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Abstract. We study injective locally contracting maps of the interval. After giving an
upper-bound on the number of ergodic components, we show that generically finitely many
periodic orbits attract the whole dynamics and that this picture is stable under perturbation.
In relation to the problem of maximizing measures for regular maps, we then consider
a class of probability measures on the circle invariant by x p generalizing the family of
Sturm measures and show its generic periodic character. We detail the structure of order-
preserving locally contracting maps on the circle. The rotation number is shown to be
generically rational and the transformations having a given rational rotation number are
shown explicitly. We also count the periodic attractors. We then deduce the existence
of measurable conjugacies with three-interval exchange transformations in non-periodic
cases for a model with three pieces on the interval.

1. Introduction

This paper is motivated by the study of maximizing measures. This optimization problem
in ergodic theory is naturally formulated in a topological setting. Fix a compact metric
space X endowed with a continuous transformation 7' and the set M (X) of T-invariant
Borel probability measures. Given some real continuous function f, one considers the
variational problem:

B(f) = Sup{/fdu‘u e MT(X>}.

One then asks for the measures realizing the maximum and, more specifically, for their
stochastic properties. This problem is related, via Birkhoff’s theorem, to finding points
x € X ensuring the best growth of the ergodic sums (ZOfkfn—l f(Tkx))n>0. For a
detailed presentation of this topic and an introduction to the general theory, see Bousch
and Mairesse [3], Conze and Guivarc’h [8] or Jenkinson [13].

A central question in this field concerns the role of periodic measures for regular maps
when the dynamical system is of expansive type. A typical context is X = R/Z with
Tx = 2x mod(l) and a conjecture is that for at least a dense open set in the set of
Lipschitz functions, the maximizing measure is unique and supported by a periodic orbit.
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See Contreras ef al. [7] and Hunt and Yuan [12] for weak forms of this conjecture.
An important example is given in the work of Bousch [2], considering the one-parameter
family (f;)re0,1) with f;(x) = cos2m(x + t). The result is that for all ¢ the maximizing
measure of f; is unique and Sturmian; moreover, except for ¢ in a zero-dimensional set, this
measure is periodic. The proof fundamentally uses the following reduction lemma (valid
in a more general context) due to Conze and Guivarc’h (see [8]) and Mané (see [16]).

LEMMA 1.1. Let f € Lip(X). There exist Lipschitz maps ¢ and r such that:
f=B(f)+@oT —¢)—r with r=>=0 and r()r(-+1/2)=0.

The conditions on r provide a characterization of the maximizing measures via their
support. More precisely, one checks that ¢ is maximizing for f if and only if supp(r) C
r~1{0}. In the study of the cosine family, Bousch shows that for each f; there exist only
two points, diametrically opposed, verifying r(x) = r(x + 1/2) = 0 and thus that » {0}
is a semi-circle [o, @ + 1/2]. Finally the argument is that 7 -invariant Borel probability
measures with support in such domains are known to be exactly the family of Sturm
measures (see Bullett and Sentenac [6]).

In a dynamical approach to the above conjecture, a first step is to consider the case
when r admits only finitely many x satisfying the equalities r(x) = r(x + 1/2) = 0.
Then r~{0} is some finite flower F of total length 1/2 and is not necessarily a semi-
circle. Omitting boundary questions, the problem of describing the class of T-invariant
measures with support in F' can be reformulated using the right-inverse n of T defined
by T on = Id and Im(yy) = F. Since u = T and Supp(u) C F is equivalent to
W = nu, one is lead to studying the dynamics of n which appears to be locally affine
and 1/2-contracting. This class of maps can be seen as a contracting variant of the family
of interval exchange transformations, namely the bijective piecewise translations of the
interval, introduced by Keane [15]. These considerations are the main reason for the
present work.

Enlarging the perspective, n belongs to the more general class of injective and locally
contracting maps of the interval [0, 1), or injective quasi-contractions. Fixing an integer
m>1land0= Dy < Dy <--- < Dy, < D41 = 1, a quasi-contraction T of the interval
is defined on each [D;, D;+1) by T (x) = I'; (x), where each I'; is y-Lipschitzian for some
0 < y < 1. These maps occur in various contexts, for instance in differential dynamics
(see Alsed et al. [1] and Gambaudo and Tresser [11] when m = 1) and in physics, since
heuristically contraction properties ensure some form of stability. Extending the work of
Feely and Chua [9], from signal theory, on the map x — {yx + «}, where 0 < y < 1,
Bugeaud and Conze [5] have shown that the dynamics can be described via a concatenation
algorithm similar to the Farey tree. Fixing y, then for almost all « the transformation
admits a unique periodic attractor. In the non-periodic cases, topological semi-conjugacies
are then deduced with irrational rotations. Another point was to extend these results to
general locally contracting and order-preserving maps of the circle.

In this paper, we study general injective quasi-contractions with m + 1 pieces, m > 1,
on the interval. The injectivity requirement is discussed in the next section. We first
provide a general analysis on the structure of an injective quasi-contraction which allows
one to bound from above the number of ergodic components by 2m. We next prove
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a degeneracy result: for an open set of full Lebesgue measure in the set of parameters,
the corresponding maps admit finitely many periodic orbits and the union of the attraction
domains is the whole interval. We mention as a general fact that dilating maps are analyzed
via inverse branches considered through contracting transfer operators. In this context we
naturally look, in an elementary way, at forward images. Our approach is simple and
geometric and seems better suited than the usual coding point of view (adopted when
m = 1 for instance in [11] in terms of Sturm sequences) for situations far from rotations.
This allows one to slant the orbital complexity which is that of an interval exchange
transformation. In fact we show that generically the complexity stops growing in finite
time. We complete this section with a perturbation result.

In §3 we solve the problem of invariant measure discussed above. More generally we
consider the Borel probability measures on the circle invariant by 7x = px mod(1)
and with support in some finite flower. We prove that, in general, such measures are
periodic and that the number of ergodic measures is less than the number of petals of
the flower.

Finally, we consider a class of injective quasi-contractions that are order-preserving
on the circle R/Z. After observing the validity of the Poincaré theory on the rotation
number, we first deduce from §2 that this number is generically rational. We then
completely describe the transformations having a given rational number explicitly and
count the number of periodic attractors. As a corollary, we study a model of injective
quasi-contractions on the interval with three pieces and show in the non-periodic cases the
existence of measurable conjugacies with interval exchange transformations.

2. Injective quasi-contractions and generic properties
Let us define injective quasi-contractions on the interval [0, 1).

Definition 2.1.

(1) Letm >0and D = {(Di)1<i<m |0 <Dy <--- <Dy <1} CR". ToD €D
associate the partition P (D) in left-closed and right-open intervals. Set Dy = 0 and
Dpy1 = 1.

(2) Fix0 < y < 1 and suppose that injective y-Lipschitzmaps I'; : [0, 1] — [0, 1], for
0 <i < m, are given. For D € D define a right-continuous map 7 : [0, 1) — [0, 1)
by

Tx = F,-(x) forx € [D,’, Di+1),

under the open conditionon D € R™: C = DN{T is injective and TDl.jE #* TDji, for
i#j,1<i<m0<j<m+1},whereweset Tx~ =T (x~) forall x € [0, 1).
3) Ifn>1and nj)i<j<n €1{0,...,m}", write I'y, _p forI';, o---oly,.
(4) The sequence (X,, = T"[0, 1)),>0 is non-increasing. Set Xoo = (), Xn-
(5) Set E = [0, D\T[O, 1). This set is a disjoint union of intervals: £ =_Ul<,-<m F;.

In the whole text, we say that xTis periodic if, for some g > 1, one has Tix* = x*,

We show that in a generic sense, measurably and topologically, the dynamics of an injective
quasi-contraction is degenerated. Denote by A, the Lebesgue measure in R and let
A=Al
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THEOREM 2.2.

(1) For any D € C, the associated quasi-contraction T admits at most 2m ergodic
components.

(2) There is an open set Q C C with A, (C\Q) = 0 such that, for D € K, the
corresponding T admits a finite stable partition P(D’) in intervals finer than P(D):
every atom of P(D') is sent by T into another atom of P(D'). As a result and more
precisely we can state the following.

° The injective quasi-contraction T has 1 < n(T) < 2m attractive periodic
orbits. If all T'; are increasing then n(T) < m + 1.

° The domain of attraction of each periodic orbit is a finite union of intervals
with positive length and the union of the domains is [0, 1).

° There exists a constant C(T) such that, for all x € [0, 1), some periodic point

y satisfies, for alln > 0, dist(T"x, T"y) < C(T) y".

Remark. The upper-bound 2m on n(T) is not expected to be optimal, whereas the value
m+1 is a natural candidate. It is easily reached, for instance, if I'; [ D;, D;+1) C [D;, Di+1)
forall0 <i < m.

