Mathematical Proceedings of the
Cambridge Philosophical Society

VoL. 181 NOVEMBER 2026 PART 3

Math. Proc. Camb. Phil. Soc. (2026), 181, 1165-1175 © The Author(s), 2026. Published by Cambridge University
Press on behalf of The Cambridge Philosophical Society. This is an Open Access article, distributed under the terms
of the Creative Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted
re-use, distribution and reproduction, provided the original article is properly cited. 1165
doi: 10.1017/S0305004126102084

First published online 18 June 2026

A note on the boundary dynamics of holomorphic
iterated function systems

BY ARGYRIOS CHRISTODOULOU
Department of Mathematics, Aristotle University of Thessaloniki, 54124, Thessaloniki,
Greece.
e-mail: argyriac@math.auth.gr

(Received 23 July 2025 UTC; revised 21 March 2026 UTC; accepted 30 April 2026 UTC)

Abstract

We consider the boundary dynamics of iterated function systems of holomorphic self-
maps of the unit disc. Our main result provides a sufficient condition which guarantees that
the dynamical behaviour of a left iterated function system in the interior of the unit disc can
be extended to the boundary. This generalises an extension of the classical Denjoy—Wolff
theorem, due to Bourdon, Matache and Shapiro, to the setting of iterated function systems.
To do so, we modify estimates for the Hardy norm of composition operators and combine
them with a new technique of perturbing a left iterated function system by elliptic Mobius
transformations.

2020 Mathematics Subject Classification: 37F44, 30D05 (Primary);
47B33 (Secondary)

1. Introduction

In this paper we investigate the boundary dynamics of a sequence of left compositions of
functions holomorphic in the unit disc ID of the complex plane.

Like many topics in complex dynamics, the starting point of our analysis is the Denjoy—
Wolff theorem, which states that if a holomorphic function f: I — ID is not conjugate to
a Euclidean rotation, then its sequence of iterates (f™) converges locally uniformly to a
constant function zg € D.
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This classical result was strengthened by Boundon, Matache and Shapiro [6], and inde-
pendently by Poggi-Corradini [12], who showed that in many cases the sequence (f"(¢))
converges to zg, for Lebesgue almost all ¢ in the unit circle T := 9D (see also [8]). Here,
f(¢) is defined in terms of radial limits

f@):= tim ).

which, due to a theorem of Fatou, exist for Lebesgue almost all ¢ € T.

Recently, there have been many efforts towards generalising the Denjoy—Wolff theorem
to include compositions of more than one map [3-5, 10, 11]. Of particular interest are left
iterated function systems, which are compositions of the form

Fy :fn ofn—l S 'Ofl,

where each f;: D — D is holomorphic. Although there are several sufficient conditions on f;,
that guarantee the convergence of the left iterated function system (see, for example, [2, 3, 7]
and [1, sections 3-6, 3-7]), there is no definitive analogue of the Denjoy—Wolff theorem
for F,,.

Our aim in this paper is to bring together the above two approaches of expanding the scope
of the Denjoy—Wolff theorem. The theorem of Fatou we mentioned earlier implies that the
sequence F,(¢) is well-defined, in terms of radial limits, for Lebesgue almost all ¢ € T and
all n € N. Therefore, it is only natural to examine whether the dynamical behaviour of a left
iterated function system in I extends to the boundary.

Our main result is the following, where £ denotes the Lebesgue probability measure in T.

THEOREM 1:1. Let (f,) be a sequence of holomorphic self-maps of D such that the left
iterated function system F, =f, o f,—1 o---of] converges locally uniformly to a constant
20 € D. Assume that there exists a subsequence (f,,) of (f,) and Lebesgue measurable sets
Ey C T withlim supy, £(Ey) > 0, so that | f,,(¢)| < 1 forall ¢ € Ey. Then the sequence (F,(£))
converges to g for Lebesgue almost every ¢ € T.

An analysis of the boundary dynamics of holomorphic iterated function systems, with
remarkable applications to the theory of transcendental dynamics, was carried out in [5]
by Benini et al., albeit from a different perspective. To be more precise, [S, theorem B]
provides a sufficient condition for the sequences (F,(¢)) and (Fj,(z)), for £ € T and z € D,
to exhibit the same asymptotic behaviour. This condition, however, is only substantial when
Fy(2) “escapes” to the boundary T; in particular it fails if one assumes that F,, converges to
z0 € D, as we do in Theorem 1-1. Therefore, Theorem 1-1 can be thought of as an “interior”
(or “elliptic”’) companion to the theorem of Benini et al., since together they shed light into
the elusive boundary dynamics of left iterated function systems.

