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Abstract In this note, we construct a family of non-commutative, non-cocommutative semisimple Hopf
algebras Hy m of dimension n™m! over a field of characteristic zero containing a primitive nth root of
unity, where n, m > 2 are integers. The well-known eight-dimensional Kac—Paljutkin algebra arises as the
special case Hz 2, while the Hopf algebras previously constructed by Pansera correspond to the instances
H,, 2. Each algebra Hy m is defined as an extension of the group algebra K3, of the symmetric group
by the m-fold tensor product R = KZE™, where Z, denotes the cyclic group of order n. This extension
admits a realization as a crossed product: Hp,m = KZ%m#WEm. In the final section, we construct a
family of irreducible m-dimensional representations of Hy m that are inner faithful as R-modules and
exhibit a non-trivial inner-faithful action of a subalgebra of H, », on a quantum polynomial algebra.
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1. Introduction

Let K be a field of characteristic zero. In [5] (see also [6]), Kac and Paljutkin introduced
an eight-dimensional semisimple Hopf algebra Hg given by generators x,y, z subject to
the relations

1
2 =yz, z2y=uxz, xy=yr, x> =y>=1, z2:§(1+x+y—xy), (1)
such that x and y are group-like and
1
A(z):5(1®1+x®1+1®y—m®y)(z®z). (2)
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2 C. Lomp

The antipode of Hg is the identity map. The algebra Hg can be seen as a quotient of a skew
polynomial ring R|[z; /I, where the ring of coefficients is the group ring R = K[Zs x Zs],
with an automorphism ¢ that interchanges the generators x and y of Zy x Zs and [ is
the ideal generated by the relation of z? in Equation (1). In [9, 10], Pansera introduced
a 2n%-dimensional semisimple Hopf algebra Ha,: as R|[z;0]/I, where R = K[Z,, x Zy],
for a given integer n > 2. The comultiplication of z is given by

n—1
AR = [ S aaiey | o), 3)
,5=0

where ¢ is a primitive nth root of unity in K. The group algebra R is a Hopf
subalgebra of Hs,2 and the antipode S of H,,2 is extended from R by setting
S(z) = z. Motivated by Etingof-Walton’s Theorem, which says that if a semisim-
ple Hopf algebra acts on a commutative domain then its action factors through a
group algebra, Pansera showed in [9] that H,,» admits an action on a quantum
plane A that does not factor through a group algebra, i.e. Hs,2> acts inner-faithfully
on A.

The purpose of this note is to extend Pansera’s construction and to provide
further examples of non-trivial semisimple Hopf algebras acting inner-faithfully on non-
commutative domains. The basic observation is that, in the construction of Hs,z2, the
action of the automorphism o of order 2 can be regarded as the action of the symmet-
ric group X3 on the tensor product K[Z,] ® K[Z,,] = K[Z,, x Z,]. As a generalization,
we consider ¥, acting on the m-fold tensor R = B®™, for some bialgebra B.! The
standard generators sp,...,S,—1 of X, i.e. the transpositions s; = (i, + 1), gener-
ate a free monoid M = (51,...,5,,—1) that acts on R and allows to consider the skew
monoid algebra R#M, which in the case m = 2 corresponds to the skew polynomial
ring R|[z;0]. The comultiplication of 5; can be defined as A(S;) = J;(5; ® 5;), for a suit-
able twist J; € R ® R. Under further assumptions on these twists .J;, we define a Hopf
structure on the quotient R#M /I, where I is the ideal generated by the usual relations
of the symmetric group, 5;5,115; = $,415;5;41 and §;5; = 5,5, for |[i — j| > 1, but with

52 = t; := ugr(J;), where up is the multiplication of R. The obtained Hopf algebra

K3

H is an extension of KX, by R and can be considered a crossed product R#.,X,, for
a suitable 2-cocycle v : X, x X, — R*. For B = K[Z,] and K containing a primi-
tive nth root of unity, we provide twists J; that satisfy all our assumptions and yield
a family of semisimple Hopf algebras H,, ,,, = K[Z,,]®"#+%,, of dimension n™m!. The
original Kac—Paljutkin Hopf algebra appears as Hs 2, while Pansera’s algebras appear
as Hy, ».

In the last section we examine actions of H,, ,,, on a quantum polynomial algebra A in
m generators uq, . .., U,,. We will show that there exists an mn"™-dimensional semisimple
Hopf subalgebra H of H,, ,, that acts inner-faithfully on A and whose ring of invariants
A is the subring of cyclic polynomials in u?,...,u",, in case n is even.

I We will denote the symmetric group by ¥, instead of Sy, in order to avoid confusion with the
antipode S.
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Generalized Kac—Paljutkin algebras 3

2. Constructing Hopf algebras via twists

An invertible element J € B ® B of a bialgebra B is called a twist for B if
(Ap®idp)(J)(J @ 1p) = (idp ® Ap)(J)(1p ® J) (4)

and (e®id)(J) = 1 = (id®¢)(J) hold. Writing symbolically J = JM @ J?) Equation (4)
means

where j( ® j® is another copy of J and where Ag(J®) = Jl(i) ® JQ(” denotes the
comultiplication of one of the legs of J® of J. Clearly 1z ® 1p is a twist for B. For
B = KZ,,, with generator x, the element J = %Z?;:lo ¢ ¥z ® 2l is a twist for B. We
will use twists to deform the comultiplication of a group-like element of a bialgebra as
they appear naturally in our construction. Suppose R C S is an extension of bialgebras
with € S\ R an element such that Rz is a free R-module. Suppose further that
J € R® R is an invertible element, such that Ag(z) = J(z ® z) and es(x) = 1. Then the
coassociativity for Ag(z) and the freeness of Rz imply Equation (4), while the counity
will imply (eg ® idg)(J) = (idr ® €g)(J) = 1. Hence J is a twist for R. Since our aim
is to extend the bialgebra structure of some algebra R = B®™ to a skew monoid algebra
R#M, where M is generated by some elements i, ..., Sk, such that A(3;) = J;(5; ®3;)
holds for some J; € R ® R, we will need that J; is a twist for R.

