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Abstract. Let (X, T) be a topological dynamical system (TDS), and h(T, K) the
topological entropy of a subset K of X. (X, T) is lowerable if for each 0 < h < h(T, X)
there is a non-empty compact subset with entropy #; it is hereditarily lowerable if each
non-empty compact subset is lowerable; it is hereditarily uniformly lowerable if for each
non-empty compact subset K and each 0 < h < h(T, K) there is a non-empty compact
subset K; C K with h(T, Ky) = h and Kj has at most one limit point. It is shown that
each TDS with finite entropy is lowerable, and that a TDS (X, T) is hereditarily uniformly
lowerable if and only if it is asymptotically s-expansive.

1. Introduction
Throughout the paper, by a topological dynamical system (TDS) (X, T) we mean a
compact metric space X and a homeomorphism 7 : X — X (in fact our main results hold
for continuous maps, see Appendix A). Let (X, T) be a TDS. It is an interesting question,
considered first in [28], whether for any given 0 < h < hp(T, X) there is a factor (Y, §)
of (X, T) with entropy h. We remark that the answer to this question in the measure-
theoretical setup is well known, but in the topological setting the answer is not completely
obtained yet. In [28] Shub and Weiss presented an example with infinite entropy such that
each non-trivial factor has infinite entropy. Moreover, Lindenstrauss [20] showed that the
question has an affirmative answer when X is finite-dimensional; and for an extension
of non-trivial minimal Z-actions the question has an affirmative answer if it has zero
mean topological dimension [21] which includes finite-dimensional systems, systems with
finite entropy and uniquely ergodic systems. For the definition and properties of mean
topological dimension see [22] by Lindenstrauss and Weiss.

Let (X, T) be aTDS and K < X. Denote by i(T, K) the topological entropy of K. In
this paper we study a question similar to the above one. Namely, we consider the question
if for each 0 < h < h(T, X) there is a non-empty compact subset of X with entropy 4.
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We remark that the question was motivated by [20-22, 28] and the well-known result in
fractal geometry [11, 23] which states that if K is a non-empty Borel subset contained in
R" then for each 0 < h < dimg (K) there is a Borel subset Kj of K with dimgy(Kj) = h,
where dimyg () is the Hausdorff dimension of a subset x of R”.

In [30] Ye and Zhang introduced and studied the notion of entropy points, and showed
that for each non-empty compact subset K there is a countable compact subset K1 € K
with h(T, K1) = h(T, K). Moreover, the subset can be chosen such that the limit points
of the subset has at most one limit point (for details see [30, Remark 5.13]). Inspired by
this fact we have the following notions.

Definition 1.1. Let (X, T) be a TDS.

(1) We say that (X, T) is lowerable if for each 0 <h < h(T, X) there is a non-empty
compact subset of X with entropy A.

(2)  We say that (X, T) is hereditarily lowerable if each non-empty compact subset is
lowerable, that is, for each non-empty compact subset K € X and each 0 <h <
h(T, K) there is a non-empty compact subset K, of K with entropy A.

(3) We say that (X, T) is hereditarily uniformly lowerable (HUL for short) if for
each non-empty compact subset K and each 0 < h < h(T, K) there is a non-empty
compact subset K, € K such that #(T, K;) = h and K}, has at most one limit point.

So our question can be divided further into the following questions.
Question 1.2. Is any TDS lowerable?
Question 1.3. Is any TDS hereditarily lowerable?
Question 1.4. 1s any TDS hereditarily uniformly lowerable (HUL)?

We remark that lowering entropy for factors is not the same as lowering entropy
for subsets. For example, in [20] Lindenstrauss showed that each non-trivial factor of
([0, I]Z, o) has infinite entropy, where o is the shift. But since ({0, 1, ..., k}Z, o) can
be embedded as a sub-system of ([0, I]Z, o) for any k > 1, it is clear that ([0, I]Z, o) is
lowerable in our sense.

In this paper, we show that each TDS with finite entropy is lowerable (this is also
true when we talk about the dimensional entropy of a subset), and that a TDS is HUL
if and only if it is asymptotically h-expansive. In particular, each HUL TDS has finite
entropy. Moreover, a principal extension preserves the lowerable, hereditarily lowerable
and HUL properties. It is not hard to construct examples with infinite entropy which are
hereditarily lowerable. Thus, there are TDSs which are hereditarily lowerable but not HUL.
In fact, an example with the same property, and which has finite entropy, is explored at the
end of the paper. The questions remain open if there are lowerable but not hereditarily
lowerable examples, or there are TDSs with infinite entropy which are not lowerable. We
should remark that if ([0, I]Z, o) is hereditarily lowerable then each finite-dimensional
TDS without periodic points is hereditarily lowerable (see [21]), and if it is not then it
is a lowerable TDS with infinite entropy which is not hereditarily lowerable. We also
remark that if there exists a TDS which is not lowerable (such a TDS, if exists, must have
infinite entropy) then we can obtain a lowerable TDS with infinite entropy which is not
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hereditarily lowerable by considering the union of it and ([0, 112, o). There are also many
other interesting questions related to the topic.

The paper is organized as follows. In §2 the definitions of topological entropy and
dimensional entropy of subsets are given, and some basic properties are discussed. In §3
two distribution principles are stated which will be used in §4, where it is shown that each
TDS with finite entropy is lowerable by using the principles and a conditional version of
the Shannon—-McMillan—Breiman theorem. Sections 5-7 are devoted to prove that a TDS
is HUL if and only if it is asymptotically h-expansive, the main ingredients of which are
some techniques developed in [S, 10, 19, 30]. An example with finite entropy which is

hereditarily lowerable but not HUL is presented at the end of paper.

2. Preliminary
The discussions in this section and the next proceed for a general TDS (GTDS); by a GTDS
(X, T) we mean a compact metric space X and a continuous mapping 7 : X — X.

Let (X, T) be a GTDS, K € X and W a family of subsets of X. Set diam(K) to
be the diameter of K and put [|[W| = sup{diam(W) | W € W}. We shall write K > W
if K C W for some W € VW and K i W otherwise. If W is another family of subsets
of X, W is said to be finer than W, (we shall write YW > W) when W > W), for each
W €. We shall say that a numerical function increases (respectively decreases) with
respect to a set variable K or a family variable W if the value never decreases (respectively
increases) when K is replaced by a set K1 with K1 € K or when W is replaced by a
family W with W; > W. By a cover of X we mean a finite family of Borel subsets with
union X and by a partition we mean a cover whose elements are disjoint. Denote by Cx
(respectively C%, Px) the set of covers (respectively open covers, partitions). Observe
that if ¢/ € C§ then U has a Lebesgue number A > 0 and so W > U when [W| < A. If
a € Px and x € X then let a(x) be the element of « containing x. Given U, U> € Cy,
setUy VU, ={U NU, | Uy €Uy, Uy €U}, obviously Uy v Uy € Cx and Uy Vv Uy = U.
Note that U] > U> need not imply that U v Uy = U, and that U > U if and only if U
is equivalent to U/ V U, in the sense that each refines the other. For each U € Cx and any
m,n €7, withm <nwesetld =\/I'_ T~U.

The following obvious fact will be used in several places and is easy to check.

LEMMA 2.1. Let V € C§ and {U, |n e N} CCx. If [Uy|l = 0 as n — 400 then there
exists ng € N such that U, >V for each n > ny.

2.1.  Topological entropy of subsets. Let (X, T) be a GTDS, K C X and U € Cx. Set
N, K) to be the minimal cardinality of sub-families ¥ C U with | JV 2 K, where
UV=Uyep V. We write N(U, #) =0 by convention. Obviously, NU, T(K)) =
N(T~'U, K). Let
hy(T, K) = lim sup — log NU K.

n—+oo N

Clearly hy/(T, K) increases with respect to I{. Define the topological entropy of K by
h(T, K)= sup hy(T, K),
UeCy

and define the topological entropy of (X, T') by hop(T, X) = h(T, X).
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Let Z be a topological metric space and f : Z — (—o0, +0oc] a generalized real-valued
function on Z. The function f is called upper semi-continuous if {z€ Z | f(z) >r}isa
closed subset of Z for each r € R, equivalently,

limsup f(z') < f(z) foreachze Z.
7>z
Thus, the infimum of any family of upper semi-continuous functions is also upper
semi-continuous; furthermore, both the sum and supremum of finitely many upper
semi-continuous functions are upper semi-continuous. In particular, the infimum of any
family of continuous functions is an upper semi-continuous function.
Let (X, T) be a GTDS and 2% its hyperspace, that is,

2X = (K | Kis a non-empty compact subset of X}.

We endow the Hausdorff metric on 2%. Then T induces a continuous mapping T on 2% by
T(K)=TK. The entropy hyper-function H : 2X 0, hwop(T, X)] of (X, T) is defined
by H(K) = h(T, K) for K € 2X. Then we have the follow results.

PROPOSITION 2.2. Let (X, T) be a GTDS and U € C5,. Then the following properties

hold.

(1) hy(T,K)=hy(T, TK) for any K C X. Moreover, the entropy hyper-function H
is T-invariant.

(2)  The function hyy(T, e) is Borel measurable on 2X.

(3)  The entropy hyper-function H is Borel measurable.

