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Abstract

We offer an alternative proof of a result of Conlon, Fox, Sudakov and Zhao [CFSZ20] on
solving translation-invariant linear equations in dense Sidon sets. Our proof generalises to
equations in more than five variables and yields effective bounds.
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1. Introduction

A set S of integers is a Sidon set if the only solutions to the equation
x—x'=y—y (x,x,y,y €S (1-1)
are trivial, in the sense that x = y or x = x’. Writing
E(S) :=#{(x,x’, y, y’)eS4:x—x’=y—y’}, (1-2)

a finite set S is Sidon if and only if E(S) <2|S|> —|S|.

One can show that if § C [N] is Sidon then |S| < (1 4+ o(1))N'/2, and there are construc-
tions with |S| > (1 — o(1))N'/2, see [0’B04]. Conlon, Fox, Sudakov and Zhao [CFSZ20]
have shown that Sidon sets whose cardinality is within a constant of this range possess arith-
metic structure, in that they contain a solution to any translation-invariant linear equation in
five variables, with all variables distinct. Furthermore they are able to demonstrate that this
structure is also possessed by almost Sidon sets, that is sets for which

E(S) < 2+ o(1)|S]%.

Their results are deduced using a regularity lemma for graphs with few 4-cycles. We use
a Fourier-analytic transference principle developed by Helfgott and de Roton [HdR11] to
give an alternative proof of this result, generalising to translation-invariant equations in more
variables and extracting bounds. Before stating our main result, we require a function whose
existence is guaranteed by the following.

THEOREM 1-1 (Counting Roth). Leta,, ...,a; € Z\ {0} witha, + - - - + a; = 0. For any
8 > 0 there exists c,,(8) > 0 such that for all A C [N] with |A| = §N we have
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Yoo JJu@rze® > [ . (1:3)

ax+-Fagx,=0 i ayx+-Fagx,=0 i

Proof. This follows from [FGR88, theorem 2], where the condition that N > Ny(a;, §) can
be removed on adding ‘improper’! solutions to the count (for instance by including solutions
along the diagonal x; = - - - = x;).

We prove an analogous counting result for dense Sidon sets.

THEOREM 1-2. Letay,...,a;, € Z\{0}witha,+---+a;,=0ands > 5. Given(0 < § <
1/2, let c,, (8) be a function satisfying (1-3). Recalling the notation (1-2), suppose that S C
[N] satisfies

IS|=8N'? and  E(S)<2+n) ISP
Then either
N <exp (05 (o (2/4)7°)). o nzexp (-0, (e (24)°"))
or
ca (82/4)°
> [Tseo==55 X [T (1-4)
ayxi+-Fagxg=0 i ayx1+-+agxg=0 i

Such a counting result yields a bound on the density of Sidon sets lacking solutions to
translation-invariant equations in five or more variables.

COROLLARY 1-3. Letay,...,a;, € Z\ {0} witha;+---+a,=0ands > 5. Given 0 < § <
1/2, let ¢, (8) be a function satisfying (1-3). Suppose that S C [N] is a Sidon set of size
|S| = 8N'/? and which lacks solutions to the equation

ax;+---+ax, =0 (1-5)
with xq, ..., x; € S all distinct. Then
N <exp (oa,. (c (52/4)’0(”)) . (1.6)

That such bounds are obtainable is noted in [CFSZ20], along with a path to proving
them. We depart from the use of weak arithmetic regularity suggested therein. Instead our
argument takes advantage of the fact that a Sidon set behaves very nicely with respect to
convolution, so that convolving its indicator function with a suitably chosen Bohr set yields
a function whose L' and L? norms are both comparable to that of a dense set of integers
(after appropriate renormalisation). Functions whose L?P-norms behave in this manner are
similar enough to dense sets of integers for us to import results from the dense setting to
sparse Sidon sets. This observation originates with Helfgott and de Roton [HdR11].

The function c¢,, (8) satisfying (1-3) does not seem to be estimated in the literature.
However, practitioners will be able to derive such estimates on re-working proofs of Roth’s

I'See [FGRSS, p. 253].
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theorem. For instance, by modifying Bourgain’s argument [Bou99] (accessibly exposited in
[TV06, section 10-4]) one can prove that

€a (8) = Q, (exp (=57°M)) .

