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Abstract. We improve a recent result by giving the optimal conclusion both to the frequent
universality criterion and the frequent hypercyclicity criterion using the notion of A-
densities, where A refers to some weighted densities sharper than the natural lower density.
Moreover, we construct an operator which is logarithmically frequently hypercyclic but not
frequently hypercyclic.
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1. Introduction and notation
We denote by N the set of positive integers. Let («x) be a non-negative sequence with
Zk>] ax = 4o00. Let us consider the associated admissible matrix A = (&, k) given by

n
oek/<2aj> forl <k <n,
Op k=

j=1
0 otherwise.

We know that every regular summability matrix A, so any admissible matrix, gives a
density d 4 on subsets of N, called the lower A-density [9].

Definition 1.1. For a regular matrix A = (k) with non-negative coefficients and a set
E C N, the lower A-density of E, denoted by d 4 (E), is defined as

+00
d(E) =lim inf(Z an,kng(k)>,
k=1
and the associated upper A-density, denoted by d 4 (E), is given by the equality d o (E) =
1-d,(N\E).
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Moreover, it is well known [9] that the upper A-density of any set E C N is given by
da(E) =Tim sup, (35 an k1 ().

Let X, Y be Fréchet spaces. In the present paper we are interested in the universality
of sequences of operators (7y), T, : X — Y, in the following sense: a sequence (7)) is
said to be universal if there exists x € X such that the set {T,x : n € N} is dense in Y.
Such a vector x is called a universal vector for (7,,). When the sequence (7) is given
by the iterates of a single operator 7', that is, (7,) = (T") and Y = X, the notion of
universality reduces to the well-known one of hypercyclicity, which is a central notion
in linear dynamics. Now the following definition extends that of frequent universality and
quantifies how often the orbit of a universal vector visits every non-empty open set. For
any x € X and any subset U C Y, weset N(x,U) :={neN:T,x e U}.

Definition 1.2. Let A = (ox/ Z;f:] o) be an admissible matrix. A sequence of operators
(T), T, : X — Y, is called A-frequently universal if there exists x € X such that, for any
non-empty open set U C X, the set N (x, U) has positive lower A-density.

Notice thatif oy = 1, k=1, 2, .. ., the matrix A corresponds to the Cesaro matrix, the
lower A-density d 4 coincides with the natural lower density d and we recover the notion
of frequent universality (or frequent hypercyclicity in the case of sequences (7")). Bonilla
and Grosse-Erdmann have derived a sufficient condition for a sequence of operators to be
frequently universal [6, 7]. Their criterion extends the frequent hypercyclicity criterion
given by Bayart and Grivaux [1].

THEOREM 1.3. (Frequent universality criterion) Let X be a Fréchet space, Y a separable
Fréchet space and T, : X — Y, n € N, continuous linear mappings. Suppose that there
are a dense subset Yo of Y and mappings S, : Yo — X, n € N, such that:

Q) Zﬁ:l Ty Sk—ny converges unconditionally in Y, uniformly ink € N, for all y € Yy;
2) Z::f Ti Sk+ny converges unconditionally in Y, uniformly ink € N, for all y € Yy;
3) j;xf Sny converges unconditionally in X, for all y € Yy,

@ T,S,y—> yforallyeY,.

Then the sequence (T,) is frequently universal.

It is well known that there exist frequently universal sequences of operators which do
not satisfy this criterion [2]. A natural question arises: if the sequence (7},) fulfills the
hypotheses of the criterion, for which admissible matrices A can one conclude that (7},)
is A-frequently universal? Before answering, let us introduce some useful notation. We
denote by log® the iterated logarithmic function log o log o - - - o log where log appears s
times. In the sequel, we shall need the following admissible matrices:

(1) A=/ e for0<r<1;

(2) Dy = (ax / Z;': | @) given by the coefficients oy = k1108 ) for k large enough
ands > 1;

(3) By,= (o / Z;'.:l a;) given by the coefficients o = ek/1og (k) 1og™ (1) for & large
enough and s > 2;

4 By=(o/ Z’;Il ) given by the coefficients o = ek/ 10" (®) for k large enough and
r>1;

(5) the matrix L = (k~!/ Zl}:l j~1) associated to the logarithmic density 0_llog~
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Lemma 2.8 of [8] ensures that we have, forany2 <s <s’,1 <t <t,0<r <r' <1and
for all subsets £ C N,

dy,(B) <dj (E) < djs (E) < dy (B) < d, (E) <dj (E),
d5,(E) <dp(E) <dg (E)<d, (E) <d, (E) < d(E) < d,,, (E).

Recently the authors have shown that under the assumptions of the frequent universality
criterion a sequence (7;,) is automatically Es—frequently universal for any positive integer
s > 1 [8]. Actually the statement is written in the context of §S—frequent hypercyclicity,
but it is easy to check that the proof works along the same lines in the case of Es-frequent
universality. First we improve this result by showing that a sequence of operators which
satisfies the frequent universality criterion is necessarily Bj-frequently universal. Then a
technical modification of the proof allows us to show that such a sequence of operators
is necessarily Dy -frequently universal for any s € N. On the other hand, we establish that
an operator 7 : X — X cannot be A;-frequently hypercyclic. Notice that this result was
already proved whenever X was a Banach space [8, Proposition 3.7]. Based on these
results, this paper determines exactly what quantifies the frequent universality criterion
in terms of weighted densities of the return sets. The proof of this result essentially
uses combinatorial arguments. Furthermore, in [8] the authors exhibited a frequently
universal (hypercyclic) operator which is not A,-frequently hypercyclic for any 0 <r < 1
(in particular, it does not satisfy the above criterion). Conversely, using similar ideas, we
build an operator which is log-frequently hypercyclic (i.e. L-frequently hypercyclic) but
not frequently hypercyclic. Hence one can find hypercyclic operators whose orbit of some
universal vectors visits rather often, in the sense of suitable lower A-densities, every non-
empty set but not sufficiently to be frequently hypercyclic. As far as we know, this is the
first example in this direction using lower densities.

