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Abstract. We introduce a third order adaptive mesh method to arbitrary high order
Godunov approach. Our adaptive mesh method consists of two parts, i.e., mesh-
redistribution algorithm and solution algorithm. The mesh-redistribution algorithm is
derived based on variational approach, while a new solution algorithm is developed to
preserve high order numerical accuracy well. The feature of proposed Adaptive ADER
scheme includes that 1). all simulations in this paper are stable for large CFL number,
2). third order convergence of the numerical solutions is successfully observed with
adaptive mesh method, and 3). high resolution and non-oscillatory numerical solu-
tions are obtained successfully when there are shocks in the solution. A variety of
numerical examples show the feature well.
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1 Introduction

Hyperbolic conservation laws play an important role in the computational fluid dynam-
ics. A number of numerical methods have been developed to solve the conservation laws
such as finite volume method (FVM) [12, 21, 38], discontinuous Galerkin method (DG)
[26, 36], Runge-Kutta discontinuous Galerkin method (RKDG) [16, 24, 39, 40], hybridiz-
able discontinuous Galerkin method (HDG) [6, 8], finite element method (FEM) [5, 23],
spectral volume method [18, 19]. Recently, high order numerical methods attract more
and more attention since their potential on delivering more efficient and accurate solu-
tions [13,32,37]. A variety of limiting strategies have also been developed in the solution
reconstruction to deliver high resolution and non-oscillatory numerical solutions, such as
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minmod [9, 20], total variation diminishing method (TVD) and total variation bounded
method (TVB) [7,10], essentially non-oscillatory scheme (ENO) and weighted essentially
non-oscillatory scheme (WENO) [2, 4, 27, 29].

Among those high order numerical methods, WENO scheme is one of popular tech-
niques to deliver non-oscillatory reconstructions. However, the optimal CFL number
used in the simulation should be less than 0.5, based on numerical experience. At the
same time, the WENO reconstruction should be realized three times in one temporal
step if third order Runge-Kutta method is applied, for example. In order to speed up
the evolution, an arbitrary high order Godunov approach (ADER) was first proposed by
E.F. Toro’s group [25]. A lot of further researches have been done on linear and non-linear
equations, such as advection equation, Burgers equation and Euler system, on one-, two-,
and three-dimension cases [31, 32]. To evaluate the numerical flux in the ADER scheme,
one solves the generalized Riemann problem (GRP) [33–35]. In this procedure, Taylor ex-
pansion of the solution of GRP is performed at the interface, including a leading term and
its temporal derivatives. Then all temporal derivatives are expressed in terms of spatial
derivatives via Cauchy-Kowalewski procedure, which is the key idea of ADER scheme
so that arbitrary high order convergence in temporal discretization can be achieved. Fi-
nally one evaluates the leading term by solving a classic Riemann problem and evaluates
spatial derivatives by solving a sequence of linearized Riemann problems, respectively, at
each cell interface to obtain all terms needed in the Cauchy-Kowalewski procedure and
Taylor expansion, where the initial states of these Riemann problems are provided by
WENO reconstruction. As was shown in their papers that the desired order convergence
of ADER scheme could be achieved when linear and non-linear equations were tested.
Besides, the optimal stable CFL number about 1.0 could be chosen, which sped up the
evolution.

In [4], a sub-cell WENO reconstruction was proposed for ADER scheme. Numerical
experiments therein successfully demonstrated the high order and non-oscillatory fea-
tures of the numerical solutions. It was noted that in the simulation of Sod problem in
that paper, obvious undershoot phenomenon could be observed when ADER scheme
was directly used with WENO scheme proposed by Jiang and Shu (WENOJS) [29]. This
phenomenon happened when the discontinuous initial condition was resolved exactly
by the mesh grids, i.e., when there was a grid point appearing at the discontinuity point.
Even worse, this undershoot phenomenon could not be improved by reducing the size
of the mesh grids systematically. The explanation they gave in [4] is that the approxima-
tion to the leading term has much higher order accuracy than that required by the ADER
scheme. We also find that this undershoot phenomenon can be significantly improved
when there is an element across the discontinuity point of the initial solution. Finite vol-
ume methods propagate cell averages in the time evolution of the system. This means
that an artificial smoothing for the initial condition is introduced if we let an element in
the mesh cross the discontinuity point, which is negative on the reliability of the sim-
ulations. To reduce the gap between the artificially smoothed initial condition and the
original one, sufficiently dense mesh grids become necessary.
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In this paper, an adaptive mesh method is introduced to avoid the high demanding
on the computational resource when the uniform mesh is employed. Adaptive mesh
method contains two parts: mesh algorithm and solution algorithm. The mesh algorithm
is discussed based on the study of variational approach [3, 15, 23, 28, 30]. In those papers,
the first and second order solution algorithms were proposed, while higher order solu-
tion algorithm should be devised to match the accuracy of ADER scheme. In our paper,
we follow their mesh algorithm and at the same time, design a third order solution algo-
rithm. In [11], higher order solution algorithm was proposed, where ENO reconstruction
was performed on each old control volume, and solutions were updated on the new con-
trol volumes based on those reconstruction polynomials. In our previous work [12, 14],
a new robust WENO reconstruction was used on unstructured mesh, where all linear
weights were replaced by unity. Once adaptive mesh method is applied, the mesh will
become non-uniform. Thus we still use that new robust WENO reconstruction in our
solution algorithm. Besides, the same simplification is also used in reconstruction proce-
dure of ADER scheme since the global error is third order.

