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ABSTRACT

A methodology is described that determines the statistical confi-
dence bounds on the results from flight flutter tests: modal parameter
estimates, flutter margin values and flutter speed estimates, without
the need for Monte-Carlo simulation. The approach is based on least
squares statistics and eigenvalue perturbation theory applied to the
various stages of the analysis process, starting with frequency and
damping estimation through to the flutter margin calculations. The
technique is demonstrated upon a number of data sets from
aeroelastic simulations of flight flutter tests.

NOMENCLATURE

a; difference equation coefficients

A, Ay sparse Hessenberg matrix of 0 and B, terms

b, coefficients of flutter margin characteristic
polynomial

B, coefficients of flutter prediction equation

B, B, upper/lower confidence bound on B, coefticients

d perturbation value for a parameter
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flutter margin value

upper and lower confidence bound on flutter margin
value

vector of parameter perturbation terms

matrix of all parameter perturbation terms

kth value of a parameter

total number of sensors

number of modes for the model

total number of test points

perturbation matrix of a, parameters, B, terms

total number of data measurements

unperturbed value of a parameter

airspeed (ms ')

flutter speed (ms™)

upper and lower confidence bound on flutter speed
(ms™)

right eigenvector corresponding to kth term of W, W,
left eigenvector corresponding to kth term of p, W,
sth/gth element of right eigenvector corresponding to
kth term of p, W,

rth/pth element of left eigenvector corresponding to
kth term of p, W,

Xis Xyg» X;, Xy, right and left eigenvectors matrix of W, W,
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Yy decay response data from all sensors at time instant »

Y response data vector

a, real and imaginary part of the eigenvalue of system
modal parameters

A A matrix of unity second norm

e, residuals error from all sensors at time instant »

el ep vector of residuals in response data/flutter margin
values

4 damping ratio

h, h, perturbation terms vector of a, parameters, B, terms

g, 9z vector of g; parameters, B; terms
eigenvalues of system modal parameters (system
eigenvalues)

u roots of modal parameters characteristic polynomial
(eigenvalues)

w, roots of flutter prediction equation (flutter speed
eigenvalues)

z expected value of noise

0, by matrix of response data, airspeeds

o natural frequency (rad/s)

1.0 INTRODUCTION

Flutter is a destructive unstable vibration that can lead to structural
failure", and it must be avoided in aircraft designs. Although the
first recorded flutter incident was the Handley Page 0/400 bomber in
1916, the history of flight flutter testing began in the mid 1930s
when Von Schlippe conducted the first ever recorded tests to
measure the amplitude of the structural response to the excitation so
as to determine the safe flight conditions. Since then, flight flutter
testing®® has matured to become a critical stage in the certification
process providing the final validation of the analytical predictions.

Flight flutter testing is undertaken to demonstrate that prototype
aircraft are free of flutter throughout the desired flight envelope and
also for a safety margin of typically 15-20%. The test procedure at
each flight test point consists of three separate stages:

(a) The aircraft is excited in some manner (e.g. using the flight
control system, aerodynamic vanes or inertia exciters) and the
response measured, typically with accelerometers attached to
various parts of the structure

(b) The excitation and response data sets are curve-fitted using some
form of system identification algorithm from which the
frequencies, damping ratios and sometimes mode shapes are
estimated.

(c) The decision is made as whether it is safe to proceed to the next
flight test point.

The most critical stage is the final one as, at this point, test engineers
are required to decide whether the flight envelope can be expanded
further and whether it is safe to move on to the next test point. This
is usually achieved by determining the flutter speed using the
measured test data, and also comparison with the aircraft aeroelastic
model. There are a number of different ways that the flutter speed
can be predicted, either by using the identified modal parameters or
the estimated mathematical model of the aeroelastic system.
Damping extrapolation” is the most commonly used approach
even though there can be concerns over its accuracy, as damping is
the most sensitive parameter to identify and the onset of instabilities
with airspeed increase may be very sudden. A second technique, the
flutter margin method, is also often used and is based on the
Routh-Hurwitz stability criterion to predict the flutter onset speed
assuming a binary flutter mechanism. There are a range of other
possible approaches. The Nissim-Gilyard method” identifies the
aeroelastic equations of motion which can then be used to predict
the flutter speed at different flight conditions. An alternative
approach is the envelope function®, which does not require modal
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parameter estimates but defines the trend of the overall stability of
the impulse response time envelope boundary with varying flight
condition. The discrete-time ARMA model approach”” is based on
random excitation time histories and provides results similar to
those of flutter margin method. Several of these methods have been
compared using simulated"” and flight test'? data.