Proof. (1) is clear. (2) follows from the following fact that for any V € C$,, N(V, o) : K €
2X > N(V, K) is a u.s.c function on 2%. (3) comes from (2). O

We may also obtain the topological entropy of subsets using Bowen’s separated and
spanning sets (see [29, pp. 168-174]). Let (X, T) be a TDS with d a metric on X. For
each n € N we define a new metric d, on X by

dy(x,y)= max d(T'x, T'y).
0<i<n-—1

Let e >0and K C X. A subset F of X is said to (n, €)-span K with respect to T if for
eachx € K, thereis y € F withd,(x, y) < €;asubset E of K is said to be (n, €)-separated
with respect to T if x, y € E, x # y implies d,(x, y) > €. Letr,(d, T, €, K) denote the
smallest cardinality of any (n, €)-spanning set for K with respect to T and s,(d, T, €, K)
denote the largest cardinality of any (n, €)-separated subset of K with respect to 7. We
write r,(d, T, €, @) = s,(d, T, €, ¥) = 0 by convention. Put

1
rd,T,e, K)=Ilimsup — logr,(d, T, €, K)

n—+oo N
and
s, T, e, K)=1im sup l logs,(d, T, ¢, K).
n—+oo N
Then put

ho(d,T,K)= lim r(d,T,e,K) and h*d,T,K)= lim s(d, T, e, K).
e—>0+ e—>0+
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It is well known that h.(d, T, K) =h*(d, T, K) is independent of the choice of a
compatible metric d on the space X. Now, if I € C§ has a Lebesgue number § > O then,
for any 8’ € (0, /2) and each V € C§, with [|V|| < &', one has

NUT' K Srad, T8, K) <50(d. T, 8, K) S NOGT' K)
for each n € N. So if {un}neN - C; satisfies ||Z/{n | = 0asn— 400 then

h(d. T.K)=h*d. T. K)= lim_hy,(T. K)=h(T. K).
n—+0o0

It is also obvious that #(T, K) = h(T, K).

2.2. Dimensional entropy of subsets. In the process of proving that each TDS with finite
entropy is lowerable, we shall use a concept named dimensional entropy of subsets, which
is another kind of topological entropy introduced and studied in [4]. Let us see how to
define it.

Let (X, T) be a GTDS and U/ € Cx. For K C X let

0 if K 4 U,
nry(K)=1{+4oco0 if T'K >Uforalli eZ,,
k k=max{j e N|T/(K) > U foreach0 <i < j — 1} otherwise.

For k € N, we define
C(T,U,K,k) = {5 | £ is a countable family of subsets of X
such that K C U Eand £ > L{(])‘_l}.
Then for each A € R set

m K, k)= inf m(T, U, E, L),
ru( ) EeC(T UK k) ( )

where m(T, U, E, L) = ZEGS e~ MTu(E) and we write m(T, U, B, \) =0 by convention.
Asmy4(K, A, k) is decreasing with respect to k, we can define

mry (K, L) = k—leoo mry (K, A, k).

Notice that my g4 (K, A) <mp (K, ") for A > A" and my 14 (K, A) ¢ {0, +00} for at most
one X [4]. We define the dimensional entropy of K relative to U by

hZIj(T, K)=inf{A e R |mry (K, L) =0} =sup{r € R | mr (K, A) = +00}.
The dimensional entropy of K is defined by

hB(T, K) = sup h{(T, K).
UeC%

Note that hzlj(T, K) increases with respect to U € Cx, thus if {U},eny S C§ satisfies
lim,, 4 oo |Uy ]l = O then lim,, _, | hf,n (T, K)=hB(T, K).
The following results are elementary (see for example [4, Propositions 1 and 2]).
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PROPOSITION 2.3. Let (X, T) be a GIDS, K|, K, ..., K C X and U € Cx. Then the
following hold.

(1) hy(T, X) =hp (T, X) if Ul € C4, so h(T, X) =h5(T, X).

@) AT, Upery Kn) = sup,eny By (T, Ky), so

hB<T, U Kn> = sup h%(T, K,).

neN neN
(3) For each meN and i >0, h¥_, (T™, K)=>h}(T", T'K), so h®(T", K)>
hB(T™, T'K).
(4) Foreachm €N, hf{m,l (T™, K) =mh{(T, K), so h®(T™, K) = mh®(T, K).
0
Proof. The proof of (1) is given in [4, Proposition 1]. The proof of (2) is obvious.

To prove (3),letm € Nandi > 0. Assumek € Nand A > 0. If £ € € (T, T-U, K, k)
then nTm,u(T"E) =nym p-iyy(E) > k for each E € £ and so

THE)={T'E|Ec& e (T", U, T'K, k),

thus
mpn (T'K o k) < m(T" U THE), )= Y e HrmaT'E)
Ee&
= > e (T €, ),

Ee&
which implies mrm,u(T"K, Ay k) <mqm p-igy(K, A, k) as € is arbitrary. Letting k —
+o0 we get mym (T' K, 1) < mym r-iyy(K, 1), hence hfj(T™, T'K) < hl;,,.u(T'", K),
as A > 0 is arbitrary.
To prove (4)letm e Nandn e N, A > 0. If £ € € (T, U, K, mn) then

E E —1
Ropm umfl(E) = [Wu—()] > max{n, nru(k) _n }
0 m m m

for each E € £, where [a] denotes the integral part of a real number a, so

Enéf(‘; nTm)u(')”*I (E) Z n,

thus € € € (T, U, K, n) and

=1y o m—1(E)
Mg gt (K, 2m) < m(T" U™ €0 = Y@y 4
Ee&

< Z(e)\)(m—l)/m—ny-‘u(E)/me(m—l)k/m -m(T, U,E, £>’

m
Ee€

which implies m

get

! (K, x,n) <em=DMmpyr (K, A/m, mn) as € is arbitrary. We

A
me’u(l)n*l (K, A.) < e(m_l)k/nl . mT,u(K, Z)

by letting n — +o00, hence hf{gﬂ (T™, K) < mhf{(T, K), as A > 0 is arbitrary.
Following similar discussions we obtain mr (K, A) < mp, 3 m-1(K, md) for each
Mo
A >0, then 1/} (T, K) < (l/m)hf{(,),,,] (T™, K). That is, hf{(,),,,] (T, K) =mhB(T, K). O
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By Proposition 2.3 (2), hB(T, E) increases with respect to £ C X. At the same time,
if £ C X is a non-empty countable set then 22 (T, E) = 0. Finally, it is worth mentioning
that i/} (T, ) = hy(T, ¥) = —oc for any U € Cx, and so h® (T, ) = h(T, ¥) = —oo; and
also that when ¥ 2 K C X, one has hy/(T, K) > hg(T, K) >0 for any U € Cyx, and so
h(T, K)>hB(T, K)>0.

3. Distribution principles
In this section we shall present two important distribution principles which link
Question 1.2 with ergodic theory and play a key role in the next section. We remark that
the distribution principles were essentially contained in [26].

The first result is an obvious link between two definitions of entropy.

LEMMA 3.1. (Bridge lemma) Let (X, T) be a GTDS, U € Cx and K C X. Then
1
hE(T, K) <liminf — log N ™", K) < hy(T, K).
n——+oo n

Proof. When K =), the result is clear. Now we assume K # ). For each n e N

let T, = {A1, ..., Ayguni g} S Up~" such that (J 7, 2 K. As nyy(A) > n for each
0 9

A € 7,, for each A > 0 one has

mr (K, hon) < Y ()7"UD < N (T =NUT K)e M,
AeT, AeT,

then
mr (K, 1) <liminf NQE~', K)e™"
’ n—+00

= lim inf exp(—n(A — (1/n) log N(Z/lg_l, K))).

n—-+00
So, if A > limlnf(l/n) log N(Z/{g”, K) then mp 34(K, L) =0, which ends the proof. O
n——+0o0

Let (X, T) be a GTDS, Y €Cx, K C X and n e N. Set (T, U, K, n) to be the
collection of all countable families 7 of subsets of X with

U 7 D> Kandforeach A€ T, ANK # W, nyy(A)>nand A € UST‘M(A)_I.
Then for each A € R set

K, )= lim inf m(T, U, T, L.
Jru(K, X) i et £ ( )

It is not hard to check that fry (K, L) =mry(K, 1) for AeR. In fact, for £ €
&(T,U, K, n), note thai for each E €& theNre exists E GUST'“(E)_I with E C E
and so nyy(E)=npy(E). Then let T={E|Ec&with ENK #0}. Then T €
M(T, U, K, n). Particularly, when E N K # ( foreach E € £, one has m(T, U, T, 1) =
m(T,U, €, »). This implies fr (K, A) =mp (K, ).

For a GTDS (X, T'), denote by M (X) the set of all Borel probability measures on X.
The following two principles will be proved to be very useful.
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LEMMA 3.2. (Non-uniform mass distribution principle) Let (X, T) be a GTDS, d > 0,
MeN, ZC X, a e Px,U eCx and 6 € M(X). Assume that each element of U has a
non-empty intersection with at most M elements of o. If there exists Zg C Z such that Zg
has positive outer 0-measure (i.e. 0*(Zg) > 0) and

forall x € Zy, there exists c(x) > 0 such that, for alln € N, H(ag_l(x)) < c(x)efnd,
then h{})(T, Z) > d —log M. In particular, hE (T, Z) > d.

Proof. Tt makes no difference to assume d — log M > 0. For each k € N set Zg ={xe
Zg | c(x) <k}. Then for some N €N, 6*(Z))>0,as Z) € Z2 -+, Zp = Upen 2%
and 6*(Zy) > 0.