2.1. Abstract structure of general injective quasi-contractions. We prove the first part
of Theorem 2.2 by giving a general description of X, = T"[0, 1), for n > 1. We proceed
inductively.

° For n = 1, let G(1) be the set of disjoint intervals (T'[D;, Di+1))o<i<m. Denote by
R the set of D; in X 1. Fori € Rq, let U,.1 be the interval of G(1) containing D; and
Ul.l! . its two halves, putting D; on the right-hand interval (the left-hand interval may
be empty). Note that if, for instance, Ul.l! n contains D;1, we replace this interval
by [D;, Di+1); similar considerations hold on the left-hand side of D;. Then the
elements of G(1), with the exception of the (Ul.l),-ERI, are sent into one another
(without being cut) by T. For i € R, both of the intervals Ul.l! n and U; — have the
same properties. Let Vll 4 be the two intervals of G(1) such that TU}, e Vl1 5
As aresult and when considering the intervals different from the (U l.l) icR,» together
with the (Ul.{_, Ul.{ +)ieR.» the set G(1) has a natural graph structure, where an
edge corresponds to applying 7. Starting from any interval, the sequence of
visited intervals is either eventually periodic or reaches some interval (only one by
injectivity) which is sent in some Ul.l and that has a non-empty intersection with
both UZL and Ul.{ +- One then stops the graph. Call next type I graph a subgraph
consisting of a periodic limit cycle together with its basin of attraction and type II
graph a subgraph where all intervals end in some interval which is sent in a U;, with
i € R1, and has a non-empty intersection with UZL and Uil) - Denote by 7;(1) and
T11(1) the set of type I graphs and type II graphs at time 1, respectively.

o For n > 1, the set of disjoint intervals forming X4+ is denoted by G(n + 1) and
it is deduced from G(n) as follows. First, replace all intervals of G(n) by their
images by 7. Observe that the attracting limit cycle of a type I graph remains
globally unchanged. Next, let R,,+1 C R, be the subset of discontinuities in X,+1.
Fori € Rp+1, let Ul."‘|r1 = Ul.’ffl U Ul.’fil be the interval containing D;, with the
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same conventions as above. Let Vl."Il be the two intervals in G(n + 1) such that

TUZII C Vl”f Then G(n + 1) is defined as before with graphs of types I and II at
time n, respectively, denoted by 7;(n + 1) and 777 (n + 1).

We now make the following observations.

o The sequence of sets (R,),>1 is non-increasing and is therefore eventually constant
to some limit set written as R. Denote also by R’ C R the elements D; such that
U')’f # () for all n. Recall that U{f+ # { fori € R and for all n. The set R’ is also
eventually constant. Let N be such that these properties hold for n > N, as well as
U'_=@fori e R\R'.

° Next, if some non-empty Ul.’f . with € € {£} and i € R branches on a type I graph,
then observe that this is true for all Ul.{’ . with p > n, since the branching is made on
images of the same type I graph. Thus the number of such (i, €) is non-decreasing
and as a consequence is eventually constant. Then denote by J the set of (i, €) with
€ € {£} and i € R such that U{fé do not branch on a type I graph. Let N be such
that these properties hold forn > N.

° Each type I graph contracts to a periodic orbit laying in its closure. Note that if
m > 1 then at least one of the boundaries of any interval of X,, has the form T* D
with s ¢ {0, m + 1}. Thus the periodic orbit corresponding to each type I graph is
exactly the w-limit set of some DSi with s & {0, m 4+ 1}. Such distinct periodic orbits
require distinct discontinuities of this form. Also, if distinct type I graphs admit the
same limit periodic orbit and since T is injective and each D;, 1 < i < m, is a true
discontinuity for 7', then one type I graph must contain some U;"_ and the other one
must contain the interval U," Thus the number of distinct type I graphs is bounded
from above by 4m. For the moment we only use that this number is bounded. Next,
suppose that no other ‘new’ type I graph appears after time N.

o For large enough n we assert that no periodic point is contained in the closure
of a type II graph. If not, a periodic orbit (say of length g) would be entirely
contained in the closure of the family of type I graphs. Denote by D;,, ..., D;,
the discontinuities such that each corresponding type II graph contains a periodic
point. Since the lengths of the intervals in G(n) containing the D;; tend to zero, as
n — o0, for some (€;)1<j<p € {£}? the D»g'/ are periodic points in the periodic
orbit. More precisely, either no D;; is a per10dlc point and then all D; are periodic,
or all Dj; are periodic, since T is rlght -continuous. As 7T is injective, all D;; belong
to the closure of the boundary of 7¥*4[0, 1). Then take n > N +¢. In the ﬁrst case,
all Ui " _ are non-empty and obviously define a type I graph under iterations. In the
second case, either all U’ ' _ are empty, in which case the same holds with the Ul” o
or there exists U," # @ and then up ! —_ {Di;,} since D;; is a boundary pomt
However, the sequence of intervals startmg at U;;O’ . defines a type I graph. In any
case we get a contradiction. Suppose next that N is large enough so that type II
graphs for time n > N contain no periodic point.

° For (i, €) € J, the w-limit set of Df contains no periodic orbit. Indeed, U i{i branches
on a type II graph. If the forward orbit of D never falls in some U i]/\{ o that branches
in a type I graph, then the result holds since the orbit of Dj is contained in type II
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graphs whose closures do not contain any periodic orbit. If on the other hand the
forward orbit of Dj falls in an interval UI.I,\{ o branching in a type I graph, consider
the first time p when this holds. Up to taking forward images of Df (with indices
in J), assume also that, between times 1 and p, the images of Df are at a positive
distance for all D; with j € R. Thus for large enough n and since the lengths of
the intervals decrease, the interval Ul.’f . will not be cut by forward iterations and will
branch on a type I graph. This contradicts the definition of J.

As a result, the number of periodic orbits is less than or equal to 2m — card(J).
Next, Borel diffusive probability measures must be supported by type II graphs. We show
that the number of ergodic ones is less than or equal to card(J). First, only branches
starting from Vlli with (i,€) € J can be weighted by a T-invariant Borel probability
measure. Following an idea of Keane [15], let w1, ..., 1y be g T-invariant ergodic
diffusive Borel probability measures. Let (A;)1<i<4 be disjoint T-invariant Borel sets
such that ; (A;) = §; ;. Define u = %(,u] + -+ ugy) and fix 0 < € < min{l/g, 1/2}.
Then introduce

B ={P € 71 (n) with u(A; N P) = (1 — &)u(P), u(P) > 0}.

By regularity of the diffusive measure w, if n is large enough, then B}’ is non-empty.
Moreover, setting Y = (UPE'T”(n) P) U \ U?zl B!', we have

w(A;jAB") <e forl <i<gq and wpu¥") <e.

Now let P € B!". Using the T-invariance of A;, we get (T ~'P N A;) = (T~
(PNA)) = w(PNA) > (A —-euP) = (1 —e)u(T~'P). As a result, at least
one element of the type II graph where P lays that branches to P also belongs to B
Repeating this procedure in reverse, at least one element of the form Vl.’,’! o With (i, €') € J,
belongs to B;'. This element does not belong to any other By, since otherwise the fact that
A; N Ay = ¢ implies u(Vi’,’!é,) >2(1 — e)u(\/l.’,”é/), whereas ;L(\/l.’,”é/) > 0and e < 1/2.
Thus g < card(J).

This concludes the proof of the first part of the theorem. a

2.2.  Proof of the second part of Theorem 2.2. In the context of Theorem 2.2, we begin
with an elementary analysis suggesting our strategy. Denote by A° the interior of a set A.

LEMMA 2.3.

(1)  We have limy,—, 4 5o M(Xp) = A(Xo0) = 0.

(2) Forn=>0,[0,1)=T"t0, 1) Uo<i<n T'E disjointly. Also (T" F;)n>0.1<i<m-+2 are
disjoint. o

B) SetQ={DeC|Vl<i=<m3Ik,l)eNx{l,...,m+2}with D; € (Tk"Fl,)o}.
Then Q2 is open. If D € R, the conclusion of Theorem 2.2 holds.

Proof.

(1) We have A(T"[0, 1)) - A(Xso) and X = ﬂn>1 T"[0,1) = ﬂn>0 T(T"[0, 1))
C TXso. Therefore, - B

MXoo) £ MTXo) < Z / IT;(D] dt <y M Xoo).
XooN[D;, Dj11)

0<i<m

Consequently, A(Xs) = 0.
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(2) As [0,1) = T[0,1) U E disjointly, we get recursively [0,1) = T"+1[0, 1)
Uo<i<n T'E disjointly, since T is injective. Next, if T" F; N T”/Fi/ # @ withn > n/,
then n = n’; otherwise 7" Fi N Fyr # ¥ (as T is injective) and Fyr C [0, 1\T]O, 1).
Then F; N Fyr # Y and thus i = i’.

