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We consider a class of stochastic models for systems subject to random regulation.
We derive expressions for the distribution of the intervals between regulating instants
and for the transient and equilibrium properties of the process. Some of these are
evaluated explicitly for some models of interest.

1. INTRODUCTION

Many applications lead us to consider models for systems that are subject to disas-
ters or other forms of drastic intervention. Typically, these extreme events might
occur intermittently at random. The first models were formulated and studied in the
context of populations subject to catastrophes (see Kaplan, Sudbury, and Nilsen
[3], Karlin and Tavaré [4], and Stirzaker [6]); for a more recent work in the same
field, see Chao and Zheng [ 1]. We remark that the field of interest has been extended
to include other applications such as inventory and reliability models (see Econo-
mou and Fakinos [2] and Switkes [7]). In these new contexts, the extreme event
might be a regulatory intervention to reset some system within a range of accept-
able values.

Here, we will be particularly concerned with models that reset the process to
a value that is independent of its history up to the time of regulation or disaster.
However, we do permit the times of regulation to depend on the dynamics of the
system. There are several circumstances in which such models should be consid-
ered appropriate. For example, in the context of reliability models, one might
postulate a system in which a random process X(¢) provides some measure of the
system’s performance. At intervals that might depend on the amount of degrada-
tion in the system, it is restored to some pristine level of renovation.
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In the context of population models, there are many examples of populations
that are subject to catastrophic collapses. It is often reasonable to assume that the
chance of such a collapse might depend on the size of the population. This could
correspond to situations in which larger populations are more likely to lead to the
exhaustion of food (or other) resources or to attract a disastrous influx of predators.
In some cases, the extreme intervention might be a regulatory response to excessive
levels of vermin or even bacteria. Clearly, a larger infestation is more likely to result
in intervention, whereas a low level of nuisance might be tolerated.

In this article, we formulate a general framework to describe this class of pro-
cesses. We derive expressions for the transient and stationary distributions of the
system X(7) and hence their moments. We conclude by evaluating some of these
explicitly for some typical models of interest.

2. THE GENERAL MODEL

All of the models that we consider have the following general structure. There is an
underlying stochastic process U(t), t = 0, that we will assume to be a regular non-
explosive Markov process in continuous time. The process U(t) is adapted to the
sequence of sigma fields comprising the usual filtration, (F;, = 0), and we note
that all of the processes considered here satisfy the usual conditions, being right-
continuous with left limits.

Atatime D; > 0, the process is terminated (or killed) and a new process U, (),
t = Dy, replaces it. The random variable D, is allowed to depend on the sample
paths of U(t), with the constraint that the event {D;, > ¢} might depend only on
{U(5);0 = s < t}; there is no functional dependence on any values of U(s) for
s > t. We assume that the distribution of D, is absolutely continuous, with density
fp(x) and distribution function Fp(x).

The new process U, (1), started at r = D, is an independent and identically
distributed (i.i.d.) copy of U(r) started at r = 0. Then U,(¢) is terminated in the
same way as U(t), after a further time D,, where D, depends only on the path of
U(t), t = D,. Then U,(¢) is replaced by U,(¢), t = D| + D,, where U,(z) is an
i.i.d. copy of U(r). This procedure is continued indefinitely, and the process X(z),
t = 0, is defined to be the straightforward concatenation of the processes
U(t),U,(t),Us(t),..., where the termination times of each segment correspond
to the instants of regulation, intervention, or disaster, depending on the applica-
tion. The random variable D, is required to be J,-measurable; that is, the event
{D, = t} depends only on the path of X(¢) up to time 7. Note that X(7) itself is not
necessarily a Markov process unless some constraint is placed on the construction
of D, i = 1.

