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Abstract In this note, we construct a family of non-commutative, non-cocommutative semisimple Hopf
algebras Hn,m of dimension nmm! over a field of characteristic zero containing a primitive nth root of
unity, where n,m ≥ 2 are integers. The well-known eight-dimensional Kac–Paljutkin algebra arises as the
special case H2,2, while the Hopf algebras previously constructed by Pansera correspond to the instances
Hn,2. Each algebra Hn,m is defined as an extension of the group algebra KΣm of the symmetric group
by the m-fold tensor product R = KZ⊗m

n , where Zn denotes the cyclic group of order n. This extension
admits a realization as a crossed product: Hn,m = KZ⊗m

n #γΣm. In the final section, we construct a
family of irreducible m-dimensional representations of Hn,m that are inner faithful as R-modules and
exhibit a non-trivial inner-faithful action of a subalgebra of Hn,m on a quantum polynomial algebra.
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1. Introduction

Let K be a field of characteristic zero. In [5] (see also [6]), Kac and Paljutkin introduced
an eight-dimensional semisimple Hopf algebra H8 given by generators x, y, z subject to
the relations

zx = yz, zy = xz, xy = yx, x2 = y2 = 1, z2 =
1

2
(1 + x+ y − xy) , (1)

such that x and y are group-like and

∆(z) =
1

2
(1⊗ 1 + x⊗ 1 + 1⊗ y − x⊗ y) (z ⊗ z). (2)
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2 C. Lomp

The antipode ofH8 is the identity map. The algebraH8 can be seen as a quotient of a skew
polynomial ring R[z;σ]/I, where the ring of coefficients is the group ring R = K[Z2×Z2],
with an automorphism σ that interchanges the generators x and y of Z2 × Z2 and I is
the ideal generated by the relation of z2 in Equation (1). In [9, 10], Pansera introduced
a 2n2-dimensional semisimple Hopf algebra H2n2 as R[z;σ]/I, where R = K[Zn × Zn],
for a given integer n ≥ 2. The comultiplication of z is given by

∆(z) =
1

n

 n−1∑
i,j=0

q−ijxi ⊗ yj

 (z ⊗ z), (3)

where q is a primitive nth root of unity in K. The group algebra R is a Hopf
subalgebra of H2n2 and the antipode S of H2n2 is extended from R by setting
S(z) = z. Motivated by Etingof–Walton’s Theorem, which says that if a semisim-
ple Hopf algebra acts on a commutative domain then its action factors through a
group algebra, Pansera showed in [9] that H2n2 admits an action on a quantum
plane A that does not factor through a group algebra, i.e. H2n2 acts inner-faithfully
on A.
The purpose of this note is to extend Pansera’s construction and to provide

further examples of non-trivial semisimple Hopf algebras acting inner-faithfully on non-
commutative domains. The basic observation is that, in the construction of H2n2 , the
action of the automorphism σ of order 2 can be regarded as the action of the symmet-
ric group Σ2 on the tensor product K[Zn] ⊗ K[Zn] = K[Zn × Zn]. As a generalization,
we consider Σm acting on the m-fold tensor R = B⊗m, for some bialgebra B.1 The
standard generators s1, . . . , sm−1 of Σm, i.e. the transpositions si = (i, i + 1), gener-
ate a free monoid M = 〈s1, . . . , sm−1〉 that acts on R and allows to consider the skew
monoid algebra R#M , which in the case m = 2 corresponds to the skew polynomial
ring R[z;σ]. The comultiplication of si can be defined as ∆(si) = Ji(si ⊗ si), for a suit-
able twist Ji ∈ R ⊗ R. Under further assumptions on these twists Ji, we define a Hopf
structure on the quotient R#M/I, where I is the ideal generated by the usual relations
of the symmetric group, sisi+1si = si+1sisi+1 and sisj = sjsi for |i − j| > 1, but with
s2i = ti := µR(Ji), where µR is the multiplication of R. The obtained Hopf algebra
H is an extension of KΣm by R and can be considered a crossed product R#γΣm for
a suitable 2-cocycle γ : Σm × Σm → R×. For B = K[Zn] and K containing a primi-
tive nth root of unity, we provide twists Ji that satisfy all our assumptions and yield
a family of semisimple Hopf algebras Hn,m = K[Zn]

⊗m#γΣm of dimension nmm!. The
original Kac–Paljutkin Hopf algebra appears as H2,2, while Pansera’s algebras appear
as Hn,2.
In the last section we examine actions of Hn,m on a quantum polynomial algebra A in

m generators u1, . . . , um. We will show that there exists an mnm-dimensional semisimple
Hopf subalgebra H of Hn,m that acts inner-faithfully on A and whose ring of invariants
AH is the subring of cyclic polynomials in un

1 , . . . , u
n
m, in case n is even.

1 We will denote the symmetric group by Σm instead of Sm in order to avoid confusion with the
antipode S.
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Generalized Kac–Paljutkin algebras 3

2. Constructing Hopf algebras via twists

An invertible element J ∈ B ⊗B of a bialgebra B is called a twist for B if

(∆B ⊗ idB)(J)(J ⊗ 1B) = (idB ⊗∆B)(J)(1B ⊗ J) (4)

and (ε⊗ id)(J) = 1 = (id⊗ε)(J) hold. Writing symbolically J = J (1)⊗J (2), Equation (4)
means

J
(1)
1 j(1) ⊗ J

(2)
2 j(2) ⊗ J (2) = J (1) ⊗ J

(2)
1 j(1) ⊗ J

(2)
2 j(2), (5)

where j(1) ⊗ j(2) is another copy of J and where ∆B(J
(i)) = J

(i)
1 ⊗ J

(i)
2 denotes the

comultiplication of one of the legs of J (i) of J . Clearly 1B ⊗ 1B is a twist for B. For
B = KZn, with generator x, the element J = 1

n

∑n−1
i,j=0 q

−ijxi ⊗ xj is a twist for B. We
will use twists to deform the comultiplication of a group-like element of a bialgebra as
they appear naturally in our construction. Suppose R ⊆ S is an extension of bialgebras
with x ∈ S \ R an element such that Rx is a free R-module. Suppose further that
J ∈ R⊗R is an invertible element, such that ∆S(x) = J(x⊗x) and εS(x) = 1. Then the
coassociativity for ∆S(x) and the freeness of Rx imply Equation (4), while the counity
will imply (εR ⊗ idR)(J) = (idR ⊗ εR)(J) = 1. Hence J is a twist for R. Since our aim
is to extend the bialgebra structure of some algebra R = B⊗m to a skew monoid algebra
R#M , where M is generated by some elements s1, . . . , sk, such that ∆(si) = Ji(si ⊗ si)
holds for some Ji ∈ R⊗R, we will need that Ji is a twist for R.
For two bialgebra-twist pairs (B, J) and (B′, J ′), the element (idB⊗τB,B′⊗idB′)(J⊗J ′)

is a twist for R = B ⊗ B′, where τB,B′ : B ⊗ B′ → B′ ⊗ B denotes the usual flip map.
Hence, given a twist J = J (1) ⊗ J (2) for B, we could consider

