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Abstract

The Zagreb index, which is defined as the sum of squares of degrees of the nodes of
a tree, was studied in previous works by martingale techniques for random non-plane
recursive trees and classes of random trees which are close to random plane recursive
trees. These techniques are not easily amended to the generalized Zagreb index, which
is defined similarly but with squares replaced by higher powers. We use the moment-
transfer approach to (i) obtain the first-order asymptotics of moments and (ii) prove limit
laws for the (suitably normalized) generalized Zagreb index for random non-plane and
plane recursive trees. For the former, we show that for all higher powers the limit law is
normal; for the latter, we show for cubes and fourth powers that it is a non-normal law.
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1. Introduction

The Zagreb indices are among the most extensively studied topological indices in chem-
ical graph theory. Initially introduced by Gutman and Trinajstić in the 1970s [15], the first
Zagreb index has been widely utilized to predict the physicochemical properties of chemi-
cal compounds [22]. It has also been extensively applied in quantitative structure-property
relationship (QSPR) and quantitative structure-activity relationship (QSAR) studies (see, e.g.,
[6]). Recently, researchers have generalized this index to accommodate more complex molecu-
lar structures, resulting in the development of the generalized Zagreb index (see [2, 20, 25] and
references therein). These generalizations provide enhanced flexibility in modeling molecular
structures and their associated properties [13].

The generalized Zagreb index is formally defined as follows. Let G = (V, E) be a graph with
vertex set V and edge set E. For any positive integer k, the kth-order generalized Zagreb index
of G is defined as Z(k)

G =∑
v∈V Dk

v =∑
uv∈E (Dk−1

u + Dk−1
v ), where Dv denotes the degree of

vertex v in G. In particular, Z(k)
G corresponds to the first Zagreb index when k = 2, and it is
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referred to as the forgotten topological index when k = 3 [13]. The mathematical properties of
the generalized Zagreb index have been extensively studied. For example, extremal values for
this index in trees and unicyclic graphs are determined in [17, 19], and upper or lower bounds
of Z(k)

G are derived for some specific classes of graphs, such as planar graphs [16], bipartite
graphs [23], and line graphs [4]. For a comprehensive review of the first Zagreb index and its
applications in chemistry, we refer to [14], and for relations between the generalized Zagreb
index and other topological indices, see [1].

Random non-plane recursive trees (also just called recursive trees) and plane recursive
trees (also called plane-oriented recursive trees or PORTs) are two fundamental structures
in the study of random graphs and combinatorial probability (see, e.g., [8]). Using martin-
gale techniques, the limit laws for the first Zagreb index of non-plane recursive trees and
Barabási–Albert trees (a slight variant of plane recursive trees) are established in [9, 10]; see
also [24] for explicit expressions of the first two moments and the limit law of the first Zagreb
index for another (slight) variant of plane recursive trees. Furthermore, with an application of
Stein’s method, the asymptotic normality of the first Zagreb index for classical Erdös–Rényi
(ER) random graphs is established as the graph size approaches infinity [11]. For the gen-
eralized Zagreb index of ER random graphs, its expectation is obtained in [7], and several
limits laws are further demonstrated in [12]. Motivated by these studies, our work focuses on
the asymptotic behavior of this index for non-plane and plane recursive trees. While extend-
ing prior work [9, 10, 24] might seem natural, the martingale techniques and Stein’s method
are not applicable for general k. Instead, we employ the moment-transfer approach in this
work.

The rest of this paper is organized as follows. In the next section, we formally define random
non-plane and plane recursive trees, obtain distributional recurrences for the general Zagreb
index, and recall the moment-transfer approach. In Section 3, we apply this method to derive
the first-order asymptotics of moments and a central limit theorem for non-plane recursive trees
(including the case k = 2, which was already obtained in earlier works). In Section 4, we show
corresponding results for plane recursive trees (for k ≥ 3, as the case k = 2 requires a different
treatment). We end the paper with the conclusion in Section 5.

2. Recurrences and the moment-transfer approach

2.1. Random non-plane and plane recursive trees

We first give precise definitions of the two random tree models considered in this paper.
First, a random non-plane recursive tree of size n is recursively built as follows. Start with a

root node labeled by 1. In the ith step, a node labeled by i joins the already built tree by becom-
ing the child of one of the i − 1 existing nodes, where the parent node is picked uniformly at
random from these i − 1 nodes. We stop when exactly n nodes have joined.

Note that the children of every non-leaf node in a random non-plane recursive tree are not
ordered. On the other hand, in a random plane recursive tree, in the ith step we assume that a
node with k children has k + 1 free places (one in front of the first child, the next between the
first and the second child, etc.). The ith node then chooses uniformly at random from one of
those free places (among all the free places) and is attached there. Thus, in contrast to random
non-plane recursive trees, the children of every non-leaf node in a random plane recursive tree
have a left-to-right order.
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Generalized Zagreb index for non-plane and plane recursive trees 3

The above definitions easily imply that there are (n − 1)! different non-plane recursive trees
of size n, and

(2n − 3)!! = (2n − 2)!
2n−1(n − 1)! = n!Cn

2n−1

different plane recursive trees of size n, where Cn denotes the (shifted) Catalan numbers.
Moreover, from this, we can re-derive the distribution of the size In of the left-most subtree
of the root of a random non-plane or plane recursive tree (where for non-plane recursive trees
we order the subtrees of the root according to increasing labels of their roots); see [8, 18].

Lemma 1.

(i) For non-plane recursive trees, In has a uniform distribution on the set {1, . . . , n − 1}.
(ii) For plane recursive trees,

P(In = j) = 2(n − j)CjCn−j

nCn
, 1 ≤ j ≤ n − 1.

