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OPTIMAL MINIMAX RATES FOR
NONPARAMETRIC SPECIFICATION
TESTING IN REGRESSION MODELS
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In the context of testing the specification of a nonlinear parametric regression
function we adopt a nonparametric minimax approach to determine the maxi-
mum rate at which a set of smooth alternatives can approach the null hypothesis
while ensuring that a test can uniformly detect any alternative in this set with
some predetermined powé&ke show that a smooth nonparametric test has opti-
mal asymptotic minimax properties for regular alternativies a by-productwe
obtain the rate of the smoothing parameter that ensures rate-optimality of the test
We show thatin contrast a class of nonsmooth testwhich includes the inte-
grated conditional moment test of Biere(®982 Journal of Econometric®0,
105-134, has suboptimal asymptotic minimax properties

1. INTRODUCTION

Specification analysis is a central topic in econometriRscent work has fo-
cused on specification tests that are consistent against a large spectrum of non-
parametric alternativesBierens(1982 inaugurates this line of research by
proposing integrated conditional momdihEM) tests for checking the specifi-
cation of a parametric regression maddis method which relies on the em-
pirical process of the residuals from the parametric moldas been further
developed by Andrew§1997), Bierens(1990, Bierens and Plobergdi997),
Delgado(1993, Stinchcombe and Whitél998, and Stutg1997) among oth-

ers A competing approach compares parametric and smooth nonparametric re-
gression estimatgsee among othersFan and Lj 1996 Hardle and Mammen

1993 Hong and White 1995 Li and Wang 1998 Zheng 1996. Thus there

now exists a large range of consistent specification tests for regression models
See Hart(1997) for a review

The first author was with CREST when completing the first version of this p&jueancial support from CREST

and INRA is gratefully acknowledgediVe thank the editor and four referees for comments that were helpful in

improving our paperAddress correspondence ®ascal LavergndNRA-ESR B.P. 27, 31326 Castanet-Tolosan
Cedex France e-mait lavergne@toulousira.fr.

© 2002 Cambridge University Press ~ 0266-4868 $950 1139

https://doi.org/10.1017/50266466602185069 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466602185069

1140 EMMANUEL GUERRE AND PASCAL LAVERGNE

A theme of this literature concerns the power performances of the proce-
dures derived from either approadrhis has been mainly investigated by study-
ing the tests’ behavior under particular local alternatiiges e.g., Hart, 1997).

A familiar approach consists in considering a sequence of alternatives of the
form

E(Y|X) = u(X,6) + r,d(X), (1.2)

whereu (X, 6p) is a member of the parametric mogddl-) is a specified func-

tion, andr,, goes to zero as the sample siz¢éends to infinity It is generally
found that smooth tests have trivial power against alternatives of the(fbimn

with r, oc n™Y2, whereas nonsmooth tests such as ICM tests can detect such
alternatives thus suggesting that nonsmooth tests are more powetifnv-

ever a reverse phenomenon can occur when considering different sequences of
alternativesSpecifically some alternatives that are more distant that? from

the null hypothesis are detected by smooth tests but not by their competitors
(see e.g., Fan and Lj 2000. This shows that considering alternativ@sl) is
overly restrictive and can be misleadings also argued by Horowitz and
Spokoiny(2001).

In this paperwe adopt a nonparametric minimax approaab detailed by
Ingster(1993. Such an approach evaluates the power of a test uniformly over
a set of alternativebl,( p,) that lie at a distance,, from the parametric model
and that belong to a class of smooth functions with smoothness indexe
optimal minimax ratep,, = pn(s) is the fastest rate at whigh, can go to zerp
whereas a test can uniformly detect any alternativélifp,). Such a test is
called rate optimalAssuming thas is known Ingster(1993 determines opti-
mal minimax rates for goodness-of-fit testing of a uniform density and testing
for white noise in the continuous-time Gaussian mo@@#nsiderings as an
unknown nuisance paramettre so-called adaptive framewo&pokoiny(1996
finds the optimal adaptive minimax rag@ in the latter testing problenfs-
suming this rate applies in regression settitgsrowitz and Spokoiny2007)
propose a specification test that is asymptotically uniformly consistent against
alternatives approaching the parametric model at géte

The main contribution of the present paper is to determine the optimal mini-
max rates for specification testing of a parametric nonlinear regression model
with a multivariate random design and heteroskedasticity of unknown.form
Following Ingster(1993, we assume thas, the regularity of the regression
function, is known Our results show that the optimal minimax ragig for
specification testing in regression models can differ from the optimal rate found
in testing situations considered by Ingst&P93. We also provide a nonpara-
metric smooth test that has power uniformly against alternatives approaching
the null hypothesis at the optimal raf€his in turn yields the rate at which
the smoothing parameter should go to zero to ensure rate-optimality of the
test Such a result constitutes a first step toward a better understanding of the
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smoothing parameter’s effect and the construction of practical procedures for
its determination

The paper is organized as followls Section 2 we describe our framework
and assumptiondn Section 3 we establish optimal minimax rates for specifi-
cation testing in regression models and provide a testing procedure tiadt is
optimal for alternatives that are regular enoudfie also discuss the case of
irregular alternativesWe finally illustrate the poor minimax properties of a
class of ICM-type testsSection 4 gives some concluding remarks in relation to
the adaptive framework of Horowitz and SpokoifB001). Proofs of the main
results appear in Section Bhree appendixes gather some auxiliary results

2. FRAMEWORK AND ASSUMPTIONS

Let (X,Y) be a random variable ilRP X R and assume that we have at hand
observations oiiX,Y) such that the following assumption applies

Assumption | {(X;,Y;),i = 1,...,n} is an independent and identically dis-
tributed (i.i.d.) sample on(X,Y) from RP X R. For m(-) = E(Y|X = .),
Em*(X) = m, < oo for somem, > 0. Fore = Y — E(Y|X), Ee? > 0 and
Ec* < co.

Assumption | allows for heteroskedasticity of unknown form but restricts to
regression functions with bounded fourth momemtswhat follows we ac-
knowledge the dependence of the distributior¥afiven X upon the regression
function by denoting probabilities and expectationRsand E,,, respectively

We consider a parametric family1 of regression functionda1 = {u(-,6);

6 € 0}, ® C RY. The null hypothesis of interest is

Ho:m(-) = E,[Y|X=-]€ M.

To define the alternative hypothesthe nonparametric minimax approach re-
quires us to focus on some classes of smooth functemexplained by Ingster
(1993. Fors € [0,1), let C,(L, s) be the Lipschitz class of maps(-) from RP

to IR such that

Im(x) —m(y) | =L|x—y[5 L>0  Oxy€ERP

where|-| is a norm onlRP. Fors = 1, let[s] be the greatest integer less than
or equal tos and letC,(L,s) be the set of functions(-) almost everywhere
differentiable up to ordefs], all of whose partial derivatives of ordgs] be-
long to C,(L,s — [s]). We consider the alternative hypothesis

Hi(p):infyee E(n(X,0) —m(X)? = p?%4  m() € Cy(L,9).

HereH,(p) is the set of regression functions @)(L,s) at a distance from
the parametric model to be testesith Em*(X) = m, < oo under Assump-
tion 1. For the following analysisthe latter restriction should hold uniformly
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over the set of considered regression functiar(s). This assumption plays a
role similar to the compactness of the parameter set in parametric estimation
In the definition of the alternative hypothesthe distance between the true
regression functiom(-) and the parametric model under consideration is closely

related to the notion of “pseudo-true value” for the paramétésee White
1981, Gourieroux Monfort, and Trognon 1984. We now describe some as-
sumptions related to this pseudo-true value and the way it can be estimated

Assumption M1

(i) For eachd € 0, u(-,0) € Co(Lr,S), Ly = L, and Ep*(X,0) = pg < oo.
There is an inner poindy of ® such thatEuw*(X,6y) < my, for m, defined in
Assumption |

(if) For eachm(-) in Cy(L,s), there exists a uniqué* = 6, such that

E(n(X,0%) —m(X))? = infyce E(u(X,0) — m(X))2

(i) For any sequencem,(:)}p—; such that ¥ in the interior of ® with
liMnsie0 E(u(X,0) — ma(X))2 = 0, 6, converges td.