The paper is organized as follows. In §§2 and 3 we construct specific sequences of
integers which will allow us to establish that the frequent universality criterion gives a
stronger result. Then we will show that this new result is the best possible. Finally, in §4,
we exhibit an example, inspired by [4], of an operator which is L-frequently hypercyclic
but not frequently hypercyclic.

2. Construction of a specific sequence

Let X be a Fréchet space, Y a separable Fréchet space and 7,, : X — Y, n € N, continuous
linear mappings. In this section we will establish the following implication: if the sequence
(T;,) satisfies the frequent universality criterion, then (7},) is By-frequently universal. This
result will already be an improvement of [8, Theorem 4.12]. To do this, we begin with an
important remark: a careful examination of the proofs of the frequent universality criterion
shows that it suffices to find a sequence (6) of integers and (n;) an increasing sequence
of integers such that

|[ng —ny| > 8k + 6, whenever k # [ and for any p > 1, d({ny : x = p}) > 0.

We refer the reader to [3, Lemma 6.19 and Theorem 6.18] and [6, 7]. An easy
modification of the proof of the criterion allows us to obtain the A-frequent universality
provided that d , ({ny : 6y = p}) > 0 (see [8]).
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First of all, let us recall the following useful lemma to estimate the lower A-density of
a given sequence (nx) [8, Lemma 2.7].

LEMMA 2.1. Let (ax) be a non-negative sequence such that ), ax = +00. Assume
that the sequence (o) Z'}:l aj) converges to zero as n tends to +00. Let (ny) be an
increasing sequence of integers. Then we have

>,
d =liminf| ==},
d ,((n)i) /H+oo< ST )

where d 4 is the A-density given by the admissible matrix A = (o / Z;f:l aj).

In what follows we will build suitable sequences (8;) and (ny). For every positive
integer k, we define 8; and L as follows: §x =/ and Lo = — 1 where [ is the place of the
first zero in the dyadic representation of k. For example, fork = 11 (i.e. k = 1.20 + 1.2" +
0.2 4+ 1.2%) we have 8 =3 and Lo =2. Then we construct the following increasing
sequence (ny) of positive integers by setting

k—1
ny =2 and nk=228i+8k k>2). 2.1)
i=1

LEMMA 2.2. With the above notation, we have, for everym > 1,

nom =42" —3 and nom_1=42" —m — 5.

Proof. Wehaven; =ny_1=2=42—-1—-5andny; =5=4.2 — 3. We set, fork > 2,

Xk: nk+5k

Let us consider the sets Aﬁ.m) ={1<k<2"—-1;6=jl,form>1land j=1,...,m+
1. We get, form > 2,

2" —1 m+1

W =y 8=y j#A.
i=1 j=1

Thus it suffices to compute the cardinality of the sets AE.'"). For j =m + 1, there is only
one possibility to obtain §; =m + 1 givenby /= (1, ..., 1,0, ...) with m ones (i.e. [ =
2™ —1). For 2 < j < m, to obtain §; = j, [ necessarily has dyadic representation

(1,1, ...,1,0, %, %, ..., % % 0,0,...).

length j—1 length m—j

Thus we have 2~/ possible choices. Finally, to obtain §; = 1, [ necessarily has dyadic
representation
(07*5*7"'7*5*70705"')9
—_——_—

length m—1
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and taking into account [ # 0, we have 2! — 1 possible choices. Therefore we get, for
allm > 2,

m
Moy =Q" =1+ j2" 4+ (m+ 1),
j=2
An easy calculation gives
nhw_ =42""1 2 form > 2.
Therefore we deduce, for allm > 1,
nom_1 =42" —5—m.
Finally, we obtain, for every integer m > 2,
npm =ngm_1 + 8m_y + &m =npm_; + (m + 1) + 1,
which leads to
nopm = 42" —3 form > 1. O
LEMMA 2.3. With the above notation, we have, for every positive integer k which has
dyadic representation k .= 2" + Z?;ol o2, 2" <k <2 — 1, 0 €0, 1},
k—1
me-y =2 ) S+
i=142"
Proof. 1t suffices to observe that every integer i with 1 +2" <i <k < 27+l _ 1 has
dyadic representation

N —

ey ooyx, 1,0..)
R
length n

with at least a zero between the first and the nth position (since k # 2"+ — 1). Therefore
we have §; =1 for some 1 <[ <n and

i—2"=(,...,1,0,%,...,%0,0...).
N, e’ N, e’
length [—1 length n—I
We deduce for 1 + 2" <i < k that §; _»» = §;. Therefore we get, for every positive integer

k with dyadic representation k := 2" + Z?:_ol 020, 2" <k <2t 1,

k—1-2" k—1
mey =2 ) Si+dr=2 ) S+ O
i=1 i=142"

LEMMA 2.4. With the above notation, we have, for every positive integer k which has
dyadic representation k := Z?:HLO ;2" + 280 — 1 withn>1, a, =1 and a; € {0, 1},
i=14+Lgy,...,n,

n n
D wing+ Y aitng,_y ifl<Lo<n-—1,

ng = i=1+Lg i=1+Lo

- n n
Zainzi—i—Zai—l if Lo=0.
i=1 i=1
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Proof. For Lo =0, we have k = Z?;ll ;2 +2", with o, =1 and «; € {0, 1}. For
k=2", we have o; =0, i=1,...,n—1 and we can write ny = npn —i—Z:':] o — 1
and the result holds. Otherwise, we define the sequence | <l <l <--- <[, <n—1,
satisfying o = l,forj=1,...,myando; =0fori ¢ {l, ..., l,}. Taking into account
Lemma 2.3, we write

21

k—1
nk:<2 Z 8[-}-52”)-}-52" + (2 Z 8i+5k>

i=1 i=1427
=noy + 1+ Nj—on
=ny + oy + Ng_on. 2.2)

We getk — 2" = Z?’:l 2li and a calculation similar to (2.2) leads to
ng =non + oty + Moty + 0y, + Ny _on_oly = QpNn + @), Moty + Oy + Q)+ g _on ol -