LetneNand 7T €e (T, U, Z, n). If A € T satisfies AN Zév # (), then for each s € N

and B € af ""TUN N Gith B (AN ZD) # B select xp € BN (AN ZY), s0
6(B) = e(aanin{nr,u(A%s}—l(xB)) < c(xB)e—min{nT_u(A),s}d < Ne—min{nra(A).s}d

. - : i Asi—1 .
Since there are at most M™"17.u(4):5} elements of o) 72511 W hich have non-empty

intersection with A N Zg’ , we have

9*(14 ) Zé\]) < Mmin{nT,M(A),S}Ne—min{nT,M(A),S}d — Ne—min{nT,M(A),s}(d—]og M)

Letting s — 400 we obtain that 6*(A N Zév) < Ne "ruAd=log M) for any AeT
satisfying A N Zév # (). Moreover,

3 emru@dlosd o 3N (A d—log M)

AeT AeT  ANZY #0

o*(ANZY 1

v

AeT  ANZY )

Since n and 7T are arbitrary, fr(Z,d —log M) > (1/N)0*(Zév) >0. So hZ(T, Z)>
d—logM. a

LEMMA 3.3. (Uniform mass distribution principle) Let (X, T) be a GTDS, ¢ >0, d > 0,
Z C X and o € Px. If there exists 6 € M(X) such that for each x € Z and n € N,
(o)~ (x)) = ce™. Then ho(T, Z) < d.

Proof. If Z =10 then hy(T, Z) = —00 <d. In the following we assume Z # . For
neN,let 7, ={Ay, ..., A} be the collection of all elements of ag_l which have non-
empty intersection with Z, where k = N(ag_l, Z). Take x; € A; N Z, then 6(A;) =
Oap " (x)) > ce™™ for i e{1,..., k}. Therefore 1 > 3", 68(A;) > kee ™™, that is,
N(ozg_l, Z)=k< e”d/c. Finally letting n — 400 we know h, (T, Z) <d. O

4. Each TDS with finite entropy is lowerable
In this section we shall give an affirmative answer to Question 1.2 for a TDS with finite
entropy. In fact, we can obtain more about it. Precisely, if (X, T) is a TDS with
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finite entropy, then for each 0 < h < hyp(T', X) there exists a non-empty compact subset
K, € X such that h® (T, Kp) = h(T, Kp) = h (for details see Theorem 4.4), particularly,
(X, T) is lowerable.

Let (X, T) be a GTDS. Denote by M(X, T) and M°(X, T) the set of all T-invariant
Borel probability measures and ergodic T -invariant Borel probability measures on X,
respectively. Then M(X) and M(X, T) are both convex, compact metric spaces when
endowed with the weak*-topology. Denote by By the set of all Borel subsets of X.

For any given o € Px, u € M(X) and any sub-o-algebra C C B,,, where B, is the
completion of Bx under u, the conditional informational function of o relevant to C is
defined by

L@O)@) =Y ~14(x) log B, (1410) (),
Aca

where £, (14]C) is the conditional expectation of 1,4 with respect to C. Let

H,L(OIIC)=/XIM(<¥|C)(X) du(X)=Z/X—]Eﬂ(lAIC)log]Eu(lAIC) dp.

Aea
A standard fact states that H, («|C) increases with respect to « and decreases with respect
to C. Now set
H,U|IC)= inf H, C
nU|C) sepnl w(BIC)

for U € Cx. Clearly, H, (U|C) increases with respect to I/ and decreases with respect to C.

When p e M(X, T) and T-1C CC in the sense of W, it is not hard to see that
H, Uy loyisa non-negative and sub-additive sequence for a given U € Cx, so we can
define

1 1
h, (T = lim —H,U'"C) = inf —H, U "|0).
w(T, Uic) nﬁnEoo " p.(u() IC) 21211 n u(u() 1©)

Clearly, h, (T, U|C) also increases with respect to I/ and decreases with respect to C. The
relative measure-theoretical p-entropy of (X, T) relevant to C is defined by

hy (T, X|C) = sup h, (T, «|C).

aePyx

Following a similar discussion of [15, Lemma 2.3 (1)], one has

hu (T, X|C) = sup h,(T,U|C).
UeCs
So, if {Un}ueny S C% satisfies limy, s oo Ul =0 then limy, o0 2y (T, Up|C) =
hu (T, X|C), as h, (T, U|C) increases with respect to U. It is not hard to see that

1
hu(T,UIC) = —h,(T", Uy ~"|C)  foreachn € Nand U € Cy.
n

If C={4, X} (mod ), for simplicity we shall write H,(U|C), h,(T,U|C) and
hu (T, X|C) for H,(U), h, (T, U) and h, (T, X), respectively.

The following result is a conditional version of Shannon-McMillan-Breiman theorem.
Its proof is completely similar to the proof of Shannon-McMillan-Breiman theorem (see
for example [1, Theorem 4.2], [17, Theorem I1.1.5], [14]).
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THEOREM 4.1. Let (X, T) be a TDS, p € M(X, T), a € Px and C € B, a T-invariant
sub-o -algebra (i.e. T~'C = C in the sense of ). Then there exists a T-invariant function
fe Ll(,u) such that fX fx)dux)=h, (T, a|C) and

lim

n——+00

i n—1 C
luley 1O = f(x) for u-almost every x € X and in L' ().
n

Moreover; if ju is ergodic then f(x) = h, (T, «|C) for p-almost every x € X.

Let (X, T) be a TDS, n e M(X, T) and B, the completion of Bx under p. Then
(X, By, u, T) is a Lebesgue system. If {«;};cs is a countable family of finite partitions
of X, the partition « = \/,; «; is called a measurable partition. The sets A € B,,, which
are unions of atoms of «, form a sub-c-algebra of B, denoted by o or « if there is
no ambiguity. Every sub-o-algebra of B, coincides with a sub—a-algebra constructed

in this way (mod ). Given a measurable partition «, put =~ = \/"> 1 T7"a and al
n__oo T "«. Define in the same way C~and CT if C is a sub-o- algebra of B,. Clearly,
for a measurable partition «, a = (@)~ (mod p) and (xT = @7 (mod 0.

Let C be a sub-o -algebra of 15, and « the measurable partition of X witha = C (mod ).
w can be disintegrated over C as u = fx Wy dp(x) where py € M(X) and py (a(x)) =1
for p-almost every x € X. The disintegration is characterized by (4.1) and (4.2) below: for
every f € L'(X, Bx, 1),

fe Ll(X, Bx, y) for pu-almost every x € X and

the function x +— / f(y)duy(y)isin Ll(X, C, w); “4.1)
X
E.(fIC)(x) = / fdu, for pu-almost every x € X. 4.2)
X

Then, for any f € LI(X, Bx, 1), the following holds:

/}((/deux)du(m=/xfdu.

Define for u-almost every x € X the set I'y ={y € X | ux = uy}. Then u,(I'y) =1 for
p-almost every x € X. Hence given any f € L' (X, By, u), for p-almost every x € X,
one has

E.(£10)() = /X Fdpy = /X f dpx =B (10)) “3)

for w,-almost every y € X. Particularly, if f is C-measurable, then for p-almost every
x € X, one has
f(y) = f(x) for uy-almostevery y e X. “4.4)

PROPOSITION 4.2. Let (X, T) be a TDS, n € M(X, T) and C C By, a T-invariant sub-

o-algebra. If u = [ x Mx diu(x) is the disintegration of u over C, then the following hold.

(1) LetU € Cx and o € Px such that each element of U has a non-empty intersection
with at most M elements of o« (M € N). If f}:’a(x) is the function obtained in
Theorem 4.1 for T, o and C, then for j-almost every x € X,

hE(T, Zy) = f§ o (x) — log M
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for any Z, € Bx with uy(Zy) > 0. Particularly, if i is ergodic, then for j-almost
everyx € X,

W (T, Zy) > hyu (T, |C) — log M

for any Zy € Bx with ux(Zy) > 0.
(2) If p is ergodic then, for p-almost every x € X, when Z, € Bx with u,(Z,) > 0 one
has

hB(T, Z,) = h, (T, X|C).

Proof. (1) Note that lim,,_, 400 (1, (oz(’)l_1 IC)(x)/n) = fga(x) for p-almost every x € X
and f%a is C-measurable. Using (4.3) for all 1, B € ozgfl and (4.4) for fga, there
exists Xoo € By with (X~ ) = 1 such that for each x € X, one can find W, € Bx with
Ux(Wy) = 1. Moreover, if y € W, then we have

@ Timy oo (e OV () /1) = f£ () = ff 4 ()3

b E.(IC)(»y) =E,.(0BIC)(x) = (B) for any B € a(')’_l and eachn € N.
Moreover, for any y € W,, where x € X, one has

Slog ey o - T10e Bl OG)

lim
n—+00 n n——+00 n
L T'IOO) e
= nllToo = ff o). 4.5)

For a given x € X let Z, € By with uy(Z,) > 0. Clearly ux(Z, N Wy) = ux(Zy)
> (. For § > 0 and £ € N, we define

ZES) =y € Ze N Wi | ixad ' () < ¢ "UTa®D) for cach n > £).

Then Uzrf? Zﬁ (8) =Z, N W, by (4.5). Hence there exists N € N such that ,ux(Z)[CV %))

c
> 0. For y € ZN(8), as 1, (ag_l(y)) < e "UTa®=9 for each n > N, one has
c
e(ap () < c()e U@ forany n e N,

where c(y) = max{l1, Z,N:_ll e’-(fT({a(x)_‘s)} € (0, 4+00). Thus applying Lemma 3.2 to
ZY (8) we obtain hf(T, ZN (8)) = f£ ,(x) — 8 —log M, so hf(T. Z,) > f£ ,(x) — 6 —
log M. Note that the last inequality is true for any § > 0; one has hZ(T, Zy) > fﬁ o) —
log M.