J ′ =
(
J (1) ⊗ 1B

)
⊗
(
J (2) ⊗ 1B

)
= (idB ⊗ τB,B ⊗ idB)(J ⊗ 1B⊗2),

which is a twist for B⊗B. However, we would like to embed J differently into (B⊗B)⊗
(B ⊗ B). For this, let m ≥ 2 and denote by emi : B → B⊗m, the embedding of B into
the ith tensorand of B⊗m. We would like that (emi ⊗ emj )(J) ∈ B⊗m ⊗ B⊗m is a twist

for B⊗m, for any 1 ≤ i < j ≤ m. For m = 2, we need in particular that (e21 ⊗ e22)(J) is a
twist for B ⊗B. For J = J (1) ⊗ J (2), this condition is equivalent to the condition that

J ′ = (e21 ⊗ e22)(J) =
(
J (1) ⊗ 1B

)
⊗
(
1B ⊗ J (2)

)
satisfies Equation (4) for the ring B ⊗B, which boils down to

J
(1)
1 j(1) ⊗ J

(1)
2 ⊗ j(2) ⊗ J (2) = J (1) ⊗ j(1) ⊗ J

(2)
1 ⊗ J

(2)
2 j(2), (6)

where j(1) ⊗ j(2) is another copy of J . Conversely, Equation (6) is actually equivalent
to (e21 ⊗ e22)(J) being a twist for B ⊗ B, because the counit condition is automatically
verified. Comparing (6) and (5) shows that the difference lies in the middle tensorands.
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4 C. Lomp

If J is central in B ⊗ B, then Equation (6) implies (5). It remains unclear whether the
converse holds.

Lemma 1. Let J be a twist for B. Suppose

(e21 ⊗ e22)(J) is a twist for B ⊗B. (7)

Then (emi ⊗ emj )(J) is a twist for B⊗m, for any 1 ≤ i < j ≤ m.

Proof. Set R = B⊗m. To ease notation, we will drop the superscript m from emi . Let
J ′ = (ei ⊗ ej)(J)⊗R⊗R. Note that ∆Rei = (ei ⊗ ei)∆B and 1R = ei(1B). Then

(∆R ⊗ idR)(J
′)(J ′ ⊗ 1R) = (∆Rei ⊗ ej)(J)(ei ⊗ ej ⊗ ej)(J ⊗ 1B)

= (ei ⊗ ei ⊗ ej)(∆B ⊗ idB)(J)(ei ⊗ ej ⊗ ej)(J ⊗ 1B)

= ei(J
(1)
1 j(1))⊗ ei(J

(1)
2 )ej(j

(2))⊗ ej(J
(2))

= (ei ⊗ ei,j ⊗ ej)
(
J
(1)
1 j(1) ⊗ J

(1)
2 ⊗ j(2) ⊗ J (2)

)
,

where j(1)⊗j(2) is another copy of J and ei,j : B
⊗2 → R denotes the embedding of B⊗B

into the ith and jth tensorands of R. Similarly one shows (idR ⊗ ∆R)(J
′)(1R ⊗ J ′) =

(ei ⊗ ei,j ⊗ ej)
(
J (1) ⊗ j(1) ⊗ J

(2)
1 ⊗ J

(2)
2 j(2)

)
. Since J satisfies Equation (6), J

(1)
1 j(1) ⊗

J
(1)
2 ⊗ j(2) ⊗ J (2) = j(1) ⊗ J

(2)
1 ⊗ J

(2)
2 j(2) and therefore (∆R ⊗ idR)(J

′)(J ′ ⊗ 1R) =
(idR ⊗∆R)(J

′)(1R ⊗ J ′). �

The main idea of this note is to use the action of the symmetric group Σm on the tensor
productR = B⊗m and to extend the bialgebra structure ofR to that of a suitable quotient
of a skew monoid algebra. The comultiplication of the newly added generators, however,
shall be twisted by some twists of R. A pair (σ, J) of an algebra homomorphism σ : R → R
and a twist J is called a twisted homomorphism (see [1]) if εσ = ε and ∆σ(h) = J(σ ⊗
σ)∆(h)J−1, for h ∈ R. We will be mostly interested in the case where J commutes with
the elements of the image of ∆, in which case (σ, J) is a twisted homomorphism if and
only if σ is a coalgebra homomorphism. Pansera showed in [9] that if R is a bialgebra
with twisted homomorphism (σ, J), then the bialgebra structure of R can be extended
to the skew polynomial ring R[x;σ], such that ∆(x) = J(x ⊗ x) and ε(x) = 1. We will
extend this result to R = B⊗m and a twist J for B that satisfies (7). Here the skew
polynomial ring will be replaced by a skew monoid algebra.
Each permutation s ∈ Σm acts on R = B⊗m by σs : R → R, with σs(a1 ⊗ · · · ⊗ an) =

as(1)⊗· · ·⊗as(n). Note that σs is a bialgebra homomorphism of R. Thus ∆σs = (σs⊗σs)∆
and εσs = ε. Given a twist J for B, such that (e21 ⊗ e22)(J) is a twist for B⊗B, we define
for each transposition s = (ij) ∈ Σm, with i < j, the element Js = (emi ⊗emj )(J) ∈ R⊗R,
which is a twist for R by Lemma 1.

Theorem 2. Let B be a bialgebra with central twist J of B that satisfies (7). Let
m ≥ 2 and X ⊆ Σm a set of transpositions. Then the free monoid M , generated by
{s : s ∈ X}, acts on R = B⊗m and the bialgebra structure on R extends to a bialgebra
structure on the skew monoid algebra R#M , such that ∆(s) = Js(s ⊗ s) and ε(s) = 1,
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Generalized Kac–Paljutkin algebras 5

for all s ∈ X. Moreover, π : R#M → K[M ] with π(a#w) = ε(a)w is a homomorphism
of bialgebras.

Proof. Denote by Aut(R) the group of algebra automorphisms of R. Since M is the
free monoid on X, the map X → Aut(R) given by s 7→ σs extends to a map of monoids
M → Aut(R), which allows us to consider the skew monoid ring H = R#M , whose basis
as a left R-module is given by the words in {s : s ∈ X}. We identify elements a ∈ R with
elements a#1M , where 1M is the identity of M . In particular, for each s ∈ X and a ∈ R,
we have sa = σs(a)s. To define ∆H : H → H ⊗H, we set

∆H(aw) := ∆R(a)Js1(s1 ⊗ s1) · · · Jsk(sk ⊗ sk), (8)

for a ∈ R and w = s1 . . . sk a word inX, In particular, ∆H |R = ∆R and ∆H(s) = Js(s⊗s),
for s ∈ X. Since J is central in B⊗2, Js is also central in R⊗R, and since σs is a bialgebra
homomorphism we have

∆H(s)∆R(a) = Js(s⊗ s)∆R(a) = Js(σs ⊗ σs)∆R(a)(s⊗ s) = ∆R(σs(a))∆H(s). (9)

Thus, ∆H is a well-defined algebra homomorphism. The coassociativity follows from the
fact that Js is a twist for R, by Lemma 1:

(∆H ⊗ idH)∆H(s) = (∆R ⊗ idR)∆R(Js) (∆H(s)⊗ s)

= (∆R ⊗ idR)∆R(Js)(Js ⊗ 1R)(s⊗ s⊗ s)

= (idR ⊗∆R)∆R(Js)(1R ⊗ Js)(s⊗ s)⊗ s)

= (idR ⊗∆R)∆R(Js) (s⊗∆H(s))

= (idH ⊗∆H)∆H(s)

Furthermore, set εH(aw) = εR(a), for all a ∈ R and w ∈ M . Since εRσs = εR, we
conclude that εH is an algebra homomorphism. For any a ∈ R and s ∈ X:

(εH ⊗ idH)∆H(as) = (εH ⊗ idH) (∆R(a)Js(s⊗ s)) = a(εR ⊗ idR)(Js)s = as,

since (εR ⊗ idR)(Js) = (εB ⊗ idB)(J) = 1. Similarly, one checks (idH ⊗ εH)
∆H(as) = 1. �

Remark 3. Note that R#1 = {γ ∈ R#M | (id ⊗ π)∆(γ) = γ ⊗ 1}. Hence R#M is
a bialgebra extension of K[M ] by R.