(B)If D € 2, observe that, for 1 <i <m, D; (;’Z{T"DjE |0<j<m+1,1<n<K}
with K = maxi<j<m k;. Thus the boundaries of all Tk Fj; are locally continuous func-
tions of D and thus Q is open. Now fix D €  with a collection of (k;,/;) and set
D' ={T™"D; |1<i<m,0<n <k;}. The elements of D’ are all distinct. Denote by
P (D) = (Ug) the corresponding finite partition of [0, 1). For 1 <i < m let U,, and Uy,
be the components on the left-hand side and on the right-hand side of D;, respectively.

Taking any Uy, we now show that (TU)° is contained in another atom of P(D’).
First note that (TU)° is an interval, since Uj contains no D; in its interior. Next, if some
T_le € (TUy)® with0 </ < kj, then! < k; — 2 as Tk D; does not exist. However,
this would imply 7~ _le € (Ur)°®, contradicting the definition of D’.

Writing Uy = [x,y), thereexist 0 <i,j <m+1,[; > 0,/; > 0withx = T_l"Di
andy = 770 Dj, setting [y = 0 and /,,41 = 0. Except for if m = 0, in which case T
contracts to a unique fixed point, either i or j isin {1, ..., m}. Since T is continuous at
any T’le with [ > 1 and since TD; ¢ D' for 0 < i < m + 1, Uy is never cut under
iterations of T and is a positive distance from the boundary of the atom of P(D’) where
it lies for times larger than max{k;, k;} + 1. Writing U;, for the atom containing T'Uy,
the sequence (i;) contains a term among the {n;, m;, for | < i < m} and is necessarily
preperiodic. Observe that the periodic part of (i;);>0 begins at a time <K and the period
is <2mK, where K = max|<j<m k;. An embedded compact argument gives that Uy is
attracted exponentially fast to a periodic orbit. Also the w-limit set of any x is that of some
D,.i, 1 < i < m. Hence there are at most 2m periodic orbits. If all I'; are increasing then
the w-limit set of any point x € [0, 1) is that of some D;, 0 <i < m, and the upper bound
onn(T) is m + 1 in this case. O

Remark. When m = 1, the inequality n(T) < 2 is contained in [10] or [11]. The same
upper bounds as the ones we give in the general case would also follow easily.

We begin the proof of Theorem 2.2. We first build a denumerable family F of
zero-Lebesgue-measure subsets in C. We next show that A, (C\(R2 U F)) = 0, giving

A (C\2) = 0.
Step 1. Fixing1 <i <m,0<j <m+1,n> land () 1<k<n € {0, ..., m}", observe
that

{DeC|Di=Ty, D)}

has zero Lebesgue measure in C. This is obvious if i # j, as this is the graph of a Lipschitz

map. If i = j, then D; is the fixed point of I';,, ., in [0, 1], since n > 1. Define F as the

family of subsets of C obtained when i, j, n and (1x)1<k<n vary.

Step 2. Let D € (2 U F)“. We make some preliminary remarks on 7.

° Any equality D; = TZD?E withl <i <m,0<j <m+ 1and!/ > 1 is impossible.

° Setting I = {1,...,m} there exists § # J C I such that, fori € J, D; €
ﬂk>0(Tk[0, 1))° and, for i € I\J, there exists (k;, ;) € N x {1,...,m + 2} such
that D; € (TX F)°.
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° Set K = max;ep\yk; and denote by Gy, ..., G, the intervals forming TKE.
Each G; is not cut under iterations of 7. Also A(U,>x T"E) = 1 — A Up<p<x
T"E).

. Since the (T" G j)1<j<p,n>0 form the remaining mass to be added after time K and

since dist(D;, Gx) > Ofori € Jand 1 < k < p, any D; with i € J admits
arbitrary close intervals among the (7" G j)1<j<p,n>0 on its left-hand side and on its
right-hand side.

LEMMA 2.4. For all i € J there exist arbitrary large n and 1 < j < p such that the
interval T" G j is arbitrary close to D;, lies on its right-hand side and verifies

AMT'G 1-—
o) L2127 M
dist(D;, T"G ) p
Proof. Introduce the set Z C {1, ..., p} of indices such that, for j € Z, G; admits iterates

converging to D; on its right-hand side. Set p’ = Card(Z) and note that 1 < p’ < p.
Fix & > 0 such that all approximations of D; in [D;, D; + ¢] are made by iterates of G ;
with j € Z. Suppose now that for some N inequality (1) is false foralln > N and j € Z.

Let T"G,, be a best record iterate on the right-hand side of D; with up € Z and a
record time vg > N. Let (T"* G )kez\ug) be the first iterates of each Gy, with k € Z\{wo},
standing between D; and TG . For such a k, note that vy > N. Finally observe that the
possible mass that can be added between D; and T" G, by iterates of (G ;) jez is at most

1 1
—MT%GY) + L (T0Guy) <Y —— MT%Gy)
r - -y -y

eZ\{uo} keZ

< 5 Y dist(Dy, TGy
1- Y keZ
kp' .
= dist(D;, TG ).
Since kp’/(1 —y) < kp/(1 —y) < 1, this brings a contradiction. O

Step 3. We prove that A, (C\ (2 U F)) = 0. Supposing the contrary, there exists J C [
with J # ( such that the following set A satisfies A,,(A) > 0:

n>0 n>0

Then A admits a density point DO, Denoting by B, (a, r) the Euclidean ball in R™ of
center a and radius r > 0, one has
Am(B(D°, r) N A)
1im =
r>0  An(B(DO, 1))

2

We use for DY the quantities defined in Step 2. We add an exponent (-)° to mark
the dependence in D°, except for T for simplicity. We now make arbitrarily small
perturbations of D°. Note that the corresponding map will remain injective and the images
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of the wandering intervals cannot overlap. Also each D; with i € I\J remains strictly in
the interior of 7% Fj,.

Fix i € J. Thereexists 1 < j < p and arbitrarily large n such that 7" G is on the right-
hand side of D with A(T”G?) > k dist(D?, T"G‘}). Set G = G, d, = dist(D?, T"G?)
and [, = A(T"G®). Without loss of generality, assume that

dy = min{dist(DY, T'G% | 1 <k <m,0 <1 < n},

since the lengths of the (TlGo)lzo decrease. Denote by (ex)1<k<m the canonical basis of
R”™ and consider the path D" = D° + ne;, n > 0. All the corresponding quantities for
the transformation get some (-)". Introduce an integer g such that 2y9(1 + «/4) < 1/2.
Since the boundaries of G° are of the form T* (DS)i, s > 1, we make the following
observations for 0 </ < n and small 5:

dist(D!, T"G") < dy — (1 — ") 3)
MT"G™) = 1, —2y"n )
dist(D], T'G") > dist(DY, T'G%) — y'n > dy — y'n,ifk € {1,...,mN\{i}. (5)

Also, for any T!G" with 0 < I < n and close to D; we have dist(Dl.", TIG”) >
dn + n(1 — y) if it is on its left-hand side and dist(D], T'G") > dist(D], T"G") if it
stands on its right-hand side, as 7' G is protected by 7" G. Then it results from (3)—(5) and
I, > kd, that

ni =inf{n > 0| D] € T"G", dist(D;', 3(T"G")) = kdy/4}

exists and satisfies n; < (1 — y")’ldn(l + Kk /4) < 2d,(1 +«/4) for large enough n. Also,
forg <1 < nandk € I\{i}, we have dist(D}", T'G™) > d, — y'n1 > d,/2. Similarly
for g <1 < n wehave dist(D]", T!G") > min{d,, dist(D]", 3(T"G"))} > du(1 Ak /4).
These inequalities evidently remain true for 1 <[ < g if n is large enough since ¢ is fixed
and d, — 0.

Finally all boundaries of the (TlG)OS[Sn are at most 1—Lipschitz maps of D and thus
the ball B(D™, np) with ny = (d,/4) A (kd,/8) is entirely contained in A€ as D; € T"G
in that case. As a result we get the inequality

Jm (B(DY, N A€ m 2 m
m(B( 7(7)1+772) )Z< m ) >( KA ) -0 )
Am(B(DY, n1 + m2)) n+n Kk AN2416(14+«/4)

As this lower bound is independent of n and 1 + n> — 0, as n — 400, this contradicts
(2) and concludes the proof of the theorem. O

Remark 1. In the proof of Theorem 2.2 the injectivity assumption essentially simplifies
the description of [0, 1)\7"[0, 1), n > 1, which consists of considering the forward orbits
of the wandering intervals defined by E. When suppressing the injectivity hypothesis
and among other difficulties, the number of pieces of E, = T"[0, D\T"*'[0, 1) can
increase with n and this corresponds to p becoming large in inequality (1). It is, however,
natural to conjecture that without supposing injectivity the dynamics still consists of
attracting periodic orbits. For instance, Lemma 2.3 extends with only slight changes in
the formulation.
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Remark 2. Theorem 2.2 provides an algorithm for concretely computing the dynamics of

a generic injective quasi-contraction.