The rest of this paper is organized as follows. In Section 2, we review the profile of the
ADER scheme and its related details: Cauchy-Kowalewski procedure, WENO schemes
(WENOJS and WENOZ [2]) and derivative Riemann problems. In Section 3, adaptive
mesh method is recalled and we introduce the framework of our third order solution al-
gorithm. Numerical examples are presented in Section 4 to demonstrate the performance
and convergence of our method. Finally, the concluding remarks of this paper is given in
Section 5.

2 ADER scheme

In this section, we briefly review the profile of the one dimensional ADER scheme and
look back over some details in the rest subsections.

The hyperbolic system in conservation laws that we consider in this paper is given by

∂tu+∂xF(u)=0, (2.1)

where u is the unknown, and F(u) is the physical flux. Note that u can be either a scalar
or a vector.

Now consider a non-uniform mesh grids defined on domain [a,b]: a= x1/2 < x3/2 <

···< xN+1/2=b. Denote the ith grid cell by

Ii=(xi−1/2,xi+1/2), i=1,2,··· ,N.

Integrating (2.1) over [tn,tn+1]×[xi−1/2,xi+1/2] gives the following relationship between
two temporal steps:

ūn+1
i = ūn

i +
∆t

∆xi
(Fi−1/2−Fi+1/2), (2.2)
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where

ūn
i =

1

∆xi

∫ xi+1/2

xi−1/2

u(tn,x)dx,

Fi±1/2=
1

∆t

∫ tn+1

tn
F(u(t,xi±1/2))dt,

with ∆xi=xi+1/2−xi−1/2. ūn
i is the cell average of the solution in cell [xi−1/2,xi+1/2] at time

lever tn, and Fi±1/2 are time averages of the physical fluxes at cell interfaces x= xi±1/2.

The ADER approach defines numerical fluxes in such a way that the one-step for-
mula (2.2) gives solutions to arbitrary high order convergence in both of space and time.
In our paper, we mainly discuss the third order ADER scheme. Algorithm 1 gives the
framework of third order ADER scheme. Related details will be introduced in the rest
subsections.

Algorithm 1 Framework of ADER3 Scheme.

1: Perform Taylor expansion of u with respect to t and truncate at the second order term:

u(τ,x)≈u(0+,x)+
2

∑
k=1

∂
(k)
t u(0+,x)

τk

k!
, (2.3)

where u is the solution of the GRP (2.14) and τ is local time.
2: Replace all temporal derivatives by spatial derivatives via Cauchy-Kowalewski pro-

cedure (2.5). See Section 2.1.
3: Obtain reconstruction polynomial on each control volume and evaluate left and right

states at interface by WENO scheme. The WENOJS scheme and WENOZ scheme will
be shown in Section 2.2.

4: Solve (2.16) and (2.17) at each interface x= xi+1/2 to obtain the leading term of (2.3)
and spatial derivatives needed in Cauchy-Kowalewski procedure, respectively. See
Section 2.3.

5: Compute u(τl,xi+1/2) by using (2.3), where τl is Gauss node at the interface.
6: Get numerical fluxes by Gauss quadrature formula:

Fi+1/2≈
Kl

∑
l=1

F(u(τl ,xi+1/2))ωl, (2.4)

where Kl is the number of nodes, τl and ωl are properly scaled node and weight of
the rule, respectively.

7: Form the scheme (2.2).
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2.1 Cauchy-Kowalewski procedure

Let Ne denote the number of equations to be solved in (2.1). For the ADER3 scheme, all
temporal derivatives are replaced by spatial derivatives according to (2.1) through the
Cauchy-Kowalewski procedure:

ut=−F′(u)ux,

utx=−(F′(u)ux)x=−[F′′(u)ux]ux−F′(u)uxx,

utt=−(F′(u)ux)t=−[F′′(u)ut]ux−F′(u)uxt

={F′′(u)[F′(u)ux]}ux+F′(u){[F′′(u)ux]ux+F′(u)uxx},

(2.5)

where

F′(u)[i][j]=
∂Fi

∂uj
, i, j=1,2,··· ,Ne,

F′′(u)[i][j][k]=
∂2Fi

∂uj∂uk
, i, j,k=1,2,··· ,Ne.