For two bialgebra-twist pairs (B, J) and (B’, J'), the element (idp®75 g ®idp )(JRJ')
is a twist for R = B ® B’, where 75,5 : B® B’ — B’ ® B denotes the usual flip map.
Hence, given a twist J = J1) @ J@ for B, we could consider

J = (J<1> ® 13) ® (J<2> ® 13) = (idp ® 7, ®idp)(J ® 1ge2),

which is a twist for B® B. However, we would like to embed J differently into (B® B) ®
(B ® B). For this, let m > 2 and denote by e : B — B®™_ the embedding of B into
the ith tensorand of B®™. We would like that (ef* ® e]*)(J) € B®™ ® B®™ is a twist
for B®™ for any 1 <i < j < m. For m = 2, we need in particular that (e3 ® e3)(J) is a
twist for B® B. For J = JM @ J®) this condition is equivalent to the condition that

I =(@ed)) = (Vo) e (1ses?)
satisfies Equation (4) for the ring B ® B, which boils down to
J1(1)j(1) ® J2(1) 2 i@ eJ® =0 g0 g Jl(z) ® J2(2)j(2)7 (6)

where ;1) @ ) is another copy of .J. Conversely, Equation (6) is actually equivalent
to (e? ® €3)(J) being a twist for B ® B, because the counit condition is automatically
verified. Comparing (6) and (5) shows that the difference lies in the middle tensorands.
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4 C. Lomp

If J is central in B ® B, then Equation (6) implies (5). It remains unclear whether the
converse holds.

Lemma 1. Let J be a twist for B. Suppose
(e ®e2)(J) is a twist for B® B. (7)

Then (ef* @ €}")(J) is a twist for BE™, for any 1 <i < j < m.

Proof. Set R = B®™. To ease notation, we will drop the superscript m from e. Let
J' = (e; ®e;)(J) ® R® R. Note that Age; = (e; ® e;)Ap and 1 = e;(1p). Then

(Ap® idR)(J/)(J/ ®1r) = (Are; ®ej)(J)(e; ®ej ®e;j)(J @ 1R)
= (ei Ke; R Ej)(AB X ldB)(J)(EZ Ke; R Ej)(J ® lB)
= e(1iD) @ ei(1)e; (1) @ e (JP)
— (& ®er; ® ¢y (Jl(l)ju) 00 0@ e J(2)> 7

where () ® () is another copy of J and €5 ° B%®? 5 R denotes the embedding of B® B
into the ith and jth tensorands of R. Similarly one shows (idg ® Ag)(J)(1g ® J') =

(e; ®e;; @ey) (J(l) ®iV® J1(2) ® J2(2)j(2)> . Since J satisfies Equation (6), Jl(l)j(l) ®

Jz(l) ®j?® @ J? = ;g J1(2) ® Jéz)j(m and therefore (Ar ® idg)(J)(J' ® 1) =
(idr @ AR)(J)(1g @ J'). O

The main idea of this note is to use the action of the symmetric group ¥, on the tensor
product R = B®™ and to extend the bialgebra structure of R to that of a suitable quotient
of a skew monoid algebra. The comultiplication of the newly added generators, however,
shall be twisted by some twists of R. A pair (o, J) of an algebra homomorphism o : R — R
and a twist J is called a twisted homomorphism (see [1]) if e0 = € and Ac(h) = J(o ®
a)A(h)J ™1, for h € R. We will be mostly interested in the case where .J commutes with
the elements of the image of A, in which case (o, J) is a twisted homomorphism if and
only if o is a coalgebra homomorphism. Pansera showed in [9] that if R is a bialgebra
with twisted homomorphism (o, J), then the bialgebra structure of R can be extended
to the skew polynomial ring R[z; o], such that A(z) = J(z ® z) and e(z) = 1. We will
extend this result to R = B®™ and a twist J for B that satisfies (7). Here the skew
polynomial ring will be replaced by a skew monoid algebra.

Each permutation s € 3, acts on R = B®™ by 0, : R — R, with 05(a; ® --- Q a,) =
as(1)®- - -®ag (). Note that o, is a bialgebra homomorphism of R. Thus Ao, = (0,®0,)A
and eo, = e. Given a twist J for B, such that (€2 ® €3)(J) is a twist for B® B, we define
for each transposition s = (ij) € Xy, with i < j, the element J; = (e]" ®e]*)(J) € RQ R,
which is a twist for R by Lemma 1.

Theorem 2. Let B be a bialgebra with central twist J of B that satisfies (7). Let
m > 2 and X C X, a set of transpositions. Then the free monoid M, generated by
{5:s5 € X}, acts on R = B®™ and the bialgebra structure on R extends to a bialgebra
structure on the skew monoid algebra R#M, such that A(S) = Js(3®3) and €(3) = 1,
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for all s € X. Moreover, m : R#M — K[M] with w(a#w) = e(a)W is a homomorphism
of bialgebras.

Proof. Denote by Aut(R) the group of algebra automorphisms of R. Since M is the
free monoid on X, the map X — Aut(R) given by s — o, extends to a map of monoids
M — Aut(R), which allows us to consider the skew monoid ring H = R# M, whose basis
as a left R-module is given by the words in {5 : s € X }. We identify elements a € R with
elements a#1)s, where 1;; is the identity of M. In particular, for each s € X and a € R,
we have Sa = 04(a)s. To define Ay : H — H ® H, we set

AH(GE) = AR(G/>J51(§1 ®§1)""]5k(§k ®§k)7 (8)

fora € Randw = s;...s, aword in X, In particular, Ay, = Ar and Ay (3) = J,(5®53),
for s € X. Since J is central in B®2, J; is also central in R® R, and since o, is a bialgebra
homomorphism we have

An(5)Ag(a) = Js(3®35)Ag(a) = Js(os ® 05)Ar(a)(5 @ 5) = Ar(0s(a) Au(5).  (9)

Thus, Ag is a well-defined algebra homomorphism. The coassociativity follows from the
fact that J; is a twist for R, by Lemma 1:

Furthermore, set ey (aw) = €g(a), for all @ € R and w € M. Since ego, = €g, we
conclude that e is an algebra homomorphism. For any ¢ € R and s € X:

(en ®idy)An(as) = (ep ®idn) (Ar(a)Js(s ®3)) = a(er ® idr)(Js)s = as,

since (eg ® idg)(Js) = (e ® idp)(J) = 1. Similarly, one checks (idyg ® eg)
Ap(as) = 1. O

Remark 3. Note that R#1 = {y € R#M | (id @ m)A(y) = v ® 1}. Hence R#M is
a bialgebra extension of K[M] by R.