(1) Compute the (T"F;)1<i<m+2, n > 0, until each D; is covered, 1 < j < m.
Theorem 2.2 implies that this process stops almost surely. Then write D; € Tk Fy ;
with 1 < j < m.

(2) Reversing the calculations, we get the T’ij, withO <k <kjand1 < j < m.
Then D = {T*ij | 0 <k <kj,1 < j < mj} defines a stable partition of [0, 1).
Considering the orbit of any point in each atom allows one to locate and count the
periodic attractors.

For a non-generic injective quasi-contraction having diffusive ergodic components, the
first step in the above algorithm does not stop. It may be possible to extend the first part of
the proof of Theorem 2.2 to describe the structure of the transformation via an algorithm
generalizing the continued fractions algorithm, giving the sequence of best approximations
of an irrational number. This would probably provide natural isomorphisms with maps in
the class of interval exchange transformations.

2.3. Structural stability. We show that perturbations of a generic injective quasi-
contraction still have the same behaviour as that described by Theorem 2.2. For any map
8:[0,1) > R, set Ts(x) = T (x) + 6(x).

THEOREM 2.5. Let Q2 be the open set of Lemma 2.3 and Theorem 2.2. For D € Q2 denote

by T the corresponding transformation and suppose that T[0, 1) C (0, 1). Then, fore > 0,

there is an n > 0 such that any sequence of maps § = (8,)n>1 With ||6,|lcc < 1 for all

n > 0and |6, |lcc — O satisfies:

(1)  forevery x € [0, 1), the sequence (x,)n>0 defined by xo = x and xp11 = T5,(x,)Xn
converges to a periodic orbit of T;

(2) every interval I in the attraction domain of a periodic orbit O for T contains a sub-
interval J verifying |J| > (1 —¢&)|I| such that for x € J one has dist(x,, T"x) — 0,
asn — +00.

Proof. As in Lemma 2.3 assume that there exist k;, > O and /; € {1,...,m + 2} for
1 <i < m such that D; € int(T% Ej;). Then the partition P(D’) is stable, where

D ={T*Di|10<k<k,1<i<m).

Take n small enough so that the image segments by T, remain disjoint and contained
in (0, 1). Suppose first that each 8, is a constant map still written as 8,. Build D” by
replacing 7% D; by Tsjl e TSZI D; in the definition of D’. These quantities exist if 7 is
small enough and are perturbations. Also, if 1 is small enough, the condition on the length
in the second part of the theorem is satisfied. We show that an atom of P(D”) converges
under iterations of the perturbed transformations to the same periodic orbit for 7 as the
corresponding atom of P(D’) under iterations of 7.

Recall that the definition of €2 implies that any D, cannot be written as T"DgE with
k > 1. Therefore, ifa = [Tl D;, T~ Dj) is an atom of P(D"), then for / > min{/;, 1}
+ 1 at least one boundary point of T'a is at a positive distance of the boundary of the
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atom of P(D’) where T'a lies. For [ > 1, := max{l;, [j} + 1, both boundaries share this
property. Since the elements of the orbit of 7' that lie in a given atom of P(D’) form a
decreasing sequence of intervals, there finally exists n, > 0 such that the distance between
aboundary of T'a and the boundary of the atom where T"a lies is either 0 or >7,. The last
case is verified for both boundaries when / > 71,. This is then also true for the distance
between T a and any D; forl > 1,.

Let a’ be the atom of P(D”) corresponding to a. First choose 1 small enough such that
for all atoms @ and all 0 < I < 7, the distance between a boundary of T, - - - T5,a’ and the
boundary of the atom of P(D") where it lies is either 0 or >, /4. Assume also that the
boundaries of 75, - - - T5,a" and T ™ a differ by less than n, /4. Finally, impose

n < <1TTV> min{n, | a € P(D)}.

Now let y € Ts,, -+« Ts,a" and z € Ta be such that dist(y, z) < n./4. We assert that
the images of y by (75, - - Ts,, 1 )n=1 and the iterates of z under (7"),>1 lie in the
same intervals of P(D) and the distance between the corresponding images tends to zero.
Indeed, forn > 1,

n—1

dist(Ts,, 4, -+ Tooyurs T"2) < V" Iy =2l + ) v" 77 85, @)
s=0
Na Na Na
<24+ 8 <2 8
syt =5 (®)

Then (8) gives the first assertion and (7) the second. To conclude the proof of the
theorem, fix x and apply the result for constant maps with the sequence (6,)n>0 =
((Sn(xn))n30~ o

3. A class of p-invariant measures on the circle
We use Theorem 2.2 to describe a class of Borel probability measures on the circle
invariant by x p and with zero entropy. These measures generalize the family of Sturm
measures (see Bullett and Sentenac [6]) and appear in the study of maximizing measures,
as mentioned in the introduction.

Recall that Sturm measures are characterized by the fact that their support is contained
in a semi-circle (see Bullett and Sentenac [6]). We introduce a more general family of
domains with symmetry properties.

3.1. Definition of a p-flower with m petals. Consider the circle S' = R/Z endowed
with Lebesgue measure and the transformation 7' (x) = px mod(1), where p > 2 is a fixed
integer.

Definition 3.1.
(1) Fixm > 1. Then let:
° Spm ={Gi)i<i<m | s1 <s2 < <sm <s1+1/p,0=<s51 <1/p} CR™;
. Kpm ={ki)i<i<sm |10 < ki <p—1,ki #kiy1,forl <i <m—1,ky #
p—ki}.
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Also set s;;41 = s1+1/p and k1 = ki — 1. Forany (s, k) € Sy m X Kp m, define
a ‘p-flower with m petals’ as follows:

s = ([s,-,s,-+1]+%). ©)

1<i<m
(2) For (s, k) € Spm x Kpm and & = (&;)1<i<m € {0, 1}, define Fl(s, k, ) as in (9),
but delete s;+1 + ki/p if & = 0 and s;41 + kiy1/pife; = 1, for 1 < i < m.
To Fl(s, k, ) associate the right-inverse 1, x . of T verifying for all x € R/Z that

Ns.k,e(x) € Fl(s, k, &) and  pns ke (x) = x mod(1).

Remark. For p =2, m =1 and (s, k) € S2,1 x K21, then FI(s, k) is a closed semi-circle.
An example of a 2-flower with three petals and k = (k1, k2, k3) = (0, 1, 0) is
5

53 51

We consider below the set of T-invariant measures with support in a p-flower with
m petals. These tend to be periodic. Observe that any finite union of periodic orbits is
contained in the interior of some Fl(s, k) for suitable m, s and k. Start with an elementary
lemma.

LEMMA 3.2. Let (s, k) € Spm X Kpm and j be a Borel probability measure on st

(1) Let u = T . Then for any x there is at most one 0 < k < p—1with u{x+k/p} > 0.

(2) Both u = Tpu and supp(u) C Fl(s, k) hold if and only if there exists ¢ € {0, 1}
with [ = 1 ke K-

Proof. If u{x} > 0, then T_"_”/{x} NT"{x} # @ forsomen > 0andn’ > 1, since w is
a finite measure. Thus 7" x = x. If for some 1 < k < p—1onehas u{x+k/p} > 0, then
x + k/p is also periodic. As x + k/p must be in the same orbit as x, this is a contradiction.

Consider the second part. If u = nskept, then T = (T o Nkt = W
Also supp(u) = '75_11 . supp(u) C Fl(s, k). Reciprocally and using the first part, either
Si+1 + ki/p or sit1 + ki+1/p has p-measure zero for 1 <i < m. Next, choose Fl(s, k, ¢)
corresponding to the exclusion from Fl(s, k) of any point with zero mass in each couple
mentioned above. Then ng x st = [. O

Remark. If a T-invariant measure w satisfies supp(u) C Fl(s, k), then it need not be
invariant with respect to all n, .. For instance, taking m = 1 and the right-inverse n
of T defined with (0, 1/ p], observe that §y verifies T'dy = 89 but n89 = 81/,.

3.2.  Invariant measures with support in a p-flower with m petals.

THEOREM 3.3. Let p > 2, m > 1 and k € K, ,. There is an open set Q C
Sp.m of full Lebesgue measure in Sy, such that, for s € Q, the ergodic T-invariant
Borel probability measures with support in Fl(s, k) are periodic and their number is
{1,...,n, m}. These measures are locally constant functions of s on Q.
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Proof. Fixing s € S, ;» Lemma 3.2 implies that a T-invariant Borel probability measure
with support in Fl(s, k) is invariant with respect to some 7 .. Then fix ¢ € {0, 1}
and write n for ns . On [0, 1) observe that n is an injective quasi-contraction with
i} C{xr—x/p+i/pl0=<i=<p—1fand D = {psj mod(l) | I < j = m}\{0}.
Note that if ps; # 0 mod(1) for 1 < j < m, then 0 is not a discontinuity of # when seen
on the circle. This condition can be assumed to be realized.