Now, by construction, the sequence D;, i = 1, is a sequence of i.i.d. random
variables. To this we can attach the usual associated renewal process M (), where

M(t) = max {n T, = i D, = t}. (2.1)

r=1
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In the processes we consider here,
up=ED, <o

and we assume this to be true henceforth. We next define the current life (or age) of
the renewal process M(t) at time s to be the random variable C(s), where

M(s)

C(S) =5 — 2 Dr =85 — TM(S) (2.2)
r=1

It is well known that the distribution function F () (v) of the current life is obtained
from that of D by

§S—

P(C(s)>v)=1—Fp(s) +J ) (1= Fp(s —x))dm(x), 2.3)

0

where m(x) = EM(x) = 2, FF(x) and F(x) is the k-fold convolution of the
distribution function Fj(x) of D.

Furthermore, in the limit as s — oo, the distribution of C(s) converges to the
limit having density function given by

fe(w) =P(D > v)/up. 2.4

This holds provided that D is not arithmetic, and up = ED < oo, which is the case
for the processes that we consider here.

The above-described structure is a more general version of that discussed by
Economou and Fakinos [2] and Stirzaker [6]; in that case, the sequence D;, i = 1,
was assumed to be independent of the underlying process U(¢). We will allow the
regulating sequence to depend on the underlying process.

3. THE REGULATED PROCESS

Now we specify the distribution of the regulating intervals D;, i = 1, between the
terminations of the successive segments U;, i = 1, of X (7). We consider the simplest
case first. Suppose that U(¢) has not been terminated by time #; the essential idea is
that the probability that the segment then terminates during (¢, ¢ + &) might depend
only on 7 and on the value of U(¢). More precisely, conditional on the path of U(s)
up to time 7, we define the termination rate 7 at time ¢ to be

(1) =limh'"P(t<D<=t+h|D>1F)

h—0

=6(U(1),1) 3.1
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for a suitable function §(U(t), r). (In the context of reliability theory, 7(¢) is famil-
iar as the hazard-rate function.) When 8 (U(), ¢) does not depend on U(¢), but only
on 7, then D; is independent of U(¢). When the function § is additive, of the form

8(U(t),1) = f(U(1)) + g(1),

for suitable functions f(-) and g(-), then we are effectively assuming that the effects
of time and the value of U(¢) act independently in terminating the process. In later
sections we will consider more general forms for 7(z), suchas 7(¢) = 8(U(t — d), t)
or

(1) = OftU(s)ds.

However, for the moment we will until further notice consider the simplest case
when 7 is a function only of U(¢):

(1) = 8(U(1)).

In view of the above-discussed applications, we anticipate that the function
8 (x) should be (in general) a nonnegative nondecreasing function of x = 0. How-
ever, this restriction is not essential in what follows; we assume simply that §(x) is
integrable. Now denote the conditional density and distribution function of D given
F by fp(t|F) and Fp(t|F,), respectively. The limit in Eq. (3.1) exists because we
assumed the distribution of D to be absolutely continuous, so letting 7 — 0 gives

7(t) = fp(t| F)/P(D > t| F)
= fp(t|F)/(1 = Fy(t]F,))
=5(U(1)). (3.2)

It follows by integrating Eq. (3.2) that

P(D>t|f,)=eXp{—f 3(U(y))dy}. (3.3)

For ease of reference, 6 (x) will be called the penalty function; in particular, we will
consider linear and quadratic penalty functions in specific examples. Of course, we
could equally well have defined the conditional distribution of D given F, by Eq. (3.3)
and then derived the hazard rate in Eq. (3.1). Either way, we have the unconditional
distribution of D to be

Fp(t)=1- E(exp{—fo S(U(y)) dy}). 3.4)
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The expected value up of D follows immediately as

Hp =f0 (I = Fp(1)) dt.

Now consider the process X(¢), defined in Section 2, at time s. By construc-
tion, it has the same distribution as U(C(s)), where C(s) is the current life at s
of the renewal process M(s) of termination times. It follows that, conditional on
C(s) = t, the distribution of X(s) is that of U(¢) conditional on D > ¢.