Remark 4. Let s € ¥, be an element of order 2. Then s is a product of disjoint
transpositions, say s = sj - - - si. Since the elements Jg,, ..., Js;, commute pairwise, the
product Js = Jg, ---Js, is also a twist for R and one could also prove a version of
Theorem 2 for subsets X C 3, of permutations of order 2.

Denote by pp the multiplication of R.

Theorem 5. Let B be a bialgebra with J a central twist for B that satisfies (7). Let
m > 2, X C X, a set of transpositions, M the free monoid generated by {5 : s € X}
acting on R = B®™,
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6 C. Lomp
(1) Suppose J satisfies
Apen(J) = (ef ® e3)(J) (€3 ® 1)(J)(J @ J). (10)
Then the ideal I = (3> —ty : s € X) is a biideal of R#M, where ty = ur(Js).
(2) Suppose moreover that B is a Hopf algebra with antipode S, such that (S®S)(J) = J

and (S ®id)(J) = J~! = (id ® S)(J). Then H = (R#M)/I is a Hopf algebra with
SGE+I)=35+1inH, forse X.

Proof. (1) Let s = (ij) € X, with i < j. Note that e} := up(ef" ®e") : BB — R
is an algebra homomorphism that satisfies

ARer?Z(e;?@eZ)OAB@& (11)

j

efi(J) € R. Since J is central in B ® B, so is ts in R Then Equations (10) and (
1mply

as well as ee? = el andemeg—em Set Js = (ej" ® e} )(J) € R®% and ts = pr(Js)
11

1

Ag(ts) = AR(e?f(J)) = ej; @ e (Apgn(J))

el (e @e)(J)(es@el)(N)(J @ J))
( e )(I)(ef" @ ei")(I) (e (T) @ ej; ()
J, (as ®o—s)(Js)(t5 ®ty).

Hence, A(5> — t,) = J,(53®3)J5(3®3) — A(ts) = Js(0s ® 05)(J) (2 @5% — t, @ L) is
an element of I ® (R#M) + (R#M) ® I. Since eg(ts) = er(ur(J))) = 1 = ex(3%), we
conclude that I is a coideal of R#M.

(2) Set H = (R#M)/I and assume that B is a Hopf algebra with antipode S. Then R is
a Hopf algebra with antipode S®™, which we will also denote by S. Since (S® S)(J) = J
holds, we have S(t5) = S(ef}(J)) = €} (S ®@ S5)(J) = t;. Hence, S(5) = 3 modulo I is well
defined. We also set

S(asy---Sp+ 1) =3k -515(a) + 1, (12)

for all a € R and s1,...,s; € X. Since Sos = 0,5, definition (12) leads to a well-defined
algebra anti-homomorphism S : H — H. Writing J again symbolically as J = JM @ J(2),
we calculate modulo I:
pr(ida ® S) AR (S) = pu(idg ® 5)Js(5®73)
= e (JM)58(5)S (e (J?))
= <J“ )S(ef (J))ts
P ((id® S)(J) el () =efy (J7'T) =1

Similarly py (S ®idy)A g (3) = 1 holds modulo I, because of (S ®id)(J) = J~!. Thus S
defines an antipode for the bialgebra H. O
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Since our aim is to construct semisimple Hopf algebra quotients of R# M, they must
be necessarily finite dimensional over K. Thus we will consider quotients of R# M, by
using the usual Coxeter presentation of ¥,, with generators s; = (i,7 + 1).

Theorem 6 (Extension by the symmetric group). Let B be a Hopf algebra with
antipode S and J a central twist for B that satisfies (7) and (10), such that (S®S)(J) = J
and (id® S)(J) = J 1 = (S®id)(J). For anym > 2, let X = {s1,...,8m_1} be the set
of transposition s; = (i,i+ 1) that generates X, and let M be the free monoid generated
by {57 : 1 < i < m}, which acts naturally on R = B®™. Consider the ideal I of R#M
generated by

_92 _ _ _ _ Lo . .
57— ts,, 8:8i115; — 5i+15:i8i41, 5i5; — 5;35i, Vi, j with |i — j| > 1.

Then H = (R#M)/I is a Hopf algebra of dimension dim(B)™m! with Hopf subalgebra
R = B®™ qand Hopf quotient KX,,. Furthermore,

(1) {w:w e X,,} is an R-basis of H;
(2) there exists a 2-cocycle v @ Xy X Yy — Z(R)* such that H ~ R#.%,, with
multiplication given by

(a#0) (b#7) = aow (b)y(w, v)#W. (13)

for all a,b € R and w,v € ¥, where v(w,v) is a product of elements oy (ts), for
some u € X, and s € X.

(3) e(y(w,v)) =1, for all w,v € &,,.

(4) if B is semisimple, then H is semisimple with integral IZwEEm w, where [ is the
integral of R.

Proof. From Theorem 5 we know already that (57 —t,, : 1 < i < m) is a coideal of
R#M . Furthermore, for 4, j such that |¢—j| > 1, the transpositions s; and s; are disjoint.
Hence J,, and 35; ® 55, as well as Jsj and 3; ® §; commute in R#M. Thus

A(gigj B §j§i) = JsiJsj (§i§j ®SiSj — S;S; ®§j§i) S (R#M) RI+TI® (R#M)

For i < m—1, we have og,ef” = e} | and o,e]t; = €], while o,e]* = ] if j € {i,i+1}.
Hence

(Usi Y USi)J5i+1 = (e;n ® eﬁ—Q)(‘]) = (O—Si+1 & 087‘,+1)‘]S¢ (14)

In particular, (05,04, ® 05,06,,)(Js;) = Jo,p, and (0s,,,0, @ 0s,,,04,)(Js,1,) = Js
Thus,

i

‘]Sz' (USi ® Us'i)(Jsi+l)(Usiasi+1 ® Usigsi+1)(J3i) = Jsi (Usi ® O-s'i)(Jsi+l)Jsi+1 (15)