(2) For k € N we take Uy € C§ with |||l < 1/k. Using [4, Lemma 2] for each n € N
there exists o, € Px such that o, x > (Uk)g_l and at most n#lf; elements of o, ; can
have a point in all their closures, where #{; means the cardinality of U. It is easy to
construct Uy x € C§ such that each element of I, ; has a non-empty intersection with at
most n#ly elements of «, i (see also [4, Lemma 1]).

Now assume that u is ergodic. Let f}z,,,an’k (x) be the function obtained in Theorem 4.1

for T", o, and C. Then fTC,, ank(x) is T"-invariant and fX fﬁ‘ank(x) du(x) =
hy(T", @y kIC). Let gk(x) = (1/n) Y1) ffn’ank(T"x). Then gk(x) is T-invariant, as

https://doi.org/10.1017/50143385709000066 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385709000066

192 W. Huang et al

fTC,,, s (x) is T"-invariant. Moreover, since u € M¢(X, T), gﬁ (x) is constant and

1 n—1 )
gr(x) [ g du( ==y / ffn g (TTY) dp(y)
X n i=0 X :

1 n—1
-2 /X Ffn ) din(y) = hy(T", o 1C) (4.6)
i=0

for p-almost every x € X. By (1) for p-almost every x € X, if Z, € By with u,(Zy) >0
then
hf{w (T", Zy) > fTC,,’a”'k (x) — log(n#l4y) foreachk e N, n eN. “4.7)

Moreover, note that 7' i1, = ur, for u-almost every x € X, there exists a 7 -invariant subset
X1 C X with u(X1) = 1 such that T u,, = 7, and both (4.6) and (4.7) hold for all x € X;.

Now for any given x € X let Zy € By with uy(Zy) >0. Then Tix € X; and
i (T'Zy) = Ty (TP Zy) = e (Zy) > 0 forany i > 0. By (4.7), foreachk e N, n e N
andi > 0,

WP (T", T'Zy) = by, (T", T'Zy) > f5 . (T'x) —log(n#ldy).

sQn k

For each n € N, as h8(T", Z,) > hB(T", T'Z,) for each i > 0 (see Proposition 2.3 (3)),
we have

nB(1", Zy)

v

1 n—1 ) 1 n—1 )
- > a1z, > - N (S gy, (T'x) = log(n#ly))
i=0 i=0

= g, (x) — log(n#l) = hu(T", an k|C) — log(n#lhe)
for all k € N. Then using Proposition 2.3 (4) we have

_RB(TT, Z,)
o n

1
WB(T, Z,) = —(hu(T", @ i |C) — log(n#lhy)

v

! log (n#l4
—(u(T", U 1C) — log (n#h) = hyu (T, Uk C) —Og(’; k)

for each k € N and n € N. Now fixing k € N letting n — +oo we get h?(T, Z,) >
hu (T, U|C). Finally letting k — 400 we have hB(T, Z) = limg_s 400 h (T, UlC) =
h, (T, X|C). This completes the proof of (2) since u(X1) = 1. O

The following result is an application of Proposition 4.2.

LEMMA 4.3. Let (X, T) be a TDS, p € M®(X,T) and C C B, a T-invariant sub-o -

algebra. If © = |. x Mx du(x) is the disintegration of w over C, then the following hold.

(1) If o € Px then for u-almost every x € X, fixing each x, for each € € (0, 1) there
exists a compact subset Z, (o, €) of X such that uy(Zy(a, €)) > 1 — € and

hg(T, Zy(a, €)) =ho(T, Zy(a, €)) = h, (T, |C).

(2) For p-almost every x € X, fixing each x, for each € € (0, 1) there exists a compact
subset Z(€) of X such that u(Zx(€)) > 1 — € and

hB(T, Z(€)) = h(T, Z(€)) = h, (T, X|C).
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Proof. (1)Leta € Px. As u € M°(X, T), by (4.5) there exists X, € Bx with u(Xso) =
1 such that for each x € X, one can find W, € Bx with u,(W,) =1 such that for each
y € Wy

. 1 e
lim —= log ity (e~ ()) = hy (T, &|C)

n—4+o0o n

(for details see the proof of Proposition 4.2(1)). By Proposition 4.2(1), without loss of
generality we may require
hE(T, Z) > h, (T, a|C) (4.8)

for any x € X and Z € By with u,(Z) > 0 (if necessary we take a subset of Xo).

Let x € Xoo. Obviously, for each y € W, and m € N there exists ny , € N such
that if n > 1y, then —(1/n) log jux ()~ () < hyu(T, &|C) + 1/m, ie. pe(ef ™ () =
exp(—n(h, (T, «|C) + 1/m)). So foreach n e N,

1
Mx(ag_l(y)) > eXp(—(n + "y,m)(flu(T, alC) + E))

We introduce a p,-measurable function by defining for ,-almost every y € X

. pa(og "' () ~ 1
¢m(y) = inf exp(—n(h, (T, alC) + 1jm)) — exP( Mym <h“(T’ «IC) + m)) > 0.

Let Z' ={y e Wy |cn(y) > 1/k} for each k e N. Then Z]" is p-measurable and
ho(T, Z;") < hy (T, a|C) + 1/m by Lemma 3.3. Moreover, as limg_, 100 iy (Z}") =1,
for each € € (0, 1) there exists a compact subset B' C Z¢ for some K €N such that
wx (X \ B") <€/2™ and ho (T, B!") < h, (T, «|C) + 1/m.

Fore € (0, 1), set Z,(c, €) = ﬂmeN B". Then Z, (a, €) is a compact subset of X,

ux(zx(a,e»:l—u(u X\B:”)zl—Zu(X\Bg">zl—e>o

meN meN

and
1
ho(T, Zy(a, €)) < inf hy(T, Bé") < inf <hu(T, a|C) + —) = hH(T, «|C).
meN meN m

Moreover, using Lemma 3.1 and (4.8) we have
hg(T, Zy(a, €)) =ho(T, Zx(a, €)) = h (T, a|C).

(2) Let {Up}pen € C% with limy, 1o U]l =0. For n € N we take o, € Px with
ay = U,. By (1) there exists a measurable subset X’ of X with w(X") =1 such that if
x € X' then for each € € (0, 1) and n € N there exists a compact subset Z, (n, €) such that

Ux(Zy(n,€))>1-— 26—n and  hy, (T, Zc(n, €)) < hg, (T, Zy(n, €)) = h, (T, ay|0).

By Proposition 4.2(2), without loss of generality (if necessary we take a subset of X') we
may require
h(T, 2) = h (T, XI0) 4.9

for any x € X" and Z € By with u,(Z) > 0.
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Letx € X'. Fore € (0, 1), set Z,(€) =(),ey Zx(n, €). Then Z () is a compact subset
of X,

1 (Ze(€) =1 —u(U X\ Z(n, e)) =1 WX\ Zn ) =1—e€>0

neN neN
and
h(T, Zx(€)) = sup hy, (T, Zx(€)) < sup hy, (T, Zx(n, €))
neN neN
< sup hM(T, ay|C) < h/L(Ta X|C).

neN
Moreover, using Lemma 3.1 and (4.9) we have if x € X’ then hB(T, Z () =
h(T, Zy(€)) = h, (T, X|C). This finishes the proof of (2) since u(X’) = 1. O

With the above preparations we can obtain the main result of this section.

THEOREM 4.4. Let (X, T) be a TDS with finite entropy. Then for each 0 <h <
hiop(T, X) there exists a non-empty compact subset Ky of X such that hB(T, Ky) =
h(T, Ky) = h. In particular, (X, T) is lowerable.

Proof. It h = hyop(T, X), it is true for K, = X by Proposition 2.3(1). If 2 =0, it is true
for Kj = {x} for any x € X. Now we assume 0 </ < hyp(T, X). By the variational
principle there exists u € M(X, T) with h < h;(T) < hyop(T, X) < +oo. It is well
known [14, Theorem 15.11] that there exists a T-invariant sub-o-algebra C C B, such
that 4, (T, X|C) = h, where B, is the completion of Bx under p. Then the conclusion
follows from Lemma 4.3(2). O

Let (X, T) be a TDS, u € M(X, T) and C C B, a T-invariant sub-o-algebra with
w= f x Mx dp(x) the disintegration of u over C. For p-almost every x € X, we define

hE(T, w, x) = inf(hf (T, Z) | Z € By with j1(Z) = 1}
for any given U € Cx and
hB(T, p, x) = sup hf(T, p, x).
UeCsy
The essential supremum of a real-valued function f defined on a subset of X with p-full

measure is defined by
—sup f(x)= inf sup f(x).
2 pf =1 p

7y —
=l xeX’

We are not sure of the u-measurability of both functions, hzﬁ(T, w, x) and AB(T, u, x),
with respect to x € X. Whereas, using Proposition 4.2 we have the following result.

COROLLARY 4.5. Let (X, T) beaTDS, p € M(X, T) and C C B, a T-invariant sub-o -

algebra. If © = fx Wy dp(x) is the disintegration of u over C, then the following hold.

(1) LetU €Cx and a € Px with fga (x) the function obtained in Theorem 4.1 for T,
o € Px and C. Assume that each element of U has a non-empty intersection with at
most M elements of « (M € N). Then for pu-almost every x € X,

hE (T, 11, x) > ff o (x) —log M
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and if | is ergodic then
hiy (T, w, x) = hy (T, «|C) — log M.

2) p—sup hB(T, w, x) = h, (T, X|C); moreover, if | is ergodic then hB(T, w, x)=
h, (T, X|C) for p-almost every x € X.

Proof. (1) is just a direct corollary of Proposition 4.2(1).

(2) For k e N we take Uy € C5 with |Uy|| <1/k. Then, for each n € N, we take
oy k € Px such that «, x > (Uk)gfl and at most n#l{; elements of o, ; can have a point
in all their closures, and take Uy, x € C§ such that each element of U4, x has a non-empty
intersection with at most n#l{; elements of o, .

