. Let o be such that
121 + 1210a + 2377a* =0,
let B be such that
121 + 13318 + 36648>
and let vy be such that
1331 + 37389y + 296340y + 732304y °.

Then Table 6 lists all points of C%V2 corresponding to genus two curves whose geometric
automorphism group Autg (C) is not isomorphic to the cyclic group of order two Ca.

Proof. The curves with extra automorphism are given in [22, proposition 3-16]. The cor-
responding values of j can be determined from [22, proposition 3-16], [22, theorem 3-10],
and Lemma 5-8. The geometric automorphism groups are then found by computing the
corresponding Igusa invariants.

Using the definitions given in [22, proposition 6-17] for the generators of the rings of
modular forms in terms of tzrz, we find that

+ f 6 4
2= :
f6 1
Therefore, from Lemma 5-8, we have
. 11,
j=E——————. (59

16(/2, +/24)

We next compute the Mestre obstructions on each quotient.

PROPOSITION 5-10. For each subgroup W of the Atkin—Lehner group AL(X??), outside of
finitely many j, the Mestre obstruction on C%VZ can be described by the Hilbert symbol given
in Table 7.
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Table 7. Mestre obstructions on C‘ZV2

\%% Mestre obstruction

{id} (=22, fo.1(fo2 — 11fs.1))
(w2) (—22f25.fou(for — 1fs1))
(wir) (= 22025, fofor — 113 )
(w22) (=22 foafor — 11/g,)
ALY (2225 forfor — 11/g))

Proof. On the top curve, we compute
(=22), = 11061 + 1) = (2(fas +154) (o1 +14) (o1 +154))
1
= (20012, (172 + 2 (£ + 3115+ 2

=(—22.f¢5 — 11f3))
= (=22, f6,1(f62 — 11f6,1)).

The relations ry7, r19 and r14 used above are all fixed by the full Atkin—Lehner group. The
only algebraic steps in our simplification that is not necessarily valid on each quotient is the
identification of fés as a square in the canonical ring and factoring fg 152 — 11 fé 1- Note that
fés is a square only for W e {{id}, (w22)}. These observations give us the claimed symbols
on each quotient in Table 7.

In this case, we see that the Mestre obstruction on the top curve X 22 gver a fixed number
field K is not constant, as it was for D € {6, 10}. The non-split fibers in this case do not all
correspond to rational points on the coarse space X>2, as the curve has no Q-rational points.
For this reason our counting result Proposition 4-1 does not give the correct count over all
number fields. The non-split fibers occurring when D € {6, 10} correspond to rational points
with CM by certain imaginary quadratic orders of class number one on quotients X” /W by
non-trivial subgroups W < AL(XP).

The residue field of the single quadratic point on X?? with CM by the order
ZI(1 + /—11)/2] is Q(+/—11) (which is its own Hilbert class field, as this is a class number
1 order).

THEOREM 5-11. We have that

B*3/1og (B2 if W € {(w2), AL(X?%))

or if W= (wi1) and Q(+/—11) CK,
B*3/log(B)  if W= (wx)

or if W = {id} and Q(~/—11) C K.

NZW, K, B) <

Proof. Following the arguments of Theorem 5-2 and Theorem 5-6, we apply Proposition
4-1 with ¢ = _¢. From the definition of _¢ we see that § = 5. From Proposition 5-10, we see
that the Mestre conic bundle 7 : B — IP’} has exactly two reducible fibers for all W. These
two fibers correspond to fs 2 = 11fs 1 and fg 1 = 0. Using the relations of the modular forms
R, if fo» = 11f61 then j = 11/16. Using the relations also shows that if f5 ;1 = 0 then fs 4 = 0.
In order to find the corresponding value of j when fs 1 =0 we compute g-expansions of
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the modular forms fs 1 and fs2 at the point with CM by Z [H— Vz_“] which can be done

using results in Nualart Riera’s thesis [22, proposition 6-17 and table 6-15]. Carrying out
this computation shows that if fs | = 0 then j = 0.

An assumption in Proposition 4-1 is that all the non-split fibers lie above rational points.
Although j = 0 is a rational point on IP)} , we ultimately care about counting the corresponding
abelian surfaces. The point j = 0 corresponds to the single quadratic point z;; with CM by

Z [—H‘éjl] on X?2. This CM point has residue field Q(+/—11) (moreover K is a field of

definition for a QM abelian surface inducing z1; if and only if Q(+/—11) € K by Jordan’s
result [14, theorem 2-1-3]). Each nontrivial Atkin—Lehner involution aside from wy; acts on
z11 as complex conjugation, while wy fixes z1;. We then have a single rational —11-CM
point on the quotient by W for W € {{w»), (wa2), AL(X 22} which is elliptic of order 2 in
the case of the full quotient, and a single quadratic —11-CM point which is elliptic of order
2 on the quotient by (wq1).