Assumption M1(i) yields that the modeM of interest is a subset @ (L,s),
a condition under which M4ii) implies that the parametéris identified under
Ho. This assumption allows us to define the deviation of the regression func-
tion from the null hypothesis as

8(-) = dm(-) =m() — u(-,07). (2.1)
Assumption M2

(i) For eachx, u(x,-) is twice continuously differentiable with respect @pwith
first- and second-order derivatives (-,-) and ugy(-,-) uniformly bounded irx
andé € 6.

(i) The matrixE[(u (X, 0)/06) (0 (X,0)/06 7)] is nonsingular for alb € ©.

(iii) The set of gradient functiodgdu(-,6)/00); # € O} is compact inCo, the set of
continuous functions fronRP to RY equipped with the uniform norm

Assumption M2 is similar to the assumption used by Wiiit@81) to estab-
lish the \/n-consistency of the nonlinear least-squares estimatéf,bf

Assumption M3 \n(f, — 6;) = Op_(1) uniformly with respect tan(-) €
Cp(L,s) with Em*(X) = m, < oo, i.e,

On >0, v > 0:limsup sup P..(\n|6, — 65 > v) = .
n—s+o m()EC,(L,s), Em*(X)=m,

Assumption M3 deals with the existence of am-consistent estimatof,
of 65, uniformly with respect tan(-) € C,(L,s). Such a result is not usually
shown in the literatureHowever uniformity is essential for developing our
minimax approachBirgé and Massar1993 show that Assumption M3 usu-
ally holds for approximate nonlinear least-squares estimat@ensidey e.g.,
the simple univariate regression model wher€X,9) = 6X, 6 in [9,0]. The
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pseudo-true value is then defined &8 = E[Xm(X)]/E(X?). Assumptions
M1 and M2 hold provideX has bounded support and the ordinary least squares
(OLYS) estimator is such that

6,— 6% = [(l/n) 2 xﬁ} (1/n) 2 (M(X) — 6*X: + &)X.
i=1 i=1

Hence Assumption M3 holds foﬁn under Assumption | whelEX* < co, as
the empirical mean of the numerator is centereith a variance of orde®(1/n)
uniformly in m(-).

Consider a test, € {0,1} based on a sample of sire wheret, = 1 corre-
sponds to rejection dfly. The behavior of the test under the null hypothesis is
usually characterized by its level

a(tn) = sup Pm(tn = 1)

m(-)EHg

In our analysiswe focus on tests, with «(t,) = a + o(1) for somea > 0. In
Section 32, we consider a tedt, with asymptotic type-I erroa uniformly over
Ho, i.e., such that sug ,ep,|Pn(f, =1) — a| — 0. In this casea(t,) = a +
0(1) also holds In the minimax approacghhe behavior of a test is evaluated
uniformly against the alternativid,( p), i.e., through the minimax type-Il error

Bltnp) = sup Pyt =0).
m(-)EH(p)

The minimax power againsi,( p) is then defined as + B(t,, p). A test with

B(tn, p) = 0(1) is said to be uniformly consistent agairt$t( p,).

The definition of the optimal minimax rate for the testing problem relies on
two conditions First, the optimal minimax ratg,, is such that no test has more
than trivial minimax power againsi,( p,,), for any p, that goes faster to zero
than g,,. Secondthere exists a tedt, that has a predetermined uniform power
against alternatives approaching the null hypothesis atgat®lore formally
we have the following definition

DEFINITION 1. The optimal minimax (testing) raig, is such that

(i) For any test § with a(t,) = a« + 0(1), « > 0,

B(tn,pn) =1~ a+0(1) whenevep, = o(g,).

(ii) There exists a tedt, with a(f,) = a + 0(1), @ > 0, such that for any prescribed
boundg in (0,1 — «) for the minimax type-Il error, there exists a constant- 0
ensuring

B(fm Kﬁn) = sup Pm(fn = O) = B + O(l)

m(-)EH;(kpn)

Such a test, is called rate optimal.
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As noted by Stoné€1982, the minimax estimation rate of a nonparametric
regression depends not only on its smoothness but also upon the behavior of
the densityf (-) of X at the boundary of its suppo# similar phenomenon arises
in our testing problemFor instanceif the density of the regressors has un-
bounded suppoytt is possible to find some sequences of functions) in
H.( p), with fixed p, against which any test has trivial poweee Appendix C
for an illustration. Therefore to avoid technicalitieswe limit ourselves to ex-
planatory variableX whose density is bounded from above and below and has
bounded support

Assumption D The densityf (-) of X has supporf0,1]P, with 0 < f = f(x) =
F < +oo for anyxin [0,1]P, and is continuous ofD,1]P.

3. OPTIMAL MINIMAX RATES FOR SPECIFICATION TESTING

As is usually done in this kind of analysiwe proceed in two stages correspond-
ing to the two conditions of Definition.IFirst, we find a testing ratg, below
which alternatives iH,( g,) cannot be uniformly detecte@econdwe exhibit

a nonparametric smooth test that has power uniformly against alternatives of
ordergy.

3.1. Lower Bounds for Optimal Minimax Rates

The next result provides a lower boupd for the optimal minimax rate cor-
responding to the smoothness indexThis result formally justifies that con-
sidering local alternative$l.1) with r, «« n~¥2 is not appropriate in the
nonparametric minimax approadmecause such alternatives are noHit p,,),
asn~Y? = o(p,) for any smoothness index

THEOREM 1 Let p, = n @Y+ if s = p/4 and p, = n Y4 if s < p/4.
Under Assumptions D, I, M1, and M2, if eaehis N(0,1) conditionally upon
Xi, for any test { with a(t,) = « + 0(1),

B, pn) =1—a+0(1) whenevep,=o(p,).

To prove Theorem it is enough to establish that(t,) + B(t,,pn) =1 +
o(1) for any testt,, with asymptotic levek. This is obtained by bounding the
latter quantity from below via a proper choice of Bayesian a priori measures
over subsets oHy and Hy( p,). Then bounding the errors of the Bayesian
likelihood-ratio test yields the resulflheorem 1’s proof also shows that a uni-
formly consistent test dfly againstH,(«p,), k > 0, does not existthough as
will be shown in Section 2, there exists a test that has a predetermined mini-
max power againgtl,(kpy).

The assumption of standard normal erfoshich is used to derive Theo-
rem 1, can be relaxed as soon as regular distributions are consideien-
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mon condition is to assume that the translation model associated with the errors
g’s is locally asymptotically normalLAN ), i.e., the densityf;(-) = f(-|X;) of
the variables; given X; fulfills

E[Wi <8i ’ %) ~log fi(8i>] = U, — U?1/2+ 0p(D),

wherel > 0 is a constant an§}, converges in distribution t&/(0, 1) (see Ibragi-
mov and Has'minskji1981). This condition also allows for the presence of
heteroskedasticityor instanceif & = o (X;)n;, where then;’s are indepen-
dent with densityf, () and are also independent of thgs, the LAN condition
holds under standard regularity conditionsfpfl) given 0< g =0(-) =7 <

oo. Under the LAN conditionTheorem 1 carries over at the cost of some tech-
nicalities* However the assumption of Gaussian errors is only instrumental in
our analysis The next section shows how optimal minimax rates are deter-
mined for a general unknown error distribution

3.2. Optimal Minimax Rates and a Rate-Optimal Test
for Regular Alternatives

To determine optimal minimax testing rate@ge now build a specification test

A popular method in econometrics follows the Lagrange multiplier approach
(see Godfrey1988. This consists in estimating the model under the null hy-
pothesis in the first place and using this estimate as a basis for a test statistic in
a second stepHere we first estimaté and use the estimated parametric resid-
ualsU, =Y, — u(X;,0,) to testH,. For this purposewe introduce a simple
approximating family of functionson which the parametric residuals will be
regressedlLet

P

I = _Hl[kj h, (k; + 1)h)

=
be a bin of[0,1] P, where the multivariate indek = (kg,...,k,) " € K C NP
satisfies 0= k; = K — 1 forj = 0,..., p, K = K, being an integer number and
h = 1/K the associated binwidtffhe binsl,’s define a partition 0of0,1] P up to
a negligible setand the indicator functiondl (x € I,) are therefore orthogonal
Then following Neyman(1937) (see also Hart1997), a smooth test can be
proposed by regressing ti’s on the normalized variableB(X; € Ik)/\/Wk
for k € K, whereN, = 3" ; U(X; € |,) is the number of observations of the
exogenous variables in bip. If the 7,’'s are the corresponding estimated coef-
ficients a test can be based on