This makes it possible to compute a number of properties of the process in
principle and sometimes explicitly in cases of interest. For example, we have the
following:

PROPOSITION: Let the current life C(s) have distribution function F¢(,)(y). The char-
acteristic function of X(s), denoted by ¢x()(z), is given by

d)X(s)(Z) — EeizX(s)

= [ Bt B D = I FNPD > 0 dFe, 1)
0

= [ B EEGD = 0l ENUONED > 0} dFe, 0. GS)

where I(D > t) is the indicator of the event that D > t.
Proor: Conditional on C(s) = t, we require
E(eV|D>1t) = E(e™?Y“I(D > t))/P(D > t)
= E(e“"EI(D >1)|F))/P(D >1)

because ¢“Y") is F-measurable. The final equality follows by the tower property
for conditional expectation. n

Similar expressions can be written for the moments and the moment generating
function, when they exist, and for the probability generating function whenever
X (¢) is integer-valued. For example, the expected value of X(s) is given by

EX(s) = fo E(U(HEEUI(D > )| F)U@))PD > 1)~ dFe)(1).

We do not display the others, which are all similar natural modifications of Eq. (3.5).
By the continuity theorem, as s — oo, ¢ (,)(z) converges to the characteristic
function ¢x(z) of a random variable X if and only if X(s) converges in distribu-
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tion, where the limiting distribution is that of X. We have remarked earlier that, as
s — oo, the distribution of the current life C(s) converges to a distribution having
the density

fe(t) =P(D>1)/up.

Therefore, in this case, the limit ¢x(z) is given by

¢x(2) = waE(e”U(”E(E(I(D > D[ F)U®) dt/up. (3.6)

As earlier, similar expressions hold for the stationary moments of X(7) in equilib-
rium, when they exist.

In the special case when X (7) is an irreducible Markov process, then we know
that its distribution converges to the stationary distribution, because it is recurrent
and nonnull.

4. EXAMPLES

We consider a number of illustrative examples in detail, beginning with the simplest.

4.1. Poisson Process with Linear Penalties

Let the underlying process U(z) be a compound Poisson process; that is, the pop-
ulation increases at the instants of a Poisson process of rate A and the jumps are
i.i.d., integer-valued random variables L;, i = 1, where each has finite moment gen-
erating function

m; () = BEe Y5, 4.1)
We assume that the penalty function is linear:
5(x) =6+ Ox. 4.2)

This model seems appropriate when the population of interest increases mainly by
sporadic immigration, possibly in groups. It also seems very appropriate for mod-
eling the regulation of a system that deteriorates at random or an inventory with
random demand for randomly sized batches of stock.

Note that in the penalty function given in Eq. (4.2), the constant term & repre-
sents the effect of a Poisson process of rate 0 that terminates the current segment
independently of the size-dependent penalty 6x.

Now we recall that conditional on N(7) = n, the n independent increments
Li,...,L,, of the process U(t), occur at times t — V;, | =i = n, where the V; are
independently and uniformly distributed on [0, ]. Hence, by a standard calculation,
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P(D>1t) = E{E(exp{—ft(8+ 0U(y))dy}>‘.7:,}
E{exp{—St—eg)V,L,}}

e % exp {)\Jt(ML(OU) -1 du}. 4.3)

The mean u, is obtained by integrating this over [0,00).
Next, by essentially the same calculation, we find the familiar result that

E(e "V"1(D > 1)) = E(e "YWE(I(D > 1)| 7))

N(t)
E{exp{—b‘t - > 0V, + w)L,}}

e % exp {/\ft (M, (v + ) — 1) dv}. 4.4)
0

This, together with Eq. (3.5), supplies an expression for the moment generating
function (or characteristic function) of X(s).