J5i+1(o—5i+1 @ 05i+1)(J5i)(JSi+1USi ® Jsi+105i)(J5i+1) = J5i+1 (Jsi ® USi)(J5i+1)JSi (16>
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8 C. Lomp
Since J is central, the values in (15) and (16) are equal; call it «y. Then
A(gigi—o—lgi) = J51 (gi X gi)JsH_l (§i+1 ® §i+1)J51 (gi X gi) = ’Y(gigi—i-lgi ® §i§i+1§i)

and similarly A(§i+1§i§i+1) = ’Y(§i+1§i§i+1 ®§i+1§i§i+l)- Hence A(§i§i+1§i 7§i+1§i§i+l)
is an element of I ® (R#M) + (R#M) ® I. Defining S(5;) =5;, for all i, we obtain that
H = (R#M)/I is a Hopf algebra. Note that R# M is graded by the length of words in M.
Since elements of the form 5;5; —5;5; and 5;5,115; —5;4+15;5;+1 are homogeneous of degree
2 and 3 respectively, the only possible a € RNI must be of the form a = Z:n:_ll a;(32—t;).
Since words in M form an R-basis of R# M, we must have a; = 0, for all ¢; hence RNI =0
and R embeds into H = (R#M)/I as a Hopf subalgebra of H. Actually, R is a normal
Hopf subalgebra and HR'* = RT H is a Hopf ideal of H, where RT = R N Ker(e).

(1) Since si,...,8,-1 generate X,,, we choose for each w € ¥,, a representation
w = S8 - 8i,, with & minimal. We will write w = 5, ---5;,, for the corresponding
element in R# M. Since the s; satisfy s;5;418; = si+18:5i+1 and s;s; = s;8;, for |i—j| > 1,
any word in Sp,...,5;,—1 reduces to an element @ modulo I. Thus {w+ 1 : w € ¥,,}
generates H as a left R-module. On the other hand, an element of the form }_ e, Qwl,
with a,, € R belongs to I if and only if a,, = 0, for any w € X,,,. Thus H is free over R
with basis {w : w € ¥,,} and dim(H) = dim(R)™m! follows.

(2) Let w,v € X, then there exists a unique element y(w,v) € R such that wv =
~v(w,v)wv. More precisely, let w = s;, ---s;, and v = s;, ---s;, be the chosen minimal
presentations of w and v. If wv has length k + [, then set v(w,v) = 1. If the length of
wv is less than k + [, then some reduction occurred, which means that some relations
of the type s? = id must have reduced the length of wv. In H, the reduction takes the
form of replacing 37 by t,, € R*. Depending on where in wv the replacement takes
place, some automorphism of the form ¢, is applied to shift ¢, to the ‘left’ of wv. Hence
wT = vy(w,v)wv, where vy(w,v) is a product of elements of the form o, (ts,), for some
u € ¥, and some 1.

(3) Since Jg, is central in R ® R, also ts, = pur(Js,
(ep ®1idp)(J) =1, also €(ts,) = 1 and therefore e(oy,(
any w,v € Xy,.

(4) If B is semisimple, then R is semisimple and the antipode of R is an involution.
Since S?(w) = w, for w € %,,, the antipode of H is an involution and H is semisimple.
Let [, be the integral of B, then [ = [, ®---® [5 € R = B®™ is an integral for R.
Note that [ is invariant under the action of %,,. Hence, for v € ¥,,, we have

o Sw—al) ¥ awwmw= 3 [deupe= [ 3w an

WEX WEX WEX WED

) is central in R. Furthermore, as
ts;)) = 1. Thus e(y(w,v)) = 1, for

O

3. Generalized Kac—Paljutkin algebras

The group algebra of a finite cyclic group provides a twist that satisfies all the require-
ments of the last Theorem. Let n,m > 2, ¢ a primitive nth root of unity and
Z,, = (x : 2™ = 1) the cyclic group of order n. For each 0 < k < n set
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Then {eq,...,en—1} is a complete set of orthogonal idempotents of B = KZ,,.

Lemma 7. Let B =KZ,. Then J = ZZ;& er @ € B® B is a twist for B satisfying
(7) and (10), such that (S® S)(J) = J and (id® S)(J) = J~! = (S ®id)(J) hold.

Proof. It is well-known that J is a twist for B. We calculate (S ® S)(J) =
%Z?;io g *z= " ®2=* = J. Moreover,

n—1 n—1
(doS)()J= > eaaq@s ™= ea@lp=151s, (18)
k,1=0 k=0

shows (id® S)(J) = J~L. Since §%? = id and (S® S)(J 1) = J7, also (S®id)(J) = J !
holds. Next we show that

n—1 n—1
J/:(6%@)6%)(«]):Z€k®13®13®xk:Zxk®13®13®ek
k=0 k=0

is a twist for B ® B:

(AB®B ® idB@B)(J/)(J/ ® 1B®B)

= (Apgp@* @) @leea)(aeleler @lal)
k,l

:Zwkel®1®xk®xl®l®ek
k,l

=Y aviedtedolede
k,l

=Y (a®1@Apgpled))(1eles’@lolee)
k,l

= (idpyp ® Apep(J)(1per ® J')

k

where we use 2¥e; = ¢Fle; and ¢Fle;, = xley,. Lastly, we will verify Equation (10). For this

consider

(1 @es) (e @e)(NNT@JT) = Y (k@' @ e, @a")(es @2° @ e, @)

k,l,s,t

= Zek ®:r:k+l ®e okt
kil

= Zek Rz ® e ® z) = AB®B(J),
k.j
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10 C. Lomp

because Ap(e;j) = >, ex ® e;j_j holds. O

From Theorem 6 and Lemma 7, we deduce that there exists a non-trivial semisimple
Hopf algebra H,, ,,, = (KZn)®m #,X, of dimension n™m!, for any integers n,m > 2
(provided K contains a primitive nth root of unity).