S-S (i > u)

= ke \ \ Nk X1,
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Such a test statistic can also be viewed as an estimaigf ai X, 0*) — m(X))?
based on the regressogram methbldwever this statistic is systematically
biased under the null hypothesizecause it includes the squared estimated re-
siduaIsUiZ,i =1,...,n. To remove this systematic biase consider

U[N, > 1] "
\/"Kp/2 = Ny = LYY

kex {Xis XY, 1#]

o=

and the simple estimator of the varianceTgf

= (1/KP) 2 JJ(NK—;]') 2 Uizujz.

kek  NC px el iz

The test is defined afg = 1l (vglfn > z,), wherev, is the positive square root

of v2 andz, is the quantile of ordefl — «) of the standard normal distribution

Our test is thus a simple regressogram version of the kernel-based test of Zheng
(1996. This allows us to treat the design density and the conditional heteroske-
dasticity function as nuisance parameters and avoids unnecessary smoothness
assumptions on these functions

THEOREM 2 Under Assumptions D, |, and M1-M3,

(i) fK = o and /(K PlogKP) — oo, the testf, is of asymptotic levek uniformly
over H, i.e.,

supP(t, = 1) — a| = sup P, (v; 1T, > z,) — «| = 0.
Ho Ho

(i) Assume s> p/4, let g, = n~@(P+49) and K= [ 5, ¥/5/A], A > 0. For any pre-
scribed bound3 in (0,1 — «) for the minimax type-Il error, there exists a con-
stantx > 0 such that

B, kpn) = sup PpvytT,=2,) =B+ o(D).

Hi(xpn)

Theorem 2i) indicates that,, has asymptotically a type-I error equal 4o
uniformly overH,. Theorem 2ii) shows that fos > p/4, f, has asymptotically
minimax power 1- 8 againstH;(«p,).> Note thatg can be chosen as close to
zero as desired by takinglarge enough

Theorems 1 and 2 together establish the minimax optimality of theaate
and the rate-optimality of the te&t This easily follows by checking the con-
ditions of Definition 1 Condition(i) is fulfilled, as the lower bound of Theo-
rem 1 cannot be improved if the conditional distribution of #is is unknown
and lies in a set of densities including the norf&ondition (i) is fulfilled
because of Theorem @vhich leaves this distribution unspecified
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COROLLARY 3. Under Assumptions D, I, and M1-M3 and ifsp/4, g, =
n-(2¥(PT49) js the optimal minimax (testing) rate arglis rate optimal when K
is chosen as in Theorem 2(ii).

As can be expectedhe ratep,, becomes slower when the dimension>of
increases or when the smoothness inseecreasesVhenp = 1, the ratep, is
similar to the one obtained for a testmf-) = 0 in the continuous-time Gauss-
ian (CTG) model

dY,(x) = m(x) dx + % dWI(x), x € [0,1],
where W(+) is a standard Brownian motio(see Ingster1993. This model
may be viewed as an ideal modehany optimality results valid in this con-
text can be extended to the univariate regression model with homoskedastic
Gaussian errors when the smoothness indem(@f is such thats > 1, thanks
to an equivalence statement due to Brown and (986. However this equiv-
alence does not hold fa& < 3 ands = 3, as shown by Efromovich and Sa-
marov (1996 and Brown and Zhang1998. Moreover it is not known if
such an equivalence extends to a regression model with a multivariate random
design unknown variancenon-normality or heteroskedasticity of the regres-
sion errors For instancethe case of small smoothness indices., s = p/4,
which is not treated in Corollary, 3eems to be specific to the regression model
and is discussed subsequentorowitz and Spokoiny(2001), who do not
assume thas is known propose a test that is uniformly consistent against
alternatives approaching the null hypothesis at fgtén In n)¥“s*® whens =
max(2, p/4), which for p = 1 is the optimal adaptive minimax rate for testing
m(-) = 0 in the CTG model according to Spokoi$996. Thus the adaptive
approach leads to an unavoidable but small loss in the optimal minimax rate
Our results give theoretical grounds for the choice of the smoothing param-
eter in a specification testing frameworko understand how the binwidth is
chosen to get a rate-optimal teebte that our results imply that
12 = Op, (1)NhP2(EY25%(X) — h®)? = Op (1)nhP?(kp, — h®)?,

n

<

for any m(-) € Hy(kp,) with kp, = hS andnhP/InhP — o.” To bound the
asymptotic minimax type-Il erropne must force the lower bound f to stay
away from zeroHence the smallest possilg has the same rate &S§ and the
corresponding lower bound fék, is an O(nh(P+49/2) Therefore for regular
alternativesi.e., for s > p/4, the optimal binwidthh is such thanh(P*49/2 has
a nonvanishing finite limiti.e.,

R oc N~ @/(P+49), (3.1)

For the same ands, the optimal binwidth rate for testing the specification of
a nonlinear parametric regression model is faster than the optimal binwidth rate
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for minimax nonparametric estimation of the regression function in the
L,-norm which isn~¥(P*29 Basically choosing an optimal testing binwidth
leads us to balance a variance term against a squared biassteritar to the

ones found in semiparametric estimationErh?(X). This implies some under-
smoothing relative to optimal estimation of the regression function jtaslfs

the case in other semiparametric estimation probléses e.g., Hardle and
Tsybakoy 1993 Powell and Stoker1996. However determining optimal
smoothing parameters for semiparametric estimation and determining them for
testing are typically different issués

3.3. The Case of Irregular Alternatives

The optimal minimax testing rate generally depends on the relative standing of
the smoothness indexand the dimensionality of the modpl For irregular
alternativesi.e., s = p/4, the lower bound of Theorem 1 equais'* and de-
pends neither on the smoothness index nor on the dimensidh Diis con-
trasts with the result found by Ingst&r993 in the CTG modelThe raten™%4
corresponds to a baseline minimax testing rate when the variance function
o?(X) = Varg[e|X] is known Define

Ty = /) ;(Uiz - a2(X)) (3.2)

and observe thak! estimatesE,[Y — w(X,0%)]2 — Ec?(X) = E[u(X,0%) —
m(X)]? with rate of convergence/n. Therefore it is easy to show that a test
based oril,;, has asymptotically nontrivial minimax power agaitt(xn=%*)
for anyk > 0.°

The case where the variance functiof(X) is unknown is more difficult to
deal with Even with homoskedastic errgmsstimatings 2 is problematic when
m(-) is not smooth enougtas it is difficult to separate the signai(-) from the
noisee. It is likely that the minimax testing rate depends ugomnhens = p/4
ando?(-) is unknown Note that choosindy o« N~ in our testing procedure
yields a test that uniformly detects with some predetermined power alternatives
in Hy(kn~5P), for « large enough® This implies that the optimal minimax rate
is faster than or equal to~? for irregular alternatives

3.4. Minimax Properties of ICM-Type Tests

We now study the minimax behavior of some nonsmooth tdiErens and
Ploberge1997) have shown that ICM tests are asymptotically admissible against
specific alternatives of the tyé.1). The nonparametric minimax approach pro-
vides an alternative way of evaluating power properties of such specification tests
Theorem 4which follows shows that ICM-type tests have asymptotically triv-
ial minimax power against alternativesth(n—2) for anya > 0.
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The ICM test statistic proposed by Bierefi®82, and further developed by
Bierens and Plobergei997), is

Ih = JZZ(S) dv ($),

wherer(-) is a measure on a compact $8tand z(¢) = (1/vVn) >, U, X
w(X;, &), with real-valuedw(X;, ¢). Stinchcombe and Whitél998 study the
more general statistic

1/q
I = [fZ(E)qdv(f)] . a=1

Let £, be the test, ; = U(lnq > Ugq), With a(f,q) = @ + 0(1). In what
follows, Cy(o0) is the set of infinitely continuously differentiable functions from
RP to R.

