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This article studies a classical problem in statistical decision theory: a hypothesis test
of a sharp null in the presence of a nuisance parameter. The main contribution of this
article is a characterization of two finite-sample properties often deemed reasonable
in this environment: admissibility and similarity. Admissibility means that a test
cannot be improved uniformly over the parameter space. Similarity requires the null
rejection probability to be unaffected by the nuisance parameter.

The characterization result has two parts. The first part—established by Cher-
nozhukov, Hansen, and Jansson (2009, Econometric Theory 25, 806-818)—states
that maximizing weighted average power (WAP) subject to a similarity constraint
suffices to generate admissible, similar tests. The second part—hereby established—
states that constrained WAP maximization is (essentially) a necessary condition for
a test to be admissible and similar. The characterization result shows that choosing
an admissible, similar test is tantamount to selecting a particular weight function to
report weighted average power. This result applies to full vector inference with a
nuisance parameter, not to subvector inference.

The article also revisits the theory of testing in the instrumental variables model.
Specifically—and in light of the relevance of the weighted average power criterion
in the main theoretical result—the article suggests a weight function for the struc-
tural parameters of the homoskedastic instrumental variables model, based on the
priors proposed by Chamberlain (2007). The corresponding test is, by construction,
admissible and similar. In addition, the test is shown to have finite- and large-sample
properties comparable to those of the conditional likelihood ratio test.

1. INTRODUCTION

This article studies hypothesis testing problems with a sharp null and a nuisance
parameter. The main assumption is the existence of a parametric statistical model
separately continuous in the parameters and the data. A common example of this
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environment is a testing problem concerning the coefficient of a right-hand en-
dogenous regressor in an instrumental variable (IV) model.

This article focuses on tests that satisfy two classical finite-sample properties:
admissibility and similarity. Admissibility (Wald, 1950) is a weak optimality re-
quirement for a test ¢: there is no other test ¢’ with better rates of Type I and
Type Il error. Similarity (Neyman, 1935) is a stringent size-control condition for a
test ¢: the rate of Type I error of an a-similar test equals a regardless of the value
of nuisance parameters.

The main result herein shows that admissible, similar tests are—essentially—
weighted average power (WAP) maximizers inside the class of a-similar tests.!
Thus, if a researcher finds admissibility and similarity attractive, the problem of
selecting an admissible similar test is tantamount to selecting a particular weight
function. This result applies to full vector inference with a nuisance parameter,
not to subvector inference.

More formally, the characterization result has two parts. The first part states
that maximizing WAP subject to a similarity constraint suffices to generate tests
that are both admissible and similar (a property that was established in the work
of Chernozhukov, Hansen, and Jansson (2009) in the context of the instrumental
variables model). The second part—the main contribution of this article—states
that every admissible, similar procedure is an extended WAP-similar test (a con-
cept that will be made precise). As a note for the theorists, the only assump-
tion needed for the main result is a mild continuity requirement for the statistical
model under consideration. The proof is based on an essentially Complete Class
Theorem (see Theorems 2.9.2 and 2.10.3 in Ferguson, 1967 and also Le Cam,
1986, Chap. 2, Thm. 1). A key step is to show that the set of a-similar tests is
compact in the weak* topology.

This article also revisits the problem of conducting tests about the coefficient
of a right-hand endogenous regressor in an instrumental variable model. In light
of the relevance of the weighted average power criterion in the characterization
result, the article studies the question of how to select a weight function in an
overidentified homoskedastic model. Since there is no uniformly most powerful
test in this environment, a weight function has practical relevance: it facilitates
power comparisons among different similar tests via the weighted average power
criterion, even if there is no final interest in implementing a WAP-similar test.

To illustrate this point, and building on the analysis of Chamberlain (2007),
the article presents a weight function, w*, for the structural parameters of the ho-
moskedastic IV model and derives a closed-form expression for the correspond-
ing similar test that maximizes weighted average power (see Result 1). Analytical
and numerical evidence suggests that the performance of the new test for the

1 WAP-similar tests have been used before in the context of the instrumental variables model to construct a power
envelope for the conditional likelihood ratio test [Andrews, Moreira, and Stock, 2006] and to show that there is no
conventional sense in which the Anderson and Rubin (1949) test wastes power in a linear homoskedastic instrumental
variables model.
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homoskedastic model is comparable to that of the conditional likelihood ratio
(CLR) test of Moreira (2003), both asymptotically and in finite samples.? In addi-
tion (and by construction), the test is admissible and has larger weighted average
power under w* than the CLR, the Anderson and Rubin (1949) (AR) test, and the
Lagrange multiplier (LM) test.

The remainder of this article is organized as follows. Section 2 presents the
finite-sample characterization of admissibility and similarity. Section 3 presents
the weight function for the homoskedastic instrumental variables model. The main
text Appendix states the lemmas used to establish the main results. Proofs, as
required, are provided online in the supplementary material associated with this
article, available at Cambridge Journals Online (journals.cambridge.org/ect).

2. FINITE-SAMPLE THEORY

The main definitions in this section follow Chamberlain (2007); Chapters 2 and
5 in Ferguson (1967); and Chapter 4 in Linnik (1968). The main result of this
section is Theorem 1, which presents the characterization of admissibility and
similarity.