Let us now discuss the assumptions of Theorem 1-1. Observe that if all the functions f;
in Theorem 1-1 are inner, i.e. | f,(¢)| = 1 for Lebesgue almost all ¢ € T, then the sequence
F(¢) lies on T for all n, and so the conclusion of our theorem fails trivially. Similarly, one
can easily construct examples which show that our conclusion also fails if the sequence (f;,)
contains only finitely many non-inner functions.

So, it is necessary to assume that (f,) contains a non-inner subsequence (f;, ), as we do
in Theorem 1-1. Note that (f;,) is still allowed to contain infinitely many inner functions. In
Theorem 1-1, however, we also assume that the Lebesgue measures of the sets which render
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(fr,) non-inner do not vanish, as is evident by the positivity of the limit superior in our
assumptions. This is to ensure that there is a “residual” target set which allows the sequence
(F,(2)) to transition to the interior of D, where the contracting properties of f;, yield the
desired convergence. We expect that an assumption similar to the one proposed in our main
result is indeed necessary if one wishes to obtain a similar conclusion.

The techniques we employ, which are inspired by [6], involve modifications of classical
results for composition operators on Hardy space that appeared in [15], in conjunction with
a new perturbation technique for iterated function systems. To be more precise, the key idea
of our proof is to “interweave” elliptic Mobius transformations in-between the compositions
of a left iterated function system which render certain Hardy norm estimates valid.

2. Preliminaries
2-1. Hardy spaces

We denote by H? the usual Hardy space consisting of functions f(z) = Z;’;O}‘;Zn
holomorphic in D, for which Z?;io [fn]? < 4+00. The norm in H? is defined as

1 1/2
I fll2:= lim (2—/|f(r§)l2d€(§)> < 400, 21
r T JT

—1

where ¢ is the Lebesgue probability measure in the unit circle T.

It is known [9, theorem 2-2] that for functions f € H?, the radial limits f@):=
lim,_, 1 f(r¢) exist for Lebesgue almost every ¢ € T. In fact, the norm in H? can be obtained
by the boundary integral

1 12
I fll2= (5 /Tlf(é“)lzdf(é“)) . (2-2)

Another way of computing this norm involving an area integral is given by the Littlewood—
Paley Identity [14, p. 178]

1
1B = £ O)P +2 /D /@ log -dAG), 23)

where A is the Lebesgue probability measure in .

2-2. Composition operators

For a holomorphic function f: D — D, we define the linear composition operator
Cr: H? — H? with Cy(g) =g of.

Littlewodd’s Subordination Principle [9, theorem 1-7] shows that this operator is well-
defined and bounded. In particular, we have [|Cr|l < /(14 [f(0)])/(1 —[f(0)]) (see [14,
p. 16]). Note that in the special case where f(0) = 0 this inequality becomes

1Crll < 1. 24

At this point we need to make a remark about the notation of norms. The notation ||Cy||
used above denotes the operator norm induced by the H? norm. We shall follow this conven-
tion throughout the article; i.e. ||| will denote the norm of a function in H?, whereas |||
will denote the operator norm of a composition operator.

The main tool for our proof of Theorem 1-1 is evaluating the norms of composition oper-
ators in H2. In order to do so, we require the so-called “Change of variables formula” that
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appears in [14, p. 179]. To present this, let us first define the Nevanlinna counting function
of a holomorphic function f: D — D, as

log i, forall, wef(D)\{f(0)},
Nr(wW) = zef—1((wh 2

0, w ¢ fD)\ {f(0)},

where points in the preimage f~!({w}) are repeated according to their multiplicity. The
change of variables formula we promised is the following:

qum%=mqwnﬁ+gém%wWWWMMwm (2:5)