Remark 4. Let s ∈ Σm be an element of order 2. Then s is a product of disjoint
transpositions, say s = s1 · · · sk. Since the elements Js1 , . . . , Jsk commute pairwise, the
product Js := Js1 · · · Jsk is also a twist for R and one could also prove a version of
Theorem 2 for subsets X ⊆ Σm of permutations of order 2.

Denote by µR the multiplication of R.

Theorem 5. Let B be a bialgebra with J a central twist for B that satisfies (7). Let
m ≥ 2, X ⊆ Σm a set of transpositions, M the free monoid generated by {s : s ∈ X}
acting on R = B⊗m.
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6 C. Lomp

(1) Suppose J satisfies

∆B⊗B(J) = (e21 ⊗ e22)(J)(e
2
2 ⊗ e21)(J)(J ⊗ J). (10)

Then the ideal I = 〈s2 − ts : s ∈ X〉 is a biideal of R#M , where ts = µR(Js).
(2) Suppose moreover that B is a Hopf algebra with antipode S, such that (S⊗S)(J) = J

and (S ⊗ id)(J) = J−1 = (id⊗ S)(J). Then H = (R#M)/I is a Hopf algebra with
S(s+ I) = s+ I in H, for s ∈ X.

Proof. (1) Let s = (ij) ∈ X, with i < j. Note that emij := µR(e
m
i ⊗ emj ) : B ⊗B → R

is an algebra homomorphism that satisfies

∆R ◦ emij = (emij ⊗ emij ) ◦∆B⊗B , (11)

as well as emij e
2
1 = emi and emij e

2
2 = emj . Set Js := (emi ⊗ emj )(J) ∈ R⊗2 and ts = µR(Js) =

emij (J) ∈ R. Since J is central in B ⊗ B, so is ts in R. Then Equations (10) and (11)
imply

∆R(ts) = ∆R(e
m
ij (J)) = emij ⊗ emij (∆B⊗B(J))

= emij ⊗ emij
(
(e21 ⊗ e22)(J)(e

2
2 ⊗ e21)(J)(J ⊗ J)

)
= (emi ⊗ emj )(J)(emj ⊗ emi )(J)(emij (J)⊗ emij (J))

= Js(σs ⊗ σs)(Js)(ts ⊗ ts).

Hence, ∆(s2 − ts) = Js(s ⊗ s)Js(s ⊗ s) − ∆(ts) = Js(σs ⊗ σs)(J)
(
s2 ⊗ s2 − ts ⊗ ts

)
is

an element of I ⊗ (R#M) + (R#M) ⊗ I. Since εH(ts) = εR(µR(J))) = 1 = εH(s2), we
conclude that I is a coideal of R#M .
(2) SetH = (R#M)/I and assume that B is a Hopf algebra with antipode S. Then R is

a Hopf algebra with antipode S⊗m, which we will also denote by S. Since (S⊗S)(J) = J
holds, we have S(ts) = S(emij (J)) = emij (S⊗S)(J) = ts. Hence, S(s) = s modulo I is well
defined. We also set

S(as1 · · · sk + I) = sk · · · s1S(a) + I, (12)

for all a ∈ R and s1, . . . , sk ∈ X. Since Sσs = σsS, definition (12) leads to a well-defined
algebra anti-homomorphism S : H → H. Writing J again symbolically as J = J (1)⊗J (2),
we calculate modulo I:

µH(idH ⊗ S)∆H(s) = µH(idH ⊗ S)Js(s⊗ s)

= emi (J (1))sS(s)S(emj (J (2)))

= emi (J (1))S(emj (J (2)))ts

= emij ((id⊗ S)(J)) emij (J) = emij
(
J−1J

)
= 1

Similarly µH(S⊗ idH)∆H(s) = 1 holds modulo I, because of (S⊗ id)(J) = J−1. Thus S
defines an antipode for the bialgebra H. �
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Generalized Kac–Paljutkin algebras 7

Since our aim is to construct semisimple Hopf algebra quotients of R#M , they must
be necessarily finite dimensional over K. Thus we will consider quotients of R#M , by
using the usual Coxeter presentation of Σm with generators si = (i, i+ 1).

Theorem 6 (Extension by the symmetric group). Let B be a Hopf algebra with
antipode S and J a central twist for B that satisfies (7) and (10), such that (S⊗S)(J) = J
and (id⊗ S)(J) = J−1 = (S ⊗ id)(J). For any m ≥ 2, let X = {s1, . . . , sm−1} be the set
of transposition si = (i, i+1) that generates Σm and let M be the free monoid generated
by {si : 1 ≤ i < m}, which acts naturally on R = B⊗m. Consider the ideal I of R#M
generated by

s2i − tsi , sisi+1si − si+1sisi+1, sisj − sjsi, ∀i, j with |i− j| > 1.

Then H = (R#M)/I is a Hopf algebra of dimension dim(B)mm! with Hopf subalgebra
R = B⊗m and Hopf quotient KΣm. Furthermore,

(1) {w : w ∈ Σm} is an R-basis of H;
(2) there exists a 2-cocycle γ : Σm × Σm → Z(R)× such that H ' R#γΣm with

multiplication given by

(a#w)(b#v) = aσw(b)γ(w, v)#wv. (13)

for all a, b ∈ R and w, v ∈ Σm, where γ(w, v) is a product of elements σu(ts), for
some u ∈ Σm and s ∈ X.

(3) ε(γ(w, v)) = 1, for all w, v ∈ Σm.
(4) if B is semisimple, then H is semisimple with integral

∫ ∑
w∈Σm

w, where
∫

is the
integral of R.

Proof. From Theorem 5 we know already that 〈s2i − tsi : 1 ≤ i < m〉 is a coideal of
R#M . Furthermore, for i, j such that |i−j| > 1, the transpositions si and sj are disjoint.
Hence Jsi and sj ⊗ sj , as well as Jsj and si ⊗ si commute in R#M . Thus

∆(sisj − sjsi) = JsiJsj (sisj ⊗ sisj − sjsi ⊗ sjsi) ∈ (R#M)⊗ I + I ⊗ (R#M).

For i < m−1, we have σsie
m
i = emi+1 and σsie

m
i+1 = emi , while σsie

m
j = emj if j 6∈ {i, i+1}.