We now compute A(xr). If W={id} and Q(+/—11) C K, or if W = (wy), then the two
reducible fibers each have two reducible components on which Gal (K/K) acts transitively.
Therefore A(m)=1/2+1/2=1.

If W e {(wa), (wi1), AL(X??)} then one of the reducible fibers has a single component of
multiplicity 2, and the other reducible fiber has two components on which Gal (K/K) acts
transitively. Therefore A(w)=1+4+1/2=3/2.

We now count K-isomorphism classes.

THEOREM 5-12. Assume that:

(i) W e {{w2), (wn), AL(X??)} or
(ii) W e {{id}, (wi1)} and Q(~/—11) C K.
Then

N*(W,K,B) < B.

Proof. From Proposition 5-9 there are finitely many curves corresponding to points of CF‘V“%
with geometric automorphism group C, x C, or D4, and outside of these exceptions the
automorphism group is C,. From Proposition 3-2 the contribution to N'>2(W, K, B) from
curves with Autg (C) = C; x (3 is o(B). From Proposition 3-4 the contribution from curves
with Autg (C) = Dy is also o(B). From Proposition 3-2, Theorem 5-11, and Lemma 3.5,
the contribution from curves with Autg (C) = C; gives the estimate in the statement of the
theorem.

Acknowledgements. This project came out of the 2023 American Mathematical Society
Mathematics Research Community (MRC) on Explicit Computations with Stacks. The
authors are extremely grateful for having the opportunity to be a part of this community.
Many thanks to all the helpers and organisers of the MRC for putting on a wonderful work-
shop. Special thanks go to John Voight for his guidance and encouragement on this problem,
as well as providing thoughtful feedback on an earlier draft of this paper. Thanks also to Arul
Shankar for a helpful conversation about counting D4-octic extensions of number fields.
Finally, we would like to thank the referees for their thoughtful comments and corrections.

https://doi.org/10.1017/S0305004126102187 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004126102187

24

TYLER GENAO ET AL.

Support for this project was provided by the National Science Foundation under Grant
Number 1916439 for the 2023 summer AMS MRC. During this project T.P. was supported
by National Science Foundation grant DMS-2303011. T.S. was supported during the project
by FWO Vlaanderen and the Herschel Smith Fund. J.Y. was supported by National Science
Foundation RTG grant DMS-2231565.

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]
(18]

[19]

[20]

[21]

[22]

REFERENCES

D. ABRAMOVICH, T. GRABER and A. VISTOLI. Gromov—Witten theory of Deligne—-Mumford
stacks. Amer. J. Math. 130 (2008), 1337-1398.

S. BABA and H. GRANATH. Genus 2 curves with quaternionic multiplication. Canad. J. Math. 60
(2008), 734-757.

B. BOGGESS and S. SANKAR. Counting elliptic curves with a rational N-isogeny for small N. J.
Number Theory 262 (2024), 471-505.

J.-F. BOUTOT. Le probleme de modules en inégale caractéristique, variétés de shimura et fonctions 1.
Publ. Math. Univ. Paris VII 6 (1979), 43-62.

P. BRUIN and F. NAJMAN. Counting elliptic curves with prescribed level structures over number
fields. J. London Math. Soc. (2) 105 (2022), 2415-2435.

H. COHEN, F. DIAZ Y DI1AZ and M. OLIVIER. Enumerating quartic dihedral extensions of Q.
Compositio Math. 133 (2002), 65-93.

J. CULLINAN, M. KENNEY and J. VOIGHT. On a probabilistic local-global principle for torsion on
elliptic curves. J. Théor. Nombres Bordeaux 34 (2022), 41-90.

P. DELIGNE and M. RAPOPORT. Les schémas de modules de courbes elliptiques. In Modular func-
tions of one variable, I (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972) Lecture Notes
in Math., vol. 349 (143-316. Springer, Berlin-New York, 1973), pp. 143-316.

A.-W. DENG. Rational points on weighted projective spaces. Preprint: arXiv:9812082 (1998).

J. FRANKE, Y. I. MANIN and Y. TSCHINKEL. Rational points of bounded height on Fano varieties.
Invent. Math. 95 (1989), 421-435.

R. HARRON and A. SNOWDEN. Counting elliptic curves with prescribed torsion. J. Reine Angew.
Math. 729 (2017), 151-170.

K.-1. HASHIMOTO and N. MURABAYASHI. Shimura curves as intersections of Humbert surfaces and
defining equations of QM-curves of genus two. Tohoku Math. J. (2) 47 (1995), 271-296.

J.-1. IGUSA. Arithmetic variety of moduli for genus two. Ann. of Math. (2) 72 (1960), 612—-649.