The product of F′′(u) and any vector −→α in (2.5) follows

(F′′(u)−→α )[i][j]=
Ne

∑
k=1

F′′(u)[i][j][k]−→α [k]. (2.6)

2.2 Weighted Essentially Non-Oscillatory schemes

In this section we review the framework of the fifth order finite volume WENOJS scheme
and WENOZ scheme [2, 17, 29].

Based on the mesh, a desired order reconstruction polynomial is obtained on each
control volume Ii, i= 1,2,··· ,N, by means of WENO scheme, which is prescribed as fol-
lows.

Let (2r−1) denote the order of the WENO scheme (In this paper, r=3). (2r−1) vol-
umes, Ii−r+1, Ii−r+2,··· , Ii+r−1, are used as the global stencil, denoted by S2r−1, which is
subdivided into r substencils S0,S1,··· ,Sr−1, with each of substencils containing r vol-
umes, i.e., Sk = {Ii+k−r+1,··· , Ii+k}, k= 0,1,··· ,r−1. For example, the stencils used in the
fifth order WENO scheme are shown in Fig. 1.

As is shown in [29], on each substencil, a (r−1)th order polynomial can be recon-
structed

pr
k(x)=

r−1

∑
l=0

Rr
k,l(xi+k−r+1/2,··· ,xi+k+1/2,ūi+k−r+1,··· ,ūi+k)xl , (2.7)

such that
1

∆xj

∫

Ij

pr
k(x)dx= ūj,
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S5

xi−5/2 xi−3/2 xi−1/2 xi+1/2 xi+3/2 xi+5/2

Ii−2 Ii−1 Ii Ii+1 Ii+2

S0

S1

S2

Figure 1: The grid points, stencil S5 and its substencils S0, S1, S2, used for fifth order WENO reconstruction.

for k = 0,1,··· ,r−1, j = i+k−r+1,··· ,i+k. Furthermore, when solution is sufficiently
smooth, r substencils can be combined to construct a (2r−2)th order approximation poly-
nomial, which is reasonable since (2r−1) volumes are used therein. In order to realize it,
a linear combination of all the reconstruction polynomials on S2r−1 are developed

p2r−1(x)=
r−1

∑
k=0

dk(x)pr
k(x), (2.8)

where dk, k= 0,1,··· ,r−1, are called the optimal weights, depending on the position of
the point where function value is evaluated. We refer to [29] for dk, k=0,1,··· ,r−1, when
the mesh is uniform. When discontinuity appears, some constraints should be added to
dk, k=0,1,··· ,r−1, to guarantee that the substencil which contains discontinuity should
contribute little to the reconstruction. Thus the reconstruction polynomial is revised into
the following form:

p2r−1(x)=
r−1

∑
k=0

ωk(x)pr
k(x), (2.9)

where ωk, k=0,1,··· ,r−1, are non-linear weights.

For the WENOJS scheme, the non-linear weights are given by the following way:

ωk=
αk(x)

∑
r−1
l=0 αl(x)

, αk =
dk(x)

(βk+ǫ)p
, k=0,1,··· ,r−1, (2.10)

where p is a positive number and ǫ>0 is used to prevent the denominator from 0. In this
paper we take p= 2, ǫ = 10−6. βk is expressed by the following integral, indicating the
smoothness of reconstruction polynomial on the kth substencil

βk =
r−1

∑
l=1

∫ i+1/2

i−1/2
(∆x)2l−1

(

∂l pr
k(x)

∂xl

)2

dx. (2.11)
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Specially when the mesh is uniform, a more accurate WENOZ scheme can be derived,
where the smoothness indicator is given by:

αk =dk

(

1+

(

τ2r−1

βk+ǫ

)2
)

, k=0,1,··· ,r−1, (2.12)

where τ is discussed in [2]. In the case of r=3, τ satisfies

τ5= |β2−β0|. (2.13)

2.3 Derivative Riemann problem

In this section, we review the Riemann problems considered in ADER scheme [33, 34].
After the reconstruction step the conservative variables on each cell are represented

by vector polynomials pi(x), i= 1,2,··· ,N. Then at each interface, the following GRP is
proposed:

∂tu+∂xF(u)=0,

u(x,0)=

{

uL(x)= pi(x), x< xi+1/2,

uR(x)= pi+1(x), x> xi+1/2.