Proof. Both results follow from (simple) counting arguments using the above numbers of
non-plane and plane recursive trees and decomposing the tree into the left-most subtree of
the root and the remaining tree (both of which are again non-plane and plane recursive trees,
respectively). First, for part (i),

P(In = j) =
(

n − 2

j − 1

)
( j − 1)!(n − j − 1)!

(n − 1)! = 1

n − 1
,

where the binomial coefficient takes care of the relabeling of the two trees. Likewise, for
part (ii),

P(In = j) =
(

n − 1

j

)
(2j − 3)!!(2n − 2j − 3)!!

(2n − 3)!! ,

which simplifies to the claimed form. �

2.2. Generalized Zagreb index and root degree

The decomposition of random non-plane and plane recursive trees of size n used in the proof
of Lemma 1 can also be used to recursively compute the generalized Zagreb index, which we
denote by Z(k)

n throughout this work.

Proposition 1. The generalized Zagreb index of a random (non-plane or plane) recursive tree
of size n satisfies, for n ≥ 2,

Z(k)
n

d= Z(k)
In

+ Z̃(k)
n−In

− Rk
In

+ (RIn + 1)k − R̃k
n−In

+ (R̃n−In + 1)k (1)

with initial condition Z(k)
1 = 0. Here, Rn denotes the (random) degree of the root, Z̃n and R̃n are

independent copies of Zn and Rn, and (Zn, Rn) and (In) are independent.

Proof. The decomposition of a random (non-plane or plane) recursive tree into the left-most
subtree of the root and the remaining tree gives two independent (non-plane or plane) recursive
trees of size In and n − In. Also, the Zagreb index is then the sum of the Zagreb indices of these
two trees, where we have to correct the contributions at the two roots. For the root of the left-
most subtree this correction gives the term −Rk

In
+ (RIn + 1)k since we are missing one edge of

the root. Likewise, for the remaining tree we have the correction −R̃k
n−In

+ (R̃n−In + 1)k. �
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The same argument can be used to obtain a recurrence for the (random) root degree as well.

Lemma 2. The degree of the root of a random (non-plane or plane) recursive tree of size n
satisfies, for n ≥ 2,

Rn
d= R̃n−In + 1 (2)

with initial condition R1 = 0.

From this result, we see that all (non-centered or centered) moments of Rn satisfy a
recurrence of the type

an =
n−1∑
j=1

πn, jan−j + bn, n ≥ 2, (3)

with initial condition a1 = 0, where πn, j = P(In = j) (see Lemma 1) and bn a function involving
moments of lower order. By solving this recurrence (either exactly or asymptotically), a great
number of properties can be proved for the root degree; see [8, Section 6.1.1] for random
non-plane recursive trees and [18] for random plane recursive trees. We gather some of these
properties (which are used below) in the next proposition.

Proposition 2.

(i) For random non-plane recursive trees, in distribution and with convergence of all
moments,

Rn − log n√
log n

d−→ N(0, 1), n → ∞,

where N(0, 1) denotes a standard normal distribution.

(ii) For random plane recursive trees, in distribution and with convergence of all moments,

Rn/
√

n
d−→ Rayleigh(

√
2), where Rayleigh(σ ) denotes a Rayleigh distribution with

parameter σ .

Similarly, all (non-centered and centered) moments of Z(k)
n satisfy the two-sided version

of (3):

an =
n−1∑
j=1

πn, j(aj + an−j) + bn, n ≥ 2, (4)

with initial condition a1 = 0, where again πn, j = P(In = j) (see Lemma 1) and bn is a function
of lower-order moments and moments of Rn.

This recurrence will be the starting point of our analysis of the generalized Zagreb index. To
derive the first-order asymptotics of moments and limit laws from it we are going to apply the
moment-transfer approach, which we explain next. (Similarly, we could re-prove Proposition 2
with this method from (3); see [5].)

2.3. Moment-transfer approach

Our goal is to prove limit laws for the generalized Zagreb index of non-plane and plane
recursive trees. One way of proving a limit law in probability theory is to use the method of
moments; see [3, Section 30]. This method proceeds by (i) finding the first-order asymptotics
of all moments (of the suitably normalized sequence of random variables) and (ii) identifying
the limit law from the asymptotic moment sequence. The method is in particular well suited
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Generalized Zagreb index for non-plane and plane recursive trees 5

for sequences of random variables which satisfy distributional recurrences such as (1) or (2)
since all moments satisfy the same type of recurrence (see (4) for the former and (3) for the
latter) that depends on the sequence bn and involves lower-order moments. Thus, induction can
be applied to find the asymptotics of all moments as follows. First, the induction hypothesis is
used to obtain the asymptotics of bn; then, we need (general) results that bridge the asymptotics
of bn with that of an – such results are called asymptotic transfer results. These are then used to
complete the induction step. In summary, this method is called the moment-transfer approach.
It has been used in numerous papers analyzing parameters of random trees; see, for instance,
[5, 18, 21] and references therein.

Note that the distributional recurrence (1) of the Zagreb index also depends on Rn. Thus,
in the induction step, we have to work with mixed moments of Z(k)

n and Rn. Consequently,
we need an asymptotic transfer result not only for (4) but also for (3). Such results for both
non-plane and plane recursive trees have been established in earlier work. We will state next
the results we need in Sections 3 and 4.

First, for non-plane recursive trees, we need some further notation. Let the (modified)
Ô-notation be defined as the O-notation but with logarithmic terms suppressed, e.g.
O ( logk n) = Ô(1) for any integer k ≥ 0. Then, we have the following asymptotic transfer
results for non-plane recursive trees; see [21, Lemmas 2 and 6].