Hence

(σsi ⊗ σsi)Jsi+1 = (emi ⊗ emi+2)(J) = (σsi+1 ⊗ σsi+1)Jsi (14)

In particular, (σsiσsi+1 ⊗ σsiσsi+1)(Jsi) = Jsi+1 and (σsi+1σsi ⊗ σsi+1σsi)(Jsi+1) = Jsi .
Thus,

Jsi(σsi ⊗ σsi)(Jsi+1)(σsiσsi+1 ⊗ σsiσsi+1)(Jsi) = Jsi(σsi ⊗ σsi)(Jsi+1)Jsi+1 (15)

Jsi+1(σsi+1 ⊗ σsi+1)(Jsi)(σsi+1σsi ⊗ σsi+1σsi)(Jsi+1) = Jsi+1(σsi ⊗ σsi)(Jsi+1)Jsi (16)
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8 C. Lomp

Since J is central, the values in (15) and (16) are equal; call it γ. Then

∆(sisi+1si) = Js1(si ⊗ si)Jsi+1
(si+1 ⊗ si+1)Js1(si ⊗ si) = γ(sisi+1si ⊗ sisi+1si)

and similarly ∆(si+1sisi+1) = γ(si+1sisi+1⊗si+1sisi+1). Hence ∆(sisi+1si−si+1sisi+1)
is an element of I ⊗ (R#M) + (R#M)⊗ I. Defining S(si) = si, for all i, we obtain that
H = (R#M)/I is a Hopf algebra. Note that R#M is graded by the length of words in M .
Since elements of the form sisj−sjsi and sisi+1si−si+1sisi+1 are homogeneous of degree

2 and 3 respectively, the only possible a ∈ R∩I must be of the form a =
∑m−1

i=1 ai(s
2
i −ti).

Since words inM form an R-basis of R#M , we must have ai = 0, for all i; hence R∩I = 0
and R embeds into H = (R#M)/I as a Hopf subalgebra of H. Actually, R is a normal
Hopf subalgebra and HR+ = R+H is a Hopf ideal of H, where R+ = R ∩Ker(ε).
(1) Since s1, . . . , sn−1 generate Σm, we choose for each w ∈ Σm a representation

w = si1 · · · sik , with k minimal. We will write w = si1 · · · sik , for the corresponding
element in R#M . Since the si satisfy sisi+1si = si+1sisi+1 and sisj = sjsi, for |i−j| > 1,
any word in s1, . . . , sm−1 reduces to an element w modulo I. Thus {w + I : w ∈ Σm}
generates H as a left R-module. On the other hand, an element of the form

∑
w∈Σm

aww,
with aw ∈ R belongs to I if and only if aw = 0, for any w ∈ Σm. Thus H is free over R
with basis {w : w ∈ Σm} and dim(H) = dim(R)mm! follows.
(2) Let w, v ∈ Σm then there exists a unique element γ(w, v) ∈ R such that w v =

γ(w, v)wv. More precisely, let w = si1 · · · sik and v = sj1 · · · sjl be the chosen minimal
presentations of w and v. If wv has length k + l, then set γ(w, v) = 1. If the length of
wv is less than k + l, then some reduction occurred, which means that some relations
of the type s2i = id must have reduced the length of wv. In H, the reduction takes the
form of replacing s2i by tsi ∈ R×. Depending on where in wv the replacement takes
place, some automorphism of the form σu is applied to shift tsi to the ‘left’ of wv. Hence
w v = γ(w, v)wv, where γ(w, v) is a product of elements of the form σu(tsi), for some
u ∈ Σm and some i.
(3) Since Jsi is central in R ⊗ R, also tsi = µR(Jsi) is central in R. Furthermore, as

(εB ⊗ idB)(J) = 1, also ε(tsi) = 1 and therefore ε(σu(tsi)) = 1. Thus ε(γ(w, v)) = 1, for
any w, v ∈ Σm.
(4) If B is semisimple, then R is semisimple and the antipode of R is an involution.

Since S2(w) = w, for w ∈ Σm, the antipode of H is an involution and H is semisimple.
Let

∫
B

be the integral of B, then
∫

=
∫
B
⊗ · · · ⊗

∫
B

∈ R = B⊗m is an integral for R.
Note that

∫
is invariant under the action of Σm. Hence, for v ∈ Σm, we have

v

∫ ∑
w∈Σm

w = σv(

∫
)

∑
w∈Σm

γ(v, w)vw =
∑

w∈Σm

∫
ε(γ(v, w))vw =

∫ ∑
w∈Σm

w. (17)

�

3. Generalized Kac–Paljutkin algebras

The group algebra of a finite cyclic group provides a twist that satisfies all the require-
ments of the last Theorem. Let n,m ≥ 2, q a primitive nth root of unity and
Zn = 〈x : xn = 1〉 the cyclic group of order n. For each 0 ≤ k < n set
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Generalized Kac–Paljutkin algebras 9

ek =
1

n

n−1∑
i=0

q−ikxi.

Then {e0, . . . , en−1} is a complete set of orthogonal idempotents of B = KZn.

Lemma 7. Let B = KZn. Then J =
∑n−1

k=0 ek⊗xk ∈ B⊗B is a twist for B satisfying
(7) and (10), such that (S ⊗ S)(J) = J and (id⊗ S)(J) = J−1 = (S ⊗ id)(J) hold.

Proof. It is well-known that J is a twist for B. We calculate (S ⊗ S)(J) =
1
n

∑n−1
i,k=0 q

−ikx−i ⊗ x−k = J . Moreover,

(id⊗ S)(J)J =
n−1∑
k,l=0

ekel ⊗ xl−k =
n−1∑
k=0

ek ⊗ 1B = 1B ⊗ 1B , (18)

shows (id⊗S)(J) = J−1. Since S2 = id and (S⊗S)(J−1) = J−1, also (S⊗ id)(J) = J−1

holds. Next we show that

J ′ = (e21 ⊗ e22)(J) =
n−1∑
k=0

ek ⊗ 1B ⊗ 1B ⊗ xk =
n−1∑
k=0

xk ⊗ 1B ⊗ 1B ⊗ ek

is a twist for B ⊗B:

(∆B⊗B ⊗ idB⊗B)(J
′)(J ′ ⊗ 1B⊗B)

=
∑
k,l

(∆B⊗B(x
k ⊗ 1)⊗ 1⊗ ek)(el ⊗ 1⊗ 1⊗ xl ⊗ 1⊗ 1)

=
∑
k,l

xkel ⊗ 1⊗ xk ⊗ xl ⊗ 1⊗ ek

=
∑
k,l

el ⊗ 1⊗ xk ⊗ xl ⊗ 1⊗ xlek

=
∑
k,l

(
el ⊗ 1⊗∆B⊗B(1⊗ xl)

)
(1⊗ 1⊗ xk ⊗ 1⊗ 1⊗ ek)

= (idB⊗B ⊗∆B⊗B(J
′)(1B⊗B ⊗ J ′)

where we use xkel = qklel and qklek = xlek. Lastly, we will verify Equation (10). For this
consider

(e1 ⊗ e2)(J)(e2 ⊗ e1)(J)(J ⊗ J) =
∑
k,l,s,t

(ek ⊗ xl ⊗ el ⊗ xk)(es ⊗ xs ⊗ et ⊗ xt)

=
∑
k,l

ek ⊗ xk+l ⊗ el ⊗ xk+l

=
∑
k,j

ek ⊗ xj ⊗ ej−k ⊗ xj = ∆B⊗B(J),
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10 C. Lomp

because ∆B(ej) =
∑

k ek ⊗ ej−k holds. �

From Theorem 6 and Lemma 7, we deduce that there exists a non-trivial semisimple
Hopf algebra Hn,m = (KZn)

⊗m
#γΣm of dimension nmm!, for any integers n,m ≥ 2

(provided K contains a primitive nth root of unity).