(2.14)

In order to obtain an approximate solution for the interfacial state u(τ,xi+1), where τ
is local time τ= t−tn, Taylor expansion of the interfacial state is performed:

u(τ,xi+1/2)≈u(0+,xi+1/2)+
2

∑
k=1

∂
(k)
t u(0+,xi+1/2)

τk

k!
, (2.15)

where
∂
(k)
t u(0+,xi+1/2)=∂

(k)
t u(t,x)|(0+,xi+1/2), 0+= lim

t→(tn)+
t.

The approximate solution depends on a leading term u(0+,xi+1/2) and higher order

terms with coefficients determined by temporal derivatives ∂
(k)
t u(0+,xi+1/2). By (2.5),

we need to evaluate the leading term and higher order spatial derivatives at interface. In
the following subsections, the methods to compute each of these terms are stated.

2.3.1 The leading term

The leading term u(0+,xi+1/2) accounts for the first-instance interaction at the interface.
The boundary extrapolated values uL and uR are set as the Godunov states of GRP:

∂tu+∂xF(u)=0,

u(x,0)=











uL = lim
x→x−i+1/2

pi(x), x< xi+1/2,

uR = lim
x→x+i+1/2

pi+1(x), x> xi+1/2.

(2.16)
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The leading term is obtained by solving the above PDE. In practise, uL and uR are di-
rectly evaluated by WENO scheme. We refer to [22,33] for Riemann solvers. For the linear
problem such as advection equation and quasi-linear problem such as Burgers equation,
direct solver can be used. For the Euler system, we use an approximate HLLC Riemann
solver since the eigenstructure of Euler system always has an intermediate contact wave,
which is incorporated by HLLC Riemann solver.

2.3.2 Higher Order Terms

Differentiate the governing equation (2.1) with respect to x, we obtain

∂t(∂
(k)
x u)+A(u)∂x(∂

(k)
x u)=H(u,∂

(1)
x u,∂

(2)
x u,··· ,∂

(k−1)
x u), (2.17)

where H is a function formed after moving the terms with lower order derivatives to the
right hand side.

However, it is not convenient to solve these PDEs for 1). they are non-linear and
2). the source terms are involved. In order to make it easier to get these higher order
terms, two simplifications are made without destroying the high order of the numerical

scheme [34], i.e. 1). The source term H(u,∂
(1)
x u,∂

(2)
x u,··· ,∂

(k−1)
x u) is neglected since the

spatial derivatives are only in need of the first-instance interaction of its neighbour states.
2). The coefficient matrix A(u) is linearized by u(0+,xi+1/2), which is obtained by solving
(2.16). Then higher order terms are obtained by solving the following LRP:

∂t(∂
(k)
x u)+A∂x(∂

(k)
x u)=0,

∂
(k)
x u(x,0)=















∂
(k)
x uL= lim

x→x−i+1/2

∂
(k)
x pi(x), x< xi±1/2,

∂
(k)
x uR= lim

x→x+i+1/2

∂
(k)
x pi+1(x), x> xi±1/2,

(2.18)

where A = F′(u(0+,xi+1/2)). Note that the coefficient matrix A is same for all spatial

derivatives ∂
(k)
x u at each interface, and needs to be evaluated only once. In practise,

∂
(k)
x uL and ∂

(k)
x uR are evaluated directly by differentiating the same WENO reconstruction

polynomial. The Riemann solvers of (2.18) are as follows:

• For scalar problems, we solve the problems directly.

• Note that for the Euler equations, (2.18) is already a linear system. Several strategies
are available to solve this system. Particularly we choose the one as follows. We
first transform conservative variables by characteristic projection, then solve the
problem directly in characteristic space, and finally project solutions back [33].
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3 Third order adaptive mesh method

In the simulation of hyperbolic equations which contain discontinuities, resolving these
discontinuities accurately and effectively is crucial. Adaptive mesh method is an efficient
tool to capture the structures of hyperbolic problems. Adaptive mesh method contains
two parts: mesh-redistribution algorithm and solution algorithm. In this section, we
first revisit mesh-redistribution algorithm in Section 3.1 and then introduce our solution
algorithm in Section 3.2.

3.1 Mesh-redistribution algorithm

In this section, we revisit mesh-redistribution algorithm delivered in [30].

The mesh-redistribution algorithm is based on the variational approach. Let x and ξ
denote the physical and computational coordinates, respectively. A bijective coordinate
transformation from the computational domain Ωc = [0,1] to the physical domain Ωp =
[a,b] is given by

x= x(ξ), ξ∈Ωc ,

x(0)= a, x(1)=b.
(3.1)

In one dimensional case, the mesh map is provided by the minimizer of a functional,
which is defined as the energy of the mesh and has the following form

E(ξ)=
1

2

∫

Ωp

1

ω
(ξx)

2dx, (3.2)

where ω is called the monitor function, related to the underlying solutions to be adapted.
The Euler-Lagrange equation, of which the solution minimizes (3.2), is given by

(ω−1ξx)x =0.