2.1. Basic Elements of a Testing Problem and Main Assumption

The finite-sample parametric testing problem studied in this article has the follow-
ing components. There is a random vector X that takes values in the sample space
X C R®. There is a parameter space @ = B x I1 C R4p*dn = RP whose elements
6 = (B,11) € O are used to index a set of probability density functions (w.r.t.
to Lebesgue measure in RY) over the sample space, X ~ f(x;8). The collection
{f(x; B,11) }(p,meo is called a statistical model.

The null hypothesis Hy states X ~ f(x; fo, I[1) for some IT € II: 11 is a nui-
sance parameter. The null set @ is the set of parameters (S, IT) that satisfy Hy.
The alternative hypothesis Hj states X ~ f(x; f, IT) for f # po, I1 € II. The al-
ternative set @1 is defined as ®\®(.> The testing problem studied in this article
is abbreviated as:

Ho: f = povs.Hy : p # po.

A test is a measurable mapping ¢ : X — [0, 1]. The scalar ¢(x) is interpreted
as the probability of rejecting Hy after a realization x of X. The collection C will
denote the class of all tests.

In a finite-sample setup, tests are usually compared on the basis of the Type I
and Type II error functions. The rate of Type I error of test ¢ at @ € O is defined
as Eg[¢(X)]. The rate of Type Il error of ¢ at O € O is defined as 1 —Eg[¢p(X)].

2In finite samples, the test is invariant to rotation of the instruments, similar, and locally unbiased. In large samples,
the test is equivalent to the CLR under strong-instrument asymptotics and valid under weak-instrument asymptotics.
3 The null set is assumed to be nonempty, closed relative to the subspace topology in (®, 7), and with an empty
interior. This guarantees that ® coincides with its topological boundary Bd®.
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The rates of Type I and Type II error are typically summarized by the risk
function:

Eolp(X)] if 0 €®g

R(¢,0) =
1 —Eg[p(X)] if O € 0Oy.

Two tests ¢, ¢’ are said to be risk equivalent if R(¢p,0) = R(¢',0) for all
fedt

Assumption FO below restricts the class of statistical models under
consideration.

ASSUMPTION FO (Separate Continuity). The statistical model f (x;0) is

i) continuous in @ for almost every x € X,
ii) continuous in x for almost every 6 € @.

2.2. Admissibility, Similarity, and WAP-similar Tests

This section presents the formal definitions of admissibility and similarity, along
with a characterization of these properties in two-sided hypothesis problems in
which the statistical model satisfies Assumption FO.

ADMISSIBILITY (Ferguson, 1967, p. 54). The test ¢ is admissible within the
class C* C C if there is no ¢’ € C* such that R(¢’,0) < R(¢,0) for all 0 € ©, with
strict inequality for at least one § € ©.

Admissibility was first introduced by Wald (1950) and it is a well-known con-
cept in mathematical statistics. This article focuses on admissibility with respect
to the class of all tests.®

SIMILARITY ON Q. A test ¢ is a-similar on O (a-s) if:
Eo[¢p(X)]=a, VO e 0.

Similarity was first introduced by Neyman (1935) and it has been ex-
tensively studied by Linnik (1968). In two-sided problems with a nuisance
parameter, similarity provides a stringent size-control condition (“=a” as op-
posed to “ga”).7

4 This risk function implicitly assumes a “0-1” loss function, which is standard for testing problems; see Ferguson
(1967), equation 5.4, p. 199.

Define an “ordering” over tests as a binary relation > in the space of all tests that verifies two properties. The
first one is asymmetry: ¢ = ¢’ = @’ ¥ ¢. The second one is transitivity: ¢ = ¢’ and ¢’ = ¢” implies ¢ ~ ¢”.
Admissibility induces an ordering through the “weakly dominated” binary relation: a test ¢’ weakly dominates ¢ if
R(¢',0) < R(¢p,0) with strict inequality for at least one 6 € 0.

Consequently, the notion of admissibility of a test herein discussed coincides with d-admissibility as defined in

p. 233 of Lehmann and Romano (2005). See also Problem 6.32 in the same book for details about the equivalence
between admissibility and d-admissibility in testing problems.
7 Similar tests always exist. The randomized test that rejects with probability « regardless of the data is, of course,
a-similar but unfortunately has ‘trivial’ power. The main result in this article suggests that WAP-similar tests are a
reasonable class to search for similar tests with ‘nontrivial’ power. If the WAP-similar test happens to be of the form
¢ (x) = a, then our results imply that such a test cannot be improved uniformly over the parameter space.

https://doi.org/10.1017/50266466619000215 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466619000215

ADMISSIBLE, SIMILAR TESTS: A CHARACTERIZATION 351

The main contribution of this article is a characterization of admissibility and
similarity. As mentioned in the introduction, part i) of the characterization result
shows that WAP-similar tests are admissible in the class of all tests. Part ii) shows
that every admissible test that is a-similar is essentially a WAP-similar test of level
a. In order to state the main result and to formalize the notion of “essentially” this
article introduces the following definitions. Let w(f, IT) be a probability measure
over B x II.

WAP-SIMILAR TESTS. The a-similar test ¢y;1p is (w)-WAP-similar if:

WAP(G0, 1) = /@ ( /X P (x) f(x;e)dx)dw(e)zwAP(q), 0).

for any other a-similar test ¢.

WA P-similar tests are indexed by a user-specified weight function w (g, I1).8
The weight function w (S, IT) represents the part of the parameter space for which
a WAP-similar test directs its power. This is particularly relevant in problems that
do not admit a Uniformly Most Powerful (UMP) test.