We now present some properties of the Nevanlinna counting function that will be impor-
tant in our proofs. First, an application of Jensen’s formula yields an integral interpretation
of the Nevanlinna counting function, as follows (see [14, p. 187]):

w—f(r) 1 —wf(0)
1 —=wf(rt) w—f0) |

Nr(w)= lim [ log de(¢) +log ‘
T

r—1-

Since functions in H> have radial limits almost everywhere in T, we can use Fatou’s Lemma
to obtain that whenever f € H?, we have

w—f(¢) 1 —Wwf(0)
L —wf(0) w—fO) |

Another estimate of the Nevanlinna counting function is the famous Littlewood’s Inequality
[14, p.187], which states that for any f: D — DD holomorphic and any w € D\ { f(0)}, we

de(¢) + log ’ (2-6)

Ni(w) < / log
T

have
1 —wf(0
Np(w) < log 1=-wO) 27)
w—f(0)
In fact, (2-6) is simply an intermediate step in the proof of Littlewood’s Inequality in
[14, p.187].

2-3. Hyperbolic geometry

We finish the preliminary material by presenting some basic facts for the hyperbolic
geometry of the unit disc. For a complete treatise on hyperbolic geometry, we refer to
[1, chapter 1].

To start with, the hyperbolic metric d of D is defined as

1 1 + IZ_%Vz)

d(z,w)= = log , forall z, weD.
2 T e
1—-wz

It is easy to see that d is indeed a metric, which turns ID into a complete metric space. The
geodesics of this metric space are arcs of circles orthogonal to the unit circe T, and the
space in uniquely geodesic; i.e. any two points z, w € D can be joined by a unique geodesic
of (D, d).
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Moreover, if y: [0,1] — D is a geodesic joining z,w € D, then there exists a unique
point a € y ([0, 1]) so that d(z, a) = d(w, a) = d(z, w)/2. We call this point a the hyperbolic
midpoint of z and w.

The main advantage of working with the hyperbolic metric of D, instead of the Euclidean,
is the Schwarz—Pick Lemma, which can be stated as follows:

Iff: D — D is holomorphic, then

d(f(2),fw)) <d(z,w), forall z,weD. (2-8)

Equality in (2-8) is achieved for some (and hence any) z # w if and only if

f(z):eiglz;f, for some # e R and a € D.
—az

The Mobius transformations of this form will be called automorphisms of D, and are exactly
the orientation preserving isometries of d.

3. Proof of the main result

This section is dedicated to proving Theorem 1-1. For the convenience of the reader, let us
recall the assumptions of Theorem 1-1. Suppose ( f;) is a sequence of holomorphic self-maps
of D such that the left iterated function system F, =f, of,—1 o---of] converges locally
uniformly to a constant zp € ID. We assume that there exists a subsequence (f,,) < (f,) and
{-measurable sets Ex C T such that | f,,, (¢)| < 1 for all ¢ € Ey and lim supy, £(Ey) > 0.

Our goal is to show that F,,(¢) — 29, as n — +o00, for £-almost all £ € T. Observe that if
fx 1s constant, for some k € N, then the result is trivial due to the convergence of (F},) to zp.
So, for the rest of the proof, we assume that all f;, are non-constant self-maps of . Also,
consider the automorphism

72— 20
1 -7z

Yo(z) =

>

and the functions g, = v o fy o ¥ ' We can see that (F(¢)) converges to zq if and only
if the sequence G,({)=gno---0g1({)=vYoo Fpo 1//0_1(4) converges to 0. Therefore, it
suffices to assume that zo = 0.

Throughout the proof we use D(z,r) to denote the Euclidean disc of radius r > 0, centred
at z € C. Before we proceed with the main body of the proof, we require the following result
from [7, theorem 3-3] (see, also, [2, theorem 4-1 (ii)]).

THEOREM 3:1. Let f be a holomorphic self-map of D with f(z9) = zg, for some zg € D,
which is not an automorphism of D. If (f,,) is a sequence of holomorphic self-maps of D that
converges locally uniformly to f, then the left iterated function system F, =f, of,—10---0f]
converges locally uniformly to the constant 7.