The above equation yields the conventional equidistribution principle: ωxξ = constant,
or equivalently

(ωxξ)ξ =0. (3.3)

An artificial temporal term τ is introduced so that (3.3) can be solved efficiently. Even-
tually we solve

xτ =(ωxξ)ξ , 0< ξ<1, (3.4)

with the boundary condition x(0,τ)= a and x(1,τ)= b. To solve (3.4), the following full
discretization on the uniform mesh in computational domain could be adopted:

x
[ν+1]
j+1/2= x

[ν]
j+1/2+

∆τ

∆ξ2
[ω(ū

[ν]
j+1)(x

[ν]
j+3/2−x

[ν]
j+1/2)−ω(ū

[ν]
j )(x

[ν]
j+1/2−x

[ν]
j−1/2)], (3.5)
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or in iterative point of view, the following Gauss-Seidel-type iteration also solves (3.4):

ω(ū
[ν]
j+1)(x

[ν]
j+3/2−x

[ν+1]
j+1/2)−ω(ū

[ν]
j )(x

[ν+1]
j+1/2−x

[ν+1]
j−1/2)=0, (3.6)

where ∆ξ = 1/(N+1) is the step size in Ωc; x[ν], ū[ν] and x[ν+1], ū[ν+1] represent the dis-
tributions of the mesh and cell averages before and after one-step mesh motion, respec-

tively. Denote αj+1=
∆τ
∆ξ2 ω(ū

[ν]
j+1). The above algorithms are stable when max

j
{αj+1}≤

1
2 .

Note that the accuracy of adaptive mesh method is mainly determined by solution
algorithm, i.e. the effect on accuracy by the gap between good approximate and exact
solutions of (3.4) could be ignored. Thus we do not need to solve (3.4) until its steady
solution. In most test problems, the grid points updating procedure takes five full Gauss-
Seidel iterations at each time step, shown in [30].

Furthermore, the authors in [30] also proved that algorithms (3.5) and (3.6) satisfy the
following important properties:

x
[ν+1]
1/2 = x

[ν]
1/2, x

[ν+1]
N+1/2= x

[ν]
N+1/2,

x
[ν+1]
i−1/2< x

[ν+1]
i+1/2, i=1,··· ,N

x
[ν]
i−1/2< x

[ν+1]
i+1/2< x

[ν]
i+3/2, i=1,··· ,N−1.

(3.7)

Note the second line of (3.7) indicates that the mesh generated by above two mesh-
redistribution algorithm will not overlap. Furthermore, the third line shows that each
new inner mesh grid locates only in the neighbour volumes and hence can be applied to
design solution algorithm (3.9).

In this paper, we follow their Gauss-Seidel-type mesh-redistribution algorithm.

3.2 Solution algorithm

In solution updating procedure, we hope to reconstruct piecewise desired order polyno-
mials on each new cell and then update the cell averages. To realize it, we need to obtain
reconstruction polynomial on each old cell, see Fig. 2. Different from WENO reconstruc-
tion, we can not expect reconstruction polynomial to achieve higher order convergence
because the linear weights can not be determined on the entire control volume (They de-
pend on the position of a point, where the function value is evaluated). In [11], a desired
order polynomial is reconstructed on each cell by ENO scheme, where the smoothest
stencil is chosen. In our previous work [12], a new robust WENO reconstruction proce-
dure is devised, where all linear weights dk are dropped, i.e., the indicator ωk is evaluated
by

ωk=
αk(x)

∑
r−1
l=0 αl(x)

, αk =
1

(βk+ǫ)p
, k=0,1,··· ,r−1. (3.8)

In this paper, we apply the same way of reconstruction used in our previous work in the
solution algorithm. Meanwhile, the same simplification, i.e., the new smooth indicator,
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Pi−1(x) Pi(x) Pi+1(x)

x
[ν]
i−3/2 x

[ν]
i−1/2 x

[ν]
i+1/2 x
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Figure 2: Above: The old grid points and the reconstruction polynomials. Below: Four possible distributions
of the new grid points.

is also applied to Step 3 in Algorithm 1 when adaptive mesh method is applied since the
global error is third order.