Theorem 8 (Generalized Kac—Paljutkin algebras). For any n,m > 2, K a field of
characteristic zero with primitive nth root of unity q, there exists a semisimple Hopf
algebra H,, , = KZE™#.,%,, of dimension n™m! that is an extension of KE,,, by KZE™,

which is generated by elements x1,...,Tm,21,---,2m—1 Such that
n .
Ty = 17 Tily; = Ty, ZkTi = Ty (i) %k Vl,j,k

where s, is the transposition s, = (k,k + 1). Furthermore, for all k,l with |k —1| > 1:

1l — _
267 = 212k, ZRZk1%k = Zht12kZk+1, 2 = Z ”:ckxk_H (19)
The elements x; are group-like, while
1 n—1 ]
Az) = n Z @y | (k@) e(z) =1, S(z) = 2. (20)
i,j=0

As before, we write t), := 1 Zl =04~ m}cxiﬂ and Jy == 1 ZZ =0 q Il ®xk+1 Since
(id® S)(Jy) = J; !, we also have

—1
1% o
_ = —iJ 0 ]
= E q rLx .

4,j7=0

Remark 9. Let G := Z™. Then KG ~ KZ®™. By construction, KG is a Hopf sub-
algebra of H := H, , and KX,, is a Hopf quotient algebra of H. Since the ring of
K3,,-coninvariants of H is KG and since KG ~ K& as Hopf algebras,? as G is finite
Abelian, the Hopf algebra H is an extension of KX, by K& and hence equivalent to
an element of Opext(KY,,, K), the set of equivalence classes of all extensions of K3,
by K¢, associated with a matched pair (X,,,G). Here the matched pair is given by
Y.m acting on G by permutations of its components and G acting trivially on 3. The set
Opext(KY,,, K%) forms a group with identity element being the group ring K[G x X,,] of
the semidirect product of G' and X,,. Since H,, ,, is not cocommutative, H,, , is equiv-
alent to a non-trivial element of Opext(KY,,, K%). By [8, Proposition 1.5], elements

2 More precisely, for any a € {0,...,n — 1}™ set eq = nm | J D D qﬂ"‘kxk € K[G]. Then

{ea :a€{0,...,n—1}™} is a complete set of orthogonal idempotents of K[G]. Equally, the projections
Pa € KE defined by pa(z?) = 1 if and only if o = 3 and 0 otherwise, for any 8 € {0,...,n—1}"", where
B, ..

mf{” , form a complete set of orthogonal idempotents of K&. Defining ) : K[G] — K& with
1Y(ea) = pa yields an algebra homomorphism, which is actually a Hopf algebra isomorphism.

B .—
T = xy
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Generalized Kac—Paljutkin algebras 11

of Opext(KY,,, K%) are equivalent to a bicrossed products KG#TY K3,,, for cocycles
v X8, = K& and 7 : G x G — K¥». From the multiplication of H,, ., we see that
T is constant 1g=,., while v depends on the chosen twist J.

For m = 2, the elements of Opext(KXg, KZ*Zn) have been classified in [7,
Theorem 2.1] and are in bijective correspondence with all nth roots of unity in K. Thus,
the Hopf algebras H,, 2 had already been discovered in [7], prior to [10]. In particular,
for each root of unity ¢, there exists a twist J (as defined above) that determines the
comultiplication of such an extension via A(z) = J(z ® z). The cocycle v is determined
by the element ¢ = u(J), where (s, s) =t for the generator s of X9 = Zs.

For m > 3, it would be interesting to classify Opext(KX,,,K) in general, whereas
H,, ., provides a non-trivial example of it. Again, for each n-th root of unity ¢, we use the
same twist J of B = KZ,, as above. For each Coxeter generator s; of ¥,,, we deform the
comultiplication of z; = 5; by defining A(z;) = Ji(2; ® 2;), where J; = (e]" ® €]11)(J) €
R®R for R = B®™ = KG means that J is placed into the i-th and (i+1)-st components,
respectively. As Example 11 illustrates, the cocycle v is determined by ¢t = p(J), which
is embedded suitably into R such that v(s;,s;) = t; := u(J;) and y(s;,s;) =1 for i # j.
Hence, the non-triviality of H, ,, as an element of Opext(KX,,, K) stems essentially
from the non-triviality of the Kac-Paljutkin algebra H,, » and has just been placed into
an m-fold tensor product of KZ,,.

Note that it is shown in [4] that H,, ,, is isomorphic, as an algebra, to the group ring
K[Z, ! ¥,,] of the wreath product of Z, and %,,. Since the wreath product Z, ! %,
is the semidirect Z]' x X,,, the Hopf algebra H,, ,,, is isomorphic as an algebra to the
smash product KE# K¥,, (without cocycle). However, due to the fact that H, m is not
cocommutative, this isomorphism is not an isomorphism of Hopf algebras.

Example 10 (Case m = 2). Write x for the generator of B = KZ,, and write the
elements of R = B®? = KZ, ® KZ, as linear combinations of elements z'y’, where x
stands for x ® 1 and y for 1 ® x. Since m = 2, we have only one transposition, which is
s = (12). Hence o5(z) =y, 0s(y) = « and the twist J = 2?2—01 e; ® 7 for B becomes the
twist

n—1 1 n—1
j=0 ,7=0
for R. Instead of 5 write z for the generator of the monoid M = (3). Set t := pu(J,) =
%ij_zlo q~Yz'yl. The Hopf algebra H, s = (R#M)/(z?> —t) has therefore generators
x,, z subject to
ry=yzx, " =1=y", z2x=vyz, 2y=uzz, z°=*t.
While x and y are group-like,

n—1
1 o .
A(z) = - E gy | (2® 2).
4,5=0
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A basis for H,, » are the monomials {z'y/z* : 0 < i,j < n,k € {0,1}}. Hence H,, 5 is
precisely the generalized Kac—Paljutkin algebra H,,> considered by Pansera. In partic-
ular, Ha o is the Kac-Paljutkin Hopf algebra itself. Note that Hy, o = K[Z,, X Z,|#Xo,
for v : ¥o x 3o — R* given by

7(id,id) = 7(id, (12)) = 7((12),id) =1, ~((12),(12)) =

Example 11 (Case m = 3). Let ¢ be a primitive third root of unity. Write x for
the generator of B = KZ,, and R = _B®3 = K%, ® KZ, ® KZ,. Elements of R are
linear combinations of monomials z{x32%, where 2 stands for * ® 1 ® 1, 25 stands for
1®xz®1 and z3 stands for 1 ® 1 ® x. The transpositions s; = (12) and s = (23) are
generators of ¥3. Write 0; = o5, for the corresponding automorphism of R. The twist