It is interesting to consider a special case of this process in equilibrium. Sup-
pose that L, = 1 for all r, so that U(r) is a simple Poisson process, and let § = 0.
Then the expected time between terminations is

’UD:f P(D > t)dt
0
= f exp{—At+ A(1—e %)/0}dt
0

1
= 9"f exp{A(l —y)/0}y*°~" dy,
0

setting y = e~ %, which is finite for all A > 0 and 6 > 0.
Furthermore, from Eq. (3.6) we have the stationary probability generating func-
tion 77(z) of X(¢) in equilibrium:

o) 1— e—et N(t)
m(z) =f E(z””(—) )dl/,uD
0 ot

«© A
:f exp{—z(l —e_e’)—)\t} dt/up
0 0

1 )\Z
= 0“f GXP{;U —y)}yw“dy/ug, 4.5)
0
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setting y = e~%. Hence, or directly, we find the stationary expected value of the
population size in equilibrium, in the form

! A
Hx = /\0*2J eXP{g (1 —y)}(l =M dy/up,
0

which is finite for all A > 0 and 6 > 0. Similar expressions can be written for any
required moment.

As we have noted earlier, one can in principle obtain this by solving the usual
equations for the stationary distribution of X(s), but the above approach seems to
have clear advantages.

4.2. Yule Process with Linear Penalties

Let the underlying process be U(t) = Y(¢), where Y(r) is the simple birth process
(Yule process) with Q-matrix given by ¢; ;+; = A;, and g;; = —A;, for all j = 1.
This is an appropriate model when the population of interest increases mainly
by reproduction. At a catastrophe, the process is returned to Y(0) = 1.
Again, we assume linear penalties, so that

S(x) =6+0(x—1), x=1.

It is well known that Y (z) is geometric with parameter e ', It is equally well known
that, conditional on Y(¢) = y + 1, the y events of the process (i.e., the births) occur
at times r — B;, | =i =<y, where the B, are i.i.d. on [0, ] with density

/\efx\b

fob) = T 0=b=r,

and moment generating function

A 1= e

M =Ee VB =
s() = Ee Aty 1—e ™

A small modification of the arguments used above for the Poisson process will there-
fore yield any required results of interest. Let us consider only the stationary dis-
tribution of X (7) in the case when & = 0. Omitting the details, which resemble those
in Eq. (4.3), we find that

P(D>1) = E(My(6)""7")

A+ 0O
fe + \e 0
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The mean y,, is obtained by integrating this over [0,00). Note that it is finite and
note the special case when A = 6, yielding

Uup = /A

For the stationary distribution of X(s), we find likewise, and as earlier from
Eq. (3.6), that

m(2) =f ZE{zMp(0)}" 07 dt/py

f‘” (0 + A)ze ™ dt/ "
= t . .
o (A+6) — Az(1 — e~ (oxnry HD .0
Hence, or directly, the mean in equilibrium is
2 A0+ A (e —e )
Uy =1+ . (e + re ) dt/up. 4.7)

Next, we consider an example when the underlying process U(¢) is not mono-
tone nondecreasing.

4.3. Reflected Wiener Process with Quadratic Penalties

Let the underlying process be U(r) = |W(t)|, where W(t) is the standard Wiener
process. Of course, |W(z)| is simply the Wiener process reflected in the origin.

This process might be seen as a continuous limit of the symmetric random
walk in continuous time and is therefore appropriate when the underlying system
fluctuates symmetrically in this way. Switkes [7] has considered this symmetric
random walk in the presence of a process of catastrophes that are independent of
the walk, suggesting a number of applications.

We let the penalty function in this case be quadratic, so that

S(w) = w2 4.8)

This penalty function has the advantage of being symmetrical about the origin. The
symmetry of the distributions of W(z) about the origin allow us to define X(7) as
|X,.(t)], where X,,(t) is the regulated process obtained when the underlying process
is the standard Wiener process W(z).

We follow the by now familiar schedule of calculations to see that as usual

P(D>1t) = E{exp (—49frW(u)2 du)}

= {cosh(r\26)} /2 (4.9)

by the Cameron—Martin formula. (See, for example, Revuz and Yor [5].)
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The expected value of D, obtained by integrating Eq. (4.9) over [0,00), can then
be expressed as an elliptic integral.