Lemma 3. Consider (3) for non-plane recursive trees. If bn = Ô(nα) for α ≥ 0, then
an = Ô(nα).

Lemma 4. Consider (4) for non-plane recursive trees.

(i) If bn = Ô(nα) with 0 ≤ α < 1, then an = μn + Ô(nα), where μ ∈R.

(ii) If bn ∼ cnα with α > 1, then an ∼ c(α + 1)nα/(α − 1).

Remark 1. The constant in Lemma 4(i) is given by

μ = 2
∞∑

j=2

bj

j( j + 1)
. (5)

Note that, under the assumption of part (i), the series converges.

Likewise, we have similar results for plane recursive trees; see [18].

Lemma 5. Consider (3) for plane recursive trees. If bn ∼ cnα with α > − 1
2 , then an ∼ c�(α +

1/2)nα+1/2/�(α + 1), where �(z) denotes the gamma function.

Lemma 6. Consider (4) for plane recursive trees.

(i) If bn ∼ c
√

n then an ∼ cn log n/
√

π .

(ii) If bn ∼ cnα with α > 1/2, then an ∼ c�(α − 1/2)nα+1/2/�(α).

3. Non-plane recursive trees

In this section we prove a central limit theorem for the generalized Zagreb index of random
non-plane recursive trees for all powers. We start by stating the main result of this section.

Theorem 1. For random non-plane recursive trees, we have the following limit distribution

result for the generalized Zagreb index: for k ≥ 2,
(
Z(k)

n − μkn
)
/σk

√
n

d−→ N(0, 1) as n → ∞,
where μk and σk are positive constants which are given in (9) and the proof of Lemma 8
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Remark 2. As mentioned in the introduction, the limit law for k = 2 (first Zagreb index) was
already obtained in [9]. Our method works for this case, too, and gives an alternative proof.

We are going to prove the above result by computing the asymptotics of all moments. We
first derive the mean and then consider higher moments. The starting point is (1), which we
bring into the form

Z(k)
n

d= Z(k)
In

+ Z̃(k)
n−In

+
k−1∑
�=0

(
k

�

)(
R�

In
+ R̃�

n−In

)
. (6)

3.1. Mean value

By taking expectation on both sides of (6) and using Lemma 1, we see that the mean
an := E(Z(k)

n ) satisfies (4) with

bn =
k−1∑
�=0

(
k

�

)
2

n − 1

n−1∑
j=1

E(R�
j ). (7)

Next, by moment convergence in Proposition 2(i),

E((Rn − log n)m) = Ô(1), m ≥ 0, (8)

which in turn implies that E(Rm
n ) = Ô(1) for m ≥ 0. Plugging this into (7) gives bn = Ô(1).

Thus, from Lemma 4(i),
μ(n) := E

(
Z(k)

n

)= μkn + Ô(1), (9)

where μk is a suitable constant given by (5). (This also shows that μk > 0 as bn > 0 for n ≥ 3.)
For small values of k, the constant μk can be computed. For example, for k = 2, the

expression in (7) for bn becomes

bn = 2 + 4

n − 1

n−1∑
j=1

E(Rj).

Note that E(Rn) = Hn−1, where Hn−1 := ∑n−1
j=1 (1/j) is the (n − 1)st harmonic number. This

can easily be derived from (2); see also [8, Section 6.1.1]. Thus,

bn = 2 + 4

n − 1

n−1∑
j=1

Hj−1 = 4�(n) + 4γ − 2,

where γ is Euler’s constant and �(n) denotes the digamma function. Plugging this into (5)
gives

μ2 = 8
∞∑

j=2

�( j)

j( j + 1)
+ (2γ − 4)

∞∑
j=2

1

j( j + 1)
= 6,

where the last step follows from

∞∑
j=2

1

j( j + 1)
= 1

2
and

∞∑
j=2

�( j)

j( j + 1)
= 1 − γ

2
.

This value is the same as the one obtained in [9].
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3.2. Higher moments

We next consider the asymptotics of higher moments, where we consider central moments.
Therefore, set Z̄(k)

n := Z(k)
n − μ(n). Then (6) becomes

Z̄(k)
n

d= Z̄(k)
In

+ ˜̄Z(k)
n−In

+
k−1∑
�=0

(
k

�

)(
R�

In
+ R̃�

n−In

)+ 	(n), (10)

where 	(n) := μ(In) + μ(n − In) − μ(n). Note that, from (9), for 1 ≤ j ≤ n − 1,

	(n)1{In=j} = μ( j) + μ(n − j) − μ(n)

= μkj + μk(n − j) − μkn + Ô(1) = Ô(1), (11)

where 1A denotes the indictator function of the set A.
Since the recurrence (10) depends on Rn, we need to consider mixed moments. We first

make the following important observation. (From now on, we suppress the dependence on k.)

Lemma 7. The mixed moments E(Z̄r
nRs

n) for s > 0 satisfy (3) and for s = 0 satisfy (4), where bn

is in both cases a function of (	(n) | In = j) and mixed moments of smaller order with respect
to the lexicographic order.

Proof. Raising (10) to the rth power gives

E(Z̄r
n) = 1

n − 1

n−1∑
j=1

E

(
Z̄j + ˜̄Zn−j +

k−1∑
�=0

(
k

�

)(
R�

j + R̃�
n−j

)+ (	(n) | In = j)

)r

= 1

n − 1

n−1∑
j=1

∑
i1+i2+i3=r

(
r

i1, i2, i3

)
E
(
Z̄i1

j
˜̄Zi2

n−jT
i3
n, j

)
,

where

Tn, j :=
k−1∑
�=0

(
k

�

)(
R�

j + R̃�
n−j

)+ (	(n) | In = j).