J= Z;:Ol e; @ 9 for KZ, yields two twists

1 — 1 —
il § —ij d = E : —ij
n 2 xl ® 1;2 an n 2 :E2 ® x3

for R. Set z; := 37 and zy := 53 for the generator of the free monoid M = (37,33). The

Hopf algebra
®3
ng = (R#M)/< tl, 22 tg, RZ12221 — 222122> (KZH) #723 (21)
has therefore generators 1,2, x3, 21, 22 subject to z;x; = x;z; and z} = 1, for all 4,
and
21%1 = T221, R1T2 = T121, R1T3 = T321
22X = T1r2, R2X2 = T3R2, K23 = T2R2
_ 2 _ R —ij .0 .0 2 _ o —ij 0.7
212921 = 222122, 2] =t = - E q iz, 25 =19 1= - E q Yxhas.

i,j=0 1,5=0

While the x; are group-like, we have

= Z g i @a | (21 ®21) Alz) = | = Z ¢ b @al | (22 ® 22).
720 =0
H,, 3 has dimension 6n° and basis {Jﬂl mé 25 w:0<id,5,l<n, we {1,z 2,212, 2221,
z12921}}. The 2-cocycle 7 is determined by the multiplication in H, 3 and given by
~(id,w) = vy(w,id) = 1, for w € 237 and the following table. Note that t3 = 0102(t1) =
t7290 and 04 (ty) = oo(ty) = + Zl =0 q Y xial = t72. The values of the 2-cocycle v can
be calculated and are as follows
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Y| S1 S22 S1S2 85281 815251

s1 0t 1 11 1 t1

So | 1 o 1 to to
s1s2 | 1 ts t1 tits tits

S§981 tg 1 t2t3 t2 tgtg
518281 t2 tl t2t3 tltg t1t2t3

Remark 12. We see that H, 2 embeds into H, 3 by sending z,y,z of Hy 2 to the
corresponding elements x1,z2,2; in H, 3. More generally, for n,m > 2, the algebra
R = KZ&™ embeds into R’ = KZ&™*! by sending a; @ -+ - ® ay, into a1 @ -+ @ a,, @ 1 5.
Similarly, ¥,, can be considered a subgroup of ¥,,,1, where we identify the generators

S1,--.,8m—1 with the first m — 1 generators of 3,,,1. Hence, if z1,...,x,, denotes the
basis of R = KZ®™! and 21,...,2,_1 the remaining algebra generators of H,, ,, and if
xh, ..., 2, denote the basis of R' and 21,..., 2], the remaining generators of Hy, y, 11,

then mapping z; to =} and z; to 2] yields an algebra embedding of H,, ,,, into Hy, 1,
which is also an embedding of Hopf algebras.

Remark 13. Let H = H,, ,, and w € X,,. We claim that the comultiplication of
w in H looks like A(w) = J(w)(w ® w) for an invertible element J(w) € R ® R with
e(pr(J(w))) = 1. We will prove this by induction on the length of the chosen repre-
sentation w = s;, ...s;, in the generators sq,...s,_1. For £ = 1, we have w = s;, for
some i and by definition A(z;) = Ji(2; ® 2;) for z; = 5; and J; = J,, = (ef* ® ef}1)(J),
which is invertible, since .J is invertible. Moreover, ur(J;) = €%, ;(J) = t; and €(t;) = 1.
Now suppose that w = s;v has length greater than 1, where v € ¥, and there exists
J(v) € R® R such that A(7) = J(v)(T ® T). Then

AW) = Ji(z; ® z;) J(v) (T @ D) = J;J(v)7 (W @ W), (22)

where we denote by J(w)% = (0; ® 0;)(J(w)). Setting J(w) = J(s;v) = J;J(v)7% proves
our claim, since also pgr(J(w)) = t;0;(ur(J(v))) has counit 1.

Thus, given a subgroup N of ¥,,, we can consider the Hopf subalgebra of H gener-
ated by R and {@w : w € N}, which we shall denote by R#-N. Since for any w € N,
A(w) = J(w)(w @ W) € (R#,N) ® (R#N) we conclude that the subalgebra R#,N is
a semisimple Hopf subalgebra of H.

Example 14. Consider H,,, = R#,%,, with generators as above and consider 6,
the product of all zs, i.e. @ = 21 --- z,,—1. Let H be the subalgebra of H, ,, generated
by R and 6. We claim that H is equal to R#,(s), where s = (12---m) is the cycle of
length m. Clearly, § = 5 and we claim that 0% = (Hf;ll y(st, s)) sk, for 2 < k < m, since
inductively, if 0% = ¢;,s%, for some ¢, € R*, then 05! = ¢;s5 5 = ¢y(s¥, s)sF+1. Thus
H = R#.(s), as (Hi:ll 'y(si,s)) € R*. Note that 6™ = (HZ}I ’Y(Si,s)) =:t e R*.
Hence H ~ R[0;0]/(0™ — t), where o = 0,. In particular, H is generated by z1,...,Tmn
and 6 subject to 0x; = x40 and 0™ = t. While A(0) = J(s)(0 ® 0), with J(s) as
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in Remark 13. Note that 6™~ ! = 3™~ ! for = ty(s™ 1, s)"!. Since s7' = s™! we
obtain

am—l :Eg_l :th—l"'Zl :ES(G). (23)

Hence S(0) = t=19™~1 = t~1y(s™~!,5)§™ L. The dimension of H is mn™. For m = 2,
we obtain H' = H,, o.

4. Actions of the generalized Kac—Paljutkin algebra

As before, let H = H,, ,, = R#+%,,, with R = B®™ and B = KZ,, for some n,m > 2.

The aim of this section is to define an action of H on a non-commutative algebra A
such that the action does not factor through a group algebra — in other words, the action
is inner-faithful. To achieve this, we first examine m-dimensional simple H-modules V'
(Lemma 15) in order to define a quantum polynomial algebra A generated by the basis
UL, -« ., Uy Of V such that V' is an H-submodule of A. After introducing commutation
relations between the generators u;, we obtain a Noetherian domain with an inner-faithful
H-action (Theorem 20).

Let g be the primitive nth root of unity used in the definition of the twist J of B.
Since K3, is a factor ring of H, any irreducible representation over >, is a simple
module over H. As above, let z1,...,2,, and 21,...,2,_1 be the generators of H. For
each transposition s; = (4,7 4+ 1) we have z; =3; and set o; := oy,.