By repeating the reasoning we obtain

m m
nk=2n21j + non +Za1j + oy + 1y,
j=2 j=2

Finally, since we have ny =ny + o, — 1, we can write
1 1

n n
nkZZOlil’lzi +ZO{i — 1.
i=1

i=1

Turning to the case of 1 < Lo <n —1,if we have o; =0, fori =1+ Lo, ..., n —1,

we getk — 2" = 2Lo — landng =npn + oy + n,L,_ Which was to be proved. Otherwise,

wesetm =max(l+ Lo <i<n—1;a; =1). We have k — 2" =2" + Z;":_ILLO o2 4+

2Lo — 1, and a calculation similar to (2.2) leads to
ng =non + nom + oy + 0y + Ng—2n_om = ApNon + AyNom + oy + Oy + Ng—on_om.
By repeating the reasoning we obtain
n n
ny = Z oingy + Z o +RyLg_g- ]
i=1+Lg i=1+Lg

LEMMA 2.5. With the above notation, for every positive integer k which has dyadic
representation k := Z?:HLO o2 +2L0 1 with n>1, ay=1, 0<Lo<n—1 and
a; €{0,1},i=14 Lo, ..., n, we have

n
ng=4k—2 > a—Lo— L
i=1+Lg

On the other hand, for every positive integer k with Lo =n + 1, we have ny =4k — Lo — 1
again.
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Proof. First we deal with the case Lo =n + 1 (i.e. k = 2"T! — 1). Lemma 2.2 ensures that
Nontl_q = 42" (4 1) —=5=4.2""1 — 1) = (n+ 1) — 1 and we have the desired
conclusion. If Ly #n + 1, we necessarily have 0 < Lo <n — 1. Let us consider the case
Ly =0: we apply Lemma 2.4 to write

n n
nk=Zot,~n21 +ZO(,' — 1.
i=1 i=1

Using Lemma 2.2, we deduce

n n
me=Y (42 =3+ -1
l:ln ) i=1
=4 a2 =2 w—1
i=1 i=1

n n
=4k—2) o —1=4k-2) o —Lo—1.
i=1 i=1

Otherwise, we consider the case 1 < Lo <n — 1 and we apply Lemma 2.4 again to write

n n
ng = Z ANy + Z o + oLy

i=1+Lg i=14Lg
We conclude by using Lemma 2.2:

n

n
me= Y @42 =3+ > o+42l0-Ly-5

i=14+Lg i=14+Lo
n n
=4< Z ai2i+2L0—1) —1-2 Z o; — Lo
i=14+Lg i=14+Lg
n
=4k —2 Z o —Lo— 1. 0
i=14+Lg

PROPOSITION 2.6. The sequence (ny) satisfies the following optimal estimate: for every
integer k > 2,
4k — 2|logy (k)] — 1 <ny <4k — 3

Proof. We begin with the case k=2"—1, n>2. We have ny=42"—-n—-5=
4k — 2 — |log, (k)] > 4k — 2|log, (k)] — 1. Now let us consider k > 2, with k # 2" —
1 (i.e. logy(k+ 1) ¢ N). The integer k necessarily has the representation k =2" +
diiir, @2 +2M0 —1withn > 1,ando; €{0, 1},i =1+ Lo, ..., n — 1. Lemma 2.5
gives ny =4k — 2 Z?=1+Lo ai — Lo —1. Clearly we have ny <4k —3 and nmy =
4.2" — 3 by Lemma 2.2. On the other hand, we have
ng >4k —2(n — Lo) — Lo — 1 > 4k —2n — 1 =4k — 2|log, (k)] — 1.

Finally, for k =2"*1 —2, we have k=" ,2, Lo=0, [log,(2""!' —2)] =m and
Lemma 2.2 gives nomii_p =4Q2" —2) —2m — 1 =4Q2"F! —2) — 2]log, 2"+ —
2)] — 1 =4k —2|log, (k)| — 1. O
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PROPOSITION 2.7. The sequence (ny) defined above satisfies QBI ((np)g) > 0.
Proof. Using Lemma 2.1, the equality

’;_2 il log(n;)
d =liminf( &>
“B (i) klgligo< Z;lkzz eJ/ log(j) >
holds. According to Proposition 2.6, there exists a constant C > 0 such that, for N large
enough and k > N,

Z’;_N e/ log(n)) Z’;_N e4i—Clog(j))/ log(4j—C log(j))

log(ny)en/ log) = log(4k)e%/ log(4k)

With summation by parts, we get

k
3 o= log() logtdj=C log(7) 10g(k) 4k —C tog(k))/ tog@k—C log(k))
4

j=N

as k — +o0.

Finally, a simple computation leads to
log(k) ¢@k—C log(k))/ log(4k—C log(k)) o€
4 log(@h) /e g WSk oo

This allows us to conclude 431 (nr) = e €/4>0. O

Hence we deduce the following result, which improves [8, Theorem 4.12].

PROPOSITION 2.8. Let X be a Fréchet space, Y a separable Fréchet space and T, :
X — Y, n €N, continuous linear mappings. If the sequence (T,) satisfies the frequent
universality criterion, then (T,) is Bi-frequently universal.

3. Construction of new sequences to reach the extreme densities
We are going to construct a new sequence with positive A-density for an admissible matrix
A defining a sharper density than the natural density and the B;-density. This construction
is inspired by [8, §4]. Let us consider an increasing sequence (a;,) of positive integers with
a; = 1. Then we define the function f : N — Nby f(j) =mforall j € {an, ..., amt1 —
1}. We also define the sequence (nx( f)) by induction as in (2.1):
k—1
ni(f)=2 and nk(f)ZZZf(fsi)+f(5k) fork > 2. 3.1
i=1

Clearly we obtain the following equality, for all £k > 3
nk(f) =nme—1(f) + f(Gr—1) + f(8)-
Observe that, for all k # 1,
Ik (f) — (O = f(Sk) + f (8. (3.2)

In the previous section, the sequence (ny) satisfied |nx — n;| > & + §; in order to prove
the frequent universality criterion. In a previous work [8], we proved that this condition
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could be relaxed as in (3.2), provided that f increases and tends to infinity. Let us observe
that, if we set a,, = m for every m > 1, then the corresponding sequence (n(f)) is the
sequence (nx) of §2. Throughout this section, we will omit the argument f in (ng(f))
for the sake of readability. Thus our purpose is to compute an exact formula for the new
sequence (nx) to understand its asymptotic behavior and to obtain sharper estimates for
the densities given by the frequent universality criterion.