THEOREM 4 Let w(-,-) be bounded and such that(w¢) € Cy(o),
0& € E. Under Assumptions I, D, and M1-M3, if eaghis /(0,1) condition-
ally upon X and f(-) € Cy(c0), thend1l = q < oo,

B(thgpn) = sup  Pyllng=U,q)
m(-)EH1(ppn)

=1—-a+o0(1), whenevep,=0(n"?), Oa>0.

Our assumptions ow(-,-) are justified by usual choicesuch as ex@X’¢),
see Bieren$1990, or (1 + exp(—X'&)) 1, see White(1989. Theorem 4 relies
upon a Bayesian approach similar to the one used in the proof of Thearem 1
We conjecture that similar results can be derived for other nonsmooth tests
because such tests are basically identical to nonparametric smoothatiéists
the major difference that the smoothing parameter is held f(seé e.g., Eu-
bank and Hart1993 Fan and Lj 2000.

4. CONCLUSION

Our results illustrate the particular features of specification testing of nonlinear
regression models under a multivariate random deskgnm regular alterna-
tives the optimal minimax ratesand also the optimal smoothing parameter
converge to zero faster than their analogues for estimation of the nonparamet-
ric regressionin particular the optimal smoothing parameter for specification
testing is derived from a different bias-variance trade-off than the one consid-
ered in regression estimatioRor irregular alternativeghe optimal minimax
rates can differ from those found in other testing situatisugh as those con-
sidered by Ingstef1993. We also show that a class of ICM-type testsspite

https://doi.org/10.1017/50266466602185069 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466602185069

1150 EMMANUEL GUERRE AND PASCAL LAVERGNE

of being admissible against alternativdsl) with r, o« n=%2, have trivial as-
ymptotic minimax power against alternatives at distancé from the null hy-
pothesis for anya > 0. All these results are likely to extend to testing general
conditional moment restrictionas considered by Delgad®ominguez and
Lavergne(2000.

An important direction for future research is the study of data-driven pro-
cedures for choosing the smoothing parameeme suggestions can be found
in the monograph of Har(1997) and the references therei®ur results ex-
plain why cross-validation and penalization procedures used in honparametric
regression estimation would lead to suboptimal teSte search for adapted
procedures is an important topic of recent wgslkee BaraudHuet and Lau-
rent forthcoming Guerre and Lavergn€001, Guerre and Liebermar200Q
Horowitz and Spokoiny2001; Spokoiny 1996 2001). A further step could be
to compare the practical performances of the rate-optimal tests derived from
our approach and the adaptive approach

5. PROOFS
5.1. Proof of Theorem 1

Some small alternatives.For | > 0, let ¢ be any infinitely differentiable
function fromIRP to R with support[0,| ]P such that

fqo(X) dx=0 and fgo“(x) dx < oo.

Assume that is large enough so thatis in C,((L — L()/2,s). For example
for a suitable constar®, one can choose

P -1
e(x) = CH (exp(m>ﬂ(x € [0,1/2]P)

j=1
-1
) eXp<m) U(xe [I/2,|]p)>_
Let h, = (Ap,)*¥S, A > 0 and define

P
lu = T1Tkj hq, 1(ks + Dhy)
=1

for k € Kn(l), i.e, k € NP with 0 = k; = 1/(h,l) — 1. Thenl, C [0,1]P.
Without loss of generalitywe assume thaf, (1) = 1/(h,l) is an integerLet

1 /x-Ikh,
(X)) = hor2 ® h,

), ke Ka(l). (5.1)
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The functionsey(-)’s are orthogonal with disjoint supportg. Let 6, be the
inner point of® defined in Assumption M1{B,,k € K} be any sequence with
|Bx] =1 0k, and

mn(') = :U’("HO) + ‘Sn(')’ an(') = /\pnhr?/2 2 Bk‘Pk(')- (5.2)
kekn()
LEMMA 1. Assumep, — 0. Under Assumptions D, M1, and M2,
Em?(X) = m, and my(+) is in H1( p,) for A and n large enough.

Proof

(i) Em?(X) = m, for n large enoughbecauseEu*(X,6,) < m, under Assump-
tion M1 and because thegc(-) have disjoint supports EY453(X) =
SuQ(E[O,l]P|5n(X)| = O(Ap,) — 0.

(i) my(-) € Cy(L,s): under Assumption M1 it is enough to show th&{(-) is in
Cp(L — Lay,9). Foranyp € NP with 3P, B; = [s], we have

9195, _ Ay i (x— lkhy
Bxlﬁl...axfr’ hl v eera) “oxfr.. LOXfe hn '

Therefore for any x andy that do not necessarily belong to the same Ipin
we get using the definition ofp(-) € Co((L — Lnyg)/2,9), hy = (Apn)Y/s, and

IBdl =1,
a[S]an(x) a[S]Sn(y) L B L/\/l )\pn H X— y ”S—[S]
axfrooxBe  oxfr.oxpe| T 2 ho oh,

=(L-Lulx—ylt

anddn(-) € Co(L — Ly, s) for anynandA > 0.
(iii) mu(-) is distant from the null modelet 6, = 6, . Then

EY2[m,(X) = n(X,6,)12 = EY253(X) — EY2[ (X, 00) — (X, 6,)]?
1/2
= (ff&?(x)dx) = O([[6, = o), (5.3)

by Assumptions D and M2vhich gives that the gradieaj.(x,6)/d0 is bounded
Now,

[s200ax= ppnersn) [ o200 ax= o e [e200ae 5.4

As 6, converges td9 by Assumption M1 becausk (m,(X) — u(X,60))? =
ES2(X) — 0 as easily seen from stép, 6, is then an inner point 0®. There-

fore, from Assumption M2 and the Lebesgue dominated convergence theorem
Assumption M1 yields that
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(X, 0,)

E a—gn [/“L(X’ en) - mn(x)] =0
This leads to

(X, 0, X, 6,
E % [ (X 0,) = (X, 60)] = E&,(X) %

A simple Taylor expansigrwhich holds by Assumption M2yields

(= (X, 0) I (X, 6) (X, 6,)
O — o = (E o o+ 0(1)> Edn(X) = =,
so that
16, - 61 = O<HEﬁn<x>% ) (5.5)

The functions{(0u(-,0)/00) f(-); & € O} are equicontinuous from Assump-
tions D and M2 and the Arzela—Ascoli theoréeee Rudin1991). As ¢(-) has
integral zero

Es,(x) 2% 0)

om(Ikh, + h, U, 0,
=pehp S BJ(Mmkhﬁhnu)
KEK (1) a0

- w*;m"n) f(Ikhn)> ¢(u)du

= Apa hPKP(1)o(1) = Ap,| ~Po(D).

Combining this equality with{5.3)—(5.5) yields for A andn large enough

E2[m,(X) — w(X 8,12 = Aol P17 [ 200 0012~ 00) =, B
Main proof We shall establish that for any tetst

sup P, (t,=1)+ sup P,(t,=0=1+o0(1). (5.6)

m(-)EHo m(-)EH1(pn)

Step 1 Choice of a Bayesian a priori measufes usual in the Bayesian setup
we consider now the regression function-) as a random variable and intro-
duce some Bayesian a priori probabilities o¥&y andH( p,). Let 6, be the
inner point of® defined in Assumption M1 and denolk the associate Dirac
mass i.e., Iy(m(-) = w(-,6y)) = 1. Consider ii.d. RademacheB,’s indepen-
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dent of the observationge., P(B, = 1) = P(B,= —1) = 3. LetII;, be the a
priori distribution defined orH,( p,) by (5.2), i.e.,

Hm<m<~>=u<~,eo>+Apnhﬁ/2 > bksok(.)): T P(B.=by,

ke, (1) ke (1)
bk E {1, - l}.