Now applying Theorem 2.2 and using the notation of this theorem, there is an open set
Q C Sp, ; of full Lebesgue measure in ), such that for s € @, thenforall 1 <i < m,
psi € (nk" Fp;)° forsome k; > Oand 1 < /; < m+2, where (Fj)|<j<m42 are the wandering
intervals of [0, 1)\n([0, 1)).

When 7 is seen on the circle, the partition defined by D = {n_k(ps,-) [1<i<m,0<
k < k;} is stable under n. Then each point x under iterates of n converges to a periodic
orbit and its w-limit set verifies w(x) C |, <;~,, @(psi), as n is order-preserving on each
interval of continuity. There are then at rnost_m_periodic orbits. Also, since ps; € (ni F.)°
for 1 < i < m, each periodic point does not belong to D. Thus all 5, x ., when & vary,
have the same periodic orbits. Note also that on 2 the periodic orbits vary continuously
with s and the lengths of these orbits are locally constant. Thus those orbits are locally
constant. O

Remark. If p =2 and m = 1, one obtains that for an open set of full Lebesgue measure in
s € [0, 1), the semi-circle [s, s+1/2] is uniquely ergodic with respect to x — 2x mod(1).
This is a well-known result on Sturm measures (see Bousch and Mairesse [3] or Bullett and
Sentenac [6]), which is in fact valid for all s. This last point will, however, follow from
the study of the next section, since any right-inverse of x —> 2x mod(1) defined with a
semi-circle is an ‘order-preserving quasi-contraction on the circle’ with one piece, in the
sense of Definition 4.4. If 7 is its rotation number, the conclusion comes from the remark
before Proposition 4.16 if  is rational and from Proposition 4.3 if 7 is irrational.

4. Order-preserving quasi-contractions on the circle
We examine Theorem 2.2 for a class of quasi-contractions on the circle that preserve cyclic
order. We detail fully the maps with a periodic structure.

As for diffeomorphisms of the circle (see Katok and Hasselblatt [14, Ch. 11]), the main
properties of the dynamics are contained in the rotation number (the average speed of
rotation of the transformation). We provide a short theory adapted from the usual one
of Poincaré. Proofs result from simple modifications of those in [14] and are omitted
(see Brémont [4]).

4.1. Rotation number. We begin with a few definitions. The cyclic order of three
distinct points a, b and ¢ on the circle S! = R/Z is (a, b, ¢) if turning in the trigonometric
sense and starting from a one meets b before c. A map f : S' — S! is order-preserving if
the order of any triple is preserved by f.

In this section we fix f : S! — §!, an order-preserving injective and right-continuous
map of degree one. By definition, there is an increasing and right-continuous map
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f:R—>R satisfying f(x+1)= f(x)+1forx € Rand f = f mod(1). Such an f is

called a lift of f.
PROPOSITION 4.1. The map f admits a rotation number T ( f) defined by
R I
(f)= lim —[(f)"(x) —x] mod(l), (10)
n—+oo n

where x € R and f is any lift of f. This quantity is independent of x and on the lift f.
Also the limit is uniform in x € R.

Next, we distinguish the situations 7(f) € Q and 7(f) € Q. As for diffeomorphisms
of the circle, the behaviour is significantly different in each case.

PROPOSITION 4.2.

(1)  We have t(f) € Q if and only if f admits a periodic point.

) Ift(f) = p/q with p A q = 1, then all periodic points have period q.

(3) Let t(f) = p/q with p A q = 1. If x is g-periodic, the order on the circle of
{x, f(x), ..., f97Y(x)} is that of {0, p/q, ..., (g — 1) p/q)}. In particular, the orbit
of x induces intervals on the circle that are sent one into another by f.

Denote by R, the rotation of angle . When 7(f) ¢ Q, then f is closely related to
R:(r). Recall that for sufficiently regular diffeomorphisms of the circle with an irrational
rotation number, this latter one is a complete invariant for topological conjugacy.

PROPOSITION 4.3. Set t = t(f) and assume that T &€ Q.
(1) If f is alift of f, then for all (ny, n2) > 0 and (m1, m>) € 72,

nit+my <nat +my ifandonly if forall x € R, f(x) +my < f(x) + m.

(2) The map f is topologically semi-conjugated to R.: there is a non-decreasing,
continuous and surjective map h : [0, 1) — [0, 1) such thatho f = R; o h.
(3) The map f is uniquely ergodic.

4.2. Definition and first properties. We define order-preserving quasi-contractions on
the circle with m + 1 pieces. We modify Definition 2.1 to take into account the topology of
the circle: the image of an interval is allowed to cover the point 0. Also and up to a change
of origin, 0 will always be a discontinuity.

Definition 4.4. Letm > 0,0 < y < 1 and there exist strictly increasing y-Lipschitzian
maps (I't)o<i<m : [0, 1] = R. Set D = {D = (Di)1<i<m |0=Dg < Dy < -+- < Dy, <
Dyy1 =1}. For D € D and B = (Bi)o<i<m,defineT : R — RbyT(x +1)=T(x) + 1
andon each [D;, Diy1) for0 <i <mbyT :R — Rby

T(x) =Ti(x) + B,

under the conditions C = D N {0 < To(0) + Bo, T'm(1) + B < To(0) + Bo + 1,
Fi(Di+1) 4+ Bi < Tix1(Di+1) + Bit1,for0 <i <m}on (D, ) € R¥"+1 Write C(B) for
the section of C corresponding to fixing 8. Finally, set

T=T mod(l).
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From the previous subsection, 7" admits a rotation number (7). As T is defined by
(D, B), we write t(D, ) for ©(T). First, the same strategy as for proving Theorem 2.2
gives that by fixing 8 generically for (D, 8) € C, the transformation 7 admits a periodic
point. Combined with Proposition 4.2 we obtain the following result.

THEOREM 4.5. For all B € R"™ there is an open set Q(B) C C(B) with
dom (CBNQB)) = O such that t(D, B) € Q for D € QUB).

We specify below the transformations with a given rational rotation number.
We consider first the continuity properties of the rotation number t(D, 8) in C. Set u =
(1,...,1) e Rm+1L,

LEMMA 4.6.

(1) The map (D, B) —> t(D, B) is continuous on C.

(2) For(D,p) e C, the map t —> t(D, B +tu) is non-decreasing and continuous from
[—T0(0) — Bo, 1 — T'o(0) — Bol onto [0, 1].

Proof. (1) The following classic idea can be found in Katok and Hasselblatt [14].
Let (D, B) € C and denote by T the associated map. Let p/q and p’/q’ be irreducible
rational numbers such that p’/q’ < ©(D, B) < p/q and let U be the lift of T such that
—1 < U? —1d — p < 0. Remark that U? — Id — p < 0, otherwise (D, 8) = p/q.

Let x be such that T'x is not a discontinuity for 7, 0 < I < g — 1 (there is a finite
set to avoid). If T’ is associated to (D', B) and (D’, B') is close to (D, B), the orbits
(Tlx)oglgq,l and ((T/)lx)ongq,l are close. Thus the lift U’ of T’/ compatible with U
satisfies U?(x) < p + x. This gives (D', ') < p/q. Symmetrically (D', 8) > p'/q’
for (D', B’) close enough to (D, B). This concludes the proof of (1).

(2) From (1) the map t — (D, B+tu) is continuous on [—I"o(0) — Bo, 1 —T'o(0) — Bo].
Fort € [-T"0(0) — Bo, 1 —I'9(0) — Bol let U; be the lift as in Definition 4.4 corresponding
to the map of parameters (D, 8 + tu). All U; are compatible and satisfy 0 < U;(0) < 1.
Note that, for —T'o(0) — Bop <t <t <1 —To(0) — Bo,

n
ur© < lim M <

0 < lim 1.

n—-+00 n n— 400 n
This implies that t — t(D, B +tu) is non-decreasing. Next, if ¢t € {—I"9(0) — 8o, 1 —
I'o(0) — Bo}, then t(D, B + tu) = 0 mod(1). Therefore the map t —— t(D, 8 + tu)
is either equal to 0 on [—['g(0) — Bo, 1 — I'n(0) — Bo] or its image is exactly [0, 1].
The first case is impossible as for some values of t € (—I'0(0) — Bo, 1 — I'0(0) — Bo)
the graph of U; is at a positive distance from x — x and x — x + 1. For such ¢ we get
(D, B + tu) # 0 mod(1), using Proposition 4.2. O

Definition 4.7.