Theorem 8 (Generalized Kac–Paljutkin algebras). For any n,m ≥ 2, K a field of
characteristic zero with primitive nth root of unity q, there exists a semisimple Hopf
algebra Hn,m = KZ⊗m

n #γΣm of dimension nmm! that is an extension of KΣm, by KZ⊗m
n ,

which is generated by elements x1, . . . , xm, z1, . . . , zm−1 such that

xn
i = 1, xixj = xixj , zkxi = xsk(i)zk, ∀ i, j, k,

where sk is the transposition sk = (k, k + 1). Furthermore, for all k, l with |k − l| > 1:

zkzl = zlzk, zkzk+1zk = zk+1zkzk+1, z2k =
1

n

n−1∑
i,j=0

q−ijxi
kx

j
k+1. (19)

The elements xi are group-like, while

∆(zk) =

 1

n

n−1∑
i,j=0

q−ijxi
k ⊗ xj

k+1

 (zk ⊗ zk), ε(zk) = 1, S(zk) = zk. (20)

As before, we write tk := 1
n

∑n−1
i,j=0 q

−ijxi
kx

j
k+1 and Jk := 1

n

∑n−1
i,j=0 q

−ijxi
k⊗xj

k+1. Since

(id⊗ S)(Jk) = J−1
k , we also have

t−1
k =

1

n

n−1∑
i,j=0

q−ijxi
kx

−j
k+1.

Remark 9. Let G := Zm
n . Then KG ' KZ⊗m

n . By construction, KG is a Hopf sub-
algebra of H := Hn,m and KΣm is a Hopf quotient algebra of H. Since the ring of
KΣm-coninvariants of H is KG and since KG ' KG as Hopf algebras,2 as G is finite
Abelian, the Hopf algebra H is an extension of KΣm by KG and hence equivalent to
an element of Opext(KΣm,KG), the set of equivalence classes of all extensions of KΣm

by KG, associated with a matched pair (Σm, G). Here the matched pair is given by
Σm acting on G by permutations of its components and G acting trivially on Σ. The set
Opext(KΣm,KG) forms a group with identity element being the group ring K[GoΣm] of
the semidirect product of G and Σm. Since Hn,m is not cocommutative, Hn,m is equiv-
alent to a non-trivial element of Opext(KΣm,KG). By [8, Proposition 1.5], elements

2 More precisely, for any α ∈ {0, . . . , n − 1}m set eα := 1
nm

∏m
k=1

∑n−1
i=0 q

−iαkxik ∈ K[G]. Then
{eα : α ∈ {0, . . . , n− 1}m} is a complete set of orthogonal idempotents of K[G]. Equally, the projections
pα ∈ KG defined by pα(xβ) = 1 if and only if α = β and 0 otherwise, for any β ∈ {0, . . . , n− 1}m, where

xβ := xβ1
1 · · ·xβm

m , form a complete set of orthogonal idempotents of KG. Defining ψ : K[G] → KG with
ψ(eα) = pα yields an algebra homomorphism, which is actually a Hopf algebra isomorphism.
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Generalized Kac–Paljutkin algebras 11

of Opext(KΣm,KG) are equivalent to a bicrossed products KG#τ
γ KΣm, for cocycles

γ : Σm×Σm → KG and τ : G×G → KΣm . From the multiplication of Hn,m, we see that
τ is constant 1KΣm , while γ depends on the chosen twist J .
For m = 2, the elements of Opext(KΣ2,KZn×Zn) have been classified in [7,

Theorem 2.1] and are in bijective correspondence with all nth roots of unity in K. Thus,
the Hopf algebras Hn,2 had already been discovered in [7], prior to [10]. In particular,
for each root of unity q, there exists a twist J (as defined above) that determines the
comultiplication of such an extension via ∆(z) = J(z ⊗ z). The cocycle γ is determined
by the element t = µ(J), where γ(s, s) = t for the generator s of Σ2 = Z2.
For m ≥ 3, it would be interesting to classify Opext(KΣm,KG) in general, whereas

Hn,m provides a non-trivial example of it. Again, for each n-th root of unity q, we use the
same twist J of B = KZn as above. For each Coxeter generator si of Σm, we deform the
comultiplication of zi = si by defining ∆(zi) = Ji(zi ⊗ zi), where Ji = (emi ⊗ emi+1)(J) ∈
R⊗R for R = B⊗m = KG means that J is placed into the i-th and (i+1)-st components,
respectively. As Example 11 illustrates, the cocycle γ is determined by t = µ(J), which
is embedded suitably into R such that γ(si, si) = ti := µ(Ji) and γ(si, sj) = 1 for i 6= j.
Hence, the non-triviality of Hn,m as an element of Opext(KΣm,KG) stems essentially
from the non-triviality of the Kac–Paljutkin algebra Hn,2 and has just been placed into
an m-fold tensor product of KZn.
Note that it is shown in [4] that Hn,m is isomorphic, as an algebra, to the group ring

K[Zn o Σm] of the wreath product of Zn and Σm. Since the wreath product Zn o Σm

is the semidirect Zm
n o Σm, the Hopf algebra Hn,m is isomorphic as an algebra to the

smash product KG#KΣm (without cocycle). However, due to the fact that Hn,m is not
cocommutative, this isomorphism is not an isomorphism of Hopf algebras.

Example 10 (Case m = 2). Write x for the generator of B = KZn and write the
elements of R = B⊗2 = KZn ⊗ KZn as linear combinations of elements xiyj , where x
stands for x⊗ 1 and y for 1 ⊗ x. Since m = 2, we have only one transposition, which is
s = (12). Hence σs(x) = y, σs(y) = x and the twist J =

∑n−1
j=0 ej ⊗xj for B becomes the

twist

Js =
n−1∑
j=0

ej ⊗ yj =
1

n

n−1∑
i,j=0

q−ijxi ⊗ yj

for R. Instead of s write z for the generator of the monoid M = 〈s〉. Set t := µ(Js) =
1
n

∑n−1
i,j=0 q

−ijxiyj . The Hopf algebra Hn,2 = (R#M)/〈z2 − t〉 has therefore generators
x, y, z subject to

xy = yx, xn = 1 = yn, zx = yz, zy = xz, z2 = t.

While x and y are group-like,

∆(z) =

 1

n

n−1∑
i,j=0

q−ijxi ⊗ yj

 (z ⊗ z).
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A basis for Hn,2 are the monomials {xiyjzk : 0 ≤ i, j < n, k ∈ {0, 1}}. Hence Hn,2 is
precisely the generalized Kac–Paljutkin algebra H2n2 considered by Pansera. In partic-
ular, H2,2 is the Kac–Paljutkin Hopf algebra itself. Note that Hn,2 = K[Zn × Zn]#γΣ2,
for γ : Σ2 × Σ2 → R× given by

γ(id, id) = γ(id, (12)) = γ((12), id) = 1, γ((12), (12)) = t.