Lemma 1 shows that the supportidf, is a subset oH,( p,) andIl,, = I, +
I1,, is an a priori Bayesian measure oudg U H4( p,). This gives the lower
bound

sup P,(t,=1)+ sup P.,t,=0)

m(-)EHo m(-)EH1(pp)
= me(tn =1) dIIy(m) +me(tn = 0) dII;,(m). (5.7)

The right-hand sidér.h.s.) of (5.7) is the Bayes error of the tegf, which is
greater than the error of the optimal Bayesian test based on the likelihood ratio
Z, that we now introduceDenote by) and X the set of observations onand

X, respectivelyand letp,,(), X) be the density corresponding to the regression
functionm(-). Define the a priori densities associated with the two hypotheses
as

P ) = [ puR ) Gllg(m) and piy(2,) = [ py(21.2) ity ()

The likelihood ratio of the optimal Bayesian test is

_ P1n(Y, X) _ P1n(V[X)
¥ Po(Y, X) Po(V|X)

The optimal Bayesian test rejedty if Z, = 1 and its Bayesian errdsee Leh-
mann 1986 is

1 1
1[I0 )~ p 0 0 @Ay =1 2 EEq[1Z, - 1]
whereE, is the expectation undgx. Then(5.7) implies that

sup P,(t,=1)+ sup P.,t,=0)

m(-)EHo m(-)EH1(pn)

1
= liminf E {1— > EollZ, 1] \X]} +0(1),

n—-+oo
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and(5.6) holds if we can show that the limit in thehrs. is 1. We first note that
1— 3Eo[|Z,— 1||x]is positive as a conditional Bayes testing er?ﬂ'len the
Fatou lemma implies that it is enough to show thaf|Z, — 1 \X] 250,
which is implied by Eo[(Z, — 1)2|X] £ 0. But Eo[(Z, — 1)2|X] =
Eo(Z2|X) — 1 asEq(Z,|X) = 1. Hence inequality (5.6) holds if

Eo(Z2X) 55 1. (5.8)

Step 2 Study of the likelihood ratiaz,,. On the one handhe variables;y =
Yi — w(Xi,6p), 1 =1,...,n, are standard normal variables unggrand

1 n
Po(V|X) = (27) "2 EXP[_E > 8?0}-
i=1
On the other handjiven the definition offl,,,

l n
Pin(VIX) = (2w)”/2f{exp[—5 > (Y = my(X ))2]}dH1n(m)

1 n 1 n n
= (2m)” n/zf{eXP<_5 ; 075 > 83(X) + _ElSiOBn(Xi))}dnln(m)

l n n
= po(le)f{eXp<—§ §3§(Xi) + ;8i06n(xi)>}dnln(m)'

The definition of the alternative&.2) gives

n

> €i00n(X) = Apsh2 X D Besioe(X;) and

i-1 kEK()i=1

n

> 5206) = A%p2h S S g%

i=1 kEIC(I)| 1

becauseB; = 1 andg,(-) ¢, () = 0 for k # k'. This yields

Apihp n
ST

kex(l)i=1

1 n
X H §|:exp(/\pnhr?/228i0§0k(xi)>
i—1

kEK (1)

+ eXp(‘M’n hp/2 2 giopk( X ))] .

i=1
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Therefore

n
22 exp(—/\zpﬁhﬁ s s mm)

ker()i=1

1 n
x T Z[exp(ZApnh,‘?”E Siocpk(xi)>+2
i=1

KEK()
n
+ exP<_2)\Pn hp/2 E gio@k( X ))} .
i—1

Conditionally on X, the variablesY); g;o@(X), k € K, (l), are independent
centered Gaussian with conditional variance given Bye?(X;). Using
E expN(0,02) = exp(o?/2), we get

Eo(Z7X)

I1 eXp<—A2p§ h#znl (X )>

KEL(I)

1 n
X5 {exp(Z)\zpnzh,E’ 2 so&(xi)) + 1}
i=1

keK (1)

n
= 1II COS*<A2P§h#Z¢E(Xi)>,
i=1

where coskx) is the hyperbolic cosine functioy a series expansioil =
cosh(x) = exp(x?), and

n 2
1=Ey(Zix) = eXp[ > <)\2pr?hr?2 @f(xi)> ]
ke () i=1
Then(5.8) holds if
> <p§hr'?2 oE(X; ))2 0. (5.9)

ke (l) i
Consider the expectation of this positive random varialile have

n 2
IE{ > <p§hr‘32 sokz(Xi)) ]

i=1

kEK(I)

= pé‘hﬁpk %I){HE[GDQ‘(X)] +n(n—DE?[@Z(X)]}.

Now the standard change of variabbes Ikh, + uh, and Assumption D yield

E[ec(X)] = fhﬁzpso“[(x/hn) = k] f(x) dx= Fhﬁ"f@“(u)du: O(hy?)
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and

E[@Z(X)] = fhapqoz[(X/hn) — k] f(x) dx= Ffsoz(U)dF O().
As h, = O(1/Kq(1)) = O(p'®),
E[ 3 (ot 2 ei00) )| = [t = npinIO)
= [npq + n?ppP 49710(D).
We then consider the two following cases

(i) s > p/4 pn = 0(py) = o(n"@/PT) = npt = o(n(P~49/(PT49) —
o(1) and n2p{Pt4s/s = o(1).
(i) s = p/4 py = o(pn) = o(n"¥*) = npt = o(1) and n?pPra9rs =
o(n@s=P/4sy = g(1).
Equation(5.9) follows and thern(5.8). Step 1 shows thg6.6) holds and Theo-
rem 1 is proved |

5.2. Proof of Theorem 2

For random variableZ and Z’, define EX(Z) = E(Z|X € |y), Vark(Z) =
Var,(Z| X € 1)),
U[N, > 1]

(2,Z=—"7T— > ZZ; Okek and
Ny [X, X 1€l 1 %]

1
(2,2')= JoK P2 > (Z,Z h

2
KP2 &

Let ProjcZ= 3, 1 (X € 1) EXZ be the projection oF onto the space of linear
indicators1l (x € 1), k € K. Key properties of this mapping are

E[Proj.Z] = S P(XE)E¥Z=EZ and E[Progz]=EZz?
k

WeletU* =Y — u(X,0%), e =Y —m(X), §(X) =m(X) — u(X,0%), e(X) =
(X, 6,) — w(X,0%), andSc = (N, k € K) . For simplicity, we assume that
K = p,Y5/A is an integerFinally, C, C;, i = 1,..., denote positive constants
that may vary from line to line

Preliminary results.

PROPOSITION 5 Let v2(K) = (1/KP)Sper BN, > 1)((Ng — 1)/Ny) X
(EXU*2)2. Under Assumptions |, D, and M1-M&?(K) is bounded from above
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and in probability from below uniformly in tn) € C,(L,s), andvZ — v?(K) =
op, (1) uniformly in m(-) € C,(L,s) whenever AKPlogKP) — co.

Proof of Proposition 5By Assumption D fhP? = P(X € I,) = FhP. Now,
on the one hand

v2(K) = (I/KP) S (EU*2)2 = (1/f) S P[X € I,](EFU*2)?
ke ke
= (1/f ) E[Prog-U*?]
= (1/f)E[U*] = (8/f)[E, Y* + E,, u*(X,0:)] < C.

On the other handby Lemma 4 with probability going to one uniformly in
ke K,

v2(K) = (1/2KP) S (EXU*2)2 = (1/2F) S P[X € I, ](EXU*2)2
ke ke

= (1/2F)E, [ProfU*2] = (1/2F)E2[U*2] = (1/2F)E2[2] > O.
Let U:z = (1/K p)zkE,C<U *2, U *2>k/Nk' Then

02— v = i) S 2N D G2 62, uau . (5.10)
kex Nk

But (U2U2) — (U2U"2) = —4U"2U"e(X)) + 2U*2e3(X)) +

4(U*e(X),U*e(X)) — 4U*e(X),e?(X)) + (e?(X),e*(X)). By Assump-

tions M1-M3 |e(X;)| = Op_(1/4/n) uniformly in m(-) andi. Hence the dom-

inant term in(5.10) is

U (N, 1
(4/KP) > % KU*2 U *e(X))|

kex k

= Opm(l/\/ﬁ)(l/K P) 2 ]'l(Nk—>1)

(U2|U* ).
e N “

Now, by Assumptions | and M1

(N> 1
£, wkn s T G2y s,
kex k
-y 3 HREIRCD gy
keX Nk

= @W/f) S P[X € I JEXU*2EX|U*| = (1/f) E[ Proj. U *2Proj.|U *|]
ke

= (1/f)EY2[U*]EY2[U*?] < C.
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This shows that? — v;;? = Op_(1/4/n) uniformly in m(-). Now v;2 — v3(K) is
centered conditionally upo8c. Moreover by Lemma 4 we have uniformly in
m(-),

Enl(v7? — v2(K)?|Sc] = Var,[v?[Sc]

= (/K**) > 2
kEK Ny
X [2(N, — 2)(EXU *?)2 Varku *? + (EkU *#)? — (EXU *?)4]
= k) S 222D oy Ry 22U 1 (EU)2]

kex K

=0p(nhP) 2 S (P(X € I)EXU*)? + Op(nhP)2
ke

X > P(XEI)(EU*2)2 > P(XE I )EKU*
ke kK'ex

= Op(NhP)"2E2[Proj.U**] + Op(nhP)E[Prog U*2]E [Proj. U *]
= Op(nhP)"2E2U* + Op(nhP)YE2ZU* = 0.