Likewise, for the mixed moments, by (2),

E(Z̄r
nRs

n) = 1

n − 1

n−1∑
j=1

∑
i1+i2+i3=r

(
r

i1, i2, i3

)
E
(
Z̄i1

j
˜̄Zi2

n−jT
i3
n, j(R̃n−j + 1)s). (12)

Expanding Ti3
n, j and (R̃n−j + 1)s in the above mean gives terms of the form

E
(
Z̄i1

j Ri
j

)
E
(
Z̄i2

n−jR
�
n−j

)
, (13)

where i ≤ i3(k − 1), � ≤ i3(k − 1) + s, and i1 + i2 + i3 = r. With respect to the lexicographic
order, a highest-order term is obtained if we set i2 = r and � = s, which gives for (13)
E
(
Z̄r

n−jR
s
n−j

)
since i1 = i3 = 0 and thus i = 0. Also note that the coefficient of this term is 1. If

s > 0, the orders of all other terms are strictly smaller with respect to the lexicographic order,
which gives the first claim. On the other hand, for s = 0, we have another highest-order term,
namely, by setting i1 = r and thus i2 = i3 = 0, which in turn gives i = � = 0, we obtain E(Z̄r

j )
and thus the recurrence in this case is indeed two-sided. �
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We now use this lemma and induction to obtain the following proposition.

Proposition 3. For r, s ≥ 0, E(Z̄r
nRs

n) = Ô(nr/2). Moreover, for s = 0, we have the refinement

E(Z̄r
n) ∼ grσ

r
k nr/2, (14)

where σk is a suitable constant and

gr =
⎧⎨
⎩

(2m)!
2mm! if r = 2m,

0 if r = 2m + 1.

Proof. We use induction on (r, s), which we again equip with the lexicographic order.
First, the claims hold for r = 0 and all s ≥ 0 due to (8). Moreover, from the definition of Z̄n,

the claims also hold for (r, s) = (1, 0).
Next, we assume that the claims hold for all (r′, s′) that are smaller than (r, s) with respect

to the lexicographic order, i.e. either r′ < r or r = r′ and s′ < s. In order to prove the claims for
(r, s), we distinguish the two cases s > 0 and s = 0.

If s > 0, by Lemma 7, we have that E(Z̄r
nRs

n) satisfies (3) with bn being a function of (	(n) |
In = j) and mixed moments of smaller order. Thus, (11) and the induction hypothesis yield
bn = Ô(nr/2). From this, by Lemma 3, we obtain that E(Z̄r

nRs
n) = Ô(nr/2). This proves the

claim in this case.
If s = 0, then again by Lemma 7 we have that E(Z̄r

n) satisfies (4) with bn given by

bn =
r−1∑
i=1

(
r

i

)
1

n − 1

n−1∑
j=1

E
(
Z̄i

j

)
E
(
Z̄r−i

n−j

)+ Ô(n(r−1)/2), (15)

where this expression arises from (12), where we have separated the terms with i3 = 0 (without
the two main terms) and the remaining terms which satisfy the claimed bound by (11) and the
induction hypothesis.

Now, for r = 2, the first term on the right-hand side of (15) equals 0 and thus bn = Ô(n1/2).
Applying Lemma 4(i) gives E(Z̄2

n) ∼ σkn, for a suitable sequence σk, which proves the claim
in this case.

Next, for r > 2, we plug the induction hypothesis into the first term on the right-hand side
of (15), which yields

r−1∑
i=1

(
r

i

)
1

n − 1

n−1∑
j=1

E
(
Z̄i

j

)
E
(
Z̄r−i

n−j

)∼ σ r
k

r−1∑
i=1

(
r

i

)
gigr−i

1

n − 1

n−1∑
j=1

ji/2(n − j)(r−i)/2

∼ σ r
k nr/2

(
r−1∑
i=1

(
r

i

)
gigr−i

∫ 1

0
xi/2(1 − x)(r−i)/2 dx

)
,

where the constant inside the brackets for r odd equals 0 (since either gi = 0 or gr−i = 0 for
1 ≤ i ≤ r − 1), and for r = 2m equals

2m−1∑
i=1

(
2m

i

)
gig2m−i

�(i/2 + 1)�((2m − i)/2 + 1)

�(m + 2)
=

m−1∑
i=1

(
2m

2i

)
g2ig2m−2i

i!(m − i)!
(m + 1)!

= (2m)!(m − 1)

2m(m + 1)! .
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Thus, in both cases, bn ∼ σ r
k nr/2gr(r/2 − 1)/(r/2 + 1). Applying Lemma 4(ii) gives the

claimed result in this case also. �

The last step is to show that σk from the last proposition is strictly positive.

Lemma 8. For all k ≥ 2, σk > 0.

Proof. In order to show the claim, we have to revisit the case (r, s) = (2, 0) in the proof of
the last proposition.

First, from (12), we see that E(Z̄2
n ) satisfies (4) with

bn =E
(
T2

n,In

)+ 4E
(
Z̄In Tn,In

)=E
(
T2

n,In

)+ 4
k−1∑
�=0

(
k

�

)
E
(
Z̄In R�

In

)
.

Since σk is given by (5), the claimed result follows if (i) bn is not identical to zero, and (ii)
bn ≥ 0. Item (i) is easy to check, and thus we only need to verify (ii). For this, we prove by
induction on � ≥ 0 that E(Z̄nR�

n) ≥ 0.
The claim holds for � = 0. Next, from (12), we see that E(Z̄nR�

n) satisfies (3) with

bn =
�−1∑
i=0

(
�

i

)
E
( ˜̄Zn−In R̃i

n−In

)+E
(
Tn,In (R̃n−In + 1)�

)
. (16)

Note that the solution of (3) with πn, j = 1/(n − 1) is given by an = bn +∑n−1
j=2 bj/j. Thus, the

claim follows if again bn ≥ 0. The first term on the right-hand side of (16) is non-negative by
the induction hypothesis. The second term, we rewrite as

E
(
Tn,In (R̃n−In + 1)�

)=
k−1∑
i=0

(
k

i

)
E
(
Ri

In
+ R̃i

n−In

)(
R̃n−In + 1

)� + 	(n)E
(
R̃n−In + 1

)�.