A recent advance in the flutter prediction process has been to
introduce statistical approaches for the prediction of flutter bound-
aries. The Flutterometer!*'¥ is a technique which can be used to
determine robust flutter margins*'® of an aeroelastic model. Once
the first flight test point results are estimated, the difference
between the corresponding parameters provides a measure for the
uncertainty in the model. Then p-analysis results provide the lowest
flutter speed for the worst combination of uncertainty parameters.
This technique can feasibly be used to clear the flight envelope by
testing a single point only"”.

The issue related to the modal parameter estimates confidence
bounds or their sensitivity to the noise in response has been
addressed in different ways using both time domain and frequency
domain approaches, either using Monte Carlo simulations"*** or
perturbation analysis®?®. As seen in a number of studies®*'*"?¥,
both the frequency and damping ratio estimates are normally
distributed if the noise statistics are also Gaussian zero mean.

However, little evaluation of the propagation of uncertainty in
modal parameters and their effect on the resulting flutter speed
prediction has been made. In recent years, work by Poirel et al®”
has considered the statistics of the flutter margin method via an
approach based upon Monte-Carlo simulations or results from
multiple tests at the same condition. Their findings were extended
by another study at NASA® that investigated results for flutter
speed prediction using historical wind tunnel experimental data sets
where repeated flutter tests were conducted on different occasions.

In this paper, a more rigorous approach towards calculating the
statistics for the flutter margin is demonstrated. Initially, the
statistics on frequency and damping ratio estimates from least
squares based time domain identification algorithms are determined
and then extended to apply to the flutter speed predictions from the
flutter margin method®. This statistical approach enables the flutter
speed bounds to be determined by considering the estimates from
each flight test point without the need for Monte-Carlo simulations
and repetition of test under the same flight conditions. The method-
ology is validated using several simulated aeroelastic test cases and
the results are compared with Monte-Carlo simulations.

2.0 UNDERLYING PROCEDURE

2.1 Modal parameter estimation

Most time domain system identification methods employ the least
squares solution® as their fundamental component, e.g. the least
squares complex exponential (LSCE) method®” and its multiple
input-multiple output extension, polyreference®”. The eigensystem
realisation algorithm® and most sub-space methods®® develop
minimum realisation solutions again with least squares as a major
part of their formulation. In this work, the modal parameter
estimation is based on the LSCE method.

The decay response model can be written in difference equation
form as

Y@y  t&h)y ot hud gy =& ()

where y; is the output response vector (m x 1) from all the
measurement stations at time instant 7, the a; parameters represent
the coefficients of the difference equation model and e, represents
the residual noise containing corruption from all measurement
stations.
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In compact form, Equation (1) becomes

Y =¢0+¢ Q@)

where ¢ is the data matrix and g comprises the unknown g,
parameters, the least squares solution is

0=(¢"9) oY SNE)

The frequencies and dampings are found from the roots of the
characteristic polynomial

2M 2M -1 _
p +ap +o gy Ut dyy, =0 RN )]

where M denotes the number of modes and the Ath mode roots take
the form

T exp([{,kmk + jo, M}dr] =exp((at, £ B, )dr) =exp(,dr)- - - (5)

and the frequencies ®, and damping ratios ; are found as
o,
o, =] and & =-—* ... (6)
O
Due to the least squares element of the algorithm, LSCE estimates
are biased in the presence of noise (as is the case in flutter testing)®”
and thus overspecified mathematical models must be used in order to
reduce the bias. Techniques such as stability plots then have to be
applied in order to distinguish system from spurious modes.