First of all, we will obtain an expression for 7pam+q, With 0 < g < @41 — .-

LEMMA 3.1. Foreverym € N and every 0 < q < ay+1 — a, we have

Noamta = —1 = 2m + 2 (1 + ap + q) + 29 FT4+! Z
i=1

2a,—1

Proof. Let us define A% := {1 <1 <2+ —1:6, = j} for j > 1. Itis clear that, for
every 1 <[ <2%+4 _ 2 the first zero in the dyadic decomposition of / appears in position
less than a,, + ¢q, that is, §; < a,, + g and 8yam+q_1 = a;y, + g + 1. Thus, for every j >
an +q + 1 we have #A(m 9 — 0 and #A;mféﬂ =1. Let us now compute #A(m 9 for
1 <j<apu+q. First, let us observe that we have j = §; = 1 if and only if / is even From
this we deduce that #Agm @) — an+tq=1 _ | On the other hand, if 1 <[ <2%n+4 — 2 is
such that j = §; > 2 then its dyadic decomposition is given by j — 1 ones followed by a

zero, and then we have 24 t4=J choices as follows:
length a;,+¢q
(1,1, ...,1,0, %, %, ...,% % 0,0,...).

length j

Thus we obtain that, for every 2 < j < a,, +q, #A;’"’q) = 2m+4—J ‘We use these facts to
compute noan+q, for g satistying a,, < a,, + g < ap+1:
2am+q_1
njantg =2 Y f8))+ f(Spm+a)
j=1
am+q+1
=2 Y fOHAD + fBpanra)

J=1

am+q
= 2((2“'"+q—1 = DFW+ Y FGRTT (1 a + q)) +1

j=2
using f(Spam+a) = f(1) =1

m—1 ai+1 1 ) am—+q )
:2(—1 + )Y FT 4+ Y F(2 T 4 f(1+ay, +q)) +1.
i=1 j=a j=an

Setting uy, = Y v, Za’“ 1f(])2am+q i +Za'”+q f(j)29mT4=J  we have

j=a;

ajy1—1 am+q
_at —le
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m-l, i 1 1
__nam+q [ —
(B s ) el 52)
1=

m
1 m
— nam+q E R —
=2 ( 2(1,‘—1 2am+q ) :

i=1

Therefore we get

m
1
Noam+q =—1 —2m+2f(1+am +q)+2“m+q+lzﬁ. O
i=1
From this lemma we get the following result.
LEMMA 3.2. For everym € N and every 0 < q < ay+1 — ay, we have
S
L2 Y e F0Sa<amii—an =1,
Noyam+q = m 1=11
T2 Yo ifq=ame1 —am— 1,
i=1
Proof. It suffices to apply Lemma 3.1, taking into account that we have f(a, +¢q + 1) =
mif0<qg<apy1 —ay—1land f(ap+qg+1)=m+1ifqg=ay4+1 —an — 1. O

We will later need an expression for the integers n,._; for L > 1. This is the goal of
the following lemma.
LEMMA 3.3. Let L >2witha; — 1 < L < ajy1 — 1. Then we have

-1 1

"y 5

i=1

— — for L=a; — 1,
112L_1= 1
21+LZW_(Z+2) for L >a; — 1.

i=1
Proof. By definition the following equality holds:
}’l2L = n2L_1 + f(SZL—l) + f(52L) = }’lzL_l + f(l + L) + 1. (33)

First, let us consider the case L=a; — 1 =a;—1 + (a — aj—1 — 1). Lemma 3.2 gives
Mol = Ngq—1 = 1 + 24 Zf;]l (1/2“5_1). Moreover, since we have f(1 + L) = f(a;) =1,
then formula (3.3) implies
L
Myg-i_y =nNpa-1 —1 —1=24%" st L

i=1

On the other hand, if we have ¢ — 1 <L <a;4+1 — 1, Lemma 3.2 yields nyr = -1+
2L+1 S (1/2%1). Thus, formula (3.3) gives

l
1
nye_y =2E% st — (+2). O
i=1
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LEMMA 3.4. Let N =2" + Y "0 ;2" withn > 1 and 31— &;2! # 0. Then

N-1

DRACHRACIY ifN <27 1,

_ ) o=
nN-2 = N-1

2 Z f)+2f0GN) — f(Sn—2n) ifN=2n+1—l.

i=2n41
Proof. We easily adapt the proof of Lemma 2.3. O

Using Lemma 3.4 instead of Lemma 2.3, we may also prove that Lemma 2.4 remains
valid in this context. We shall use it in what follows.

Definition 3.5. In what follows, we express every positive integer N in the following
manner, taking into account the properties of the sequence (a;):

ag, 7&[0,171

—nLlo _ ajy—-1+4
N=28—1+4 > g 442%
a=qo

In—1ajy1—aj—1

an
+ Z Z Ola;1q2H +Za“11v+‘12alN+q

j=lp  ¢=0 q=0

with a1 <14 Lo <ay, aiy <qn +aiy <daiy+1,qo +aj—1 =1+ Lo and ag 14y =
1. We also set wy = gn + ay, .