Corollary 1-3 then implies that a Sidon set S C [N] lacking non-trivial solutions to (1-5)
satisfies the density bound

N2
Sl=0, [ ———— ). 1.7
151 '((loglogN)‘Z(“) 7

For translation invariant equations in four or more variables, there is a more effective density
bound due to Schoen and Sisask [SS16]. One may adapt this argument® to more effectively
bound ¢, (§) and thereby improve (1-7) to

N1/2
S|=0,, . 1-8
151 "\ exp ((loglog N)Q“)) (8

The author would be very interested in any proof which yields a polylogarithmic bound
in (1-8). For dense sets of integers, all polylogarithmic bounds require some form of local-
isation from the interval [N] to a sparser substructure, such as a subprogression or Bohr
set. When dealing with sparse sets of integers like Sidon sets, such localisation is lossy,
because the sparse set can be even sparser on the substructure. An example to bear in
mind is that a subset of [N] of cardinality /N may intersect each subinterval of length
/N in at most one point. The author believes that obtaining a polylogarithmic bound in
Corollary 1-3 may be a model problem for improving bounds in Roth’s theorem in the primes
[Gre05, HdR11, Nas15].

Paper organisation. Theorem 1-2 is proved in Section 2, assuming three key lemmas.
Proving these lemmas occupies Sections 3—5. Corollary 1-3 is deduced in Section 6.

Notation

Standard conventions. We use [N] to denote the interval of integers {1, 2, ..., N}. We use
counting measure on Z, so that for f, g : Z — C, we have

1

1£1, = (Z If(x)l”)p and (f % £)(x) = Y f()glx — ).

Any sum of the form ) is to be interpreted as a sum over Z. The support of f is the set

supp(f) :={x € Z: f(x) £0).
We use Haar probability measure on T := R/Z, so that for integrable F : T — C, we have

I :
IFIl, = (/|F<a>|ﬂda) =</ |F<a)|ﬂda)
T 0

1 Fllog :=sup [F ()

aeT

and

ZReplace the indicator function of the sum set A + A in [SS16] with a suitable set of popular sums. Thanks
to Thomas Bloom and Olof Sisask for pointing this out.

https://doi.org/10.1017/50305004121000402 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000402

28 SEAN PRENDIVILLE

Write |||/ for the distance from o € R to the nearest integer min,,cz | — n|. This remains
well-defined on T.

Definition 1-4 (Fourier transform). For f : Z — C with finite support define f:T—C by

f@):=>" fme(an).

nez

Here e(B) stands for ™.

Asymptotic notation. For a complex-valued function f and positive-valued function g, write
f < gor f=0(g) if there exists a constant C such that | f (x)| < Cg(x) for all x. We write
f=R(g) if f = g. The notation f =< g means that f < g and f = g. We subscript these
symbols if the implicit constant depends on additional parameters.

We write f = o(g) if for any ¢ > 0 there exists X € R such that for all x > X we have

Lf OOl < eg(x).

Local conventions. As indicated in the introduction, we define the additive energy of a
finitely supported function f : Z — R to be the quantity

E(fy:= Y. [fOLEfOLO).
x—x'=y—y'

When f = 15 is the characteristic function of a finite set S C Z we write E(S). Notice that

ES)=Y_rs()?,

where
rs(n):= Y 1s(n)ls(n2)

is the number of representation of n as a difference of elements of S. In the literature this
notation is sometimes used for the number of representations as a sum of two elements of S.

2. The transference argument

In this section we prove Theorem 1-2 assuming the following three lemmas.

LEMMA 2-1 (L? Roth). Letay, ...,a, € Z\ {0} withs > 5 and a, + - - - + a;, = 0. Given
0 <8< 1/2, letc,,(8) be a function satisfying (1-3). Let f : I — [0, 00) be a function defined
on an interval I CZ of length N. If 3. f(n) =8N and Y, f(n)> < N then we have the
lower bound

S f@) e f) = el (824N

ar x| +--+asx;=0

LEMMA 2-2 (Counting lemma for bounded energy functions). Lets >5anday, ..., a, €
Z\{0}. Let v:I— [0,00) be a function defined on an interval 1 CZ of length N.
Suppose that
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Z v(n) <N and E@)< N>,

n

Then for any | f;| < v we have

S A fi| <o M

ayx;+--+asx;=0 “ i[N] ||oo .