(1) For0 < r < 1 define the closed and non-empty interval [bB) ﬁ(r), bB, P (r)] as the set
of parameters ¢ in [—T9(0) — By, 1 — I'9(0) — Bo] for which t(D, § + tu) =r.

2) LetCp=Cn {Ti(D)B;i = Ti—1(Di) + Bi—1 , 1 <i < m} be the set of parameters
in C for which the transformation makes no jump at D;, 1 <i <m.

() SetCo(p/q) ={(D,B.1) | (D, p) € Co.bp, 4(p/q) =1t < bJLS)ﬁ(P/fI)}-

https://doi.org/10.1017/50143385705000386 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000386

34 J. Brémont

We then get the following.

PROPOSITION 4.8. Let 0 < p/q < 1 with p A q = 1. Then we have the following.

(1) Wehavet(D, B) = p/q ifand only U”Tqu_ < Di+p < T9D; forsome0 < i < m.

(2) The maps b%)ﬁ(p/q) are continuous functions of (D, B) € Co.

3) For (D,B) € Cop we have b[_)’ﬂ(p/q) < b‘g)ﬁ(p/q). Let Tp.p,;: be associated
with (D, B,t). Then the TASﬂJOjE for 1 < 1| < gq, are continuous maps of
(D, B,t) € Co(p/q). When 1 < I < q — 1, these are distinct from each other
and from 0. Also,

Tj 5,(07) < p < T} 4,00,

with Tg)ﬁ),(o—) = pifandonly ift = b}, 4(p/q) and Tg’ﬂ’t(O) = p ifand only if
t=0bp 5(P/Q)

Proof. (1) By Proposition 4.2 we have 7(D, 8) = p/q if and only if 79 — p admits a fixed
point. As the graph of T4 — p 1is increasing and piecewise contracting, this condition is
equivalent to the existence of a discontinuity y for 79 — p such that T9(y™) < p+ y <
T9(y).

Next, y can be written as y = T_le with0 <l <g—1and0 < k < m, up to
translating by an integer. Suppose that / is minimal. If / = 0, then the result is proved.
If I > 1 then y is not a discontinuity of T. Applying T we obtain T"((T(y))_) <
p+ T(y) < fq(f(y)) and T(y) =T"*Dyisa discontinuity of T4. Repeating this
operation gives the result.

(2) Observe first that the continuity of the rotation number implies that b, ﬁ( p/q) and
b‘g) ﬁ( p/q) are respectively lower semi-continuous and upper semi-continuous maps of
(D, p) € C. Suppose now that 0 is the only discontinuity of T on [0, 1), thatis (D, B) € Cp.

Let § > 0. For (D', B") € Cy close to (D, B), the graph of TD/,ﬁq_,/u with ¢/ =
bzg)ﬁ(p/q) — & is below the graph of Tpp g4, Witht = bZ‘;)ﬁ(p/q). Thus (D', B/ +1'u) <
p/q and then b, g (P/0) = b} (p/q) — 8. This gives the continuity of by, 4(p/q).
The same holds for bB,ﬂ (p/q).

(3) For (D, B,t) € Co(p/q) we have t(D,B + tu) = p/q. Observe first that
dist(T}, 4 ,(0%),Z) > 0, for 1 <1 < g — 1, otherwise t(D, f + tu) would be of the
form r/1, whereas p/q is irreducible. This gives the continuity of f[l)’ ﬂ’t(Oi) on Co(p/q)
for 1 <[ < g. Similarly all Té)ﬂ)tojE for 1 <[ < g — 1 are distinct from each other.

Using point (1) and the fact that O is the only discontinuity of Tp g, we have
fg’ﬂ’t(O*) < p < Tg’ﬂ’t(O). As Tg’ﬂ’t(O’) < Tg’ﬂ’t(O), suppose for example that
Tg’ﬂ’t(O*) <p< f‘g’ﬁ’t(O). By continuity and monotony, for some small § > 0 we still
have Tg)ﬁ)%(o—) <p< fg’ﬂ’tM(O). Consequently, t(D, 8 + (¢t + 8)u) = p/q and
bp p(p/9) <t <t+8 <b}, 4(p/q).

This also proves that # < b}, 4(p/q). Thus if t = b}, 4(p/q) then Tg,ﬁ,t((r) = p.
Reciprocally, if this equality is verified then, for any small § > 0, we have p <
Tg’ﬂ’ﬂrﬁ(o*) < Tg,ﬁJH(O). Thus t(D, 8 + (t + §)u) > p/q and this proves the other
sense. The same holds for bB,ﬂ (p/q). O
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4.3. Transformations with a rational rotation number. In the following all Dj;,
0 < i < m, play the same role. We introduce the expression of the transformation when
D; is taken as the origin.

Definition 4.9. Let T be defined as in Definition 4.4. For 0 < i < m, let T; be the map
deduced from T when taking D; as the origin. Denote by ' = (Fs')Og j<m the reordered

family of y-Lipschitzian maps and by (D, A7) the corresponding parameters. Set I' = I'.

First consider the case of a zero rotation number.

PROPOSITION 4.10. For (D, B) € C, we have t©(D,B) = 0ifandonlyif (D,p) €
E0) := U0§i§m F;(0), where

Fi(0) = {(D, p) € C| T}(0) + By = 0, T, (1) + B, < 1).
The number of fixed points of T is the number of 0 < i < m such that (D, B) € F;(0).

Proof. According to Proposition 4.8, (D, 8) = 0 if and only if T(le) < D; < T(D;)
for some 0 < i < m. Taking D; as the origin, this can be written as 7;(07) < 0 < T;(0)
and corresponds to parameters in F;(0). Finally note that if D; and D; are consecutive
discontinuities with T(Dl._) < D; < T(D;) and f(Dj_) <D; < f(Dj), there is exactly
one fixed point for T in [D;, Dj). O

Next, turn to the case when (7)) = p/q with0 < p/q < 1 and p A g = 1. Observe
in such a case that the graph of T is strictly contained in the tube determined by the lines
x +—> x and x —> x + 1. Then a non-empty part of this graph is above the horizontal
line y = 1. According to the position with respect to this line, we have the following
discussion.

Definition 4.11.

(1) AssumethatO < 7(T) < 1. Seth = 2i when T(D;) <1 < T(D;) for0 <i <m
andh =2i — 1 whenT(D;) <1 <T(D;)forl <i <m.WehaveO <h < 2m.

(2) Ifhisodd,then T is an injective quasi-contraction on [0, 1) as in Definition 2.1 with
m + 1 pieces, parameters D’ with D’ = D and the family of y-Lipschitzian maps
I = (I)o<i<mt1 with T = T; + £ mod(1).

(3) 1If h = 2K, then T is an injective quasi-contraction on [0, 1) with m + 2 pieces and
parameters D’ with D’ = {Dy, ..., Djy, T~'(1), Djr41, ..., D,,} and the family of
y-Lipschitzian maps I = (I'))o<i<m+1 such that '/ = T'; + B; for 0 < i < h and
I'=T;1+pi-1mod(l)forh+1<i <m+1.

To specify the condition in point (1) of Proposition 4.8 we need to consider the possible
codes for (TlDl.i)oSlSq,l. Up to taking 7; one only needs to focus on (TIOi)()SlSq,l.
LEMMA 4.12. Let0 < p/q < 1withpAg=1. ForO<l<qg—1let0<n; <qg-—1
satisfy pn; =1 mod(q). If t(T) = p/q, then the order on the circle of(TlOi)oflfq_l is

0, 70, T™O0,...,T"0~,T"0,...,T"10", T"'0).
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Proof. As t(T) = p/q, Proposition 4.2 implies the existence of a g-periodic point x.

The order of its orbit on the circle is (x, T"'x, ..., T"x, ..., T"-1x). As the intervals
induced by this orbit are stable, the conclusion follows by considering the interval where O
lies. a

The previous lemma leads to the following definition.

Definition 4.13. Let0 < p/q < 1 withp Aqg =1andlett(T) = p/q.

(1)  Mark the 2¢ — 1 intervals in [0, 1) induced by (T/0%)o</<4—1. Specifically:
° (T™0, T"+107) has number 2i + 1,for0 <i < g —2;
° [T"0~, T 0] has number 2i, for 1 <i <¢g —1;
° (T"a-10, 1) has number 2g — 1.

(2) The interval where D; lies is denoted by dj, 1 < j < m.

(3) Ifh =20 —1set S(p/q.h) = {dD1<jem | | < dj < dju1 < 2q — Ly =
2(q — p)}, where dypy1 = 2q — Lif i = m. Setrj = ny@;+1y/2) and r; = nyq, 2,
for 1 < j < m. Denote by:

. (8k)0<k<g—1 the code of (R*

0)o<k<g—1 in the intervals [0,r1/g),...,

rlq
(rm/q,1);
° (6)0<k<q—1 the code of (R];/qo)0§k§q—l in the intervals (0,r{/q], ...,
(r,'n/q, 1].