LEMMA 3.6. For every positive integer N, we have, using the notation of Definition 3.5,

1+y LZ]O—l—a[o_| lop—1 1
_ 2 : ajy—1+q+1 E
NN =nNyLy_y +2< E Olaj—l> + aalo—l+q2 0 < 2a;i—1
j=lo 9=4o i=1
In=laj41—a;=1 J 1 ax i 1
aj+q+1 Z Z ary +q+1 §
+ E E : ®aj+q2 ( st )t %ay +q2 2ai—1 )"
j=lo  ¢=0 i=l1 q=0 i=l

Proof. Using the notation of Definition 3.5, Lemma 2.4 gives the following equality (with
the convention ng = —1). Since N = Y7, 1y ai2' + (210 — 1) = Y1 o2,

ajy—1—ajpy—1 In—1aj+1—aj—1
ny = n2L071 + Z (Xa1071+qn2a10_]+q + Z Z C{aj+ql12aj+q
9=q0 j=ly  ¢=0
+ Z Oy, +qMyay+a + Z o;. (3.4
i=14+Ly

We begin by transforming the first sum above. We apply Lemma 3.2 and we get

https://doi.org/10.1017/etds.2019.103 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.103

Frequent universality criterion and densities 857

ajy—1—ag,—1
q4=40
a10727a10,1 lo—1 1
— _ aj,—1+tq+1
- Z a“lol+f1< 14 2% <Z 2a;—1 >>
4=40 i=1
lp—1 1
a,
+ ®ayj—1 (1 +2% Z 2ai—l)
i=1
ajy—l—ajp,— lo—1 | ajy—2—ay,—1
_ ajy—1+q+1 _
- Z Ol“’o*l"'q2 0 <Z 2(1,'-1) Z Payy-1+q + Cagy—1-
4=40 i=1 q4=40

We proceed in the same way with the second sum of (3.4) and we obtain

In—1aj+1—aj—1

2. DLy

Jj=lo q=0
Iy—1ajy1—aj=2 J 1
+g+1
=Y z ua(—142077 (30 )
Jj=ly i=1
In—1 J 1
aj+1
+ z( (X5=))
Jj=lo i=1
In—1aj4+1— J 1
aj+q+1
S (3 5)
j=lo  g=0 i=1
Iy—1ajr1—aj=2 Iy—1
YT et X
J=lo q=0 j=l

Finally, to study the third sum of (3.4), we consider two cases. For wy < a;y+1 — 1,

qN qN In 1

_ ajy +q+1
ZaalN+qn2alN+q —Zaa1N+q (_1 + 2% (Z 2a,—l))
q=0 q=0

2
qN IN

_ ay, +q+1

=Y a2 (3 ) - z
g=0 i=1

For WN =d]y+1 — 1,

qN
Z (XalN +q nzalN +q
q=0

apy+1—2—apy

In
1
1
= Z O‘aIN-HI (_1 + 2“1N+q+ (Z 2(1,‘—1 ))

4=0 i=1
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In
1
T ayyy -1 (1 + 20 <Z 2a;—1 ))

i=1

- IN 1 alN-H_z_a/N
— apy+q+1 _
- Z O[alN"_q2 N (Z 2a;i—1 > Z Yay +q + %ayy 41 -1
q=0 i=1 q=0
We now gather these results together in the case where wy < ay, +1 — 1 (the case wy =
ajy+1 — 1 being similar). We get

ajy—1—ayy—1 Iy—1lajy1—aj—1
NN =NyLy_1 + Z (x% 1+g M yay—1+4 + Z Z Qaj+qNyej+a
q4=90 Jj=lo
i=14+Lg
ajy—1=aj—1 lo—1 |
_ ajy—1+q+1
=nato_ + Z 0“"0*1""72 0 <Z 2a,-—1>
4=40 i=1
Iy—1ajy1—aj—1 In 1
aj+q+1 Z Z ary +q+1 Z
+ Z Z a“j+‘12 2u,71 + Cayy +42 2a;i—1
j=lo =0 i=1 i=1
%—2—0104 In—1ajt1—aj—=2
S SHETTE S S
q4=90 j=l q=0
INn—1
Jj=ly i=1+Lg

Moreover, observe that, by definition, if wy < ajy+1 — 1,

wy ay—1—aj,-1 In—l1aj+1—aj=1 qN
DITIERD SUPHINS S i SRR Sy
i=1+Lg q=q0 Jj=lo q=0 q=0
ajy—2—ajy—1 In—1aj41—a;j=2
P SRTRIES b S
9=40 Jj=lo
In—1
+ Zaa[ +q +aalo_l + Z aaj+1—l

Let us observe also that ifwy <apy+1 —1, then we have Cayy—1 = 0. Thus, we derive

the result:
ag=1—a—1 lo—1 1
— ajg—1+q+1
AN =TaLo_; + Z aa,0_1+q2 0 (Z 2‘11'1)
q9=40 i=1
Iy—1ajy1—aj—1 Jj 1
aj+q+1
+2 Z %ajrg 2" (Z 2a,—1)
j=lo q=0 i=1
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In—1

qN In
1

qg=0 i=1 Jj=lo
ajy—1—aj,—1 lo—1 1
_ aj,—1+q+1
=nyLy_; + Z Qayy_1+q 2%~ sai—1
q=q0 i=1

In—1ajt1—aj—1 i 1
+ Z Z Uaj+q 2¢tat] <Z 2:1,-1)

Jj=ly i=1

qN In 1 1+ly
§ +g+1 § : § :

+ ()la[N+q2LllN q < 2%-1 ) +2 O[aj_l O
q=0

Jj=l

LEMMA 3.7. Using the notation of Definition 3.5, we have, for every positive integer N,

e § ) () o) £ )

1= i=1 J= l() i:lo—r()
00 1 ajy—ajy—1—1
St
_ 2(2 2ai—1)< Z aa[0_|+q2“10 1 q)
i=ly q9=q0
IN-1, oo | ajp1—a;j—1
i+
2Y (X ) (X )
Jj=lo ti=j+1 q=0
o
2 % za,_l)(zal W) 1420,
i=Iy+1
withtg=0if Lo > ajy—1 — land o =1if Lo = a;,—1 — 1.

Proof. Let N =37 v ;2" + (21 — 1) =Y g ;2" with a1 — 1 < Lo <y, — 1.
Lemma 3.6 gives

L+y a]O—l—a/0_| lop—1 1
_ ajy—1+q+1
nN =HNyL0_4 + Z(Z aa_,-—l) + Z alllo—l‘f‘qz 0 <Z 2(1,‘-1)
j=lo 9=40 i=1
Iy—1ajt1—a;j=1 J 1 an Ll 1
arta (3 3 ay et
+ Z Z aaj+q2 ( 2a;—1 + O‘“’N"'q2 2ai—1 )"

Let us now express every sum of the form Y & (1/2%71) as Y0 (17241 —
0 k1 (172471 This gives
.