Hencev;;? — v*2(K) = Op_(nhP)~Y2 uniformly in m(-). [ |
LetT,=(U*U*), A=(5(X),e(X)), B=(g,e(X)), andR = (e(X),e(X)).

Then

T.=T,-2(A+B)+R (5.11)

PROPOSITION 6 Under Assumptions D, I, and M1-M3, R and B are both
Op, (h?2) uniformly for m(-) in C,(L,s), and A= Op_(YnhPEY28%(X)) uni-
formly for m(-) in Cy(L,s).

Proof of Proposition 6 To simplify notations we consider the case where
d = 1. By Assumptions M1-M3|e(X;)| = Og_(1/4/n) uniformly in m(-) and
i. Thus

|R| = Opm(nKp/2)71 2 Nk = Opm(hp/z)
ke

uniformly for m(-) in C,(L,s). Under Assumptions M1 and M2 standard Tay-
lor expansion yields

e(X;) = (6, — 0") my(X) + 16, — 02 o(X)), (5.12)

Where,ul(x) = ,uf,(x,,e ) depends only oX; and u»(X;) depends orX; and
Bp. ThereforeB = (6, — 6%) Bl + |6, — 6*|?B,, whereB; = (&, u1(X)) and
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1 UIN, > 1]
E(Bf) = 2K P > IElT > 8i2M1(Xj)M1(Xj’)
ke Kk {Xi, X, X[ Y, i#],i#]’
o1 BTN, > 1]1(N, — 1)?
oW g [N TN D2]
2K P Sk Ny

using Assumption M2Similarly,

e L

E[B,| = E
Kp/z Ne X1l i

0(1)
\/—Kp/z

As \n(4, — 6*) = Og,(1) uniformly in m(-), we obtainB = O, (h P/2) uni-
formly in m(-). From (5.12), A = (6, — 6*)'A; + |6, — 6*|2A,, whereA, =
(8(X), ma(X)) andAz = (5(X), u2(X)). Now,

2 E[U[N, > 1](N, — 1)] = O(nh/?),

E|A,| = «/‘KW 2 E(N.— 1) U[N, > 1]EX|8(X)| = O(nhP2)E|S8(X)|

= O(nhP2)EY252(X).

Similarly, E|A;| = O(nhP2) EY252(X). Becausevn(d, — 6*) = Op_(1) uni-
formly in m(-), we obtainA = Op_(\VnhPE¥?56%(X)) uniformly inm(-). ™

Proposition 7 shows that projections on the set of indicator functions
U(x € ly), k € K, can be used to approximate accurately enough the magni-
tude of theL,-norm of m(-).

PROPOSITION 7 Under Assumption D,
EY2[Prog. m(X)] = C,(EY2m?(X) — h9),

for any m-) € C,(L,s) and h small enough, where,C- 0 depends only upon
L,s,andf.).

This result is new for multivariate random designs but follows from proper
modifications of the arguments used in Ingstg®93 pp. 253 and following.
A detailed proof is given in Appendix.B

The following proposition gives some bounds for the unconditional mean
and variance off,,.
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PROPOSITION 8 Under Assumptions D and |, if th— oo, then, for any
m(-) € Hn(kpn) wWith kp, > h® and n large enough,
E..T, = C,nhP2(E¥252(X) — h®)?2 for someC, > 0,
Var,(T,) = E,v2(K) + CanhPE,62(X) + C,nE252(X) for someC;,C, > 0.
Proof of Proposition 8 Let w, = (U*,U*),. By Lemmas 2 and ,3

1 1
EnT, = TK? %C E oy = Tk kéc E[(Ng — DU (N, > D](E*8(X))?

p/2
=
2V2

for n large enoughusing Proposition 7 an@E26%(X) — hS= 0 asm(.) €
Hi(kpn) with kp, > hs.
Because the,'s are uncorrelated giveS§c: by Lemma 2

C,
E[Prog 8(X)] = 275

2(X) —h®)%

Var,(T,) = 2 Em[2 (N, > 1) Vary,(wy|Sc)]

2Kp

1
+ o Ve, [gc U(N, > 1) IEm(wklsc)].

Using Lemmas 2 and,Assumption J andP(X € |,) = fthP uniformly in k,
we get

T gc E [ (N, > 1)Var, (o] Sc)]

< Ev2(K) + 2hP S EN(ES(X))2[Eke2 + EX82(X)]
ke

= Ev?(K) + CsnhPE[Prog 6 (X)] + CanE2[Proj.62(X)],

K v(str(g’C (N> 1) Em[wk|Sc]>

= i 2 (EX5(X))* Var((Ne — 1) I (N, > 1))

1 )
+ S k;&EKI(IEKS(X))Z(E" 8(X))?

X Cov((Ng — 1)1 (N > 1), (N — )1 (N > 1)
= C,nE2[Prog8(X)] + CgnhPE2[Prog-8(X)],
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where we use the properties of BrojCombining inequalitiesas nhP — oo,
we obtain

Var(T,) = E,v2(K) + CsnhPE[Prog 8(X)] + CsnE2[Proj.62(X)]
+ C,nE2[Prog 8(X)] + CgnhPE2[Prog §(X)]

< E,v2(K) + C3nhPES2(X) + C,nE252(X). n

Main proof

Part i From(5.11) and Proposition 6 and as = 0 underHy, it suffices to
show thafT, /v, N N(0,1). Assume that some orderiridenoted by=) is given
for the setkC of indexesk. Let J,..., J, be any(randon) rearrangement of the
indicesi = 1,...,n, such thatX; € I iff 2, N, < J = X, N,. Let =
{Sc, Yyt 2=k Ne < J = 3= Ne}. UnderHo, {Tok = Socwe /N2KP, 7,
wherew, = (U* U ™), is a zero-mean martingale arrdyis then sufficient to
show that

a2 Y Eolwd/(2KP)| Fv1] B 1, (5.13)
ke

072 Y, Eolwd/(2KP) U (| /N2KP| > o) F 1] -0,

kex
Op>0  (5.14)

from Corollary 31 in Hall and Heydg1980 (see also the remarks following
that corollary. Now

2K P kgc lEO[wk|£1 k-1l = 2K P 2 Eolwi|Sc]
1 2(N,— 1)
— |EkU #2\2 — ,,2 K
e SN BVt
from Lemma 2 so that(5.13) follows from Proposition 5Now (5.14) is im-
plied by
Un 4K2p E IEO[wk|f;1 K— 1] _)0

By Assumption ] straightforward computations lead to

S5 Eolwi] A1l = 75 2 (EXe*)2 = O(1).
K KP ke keIC
By Proposition 5 (5.14) follows. n
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Part ii. As v2 is bounded from above uniformly im(-) from Proposition 5
equation(5.11) and Proposition 6 yield
P, (v, T, =2,) =P, (T, =z, + 2M\VnhPE ¥252(X)) + 0(1),
for anyM > 0 and some/, > 0, where theo(1) is uniform inm(-). But
P (T, =z, + 2M\VnhPE Y252(X))
= Pp[—(T, — EnT,) = E, T, — z, — 2MynhPE ¥252(X)]?
_ Var,, T,
T E, T, — z, — 2MYnhPEY252(X)]2’

if E,T,— z, — 2MYnhPEY252(X) > 0. It is then sufficient to show that
can be chosen so that

E.T,— z, — 2MVnhPEY252(X) > 0,

Var, T,
[EnTs — 2z, — 2MVNhPEY252(X)]?