The Markov process X(¢) is irreducible and recurrent, so we can consider the
stationary expected value in equilibrium, uy.

Here F; is the usual filtration appropriate for the Wiener process; recalling the
Eq. (3.6) we obtain an expression for uy as follows:

My = fo E(IW@[EI(D > )| F,)) dt/up

= fo E(IW@[EEU(D > )| F)|W(1) dt/u

E<exp <—0ftW2(u) du)

Now we remark that conditional on W(0) = 0 and W(¢) = w, the process W 2(u) is
the squared Bessel bridge over [0, 7].

For this process, the internal conditional expectation in Eq. (4.10) is given by
the Pitman—Yor formula (see Revuz and Yor [5]) and we have

E(exp <—6ftW(u)2 du)
(v
sinh(74/26)

Hence, the stationary mean of the regulated process X (¢) in equilibrium is, on remov-
ing the conditioning on W(7), which we know to have the N(0, t) density,

f f (wsmhw— ))WW

2
X exp{w; ( — — — 1260 coth(t\/_)>} dwdt/up,

o 2\/2_6 172 1 =
= L <m) <; +1t 26 COth(l\/ﬁ) - 1) dt/,uD’ (4'12)

which is finite for all 6 > 0.
In exactly the same way, it is straightforward to write similar expressions for
any moment of X(¢) in equilibrium.

W(t))) dt/up,. (4.10)

oo

W(t) = w,W(0) = 0>

1/2
) exp{%wz(l — 126 coth(m/ﬁ))}. (4.11)
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5. FURTHER EXAMPLES

In all of the examples discussed in Section 4, the penalty 6 was a function simply of
U(r) (linear or quadratic). However, as we remarked in the discussion at the begin-
ning of Section 3, there are many practical applications in which the penalty and con-
sequent regulation should depend on other properties of the process up to time ¢.

For example, it is reasonable to consider the possibility of delays in regulation.
There might be lags in the collection and reporting of data about the system, or the
regulatory response might be deferred, or both. In such cases, the penalty function
& might be expected to be defined in terms of U(s) for s < t.

In the simplest case, naturally, we assume that the dependence on the state at
some earlier time is linear and, for some constant d > 0, write

7(t)=0U{(t—d)"}
{HU(O), t=d
0U(r—d), t=d.

(5.1)

The analysis following Eq. (3.2), leading to Egs. (3.4)—(3.6) now follows essen-
tially as earlier, provided that the argument ¢ is replaced by ¢ — d as appropriate. We
consider two examples later in this section.

We will also consider some other simple and natural models for the penalty
function &; the general property that they all share is that at time ¢, 6 is a function of
U(s) for s € [0,¢]. In no case do we permit the penalty to have any functional
dependence on values of U(s) for s > t.

5.1. Poisson Process with Delayed Penalty

We assume that the underlying process U(#) is the standard Poisson process of
rate A and that the penalty function is that given in Eq. (5.1). Let the random
variable D(d) be the time of first termination. Then, trivially, for r =< d, we have
P(D(d) > t) = 1. For t > d, the usual schedule of calculations yields

t

P(D(d)>1) =Eexp{—£ 0U((y—d)+)dy}

= Eexp{—f“ oU(y) dy}

=P(D>t—d),

where D is the termination time defined in Section 4.1 for the Poisson process with
linear penalty when d = 0. Hence, immediately, the mean is given by

ED(d) = up(d) =d + up, (5.2)

where up, is as given in Section 4.1.
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Now let uy(d) denote the stationary expected value in equilibrium of this reg-
ulated process X () with delayed penalty. By the results of Section 3, in the usual
way, we have that

up(d)ux(d) =f0 E(U)1(D(d) > 1)) dt

deEU(t)dtJerE(U(t)GXP{ 6 U(y) dy} dt
%/\dz + J:OE{E<U(I)exp(—0f0’ U(y) dy)‘f, d>}