Let fTCn) s (x) be the function obtained in Theorem 4.1 for 7", o, and C. Then

f5 «,, (¥) is T"-invariant and
f frcn,ank(x) dp(x) =h, (T", oy |C).
. :

Then using (1), for p-almost every x € X,

nhy, (T, . x)=inflnhf; (T,Z)|Z € Bx with u(2) =1}
> inf{hf, (T".Z)|Z € Bx with ju,(Z) =1} (by Proposition 2.3 (4))
> [ g, (¥) — log(n#lhy) (using (1)).

Hence,

W — sup hB(T, W, X) > | — sup hllf{n,k (T, u, x)

v

1 1
- /X (i, (6) = 10g(0#)) dp(x) = = (hy (T, 00,£1C) = log (i)

v

1 _ 1
r—L(hu(T", U)g~'1C) — log(n#th)) = hy, (T, Ug|C) — -, log(nithy).

Fixing k € N letting n — +o00 in the above inequality we obtain p — sup A8 (T, u, x) >
hu (T, Ui|C). Then letting k — +o00 we obtain p — sup hB(T, u, x) > h, (T, X|C).

Now we assume that y is ergodic. First, by Proposition 4.2(2), we know h8 (T, u, x)
> h, (T, X|C) for p-almost every x € X. Secondly using Lemma 4.3(2), there exists a
measurable subset X’ of X with w(X’) =1 such that if x € X’ then for each £ € N there
exists a compact subset Z, (£) of X such that uy(Zyx(€)) > 1 — 1/26 and hB(T, Z,(£)) =
h, (T, X|C). Next for each x € X', let Z, =,y Zx(¢). Then Z, € Bx with u(Zy) =
1 and hB(T, Z,) = sup,cry WB(T, Z(€)) = h, (T, X|C). This implies hB(T, p, x) <
h, (T, X|C). Collecting terms, hB(T, u, x)= h, (T, X|C) for p-almost every x € X. O

Following from the proof of Corollary 4.5, we are easy to show the following result.

COROLLARY 4.6. Let (X, T) be a TDS, n € M*®(X, T) and C C B, a T-invariant sub-
o-algebra. If u = fX Wy dp(x) is the disintegration of u over C, then the following hold.
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(1) Ifa € Px then for u-almost every x € X there exists Z, € Bx such that uy(Z,) =1
and hg(T, Zy) =hu(T, a|C). Moreover, hg(T, w, x) =h, (T, a|C) for w-almost
every x € X.

(2) For p-almost every x € X there exists Zy € By such that puyx(Zy)=1 and
h8(T, Zy) = h,(T, X|C).

Remark 4.7. We cannot expect similar results to hold for topological entropy of subsets
using open covers. For example, let (X, T) be a minimal TDS, u € M¢(X, T) and C =
{, X} such that 0 < 1, (T, X) < hiop(T, X). Let u = fX Wy di(x) be the disintegration
of p over C, then p, = pu for w-almost every x € X. Thus for p-almost every x € X, if
Z € Bx with 11, (Z) = 1 then Z = X, which implies

WT,Z)=h(T,Z)= hiop (T, X) > hy (T, X) =h, (T, X|0).

5. Expansive cases
In this section by direct construction we shall prove that each expansive TDS is HUL.
Recall that we say a TDS (X, T) is expansive if there exists § > 0 such that x # y implies
sup,cz d(T"x, T"y) > §. In this case, § is called an expansive constant. In particular,
each symbolic TDS is expansive.

To do this let us first recall [30, Remark 5.13]. Let (X, T) be a TDS with metric d
and E a compact subset. For each € > 0 and x € E we define

ha(x, e, E)=1inf{r(d, T, €, K) | K is a compact neighborhood of x in E}.

Let h(x, E) =lime_ o4 hg(x, €, E). Its value depends only on the topology on X. The
following theorem is from [30, Remark 5.13].

THEOREM 5.1. Let (X, T) be a TDS with metric d and E a compact subset. Then the

following hold.

(1) ha(x, €, E) is uniformly semi-continuous on E and sup, . h(x, E) = h(T, E).

(2) Foreachx € E there is a countable compact subset E, C E with a unique limit point
x such that h(T, E) =h(x, E).

(3) There is a countable compact subset E' C E with h(T, E') = h(T, E). Moreover,
E’ can be chosen such that the set of its limit points has at most one limit point, and
E' has a unique limit point if and only if there is x € E with h(x, E) = h(T, E).

The first result is the following lemma.

LEMMA 5.2. Let (X, T) be a TDS with metric d and K C X a compact subset with
h(T, K)>0. Then for any 0 <h < h(T, K) there is a 5y > 0 such that if 0 < § < 3Jy
then there is a countable compact subset K, 5 C K with a unique limit point such that
sd, T, 8, Kns)=h.

Proof. Let 0 <h < h(T, K). By Theorem 5.1 there exists a countable compact subset
Ko € K with a unique limit point xo such that #(T, Ko) > h, thus for some §p > O if
0<é§=<épgthens(d, T, S5, Kg) > h. Nowlet 0 < § < g be fixed.

Define /; to be the minimal integer n € N such that

there exists B € Ky is (n, §)-separated with respect to 7" such that |B1| = [e"h] + 2,
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where | B1| means the cardinality of By. It is clear that /; is finite, as s(d, T, 8, Ko) > h.
Let A; = D; € Ko be (l1, §)-separated with respect to 7 with |A{| = [el'h] + 1 and
X0 ¢ Aq.

Define I, to be the minimal integer n > /1 such that

there exists B, C (de, (x0, 6) N Kp) \ Ay is (n, §)-separated
with respect to T such that | B |
=[e"] —[""] +2,

where Bd,] (x0, 8) denotes the open ball with center xo and radius § (in the sense of
dj,-metric). Since xq is the unique limit point of the countable compact subset Ko € K,
Ko\ ((Bd,1 (x0, 6) N Kp) \ Ay) is a finite subset, so

s, T, 3, (Bg, (x0,8) N Ko) \ A1) =s(d, T, 8, Ko) > h,

which implies that I, > [; is finite. Let D C (Bdll (x0, ) N Kp) \ Ay be (I, §)-separated
with respect to T with |Dy| = [e2"] — [é1"] + 1 and xg ¢ Dy. Set Ap = A1 U Dy & xp.
Then |As| = [¢"2"] + 2 and A5 C K is (I, 8)-separated with respect to T

By induction there are /1 <lp <--- and A; € A C - - - C Ky such that foreachi € N

the following hold.
(1)  xo¢Ajand Aip1 \ A; S B, (x0, 8) N Ko.
(2) A;is (l;, §)-separated with respect to T and |A;| = [ehh] +i.

Set Ago = {xo} U Ui>1 A; € Kp. Then Axc(SKp) C K is a countable compact subset
with x¢ as its unique limit pointin X. If [, <l <, thenlet A C Ay, be (I, §)-separated
with respect to T. As A\ A, € (B, (x0, ) N Ko) \ Apn is (I, §)-separated with respect
to T, because of the definition of [, | we have |A \ A,| < [e!"] — [e!""] + 1, which implies

JA] < |A\ Ayl + |Anl < (€™ = [+ 1) + ("™ + n) =[]+ n + 1.

Then s;(d, T, 8, Aoo) < [e/"]+n+1foralll, <l <1l,.,. Note that s, (d, T, §, Ano) >
[¢!"] + n, we conclude s(d, T, 8, Ass) =h. Take Kps = Aco. This completes the
proof. O

Before proving that each expansive TDS is HUL we need the following result.

LEMMA 5.3. Let (X, T) be an expansive TDS with metric d and an expansive constant
8 > 0. Then for any compact subset K € X, h(T, K) =sd, T, §/2, K).

Proof. Let K € X be a compact subset and € > 0. We claim that there exists n(e) € N
such that for x,ye X, d;‘(e)(x, y) <48/2 implies d(x, y) <€, where d;(e)(x, y) =

?fln(e) d(Tix, Tiy). In fact, if it is not the case then for each n € N there exist

Xn, yn € X such that d’(x,, yn) <§&/2 and d(x,, y,) > €. Without loss of generality we
assume lim,,_, 4 oo (X, yu) = (x, ¥). Thend(x, y) > e and d}} (x, y) < 8/2 foreachm € N,
which contradicts that § is an expansive constant of (X, T).

max
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Now for each m € N, let E be an (m, €)-separated subset of K with respect to 7', then
TEF is an (m + 2n(e), 8/2)-separated subset of T K with respect to 7. Hence

1
sd, T, e, K)=limsup — logs,(d, T, ¢, K)

m—-+oo M

1 $
< lim sup o log Sm+2n(e) <d’ T, > T—n(e)K>

m——+00
8 8
:S<d7 Ty A Tn(€)K>=s(d, T7 _»K)'
2 2
Since € > 0 is arbitrary, letting ¢ — 0+ we conclude (T, K) =s(d, T, §/2, K). O

Now we are ready to prove the main result in this section.
THEOREM 5.4. Each expansive TDS is HUL.