The definition of an extended WAP-similar test is based on the classical notion
of an extended Bayes test, as defined in Ferguson (1967) p. 50, Definition 3:

EXTENDED WAP-SIMILAR TESTS. The a-similar test ¢f p is extended
WAP-similar of level a if Ve > 0 there exists a Borel probability measure
we (B, IT) supported on a nonempty subset of @1 = ®\®g such that:

WAP(‘ZS&XSL, Wwe) > WAP(¢%-WAP’ Wwe) > WAP(¢$J:]§X’ Wwe) — €.

Extended WAP-similar tests are essentially WAP-similar tests: for any € > O there
is a weight function we (S, IT) such that the w¢ (S, I1)-WAP of any other a-similar
test can exceed that of the extented test by at most €. So, up to the tolerance e,
extended WAP-similar tests essentially maximize weighted average power.

THEOREM 1. Suppose Assumption FO holds.

i) If w(B, 1) has a p.d.f. with full-support on @1, ¢we is admissible and o.-
similar.

ii) Every admissible, o-similar test is an extended WAP-similar test of level
a.

In both i) and ii), admissibility is taken with respect to the class of all tests.
Proof. See Appendix A.1 |

COMMENT ON PART i). The first part of Theorem 1 says that a test that maxi-
mizes power only among a-similar tests is in fact admissible with respect to all
tests. The proof of part i) is straightforward and generalizes the results in Cher-
nozhukov et al. (2009). First, ignoring “oversized” tests is inconsequential: tests

8 For notational convenience, this article uses ¢pwap (x1,xp) instead of db{,“v’zp (x1,x2) whenever convenient.
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with rate of Type I error larger than a can never dominate an a-similar test. Sec-
ond, there is no a-similar test that dominates ¢y (this follows from the WAP
maximization property, provided the weight function has full-support). Finally,
Assumption FO is used to show that the continuity of the risk function implies
that a constrained WAP maximizer cannot be dominated by a nonsimilar proce-
dure of size a.

COMMENT ON PART ii). To the best of my knowledge, part ii) of Theorem 1
is new. The proof of ii) is based on an essentially complete class theorem [see
Theorems 2.9.2 and 2.10.3 in Ferguson, 1967 and also Le Cam, 1986, Chap. 2,
Thm. 1]. Broadly speaking, the theorem states that if C is an essentially complete
class relative to D (with C C D) and C is compact (relative to some topology
that makes the risk function continuous), then Extended Bayes rules in C are
essentially complete relative to D. Essential completeness of a class C (relative
to D) means that for any rule in D, there is a rule in C with smaller than or equal
risk; see Ferguson (1967), p. 55, Definition 3. The definition of an extended Bayes
rule is presented in Ferguson (1967) p. 50, Definition 3.

A key lemma in the proof of the article shows that the set of a-similar tests—
denoted C(a-s)—is compact in the weak* topology (see Lemma A.1 in Appendix
A.1). Since the risk function of the testing problem (Type I and Type II error)
is continuous with respect to the same topology, the essentially complete class
theorem applies: this is, the set of extended Bayes tests in C (a-s) is an essentially
complete class relative to C(a-s) (which is essentially complete relative to itself).
The essential completeness of extended Bayes tests in C(a-s) implies that any
admissible test in C(a-s) must be an extended Bayes test. Extended Bayes tests
in C(a-s) are then shown to be extended WAP-similar tests. The desired result
follows.

Remark 1. Finding a WAP test typically requires a researcher to solve an
optimization problem over an infinite dimensional choice set. It is well known
that the a-level (w)-WAP-similar Test for a two-sided testing problem where the
data can be partitioned as X = (x,x2) and xp is a boundedly complete, null-
sufficient statistic (i.e., f(x1|x2; fo) = f (x1lx2; fo, I1) = f(x1|x2; Po, I1") for all
IT) is given by:

w,a _ 1 if  z(x1,x2) = fo(x1,x2)/f (x1]x2; fo) > c(x2; )
Puar(x1,X2) = [0 otherwise ’
2.1

where

fox1,x2) = . Hf(Xl,Xz;ﬁ,H)dw(/f,H)<00 Y (x1,x2), (2.2)

and for each x7, c¢(x2; ) corresponds to the conditional (1-a) quantile of the ran-
dom variable z(X1, x2), with X| ~ f(x1|x2; fo). See Lemma 5 in Appendix B.3.2
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for the definition of a bounded-complete, null-sufficient statistic and the deriva-
tion of equation (2.1).

Remark 2. Under the additional assumption that ® C R” is compact, it is pos-
sible to present a slightly stronger version of Theorem 1 part ii). Let —* denote
convergence in the weak™ topology as defined in Section B.1.1 of the Online Sup-
plementary Material. One can show that for every admissible, a-similar test ¢
there exists a sequence of Borel probability measures w, on ® and an a-similar

d . o
test ¢* such that w, — w*, and ¢ywp —* ¢*. Moreover, if the probability mea-

sures w, admit some common dominating measure and their Radon-Nikodym
derivatives are bounded by a common integrable function, then it is possible to
show that the WAP of ¢ and ¢* coincide under w*. Thus, it is possible to claim
that—if some additional regularity conditions are met—every admissible, similar
test ¢ can be shown to be “WAP equivalent” to a properly defined limit of WAP
similar tests. This result is formalized as a corollary to Theorem 1 in Appendix
B.3.1.