LEMMA 2-3 (Dense model for almost-Sidon sets). Let 0 <n <1 and suppose that
S C [N] satisfies

IS|>8N'? and ES)<2+1n) IS

Then for any 0 < & <min {1/2, §} there exists f : (—eN, (1 +¢&)N]— [0, 00) such that all
of the following hold.:

Q) Y fn)=N"2s];

(ii) Hf—Nl/zisHOO <&eN;
i) Y fOP<N[I+n+N")d—m " exp(e°P)]

Lemma 2-1 is deduced from Theorem 1-1 in Section 3. Lemma 2-2 is proved in Section 4.
Lemma 2-3 constitutes the main idea in our approach and is proved in Section 5.

Proof of Theorem 1-2. We may assume that < 1/2, for the second possible conclusion of
the theorem is that n is large. Let us apply Lemma 2-3, with ¢ to be chosen. This gives
f:(=eN, (1+¢&)N]— [0, 00) satisfying }_, f(n) =8N, | f — N'?15||  <eN and

D f@P KN [1+(n+N")exp (e °V)]. 1)

By (2-1), either Y, f(n)> < 2N or one of the following two possibilities holds
n>exp(—e %") or N<exp (s‘o(“) i (2-2)

Notice that (—eN, (1 +¢)N] is an interval of length at most 2N. Hence, assuming that
neither option in (2-2) holds, Lemma 2.1 gives that

D ) ) 2 (84PN

ajxi+--+a;x,=0

Define v:= f + N'?15. We claim that, provided we divide through by a suitable
absolute constant, the function v satisfies the hypotheses of Lemma 2-2 on the interval
I =(—¢N, (1+¢)N]. By the triangle inequality in L*, and the Fourier-analytic interpre-
tation of energy, we have

A

EW)' = o], <[ ], +N"| s

Anl/2
| <A A1+ N2ECs)
SN2 fll, + NVANYE S NI
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Assuming that neither option in (2-2) holds, we compare Fourier coefficients at zero to
deduce that

Y vm) = £(0) + N'"*15(0) <2/ (0) + &N

n

< 2(2N)1/2(Z f(n)2>l/2 +eN<N.

We may therefore apply Lemma 2-2 together with a telescoping identity to deduce that

> (H fan -1 N‘/zls(xi)>

arxi+--+agx;=0

<seN*TL

Hence either we deduce (1-4), or one of the following holds:

() €25 ¢, (87/4)%;
(i) n>exp(—e V),
(i) N <exp (870(1)).

We obtain Theorem 1-2 on taking ¢ sufficiently small to preclude the first possibility.

3. Results on dense sets of integers

The purpose of this section is to deduce Lemma 2-1 from Theorem 1-1.
Proof of Lemma 2-1. Translating, we may assume that / = [N]. Define
A:={xe[N]: f(x)=>48/2}.

Then, employing the Cauchy—Schwarz inequality, we have

SNSY f)=) O+ fx)

x¢A xeA

12
1
<LSN 4142 <Z f(x)2> G-

1 172
< 30N+ (JAIN) /.
Therefore
2

|A| > %N. (3-2)

Applying Theorem 1-1 we deduce that

Yoo @) fe) =62 Y @) L)

ayx1+-~+a;x;=0 ayxy+--+agx;=0

> (8/2)' ¢, (2 /HN*.

For fixed x, ..., x,_; there is at most one x; solving a;x; + - - - + a;x, = 0. This leads to
the trivial estimate ¢, (8) < §°~'. In particular (§/2)* > ¢, (82/4).
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4. An almost-Sidon counting lemma

Proof of Lemma 2-2. For any finitely supported f : Z — C and a € Z \ {0} we have

Aaa)| ™ da < ‘YS/ aa)| de.
/Tlf(aa)| @ (an|f(n>|) | flae)'de

If | f| <v, then
Y IFmI<Y v <N.

By orthogonality

fT |faol'de= > FOF@FOFG)

x—x'=y—y’

< D0 vE@EIGIVO) <N

x—=x'=y—y’

Therefore
~ s—1 s—2
/|f(aoz)| da < N° 77,
T

Again by orthogonality, together with Holder’s inequality

Yo AG) - £

arxy+--+agx;=0

()

J#

/ fita@) - - fi(a,@)da
T

A

<|f flaa|aa) " < LN

5. A modelling lemma for almost-Sidon sets

We begin our proof of Lemma 2-3 with two subsidiary results on almost Sidon sets.

LEMMA 5-1. Let S C [N] satisfy

ES):= Y L@l < @+mISP.

x—x'=y—y’

Then, on writing

rs(n):= Y 1s(n)ls(n),

ny—ny=n

we have

> rsm) <nlSP+151.

rs(n)>1
n#0
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Proof. We observe that

D s <Y o rs)rsin) ==Y rs(n)’ =Y rs(n)

rs(n)>1 n#0 n#0 n#0
n#0

<A +mISP = (ISP = [S1) = nISI* +S].