Example 11 (Case m = 3). Let q be a primitive third root of unity. Write x for
the generator of B = KZn and R = B⊗3 = KZn ⊗ KZn ⊗ KZn. Elements of R are
linear combinations of monomials xi

1x
j
2x

k
3 , where x1 stands for x ⊗ 1 ⊗ 1, x2 stands for

1 ⊗ x ⊗ 1 and x3 stands for 1 ⊗ 1 ⊗ x. The transpositions s1 = (12) and s2 = (23) are
generators of Σ3. Write σi = σsi for the corresponding automorphism of R. The twist

J =
∑n−1

j=0 ej ⊗ xj for KZn yields two twists

Js1 =
1

n

n−1∑
i,j=0

q−ijxi
1 ⊗ xj

2 and Js2 =
1

n

n−1∑
i,j=0

q−ijxi
2 ⊗ xj

3

for R. Set z1 := s1 and z2 := s2 for the generator of the free monoid M = 〈s1, s2〉. The
Hopf algebra

Hn,3 = (R#M)/〈z21 − t1, z
2
2 − t2, z1z2z1 − z2z1z2〉 = (KZn)

⊗3
#γΣ3 (21)

has therefore generators x1, x2, x3, z1, z2 subject to xixj = xjxi and xn
i = 1, for all i, j

and

z1x1 = x2z1, z1x2 = x1z1, z1x3 = x3z1

z2x1 = x1z2, z2x2 = x3z2, z2x3 = x2z2

z1z2z1 = z2z1z2, z21 = t1 :=
1

n

n−1∑
i,j=0

q−ijxi
1x

j
2, z22 = t2 :=

1

n

n−1∑
i,j=0

q−ijxi
2x

j
3.

While the xi are group-like, we have

∆(z1) =

 1

n

n−1∑
i,j=0

q−ijxi
1 ⊗ xj

2

 (z1 ⊗ z1) ∆(z2) =

 1

n

n−1∑
i,j=0

q−ijxi
2 ⊗ xj

3

 (z2 ⊗ z2).

Hn,3 has dimension 6n3 and basis
{
xi
1 xj

2 xk
3 w : 0 ≤ i, j, l < n, w ∈ {1, z1, z2, z1z2, z2z1,

z1z2z1}}. The 2-cocycle γ is determined by the multiplication in Hn,3 and given by
γ(id, w) = γ(w, id) = 1, for w ∈ Σ3, and the following table. Note that t2 = σ1σ2(t1) =

tσ2σ1 and σ1(t2) = σ2(t1) =
1
n

∑n−1
i,j=0 q

−ijxi
1x

j
3 = tσ2 . The values of the 2-cocycle γ can

be calculated and are as follows:
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Generalized Kac–Paljutkin algebras 13

γ s1 s2 s1s2 s2s1 s1s2s1

s1 t1 1 t1 1 t1
s2 1 t2 1 t2 t2

s1s2 1 t3 t1 t1t3 t1t3
s2s1 t3 1 t2t3 t2 t2t3

s1s2s1 t2 t1 t2t3 t1t3 t1t2t3

Remark 12. We see that Hn,2 embeds into Hn,3 by sending x, y, z of Hn,2 to the
corresponding elements x1, x2, z1 in Hn,3. More generally, for n,m ≥ 2, the algebra
R = KZ⊗m

n embeds into R′ = KZ⊗m+1
n by sending a1 ⊗ · · · ⊗ am into a1 ⊗ · · · ⊗ am ⊗ 1B .

Similarly, Σm can be considered a subgroup of Σm+1, where we identify the generators
s1, . . . , sm−1 with the first m − 1 generators of Σm+1. Hence, if x1, . . . , xm denotes the
basis of R = KZ⊗m+1

n and z1, . . . , zm−1 the remaining algebra generators of Hn,m and if
x′
1, . . . , x

′
m+1 denote the basis of R

′ and z′1, . . . , z
′
m+1 the remaining generators ofHn,m+1,

then mapping xi to x′
i and zi to z′i yields an algebra embedding of Hn,m into Hn,m+1,

which is also an embedding of Hopf algebras.

Remark 13. Let H = Hn,m and w ∈ Σm. We claim that the comultiplication of
w in H looks like ∆(w) = J(w)(w ⊗ w) for an invertible element J(w) ∈ R ⊗ R with
ε(µR(J(w))) = 1. We will prove this by induction on the length of the chosen repre-
sentation w = si1 . . . sik in the generators s1, . . . sm−1. For k = 1, we have w = si, for
some i and by definition ∆(zi) = Ji(zi ⊗ zi) for zi = si and Ji = Jsi = (emi ⊗ emi+1)(J),
which is invertible, since J is invertible. Moreover, µR(Ji) = emi,i+1(J) = ti and ε(ti) = 1.
Now suppose that w = siv has length greater than 1, where v ∈ Σm and there exists
J(v) ∈ R⊗R such that ∆(v) = J(v)(v ⊗ v). Then

∆(w) = Ji(zi ⊗ zi)J(v)(v ⊗ v) = JiJ(v)
σi(w ⊗ w), (22)

where we denote by J(w)σi = (σi ⊗ σi)(J(w)). Setting J(w) = J(siv) = JiJ(v)
σi proves

our claim, since also µR(J(w)) = tiσi(µR(J(v))) has counit 1.
Thus, given a subgroup N of Σm, we can consider the Hopf subalgebra of H gener-

ated by R and {w : w ∈ N}, which we shall denote by R#γN . Since for any w ∈ N ,
∆(w) = J(w)(w ⊗ w) ∈ (R#γN)⊗ (R#γN) we conclude that the subalgebra R#γN is
a semisimple Hopf subalgebra of H.

Example 14. Consider Hn,m = R#γΣm with generators as above and consider θ,
the product of all z′is, i.e. θ = z1 · · · zm−1. Let H be the subalgebra of Hn,m generated
by R and θ. We claim that H is equal to R#γ〈s〉, where s = (12 · · ·m) is the cycle of

length m. Clearly, θ = s and we claim that θk =
(∏k−1

i=1 γ(si, s)
)
sk, for 2 ≤ k ≤ m, since

inductively, if θk = cksk, for some ck ∈ R×, then θk+1 = cksk s = ckγ(s
k, s)sk+1. Thus

H = R#γ〈s〉, as
(∏k−1

i=1 γ(si, s)
)
∈ R×. Note that θm =

(∏m−1
i=1 γ(si, s)

)
=: t ∈ R×.

Hence H ' R[θ;σ]/〈θm − t〉, where σ = σs. In particular, H is generated by x1, . . . , xm

and θ subject to θxi = xs(i)θ and θm = t. While ∆(θ) = J(s)(θ ⊗ θ), with J(s) as
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in Remark 13. Note that θm−1 = t̃ sm−1, for t̃ = tγ(sm−1, s)−1. Since s−1 = sm−1 we
obtain

θm−1 = t̃ s−1 = t̃ zm−1 · · · z1 = t̃S(θ). (23)

Hence S(θ) = t̃−1θm−1 = t−1γ(sm−1, s)θm−1. The dimension of H is mnm. For m = 2,
we obtain H ′ = Hn,2.