3. INSTRUMENTAL VARIABLES MODEL

In light of the relevance of the WAP criterion in the characterization result, this
section revisits the question of how to construct a weight function for the struc-
tural parameters of a homoskedastic, over-identified linear IV model.

Of course, the choice of weights is idiosyncratic. In fact—in light of Theorem
1—there is no choice that could be deemed better than another, if admissibility
and similarity are the only properties of interest to the researcher. The objective of
this section is to provide context-free weights for a homoskedastic IV model that
translate into a test with desirable finite- and large-sample properties. The weights
can also be used for WAP comparisons and for understanding how much average
power is compromised by using conventional testing procedures as opposed to
WAP maximizing tests.

The outline of this section is as follows. First, we present the weights w* for
the structural parameters of a homoskedastic IV model. Second, we derive the
WAP-similar test associated to w* and study some of its finite- and large-sample
properties. One of the main findings is that the WAP-similar test is “close” to the
conditional likelihood ratio (CLR) of Moreira (2003). Finally, in Section B.4.1 of
the Appendix, we derive the large-sample properties of the new test.

SETUP AND NOTATION. In a sample of size n, let y € R” denote a vector that col-

lects the outcome variable for each observation in the sample. Likewise, x € R”
denotes the vector that collects all the observations of the endogenous regressor
and Z € R"*F is the matrix that collects the k instrumental variables. The pa-
rameter f denotes the coefficient of the endogenous regressor of interest and IT
denotes the first-stage coefficient. The testing problem is,

Ho:f=po vs. Hi:p+#po,
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where g is some prespecified value and IT, the first-stage coefficient, is the nui-
sance parameter.

STATISTICAL MODEL FOR IV. Let 7, denote the OLS estimator of the reduced-
form parameters in the IV regression. The parametric statistical model specifies a
multivariate normal distribution for 7,,:

1 7\—1 7/

7 ~N2k((ﬁ1¥) , %) where 7, = (g,g_éi) . @3.1)

Thus, the application of the theory in the first part of the article will require the
Gaussian model above to approximate the finite-sample distribution of 7,,.° For-
tunately, a central limit theorem (CLT) and a local-to-zero first-stage as in Staiger
and Stock (1997) guarantee that (3.1) will be, indeed, a reasonable approximation
for a wide range of data-generating processes (including stochastic instruments,
time varying heteroskedasticity, and autocorrelation of unknown form).!°

In models with i.i.d. conditionally homoskedastic data, the covariance matrix
can be written as Q ® Q_1 , where Q is the matrix of second moments of reduced-
form residuals, Q is the matrix of second moments of the instrumental variables,
and ® denotes the Kronecker product. This “Kronecker” case is commonly used
to analyze the power properties of tests in the IV model, and it is the focus of this
section.

3.1. Weights for (5, IT) in the Homoskedastic IV-Model

Let p denote a random variable supported on R. Let ¢ denote a random vector
supported on S', the unit sphere. Let & denote a random vector supported on
SK=1 the k — 1 sphere.'! Let ag = (B0, 1), bo = (1, — o). If T is of the form
Y ® @, consider weights on (S, IT) of the form:

I _ (b, ¥ho)~'/2b!
(ﬁn ) =n 1/2 (TC6®®1/2)p(¢®w), C() = ((a(’)‘I’_Olao)_l/zaé(‘)I’_l , (3.2)

where ¢ and o are two independent random variables, uniformly distributed in
their domain; this is,

d~USY, o~US. (3.3)

Finally, set:

P~ xks (3.4)

9 This parametric model has been considered before by Miiller (2011), p. 423; Moreira and Moreira (2015), p. 10;
and I. Andrews (2016), p. 6.

10 The distribution theory in Staiger and Stock (1997) relies on an assumed CLT for the inner product of instruments
and reduced-form residuals. The actual CLT required is given and proved in Phillips (1989) (Lemma 2.3 and Theorem
2.4).

U gor any m € N, 8™ is the m unit sphere; that is S™ = {x € R 1x)) = 1)
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with sz independent of ¢ and w. These weights are based on a convenient
reparameterization of the IV model analyzed in Chamberlain (2007).!2 In such
reparameterization, @ and ¢ represent—respectively—the “direction” of the first-
stage coefficient, I1, and also the direction of the alternative hypothesis, (5, 1)’.
The parameter p represents the product of the norms of each of these vectors and
it can be thought of as a measure of instrument strength.

Chamberlain (2007) considered uniform priors for ¢, @ (uninformative pri-
ors for the directions) but left the distribution of p unspecified. The priors for ¢
and o were motivated by studying a minimax problem (they are least-favorable).
These priors aimed to be context-free; consequently, researchers should not expect
any “hidden economics” buried in the weight function. Other prior specifications
could be available depending on the application.

Appendix B.4.3 shows that the weights for (S, IT) proposed in this section—
which are Chamberlain (2007)’s weights with the additional assumption that p ~

+/ )(kz—coincide with the MM2 weights proposed by Moreira and Moreira (2015)
(up to a scaling parameter) for the case in which X has a Kronecker form.

DISTRIBUTION OF ~/Z(f — ) and 4. The i.i.d. homoskedastic model, which has

a covariance matrix X of the form Q® (Z’'Z/n)~!, has been analyzed in detail
in the work of Andrews et al. (2006). The Monte-Carlo exercises reported in that
article depend on the parameters:

A=nIl'® ', and VA(8 — Bo).