@) Th =20 set S(p/q, h) = ((d)1=jm | | < d; < dj1 < 2g — 1, dy <2(q — p)
< dh/-i-l}s where dm+1 = 2q —1if W' = m and d() =1ifh’ =0. Set rj = ”l[(d_,v+1)/2]
forl <j <n, 41 =ng—pandr; = N[(d;_1+1)/2] forh’+2 < j <m+1. Also let

v = n; ) forl < j < K, Ty = hg—pand r} = N[d;_ /2] forh’+2 < j <m+1.

J +1

Denote by:

° (ex)o<k<g—1 the code of (R];/qO)OSkSq_l in the intervals [0,r1/q),...,
[rm+1/g, D);

l

° (6)0<k<q—1 the code of (R,

(r,/,l+1/‘Ia 1].

0)o<k<¢—1 in the intervals (0,r{/ql, ...,

Remark. Points (3) and (4) describe the fact that 79(0~) < p < T4(0). Then S(p/q, h)
lists the possible positions of D with respect to the (TIOi)()SlSq,l, noting that
T(T?7'07) < 1 < T(T?7'0) and [T2-'0~, T79710] has number 2(¢ — p) since
ng—p = q — 1. Finally, (ex)o<k<4—1 and (8,/()05;(5(1,1 are the codes of (TkO)OSkSqq
and (TkO’)OSkSqq, respectively.

‘We now come to the main result of this section. Recall Definitions 4.9, 4.11 and 4.13.

THEOREM 4.14. Let0 < p/q < 1 with p A q = 1. Then t(D, B) = p/q if and only if
(D,B) € E(p/g):== | Fi(p/9).
0<i<m

where

Fip/g):= | J Gir(p/q.h.d)
deS(p/q.h)
0<h<2m,

and Gi(p/q,h,d) = {(D,f) € C | (D',p") € Gori(p/q,h,d)} and finally
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Gor(p/q,h,d) C C is defined by the inequalities

Tl eg @ 2 0a@nd T, (D)<,

------

Ty 1(Dw) + Br—nr <1 < T (Dpry1—pr) + B, where h=2h" —h", h" € {0, 1},

Dj e [fdj’ é'dj+1] forevendjand Dj € (fdj’ Cdj+1) forodddj, 1 < j <m,
(11)

where {r; = 1"8)/”_ 86(1) and {41 = l"gntfl,m,go(O).

Moreover, for 0 < i < m, 0 < hh < mand d,d € S(p/q.,h), the set
Gir(p/q,h,d) is non-empty and even has non-empty interior. If (h,d) # (', d’), then
Gir(p/q.h,d)NG;r(p/q. b, d) =1

Proof.

Step 1. From Proposition 4.8 we have t(D, §) = p/q if and only if some D; with
0 < i < m verifies point (1) of this proposition. This means that YN"qu_ <p< fqu.
Assuming then thati = 0, we show that (D, 8) € Gor(p/q, h, d).

Recall the definition of / given in Definition 4.11. The position of the graph of 7' with
respect to y = 1 is then given by the second condition in (11). Next, the order on the circle
of (TlOi)oflfq_l is given by Lemma 4.12. Following Definition 4.13, the positions of the
elements of D with respect to this sequence are given by some d € S(p/q, h). This gives
the last set of conditions in (11). Finally the first line of (11) is for 79(07) < p < T9(0).
Thus (D, B) € Gor(p/q, h,d).

Step 2. Reciprocally fix 0 < i <m,0 < h < 2m and d € S(p/q,h). Suppose,
for instance, that 2 = 2k’ — 1. From the symmetric roles played by the (D;)o<i<m, it is
enough to prove that Go.r(p/q, h, d) has non-empty interior and that for (D, ) in this set
we have (D, B8) = p/q.

Recall Definition 4.7, Proposition 4.8 and the notation Co and Tp g ;. When (D, B) € Co
then, if D and By are fixed, the (B;)1<i<m are also fixed. Then write Tp g, , for
Tp,g,r. We use the same convention for bgﬁ(p/q). Next, define ¢ : C — C, where
C = {(si)1<i<m | 0 <51 < -+ <5, < 1}, in the following way. For s € C consider the
transformation 7 o, ,, with

ns = 3(byo(p/9) + b o(p/9))-

Proposition 4.8 implies that s —— 1y is continuous on C. Similarly s +—— (Tsko 0
Oi)lfqu_l is continuous on C without collapse and each component remains far away

from 0. Write the ordered sequence on [0, 1) as follows:
0 < Bi(s) <--- < Byg2(s) <1 andset By =0, Byy_1 = 1.

Set ¢(s) = (si, ...,S,), where s;Z/ = Ts_olm(l)- This clearly is a continuous function of
s € C. Takenowi # h/,let N; =card{l < j <m | dj = d;} and suppose that i is exactly

the kth index z such that d, = d;. If d; # dj’ we set

By; (s) — Bd,-—l(S))
N; +1 '

sl{ = Bd,-—l(s)+k< (12)
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If d; = djy then By, (s) < s}, < Bg, (s) as Ts,o,ns(Tf,({i,sO*) <1< Ts,o,ns(rs‘{&;p).
If, for example, i < &', set N; = card{l < j < h' | dj = d;} and define s as in (12),
replacing By, (s) by s;l,. As a result we get a continuous ¢ : C — C with ¢(C) C C°.

From the Brouwer fixed point theorem, ¢ admits a fixed point s € C and thus s € C°.
Then T, 5, is such that t(Ts0,,) = p/q. The (Tslfo’nsoi)ofqu_l are all distinct

and qu,o ns 0 < p < TSqO’ e (0). Also the positions of (D;)1<i<m, With respect to
(Tsk0 nsoi)osksq—l are exactly specified by d. Those points are distinct from each other

and from the boundaries of the interval where they lie. Perturbing (s, 0, 1) in such a way
that T(Dy)~ < 1 < T(Dy) gives parameters (D, 8) € C contained in the interior of
Go.r(p/q, h,d). The case when & is even is treated in the same way.

Step 3. We prove by convexity that, for (D, B) in the interior of Go.r(p/q, h, d), then
©(D,B) =p/q, T4 0O <p< 7~"‘7(O), the positions of the (D;)<;<m With respect to the
(TkOi)ongq,l are specified by d and the position of y = 1 with respect to the graph of T
is given by h. Denote by H the parameters in the interior of Go.r(p/q, h, d) having this
property.

By the previous study, H is non-empty and the same argument of perturbation gives
that H is open. We now show that H is closed in the interior of Gor(p/q.,h,d).
If (D, B)n)n=0 C H converges to (D, ) in the interior of Go,r(p/q, h, d), then the
expressions associated to (D, B), in the inequalities defining H converge to the formal
expressions associated to (D, ) which verify strict inequalities. Thus the expressions of
D and (TkOi)OSkSq,l corresponding to (D, B), are still valid for (D, 8). Consequently,
H is closed in the interior of Go r(p/q,h,d) and then H is exactly the interior of
Go,r(p/q,h,d).

As a corollary we get that if (h,d) # (W',d") then Gor(p/q,h,d) N
Gor(p/q,H,d") = @. This concludes the proof of the theorem. O

Remark. The case m = 0 of Theorem 4.14 and when the maps are linear is due to
Bugeaud and Conze [5]. The case when m = 1 in a linear context is also treated in this
article but with 7 continuous at D and T(D;) = 1. Introducing contraction coefficients
0 < y0, y1 < 1, the map T can be written as

Tx = yix + Bi, on[Dj, Diy1).

The previous conditions can be written as yoD1 4+ fo = y1D1 + f1 = 1 or equivalently
Dy = (1 —Bo)/yoand B1 = 1 — (1 — Bo)y1/y0. Next, choosing By as a parameter as
in [5], in (11) only the first line remains and one deduces the following result, correcting
the formula of [5].

THEOREM 4.15. Let m = 1 and T be as above. Set T = T mod(l) and let, for

0 < p/q < 1with p Aq =1, (ex)o<k<q—1 be the code of (R,

{10, 1= p/q). [1 = p/q, 1)). Then ©(T) = p/q if and only if

—1 -2
o e [ZZZO Ek(Ver + Vegn) Lt Vegr - Ver (1= Veo) + X0y ek (Ve - ygq_z)}
1 ’ -2 :

S r o Ve Vega) L Ve e, + 2ot (Ve =+ Vega)

0)o<k<q—1 in the intervals

In this case T has a unique periodic orbit and it has period q.
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Remark. Consider the question of counting the periodic orbits when 7(7)) € Q. As in
Lemma 2.3 the set D = {T_kD,- | 0 < k <kj,1 <i < m} induces a stable partition on
the circle. There are then less than m + 1 periodic orbits. We now give an algorithm for
counting the periodic orbits.