Proof. Let (X, T) be an expansive TDS with metric d and an expansive constant 2§ > 0.
Let E C X be a non-empty compact subset and 0 <h <h(T, E). If h=0 then
h(T, {x}) =0 for any x € E. Now assume i = h(T, E) > 0, then by Theorem 5.1 (1),
hq(x, 8, E) is uniformly semi-continuous on E and h(T, E) = sup,.x h(x, E). Note that
h(x, E) = lirg inf{r(d, T, €, K) | K is a compact neighborhood of x in E}
e—>0+

= lim inf{s(d, T, €, K) | K is a compact neighborhood of x in E}

e—>0+

= hg4(x, 8, E) (using Lemma 5.3),

and so h(T, E) = maxycg hq(x, 8, E). Suppose xo € E with hg(x9, §, E)(= h(xg, E)) =
h(T, E) > 0. By Theorem 5.1 (2) there exists a countable compact subset Ko C E with xg
as its unique limit point such that h(T, Ko) = h(xo, E) = h(T, E). This completes the
proof in the case of h = h(T, E) > 0.

Now assume 0 < i < h(T, E). By Lemma 5.2 there exist 0 < ¢ < § small enough and a
countable compact subset K; € E with a unique limit point such that s(d, T, €, K) = h.
Since 2e¢ is also an expansive constant, #(T, K,) = h by Lemma 5.3.

Thus for each non-empty compact subset £ and each 0 <h < h(T, E) there is a non-
empty compact subset K, € K with a unique limit point such that 2(T, Kj,) = h, that is,
TDS (X, T) is HUL. O

Note that we can also introduce the HUL property for a GTDS, the results of this
section remain true for a GTDS. In particular, following similar discussions, the results
in Lemma 5.3 and Theorem 5.4 also hold for each positively expansive dynamical system.
Let X be a compact metric space endowed with a continuous surjection 7 : X — X and a
compatible metric d. Recall that we say (X, T) is positively expansive if there exists § > 0
such that x # y implies SUp,7,, d(T"x, T"y) > § (see for example [27]). We also call §
an expansive constant.

6. A HUL TDS is asymptotically h-expansive
In this section we shall answer Question 1.4 partially. Note that the invertibility can be
removed for TDSs considered in this section without changing our results.
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We discuss two classes of weak expansiveness: the h-expansiveness and asymptotical
h-expansiveness, introduced by Bowen [3] and Misiurewicz [24], respectively. Let (X, T)
be a GTDS with metric d. For each € > 0 we define

Iy (€) = sup h(T, Pe(x)) where P (x) ={y € X |d(T"x, T"y) <eifn>0}.
xeX

(X, T) is called h-expansive if there exists an € > 0 such that 4} (¢) =0, and is called
asymptotically h-expansive if lim¢_, o4 h% () = 0. Itis shown by Bowen [3] that positively
expansive systems, expansive homeomorphisms, endomorphisms of a compact Lie group
and axiom A diffeomorphisms are all h-expansive, by Misiurewicz [25] that every
continuous endomorphism of a compact metric group is asymptotically h-expansive if it
has finite entropy, and by Buzzi [7] that any C*° diffeomorphism on a compact manifold
is asymptotically s-expansive.

In this section we prove that each HUL TDS is asymptotically A-expansive.

The following two results seem very technical but interesting in themselves; they are
needed in proving the main result of this section.

THEOREM 6.1. Let (X, T) be a TDS. Then for any compact subset K C X with
h(T, K) > 0, there is a countable infinite compact subset Koo € K such that h(T, Ko)
=0.

Proof. First, there is a countable compact subset Ko = {x, x1, x2, ...} € K such that
h=h(T, Kp) > 0 and lim;,_, y 5 x,, = x (using Theorem 5.1).

Let d be a metric on (X, T). For sufficiently small ¢; >0 let K1 C Ko be the
subset constructed in Lemma 5.2 such that s(d, T, €1, K1) =h/2. Now if K, ne€N,
is constructed, for a more smaller 0 < €,41 <¢€,, by Lemma 5.2 we let K, be a
proper compact subset of K, with s(d, T, €,41, Kn+1) =h/(n +2). In fact, we can
require that lim,—, 1~ €, = 0. Now let Ko = {x, y1, y2, ...} be a subset of K(, where
yn € Ky \ K;41 foreachn € N.

It is clear that Ko, € K is a countable infinite compact subset, and

h
S(dv Tv €ns KOO) S S(da T’ €n, Kn) S -
n
foreachn e N, as Koo \ {y1, ..., yu—1} C K,,. Hence we have
h(T,Ky)= lim s, T, ¢,, Koo)=0.
n——+00
This completes the proof. o

LEMMA 6.2. Let (X, T) be a TDS. Assume that {B,},eN 2X satisfies lim,,_ 400 By, =
{x0} (in the sense of Hausdorff metric) for some xo € X and

inf lim sup diam(7’B,) = 0. 6.1
Jinf |, lim_ sup diam (7 B,) ©.1)

Let x,, € By, for eachn € N. Then

+oo
h(T, U B, U {xo}) = max{sup h(T, By), h(T, {x,-}go } (6.2)
n—1 neN
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If in addition xo¢& B, for each n €N, then any countable compact subset of
U+ B, U {xo} with a unique limit point xo has entropy at most h(T, {x; }80).
Proof. Letd be ametricon (X, T) and € > 0. Thus by (6.1) there exist i¢, je € N such that
if i > i. then ¢; < €/4, where ¢; = sup;~ ;. diam(T7 B;). Set X = T/ (UieN B; U {xp}).
For n €N, let E, be an (n, €)-separated subset of X; with respect to 7 with
su(d, T, €, X1) = |E,|. It is clear that if i > i, then |E, N T/ B;| <1, and if yeE, N
TJeB; then d,(y, T/x;) <€ <€/4. Say E, N ij(Ul>l Bi) ={y1, ..., y}. For each
1 <r </, there exists i, > i, such that y, € E,, N T/fB Let F,, = {Tffx,1 cee, ijxi,}.

Foreachl1 <r; <r; <l,
. . . . €
dn(TjExirI > Tkxirz) = dn(yrl , yrz) - (dn(yrl s Tkxirl) + dn(yrz» Tkxiyz)) > E
Hence, F, is an (n, € /2)-separated subset of TJe ({xi}go) with respect to 7', which implies

sa(d, T, €/2, T ({x;}3°)) = I. Note that G, = E,, N T’ (Uj;jl B;) is an (n, €)-separated
subset of TJe (U’f_1 B;) with respect to 7', we have

sa(d, T, €, X1) = |Eq| <1Gu Ufy1, ..., v} U{Tx0}| < |G| +1+1

je—1
E Sn<d7 T7 E’ TJG(U Bl)) +s}’l<d’ T’ %7 TJE({xl}80)> + 1

i=1

which implies that

s (d, T, | B U {xo}) =sd, T, € X))

ieN
el € ,
< max s(d, T, e, T (U Bj>>, s(d, T, —, Tk({x,'}go))}
Jj=1 2

ie—1
€
= d, T, ) B; 5 da Ta_7 10"
max s( € jL:Jl ]> s( 5 {xl}())}

<maxy max &i(T, B;), h(T, {xi}go)}.

l<j=<ie—1

Thus we obtain the direction ‘<’ of (6.2). The other direction is obvious.

If in additional xo € B, for each neN, let K C U 1 Bn U {xo} be any countable
compact subset with a unique limit point xo. Set B, = K N B . Then B}, is finite for each
n € N, as xo is the unique limit point of K and xo & B;,. So we have {B], U {x,}},en C 2X

and
+00
T, K) < h(T, K U{x;}32)) = ( , U(B,; U {x,}) U {xo}>
n=1
= max{ sup h(T, B), U {x,}), h(T, {xi}go)} (using (6.2))
neN
= h(T, {xi}go)(as B,’l U {x,}is a finite subset for each n € N).
This finishes the proof. a
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Remark 6.3. Without the assumption of (6.1), in general Lemma 6.2 does not hold.

For example, let {x, },en be a sequence of X with limit x € X and (T, {x, x1, x2, .. .})
=a>0.

By Theorem 6.1 there is a sub-sequence {n;};cN such that (T, {x, x,,, Xu,, .. .})
=0. Let Bj= {xn_,._l,x,,j_|+1, R x,,j_l} for each j €N, where no=1. Then
lim;_, o diam(B;) =0 and (T, UjeN BjU{x})=a>0,but

sup A(T, Bj) + h(T, {x, xun,, Xn,, .. .}) =0.
jeN
In fact, for a good choice of the sub-sequence {n;};cn in the above construction, we
can require that h(7, | ;o Bi; U {x}) = a > 0 for any sub-sequence {k;};eny € N. This is
done as follows. _
For each j € N we can select a sub-sequence {mi}keN C N such that

log's, ;(d, T, 1/j. {xi |1 = ni})
lim k .
k— 400 m]i

(d T, 1 {x1|l>n}>< (d T, 1 -, {x, x1, xz,...}>>

for each i € N. We may assume (replace the sequences {n;};cn and {mi}keN by sub-
sequences if necessary)

1
(d T, - {xIni <1 <”z+1})
J
Z exp(mi (S(d, Ta 1/.]’ {xa X1, X2, ** }) - l/l)) if 1 S J S i
Let B; = {an s Xn s e x,,jq}. Then

sup A(T, Bj) + h(T, {X, Xu,, Xuy, - - .}) = 0.
jeN

Now for any sub-sequence {k;};eny € N we have thatif / e Nand 1 < j <k; then

S (dT;UBk U{x}>>s,<dT ! B,)

ieN
j 1 1
= exp| my | s| d, T,;,{x,xl,m,.--} %))

which implies that for each fixed j € N
1 1
d, T, {x,x1,x2,...}]=s d,T,—.,UBk,«U{X}
J ieN

>11msup—jlogs j (d T, — UBk U{x})>s<d T, —, {x, xl,xz,...}>.
My J

=400 mk ieN

Then letting j — 400 we have A(T, | J; oy Bx, U {x}) = (T, {x, x1, x2, .. .}) =a.
Now we are ready to prove the main result in this section.
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THEOREM 6.4. Each HUL TDS is asymptotically h-expansive.