The probability density function of (v/4( — fo), A) is given in Figure 1 below.
The WAP-similar test directs its power according to such density.

The following result shows that, under the proposed weights, there is a closed-
form solution for the test statistic of the corresponding WAP-similar test.

Result 1 (WAP-similar test for Homoskedastic IV). Suppose that ¥ =¥ @ ®
where ¥ € R2*2 and ® € R¥*k are positive definite, symmetric matrices. The
a-WAP similar test for the problem Hy : f = fo vs. Hy : p # Po given the
statistical model (3.1) and the weights over (f, 1) induced by (3.3), (3.4) rejects

the null hypothesis if the statistic Zwap(Sy, Ty):

(S.Sy— T T,)+8In (10 (% [(s,;s,, — T/ T, +4(S, Tn)2]]/2) ) +4InQ7) +41n((1/8)T!T,)

exceeds the critical value function cwap(Ty,a). The critical value function is
defined as the (1 — a) quantile of the distribution of the statistic above with

12 The original parameters (f, IT) induce the following “canonical” parameters (p, ¢, w):
p=wWa )P 22p)' 2, ¢=Coa/@ )2, 0= (2'2)' 25/ (B2 2p)' 2.
This yields the following parameterization of the IV model:

S) _
(T:) ~ Ny (p¢®o) Iy), peRy, $eS' wes!

where S, and 7, are defined in the statement of Result 1.
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0.1

0.06
0.04

0.02 —

0

VA (3-3,)

FIGURE 1. Weights for (v/Z( — f), /) induced by the weights on (p, ¢, w). Notes: Fig-
ure 1 is based on weights (3.3), (3.4) for the parameters (¢, ®, p) and the formulas in
equations (B.35), (B.36) in the Appendix. The matrix ¥ is assumed to have unit diago-
nal elements and correlation parameter » = 0.5. The matrix @ is assumed to be the iden-
tity. The null hypothesis is o = 0. There are 4 instruments, k = 4. The bivariate den-
sity is generated by a Monte-Carlo exercise with 50,000 independent draws from (pz, b)
and Matlab’s bivariate density estimator gkde2. The script used to generate this figure is
Weights_WAP2016.m.

S ~ Ni(0,1;) and T, fixed. The function Iy(-) is the modified Bessel function
of the first kind of order zero defined in Section 9.6, p. 374 of Abramowitz and
Stegun (1964). The value 3.1415... is denoted as ©. The statistics S, and T,, are
given by:

Sn) _ (1) ®T) X (bo @T)1~ /2 0 @I\ oo
)~ 0 [(ap @10 = @ @101~ J\ @y &1z =1) V"™

with a = (8,1), ap = (Bo, 1), bo = (1, —po)’ and T of the form ¥ Q ©.

Proof. See Appendix A.2. |

COMMENT ON RESULT 1. If the expression:
1 1/2
81n ( ’0(§ [(S,; Sy — T, Ty)> +4(S, Tn)z] ) )
were to be replaced by:
1/2
(SiSu=TiT)? +45,1)%)

the test in Result 1 would be equivalent to the conditional likelihood ratio
test. Note that for large values of 7,7, it is possible to motivate the desired
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substitution, up to an error term. In fact, it is common practice to evaluate the mod-
ified Bessel function Io(x) using the asymptotic approximation in Olver (1997),
p. 435:

ex
IO(X)/W 4 1, as x — o0,
which implies that for any s
Zwap(s,1) —2CLR(s,1) — 0, ast't — oo.

See Appendix B.4.4 for details. To further analyze the similarities (and differ-
ences) between the test in Result 1 and the CLR, we report a) the correlation
between the two tests, b) conventional power plots, and the c) weighted average
power of the two tests.

CORRELATION BETWEEN THE WAP-SIMILAR TEST AND THE CLR. Under
the null hypothesis, any nonrandomized test is a Bernoulli random variable with
success probability equal to its rate of Type I error. Thus, one way to understand
whether the CLR is “close” to the test in Result 1 is by reporting the correlation
between the two tests under the null hypothesis. Figure 4 suggests that the test in
Result 1 and the CLR have a high correlation under the null hypothesis.

POWER PLOTS. The analysis of correlation has nothing to say about the similari-

ties (or differences) in power performance. Figure 2 presents a standard power
comparison between the WAP-similar test in Result 1 and the Anderson and
Rubin (1949) test (AR), the Lagrange multiplier Test (LM), the CLR, and the
POSI2 (Point-Optimal Similar, Invariant Two-sided test). The figure reports the
average power computed over the grid of values of 2'/2(8 — fo) using uniform
weights and fixing the value of A under consideration (A = nIT’®~'IT). The fig-
ures also contain an (infeasible) power curve of the test that rejects whenever
[TI'®~1/28|/(II’®~'11)'/2 > 1.96. Figure 2 suggests that the power curves of
the WAP-similar test in Result 1 and the CLR are almost indistinguishable. Also,
the figure shows that there are alternatives (f, 1) for which the curve of the POSI2
test seems closer to the AR test than to the CLR.