Based on (3.7), solutions are updated by computing the cell averages of reconstruction
polynomials on each control volume once the positions of new grid points are verified.
For the ith volume, i = 1,2,··· ,N, for example, there are four possible distributions of

x
[ν+1]
i−1/2 and x

[ν+1]
i+1/2, see Fig. 2. After the distributions of x

[ν+1]
i−1/2 and x

[ν+1]
i+1/2 are verified, we

update new cell average in the following way:

Case1 : ū
[ν+1]
i =

1

∆x
[ν+1]
i

(

∫ x
[ν]
i−1/2

x
[ν+1]
i−1/2

Pi−1(x)dx+
∫ x

[ν+1]
i+1/2

x
[ν]
i−1/2

Pi(x)dx

)

,

Case2 : ū
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i
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x
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)

,

Case3 : ū
[ν+1]
i =

1

∆x
[ν+1]
i

∫ x
[ν+1]
i+1/2

x
[ν+1]
i−1/2

Pi(x)dx,

Case4 : ū
[ν+1]
i =

1

∆x
[ν+1]
i

(

∫ x
[ν]
i+1/2

x
[ν+1]
i−1/2

Pi(x)dx+
∫ x

[ν+1]
i+1/2

x
[ν]
i+1/2

Pi+1(x)dx

)

.

(3.9)

In each time step we perform our adaptive mesh method illustrated by Algorithm
2 and then evolve the problem to the next time step by ADER approach. More atten-
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tion should be paid at the beginning time step that we update solutions based on the
initial condition rather than (3.9). By this means we retain the initial condition when
it is smooth, or only change a little the initial condition by averaging it on the element
across the discontinuity. Thus this kind of artificial smoothing gives more possibilities
that ADER scheme delivers non-oscillatory results.

Algorithm 2 Framework of Adaptive Mesh Method.

INPUT:

Old grid points {xi+1/2} of the domain and the cell averages {ūi} at t= tn.
OUTPUT:

New grid points {x̃i+1/2} and cell averages { ˜̄ui} at t= tn.

1: Define x
[0]
i+1/2= xi+1/2, ū

[0]
i = ūi.

2: Let ν=0.
3: while ν<5 do

4: Perform new robust WENO procedure to obtain reconstruction polynomials on the
mesh.

5: Use (3.6) to move the grid point from {x
[ν]
i+1/2} to {x

[ν+1]
i+1/2}. Update the solution

based on the old and new grid points by (3.9).
6: ν=ν+1.
7: end while

8: x̃i+1/2= x
[ν]
i+1/2, ˜̄ui= ū

[ν]
i .

4 Numerical experiments

In this section, the accuracy and performances of ADER-WENOJS scheme and ADER-
WENOZ scheme will be tested. We will also show the accuracy and performances when
adaptive mesh method is applied to ADER scheme (Adaptive ADER).

4.1 Advection equation

The advection equation considered in this paper is given by

ut+F(u)x =0,

u(0,x)=u0(x),
(4.1)

where F(u)=u, u0(x)=sin(πx). The advection equation is solved on [−1,1] with periodic
boundary condition, output time t = 1.0, CFL number is set to be 0.95. The numerical
results are shown in Table 1. We observe that both of ADER-WENOJS scheme and ADER-
WENOZ scheme achieve the designed order of convergence and perform well.
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Table 1: Advection equation. Initial condition: u0(x)=sin(πx). Output Time t=1.0, CFL=0.95, N is number
of cells.

ADER-WENOJS ADER-WENOZ

N l2 error l2 order l∞ error l∞ order l2 error l2 order l∞ error l∞ order

20 8.73E-5 1.63E-4 9.22E-5 1.30E-4

40 1.12E-5 2.96 1.89E-5 3.11 1.24E-5 2.89 1.75E-5 2.89

80 1.54E-6 2.86 2.27E-6 3.06 1.58E-6 2.97 2.24E-6 2.97

160 1.97E-7 2.97 2.82E-7 3.01 1.99E-7 2.99 2.81E-7 2.99

320 2.49E-8 3.17 3.53E-8 3.00 2.50E-8 2.99 3.53E-8 2.99

4.2 Burgers equation

The inviscid Burgers equation considered in this paper is given by

ut+F(u)x=0,

u(0,x)=u0(x),
(4.2)

where F(u) = 1
2 u2, u0(x) = 0.25+0.5sin(πx). The Burgers equation is solved on [−1,1]

with periodic boundary condition, output time t=0.2. In the simulation, CFL number is
set to be 0.95. The numerical results are shown in Table 2. We observe that both of ADER-
WENOJS scheme and ADER-WENOZ scheme achieve the designed order of convergence
and perform well.

Table 2: Burgers equation. Initial condition: u0(x)=0.25+0.5sin(πx). Output Time t=0.2, CFL=0.95, N is
number of cells.