4. Actions of the generalized Kac–Paljutkin algebra

As before, let H = Hn,m = R#γΣm, with R = B⊗m and B = KZn, for some n,m ≥ 2.
The aim of this section is to define an action of H on a non-commutative algebra A

such that the action does not factor through a group algebra – in other words, the action
is inner-faithful. To achieve this, we first examine m-dimensional simple H-modules V
(Lemma 15) in order to define a quantum polynomial algebra A generated by the basis
u1, . . . , um of V , such that V is an H-submodule of A. After introducing commutation
relations between the generators ui, we obtain a Noetherian domain with an inner-faithful
H-action (Theorem 20).
Let q be the primitive nth root of unity used in the definition of the twist J of B.

Since KΣm is a factor ring of H, any irreducible representation over Σm is a simple
module over H. As above, let x1, . . . , xm and z1, . . . , zm−1 be the generators of H. For
each transposition si = (i, i+ 1) we have zi = si and set σi := σsi .
Assume that there exists a square root p of q. Given 0 ≤ a, b < n we define a left H-

module structure on an m-dimensional vector space Va,b with basis u1, . . . , um by letting
xi and zk respectively act as m×m-matrices:

Xi =



qb

. . .

qa

. . .

qb


Zk =



pb
2

. . .

0 1

qab 0
. . .

pb
2


(24)

where Xi has on its diagonal the value qb, except on the ith row, where it has qa.
The matrix Zk has on its diagonal the value pb

2

except for the kth and k + 1st rows

(resp. columns), where one has a 2× 2 block of the form

[
0 1

qab 0

]
. It is clear, that if

1 ≤ k < l < m such that |k − l| > 1, then Zk and Zl commute, since their 2× 2-block is
in different rows and columns. Hence zkzl · uj = zlzk · uj holds, for |k − l| > 1.
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Generalized Kac–Paljutkin algebras 15

For the braid relation zkzk+1zk = zk+1zkzk+1 it is enough to look at the 3×3-submatrix
of the rows and columns of index k, k + 1 and k + 2 of the product ZkZk+1Zk, i.e. 0 1 0

qab 0 0

0 0 pb
2


 pb

2

0 0

0 0 1

0 qab 0


 0 1 0

qab 0 0

0 0 pb
2

 = pb
2

 0 0 1

0 qab 0

q2ab 0 0

 (25)

Similarly, for Zk+1ZkZk+1 one obtains: pb
2

0 0

0 0 1

0 qab 0


 0 1 0

qab 0 0

0 0 pb
2


 pb

2

0 0

0 0 1

0 qab 0

 = pb
2

 0 0 1

0 qab 0

q2ab 0 0

 (26)

It is not difficult to check that ZkXi = Xsk(i)Zk holds for all i and k. Moreover, using
p2 = q,

Z2
k =



qb
2

. . .

qab

qab

. . .

qb
2


=

1

n

∑
q−stXs

kX
t
k+1, (27)

since the latter matrix is a diagonal matrix with 1
n

∑
s,t q

−st+bs+bt = qb
2

on its ith row,

for i /∈ {k, k + 1}, and 1
n

∑
s,t q

−st+as+bt = qab on its kth and k + 1st row. Thus, Va,b is
a left H-module.

Lemma 15. Va,b is a simple left Hn,m-module, if a 6= b (mod n).

Proof. Let H = Hn,m and assume a 6= b (mod n). Let v =
∑m

i=1 λiui be a non-zero
element of v with λk 6= 0. Then λ−1

k (xk − qb) · v = (qa − qb)uk 6= 0. Thus, uk ∈ H · v.
However, since Σm acts transitively on {1, . . . ,m}, any basis element uj of Va,b can be
obtained by multiplying uk by a suitable product of Z ′

is. Hence Va,b is simple. �

Lemma 16. Let m ≥ 3 and a 6= b (mod n) and a′ 6= b′ (mod n). Then Va,b ' Va′,b′ as
left Hn,m-module if and only if (a, b) = (a′, b′) in Z2

n.

Proof. Suppose f : Va,b → Va′,b′ is an isomorphism of Hn,m-modules and (λij)1≤i,j≤m

is a scalar matrix such that f(ui) =
∑m

j=1 λiju
′
j , where {u1, . . . , um} respectively

{u′
1, . . . , u

′
m} is a basis for Va,b respectively Va′,b′ . We will show that (λij) is a diago-

nal matrix. Suppose there exists i 6= j with λij 6= 0. Let l 6= i, j (using m ≥ 3) and
consider the following equations:
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16 C. Lomp

m∑
r=1

λirq
bu′

r = qbf(ui) = xj · f(ui) = λijq
a′
u′
j +

m∑
r 6=j

λirq
b′u′

r (28)

m∑
r=1

λirq
bu′

r = qbf(ui) = xl · f(ui) = λilq
a′
u′
l +

m∑
r 6=l

λirq
b′u′

r. (29)

Comparing the coefficients of u′
j on both sides of each equation, we conclude b = a′(modn)

and b = b′ (modn), which contradicts the assumption a′ 6= b′ (modn). Hence f(ui) = λiiu
′
i

and λii 6= 0, for all i. Thus λiiq
au′

i = qaf(ui) = xi · f(ui) = λiiq
a′
u′
i and λiiq

bu′
i =

qbf(ui) = xj · f(ui) = λiiq
b′u′

i, for any j 6= i shows a = a′ and b = b′ modulo n.
The converse statement holds, since the map f : Va,b → Va′,b′ with f(ui) = u′

i is an
isomorphism of Hn,m-modules, in case (a, b) = (a′, b′) in Z2

n. �

Denote by Mm,a,b ∈ Mm(Z) the m ×m-matrix, such that the diagonal entries are all
equal to a and all other entries are equal to b. For example, for m = 2 and m = 3, we
have the matrices

M2,a,b =

[
a b

b a

]
, M3,a,b =

 a b b

b a b

b b a

 . (30)

The determinant of such matrices are det(M2,a,b) = a2− b2 and det(M3,a,b) = a3+2b3−
3ab2. More generally, if ei denotes the canonical basis of Km, then v1 =

∑m
i=1 ei is an

eigenvector of Mm,a,b with eigenvalue a + (m − 1)b and the vectors vi := ei−1 − ei, for
2 ≤ i ≤ n are eigenvectors with eigenvalue a− b. Hence,

det(Mm,a,b) = (a+ (m− 1)b)(a− b)m−1. (31)

An H-module V is inner-faithful if the only Hopf ideal that annihilates V is the zero
ideal.

Lemma 17. Va,b is an inner-faithful R-module if gcd((a+(m−1)b)(a−b)m−1, n) = 1.

Proof. Let I be a Hopf ideal of R. Since R is a group algebra, there exists a subgroup
N ⊆ G = Zm

n such that I = KG(KN)+ (see [2, Lemma 4] or [11, p. 329]). Suppose
I ·Va,b = 0. Then ω = 1−xα1

1 · · ·xαm
m ∈ I, for some xα1

1 · · ·xαm
m ∈ N . For any 1 ≤ j ≤ m

we obtain an equation ω ·uj = 0, i.e. 1 = qαja+
∑

l 6=j αlb. Thus, αja+
∑

l 6=j αlb = 0(modn),
or in matrix notation αMm,a,b = 0 (mod n). If gcd(det(Mm,a,b), n) = 1, then Mm,a,b is
invertible modulo n. Thus αi = 0, for all i, which means that N is trivial and so is I. �

Next we show that Hn,m acts on a quantum polynomial algebra A in m variables, such
that Va,b is its degree one space.