2.2 Flutter margin method

At each flight test point, the identified frequencies and damping
ratios of the two modes that combine to cause flutter are considered.
The two pairs of complex conjugate roots

Ay =0y 2 /B and A, =a,* B, ...(D
can be combined to form the characteristic equation
bt +b) +bA +bA+b, =0 .. (8)

where
b,=1; b =-2(a,+0,);

b, =a,” +a,’ +4a,0, +B; +B3

.(9)

_ 2 2 2 2.
b ==2( o0, + 0B} +a,0, +a2|3,],

by = a]zazz +U‘I2B§ +azzﬁf + 512[5;
The flutter margin method® determines the remaining Routh-
Hurwitz stability by applying the expression

b,[b_]]_[b_l}_bﬁo 2 [[b_z]"_bt,}[b_e_b_l];a...(10)
i b] b3 2 2 b3

and the flutter margin (F) is usually defined from Equation (10) as
5 2
Fel(b) p |2t
2 ‘I L2 b
2 2 2 2 2
| [P B[ o (1)
2 2 2 2
2 2 2
+40,0, |:(B2';B1 J+2(0€2 ;Oﬂl) ‘|
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2 2
_ o, — 0y Bg_Blz +2(a2+a1j
o, + 0, 2 2
Flutter margins are calculated at a number of dynamic pressures and
a quadratic curve fitted in the form

F=B,q"+Bg+B, ...(12)

in order to determine the unknown B; values. The curve is extrapo-
lated and the flutter speed V. (or dynamic pressure) is determined
when F = 0. An alternative way to predict the flutter speed is to find
the eigenvalues of sparse Hessenberg matrix Ay where

A=l /By 13
*“|11 -B/B, -3

Although the flutter prediction Equation (12) is often written in terms
of the dynamic pressure g, it can also be applied in terms of the equiv-
alent airspeed V' without compromising the quadratic form of the
flutter prediction curve, but with the assumption that the flight altitude
remains constant. Numerous examples of this approach to indicate
flutter onset are found in previous studies, including the original
Zimmerman work®'*>*®, Here, further statistical analysis of the flutter
prediction process will be carried out in terms of airspeed V.

3.0 STATISTICAL APPROACH

The underlying procedure is extended to determine the statistical
bounds at each of the steps required to determine the flutter speed.
The errors in each part feed into the final flutter speed calculation.

3.1 Statistics on the difference equation parameters and
corresponding eigenvalues

Combining Equations (2) and (3) gives

0=0,,,,+(070) o¢ L (14)

where the form of the error on the least squares solution can be seen.
The covariance matrix D,, whose diagonal values are the variances
of a, parameters, is defined as

D9 = (9 = mem )(9 i @rmﬂ:)r. = (¢'I¢)_E ¢'r§§I¢[¢F¢)_]

el st ... (15)
=(0"0) o"z0(6"0)"

where Y, = E(ge’ ) , is the expected value of the residual term.

The assumption of Gaussian distributed uncorrelated noise data
has been made in numerous studies®'**"**7*) and the expected
value becomes

z=E(ee’ )=out _..(16)
where 67 represents the variance of the noise signal, thus

D, = (.p"q,)_] 621 C.(17)
Hence, the variance 67 on each element of g can be identified from

the corresponding diagonal values of D,
The next step is to find the effect of noise on the eigenvalues of

the system®”. The eigenvalues of the sparse Hessenburg matrix
00 - -—a,,

A=t 0 o Ay _..(18)
00 1 -q

(28 x20¢)
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are the same as the roots of Equation (4) and take the form as shown
in Equation (5). For an underdamped system, matrix A has the
classical eigenvalue solution for corresponding right (classical)
eigenvectors x,, and left eigenvectors x;,“Y such that

(A-p,J)x, =0 and (A" —p,J)x; =0 ...(19)

Considering that matrix A is subjected to a small perturbation, N =
An, (where m is scalar quantity and A is such that | A || =1) and
using function theory™”, Equation (19) is modified to show the
changes in the eigenvalues 1, and eigenvectors x;, as functions of 1|

(A+An)x, (n)=w, (n)x, () ...(20)

and then differentiated with respect to m around the origin and
setting m = 0 and ,(0) = W, and x;, (0) = x, leads to

d d d
A E(Ek )"' Ax, a(ﬂ]"‘ An E(»_m )
.21)
d d d
= a(uk)xae‘ +H, a(fﬂ,] = A‘Iﬂl = &(“‘i )‘K!{l

Pre-multiplying both sides with x;/, and taking the absolutes, the
Equation (21) leads to

x, Ax,
du, =—5— ... (22)

X Xr,

Therefore, sensitivity of the kth eigenvalue due to a small pertur-
bation N = An can be shown in terms of its corresponding left and
right eigenvectors. If the perturbation on each element of matrix A is
represented by the term 1,, of the matrix N (same order as A) given
byv.