WEIGHTED AVERAGE POWER COMPARSION. The weights that define the WAP-
similar test in Result 1 facilitate the numerical comparison of different testing
procedures. For instance, in the context of Figure 2, the WAP comparison using
weights (3.3) and (3.4) is as follows: 24% for the WAP-similar test, 23.8% for
the CLR, 22.2% for the AR and 18.5% for the LM. Figure 3 compares the WAP
of the WAP-similar test against that of the CLR, LM, and AR for a wider range
of reduced-form correlations (r € [—0.9,0.9]). One can claim that with 4 instru-
ments, the CLR is 0.15% away from maximizing weighted average power among
the class of a-similar tests, given the proposed weights in (3.3) in (3.4). We also
report the WAP using a uniform distribution over the area displayed in Figure 1.
The WAP comparison is as follows: 62.33% for the WAP-similar test; 62.24% for
the CLR; 56.10% for the LM; and 59.02% for the AR.
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FIGURE 2. WAP-similar test (R1) vs. CLR, LM, AR, POSI2 (power plots) (k =4, r =0.5).
Notes: Figure 2 reports power curves for WAP-similar test in Result 1 (denoted R1), the
CLR, LM, AR, the POSI2 in Andrews et al. (2006), and an infeasible test that rejects
whenever |TT'®~ /28] /(I'®~111)1/2 > 1.96. The POSI?2 test is evaluated at # = 2.1 and
A = 1. The figure suggests that the power curves of the test R1 and that of the CLR are
almost indistinguishable. The numbers in the box are weighted average power for each
fixed 4 and a uniform grid of 121 points for 2V 2(ﬁ — Po) € [—6,6]. The script used to

generate this figure is PowerPlots.m.

CONDITIONAL REJECTION REGION. The WAP-similar test in Result 1 (R1) is
measurable with respect to the triplet (AR,,, LM,,, T, T;,) = (S,,Su, (S), T,,)Z/Tn’ Ty,
T, T,). It is natural to ask whether the WAP-similar test rejects the null hypothesis
when both the AR, and LM,, do. Figure 5 reports “conditional” critical regions
in the (AR, LM) space for two different values of 7, T,,. The conditional critical
regions suggest that the WAP-similar test in Result 1 can be well approximated
by a linear Combination between the AR,, and the LM, as the tests in I. Andrews

(2016).

FINITE-SAMPLE PROPERTIES. The test in Result 1 is admissible and a-similar
by construction. The test is invariant, for it depends on the data only through
the triplet (AR,,, LM, Tn’ T,). Also, it is well known that any a-similar test that
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FIGURE 3. WAP-similar test (R1) vs. CLR, LM, AR (WAP) (k =4, ® =14, ¥(1,1) =
Y (2,2) = 1). Notes: Figure 3 presents a comparison of weighted average power between
the test in Result 1 (denoted R1), the CLR, LM, AR, and the POSI2 in Andrews et al.
(2006). The weights in (3.2) for the parameters (S, IT) are evaluated using ® = I and
Y =[1,r;r, 1], with r € [=0.9 : 0.1 : 0.9]. The null hypothesis is Sy = 0. The sample
size is n = 100. The figures use 500 draws from (£, IT) and 1,000 Monte-Carlo draws to
compute the power at each point. The POSI2 test is evaluated at f = 2.1 and 4 = 1. The
figure suggests that the WAP of R1 and that of the CLR are almost the same. The script
used to generate this figure is WAPComparison_KronIV.m.

depends on the data only through such a triplet is locally unbiased; see Andrews
et al. (2006), p. 730.

LARGE-SAMPLE PROPERTIES. The test in Result 1 was derived under the as-
sumption that the rotated reduced-form OLS estimators (S),, 7,,)" have the exact
distribution:

Ol L= A (6o @ Ti) = (bo ®T)1~'/2 (B — Bo)/mTL I
2 = [0 @) T (a0 @ )1~ 2(a) @ T T~ (@ @ T) /Il ¢ )

where X is of the form ¥ ® ®. In any finite sample, however, the law of (S, T,,)’
is a function of (f, IT), the sample size, and the joint distribution between the

instrumental variables and reduced-form residuals, denoted F. In fact, one can
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F1GURE 4. Correlation between the WAP-similar test and the CLR (k = 4). Notes: Figure 4
reports the correlation (under the null hypothesis) between the WAP-similar test in Result 1
and both the CLR and the POSI2 in Andrews et al. (2006). The design under consideration
is almost the same as in Figure 1. The null hypothesis is Sy = 0. The matrix ¥ is assumed
to have unit diagonal elements and correlation parameter r € {0.2, 0.4, 0.6, 0.8}. The matrix
©® = Il;. The number of instruments is k = 4. It has been argued that the power of the CLR
is close to that of POSI2 and we include it for comparison. The POSI2 test requires to
be evaluated a pair (S, 1). We consider the alternative f = 2.1 and A = 1. The alternative
for f is chosen to be close to 1/r = 2. Even though the rate of Type I error of these
tests does not depend on the concentration parameter, their correlation changes with 4. We
use a uniform grid for 4 € [0, 20] of 20 points. The script used to generate this figure is
CorrelationWAPvsCLR.m.

write:

(6 ®LE 0@ IO~ 2GH®L) o p
[(a)® L) T (a0 ® LK) (af @ L) ™! Yn ™ EpmFo

where ¥ is an estimator of the variance of A/n7y,. This variance depends on F and
such dependence is denoted X (F). The estimator ¥ need not have the Kronecker
form, even when X (F) does.

https://doi.org/10.1017/50266466619000215 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466619000215