The main idea for our proof is to find an appropriate normalisation for the compositions
F,, that will allow us to employ estimates on certain Hardy norms. Such a normalisation can
be obtained as follows:

By passing to a subsequence of (f,, ), we can assume that there exists ¢ € (0, 1) such that
L(Ey) > c, for all k € N. Moreover, for every € > 0, and all k € N, there exists a Lebesgue
measurable set E,’( C Ej and a constant 8¢ € (0, 1) so that | f,, (£)| < 8k, for every ¢ € E7,
and E(E,/C) > {(Ey) — €. So, without loss of generality, we also assume that for every k € N,
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there exists & € (0, 1), so that

| fe (O] < 8k, forevery ¢ eEg (31

and £(E}) > c, for some ¢ € (0, 1).
Next, we define the compositions ¢ = fy,,,—1 0 - - ofy, for k> 1. Then, if m € N and k
is the largest integer such that m > nj 1, we have that

Fp=fmo---ofy, opropr_10---0¢1ofy 10---0f1, forall mlarge enough.

We would first like to examine the convergence properties of (¢). Since (F,) converges
locally uniformly to O and all f; are non-constant (as assumed in the beginning of this
section), for any fixed ng € N, the sequence (f, o---ofy,,) converges to 0, pointwise on
the open set f;,—1 o - - - o f1 (D(0, 1/2)). Then, the Vitali-Porter Theorem [16, p.75] implies
that (f, o - - - ofy,) converges to 0, locally uniformly as n — +00. So, by passing to a further
subsequence if necessary, we can assume that the integers ny are sparse enough, so that for

’ 2 - ’ ’ (3 2)
k 2

#i(2) Ly 0, forallzeD, and (33)
1
lpr(§)] < > for all ¢ € Ej. (3-4)

This last inequality, (3-4), is possible due to (3-1).
The sequence (¢) is the key ingredient of our normalisation scheme. However, our work
is not done, as we would like each ¢ to fix the point O, which might not happen in principle.
To overcome this obstacle, we consider the automorphism e((z)=
(¢1(0) — 2)/(1 — ¢1(0)z) and recursively define the automorphism ej with

1 — ¢iler—1(0))z’
Let us examine some properties of the automorphisms ei. Firstly, observe that each ey is
self-inverse. Moreover, e; interchanges the points 0 and ¢y (er—1(0)) (or O and ¢;(0) for the

case of eq). Therefore, every e has a fixed point wi € D, which is the hyperbolic midpoint
of 0 and ¢y (ex—1(0)) (and analogously for e¢1). Now, observe that

for k>2.

er(z) =

er(0) = gr(ex—1(0)) = Ppr(Pr—1(ex—2(0)) = -=¢o---0$1(0) €D (0, %) , (35

due to (3-2). Therefore, we have that
wi €D (O, %) , forallkeN. (3-6)
We can in fact say more about the sequence of points e;(0) = ¢y o - - - 0 ¢1(0). Note that
(3-2) and (3-3) imply that (¢%) converges locally uniformly to the constant function 0 (again

by the Vitali-Porter Theorem). So, we can use Theorem 3-1 in order to deduce that the left
iterated function system @ = ¢y o pr_1 o - - - 0 ¢1 converges locally uniformly to 0. This
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means that
k——+00

er(0) = dp(0) —— 0. 37

Next, we define the sequence of functions 551 =ej o ¢ and %k =epo¢roey_1, fork>2.
Notice that ¢(0) =0 for all k> 1, as required for our technique. Also, since each ey is
self-inverse, we can rewrite the composition F,, as follows,

F,,,:f,,,o~~ofnk+l oepoeroProer_10e_10QPr_10---0ejoProfy _10---0f]
=fmo- ofn, 0koProPr_10---0Piofy_10---0ff, (3-8)

which is valid for all m large.

Rewriting the left iterated function system (F},) in the form (3-8) will turn out to be
exactly the normalisation needed for our purposes. So, with this endeavour completed, we
move on to obtaining estimates on the norms of the composition operators induced by the
functions q;;(

Observe that (3-4) is equivalent to ¢ o ex—1(¢)| < 1/2, for all ¢ € er—1(Ey). Since each ex
is an automorphism of ID with fixed point wi € D (0, 1/2) (see (3-6)), there exists a universal
constant rg € (0, 1), so that e (D (0, 1/2)) C D(0, rg), for all k € N. Therefore,

|$k(§)| <ryg, forall ¢ e€er_1(Ex) andevery keN. (39
Now, simple computations show that for all ¢ € T, we have
1= [9elec1 O _ 3
1= GelexOne|* 167

where to obtain the inequality we used the triangle inequality and (3-5). Since each ¢y is a
conformal automorphism of D, [13, theorem 6-8] implies that

lex ()] =

(3-10)

E(€k-1(Ek))=/ e (OIdL(Z),
Ex
which, when combined with (3-10) yields

0 (e (B) > —0(Ep) > 8 3-11)
N TR T '
Our first claim is the analogue of [15, theorem 3-2] to our setting.