=8, (5.15)
uniformly for m(-) in H,,(kp,). Proposition 8 gives that for amp(-) in H,(xp,,)
andn large enough

E, T, — z, — 2M\VnhPEY252(X)
nh?2Es2

_ AS ]2 zZ, 1
B BEPY EPO TR PN

and this lower bound is increasing inand positive forx large enoughProp-
osition 8 also yields

Var, T, _ Ev2(K) + C3nhPE§2(X) + C,nE?$%(X)

(NhP2ZES2(X))2 n2hPE252(X)
_E2K) | G G
K4AP k2npZ  nhP’

and this upper bound is bounded because of Proposition 5 and decreasing in
Hence(5.15) can be made smaller thah uniformly for m(-) in H(xp,) by
taking k large enough ]

5.3. Proof of Theorem 4

Without loss of generalifywe consider the case of testing for a pure noise model
i.e, M ={0}. Then

2(¢€) = zo(¢) + z,(¢) = (1/4/n) gsi w(X;, &) + (1/4n) 21 m(X)w(X;, €).
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Consider the a priorily,, defined in the proof of Theorem, 1.e, the measure
defined by the random functions

m,(-) = 8,(-) = Apy hr?/zg By ok (+),

whereB,, ..., B, are independent Rademacher variabigs= Apy/s, andey(+)
is defined by(5 1), and further assume that(-) is bounded withr-first zero
momentsWe have

hp

En,, zi(é) =

i]

E E[W(X;i, E)W(X;, ) o (Xi) i (X)]

1k

uniformly in £. Now, uniformly in & andk,

EMW(X,OpE001=F  sup__wixd) [ o200 dx

xE[0,1]P £ € =

and

E[w(Xi,&)en(Xi)] = hnp/sz(lkhn + uhy, &) f(Ikhy, + uhy) ¢ (u) du

= 0(h[*P2),
Hence we have uniformly iné
Ep,, Z2(€) = A2p20(1) + A2p2nh2*PO(1).

Because can be chosen as large as desiigg, z 2(¢) = o(1) whenevelp,, =
O(n™?), for anya > 0. Under the same assumptlonli‘%nln|zl(g)\q = 0o(1) for
any 1= g < 2 from Holder inequalityand E;;, [z,(£)|9 = o(1) for any 2 <
g < oo from the Khinchin—Kahane inequalitigeg e.g., de la Pefia and Giné
1999. Hence

|En1nJ|21(§)|q dv(£) = o(1).

Thus

sup Py(lng=U,q) = me(In’q = U, q) dII;,(m)

Hi(pn)
= fpm<|: f|20(§)|q dv(é:):| 1/ = ua,q) dHln(m)

+0(1)

= Py(lng = Uy q) +0(1) =1 —a + o(1). ]

=
ng—
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NOTES

1. The main difference lies in the compactness of the set of first derivatives
2. Nonlinear least-squares estimators are adapted to our framghugr&ne could use estima-
tors designed for specific purposess soon as they satisfy Assumption M3ee e.g., Fan and
Huang(2002.
3. As pointed out by Bierens and Ploberd&897), we can without loss of generality replace
X by ¢(X), whereg(-) is a bounded one-to-one smooth mapping
4. In the expansionthe remainder term is zero with standard normal erfdn-normality or
heteroskedasticity induces a remainder term that must be studied via the Fatou lemma and some
truncation arguments as done in Ibragimov and Has’miriRi82) for efficient parametric estimation
5. This does not mean that our test has trivial power against any alternatidg( p3,) with
pn = 0( pn), though it has trivial power against alternativ@sl) with r, oc n=Y/2,
6. Suprema should then be considered over this set in Definition 1
7. This follows from Propositions, 5%, and 8 in Section 5
8. In the CTG model and alternatives defined througlinorms Lepski Nemirovski and
Spokoiny (1999 show that the optimal minimax testing rate and the optimal minimax estimation
rate for theLq-norm coincide whem is even only
9. In the case of testing for a pure noise model with homoskedastic errors and regular alterna-
tives the specification test proposed by Dette and MhR98 is also based 0(3.2), with o2
replaced by an inefficient difference-based estimator
10. This can be shown by adapting Proposition 8 to the ¢agen~Y?, as formally established
in a previous version of this paper
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APPENDIX A: AUXILIARY RESULTS

LEMMA 2. Let wy = (U*U*),. Under Assumption I, for any k€ K such that

Nk > 1,
EnlwdSc] = (N — D(E 5(X))?
Varm[“’k|3c] = w (|E kU *2)2 + w (Ekﬁ(X))ZE kU #2
k k

_ 2(Ne—D(@N -3
Ni

(E%s(X))*

Moreover, thewy's are uncorrelated given;S

Proof of Lemma 2. Conditionally uponSg, the X;’s are ii.d. within each cell The
expression of the conditional expectation then follows filgfU * = E*5(X). The other
claims are easily checked |

LEMMA 3. Under Assumptions D and I, if th— oo, then for n large enough,
n
E[(N—DU(N,>1)] = > P(Xel,) OkeKk,

Var[(N, — DU (N, > 1] = 2nP(X € 1,) TkeE K,
CoM(Ne — 1)U (N, > 1), (Ne — DU (N > D] = 2nP(X € )P(X E 1)

Ok# k' € K.

Proof of Lemma 3. Note that(Ny — 1)U (N, > 1) = Ny — 1 + U (N, = 0). As
1 (N¢ = 0) is a Bernoulli random variabJehen by Assumptions D and, e have fom
large enough

E[(N.—DUN,>D]=nP(XE ) —1+1A-P(XE )" = g P(XE ),
Var[(Ne— DU (N> D] =nP(XE IY[1-P(XE Y]+ 3 — 2E(N)P(N, = 0)
=2nP(X € I,).
The covariance equals
CoV(N, N) + Cov(T (N, = 0), U (N = 0)) + Cov(N,, I (N, = 0))
+ Cov(N, U (N, = 0)).
The first item is—E(N,)P(X € I,»), and the second item is
A-PXel)-PXel)"-1L-PXeEl)"1-P(XE Il )"
They are both negativéMoreover
CoV(N,U(Ne =0)) =n(1—P(XE 1) P(XE I)P(XE I,)
=nP(XE Il )P(XE Iy). u
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LEMMA 4. Under Assumptions D and I, if/t(KPlogK P) — oo,

. Nk
> = —_— — = .
P (mkellg (N> 1) 1) —1 and kmég% N, 1‘ 0p(1)

Proof of Lemma 4. As N, is a binomial random variabléhe Bernstein inequality
yields

pl| N o ] [N EN| NG G
LS R - = 2expl - ———
|| EN, NG Vn A 2ar9 -

for anyt > 0 (see Shorack and Wellner986 p. 440). This yields

[ N, — EN,

P rkni)rg:I.I(Nk>l)=0]SEP[Nk =>P

kex kex

IENk]

N | Wn

3
<2erxp[——f—] -0,

as EN, = fn/KP under Assumption Dand n/(KPlogKP) — co. Moreover for any

t>0,
Nk Nk - IENk tlENk
P{max| — - 1| =t| = P =
(KEK EN, ‘ > Ké}c H \n An

t2 n
< p _ f — A ]
2K exp[ 2(1+t/3)pr}%0

APPENDIX B: PROOF OF PROPOSITION 7

Step 1Lets' = [s+ 1], assume thaK = K, is larger thars’, and define

x(0) = 0, k(1) =¢,...,k([K/s'] = 1) = ([K/s'] = 1)s, k([K/s']) =K
where[ -] is the integer parfThis gives with ¢ = ¢, = [K/s'],

S =k(r+1) —«(r)=2s, r=0,...,0 -1 (B.1)

Let Q be the set of vectors whose generic elemengisvith p components in
{k(0),...,k(€ — 1)}, i.e,

q:(K(rl,q)s---rK(rp,q))Ta rj,qzo,n-seil’ J:117p

Consider the following subsets [,1] P, which define a partition up to a negligible set

P
Ag(h) = A= H [k(r; )h & (rj 4+ Dh), qge Q. (B.2)
j=1
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Define|8]3 = IE§2(X). Let Py q(-) be the Taylor expansion of ordes] of m(-) around
gh. Becausem(-) is in Cy(L,s) and by definition ofAq, we get by(B.1) that|m(x) —
Pnq(X)| = Cgh® for anyx in Aq for some constan€s . If Py(-) is such thaPy(-) =
Pmg(-) on Aq, we have

Im— P2 = IE[ S c2 hu(Xe Aq)] - C2.h2
qeQ

Assume that we have been able to establish fleatsome constants s,
[Projc Pll2 = Cs ¢ Plla- (B.3)
Because Prgjis contractingthis would give the desired resuls
[Projem|, = |Projc Pyl> — [Projc(m— P[> = |Projc Pul, — [Im— Pyl

= Cy¢ll(Py—m) + m|, — Cy h®=Cg¢|m[, — (1+ Ci¢)Cs h®
Inequality (B.3) will follow by summation overg € Q of inequalities of the type
E [(Proj. P(X))21 (X € Aq)] = CZ(E[PX(X)U (X € Ay)], (B.4)

for any polynomial function®(-) of degreds].