00 - MNiam
N=|3 9 T L(23)
00 - Mo 2

then by chain rule expansion on the resulting perturbation terms in
L, and considering the summations of individual perturbation terms,
it can be found that

a a x'I'J'X =k
du, =Z(ﬁ N, =t

s aT]r.u aT]rx EJA )‘H
" .29
xr-x.—xku T
= dp’k = Z H x rllr.\' = ‘l'u‘ B
s =L, 2R,

where x;, . and x  are the rth and sth elements of the kth left and
right eigenvector, respectively, representing their 2Mth term as does
the perturbation vector n, taken from the perturbation matrix N, and
hence the vector of the kth eigenvalue perturbation terms is of the
order (2M x 1).

Expanding the above expression using a Maclaurin series
expansion up to first order terms yields

i () =py (n=0)+du, (n)(n-n,)

. (25)
=My, +du, (Tl) Ky + 1;1

and keeping all the perturbed eigenvalues in vector form it can be
shown that

3 _ _ H_ T on 2%
H=p,=J,Mn and (E EU) =nJ, ... (26)

where J,, is the matrix of perturbation terms of the corresponding
eigenvalues. If h is known then the perturbed eigenvalues m can be
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found and the covariance matrix D, for the eigenvalues becomes

D, = E(J,m' /)= J,E(nn")J; .27

As 7m is the vector of error terms found by calculating the variances
of a, parameters and its expected value E(hh") can be taken as D,
therefore the diagonal values of the matrix D, are the variances o7,
on the eigenvalues and including the covariance matrix definition
from Equation (17) gives

D, =J,D,J,
& o, /o’ = diag (J“ (0"0)" J,{’)

The diagonal terms of the matrix in Equation (28) represent the
sensitivity of each eigenvalue and, hence, each mode due to noise in
the data. Therefore, it is possible to determine which of the eigen-
values has the lowest variance and hence the modes with the lowest
variances on the modal parameters can be identified as described in
the following section. It would be feasible to measure the response
before testing commences at each flight condition in order to
establish the statistics of the noise, however, the assumption is then
made that the same noise behaviour is experienced during the test.

The above approach is just as applicable if SIMO or MIMO data
is considered. There is no need for averaging of results from
different transducers or generation of pseudo data sets based upon a
pre-supposed statistical distribution.

One difficulty is that overspecification of the model order is
required when using time domain system identification methods in
order to produce unbiased modal parameter estimates, and this
results in the matrix becoming rank deficient (or near rank deficient)
resulting in numerical problems occurring with the inverse calcu-
lation in Equation (28). To circumvent this problem, the singular
value decomposition (SVD) was applied to the ¢ matrix and only
those matrix terms relating to the non (near) zero singular values
were retained. The SVD approach was used throughout the rest of
this work.

= o,’ =diag(/,D,J;')
..(28)

3.2 Statistics on the system eigenvalues

The eigenvalues of the system“" are given by

Ao=In(u,)/dr = A, ()=In(u, (n))/d ... (29)
thus, applying a Maclaurin series expansion and ignoring second

order and higher terms and then with logarithmic series distribution
to that expression and keeping only first order terms gives

1
A, (0)+mdA, = aln(uk (0)+ndy,)

.. (30)
1 1 dp
=—In(w, (0))+—In| 7+ 4
Lin(u, o)+ [ nu&(o)]
I (du 1(dp
dA, =—n| —% dA, = —| —%
w(u]ﬂ =il
J! ...(3D)
=dao, + jdB, = n

dr M, —

where J,, represents the vector of the kth system eigenvalue pertur-
bation terms. Re-writing Equation (31) for all the system eigen-
values leads to