Proof. Let (X, T) be a HUL TDS with metric d. Assume the contrary that (X, T') is
not asymptotically s-expansive, i.e. a = h*(T) =lim¢_, o4 h%.(¢) > 0. Then there exist a
sequence {x;};cn € X with limit x and a sequence {¢; }; iy of positive numbers with limit
0 such that lim;_, o h(T, P, (x;)) = a. There are two cases.

Case 1. There exist infinitely many i € N such that x & ®, (x;). Thus without loss of
generality we assume x & @, (x;) foreachi e N.

Since (X, T) is HUL, for each i € N we can take a countable infinite compact
subset X; C ®, (x;) with a unique limit point y; such that a; =h(T, X;) <a and
lim;_, ;o a; = a. Clearly, lim;_, {» y; = x. Moreover, by Theorem 6.1 we may assume
that A (T, {x, y1, y2, . . .}) =0 (if necessary we take a sub-sequence).

By Lemma 6.2,

n(7. | X U x)) = max {sup BT, X0). h(T, (. 31,y .}>} =a,
ieN ieN

so there exists a countable infinite compact subset A C | J; .y X U {x} with a unique limit

point z such that A(T, A) =a > 0. By assumptions, if z =x then each A; = AN X; is a

finite subset, which implies

h(T, A) =h(T, AU{y1, y2, ...}

= max{sup h(T, A; U {y;:}), k(T, {x, y1, y2, . . .})} (using Lemma 6.2) =0,
ieN

a contradiction with 2(T, A) =a > 0. Thus z # x, and so z € X,, for some v € N. Put

r =d(z, x)/2, then r > 0 follows from x ¢ ®, (x,). Since {x} is the limit of {X;};cn (in

the sense of Hausdorff metric Hy), there exists L € N such that if i > L then d(z, X;) >

d(z, x) — Hg(X;, {x}) > r. Thus ({J;., Xi U{x}) N A is a finite set, as z is the unique

limit point of A and d(z, ((;~; X; U {x}) N A) > r. Therefore

h(T, A):h(T, AN U Xi) < max h(T, X;) = max a; <a,

l<i<L 1<i<L 1<i<L

which contradicts the assumption made at the start of the proof.

Case 2. x € @, (x;) for each large enough i € N. Without loss of generality we assume that
for eachi e N, x € ®, (x;) and so P, (x;) € Do, (x). So limeoq A(T, Pc(x)) =a. As
h(T, ®c(T*x)) > h(T, ®.(x)) for each k € Nand € > 0, then lim_, o4 h(T, ®(T¥x)) =
a foreach k € N.

If {x, Tx, T2x, .. .} is infinite, we fix a point y e w(x, T) = ﬂneN (Tix|j=>n}
Then for each i € N there exists k; € N such that 0 <d(y, Tkix) < 1/i. For each
ieN, as lime_ o4 A(T, O (Thix)) =a, we may take 0 <n; <d(y, Tkix) such that
h(T, ®,, (T x)) > min{a(l — 1/i),i}. Let y;=Tkx, then lim; o y; =y and
lim; 400 H(T, ¢y, (y;)) =a and y ¢ @, (y;) for each i € N. By a similar proof to Case 1,
it is impossible. Hence, x must have a finite orbit, and we may assume that x is a periodic
point (if necessary we replace x by T*x for some k € N).
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Let € N be the period of x. Since T (P (T¥x)) C & (Tt 1x) for each k € N and € >
0, U/} ®c(T'x) is compact and T-invariant (i.e. T(!Z) @c(TPx)) € /) ®e(T7x))
for any € > 0. Foreachn e N, let ¥,, = Ué;(l) <I>1/,,(Tix). Then (Y,, T) is a sub-system of
(X, T) and hop(T, Y,) = h(T, ®1/,(x)) > a. By the variational principle, there exists
tn € MYy, T) such that A, (T, Y,) > min{a(l — 1/n), n}. Obviously, u,({x}) =0
and p, (P17, (x)) > 1/1. Thus, we can take a compact subset K, € ®1,,(x) such that
un(K,) >0 and x ¢ K,,. By a classic result of Katok [16, Theorem 1.1] (see also [30,
Theorem 3.7]), we know that

1
h(T, Ky) = hy, (T, Yy) > min{a(l - —>, n}
n

as u,(K,) > 0. As (X, T) is HUL, there is a countable compact subset X,, € K,, with a
unique limit point y, such that #(T, X,) = a, = min{a(l — 1/n), n} < a. Clearly, x ¢ X,,
for each n €N, as x ¢ K,,. Again by a similar proof to Case 1, we know that this is
impossible. Thus, (X, T)) must be asymptotically iz-expansive. O

7. Properties preserved by a principal extension

Combined with the results obtained in §§5 and 6, in this section we shall answer
question 1.4 by proving that a TDS is HUL if and only if it is asymptotically s-expansive.
Moreover, we present a hereditarily lowerable TDS with finite entropy which is not HUL.
As a byproduct, we show that principal extension preserves the properties of lowering,
hereditary lowering and HUL.

Let (X, T) and (Y, S) be GTDSs. We say that w : (X, T) — (Y, S) is a factor map if =
is a continuous surjective map and Tt o7 =Som. Let w: (X, T) — (¥, S) be a factor
map between GTDSs. The relative topological entropy of (X, T) with respect to 1 is
defined as follows:

hop(T, X|7) = sup (T, 7~ ().
yeY

Let w : (X, T) — (¥, S) be a factor map between GTDSs. It is easy to check that
on Y the function y — A(T, 7~ !(y)) is S-invariant and Borel measurable. Thus for each
v e M(Y, S) we may define

n(r X = [ K ) v,
Y
In particular, if v is ergodic then h (T, 77 1(y)) = h(T, X|v) for v-a.e y € Y. Thus we have
the following.

PROPOSITION 7.1. Let @ : (X, T) — (Y, S) be a factor map between GTDSs. Then
for each v e M¢(Y, S) there exists a countable compact set K € 2X with W(T, K) =
h(T, X|v).

Now let 7 : (X, T) — (Y, S) be a factor map between GTDSs and pu € M(X, T).
Note that the sub-o-algebra 7~ Y By) C By satisfies T~'n~1(By) € 7~ (By) in the sense
of . We define relative measure-theoretical ji-entropy of (X, T) with respect to  as

h (T, X|) = h, (T, X|m " (By)).
The following results are proved in [10] and [19].
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LEMMA 7.2. Let w:(X,T) — (Y, S) be a factor map between GTDSs. Then the
following hold.
(1) One has

hop(T, X|t) = sup  h(T, X|v)= sup h(T, X|v).
veM(Y,S) veMe(Y,S)

(2) Foreachv e M(Y, S),
h(T, X|v) =sup{h, (T, X|w) | u e M(X, T), mpu=v}.
3) Foreachpue M(X, T), hy (T, X) =hy(T, X|m) + hzu(S, V).

We have proved that each expansive TDS is HUL. In fact, the same conclusion holds
for a more general case. To prove this, first we shall prove the following Bowen’s type
theorem which is interesting in itself. We remark that the idea of the proof is inspired by
the proof of [2, Theorem 17].

THEOREM 7.3. Let m : (X, T) — (Y, S) be a factor map between GTDSs and E € 2X.
Then

h(S, m(E)) <h(T, E) < h(S, n(E)) + hop(T, X|7).
In particular, if (Y, S) has finite entropy then for each E € 2%,

h(T, E) — h(S, 7(E)) < hiop(T, X|7).

Proof. By the continuity of 7, it is easy to obtain h(S, 7(E)) < h(T, E). Thus it remains
to prove A(T, E) < h(S, w(E)) + hiop(T, X|7). If heop(T, X|7) = +00, this is obvious.
Now we suppose that a = hp(T, X|m) < +00. Let dx and dy be the metrics on (X, T)
and (Y, S), respectively.

Lete > 0and @ > 0. By Lemma 7.2 (1), for each y € Y we may choose m(y) € N such
that

a—i—azh(T,n*](y))—i—az

1 _
=) 10 Fnyy (dx, T, €, 71 (). (7.1)

Let Ey be an (m(y), €)-spanning set of 7~ 1(y) with respect to T with the minimum
cardinality. Then U, =, £, Bn( (2, 2€) is an open neighborhood of 7 ~!(y), where
Byu(y)(z, 2¢€) denotes the open ball in X with center z and radius 2¢ (in the sense of
(dx)m(y)-metric). Since the map 771 Y = 2%,y 771(y) is upper semi-continuous,
there exists an open neighborhood Wy, of y for which n~! (Wy) € Uy. By the compactness
of Y there exist {y1, ..., yx} Y such that W ={W,,, ..., Wy} forms an open cover
of Y.

Let § > 0 be a Lebesgue number of W and M = max{m(y;), ..., m(yx)}. Let m(E),
be any (n, §)-spanning set for w(E) with respect to S with the minimum cardinality.
Foreach y e m(E), and 0 < j < n, pick ¢;(y) € {y1, . . ., yx} with B(S/(y), 8) C Wcj(y),
where B(S’(y), §) denotes the open ball in ¥ with center S/(y) and radius §. Now
define recursively #o(y) =0 and #;,11(y) = £, (y) + m(cs(y)(¥)) (s € Z) until one gets a
tq+1(y) = n;ysetq(y) =q < 14(y).