Taking expectations on both sides of (10) gives

	(n) = −2
k−1∑
i=0

(
k

i

)
E(Ri

In
).

Plugging this into the expression above and simplifying yields

E(Tn,In (R̃n−In + 1)�) =
k−1∑
i=0

(
k

i

)(
E
(
R̃i

n−In
(R̃n−In + 1)�

)−E
(
Ri

In

)
E
(
R̃n−In + 1

)�)

=
k−1∑
i=0

(
k

i

)(
E
(
Ri

In
(RIn + 1)�

)−E
(
Ri

In

)
E
(
RIn + 1

)�)
,

where the last step follows by symmetry. Finally, by the binomial theorem,

E
(
Ri

In
(RIn + 1)�

)−E
(
Ri

In

)
E
(
RIn + 1

)� =
�∑

j=0

(
�

j

)(
E
(
Ri+j

In

)−E
(
Ri

In

)
E
(
R j

In

))

and the expression inside the sum is non-negative because of Hölder’s inequality. Thus,

E
(
Tn,In (R̃n−In + 1)�

)≥ 0,
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which in turn implies that the bn from (16) is non-negative. This concludes the induction and
the proof of the lemma. �

We can now complete the proof of Theorem 1.

Proof of Theorem 1. By Lemma 8 and (14), Xn = Z̄n/(σkn1/2) satisfies E(Xr
n) −→ gr as

n → ∞. Since E(N(0, 1))r = gr, the method of moments gives Xn
d−→ N(0, 1) as claimed. �

4. Plane recursive trees

This section contains our main result for random plane recursive trees, which is the
following limit distribution result.

Theorem 2. For random plane recursive trees, we have the following limit distribution result

for the generalized Zagreb index. For k = 3 or k = 4, Z(k)
n /nk/2 d−→ Z(k), where Z(k) is a random

variable that is uniquely characterized by the moment sequence {gr,0}∞r=0. which satisfies (27)
and (28).

Remark 3.

(i) For k = 2, a different normalization has to be used; see Remark 6.

(ii) For k ≥ 5, the moment-transfer approach cannot be applied as the sequence {gr,0}∞r=0
grows too fast to imply that it uniquely characterizes Z(k); see Remark 5.

We again compute the asymptotics of all moments by first considering the mean and then
higher moments, where for the mean we bring (1) into the form

Z(k)
n

d= Z(k)
In

+ Z̃(k)
n−In

+
k−1∑
�=0

(
k

�

)(
R�

In
− ( − 1)k−�R�

n

)
. (17)

Note that this differs from (6) since we have used (2) to replace the last two terms of (1)
by −(Rn − 1)k + Rk

n before expanding by the binomial theorem; this change will be make the
computation of the (asymptotic) mean easier. For higher moments, however, we again use (6).

In addition, we state a technical lemma which is needed below.

Lemma 9. For u, v ≥ 0, we have, for the following sum involving Catalan numbers,

n−1∑
j=1

2(n − j)CjCn−j

nCn
ju/2(n − j)v/2 =

⎧⎪⎨
⎪⎩
O(nv/2) if u = 0,

O(nv/2 log n) if u = 1,

O(n(u+v−1)/2) if u ≥ 2.

(18)

Proof. First recall the following asymptotic result for the Catalan numbers:

Cn ∼ 4n−1

√
πn3

, n → ∞. (19)
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Generalized Zagreb index for non-plane and plane recursive trees 11

By plugging this into (18) we obtain, for u ≥ 2,

n−1∑
j=1

2(n − j)CjCn−j

nCn
ju/2(n − j)v/2 =O

(
n1/2

n−1∑
j=1

j (u−3)/2(n − j)(v−1)/2

)

=O
(

n(u+v−1)/2
∫ 1

0
x(u−3)/2(1 − x)(v−1)/2 dx

)

and the result follows from this since the last integral is finite. On the other hand, for u = 0 and
u = 1 the integral does not exist and we have to be more careful. More precisely, in these two
cases we replace the sum after the first step by

n−1∑
j=1

j (u−3)/2((n − j)(v−1)/2 − n(v−1)/2)+ n(v−1)/2
n−1∑
j=1

j (u−3)/2.

Then, the divergence issue is resolved and we can argue as above:

n1/2
n−1∑
j=1

j (u−3)/2(n − j)(v−1)/2

=O
(

n(u+v−1)/2
∫ 1

0
x(u−3)/2((1 − x)(v−1)/2 − 1

)
dx + nv/2

n−1∑
j=1

j (u−3)/2

)

=
{
O(nv/2) if u = 0,

O(nv/2 log n) if u = 1.

This proves the claimed result. �

4.1. Mean value

Taking the mean value on both sides of (17) shows that an =E(Z(k)
n ) satisfies (4) with

bn =
k−1∑
�=0

(
k

�

)( n−1∑
j=1

2(n − j)CjCn−j

nCn
E
(
R�

j

)− ( − 1)k−�
E
(
R�

n

))
.