A=A, =J,m and (A—%,) =7'J) ...(32)
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where Jj, is the perturbation matrix of the system eigenvalues. Thus
the variance of the system eigenvalues G, are found to be as the
diagonal terms of the matrix given by

D, = E(J,mn' 7 )= J,E(mm’")J; .(33)

6, = diag(/, Dy} ) = diag (Jl (09)" ciJ.f]

202 _ g T\~ gH -39
and 6,’/c’ =d1ag(J.A (070)" )
The perturbation terms of the real and imaginary parts of these
eigenvalues doy, and df, are

da, = Re(g{;]1_1=4;;1_1 and dB, =Im ( )n JyM ... (35)
where J” and J', represent the perturbation vectors of the real and
imaginary parts of all the system eigenvalues. Thus, if only the two
modes contributing to the flutter mechanism are considered then

do, i:,
i (da] do, | _ aj T]:[J;]n y
— )7\, ||z [T %) G0
. ) \J

It is possible to determine the variance on the oy and B, terms from
the diagonal terms of relevant covariance matrices as well as the
statistics of the system frequencies and damping ratios; however,
these are not required in order to determine the flight condition at
which flutter occurs.

3.3 Statistics on the flutter margin values

The errors in the system eigenvalues can now be introduced into the
expression of the flutter margin. Small perturbations in the charac-
teristic polynomial coefficients (Equations (9)) are given as

db, = -2(da, +da,) .37

db, =20,da, +20,,do,

+4(aydor, + o,dar, )+ 2,dB, +2B,dB, - (38)
o, 2do; +20,00,d0o, + o 2dot, + 201, 00,dor +
A [ 1 2 + 04y dCy 10 1] .(39)
B3doy, +204,B,dB, + Brdos, +20,B,dB,
0,0, dor, + o 20, dot, + 0B, doy + o 2B, dP
dhu=2[|22| ]22 2 122 1 i?-. 2 (40)
+00, B, "da, + o, By dBy +BiBydB, + By BodB,
and Equations (37) to (40) can be combined into the form
dh, day,
o dby B dot, . do B
db=| i, |~ o8| ap, _J@[@]_J,ﬂl@ . (41
dby dp,
where
Aoi+afl)  2Aa0f+o)  2(Boi+BE) 2(B.0f+B67)
J 203+ 20,01, +B3) —2(0f + 200, +B7)  -4(B0s,) ~4(B,0,) 42
2(at, +20,,) 2(a, +20,) 2(B,) 2(B,)
) -2 0 0
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The perturbation of the flutter margin value defined in Equation (11)

is given as
( db, - ]db]]...(43)

aF=(Loap, -ap, |-2| 2-2 || L4
gs r 2 b, 2

which can be rewritten using Equations (36) and (41) as

- ] J"
dF:i;@:i;Juﬁdaﬁ:i JGB[J )n J n (44)
where

pe b,b.—-2b b 2b2—b]bb
Tialoy 2% L. o | P
" [ B b B ] -

The variance of the flutter margin at a particular flight condition then
follows as

(Mﬂa’) +E(mn )

.. (46
P =iDyJ (¢¢) o, 4o

-.-

It should be noted that the assumption is made that the flutter
margins are assumed to have a Gaussian distribution which is
contrary to that found in Ref. 27. Extensive numerical simulations
have shown that in most cases the distribution of the flutter margin
is Gaussian (Ref. 27 is an exception). Further work is continuing to
extend the methodology to deal with non-Gaussian distributions.

3.4 Statistics on the predicted flutter speed

Having determined the statistics on the flutter margins, we are inter-
ested in determining the variance of the predicted flutter speed. Two
approaches will be used here.

3.4.1 Curvefitting approach

Once the statistics of the flutter margins are found, it is a simple
matter to curvefit the upper and lower bounds at each flight
condition as per Equation (12) and extrapolate each curve to give
upper and lower flutter speed bounds.

3.4.2 Statistical approach

A more rigorous approach is to make use of the flutter margin
statistics and examine the effect they have upon the flutter speed
prediction of Equation (13). Considering Equation (12) for a range
of different flight speeds, then the least squares solution of unknown
parameters B, is written in the form

. =1 .
0,=(0'e,) &/ F L 47)
where 0, is a matrix of velocity terms and F is the vector of nf flutter
margins.