Forany y € m(E), and 20 € E¢, (,,(1)» 21 € Ec, (s - -+ Zq(y) € Ec,q(y)(y)(y) we define

Vs 20, 21, -+ Zg(0) = 1 € X 1 @X)mier, o0 (T W), 25) < 26,0 <5 <q ().
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Obviously, for each y € w(E),, the number of permissible tuples (zo, z1, . . ., Zg(y)) 1S
q(y)
Ny =T ] rmteyron@x T €, w7 (ciyn (). (72)
s=0

Then we have (using (7.1) and (7.2))

q(y)
Ny < l_[ eatam ey () :e(a+a)(tq(y>(y)+m(c,q(y)(y>(y))) < plata)(nt+M) (7.3)

s=0

Note that if F is an (n, 4€)-separated subset of E with respect to 7 then, for
each permissible tuple (zo, z1, ..., 24(»))> V(¥; 20, 215 - - -, Zg(y)) N F has at most one
element, and

U ( U V(s zo, Z1,...,Zq(y))>2E.

yer(E)y z.yeEC,[().,@),OSSSq(y)
Thus combining (7.3) we have

sn(dy. T.4e. E)< Y Ny <ru(dy, S, 8 m(E))e@tnt),
yem(E)

Letting n — 400 one has s(dx, T, 4€, E) <r(dy, S, §, n(E))+a+ o <h(S, n(E)) +
a+ «a. Since € > 0 and o > 0 are arbitrary, we obtain A(T, E) < h(S, 7(E)) + a. This
finishes the proof. O

As a direct consequence of Theorem 7.3, we have the following proposition.

PROPOSITION 7.4. Let  : (X, T) — (Y, S) be a factor map between GTDSs. If (Y, S)
has finite entropy, then

sup (h(T, E) — h(S, w(E))) = hop(T, X|1).
Ee2X

Proof. On one hand we know supgcox(W(T, E) — h(S, w(E))) < hiop(T, X|7) by
Theorem 7.3. On the other hand, we have

sup (h(T, E) — h(S, m(E))) = sup(h(T, =" ()) — h(S, {y})

Ee2X yeyY
= sup h(T, 7 () = hiop(T, X|7).
yeY
This completes the proof. O

Letm : (X, T) — (Y, S) be a factor map between GTDSs. We say that  is a principal
factor map (or (X, T) is a principal extension of (Y, S)) if h, (T, X) = hy, (S, Y) for each
n € M(X, T). This was introduced and studied firstly by Ledrappier [18].

The following result is a direct consequence of Lemma 7.2 and Theorem 7.3.

COROLLARY 7.5. Letm : (X, T) — (Y, S) be a principal factor map betweens GTDSs. If
(Y, S) has finite entropy then hyop(T, X|m) =0and h(T, K) = h(S, n(K)) forall K € 2X.
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A characterization of asymptotical #-expansiveness is obtained recently by Boyle and
Downarowicz as the following [S, Theorem 8.6].

LEMMA 7.6. A TDS (X, T) is asymptotically h-expansive if and only if it admits a
principal extension to a symbolic TDS.

Then question 1.4 is answered as follows.
THEOREM 7.7. A TDS (X, T) is asymptotically h-expansive if and only if it is HUL.

Proof. First, each HUL TDS is asymptotically /-expansive by Theorem 6.4.

Now assume that TDS (X, T) is asymptotically i-expansive and by Lemma 7.6 let
7:(X', T") - (X, T) be a principal factor map with (X', T’) a symbolic TDS. Then
hop(T, X) < hiop(T', X') < 400 (as (X', T’) is a symbolic TDS), and so for each E
2X'. we have h(T’, E) = h(T, 7(E)) by Corollary 7.5. Given E € 2%, since (X, T')
is an expansive TDS, then using Theorem 5.4 we have that for each 0 <h < h(T, E) =
h(T’, 7~1(E)) there exists a countable compact subset X e 7~ 1(E) with at most a limit
point in X’ such that 2 (T’, X)) = h. Now set X, = w(X;) € E. So Xj, C X is a countable
compact subset with at most a limit point in X and h(T, X;,) =h(T’, X)) = h. That is,
TDS (X, T) is HUL. a

Moreover, combining with Corollary 7.5 and Theorem 7.7 we claim that principal
extension preserves the properties of lowering, hereditary lowering and HUL.

PROPOSITION 7.8. Let w : (X', T") — (X, T) be a principal factor map between TDSs.

If (X, T) has finite entropy then the following hold.

(1) (X', T') is asymptotically h-expansive if and only if so is (X, T).

(2) (X', T) is lowerable (respectively hereditarily lowerable, HUL) if and only if so is
(X, T).

Proof. (1) is only a special case of Ledrappier’s result about principal extensions [18,
Thorem 3]. (2) follows directly from Corollary 7.5, Theorem 7.7 and (1). O

It is not hard to construct examples with infinite entropy which are hereditarily
lowerable. Thus, there are TDSs which are hereditarily lowerable but not HUL. In fact,
an example with the same property which has finite entropy exists.

Example 7.9. There exists a hereditarily lowerable TDS (X, T') with finite entropy which
is not HUL. The detailed construction is given as follows.

Take countable copies of the full shift over {0, 1}2 and embed them into B, with
{B,}.eN a sequence of disjoint compact balls in R2 such that (0, 0) ¢ B, — {(0,0)} (in
the sense of Hausdorff metric). Let (X, T) be the TDS of the union of {(0, 0)} with these
copies, where T is the shift if it is restricted on each copy and (0, 0) — (0, 0). Then
hwop(T, X) =log 2 (using the classical variational principle). For each copy we may take
C, € B, with entropy a, <log?2 such that lim,_, 4+ a, =1log 2 (using Theorem 4.4).
Then h(T, UneN C,U{(0,0)}) =log2. By definition it is not hard to see that any
countable compact subset of X with a unique limit point (0, 0) must have zero entropy,
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which implies that each countable compact subset of |, C» U {(0, 0)} with a unique
limit point has entropy smaller strictly than log 2. Thus (X, T') is not HUL.

Now we claim that (X, T') is hereditarily lowerable. For each n € N, we take x,, € B,,.
Then it is not hard to see that h(T, {x,},en U {(0,0)}) =0. Let K € 2X and 0<h <
h(T, K). Foreachn € N, set K, = K N B,,. Since B,, is HUL (see Theorem 5.4), we may
take K,ﬁ’ € 2Kn with h(T, K,’,l) =min{h, h(T, K,)}. Using Lemma 6.2 we have

sup h(T, Kp) = maX{SUP h(T, Ky U {xn}), h(T, {xn}nen U {(O, 0)})}
neN neN

= h(T, U(K” U {x,}) U{(0, O)}) >nh(T, K) > h.
neN

This implies sup,,cy 7 (T, K,il‘) =h. Let Ky =, en Kfl‘ U {(0, 0)} € 2K, Then using

Lemma 6.2 again one has h(T, Kj) = sup,y h(T, K,ﬁ‘) =h. This means that K is

lowerable, and so (X, T) is a hereditarily lowerable TDS. This ends the example.

It is not difficult to show that the above example (by a small modification) has a
symbolic extension with the same entropy, which is not a principal one (see [5] for other
examples of the same type). Thus it is an interesting question if each system having a
symbolic extension is hereditarily lowerable.
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A. Appendix. Non-invertible case
In this appendix we want to explain that our main results hold for GTDSs. Note that we can
also introduce the lowerable, hereditarily lowerable, HUL and asymptotically s-expansive
properties for a GTDS. Let (X, T) be a GTDS. If T is surjective, we can use the standard
natural extension as follows.

Assume that d is a metric on X. We say (X7, S) is the natural extension of (X, T),
if X7 ={(x1,x2,...):T(xit1) =x;, x; € X, i € N}, which is a sub-space of the product
space [ 72, X with the compatible metric d7 defined by

o d(xi, yi)
dr((x1, x2,...), )1, y2,..)) = Z #
i=1
Moreover, S: X7 — X7 1is the shift homeomorphism, i.e. S(xi,x2,x3,...)=

(T (x1), x1, x2, .. .). The following observation is easy.

THEOREM A.l. Let (X7, S) be the natural extension of (X, T) with T surjective.
Then (X7, S) is lowerable (respectively hereditarily lowerable, HUL, asymptotically h-
expansive) if and only if so is (X, T).
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Proof. Let w1 : X7 — X be the projection to the first coordinate. = Observe that
diam(S"rrl_l(x)) — 0 for each x € X. This implies that A(S, nl_l(x)) =0 for each
x € X, and hence hop(S, X7|m1) = sup,cx h(S, nl_l(x)) = 0. By Theorem 7.3, (X7, S)
is lowerable (respectively hereditarily lowerable, HUL) if and only if so is (X, T).

Since A (S, nl_l (x)) =0foreach x € X, w1 is a principal extension by Lemma 7.2. Now
as a principal extension preserves the property of asymptotical s-expansiveness (see [18,
Theorem 3]), (X7, S) is asymptotically #-expansive if and only if so is (X, T').

If T is not surjective, we will construct a surjective system (X', T') such that the
dynamical properties of (X, T') and (X', T') are ’very close’ as follows.
Let
X' =X x{0}UX x {I/n|neN}.

Moreover, put T’ (x, 0) = (x, 0), T'(x, 1/(n + 1)) = (x, 1/n) and T'(x, 1) = (Tx, 1) for
neNandx € X.

It is not hard to check that (X', T’) is lowerable (respectively hereditarily lowerable,
HUL, asymptotically #-expansive) if and only if so is (X, T'). Collecting terms, one has
the following.

THEOREM A.2. Let (X, T) be a GTDS. Then (X, T) is HUL if and only if it is
asymptotically h-expansive, and if (X, T) has finite entropy then it is lowerable.
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