Theorem 18. Let a 6= b (mod n), q a primitive nth root of unity in K and a square

root p of q. Set λ = qb
2−ab and µ = pb

2−a2

and let (rij) be the m × m-matrix such
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that rii = 1, rij = λj−i−1µ for i < j and rij = r−1
ji for j < i. Consider the quantum

polynomial algebra in m variables u1, . . . , um subject to uiuj = rijujui, for all i, j.

Aa,b =
K〈u1, . . . , um〉

〈uiuj − rijujui : i, j〉
. (32)

Then Aa,b is a left H-module algebra for the semisimple Hopf algebra H = KZ⊗m
n #γΣm,

where Va,b determines the H-action on the generators ui, i.e.

xi · ui = qaui, xj · ui = qbui, for i 6= j

zi · ui = qabui+1, zi · ui+1 = ui, zi · uj = pb
2

uj , for j 6= {i, i+ 1}.

Proof. We claim that A is a left H-module algebra. As before, R = KZ⊗m
n . Since the

group-likes xi act as scalars on uj , we conclude that A is an R-module algebra. Recall
that

∆(zi) = Ji(zi ⊗ zi) =
1

n

∑
s,t

q−stxs
i zi ⊗ xt

i+1zi. (33)

Hence for 1 ≤ i < m:

zi · (uiui+1) =
1

n

∑
s,t

q−st (xs
i zi · ui)

(
xt
i+1zi · ui+1

)
= qabqb

2

ui+1ui

zi · (ui+1ui) =
1

n

∑
s,t

q−st (xs
i zi · ui+1)

(
xt
i+1zi · ui

)
= qabqa

2

uiui+1 = qabqa
2

µui+1ui,

where ri,i+1 = µ = pb
2−a2

. Thus zi · (uiui+1) = qabqb
2

ui+1ui = qabµ2qa
2

ui+1ui = zi ·
(ri,i+1ui+1ui).
A similar calculation for j > i+ 1 shows

zi · (uiuj) = pb
2

qab+b2ui+1uj

zi · (ujui) = pb
2

q2abujui+1 = pb
2

q2abrj,i+1ui+1uj

Since rijrj,i+1 = rijr
−1
i+1,j = λ = qb

2−ab we obtain

zi · (uiuj) = pb
2

qab+b2ui+1uj = pb
2

rijrj,i+1q
2abui+1uj = zi · (rijujui). (34)

Similar calculations show zi · (uluk) = rlkzi · (ukul), for all i, k, l. �

Proposition 19. Let Hn,m = R#γΣm and Aa,b as above, for some a 6= b (mod n).

If gcd(det(Mm,a,b), n) = 1 and n is even, then A
Hn,m

a,b is contained in the commutative

polynomial ring AR
a,b = K[un

1 , . . . , u
n
m].
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18 C. Lomp

Proof. Set A = Aa,b. Clearly, A
H ⊆ AR. Let u1, . . . , um be the algebra generators

of A. The monomials uα := uα1
1 · · ·uαm

m , with α = (α1, . . . , αm) ∈ Nm, form a K-basis
for A. Let w =

∑
aαu

α ∈ AR, with only finitely many non-zero aα ∈ K. Denote by
sup(w) = {α : aα 6= 0} the support of w. For any 1 ≤ i ≤ m we have

w = xi · w =
∑

aαq
αia+

(∑
j 6=i αj

)
b
uα.

Hence αia +
(∑

j 6=i αj

)
b = 0 (mod n), for any α ∈ sup(w) and for any i, which means

that αMm,a,b = 0 (mod n). Since gcd(det(Mm,a,b), n) = 1, Mm,a,b is invertible modulo

n and α = (0, . . . , 0) (mod n), i.e. n | αi, for all i. Note that if n is even, then rn
2

ij =

qn
2(b2−ab)pn

2(b2−a2) = (−1)n(b
2−a2) = 1. Hence un

i u
n
j = un

j u
n
i and AR ⊆ K[un

1 , . . . , u
n
m].

The converse inclusion is clear. �

The condition gcd(det(Mm,a,b), n) = 1 is obviously satisfied when a = 1 and b = 0.

Then λ = qb
2−ab = 1 and µ = pb

2−a2

= p−1. Thus the matrix (rij) satisfies rji = p for
i < j.

Theorem 20. Let n,m ≥ 2, H = R#γΣm and R = KZ⊗m
n . Let q be the primitive nth

root of unity used in the definition of the twist J and assume there exists a square root p
of q. Then

A =
K〈u1, . . . , um〉

〈ujui − puiuj : i < j〉

is a left H-module algebra with action of the generators xi and zi of H given by

xiui = qui, xiuj = uj for j 6= i, ziui = ui+1, ziui+1 = ui, ziuj = uj for  6= i, i+1.

Moreover, A is an inner-faithful R-module and if n is even then AH ⊆ K[un
1 , . . . , u

n
m].

Proof. Combine Lemma 17, Theorem 18 and Proposition 19. �

In [3], Ferraro et al. showed that Pansera’s Hopf algebrasHn,2 act inner-faithfully on an
Artin-Schelter regular algebra A, such that its ring of invariants is again Artin-Schelter
regular – an analogous property to the Chevalley–Shephard–Todd Theorem for group
actions on polynomial algebras. The authors of [3] termed such Hopf algebras ‘reflection
Hopf algebra’ for A.

Example 21. Like in Example 14, consider the Hopf subalgebra H = R#γ〈s〉 of Hn,m

generated by R and θ = z1z2 · · · zm−1, where s = (12 · · ·m). Then H has dimension mnm

and is generated as algebra by x1, . . . , xm and θ. By Theorem 20, Hn,m and hence H
acts on

A = A1,0 =
K〈u1, . . . , um〉

〈ujui − puiuj : i < j〉
,

where θ acts cyclically on the generators of A, i.e. θ · uj = us(j), for all j. We claim that
A is an inner-faithful H-module algebra. Suppose I is a Hopf ideal of H with I · A = 0
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and let ω =
∑m−1

i=0 aiθ
i ∈ I, with ai ∈ R. Then ω · uj =

∑m−1
i=0 ai · us(j) = 0, for all

1 ≤ j ≤ m. Since the spaces Kuj are stable under the action of R, we get ai · uj = 0,
for all i and j. Thus ai ∈ I ∩R, for all i. As I is also a Hopf ideal of R, we conclude by
Lemma 17, I ∩R = 0. Hence ω = 0, which means that H acts inner faithfully on A.
If n is even, then by Theorem 20, AH ⊆ K[un

1 , . . . , u
n
m]. Since θ acts cyclically on the

generators ui, it also acts cyclically on the elements un
i . Hence AH consists of the cyclic

polynomials in un
i , i.e. A

H = K[un
1 , . . . , u

n
m]〈s〉.

Note that the quantum polynomial algebra A = A1,0 is an Artin-Schelter regular ring.
In case m = 2, H = Hn,2 and AH = K[un

1 , u
n
2 ]

〈(12)〉 = K[un
1 + un

2 , u
n
1u

n
2 ] is a polynomial

algebra, hence Artin-Schelter regular and H is a reflection Hopf algebra for A. In case
m ≥ 3, the ring of invariants AH = K[un

1 , . . . , u
n
m]〈s〉 is not a polynomial ring and H is

not a reflection Hopf algebra for A in the sense of [3].
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