ADER-WENOJS ADER-WENOZ

N l2 error l2 order l∞ error l∞ order l2 error l2 order l∞ error l∞ order

40 7.48E-5 2.05E-4 7.46E-5 1.97E-4

80 9.72E-6 2.94 2.84E-5 2.85 9.74E-6 2.94 2.86E-5 2.78

160 1.26E-6 2.95 3.81E-6 2.90 1.26E-6 2.95 3.81E-6 2.91

320 1.65E-7 2.93 5.05E-7 2.92 1.65E-7 2.93 5.06E-7 2.91

4.3 Euler equations

The Euler equations considered in this paper is given by:

Ut+F(U)x =0, (4.3)

where

U=





ρ
ρu
E



, F(U)=





ρu
ρu2+P
(E+P)u



, (4.4)
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with the equation of state

E=
P

γ−1
+

1

2
ρu2. (4.5)

Here ρ is the fluid density, u is the fluid velocity, P is the pressure, E is the total energy,
and γ is the ratio of specific heats. In the following experiments, γ is set to be 1.4.

Shock turbulence interaction problem , Lax problem and Sod problem are tested in
this paper. We first test all problems by ADER scheme. Then for those problems that the
ADER scheme can not handle, we will apply Adaptive ADER scheme to solve the prob-
lems. The initial conditions and boundary conditions of Shock turbulence interaction
problem , Lax problem and Sod problem are as follows:

• For the shock turbulence interaction problem, the left and right initial states of the
density ρ, velocity u and pressure p are

(ρ,u,p)=

{

(3.857143, 2.629369, 3.333333), −1≤ x<−0.8,
(1+0.2sin(5πx), 0.000000, 1.000000), −0.8≤ x≤1,

(4.6)

and the output time is t=0.47.

• For the Lax problem, the left and right initial constant states of the density ρ, veloc-
ity u and pressure p are

(ρ,u,p)=

{

(0.445, 0.698, 3.528), −5≤ x<0,
(0.500, 0.000, 0.571), 0≤ x≤5,

(4.7)

and the output time is t=1.3.

• For the Sod problem, the left and right initial constant states of the density ρ, veloc-
ity u and pressure p are

(ρ,u,p)=

{

(1.000, 0.000, 1.000), −5≤ x<0,
(0.125, 0.000, 0.100), 0≤ x≤5,

(4.8)

and the output time is t=2.0.

Since the computational domains of all the above problems are sufficiently large to con-
tain all the flow structures, free-stream boundary conditions are set at both ends of the
computational domain. Note that in this paper, the WENO reconstruction is operated on
conservative variables to guarantee conservative properties. Moreover, CFL number set
in all of the following simulations is also 0.95.

First we test the shock turbulence interaction problem by ADER-WENOJS scheme
and ADER-WENOZ scheme. Fig. 3 shows the results. We can observe the convergence
of the ADER-WENOJS scheme and ADER-WENOZ scheme. Meanwhile, it indicates that
the both of ADER-WENOJS scheme and ADER-WENOZ scheme perform well when N=
2000. This is the case that both of ADER schemes can well handle.
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Figure 3: Shock turbulence interaction problem, solved by the ADER-WENOJS scheme and the ADER-WENOZ
scheme. Output time t=0.47.

Figure 4: Lax problem, solved by the ADER-WENOJS scheme and the ADER-WENOZ scheme. Output time
t=1.3. ”Exact” Solution: ADER-WENOJS, 2000 Cells.

Later on, the Lax problem is tested by ADER-WENOJS scheme and ADER-WENOZ
scheme. We can see from the Fig. 4 that both of the ADER-WENOJS scheme and ADER-
WENOZ give convergent solutions. However, non-physical undershoots occur at the tail
of rarefaction wave. Besides, oscillations can also be observed between contact discon-
tinuity and shock. Similar results are obtained when we check the Sod problem. As is
shown in Fig. 5 that non-physical undershoots appear at the tail of the rarefaction wave,
which coincides with the phenomenon observed in [4]. ADER-WENOZ scheme gives
more accurate solutions around contact discontinuities and shocks but fails to reduce the
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Figure 5: Sod problem, solved by the ADER-WENOJS scheme and the ADER-WENOZ scheme. Output time
t=2.0. We refer to [1] for the ”Exact” Solution.

undershoot. The reasons are two folds: On the one hand, the Godunov approach usually
gives such kind of undershoot at the tail of the rarefaction wave. On the other hand,
approximation to the leading term in the ADER scheme has much higher order accuracy
than that required by the ADER scheme [4]. In fact, the solutions (density, momentum
and energy) propagate along the characteristics of hyperbolic equations, and those er-
rors brought in from the beginning, whereafter, will propagate along characteristics and
become uncontrolled.