ADMISSIBLE, SIMILAR TESTS: A CHARACTERIZATION 361

FIGURE 5. 5% conditional critical region (AR,LM), k = 2. Notes: (Blue, dashed) Bound-
ary of the sample space: AR > LM, where AR = §'S and LM = (5'T)2/(T’'T). (Red,
dot-dashed) 5% critical values for the AR and the LM statistics obtained as the upper 5%
quantiles of the distributions )(22 and X]z, respectively. The conditional critical region is the
collection of (AR, LM) points at the right of the black (solid) lines (large AR and large
LM). Each solid line traces the boundary of the rejection region of the WAP-similar test
for a given value of T'T € {10, 100}. The command ezplot in Matlab is used to graph the
solution to the equation (AR, LM, T'T)-c(T'T; a.) = 0.

If one assumes that for n large enough the distributions P" and Q" are close
to each other (under the null), then one would expect the rate of Type I error
computed under P" to be close to that obtained under Q". We formalize this
statement in Appendix B.4.1. We also show that the test in Result 1 is as powerful
(locally) as the GMM-Wald test for Sy (Appendix B.4.2) based on the sample
moment condition:

1
—Z'(y— Box) =0.
NG (y = Pox)

WEIGHTS FOR THE HETEROSKEDASTIC/AUTOCORRELATED IV MODEL.
While it is possible to extend the weights w* to an IV model with heteroskedas-
ticity and autocorrelation (HAC), there is no guarantee such weights will lead to
desirable finite- and large-sample power properties (such as unbiasedness and lo-
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cal power efficiency). In fact, I. Andrews (2016) and also Moreira and Moreira
(2015) have used Yogo (2004)’s Elasticity of Intertemporal Substitution estima-
tion exercise to analyze the finite-sample performance of different tests in the
HAC-IV model. These articles find that WAP-similar tests can be badly biased
and that the (quasi)-conditional likelihood ratio test can have poor performance
in certain parts of the parameter space. Contrary to the homoskedastic case, the
question of whether there exists an admissible, similar test with desirable finite-
and large-sample power properties does not seem to have a straightforward an-
swer. Theorem 1 implies, however, that if such a test exists it will have to be
(essentially) a WAP-similar test.

4. CONCLUSION

This article studied testing problems with a sharp null and a nuisance parameter.
The leading example was a testing problem concerning the coefficient of a single
right-hand endogenous regressor in an instrumental variables (IV) model.

The main result in this article showed that WAP-similar tests characterize two
important finite-sample properties: admissibility and similarity. The characteri-
zation result stated that WAP-similar tests are admissible and similar; but more
importantly, that every admissible, similar procedure is essentially a WAP-similar
test. Thus, if a researcher finds admissibility attractive and at the same time desires
to make the rate of Type I error invariant to nuisance parameters the WAP-similar
class should be of interest. This result applies to full vector inference with a nui-
sance parameter, not to subvector inference.

In light of the relevance of the WAP criterion in the characterization result, this
article proposed a weight function w* for the homoskedastic IV model.

Result 1 showed that there is a closed-form expression for the test statistic of
the WAP-similar test corresponding to w*. Analytical and numerical evidence
showed that the WAP-similar test has finite- and large- sample properties compa-
rable to those of the conditional likelihood ratio of Moreira (2003). In addition to
these properties, the WAP similar test is—by construction—admissible.
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APPENDIX: Main Text Appendix

A.1. Proof of Theorem 1

Let X denote the sample space, ® the parameter space, f the statistical model, and @ the
null hypothesis. Assume ®( is nonempty, closed, and such that its topological boundary,
Bd(®y), equals ©.

Let C denote the class of all tests; that is, all measurable functions ¢ such that ¢ (x) €
[0, 1] for almost every x € X. Topologize this space using the weak™ topology on L*°
(see Section B.1.1 of the Online Supplementary Material for details). Denote the resulting
topological space as (C, 72‘).

The first lemma of this appendix shows that the set of o-similar tests is compact.

LEMMA A.1. The set
Cla-s) = {¢ e C‘ Eplg (X)] — o = /X(¢<x> —a)f(x;0)=0 V0 e Bd(®)
is compact relative to (C, Té").

Proof. See Section B.1.2 of the Online Supplementary Material. |

Lemma A.1 is used to prove part ii) of Theorem 1. The weak™ compactness of C(a-s) will
allow the application of an essentially complete class Theorem [See Theorem 3, p. 87,
Chap. 2 in Ferguson, 1967].

The second lemma in this appendix shows that the test that minimizes weighted average
risk subject to an a-similarity constraint is well defined and, more importantly, admissible
relative to all tests.
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LEMMA A.2. Let w denote a full-support probability measure over @1 with p.d.f. p.
Define the minimum average risk over the set of a.-similar procedures as

M(w) = argmin/ R(¢,0)dw(0),
peC(a-s)”/ Oy

and suppose that Assumption FO holds. Then, M (w) is a nonempty set and each ¢* € M (w)
is admissible in C(a-s) and C.

Proof. See Section B.1.3 of the Online Supplementary Material. |
Lemma A.2 is used to prove part i) of Theorem 1.