LEMMA 5-2. Let n € [0, 1) and suppose that S C [N] satisfies

E®) = Y Lmls@)smIs() < @+ ISP

x—=x'=y—y’

Then
12
S| <2 (—II_V )
n

Proof. Using Lemma 5-1 we have

ISP= " rsm+ > rs)+[S|<2N +nlSP* +2|S].

rs(n)<1 rs(n)>1

n#0 n#0

We are now in a position to prove Lemma 2-3 in earnest.
Proof of Lemma 2-3. Define the large spectrum of S to be the set
Spec(S, &) := {a eT: |1s(a)| > s|5|} .

Define the Bohr set

B:={ne[—eN,eN]:|nally <& Va e Spec(S,e)}.

Write g for the normalised characteristic function of B, so that
=B
Then we define
fi=NV g% g,
where, for finitely supported f;, we set

fix )= " filmy) fo(mo).

mi+mp=n

(-1

(5-2)

It is straightforward to check that f is supported on (—eN, (1+¢)N]andthat )" f(n) =

N'/2|S|. Let us next estimate [N'/215 — f|. The key identity is
fix o= fh,

so that [N'21s — f] = N'2|1g[|1 — fup].
If o ¢ Spec(S, ¢) then we have

IN'2ig(a) — f(@)] = N|Ts(@)|]1 = fip(@)] <2N¢|S].
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If o € Spec(S, ¢), then for each n € B we have e(an) =14 O(¢). Hence fip(a)=
1 4+ O(e), and consequently

IN21g(a) — f(@)] =N |Ts(@)]|1 - fig(@)] S N2 S]e.

Combining both cases and Lemma 5-2 gives

IN'1s - f] SeN. (5-3)
We have
S r@?*=NBI? Y Lsm) s 0m ) 15(my). (54)
Write

rs(n):= Y 1s(n)ls(na).

ny—na=n

Then by Lemma 5-1, the inner sum in (5-4) is

> rs(yrg(m) <|BP 4B Y rs(n) +|BI|S|

rs(n)>1
n#0
<|BI* + (nISI> +2IS]) |BI.

Using the estimate |S| < (1 — n)~!/2N1/? afforded by Lemma 5-2, it remains to establish the
lower bound

|B| > exp (—80(1)) N. (5-5)

Let oy, ..., ag be a maximal (1/N)-separated subset of Spec(S, ¢€). Since every element
of Spec(S, ¢) is within 1/N of some «;, one can check that

B>O{ne[—eN/2,eN/2]: launllp <e/2 Vi=1,...,R}. (5-6)

Hence the argument proving the standard lower bound for Bohr sets (e.g. [TV06,
lemma 4-2]) gives

|B| > [4/e1"F N.

By the large sieve inequality (e.g. [Vau97, lemma 5-3]) we have
R
Re}SIF <Y [Ts@n| SN Y rsm? SN @+ ISP
i=1 n
Hence R <8274,

6. Proof of Corollary 1-3

Proof of Corollary 1-3. Let us first obtain an upper bound for the number of solutions in S
to the equation

ayx;+---+ax,=0.
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By our hypotheses, all such solutions should have x; = x; for some i # j. At the cost of a
factor of (;), we may assume that x;_; = x,. Writing n := a4x4 + - - - + a,x,, the number of
choices for the remaining three variables is at most

is(aixi)dOl

-

> 1S(X1)15(x2)1s(x3)Z/e(om)
T

ayx1+axxy4azxz=—n 1

< 1_[ (/.E|}1\S(ai0{i)|3da>‘ < l_[ (/,ﬂ,|is(ai“i)|4da>4 el

i=1 i=1

W=~

We may assume that < 1/2 (otherwise we are done). Using Lemma 5-2 we deduce that the
number of choices for x1, x», x5 is O(N>/%). Since there are N 3 choices for the remaining

variables, we deduce that
Z l_[ls(xi) SN

ayx)+-+agxg=0 i

Comparing this with the lower bound given in Theorem 1-2, we deduce that either

N <exp (()S (c(,[ (52/4)—0(1>))

or

o ca (62/4) :
N274 ZS : 12(1\/5{2) Z 1_[ Liny (xi) zai Ca; (82/4)2 N>

arxi+-+asx;=0 i

The latter implies that N <, ¢, (62/4)°V, which in turn implies (1-6).
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