Assume that there exists a square root p of q. Given 0 < a,b < n we define a left H-
module structure on an m-dimensional vector space V, ; with basis ui, ..., u,, by letting
x; and zj respectively act as m X m-matrices:

(24)

where X; has on its diagonal the value ¢°, exczept on the ith row, where it has ¢®.
The matrix Z; has on its diagonal the value p® except for the kth and k + Ist rows

1

(resp. columns), where one has a 2 x 2 block of the form . It is clear, that if

qab

1 <k <l<msuch that |k —I| > 1, then Z} and Z; commute, since their 2 x 2-block is
in different rows and columns. Hence z2; - u; = 2121 - u; holds, for |k —1 > 1.

https://doi.org/10.1017/50013091526101564 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091526101564

Generalized Kac—Paljutkin algebras 15

For the braid relation z;2i+12k = 2k+12K2k+1 it is enough to look at the 3 x 3-submatrix
of the rows and columns of index k, k + 1 and k + 2 of the product ZyZy11Zk, i.e.

0 1 0 0 0 1 0 0 0 1
2
@ 0 0 0 0 @ 0 0 |=p"] 0 ¢ 0 (25)
0o o0 p 0 ¢ 0 0 0 p P 0 0
Similarly, for Zj1ZyZk+1 one obtains:
b2 b2
o0 0 0 1 0 0 o0
0 0 1 ¢ 0 0 0 0 1|=p 0 ¢® 0 (26)
0 ¢ 0 0 0 p 0 ¢ 0 P 000
It is not difficult to check that Zy X; = X, ;)2 holds for all i and k. Moreover, using
P’ =q,
e .
2 qab 1 —st ys yt
Z = g =0 Zq X Xpi1 (27)
L ¢ |

. N . . . _ 2 . .
since the latter matrix is a diagonal matrix with 1 37, 750540 = ¢¥ on its ith row,

for i ¢ {k,k+ 1}, and %Z&t qstTastht — 4 on its kth and k + 1st row. Thus, V, ; is
a left H-module.

Lemma 15. V,; is a simple left Hy, .,,-module, if a # b (mod n).

Proof. Let H = H,, ,,, and assume a # b (mod n). Let v = Zl";l \;u; be a non-zero
element of v with Ag # 0. Then A\, '(zx — ¢%) - v = (¢ — ¢®)uy # 0. Thus, u, € H - v.
However, since X, acts transitively on {1,...,m}, any basis element u; of V; can be
obtained by multiplying uj by a suitable product of Z/s. Hence V; is simple. O

Lemma 16. Let m > 3 and a # b (mod n) and a’ # b’ (modn). Then V. ~ Vo i as
left Hy, mm-module if and only if (a,b) = (a’,b) in Z2.

Proof. Suppose f : V,, — Vo is an isomorphism of H,, ,,-modules and (Aij)1<i j<m
is a scalar matrix such that f(u;) = Z;”:l Aijuy, where {ui,...,u;} respectively
{uf,...,ul,} is a basis for V,; respectively V,/ . We will show that ();;) is a diago-
nal matrix. Suppose there exists ¢ # j with A;; # 0. Let [ # 4,5 (using m > 3) and
consider the following equations:
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> Xrgul =" f(ui) = x5 - flug) = Xijq® uf + > Xing” 1, (28)
r=1 r#j

m m

> Xirdul =P f(ui) =z - fus) = Xag® up + Y Nirg” . (29)
r=1 r#l

Comparing the coefficients of u’; on both sides of each equation, we conclude b = a’(modn)
and b = b’ (modn), which contradicts the assumption a’ # b’ (modn). Hence f(u;) = Aj;u,
and A; # 0, for all . Thus Aq*u; = ¢*f(w;) = x; - flu) = )\iiq“/u; and \;;q"u, =
@ f(w) = x; - flu;) = )\iiqb/ug, for any j # i shows a = ¢’ and b = b modulo n.
The converse statement holds, since the map f : Vo, — Vo with f(u;) = v} is an
isomorphism of H,, ,,-modules, in case (a,b) = (a’,b’) in Z2. O

Denote by My, o6 € My (Z) the m x m-matrix, such that the diagonal entries are all
equal to a and all other entries are equal to b. For example, for m = 2 and m = 3, we
have the matrices

a b
Maap=| ¢ b s Mzap=10b a b |- (30)
boa b b oa

The determinant of such matrices are det(Ma 4 ) = a® —b* and det(Msz,45) = a® +2b3 —
3ab?. More generally, if e; denotes the canonical basis of K™, then v; = > /" €; is an
eigenvector of M,, o, with eigenvalue a + (m — 1)b and the vectors v; := e;—1 — e;, for
2 <4 < n are eigenvectors with eigenvalue a — b. Hence,

det(Mim.ap) = (a+ (m — 1)b)(a — b)™ . (31)

An H-module V is inner-faithful if the only Hopf ideal that annihilates V is the zero
ideal.

Lemma 17. V,, is an inner-faithful R-module if ged((a+ (m—1)b)(a—b)""1,n) = 1.

Proof. Let I be a Hopf ideal of R. Since R is a group algebra, there exists a subgroup
N C G = Z" such that I = KG(KN)T (see [2, Lemma 4] or [11, p. 329]). Suppose
I-Vop=0 Thenw=1—2af" - 28 €I, for some z{" - 28 € N. Forany 1 < j <m
we obtain an equation w-u; =0,i.e. 1= gt b Thuys, aja-l-Zl;éj a;b = 0(modn),
or in matrix notation aMp, o = 0 (mod n). If ged(det(My, ap),n) = 1, then M, 4 is
invertible modulo n. Thus a; = 0, for all 7, which means that N is trivial and so is I. (I

Next we show that H, ,, acts on a quantum polynomial algebra A in m variables, such
that V,, is its degree one space.

Theorem 18. Let a # b (mod n), q a primitive nth root of unity in K and a square
root p of q. Set A\ = qbZ_ab and p = pbz_a2 and let (r;j) be the m x m-matriz such
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that ri; = 1, 75 = N7y for i < j and ryj = T Y for j < i. Consider the quantum
polynomial algebm mn m variables uy, ..., Um subject to uju; = ri;uuq, for all i, j.