Next, from the moment convergence in Proposition 2(ii), we obtain that

E(Rm
n ) ∼ m!√π

�((m + 1)/2)
nm/2, m ≥ 0, (20)

and in particular E(Rm
n ) =O(nm/2) for m ≥ 0. Thus, by (18) (with u = � and v = 0),

bn ∼ kE
(
Rk−1

n

)∼ k!√π

�(k/2)
n(k−1)/2,

and consequently, by Lemma 6,

E(Z(k)
n ) ∼

⎧⎪⎨
⎪⎩

2n log n if k = 2,

2k!√π

(k − 2)�((k − 1)/2)
nk/2 if k ≥ 3.

(21)
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Remark 4. This difference between k = 2 and k ≥ 3 is the reason why Theorem 2 does not
include the case k = 2.

For small k we can also compute closed-form expressions. We demonstrate this for k = 2;
the computation for higher values of k is similar but gets more and more involved.

First, from (2),

E(Rn) =
n−1∑
j=1

2(n − j)CjCn−j

nCn
E(Rn−j) + 1, n ≥ 2,

where E(R1) = 0. This is equivalent to

nCnE(Rn) = 2
n−1∑
j=1

Cj(n − j)Cn−jE(Rn−j) + nCn.

Set A(z) := ∑
n≥1 nCnE(Rn)zn. Then

A(z) = 2

(∑
n≥1

Cnzn

)
A(z) +

∑
n≥2

nCnzn.

Note that ∑
n≥1

Cnzn = 1 − √
1 − 4z

2
,

∑
n≥2

nCnzn = z√
1 − 4z

− z.

Consequently,

A(z) = z

1 − 4z
− z√

1 − 4z

and thus

E(Rn) = [zn]A(z)

nCn
= 4n−1

nCn
− 1, (22)

where the last step follows from standard computations. (Here, [zn] f (z) denotes the nth
coefficient in the Maclaurin series of f (z).)

Now let us turn to E(Z(2)
n ), which due to (6) satisfies

E
(
Z(2)

n

)= 2
n−1∑
j=1

CjCn−j

Cn
E
(
Z(2)

j

)+ 2 + 4
n−1∑
j=1

CjCn−j

Cn
E(Rj), n ≥ 2,

with E
(
Z(2)

1

)= 0. This can be rewritten as

CnE
(
Z(2)

n

)= 2
n−1∑
j=1

Cn−jCjE
(
Z(2)

j

)+ 2Cn + 4
n−1∑
j=1

Cn−jCjE(Rj),

which, by setting B(z) := ∑
n≥1 CnE

(
Z(2)

n
)
zn, translates into

B(z) = 2

(∑
n≥1

Cnzn

)
B(z) + 2

∑
n≥2

Cnzn + 4

(∑
n≥1

Cnzn

)∑
n≥1

CnE(Rn)zn.
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Generalized Zagreb index for non-plane and plane recursive trees 13

From (22), we have

∑
n≥1

CnE(Rn)zn = 1

4
log

1

1 − 4z
− 1 − √

1 − 4z

2
.

Collecting everything and simplifying gives

B(z) = 1

2
√

1 − 4z
log

1

1 − 4z
− 2z√

1 − 4z
− 1

2
log

1

1 − 4z
+ 1 − √

1 − 4z.

Recall that

[zn]
1√

1 − z
log

1

1 − z
= 1

4n

(
2n

n

)
(2H2n − Hn),

where Hn =∑n
j=1 (1/j) denotes the nth harmonic number. Consequently,

E
(
Z(2)

n

)= (2n − 1)(2H2n − Hn) − 2n − 4n

2nCn
+ 2.

From this, we obtain the refined asymptotics:

E
(
Z(2)

n

)= 2n log n + (4 log 2 + 2γ − 2)n +O(
√

n), n → ∞, (23)

where γ denotes Euler’s constant.

4.2. Higher moments

Here, in contrast to the non-plane case, we do not need to shift by the mean value, which
simplifies the proof. From now on We drop the superscript k.

We start with an analogue of Lemma 7

Lemma 10. The mixed moments E(Zr
nRs

n) for s > 0 satisfy (3) and for s = 0 satisfy (4), where bn

is in both cases a function of mixed moment of smaller order with respect to the lexicographic
order.

Proof. Similarly to the proof of Lemma 7, we obtain that

E(Zr
nRs

n) =
n−1∑
j=1

2(n − j)CjCn−j

nCn

∑
i1+i2+i3=r

(
r

i1, i2, i3

)
E
(
Zi1

j Z̃i2
n−jT

i3
n, j(R̃n−j + 1)s), (24)

where

Tn, j :=
k−1∑
�=0

(
k

�

)(
R�

j + R̃�
n−j

)
.

The rest of the arguments are identical to those in the proof of Lemma 7. �

From this result and induction, we obtain the following.

Proposition 4. For r, s ≥ 0, we have

E(Zr
nRs

n) ∼ gr,sn
(kr+s)/2, (25)

where gr,s satisfies the recurrence in the proof below.
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Proof. We use induction on (r, s) with respect to the lexicographic order, where the claim
holds for r = 0 and arbitrary s because of (20), and for (r, s) = (1, 0) because of (21).

We next assume that the claim holds for all (r′, s′) that are lexicographically smaller than
(r, s). We want to prove it for (r, s).

First consider s > 0. Then, by Lemma 10, we know that E(Zr
nRs

n) satisfies (3), where bn

consists of the terms on the right-hand side of (24) except the term with i2 = r and R̃s
n−j in the

expansion of (R̃n−j + 1)s. By expanding, we see that these terms are a linear combination of
terms

E
(
Zi1

j R�1
j

)
E
(
Zi2

n−jR
�2+�3
n−j

)
, (26)

where i1 + i2 + i3 = r, �1 and �2 arise from expanding Ti3
n, j and thus �1 + �2 ≤ i3(k − 1), and

�3 arises from expanding (R̃n−j + 1)s and thus �3 ≤ s. We plug the induction hypothesis into
this and then apply Lemma 9. Note that whenever i1 + i2 is reduced by 1, we lose a factor of k
in front of r in the exponent of (25). On the other hand, from �1 + �2 ≤ i3(k − 1), we see that
we can gain at most a term k − 1. Thus, by a careful analysis of the terms (26), we see that the
following terms dominate:

• i1 + i2 = r with i2 < r. Then, i3 = 0 and thus �1 = �2 = 0. Moreover, �3 = s.