1+ly %) 1 Aly —aiy—1
=t 1 +2(( 3 ) +z(z ) (X e

j=lo i=1 q4=40

o0 1aj41— 4gN
+ +
SN (ETE S, )

i=1 Jj=lo q=0 q=0
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ajy —ay—1 -1

2

=) %

PrEN

i=j+1 q=0

)i

apy—1+49
O‘111071'“12 0 )

-1

aj+
aaj+(12 / q)

(%

e¢]

2:1,—1
i=Iy+1

Moreover, Lemma 3.3 allows us to express

NaLy_q

From now on, we treat only the case where Lo=a;,—1 —

lp—2
p1+Lo Z sai—1 (lo—1) ifLo=ap-1—1,
i—1
-1
21+Lo Z o (lo+1) ifLo>ap-1—1,
i=1
00 1 s 1
i+l (Z —za,-_l) - 2”“( 2 F) —Uo=1) ifLo=ap1—1,
i=1 i=l—1
o0 1 it
H1+Lo (Z 2a,-—1> - 21+LO<Z 2a,-—1> —Uo+1)  ifLo>a,-1—1
i=1 i=lo

1, the other case being

completely similar. Let us replace in the first expression the value of n,.,_,. We obtain

21
N=—lp+1 —21+L°( Z 2a._1)

i=ly—1
1+iy 00 ajy—ajy—1—1
+ 2(2 aa,_l) + 2(2 o ) <2L0 + > aa,o_]+q2“lol+‘1>
j=l i=1 q9=40
00 Iy—1aj+1—aj—1 qN
AEANE T s )
i=1 Jj=ly =0 q=0

ay, —ﬂlo—l—l

2

ajg—1+q
Olalo,1+q2 0 )

i=ly q4=40
INn—1 , oo 1 ajr1—aj—l
— ajtq
o( (zza,_l) > )
j=lo Ni=j+1 q=0

Observe now that
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iy —ajy—1=1 Iy—14ajr1—a;—1
2L0 + Z aa[071+q 2a1071+11 + Z Z aaj+q2aj +q
q=q0 j=lo  ¢q=0
+ Z “azN+qza[N+q =N+1,
q=0
and replace this in the preceding expression of ny to obtain
00 1 0 1 I+ly 00 1
- 1+L
=23 g )V 2 g ) + 2 ) 2 ()
i=1 i=1 j=lo i=lp—1
00 | alo—alo,l—l
it
)
i=ly q=q0

5

| ajy1—a;—1
Z( o) X )

<J—lo i=j+1 q=0

o0
Z yai— )(Zaaz +42 lN+q) —1lp+1. U

Now observe that we have the following estimates:

o 1 Gy —p—1 -1 a1y —alg—1—490 4
ajpn—1+q —j a
AL 5 )( X wp ) <a( X e s
i=lo 9=q0 =1
V= ! RS aj+q “ —(@j+1—aj) R q
2 Z Z 2a;—1 Z aaj+q2 / <8 22 J J Z 2
Jj=lo Ni=j+1 q=0 i=lo =0
In—1 ajy1—
+16<Z 2<uf+zaj< Z 2q>>
j=lo q=0
and
© 1 4N
(5 ) o)
i=Iy+1 q=0

The combination of these estimates with Lemma 3.7 leads to the following statement.

LEMMA 3.8. Using the notation of Definition 3.5, there exist positive real numbers
Cy, Ca, C3, Cyq such that we have, for every positive integer N,

oo

1 o |
2N<Z W) —Cily —Cr=ny = 2N<Z zai1> + C3ly + Cy.
i=1 i
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Lom
Thus assume that a, =2> , where 2 appears s — 1 times (s >2). Then the

associated function f :N — N is given by f(j) =m, for j € {ay, ..., an+1 — 1}, and
the estimate
CN — C; log® (N) <ny < CN + C5 1og®(N)

holds with C, Cy, C» > 0. An easy adaptation of [8, Lemma 4.10] gives dﬁS((”k)) >0,
and we have proved the following result.

THEOREM 3.9. Let X be a Fréchet space, Y a separable Fréchet space and T,, : X — Y,
n € N, continuous linear mappings. If the sequence (T,) satisfies the frequent universality
criterion, then (T,) is Ds-frequently universal for any s > 1.

Remark 3.10.

(1) Let h be any real strictly increasing C'-function satisfying the following conditions:
h(x) — 400, as x = +o00, x = x/h(log(x)) (eventually) increases (to infinity),
h(x) = o(log(x)) and h'(x) = o(h(x)) as x — +00. With a good choice of the
sequence (a,) (i.e. a, =h~'(n)) one can show that the conditions of the frequent
universality criterion automatically imply Aj-frequent universality, where Ay, is the
admissible matrix given by the coefficients ¢*/1°¢®) Indeed, under the previous
assumptions, Lemma 3.8 ensures that there exist C, C1, C> > 0 such that

CN — Cih(log(N)) =ny < CN + Coh(log(N)).

Taking into account Lemma 2.1 and the estimate ) j_; et/Moe) ~
h(log(n))e™/ "1ogm) a5 pn — 400, an adaptation of [8, Lemma 4.10] gives
d, . ((nr)) > 0 and we have proved the result.

(2) Sophie Grivaux showed that one can find a proof of Theorem 3.9 (or Remark 3.10(1))
in the particular case of hypercyclicity in an elegant way thanks to ergodic theory
arguments [10]. To do this, she combines [11, Theorem 7] with [12, Theorem 1].

We end this section by proving that an operator 7 : X — X, acting on a Fréchet space
X, cannot be Ai-frequently hypercyclic. In other words, (1) from Remark 3.10 ensures
that we have obtained the sharpest result in the context of hypercyclicity.

PROPOSITION 3.11. Let X be a Fréchet space. Then there is no A1-frequently hypercyclic
operator on X.