The error on the flutter margins dF propagates through to errors in
the B, terms such that

Jin,

-1 -1 JT 2
0,-6,,, =(4a) " (¢F) = (ofa) "of| " e

T
!an T1nf

and leads to a covariance matrix Dy of the B; coefficients given by
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Jiny
1 JI n
- I T2
D = (q\-/r%) ‘R-/r .

[rde mide o mode | (@ &) .. 49

JE My

and assuming that the noise in each flight case is independent but
has the same variance, then we obtain

JEMA)N:, 0 w0
D =(a)” ° Q:“E(H?H;)Qa h aloa) - (50)
o0 ey
J@e's 0o 0
O I R
0 0 AT

and hence the variance and covariance of the B, terms can be found.

The variance of the flutter speed is found by computing the
variance of the eigenvalues of matrix Ay in Equation (13), using the
approach described in Section 3.1. One complication is that matrix
Aj contains quotients of two random variables and we need to make
use of the expressions for their variance®*¥ and covariance“*”
values given in terms of their respective mean, variance and
covariance values such that

var(a/b) = (EH;)2 [var(a))’ﬁz +\fa|'(b)af53 —2:ov(a,b);’(75:| ... (52)
and

ac)_ E ) cov(a_.c)_cov(u.d)_cov(b,c} cov(b,d)
m[b‘d) {53)[ ac ad be = bd ]"'(53)

where the functions Var and Cov represent the corresponding
variance and covariance terms of the random variables a, b, ¢ and d
with their mean values as a, b, ¢ and d respectively.

Hence, the corresponding variance and covariance terms become

var(B, /B, ) = (B, /B, }J ["ar(Bn)/Boz + var(Bl]/Bf —2'30"(30.-31)3’3031] .. (54

Var(BlfrBz)={B|I|HB:)2[V3.[(B|)/B[2+Var(BI)XB]2 —ZCUV(&,BE)XBlBJ ... (55)

By B |_ ByB ;| cov(By,B) cov(By,By) cov(BB,) var(B,)
CDV[Bz‘Bz]_( B3 ) { BB, ByB, BB, t B ] ...(56)

and the covariance matrix Dy, of the B/B, terms is given by

cov(By /B, B /B,)
ln 1 ] (57

This latter expression is used to determine the perturbation terms on
of the eigenvalues of matrix A,. Solving the eigenvalues of the
matrix Ay given by Equation (13), the eigensolution for the kth
eigenvalue becomes

B var(B,/B,)
Dy/p, = [cov(x‘%fﬂz .B/B,)

(An _”'J'k‘()lcam =0 or (A;; _“r'k‘{)i.:".r* =0 ... (58)

where X, and X),, are the right and left eigenvectors (a column
vector) of the corresponding eigenvalue, respectively.
The eigensolution of the matrix Ay for the kth eigenvalue
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(‘Equation (58)) perturbed with N, = A,n, (where 1, is scalar and
| Ag |, =1) takes the form

(AB + ﬁ;;ﬂ;;}i‘&m [nu] =My (T]H)mek (nn] ... (59

Where X, and W, are differentiable functions of m, around the
origin such that p,(0) = w, and X, (0) = X, . Differentiating
Equation (59) with respect to M, in a similar way to that in Section
3.1 and then pre-multiplying both with x,7, leads to

-E: ;.* ApXyp
du,, =— ... (60)

Xyr, X,

If perturbation on each element of the matrix Ay is represented by
the term 1 B of the matrix Ny (same order as the matrix Ag) given by

N, = 0 M, 61)
- 0 N,

Then the resulting perturbation terms in the kth eigenvalue p,,
through the application of chain rule and Maclaurin Series expan-
sions (as can be seen in Section 3.1) takes the form

Mz (ns) = Wy, +dy,, [ns) =My, t i:u* n, ... (62)

H
_ 2 xl'h.,. X Ryu
- H

ra X, X,

sponding to W, and x,, is the pth element of the kth left eigen-
. 74 . .

vector, Xy, i the gth elément of the kth right eigenvector such that
the subscripts p and ¢ represent every second term of the vectors
with the vector of perturbation terms h; also comprising the second
terms in each row of the perturbation matrix Nj. Hence, the vector of
the kth eigenvalue perturbation terms J,,;, is of the order 1x2 and
combining the above expression in a matrix form gives

where 4:1* includes the perturbation terms corre

T T o
-, =J,m, and (g -p,) =nlJ ... (63)

where Jy is the matrix of perturbation terms of the corresponding
eigenvalues.