Step 2 Let us now give a matrix expression @.4). For anyB8 = (B4,...,8p) € NP
with 3P, B; = [s], let x# = TIP_, x#. Every polynomial function of degrefes] is
completely determined by the coefficieras= (ag, JF’:l B; = [s]) (with a suitable or-
dering for the index3 in N P) such that

P= 3 aﬁ<ﬂ]>(m.

B.28;=[s] h

This gives for xin Ag,

. 1 X —gh\®
ProjcP(x) = > > ag POXc] )E . WXE L) |UXE L.
2a g3 p=[s] k

Let v, = Card{ly C Ag}, v, = Card{}‘,}:’:1 B; = [s]}, andBqy(h) be ther; X v, matrix
with typical element indexed bly andB

1 X —gh\® n
P(XEIK)IEK h ) ﬂ(xe'k)]’ Ik C A, j;lﬂj—[s].

Let IT4(h) = Diag(P(X € ly), Ik C Aq). Because the densitly(-) is bounded from be-
low and thelly(h)’s are diagonalwe have(for the standard ordering for positive sym-
metric matrices

I1,(h) > > fhPld.
Hence the left-hand side ©B.4) can be written as

E [(Proj. P(X))2U (X € Ay)] = a' By (h)I1,(h)B,(h)a= fhPa B, (h)B,(h)a.
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Let Dq(h) be the square, matrix with typical elementindexed byB andpg’,

1 X — gh\(#*#" ] b o
P(XEAq)lE[< h> UXEs)|.  Bp=[sl DA =Ish

Because the densify-) is bounded from aboveve have for the.h.s. of (B.4)
E[P2(X)I(X € Ay)] = P(X€E Aya'Dy(h)a= F(2s'h)Pa"Dy(h)a,

using(B.1). Therefore (B.4) holds as soon afor any a, g, andh small enough
a'Dy(h)a= C,a’By (h)By(h)a. (B.5)

Step 3We can limit ourselves to establishiB.5) for vectorsa with norm 1 by homo-
geneity This step works by showing that the matrid@g(h) andBq(h) converge(uni-

formly with respect tog) to some matrice®, and Bq, By being of full rank for anyg.

Moreover the number of matric&, andDg, g € Q, will be finite. If the By's are of full

rank a possible choice o€ ¢ in (B.5) is

Cyr = maxsupla'Dya:a’Bq Bja=1} + 1.

St geo

Let us now determine the limit3,. The entries oBg(h) are

1 |E[<X_qh>(ﬁ)ux |]
P(XE ) h (XE 1)

1
= f (k—q+ w)®1f(kh+ hu) du
[0.1]°

J f(kh + hu) du
[0,1]P

1
~f(kh) + 0(1) Joe

(k—q+ w® (f(kh) + o(1)) du— (k—q+ u)® du,
[0,1]P

uniformly in k, g, because (-) is bounded away from 0 and uniformly continuous on
[0,1]P by Assumption DWe now check that the number of limi&, g in Q is finite.
From their definitions I, = kh + h[0,1)P C Ay = g + h[0,1)P implies thatk =
(Ki,..., ko) T @andq = (x(ryq),...,k(rpq)) " are such thak(rjq) = kj < (rjq + 1),
independently oh. Therefore

0=k —k(rjq) <k(rjq+1 —«(ry =2s, i=1...,p. (B.6)

As 3P, B; = [s], the number 0B, g in Q is bounded by2s')!*!" independently of
K. It can be similarly shown that thB,(h)’s convergeuniformly in g, to some matrices
Dq with entries

f u(ﬁ"'ﬁ') dU,
T1}_4[0, ke (rj g+ 1) =K (1) o))

which are also in finite number bgB.1) and (B.6). To finish the proof we need to

check that all theB,'s are of full rank To this purpose assume that there exipta Q
anda = (ag, Ejp:lﬂj = [s]) with Bga = 0; i.e., for all k such thatl, C A,
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> aﬁf (qu+u)<3>du=f > agu®du=o0.
B3P p=ls] ~l021° k=a+[0.1]7 5P | g <[s]

This implies thatP(x) = Xz a,x'? of degree[s] is such that
f Pdu=0, O=m<s, j=1...p, (B.7)
7+[0,1]P

with 77 = (74,...,7,) " satisfying the conditions itB.1) and (B.6). We now use an
induction argumentLet P(p) be the propositionif P(x) of degre€s], x in [0,1]P, is
such that(B.7) holds thenP(-) = 0. Note thatP(1) holds becaus€B.7) and the mean
value theorem give th&(x (7)) = 0 for somex(7) in |7, + 1[, # = 0,...,s". As the
univariate polynomial functioP(-) of degreeg[s] should have at leags] + 1 distinct
roots this is possible only ifP(-) = 0. We now show thatP(p — 1) implies P(p).
Assume thaP(x) of degreq s] with x = (X,...,Xp) " in[0,1]P is such thatB.7) holds
Define

X_g = (Xg,..., %) T €[0,1]P77, P, (X1) = P(xg, x_1) = P(x).

Then(B.7) yields for anym; in Nwith0 = 7, < ¢/,

i+l
j J P(u;,u_;)du; | du_, =0, O=m <s| i=2,...,p.
u_€m_1+[0,2]P "\ Jamy !

As a consequencé (p — 1) gives for anyx_ in [0,1]P7%,
7+l i+l
f P(uy,x_;)du, = f P, ,(u;)du; =0, 0=m, <59

ThenP(1) shows thaP, (-) =0 for anyx_, in [0,1] P=1 which impliesP(p). |

APPENDIX C

PROPOSITION 9 Assume p= 1 and M = {0}. Let the cumulative distribution func-
tion (c.d.f.) of the design b&— x77, x =1, y > 0. If 2s > v, there exists a sequence
{m,(-)}n=1 of functions in G(L,s) with E¥?mZ2(X) = p, such that, for anyr-level test
to, liminf, P, (t,=1)=1- a.

Proof. Assumes is an integerConsider thd (s + 2) distribution cd.f.

| — m XtS+l —t)d
) =gy J, U ewnd

which admitss bounded continuous derivatives oVl Let m,(x) = C(X — X,)% X

I (x — Xn), Wherex, = n?” andC is a constantNote thatm,(x) vanishes ifx < x,. The
binomial formula for derivatives yields
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(s1)?
(st (K1)

Because the functions — x,) ¥ (x — x,), k=0,...,s, are boundedm(-) is in C;(L, s)
for C small enoughMoreover

m(x) = C E 19 (X = %) s (X = %)

+oo
Em2(X) = Cz'yf [2(x — X,) (X = X,)2x Y71 dx,
X

n

andEm2(X) = +oo if 2s— y = 0, becausen?(x)x~?~1 is equivalent tax®>s~*~1 when
x grows If supX; = x,,, we havem,(X;) =0,i =1,...,n, so thatY; = og;, i =1,...,n
Hence

P, <rn =0, sup X, = xn> = PHO(Tn =0, sup X, = xn>.

1=i=n 1=i=n

This leads to

Py (1, =1 =P, (rn =1, sup X; = xn> = PH0<Tn =1 sup X = xn>

1=i=n 1=i=n

=Py (r,=1) — P< sup X; > xn>

1=i=n

=l—-a—-nP(X>x,)=1—a—nn?2 u
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