CLAIM 3-1. There exist constants ry, 8 € (0, 1) so that for all k e N
1
Ng w)<é§ log—, forall r<|w|<l.
k [wl

Proof of Claim 3-1. Let we D, k€ N and ¢ € ex—1(Ey). Recall that by inequality (3-9) we
have that |¢x(¢)| < rg. So,

B ’ w= @) | (== 1G@P) (1= w1 = ro?)
G =wgOP = A+IGO)?
2 2 2
L A=W =) _ (=P =) .
(1+ rg)? 1+ 79
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Moreover, 1 — x < log (1/x), for all x € (0, 1), and there exists ' € (0, 1) so that log (1/x) <
2(1 — x), for all x € [/, 1). Write r := V/r'. Then, using these inequalities and (3-12), we
get that for all r| < |w| < 1,

’ L-wR@O[ | ‘ w—d©) [F_ (= wP(d —r)

w— (0 L-wh(@)| = 1+r
Zi Ongl—ro ogi. (3-13)
2(1 4+ rg) w2 1+r [w]
Observe that
‘ w— pi({)
1- W¢k(§)
and so

‘L’b"(o <0, forallz eeri(Ep). (3-14)

og —=

1 —wer(¢)
Using inequality (3-14) and the inequality (2-6) for the Nevanlinna counting function, we
obtain that for all w e D and all k € N,

w— ¢i({) 1 / ‘ w— ¢i(¢) 1
Nz I —————— | dl() +1og — log| ———=—=| dl(¢) + log —.
‘W)S/T Og‘l—wk(c) OFBT = e T | O T8 ]

Therefore, restricting to r; < [w| < 1 and using (3-13) yields

N¢k(W) =

1 11— 1
Ee E))log — +log—=(1-— Ze E log —.
31770 (kl(k))g|| g|| ( 2111 (kl(k))) g|w|

Finally, using the estimate £(ex—1(Ey)) > 3¢/16 from (3-11), we obtain

Moo < (12 30—y
¢k(w)—< _32(1+r0)> %8 Tl

which is the desired conclusion for § =1 — 3¢(1 — r9)/32(1 4 rg) € (0, 1).

As promised, we are now ready to prove an upper bound for the norm of the composition
operator Cg , similar to [15, theorem 5-1]. Let us denote by Hg the linear subspace of H?

consisting of all functions f € H? with f(0)=0. Since $k(0) =0, the restriction C¢~,k| 2 isa

well-defined operator on H%.
CLAIM 3-2 There exists a constant v € (0, 1), such that ||C$k |H§ | <v, forall ke N.

For the proof of Claim 3-2, we require the following simple estimate from measure theory
(for a proof, see [15, lemma 2-7]).

LEMMA 3-3. Suppose u is a positive, finite Borel measure on [0, 1) that has the point 1 is
in its closed support. For every r € (0, 1), there exists a constant y € (0, 1), depending only
on r and ., such that for every non-negative, increasing function g on [0, 1), we have

/ gdu <y / gdp.
[0,r) [0,1)
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Proof of Claim 3-2. Suppose g € Hé. By the change of variables formula (2-5), we have
that

IC5, ()13 =2 fD 18’0 ING;, (W)dAw).