PROPOSITION 4.16. Let 0 < p/q < 1 with p Aq = 1. Let (D,B) € C verify
t(D,B) = p/q. Using Theorem 4.14, let I = {0 < i < m | (D,B) € Fi(p/q)}.
Fori €I let h' and d' be such that (D, B) € Gir(p/q, Kt db).
(1) ForieclsetA; ={jell] d; iseven ). If A; # () there is exactly one j € A; such
that
nd}/2 = min{ndiﬂ | k e A,’}.

Then write i — j. Conversely, if j € I there is at most one i € I such thati — j.
(2)  The set I decomposes into disjoint closed cycles of length <q for the relation * —'.
The number of distinct periodic orbits for T is the number of cycles in I.

Proof. Let us reason modulo 1. Using Proposition 4.2 let x be a fixed point for 79 — p.
The number of distinct g-periodic orbits is the number of fixed points of 79 — p in the
interval [x, T’”x). This is also the number of discontinuities w € [x, T™ x) of T9 — p
satisfying

Tw™) < p+w = T4(w). (13)

Next, let x < y < T"x be the fixed point consecutive to x. Call wy € [x, y) the
unique discontinuity of 79 — p satisfying (13). We write wg = T_ZOD,-O for some Dj,
and a minimal 0 < [y < g — 1. Then Dj; is uniquely determined as the (D;)o<;<m are
distinct. If [y > O then by minimality of /o, for 0 < k < Iy, the point Tk(T o (Dj,)) does
not belong to the (D;)o<j<m. Successive iterations give that, for 0 < k < I,

T9(T*(wo))™) < p + T (wo) < T9(T* (wo)).

Consequently, for 0 < k < [y the unique discontinuity of T9 — p in [f”k(x), f”k(y))
satisfying (13) is T*(wp). For k = Iy we have TY (Dig) < p+ Dj, < T9(D;,) giving that
io € I. Another application of T leads to

T9(T(D;)) < p+T(D;) < p+T(Diy) < TU(T(Dyy)).

Consequently, if w; is the discontinuity of T9 — p satisfying (13) in
[Tl (x), Tlot1(y)) then T(D,.;) < wy < T(D;,). Write w; = T~"1 D;, with a minimal
0 <1 < g — 1 and some uniquely determined D;,. As above i; € I and, for0 < k </,
T*(wy) is the unique discontinuity of 79 — p verifying (13) in [T*+1Ho(x), Th+1+o(y)).

Now note that D;, € [le‘l(Dl.;), TZ'H(DiO)], whose associated number is even,
following Definition 4.13. As [TM(D;O), T*(Dj,)] C [T+ (x), ThF(y)) for | < u <
I 4+ 1, we get that iy is the only j € J such that D; € [T”(D,.;), T"(Dj,)), for some
1 <u <1+ 1. Indeed D; must satisfy (13) and /; is minimal. We thus get ip — i7.

Repeating this procedure we obtain a sequence (ip — i1 — -+ — iy — ip) C 1
which is a cycle since [T9(x), T9(y)) = [x, y). This also gives t + 1 < g. Proceeding in
this way for each pair of consecutive g-periodic points in [x, 7”1 x] we obtain non-empty
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and disjoint cycles in / in bijection with the periodic orbits. Finally, if i € I then D;
verifies (13) and belongs to some iterate of the interval determined by two consecutive
periodic points in [x, 7" x]. Thus i belongs to a cycle. This concludes the proof of the
proposition. a

Remark. The case t(T') ¢ Q can be considered using the monotony of the rotation number
for fixed D. As in Theorem 4.14 the set of parameters (D, ) verifying t(D, ) = r can
be decomposed into a union of polyhedrons, each polyhedron of codimension at least one.
Howeyver, this union is not denumerable as soon as m > 1. More details can be found
in [4].

4.4. Pictures. We provide a numerical illustration of the decomposition in

Theorem 4.14 and Proposition 4.16. For the sake of simplicity we restrict ourselves to

the linear case. Annotated pictures for the case m = 0 can then be found in Bugeaud and

Conze [5]. In the context of Definition 4.4, we consider here the situation whenm = 1.
Consider amap T = T mod(1), where

X
5 + Bo. on [0, Dy),

X
§+ﬁ170n [Dlv 1)'

~h
Il

The parameters are (D1, Bo, B1) € R3. In the figures, these are respectively represented
on the x-axis, y-axis and the z-axis. We look at the case when (D1, Bo, B1) = 1/3.
Recall that there are one or two 3-periodic orbits:

() Fo(1/3);

@ Fi(1/3);

(3)  E(/3) = Fo(1/3) U Fi(1/3);

(4) parameters giving two distinct 3-periodic orbits.

4.5. Injective quasi-contractions with three pieces on the interval. 'We apply the study
on order-preserving quasi-contractions on the circle to the analysis of a class of injective
locally increasing quasi-contractions with three pieces on [0, 1), as in Definition 2.1.
Writing as (0, 1, 2) the three segments, we restrict our argument to the case when the
images segments are ordered as (2, 1,0). A classical construction shows that such an
injective quasi-contraction can be seen as the first return map of an order-preserving quasi-
contraction on the circle with four pieces.

Definition 4.17.

(1) Let T be defined as in Definition 2.1 withm = 2, D = (D;)1<i<2 € D and a set of
increasing y-Lipschitzian maps I'r = (I';)o<i<2, where 0 < y < 1. Denote by C’
the component of C corresponding to the fact that the image segments are ordered as

(2,1,0).

2) Setug = —+/T1(D2)—T1(Dy), uy = 0, up = Dy and u3 = D,. Let
R : [ug, 1) — [ug, 1) be the order-preserving transformation with four pieces
defined by:
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FIGURE 1. F(1/3).
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FIGURE 2. F{(1/3).
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FIGURE 3. t(D, B) = 1/3.
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0.6
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0.2

By 0 o

FIGURE 4. t(D, f) = 1/3 and two distinct 3-periodic attractors.
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. g =(I",To, I, T2);

*  Rjupunuius. ) = Tifuy.unUlus, 13

° the pair (I'/, I'”) (not unique) is such that I'” contracts [uy, uz) on [ug, uy),
and I' contracts [ug, u1) on [['1(D1), T1(D3)) and T o I’ =T’y on [uy, uz).

Then T is the first return map of R in [0, 1): if x € [0,1) and #(x) = inf{n > 1 |

R"(x) € [0, 1)} then T (x) = R'™(x). Note that 7 (x) € {1, 2}, x € [0, 1).

We then obtain the following theorem.

THEOREM 4.18. For T defined as in Definition 4.17, only two excluding cases can occur.

(1)  There exists a periodic orbit. Then T admits at most two distinct periodic orbits and
no diffusive T -invariant measure.

(2) The map T has no periodic orbit. Then T is uniquely ergodic, measurably
conjugated and topologically semi-conjugated to a possibly degenerated interval
exchange transformation with three pieces and permutation (0,1,2) — (2,1,0)
on [0, 1).

Moreover, each case is non-empty, but the first one holds for at least an open set of full

Lebesgue measure in C'. The subcases with exactly one or two periodic orbits have non-

empty interior in C'.

Proof. First, an example with two periodic orbits is when the interval i is sent in the interval
o (i), where o is the permutation (0, 1,2) — (2, 1, 0). This provides a fixed point and
a 2-periodic orbit. If all intervals are sent in interval 2, then there is a unique fixed point.
Both situations are clearly realized by open subsets in C’.

Next, observe that 7 admits a periodic orbit if and only if R admits one, that is if
and only if 7(R) € Q. We show that in this case there are less than two periodic orbits.
Denote by (D', B) the parameters of R. As in Proposition 4.16 and after renormalization
let I be the set of integers i such that (D', 8) € F;(p/q).

Note that 0 € [R(D})~, R(D})] and D} € [R(D})~, R(D})]. Thus if both 0 and D),
lay in I they belong to the same cycle of length >2. The same holds for Dj and Dj.
From Proposition 4.16 the number of periodic orbits of R is <2. This is also true for 7.

Next, the situation when R has no periodic orbit is non-empty. Indeed, for some
configurations, R admits a fixed point and for other configurations there is no fixed point.
This gives respectively t(R) = 0 and 0 < 7(R) < 1. The continuity of the rotation
number implies that irrational values must be taken. This then provides parameters for
which R (and thus T') has no periodic point.

In this case, Proposition 4.3 implies that R and therefore T are uniquely ergodic.
Then let / be a linearizing map as in Proposition 4.3(2) that topologically semi-conjugates
R with R (gy. Then T is topologically semi-conjugated and measurably conjugated to the
first return map of R;(g) into 2([D], 1)). This map is a possibly degenerated interval
exchange transformation with three pieces associated to the permutation (0, 1,2) —>
(2,1,0). m]
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