• i2 = r and thus i1 = i3 = 0, which in turn implies that �1 = �2 = 0. Moreover, �3 = s − 1.
(Recall that �3 = s is not allowed as this term was removed from bn.)

• i2 = r − 1, i1 = 0, and �1 = 0, which implies that �2 = k − 1 and �3 = s.

In all remaining cases, the term (26) contributes O(n(kr+s)/2−1
)
. Thus, up to this error, bn is

given by

n−1∑
j=1

2(n − j)CjCn−j

nCn

(
r∑

�=1

(
r

�

)
E
(
Z�

j

)
E
(
Zr−�

n−j Rs
n−j

)+ krE
(
Zr−1

n−j Rk+s−1
n−j

)+ sE
(
Zr

n−jR
s−1
n−j

))
.

We consider the three terms in this expression separately. For the first one, by (19) and the
induction hypothesis,

r∑
�=1

(
r

�

) n−1∑
j=1

2(n − j)CjCn−j

nCn
E
(
Z�

j

)
E
(
Zr−�

n−j Rs
n−j

)

∼
r∑

�=1

(
r

�

)
g�,0gr−�,s

√
n

2
√

π

n−1∑
j=1

j(k�−3)/2(n − j)(k(r−�)+s−1)/2

∼ n(kr+s−1)/2

2
√

π

r∑
�=1

(
r

�

)
g�,0gr−�,s

∫ 1

0
x(k�−3)/2(1 − x)(k(r−�)+s−1)/2 dx

= n(kr+s−1)/2

2
√

π�((kr + s)/2)

r∑
�=1

(
r

�

)
g�,0gr−�,s�

(
k� − 1

2

)
�

(
k(r − �) + s + 1

2

)
.
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Next, consider the second term:

kr
n−1∑
j=1

2(n − j)CjCn−j

nCn
E
(
Zr−1

n−j Rk+s−1
n−j

)∼ 2krgr−1,k+s−1
√

n
n−1∑
j=1

Cj4
−j(n − j)(kr+s)/2−1

∼ 2krgr−1,k+s−1n(kr+s−1)/2
∑
j≥1

Cj4
−j

∼ krgr−1,k+s−1n(kr+s−1)/2,

where the last step follows from
∑

j≥1 Cj4−j = 1
2 . Likewise,

s
n−1∑
j=1

2(n − j)CjCn−j

nCn
E
(
Zr

n−jR
s−1
n−j

)∼ 2sgr,s−1n(kr+s−1)/2
∑
j≥1

Cj4
−j

∼ sgr,s−1n(kr+s−1)/2.

Using Lemma 4(ii) now gives the claimed result with

gr,s = 1

2
√

π�((kr + s + 1)/2)

r∑
�=1

(
r

�

)
g�,0gr−�,s�

(
k� − 1

2

)
�

(
k(r − �) + s + 1

2

)

+ �((kr + s)/2)

�((kr + s + 1)/2)

(
krgr−1,k+s−1 + sgr,s−1

)
, s > 0. (27)

Finally, for s = 0 the arguments are similar. First, by Lemma 10, E(Zr
nRs

n) satisfies (4) with

bn =
n−1∑
j=1

2(n − j)CjCn−j

nCn

(
r−1∑
�=1

(
r

�

)
E
(
Z�

j

)
E
(
Zr−�

n−j

)+ krE
(
Zr−1

n−j Rk−1
n−j

))+O(n(kr+s)/2−1).
Thus, arguing as above, we obtain the claim with

gr,0 = 1√
π (kr − 2)�((kr − 1)/2)

r−1∑
�=1

(
r

�

)
g�,0gr−�,0�

(
k� − 1

2

)
�

(
k(r − �) + 1

2

)

+ kr�(kr/2 − 1)

�((kr − 1)/2)
gr−1,k−1. (28)

This concludes the proof. �

Before we prove the main result of this section, we still need another technical lemma.

Lemma 11. For k = 3 or k = 4, there is a unique random vector (Z, R) whose (r, s)th mixed
moment equals gr,s.

Proof. In the appendix, we prove that there is a an absolute constant A such that

gr,s ≤ Akr+s
√

(kr + s)!, r, s ≥ 0. (29)

Now, in order to establish the result, we only need to show that the two marginal sequences
{gr,0}∞r=0 and {g0,s}∞s=0 uniquely characterize distributions. This is clear for the latter, as it is
the (unique) moments sequence of a Rayleigh distribution.
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As for the former, we use Carleman’s condition for the Stieltjes moment problem,which
means that we have to check the divergence of

∑∞
r=0 g−1/(2r)

r,0 :

∞∑
r=0

g−1/(2r)
r,0 ≥ A−k/2

∞∑
r=0

(kr)!−1/(4r).

The series on the right-hand side diverges if and only if k = 3 or k = 4. �

Remark 5. It is not hard to see that the estimate gr,0 ≤ Akr√(kr)! is sharp up to the base of the
exponential growth term and thus the series

∑∞
r=0 g−1/(2r)

r,0 is indeed convergent for all k ≥ 5.
As a consequence, it is not clear how to apply the method of moments for k ≥ 5.