Proof of Theorem 1. We use the previous lemmas to prove the theorem.
PART 1. Let ¢{ixp be a 0-WAP-similar test of level a and let C(a-s) be the class of a-
similar tests as defined in Lemma A.1. By definition, ¢%}V’XP € C(a-s) and

WAP(G %, w) = /@ | ( /X P (x) f(x;a)dx)dw(a),
- /@ By [$2:%(0)] dw (@),
1

=1 —/@l R(yyaps0)dw(0),

(by the definition of risk function)
> WAP(¢p, w), V¢ e C(a-s).
This implies

/®. R(d)w’AP,Q)dw(G)g/@l R(p,0)dw(0), Y e Cla-s).

Implying WAP-similar tests of level a are average risk minimizers subject to an a-
similarity constraint. Lemma A.2 thus implies that (f)%XP is admissible in the class of
all tests, C, provided Assumption FO holds.

PART 11. The proof is based on the essentially complete class theorem; see Theorems 2.9.2
and 2.10.3 in Ferguson (1967) and also Le Cam (1986), Chap. 2, Thm. 1.

Note first that the class C(a — ) is essentially complete relative to itself (as it contains all
the a-similar tests). Note that the set C(a —s) is weak™ compact by Lemma 1. In addition,
the risk function of the testing problem R(¢,8) is—by definition of weak™ topology—
continuous (in ¢) for all & € O. This verifies the assumptions of Theorem 2.10.3, p. 87, in
Ferguson (1967).

Following Definition 3 Ferguson (1967) p. 50, ¢* € C(a — ) is said to be an extended
Bayes test if for every € > 0 there is a prior distribution w¢ (@) such that:

/ R($*,0)dwe (0) < / RGPS 0)dwe (0) +e.
0 0

Theorem 2.10.3 in Ferguson (1967) implies that the set of extended Bayes tests in C(a —s)
is essentially complete. This essential completeness means that for any other test ¢ € C
there is a test ¢* extended Bayes in C(a-s) such that:

R(¢*,0) < R(¢,0)
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for all 6. Since ¢ is admissible and a-similar R(¢*,0) < R(¢,0) for all  implies that
R(¢*,0) = R(¢,0). Therefore, any admissible, a-similar test is risk equivalent to an ex-
tended Bayes test. This implies that for any € > 0 there is a probability measure we such
that

WAP($, ) = WAP($*, ) > WAP($iA}, we) — €

Consequently, any admissible, a-similar test is an extended WAP-similar test of
level a. .

A.2. Proof of Result 1

The statistical model under consideration is

. A\ = . (@Z'D7 7y

yl’l "’N2k(( H B ; B Where Vn = (Z/Z)_] Z/x . (A'l)
As explained in note 12 in the main body of the article, if we assume X =¥ ® @ the model
can be reparameterized as

S _
(TZ)NNzk(p@@w),ﬂzk), peRi, ¢eS'. wesl. (A.2)
The test in Result 1 uses the likelihood of (A.2), denoted f(S,T; p, ¢, w). The following

lemmas provide expressions for the corresponding integrated likelihood using the indepen-
dent distributions:

¢~USH, 0 ~US, p~ /1t
The uniform measure over the r — 1 dimensional sphere S” ~1 is defined in Stroock (1999)
and denoted 4 gr—1(-).

The following lemmas derive an expression for the integral of f(S,T;p,¢,w) with
respect to, first, the distributions of p and w and, second, the distribution of ¢.

LEMMA A.3. Let m denote the density of p. Then

L ([ 7657000005001 @ ) morap oxexp (= 515's:+ 1/71) exp (3/09).

where Q =[S, T[S, T].
Proof. See Section B.2.1 of the Online Supplementary Material. |
LEMMA A 4.

[ 0 (3 08) 2519 xexp (5 (cmas + i) ) 1 (5 s = i)

where

Cmax =

[(S’S +7'T) +\/(S’S —T'T)?2 +4(S’T)2] ,

N =
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Gin =5 | /5471 =155 T2 a2,

are the largest and smallest eigenvalues of the matrix Q and Iy(-) is the modified Bessel
function of the first kind, defined in Abramowitz and Stegun (1964), Section 9.6, p. 375.

Proof. See Section B.2.2 of the Online Supplementary Material. |

A.2.1. Proof of Result 1. 'We now derive the WAP-similar test. From the definitions of
Cmax and i

%(cmax +Gnin) = %(S’S+ 7'7), %(cm ~Gnin) = %((S’S —T'T2+4(5'T)?) "

From Lemmas A.3 and A.4 it follows that the integrated likelihood, denoted f*(S,T)
with respect to the independent weights

$~USH o~USYH p~ i}
is:

* 1 / / 1 / / 1 / 12 /2 172
STy oxexp(=3[S'S+T T])exp(g(S S+T T))10 (g ((s S—T'TY> +4(S'T) ) )
The denominator in the expression of the WAP-similar test is

1 /
F(SIT: fo) xexp (= 35'S).
Consequently:

1, [ ’ 1 / /2 /N2 172
Zwap(S.T) o<exp(—5T T)exp (g[s S+T T])IO g((s S—T'TY2 +4(S'T) ) .

The quantile function ¢(7, ) is continuous in 7 and, therefore, measurable. So that the
WAP-similar test rejects if and only if the test statistic

§'S—T'T +8In [,O(é ((s’s Ty +4(S’T)2)1/2)]

is larger than the critical value function ¢* (T, a), defined as the 1 — o quantile (conditional
on T') of the expression above under the distribution S ~ N (0, T;). This test is equivalent
to the one presented in Result 1.
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