B. W. JORDAN. On the Diophantine arithmetic of Shimura curves. PhD. thesis. Harvard University
(1981).

J. KLUNERS. The distribution of number fields with wreath products as Galois groups. Int. J. Number
Theory 8 (2012), 845-858.

Y.-H. LIN and Y. YANG. Quaternionic loci in Siegel’s modular threefold. Math. Z. 295 (2020),
775-819.

D. LOUGHRAN and L. MATTHIESEN. Frobenian multiplicative functions and rational points in
fibrations. J. Eur. Math. Soc. (JEMS) 26 (2024), 4779—-4830.

D. LOUGHRAN and A. SMEETS. Fibrations with few rational points. Geom. Funct. Anal. 26 (2016),
1449-1482.

J.-F. MESTRE. Construction de courbes de genre 2 a partir de leurs modules. In Effective methods in
algebraic geometry (Castiglioncello, 1990) Progr. Math., vol. 94 (Birkhduser Boston, Boston, MA,
1991), pp. 313-334.

G. MOLNAR and J. VOIGHT. Counting elliptic curves over the rationals with a 7-isogeny. Res.
Number Theory 9(75) (2023), 31.

J. NEUKIRCH. Algebraic number theory. Grundlehren Math. Wiss. [Fundamental Principles of
Mathematical Sciences], vol. 322 (Springer-Verlag, Berlin, 1999). Translated from the 1992 German
original and with a note by Norbert Schappacher, With a foreword by G. Harder.

J. NUALART RIERA. On the Hyperbolic Uniformization of Shimura Curves with an Atkin-Lehner
Quotient of Genus 0. PhD. thesis. Universitat de Barcelona, (2015).

https://doi.org/10.1017/S0305004126102187 Published online by Cambridge University Press


https://arxiv.org/abs/9812082
https://doi.org/10.1017/S0305004126102187

Counting points on some genus zero Shimura curves 25

[23] F. OORT and J. STEENBRINK. The local Torelli problem for algebraic curves. In Journées
de Géometrie Algébrique d’Angers, Juillet 1979/Algebraic Geometry, Angers, 1979 (Sijthoff &
Noordhoff, Alphen aan den Rijn—Germantown, Md, 1980), pp. 157-204.

[24] T. PHILLIPS. Points of bounded height in images of morphisms of weighted projective stacks with
applications to counting elliptic curves.

[25] M. P1zzo, C. POMERANCE and J. VOIGHT. Counting elliptic curves with an isogeny of degree three.
Proc. Amer. Math. Soc. Ser. BT (2020), 28-42.

[26] C. POMERANCE and E. F. SCHAEFER. Elliptic curves with Galois-stable cyclic subgroups of order
4. Res. Number Theory 7(35) (2021), 19.

[27] V. ROTGER. Modular Shimura varieties and forgetful maps. Trans. Amer. Math. Soc. 356 (2004),
1535-1550.

[28] V. ROTGER. Shimura curves embedded in Igusa’s threefold. In Modular curves and abelian varieties
Progr. Math., vol. 224 (Birkhéuser, Basel, 2004), pp. 263-276.

[29] A. SHANKAR and I. VARMA. Malle’s conjecture for galois octic fields over i1.

[30] G. SHIMURA. Construction of class fields and zeta functions of algebraic curves. Ann. of Math. (2)
85 (1967), 58-159.

[31] G. SHIMURA. 1971. Introduction to the arithmetic theory of automorphic functions. Kand Memorial
Lectures (Iwanami Shoten Publishers, Tokyo; Princeton University Press, Princeton, NJ, 1971).
Publications of the Mathematical Society of Japan, No. 11.

[32] G. SHIMURA. On the real points of an arithmetic quotient of a bounded symmetric domain. Math.
Ann. 215 (1975), 135-164.

[33] J. VOIGHT. Quaternion algebras. Graduate Texts in Math., vol. 228 (Springer, Cham.,2021).

[34] J. WANG. Malle’s conjecture for S, x A for n=3,4,5. Compositio Math. 157 (2021), 83-121.

[35] D. J. WRIGHT. Distribution of discriminants of abelian extensions. Proc. London Math. Soc. (3) 58
(1989), 17-50.

https://doi.org/10.1017/S0305004126102187 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004126102187

	Introduction
	Preliminaries on Shimura curves
	Shimura curves
	Atkin"2013`Lehner quotients and forgetful maps
	Genus two curves
	The

	Heights
	Counting genus two curves in twist classes
	A product lemma

	Counting fibers of conic bundles which have a rational point
	The cases of discriminant 6, 10 and 22
	The
	Canonical rings
	The discriminant 6 case
	The discriminant 10 case
	The discriminant 22 case