- % Ad? +LOOE<(U(I —d)+ Ad)GXp{—GfO[_dU(y) dy}) dt
- %)\dl’ +J:0E<U(s)exp{—9f(: U(y) dy}

+ )\dexp{—Gf(: U(y) dy}) ds

1
=5 Ad? + px up + Adup,

using the results for the case in Section 4.1. Hence,

1
5 Ad? + Mup + px up

ux(d) = A+, . (5.3)

Likewise for the stationary probability generating function 77,(z) of the process
X(¢) in equilibrium, we have

up(d)my(2) = pp(d)Ez*

= JOOE(ZU(’)I(D(d) > 1)) dt

d © t—d

:f EzV® dt+f E<E<ZU“> exp{—@f Ul(y) dy} ]-",d>> dt
0 d 0
d %) t—d

= f eMETD gy +f E<z Ult=d) g Ad(z=1) exp {—Of U(y) dy}) dt
0 d 0

1
= o T e ), (5.4)
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where 7 (z) is the stationary probability generating function of the Poisson process
with linear penalty given in Eq. (4.5). Substituting for uj(d) using Eq. (5.2) gives
the required expression for 7,4(z).

5.2. Reflected Wiener Process with Delayed Penalty

Let the underlying process be U(t) = |W(t)|, where W(t) is the standard Wiener
process. We assume that the penalty function is

(1) = 0[W{(r = a)"}]*

{0, t=d S5
Clew—a)? r=d )

With the notation following that introduced in Section 5.1, it follows in the usual
way that the expected time of termination is

pp(d) =d+ up, (5.6)

where up, is obtained by integrating Eq. (4.9), as usual. Now let uy(d) be the sta-
tionary expected value of the regulated process in equilibrium. In order to calculate
this, we recall three results:

I. From Section 4.3 we recall the Pitman—Yor formula

4 1
E{exp - Hf W(u)? du | W(t) = w} =A,exp{EB,w2}, (5.7)
0

where

26

A= —— .
' sinh(t\/2—c9)’ (5:8)
B, = 1 — 1\/26 coth(1/26). (5.9)

It is easy to show that B, < O for t > 0.

IL. The reflected Wiener process |W(z)| = Y(r), started at Y(0) = w > 0, has
density function

fY(t’ )’§W) = (;b(t’y - W) + ¢(t’y + W)’ y = 0’ (5°10)

where ¢ (¢, x) is the density of the normal N (0, z) random variable X. Note
that fy(z, y;w) is an even function of w € R; a fact that we will use shortly.
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III. Let the random variable Z be normally distributed with mean zero and
variance ¢ — d; that is, N(0, 7 — d). Then for any real y and B < 0,

1 1
Eexp{—ﬁ(in)z-i- EBZZ}

_{ d }1/2 {1 2B(t—d)—l} .
| t—Bd(t—d) P Y t—Bd(t—d) |’ (5.11)

This is readily verified by a routine integration, which we omit.

Now we can calculate, as usual,

pp(d)ux(d) = (d+ up)ux(d)

= fooE(|W(t)|I(D > 1)) dt

=J; E|W([)|dt+J; E<|W(t)|exp{—0J; W(u) du}) dt.

(5.12)

The integrand in the last term in Eq. (5.12) can be written as

E<E<|W(t)|exp (—Gftl W(u)? du> .7-",_(1))

=E< f yfy(d,y;IW(t—d)l)eXp<—0 f 7 W(u>2du> dy)

= fom yE {fy(d,y;W(t—d))exp (—HJ(: W(u)2du>} dy (5.13)

because fy(d, y;w) is an even function of w (as we noted in result II) and the dis-
tribution of W(z — d) is symmetric about the origin; the interchange of integration
and expectation is justified using the nonnegativity of the integrand.