From Claim 3-1, there exist constants ri, 5 € (0, 1) so that for all w e D, with |w| € [r, 1),
we have Nak(w) <4 log (1/]w]). Also, Littlewood’s Inequality (2-7) applied to ¢y implies
that Nz, (w) < log (1/|w}), for all w € D\ {ak(O)}. So,

' W)[PNg, (W)dA(w) + 2 / |8’ W)[PN7, (w)dA(w)

[wl>r

I|C$k(g)I|%=2/

lw|<r

1 1
= 2/ 1§’ (w)|* log ﬁdA(W) +28 / Ig'(w)|? log l—dA(w)
lwl<r w

e wl

=2(1-16) @wm%ﬁmwwwfgwm%%mw.@m
D

[w|<ry lw

Now, define h(r) = (1/2m) fOZU lg’ (re'?)|2d#, and note that it is an increasing function of r €
[0, 1). Moreover, if we consider the Borel measure du(t) = 2t log (1/1)dt, then Lemma 3-3
yields a constant y € (0, 1), depending only on rq, so that

1 1
/ H()da(r) = / 18002 log —dAGw) <y f 102 log — dA(w).
[0,r1) Iwl<r| [wl D 0\
Therefore, (3-15) implies that

1
1C5, @13 < (v (1 - 8) +5)2 /D 800 log A w) (3-16)

By the Littlewood—Paley Identity (2-3), the inequality (3-16) can be rewritten as
1C5, (113 < (y(1 — &)+ )ligll3.
Since g € H(z) was arbitrary, we have that || Cy, | 12 | </y(1—=8)+6 <1, as required.
Now that the groundwork is laid, we can complete the proof of our main result.

Proof of Theorem 1-1. Since, as mentioned in the beginning of this section, we assume
that zo = 0, our goal is to show that the sequence (F,({)) converges to 0, as m — +o0, for
Lebesgue almost all ¢ € T.

Recall that from our normalisation (3-8), the left iterated function system F,, can be
rewritten as

Fn=fmo---ofy cekoprodr10---0¢1ofy—10---0f1,

where k is the largest integer so that m > n 1. Therefore,

Fupy—1=ekodropp—_10---0piofp—10---0ff.
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For simplicity, let us also write f =f,,—1 o - - - o f1, so that
ek o Fu—1=¢kopr_10---0¢ of,

recalling that the automorphisms e; are self-inverse.

Our first goal is to show that (ex o Fy,,—1(¢)) converges to 0 for Lebesgue almost all
¢ eT.

Using Claim 3-2, we can find v € (0, 1) so that || Cg;k | H2 || <v, for all k € N. Therefore, for

the H? norm of ¢ o Frp—1 We get
lek © Fuy—1ll2 = 1Ceyor,,, -, (id)ll2 = [ICr 0 Cg, 0 Cg, 0+ 0 C, ()2
<Gl -11C5, 0 Cg, 0+ 0 Cg, (i) 12

k
<ICrl-TTIC e

=1
<Gyl - V- (3-17)

Using the Monotone Convergence Theorem, the boundary integral form of the H> norm
in (2-2), and (3-17) we obtain

+00 oo
[ YiaoFu@Paee1=Y [levo Fuy1©Paec)
k=1

k=1
+o00 +o00
= llex o Fupy -1 1> < G170 < +o0.
k=1 k=1
+00
This means that ) |eg o Fnk+1—l(§)|2 < 400, for almost every ¢ € T, and so
k=1
lex o Fuyyy—1(5)| MO, for almost every ¢ € T, (3-18)

as desired.
We finally move on to the general case where

Fpp=fmo- -ofy, 0ekoppodg_10---opjofy—10---0f]
me S Ofnk+1 OekOFnk+1—la

and k is the largest integer so that m > ng41. In particular, k — +o0o whenever m — +o0.
Note that (3-18) implies that e; o F,,,,—1(¢) € D, for all k large, and so F,,(¢) also lies in
D for all m large.
By the triangle inequality for the hyperbolic metric and the Schwarz—Pick Lemma (2-8),
we have

d(fmo -+ 0fu;1(0),0) <d(fmo---ofu, 0),Fu0)+ dFn),0)
=d(0, Fy,,-1(0) + d(F(0), 0). (3-19)

Now, since by assumption F,, converges locally uniformly to the constant 0, we have that
the sequences (Fy,_,—1(0) and (F,(0)) both converge to 0 as m—and so also as k—tends to
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~+00. So, taking limits m — +o00 in (3-19) and applying these facts yields

m——+00

Jmo -+ ofu, (0) ——0. (3-20)

To conclude the proof it suffices to note that for almost all { € D we have

d(Fm(é‘)’fm SR ofnk+1(0)) =< d(ek o Fnk+1—1(§)7 0)’

and apply (3-18) and (3-20).
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