The variance of the eigenvalues 6] can then be found as the
diagonal terms of the covariance matrix D, such that

- Tor n T\ 1 T
D, = P‘(Ju. Duﬂn']ur } =J E (H;;H::)J:r = Ds By ')(Iir' - (64)

The diagonal terms of the matrix in Equation (64) represent the
variances on the eigenvalues. The lowest positive eigenvalue is the
required flutter speed, hence, the corresponding diagonal value
representing the variance on the predicted flutter speed GVFZ can be
used to determine the 95% confidence bound on the flutter
prediction.

4.0 RESULTS

The statistical technique described above was applied on data from
two different simulated aeroelastic models. Initially a binary flutter
system was used to evaluate the method and then a full scale four-
engined passenger aircraft (SIM2 Model) was investigated.

4.1 Simulation setup

Zero noise frequency and damping ratio trends for both systems
against airspeed, calculated from the eigensolution, are shown in
Figs 1 and 2. Only the lowest frequencies are shown for the SIM2
model results. For the binary flutter system the flutter speed for the
chosen structural parameters was found to be 46ms™', while for the
SIM2 model, flutter occurred at 188-38ms™.
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Figure 1. Frequency and damping trends (binary system).

Chirp signal excitation was applied covering the desired system
bandwidth and the response determined via numerical integration of
the aeroelastic equations. The decay response data for the binary
flutter system and the SIM2 model were recorded at a sampling rate
of 0-04s and 0-01s, respectively. Impulse response functions were
then generated for application of the LSCE method using overspec-
ified estimates. For the binary system, the simulations were run at
5ms ' airspeed increments whilst those for the SIM2 model were run
with increments of 15ms™. Different speed ranges between 50% and
90% of the respective true flutter speeds were taken keeping in view
the fact that the flutter margin approach is more effective closer to
the actual flutter boundary"”. In each case, the flutter speed was
predicted using the flutter margins along with 95% confidence
bounds on the predicted flutter speed. Different measurement noise
levels were considered.
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Figure 2(a). Frequency trends (SIM2).
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4.2 Binary aeroelastic system

Table 1 shows the flutter speed predictions obtained using the two
statistical approaches applied to a single data set at each flight test
point and also Monte-Carlo simulations for flutter margin and flutter
speed predictions. Figures 3 show typical plots of the flutter margin
confidence envelopes. The bounds obtained by the statistical
approach are affected by increases in the noise corruption.

The statistical curvefitting approach gave very comparable bounds
of the flutter speed compared to the Monte-Carlo simulations. The
full statistical approach also gave reasonable flutter speed bounds
compared with the Monte-Carlo simulations at low noise levels;
however there was a significant degradation in the results once the
noise level increased.

4.3 SIM2 Model

Table 2 shows the flutter speed predictions with confidence bounds
for the SIM2 model. The statistical curvefitting and full statistical
approaches gave comparable bounds for low levels of measurement
noise. However, the comparison of the statistical approaches with
the Monte-Carlo simulations is not good. One major problem that
was encountered was the use of the LSCE identification method
meant that a large amount of model overspecification was required
in order to achieve unbiased estimates of the modes of interest, and
this resulted in ill-conditioning problems with the calculation of the
statistical bounds.