Proof. Let T : X — X be a continuous operator. Assume that the topology on X is
given by an increasing sequence of semi-norms (p;). Let us consider J > 1, fe€ X
with pj(f)>1. WesetO<e<1and By(f,¢):={zeX:pj(z— f) <e}. Assume
that T is Aj-frequently hypercyclic and let us consider x € X so that x is an Aj-
frequently hypercyclic vector for 7. According to the proof of [8, Proposition 3.7], the set
N(x, By(f, €)) has bounded gaps. Hence we denote by M an upper bound for the length
of these gaps. Let us define Ko = J and np =1 — ¢ > 0. The continuity of the operator
T ensures that there exist a sequence of natural numbers (K;)1<;<y and a sequence of
positive numbers (1;)1<;<m such that:

(1) for0<i<M,K;>J;

2) forO<i<M,n <1-—g¢;
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(3) forl <i <M andforanyz € X,
Pk (@) =ni = pk;_, (T(2) < ni-1.
Now we use the Aj-frequent hypercyclicity of x to find a natural number n such that
Pry(T" (X)) <nm.

It follows from (3) that, for every 0 <i < M,

Py (T () <y

Therefore, by (1) and (2),
pr, (T (x)) <1 —e.

Thus, forevery 0 <i < M,

prT" ) = ) 2 1ps()) = pr M) 2 1= (1 —e)=e.

We have proved that [n; n + M] N N(x, By (f, €)) =@, which contradicts the definition
of M. O

Remark 3.12. An anonymous referee pointed out to us that Proposition 3.11 could also be
obtained as a consequence of [5, §5, Proposition 2] once one observes that both the lower
Aj-density and the lower Banach density are zero on non syndetic sets.

4. A log-frequently hypercyclic operator which is not frequently hypercyclic

In their very nice paper, Bayart and Ruzsa [4] gave a characterization of frequently
hypercyclic weighted shifts on the sequence spaces ¢7 and cg. In particular, a
straightforward modification of the proof of [4, Theorem 13] gives an analogous result
with respect to the so-called logarithmic density.

THEOREM 4.1. Let w = (wy)neN be a bounded sequence of positive integers. Then By, is
log-frequently hypercyclic on co(N) if and only if there exist a sequence (M (p)) of positive
real numbers tending to +o0 and a sequence (E ) of subsets of N such that:

(@) forany p>1, Qlog(Ep) > 0;

(b) forany p.q =1, p#q. (Ey+10, p)) N (Eq + 10, g) = ¥

(© limy_ o0, neE,+[0,p] @1+ Wp = +00;

(d) foranyp,q >1,foranyn € E, andanym € Eg withm > n, foranyt € {0, ..., g},

01 Omengt = M(P)M(q).

In the same paper, the authors also provide examples of a /-frequently hypercyclic
weighted shift which is not frequently hypercyclic and of a frequently hypercyclic
weighted shift which is not distributionally chaotic. In what follows, we modify these
constructions as well as those made in [8] to construct a log-frequently hypercyclic
operator which is not frequently hypercyclic. We begin with the following lemma.

LEMMA 4.2. There exist a > 1 and & > 0 such that, for any integer u > v > 1, if we let
% = [2(1_5)“2“, p(+e)a™ 1, then the following properties hold:
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(1) I8N Ie% =g
@) I - 18 C 1P
(3) a’(1 —4e/1+4e) > 1.

Proof. A simple calculation shows, for any u > v > 1, that I, 48 15‘*45 = () if and only
if a>(1 — 4e/1 + 4¢) > 1. Similarly, we have

I&F = 1%° C 1% ifand only if 24" @ (1=20=(1420) () _ p2eC—a?)a 7y 5

This can be achieved if a2(1 —2e)—(14+2¢)>1 and al>2+ 1/2¢, for example.
Observe that these conditions and (3) are satisfied if € is chosen to be very small and a
very large. O

The philosophy of Lemma 4.2 can be summarized as follows: it suffices to choose a
very large and at the same time ¢ very small to obtain the result stated. From now on, we
suppose that a and ¢ are given by the previous lemma. Let (A ) be any syndetic partition of
N and M/, be the maximum length of the gaps in A,,. We consider an increasing sequence
of integers (b)) such that

[bp _ 81), bp + 4p] C U]z(l—s)aﬂufl); 2(1—8)a2" . 2(1+£)a2(u71)[ (41)
u>2
and
by > (8p + 1)27. 4.2)

This construction is possible if @ is chosen big enough. Finally, let
E,= U (1% N bpN).
ueA,
LEMMA 4.3. With the above notation, we have Qlog(Ep) > 0.
Proof. Let (ny)ken be an increasing enumeration of A ,. We set [cx; di] = I,fk’s. Then we

get

Qlog(E,,) = lim inf

k—o00

k d .
<Zl=l Zjl:cl,jepr 1/]>
Y
Since there exist 0 < ag, B < by such that [cx + ox; di — Bil S [ck; di], ck +ax = ab)

and dy — By = Bb), for some o, B € N, we obtain

YIS (b, + jby)
log(cr+1)
1
k—oo b log(cky1)
log(dy — Br/ck + o)

dy .
Jj=cx,jeb,N 1/J>

> lim inf (
log(ck+1)

k— o0

d\og(Ep) > lim inf
k— 00

> lim inf
k—o00 bp log(ck+1)
1 2(1+6)a2"k _p 2(]78)612”1( b
> lim inf 128 v/ _ *+bp)
k— 00 bp log(z(l—s)a k+1)
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2ea’
> lim inf —
k=00 bp(1 — g)ak+!

- 2¢e 0 -
—— > 0.
T by(1 —e)a*Mr

Further, the following lemma is almost the same as [4, Lemma 3] and it still holds in
our context.

LEMMA 44. Letp,q>1,n€ E,, m € E; withn #m. Then |n — m| > max(p, q).

In particular, (E, + [0, p]) N (E, + [0, g]) =@ if p #q. Thus, the sequence of sets
(E)) satisfies conditions (a) and (b) in Theorem 4.1. Observe also that if we remove a finite
number of elements from A, we may suppose that A, C [p, oo and, for every u € A,
18 +[—2p, 2p] C I&%.