The expectation in the integrand in Eq. (5.13) can be evaluated using condi-
tional expectation and the Pitman—Yor formula (see Eq. (5.7)), as

w-al)

= E(fy(d,y;W(t —d))A,_sexp { % B, W(t—d) }) (5.14)

E(E {fy(d, v;W(t —d))exp (—Hfr_d W(u)? du>
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where A, and B, are given by Eq. (5.8) and Eq. (5.9), respectively. Now

— 2 + 2

so that using Eq. (5.11) in result III, we obtain

Efy(d, y;W(t — d))exp{%BtdW(t - d)z}

_<i)l/z( d )‘/2 {1 2(r—d)Btd—l} 515
“\7a) —ae—as,) 2 i—ae—ap_, O

Hence, from Egs. (5.12)—(5.15),

df2\1/2 @/ 9 \/2 Ay
(d+uD)ux(d)=fo<;> dt+Jd (;) {t—d(t—d)B, ,}'

xfw {1 . (t—d)B,_d—l}d p
— —_— t
0 VP ) t—d(t—d)B,_, Y

2\Y2 (2 o t—d(t—d)B,_

() o[ i)
™ 3 d 1= (t=d)B,,
2\ (2 ®  s+d— sdB,

=|— §d3/2+ Axﬁds s (5.16)
o 0 — SDy

setting t — d = s in the integral.
By the same argument, it is straightforward to obtain similar expressions for
the stationary moments of X () in equilibrium, if desired.

5.3. Poisson Process with Integral Penalty

Finally, we note that in several applications it is reasonable to assume that the pen-
alty at 7 should not depend just on U(r), but also on the cumulative effect of its path
up to time ¢. For an example, consider the effect of a population on the environ-
ment. Perhaps the simplest model that takes account of this case arises when the
penalty function is assumed to be

(1) = Hf U(y)dy.
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16 D. Stirzaker

Then, with the usual notation,

P(D>1) = Eexp{—ﬂftfo(y)dyds}
= Eexp{—@fr(t —s5)U(s) ds}. (5.17)

Now let U(#) be a Poisson process of rate A and recall that conditional on U(t) = n,
the n events of the process occur at times t — V;, 1 = i = n, where the random
variables V; are independently and uniformly distributed on [0, ¢]. Let their order
statistics be V(;), 1 =i = n. Then, conditional on F;, we find that

f*‘”’”(t_y)dy+...+f U (i — y) dy

%) =V

fo(t—y)U(y)dy

Ul(t)

>V
r=1

1
2
after integration and rearrangement. Hence, using Eq. (5.17),

U(t)
P(D>1) = Eexp{—iﬁ > Vf}

r=1

U(t)
= E(E(exp{—% 6> Vrz} U(t)))
1 ' —0v%/2 _
exp{At(;J;e 2 dy 1)}

exp {/\ J (e 072 — 1)dv}. (5.18)
0

As usual, up, is obtained by integrating this over [0,00). For the stationary moment
generating function M (i) of X(¢) in equilibrium, we use Eq. (3.6) in the usual way
to give

[ee]

upM () =f E(e ?YI(D > 1)) dt

o 1 Uu®
= J Eexpi—¢U(1) — 59 > V2ide
0 1

o) t
= f exp {)\f (e~ (007 +w/2) _ 1) dv} dt.
0 0
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Hence, or directly, the stationary mean uy in equilibrium is found to be given by

[°s) 1 U(r)
prxzf E{U(t)exp —502 V2| dt
0 1

[oe} t t
= J )\f e %72 dy exp {)\f (e=72 — 1) dv} dt.
0 0 0

Similar expressions can be written for any moment in the same way. In conclu-
sion, we note that the same methods can be used to yield equivalent results for the
Yule process with an integral penalty; the uniform distribution of V; in (5.18) is
replaced by

f)=2aeM/(1—e), O0=v=1y

as in Section 4.2.
Likewise, very similar calculations will deal with the Poisson and Yule pro-
cesses with a product penalty function of the form

7(1) = 0tU(1).

We omit the details.
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