5.0 DISCUSSION AND CONCLUSIONS

An approach has been introduced that determines the statistical
confidence bounds on flutter speed predictions using the flutter
margin method based upon a single set of test data. The method is
based upon least squares statistics and eigenvalue perturbation
theory at different phases of the process without the need for Monte-
Carlo analysis of repeated tests or individual test sequences. The
approach was applied to simulated flight flutter data from two
different aeroelastic systems and comparison was made with flutter
speed estimates from Monte-Carlo simulations.
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Figure 2(b). Damping trends (SIM2).
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Table 1
Binary aeroelastic system — flutter speed predictions
True flutter speed 46ms™

Test speeds (% of true 50% to 82% 60% to 90% 50% to 90%
flutter speed)
Measurement noise (%) 1 5 10 1 5 10 1 5 10

Statistical analysis (1 simulation data set)
Predicted flutter speed 4391 44.95 48-89 4331 44.04 51-12 43-10 44-80 4872
(VF -ms™)
Error in VF (%) —4-53 -2:29 6-27 -5-84 —4-25 11-14 —6-31 -2:61 592
+95% confidence bound
on VF (curvefit 5:22e-3 1-77e-2 1-09e-1 5-67e—4 1-01e-2 9-55e-2 8-00e—4 5-83e-3  7-56e-2
approach— ms™")
+95% confidence bound
on VF (statistical 9-10e-2 1-94e+3 1-37e+4 9.29¢-2 3-69e+3 1-04e+4 7-32e-2 1-21e+3  6.47e+3
approach— ms™")

Monte Carlo analysis (100 simulations)
Predicted flutter speed 43-43 46-05 4722 44.27 46-41 46-01 44-00 46-25 46-19
(VF-ms™)
Error in VF (%) -5.58 0-12 2-65 -3.75 0-89 0-02 —4-34 0-54 0-42
+95% confidence bound
on VF (ms™) 9-93e-3 6-47¢-2 1-04e-1 8-97e-3 4-43¢-2 5-22e-2 7-11e-3 3-15¢-2  5-86e-2
Table 2
SIM2 Model — Flutter speed predictions
True flutter speed 188-38ms™
Test speeds 50% to 82% 60% to 90% 50% to 90%
(% of true VF)
Measurement noise (%) 1 5 10 1 5 10 1 5 10
Statistical analysis (1 simulation data set)

Predicted flutter speed 193-48 183-29 177-36 192-50 180-78 180-28 193-73 18027  178-57
(VF —ms™)
Error in VF (%)
+95% Confidence bound 270 -2-70 -5-85 2-18 —4-04 -4.30 2.84 —4-31 =521
on VF (curvefit
approach— ms™) 5-09e-5 1-34e—4 2-52e-4  3-76e-5 6-22e-5 1-41e—4 1-31e—4 1-87e—4 2-78e—4
+95% Confidence bound
on VF (statistical 6-55¢—4 1-92¢-3 4-25¢-3  1:58¢+0 7-70e+0 7-83¢+1 1-25¢-3 1-90e-3  2-57e+1
approach—- ms™")

Monte Carlo analysis (100 simulations)
Predicted flutter speed 22723 176-81 17471 19231 181-49 180-73 198-36 17996  179-47
(VF -ms™)
Error in VF (%) 20-62 —6-14 —7-26 2-08 -3-66 —4-06 5-29 —4-47 -4.73
+95% confidence bound
on VF (ms™) 9-24e-1 1-22e-1 2:25¢e-1  7-47e-2 7-52e-2 1-73e-1 1-19e-1 6:22e-2  2-07e-1

Results on the simple binary flutter system were encouraging,
particularly the simpler curve-fitting approach, and good comparison
was achieved compared to the Monte-Carlo simulations. The results
on the more realistic aeroelastic model were less convincing, and there
are questions that can be raised about the robustness of the approach
when applied to noisy data. This weakness is probably due to the
number of approximations (e.g. assuming first term in series expan-
sions and statistics of the noise) that are made throughout the chain of
calculations required to obtain the confidence bounds on the flutter
speeds, and also the issue of overspecification of the identification
model. The use of model order overspecification for the identification
process reduces the scatter of estimated modes of interest and arguably
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comparison with the Monte-Carlo simulation results should not lead to
exactly the same confidence bounds; the statistical approach bounds
are less than those from the simulations. Further investigation is
required to make the procedure more robust, for instance by using a
minimum order realisation identification method such as ERA or
ERA/DC which would alleviate spurious mode problems.
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Figure 3. Flutter margin bounds for binary system under different noise levels.
Left hand column — statistical approach, Right hand column — Monte Carlo simulation.
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Figure 4. Flutter margin bounds for different noise levels (SIM2 Model).
Left hand column = statistical approach, right hand column = Monte Carlo simulation.
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