We now turn to the construction of the weights of the weighted shift we are looking for.
For this construction, we also draw our inspiration from constructions made in [4]. We set

b |1 ifkeb,N+[—4p, 4p),
wy o wy = )
2P ifk € byN+[—2p, 2p],

and for every k € N, % < w,f < 2. Then, for p,g>1,u€ Ay and v € A; with u > v, we
define
=1 if k¢ 10%,
wi - wlt § > max(2P, 29)  ifke I — 14 + [0, pl,
=2 ifk e If* + 10, pl,

with % < w;"" < 2. We must stress that this construction is made possible by the following

conditions.

o [°—1%¢ 410, p] — [0, max(p, )] C 14% 182 C 1%% which ensures that we
can pass from 1 to max(27, 29).

o %[0, ul CIF* (ie. 20—4a™ 4y <20-01)  which is possible if a is
sufficiently big and ¢ is sufficiently small. Thus, it is possible to grow from 1 to
2%,

o I%° 410, pl+10, u] C I&€ +10, 2u] C I&*, which is again possible if a is
sufficiently big and ¢ is sufficiently small. This allows the weights to decrease from
2% to 1.

We are now able to give the definition of the weight w. This is constructed in order to
satisfy the equality
)4 u,v u,v)_

w]-~-wn=max(wf-~w,,,wl )
pou,v

It is clear by construction that, for every n € N, 1 < w, <2, so the weighted backward
shift By, is bounded and invertible. Moreover, this construction satisfies condition (c) in
Theorem 4.1.

Since we want to prove that By, is log-frequently hypercyclic, the only condition left to
prove is condition (d) in Theorem 4.1. Thus let p, g > 1,n € E, and m € E; withm > n
and ¢ € [0, g]. Then we have two cases.
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o If p=g, then m —n+1te€b;N+[0, g] and the definition of w ensures that
W - Wy > 29,

o If p # g, then there exists u > v such that n € 19:¢ and m € I,;"*. Thus, by definition

of w,
Wi - Wipene = max (275 29) > 27142 > 2P/ ] 24/2 ),

Now, one may define M(p) := |27/2] and each case above satisfies condition (d) in
Theorem 4.1. Thus we have proved that the weighted shift B,, is logarithmically frequently
hypercyclic.

We now turn to the frequent hypercyclicity of B,,. We will prove by contradiction that
By, is not frequently hypercyclic. Let us suppose that By, is frequently hypercyclic. Also
let x be a frequent hypercyclic vectorand E = {n e N : || B]} (x) — ep]| < %}. Thus we have
d(E) > 0and lim,_, 0 neg Wi - - - wy, = 400. For every p > 1, we consider the set

Fy={neE:wi - w,>2"}

This set is a cofinite subset of E, so it has the same lower density. We also consider an
increasing enumeration (nx) of A . For readability reasons, we define some notation here
for the end of this part. Let [ck.¢; di.e] = In;". Then we get

#HnefF,:n< ck+1,g}>
Ck+1,e .

d(F,) <lim inf(
k— 00

We write

#HneFy:n<ce)<#HneF,:n=<d,}

+#{n € U (bgN +[—4q; 4q)) 1 dy . <n < ck+1,8}
q>p

+#{n € U 15’48 tdpe<n §ck+1’g}.
ng<u<nj4i
For the first term, observe that
#nefF,:n<d d
{ 14 = k,e} < ke

Ck+1,e T Cktle
< (1=e)a®" k1 ((148/1=e)a "k "kt 1) 1)

< 2(1—e)u2"k+1 (@2 (I4e/1=e)=1)

Moreover, we can easily check that a*(1+¢/l—e)—1<0 by (3). Thus we

deduce that this first sum tends to zero. Let us estimate the third term J; (3).

e .
#{n € U”kf“f”k+l I59% die <n <cCi+1e}/Ck+1,e). We have

2(l+4s)a

Mk+1
J(3) Zu:nl\ Z] 2(1—- 45)a2“
k =
€ Ck+1,e
Al H(Hde)a® _ o(1-de)a™ 4
<

1—&)a®k+1
=t 2( &)a
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Ng+1

= Z 2(1=6)a®etl ((144e/1=)a> D 1) (| _ p=8ea™ | o—(I+4e)a™ y
u=ny
Nk+1 , R
<2 Z H(1—e)a®e+ (a2 (1+4¢/1-4e)~1)
u=ng

<2(1 + Mp)z(l—a)a2"k+1(a_2(1+4£/1—48)—1) ~o.

We now focus on the second term, Jk(zg) =#ne Uq>p(qu +[—4q; 49)) 1 dke <
n < ck+1.6})/(Ck+1,¢). Notice that the union over g > p is in fact a finite union. For
those g > p such that ¢y 11 +4q — (di,e — 4q) > by we get

#{ldee: cerre] N (bgN + [—4g: 4q]))
< (8¢ + D#{1FD _ g4 20=0)a™ 1 | 401 p N
2(175)(12"’#l _ 2(1+8)a2"/< + 8¢

=3@q+1) b
q

Moreover, by condition (4.1), there is no g > p such that ¢jy1 ¢ —dr e +8q < by <
Ck+1,¢ + 4q. Thus, replacing the finite sum by an infinite one, we obtain that

3(8g + 1) 209t _ptaat 4 g,

(2)
Jie = "
€ ;7 2 (1—g)a?k+1 by
1 — 2(1+£)a2”k—(1—5)a2"k+| 8
=3 38g+1) } T2
q>p a
<33 8q + = 2= (1 1 /1 — £)a i) — 1) + 8¢
q>p by
8q + 1
<6 .
<6 =
q>p

Since this last inequality does not require any property on p, we can let p tend to
infinity which, thanks to (4.2), implies that d(E) =lim,_. d(F)) =0, and we obtain
a contradiction. Thus the weighted shift By, is not frequently hypercyclic. From this
construction, we deduce the following result.

THEOREM 4.5. There exists a log-frequently hypercyclic operator that is not frequently
hypercyclic.
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