K(ug, ...
Agy = —Blors o ttm) (32)
(Wguj — riuiu; 24, J)

Then Aqyp is a left H-module algebra for the semisimple Hopf algebra H = KZE™#,%,,,
where V, , determines the H-action on the generators u;, i.e.

_ a b . .
Ti - Up = q Uq, Tj - Ui = q U, fori#j

ab b2 . ..
Zi Ui = q Uiy, Zi Uil = Uqg, ZitUj; =P Uy, fOT’J#{ZJ‘f‘l]“

Proof. We claim that A is a left H-module algebra. As before, R = KZ®™. Since the
group-likes x; act as scalars on uj;, we conclude that A is an R-module algebra. Recall
that

Az) = Ji(z; ® z;) = Zq‘“wszl ® xlﬂzl (33)
Hence for 1 <i < m:
zi - (Wuiqpr) = Zqﬂt x5z uy) (:cﬁﬂzi -uH_l) = qabqbzuiﬂui
zi - (Uip1u;) = Zq ot (w52 - wip1) (x§+12i 'Ui) = qabqazuiuiﬂ = qabqazﬂuiﬂuu

N b, b2 _ ab,2
where r; ;41 = p = p” % . Thus z - (wiuig1) = ¢°°¢” Uip1u; = ¢*°p*q° “u; iU = % -

(T i1 Ui 1)
A similar calculation for j > ¢ + 1 shows

ab+b>

zi - (uiuj) =p° q Uit 1Uj
b% 2ab b2 2ab
zi - (ujug) = p” ¢~ ujuirr = p” @ i1 Ui 1y
. _ —1 _ _ b2_ab .
Since 74;7j,i+1 = TiiTii,; = A = ¢” % we obtain
_ ) — b jab+b? b . 2ab et g 34
Z5 " (uluj) =P q Ui41U5; =P TigT5 419 Ui41U5 = Z4 * (T'L]ujul)' ( )
Similar calculations show z; - (wjuk) = mkz; - (ugw;), for all 4, k, [. O

Proposition 19. Let H, ,, = R#,%, and Aa p as above, for some a # b (mod n).
If ged(det (Mo 00),m) = 1 and n is even, then A ™ 4s contained in the commutative

polynomial ring Aa)b = Klup,...,ul].
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Proof. Set A = A, . Clearly, A" C AR, Let uy,...,u,, be the algebra generators
of A. The monomials u® := u{* -+ udm, with @ = (a1,...,0m,) € N, form a K-basis
for A. Let w = Y aqu® € A with only finitely many non-zero a, € K. Denote by
sup(w) = {a : aq # 0} the support of w. For any 1 < i < m we have

a;a+ ..o )b
W=x; W= E aaq <Z’¢f' '7> u®.

Hence «;a + (Zj# aj) b =0 (mod n), for any a € sup(w) and for any 4, which means
that @M, o = 0 (mod n). Since ged(det(Mp qap),m) = 1, My, o is invertible modulo

n and a = (0,...,0) (mod n), i.e. n | oy, for all . Note that if n is even, then r{‘; =
g’ WP —ab)pn®(¥*—a®) — (_1)n(t*=a*) = 1 Hence upu} = ufuy and AR C Kluy, ... up,].
The converse inclusion is clear. U

The condition ged(det(My, q),n) = 1 is obviously satisfied when a = 1 and b = 0.
Then A = qb2_“b =1land p = pbz_QQ
i < j.

= p~!. Thus the matrix (r;;) satisfies r;; = p for

Theorem 20. Let n,m > 2, H = R#.,%,, and R = KZZ™. Let q be the primitive nth
root of unity used in the definition of the twist J and assume there exists a square Toot p
of q. Then

K{ug, ..., um)
(ujuz- — puu; - 1< j>

A:

1s a left H-module algebra with action of the generators x; and z; of H given by
Ty = QUi, Ty = Uy forj F 4, ZiUp = Uip1,  Zlip1 = U, 24Uy = uy for ) # 1,441

Moreover, A is an inner-faithful R-module and if n is even then A" C K[u},... u®].

Proof. Combine Lemma 17, Theorem 18 and Proposition 19. g

In [3], Ferraro et al. showed that Pansera’s Hopf algebras H,, 2 act inner-faithfully on an
Artin-Schelter regular algebra A, such that its ring of invariants is again Artin-Schelter
regular — an analogous property to the Chevalley—Shephard—Todd Theorem for group
actions on polynomial algebras. The authors of [3] termed such Hopf algebras ‘reflection
Hopf algebra’ for A.

Example 21. Like in Example 14, consider the Hopf subalgebra H = R#(s) of Hy,
generated by R and 6 = z129 - - - z;,—1, where s = (12---m). Then H has dimension mn™
and is generated as algebra by zi,...,z,, and 6. By Theorem 20, H,, ,, and hence H
acts on

K
A:Al(): <U1, ,Um>

)

where 6 acts cyclically on the generators of A, i.e. 6 - u; = uy;), for all j. We claim that
A is an inner-faithful H-module algebra. Suppose I is a Hopf ideal of H with I- A =0
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and let w = Z?:Ol a;0° € I, with a; € R. Then w - u; = Z?Z)l ai - ug(;) = 0, for all
1 < j < m. Since the spaces Ku; are stable under the action of R, we get a; - u; = 0,
for all 4 and j. Thus a; € I N R, for all 4. As I is also a Hopf ideal of R, we conclude by
Lemma 17, I N R = 0. Hence w = 0, which means that H acts inner faithfully on A.

If n is even, then by Theorem 20, A? C K[u?,...,u"]. Since § acts cyclically on the
generators u;, it also acts cyclically on the elements u'. Hence AH consists of the cyclic
polynomials in u?, i.e. A = K[u},..., ul]¢%).

Note that the quantum polynomial algebra A = A; o is an Artin-Schelter regular ring.
In case m = 2, H = H,, 5 and A% = K[u},u5]{12) = K[u} + uf, ufu}] is a polynomial
algebra, hence Artin-Schelter regular and H is a reflection Hopf algebra for A. In case
m > 3, the ring of invariants A7 = K[u?,... ,uﬁL]“> is not a polynomial ring and H is
not a reflection Hopf algebra for A in the sense of [3].
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