Proof of Theorem 2. From Proposition 4 and Lemma 11, we can conclude that, for k = 3 or
k = 4, (

Zn

nk/2
,

Rn

n1/2

)
d−→ (Z, R).

From this the result follows. �

Remark 6. For k = 2, a similar result holds but with a different normalization. More precisely,
in this case we have to shift the mean (see (23)) as in Section 3 and the result becomes

Z(2)
n

n
− 2 log n − (4 log 2 + 2γ − 2)

d−→ Z(2), n → ∞,

where Z(2) is a random variable that is again uniquely characterized by its moment sequence.
This can either be proved with the method from this section, or more easily with martingale
arguments; see [24], where these arguments are used for a closely related random model.

5. Conclusion

Due to its importance in chemistry, the first Zagreb index has been investigated for sev-
eral random tree models, and limit laws have been proved with martingale techniques and
Stein’s method; see, e.g., [9, 24]. These techniques do not seem to work for the generalized
Zagreb index. In this paper we used another approach, namely the moment-transfer approach,
to investigate the generalization.

We concentrated on random non-plane and plane recursive trees for which transfer results,
on which the moment-transfer approach rests, have been established in previous work [18, 21].
For random non-plane trees, we proved that the the generalized Zagreb index has linear mean
and variance, and (when properly normalized) satisfies a central limit theorem regardless of
the value of k (the main parameter of the generalized Zagreb index; k = 2 is the classical case).
On the other hand, for random plane recursive trees, the mean grows with k and we proved that
the limit law is non-normal for 2 ≤ k ≤ 4. More precisely, we derived the asymptotic moment
sequence for all k ≥ 3 and showed that it characterizes the limit law for k = 3 and k = 4. For the
mean, our result on the moments also includes the case k = 2 for which we have a closed-form
expression; it corrects a previous result from [24] that was stated for random plane recursive
trees even though the author investigated a slightly different random model. In addition, we
commented on the limit law of the case k = 2, which requires a different normalization; see
Remark 6. In this case our method of proof works as well, but the result is more easily proved
by using martingale techniques (which is why we did not provide details).
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Appendix

In this appendix we prove (29).

Proposition 5. For the sequence {gr,s}∞r,s=0 from Proposition 4, we have the bound

gr,s ≤ Akr+s
√

(kr + s)!,
where A is a suitable large constant.

We first need two lemmas.

Lemma 12. For all integers a, b ≥ 1,

�(a/2)�(b/2)√
π�((a + b − 1)/2)

≤ 1.

Proof. We prove this by induction on a + b = k. Note that the claim is true for k = 2 and
k = 3. Assume that it holds for k′ < k. We will show it for a + b = k. By the functional equation
for the Gamma function, we have

(a/2 − 1)�((a − 2)/2)�(b/2)√
π ((a + b − 1)/2 − 1)�((a + b − 3)/2)

= a − 2

a − 2 + b − 1
· �((a − 2)/2)�(b/2)√

π�((a + b − 3)/2)
≤ 1,

where the first factor is trivially bounded by 1 and the second factor is bounded by 1 because
of the induction hypothesis. �

Lemma 13. For k ≥ 2, (
r

�

)2

≤
(

kr + s

k�

)
, 0 ≤ � ≤ r,

where r, s ≥ 0 are integers.

Proof. Partition a set of kr objects into k blocks that all have size r. Then, clearly,

(
r

�

)k

≤
(

kr

k�

)

as selecting � elements from each block gives a selection of k� elements from the original set.
Thus, (

r

�

)2

≤
(

r

�

)k

≤
(

kr

k�

)
≤
(

kr + s

k�

)
,

as claimed. �

Proof of Proposition 5. We show the claimed bound by using induction on (r, s), which we
equip with the lexicographic order.

First, for r = 0, we have

g0,s = s!√π

�((s + 1)/2)

as these are the moments of the Rayleigh distribution with parameter
√

2. Thus, the claim for
the induction base follows by Stirling’s formula for the Gamma function.
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Next, we assume that the claim holds for (r′, s′), which are (lexicographically) smaller
than (r, s). We show that it holds for (r, s) by using the recurrences (27) and (28), where we
concentrate on the former as the details for the later are similar (and even easier as one term of
(27) is missing in (28)).

We can break the right-hand side of (27) into three parts according to its three terms. First,
for the first part,

1

2
√

π�((kr + s + 1)/2)

r∑
�=1

(
r

�

)
g�,0gr−�,s�

(
k� − 1

2

)
�

(
k(r − �) + s + 1

2

)

≤ 1

kr + s − 1

r∑
�=1

(
r

�

)
g�,0gr−�,s

≤ Akr+s

kr + s − 1

r∑
�=1

√(
r

�

)2

(k�)!(k(r − �) + s)!

≤ r

kr + s − 1
Akr+s

√
(kr + s)! ≤ 1

3
Akr+s

√
(kr + s)!,

where we used Lemma 12 for the first estimate, the induction hypothesis for the second esti-
mate, and Lemma 13 for the second last estimate. For the second and third parts, recall that,
for x ≥ 1,

�(x/2)

�((x + 1)/2)
≤ 2x−1/2.

Thus,

�((kr + s)/2)

�((kr + s + 1)/2)

(
krgr−1,k+s−1 + sgr,s−1

)
≤ 2(kr + s)−1/2(krAkr+s−1

√
(kr + s − 1)! + sAkr+s−1

√
(kr + s − 1)!)

≤ 2

A
Akr+s

√
(kr + s)! ≤ 2

3
Akr+s

√
(kr + s)!,

where the last step follows since we can assume that A ≥ 3.
Combining the above two estimates for the first part and the second and third parts

completes the induction step and hence the proof. �
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