In order to improve the simulation, we test the sod problem with odd number of
volumes. Further more, we generalize the mesh and solve the problem on a random
mesh. Note that for the random mesh, new robust WENO reconstruction will be used
since the problem is solved on non-uniform mesh, and refinement is operated based on
the initial random mesh. Fig. 6 and Fig. 7 show the results of our tests. We can see from
two figures that when we simulate the problem with odd number of volumes or on a
random mesh, solutions become better, with the undershoots well reduced. The reason
we find out is that when there is a volume across the discontinuity at the beginning,
the initial setup on that volume will be an average of its neighbour states, which can be
regarded as a good smooth approximation to the original initial setup. Otherwise the
discontinuity will locate at interface, where it is not easy for ADER scheme to handle.

To show the convergence when this kind of initial setup is applied, we just simply
solve the following advection equation by the first order Godunov scheme on uniform
mesh with odd number of volumes:

ut+ux =0,

u(0,x)=

{

1.0, −1≤ x<0,

−1.0, 0≤ x≤1.

(4.9)

Periodic boundary condition is applied, and final time t=1.0. Fig. 8 shows the results of
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Figure 6: Sod problem, solved by the ADER-WENOJS scheme. Output time t=2.0.

Figure 7: Sod problem, solved by the ADER scheme. Output time t=2.0.

the problem. As we refine the mesh, the result becomes more accurate to exact solution,
which indicates the convergence of such method. However, denser mesh should be used
if we want to get a sharp solution.

Now we sum up the above problems. On the one hand, we aim at reducing the un-
dershoot at the tail of rarefaction wave. A good way to realize it is to have one volume
cross the discontinuity from the beginning, which can be regarded as a smooth approxi-
mation to initial condition. On the other hand, however, if we use smooth approximation
to the initial setup, the mesh size should be sufficiently small to capture each discontin-
uous structure. Adaptive mesh method is an efficient tool to handle such problems. On
the one hand, adaptive mesh method could adaptively redistribute mesh with time so
that the mesh will become locally denser near large gradients and discontinuities at each
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Figure 8: Advection equation, solved by first order Godunov scheme. Output time t=1.0.

time step. On the other hand, less number of volumes will handle the problem, which
saves the memory.

Before we give solutions of the Lax problem and Sod problem, we first check the con-
vergence of our Adaptive ADER scheme. We still simulate the same problem discussed

in Section 4.2. The monitor function used in the simulation is ω =
√

1+0.2|uξ |2, given

in [30], Output Time t=0.2, t=0.3 and t=0.4, CFL=0.95. Table 3 shows the convergence
rate. We observe that our Adaptive ADER scheme guarantees third order convergence.
Fig. 9 shows the mesh motions and results when shock forms. We can see that our algo-
rithm can well capture the position of shock and adaptively redistribute more grid points
around it. Besides, solution becomes more accurate to exact solution when N = 80 than
that when N=50, which indicates the convergence of Adaptive ADER scheme.

Table 3: Adaptive ADER scheme tested on Burgers equation. L2-error and convergence order at t=0.2, t=0.3
and t=0.4.

Time

N
20 40 80 160

t=0.2 1.07E-3 (-) 1.00E-4 (3.42) 1.09E-5 (3.20) 1.40E-6 (2.96)

t=0.3 2.16E-3 (-) 2.35E-4 (3.20) 2.61E-5 (3.17) 3.28E-6 (2.99)

t=0.4 4.57E-3 (-) 5.98E-4 (2.93) 6.65E-5 (3.17) 8.59E-6 (2.95)

Finally we apply Adaptive ADER scheme to solve the Lax problem and Sod problem.

The monitor function used in the simulation is ω=
√

1+α1|ρξ |2+α2|sξ |2+α3|ρξξ |2, where

s is entropy, and α1 =α2 =α3 =100; ρξ , sξ are first derivatives of density and entropy, re-
spectively, and ρξξ is the second derivative of density. We add term ρξξ to capture the
change of gradient so that denser the grid points will be in the neighbour of discontinu-
ity. Fig. 10 and Fig. 11 show the results of Lax problem and also the mesh motions. We
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Figure 9: Solutions of Burgers equation by Adaptive ADER scheme, Initial condition: u0(x)=0.25+0.5sin(πx).
Output Time t=1.0, CFL=0.95, N is number of cells. Left Top: Mesh distribution with N=50, Left Bottom:
Mesh distribution with N=80, and Right: Solutions with N=50 and N=80. The ”exact” solution is computed
by ADER-WENOZ scheme with N=640.

Figure 10: Lax problem, solved by the ADER-WENOJS and the Adaptive ADER scheme. Output time t=1.3.

can see from Fig. 10 that the Adaptive ADER scheme gives quite better results at the tail
of the rarefaction wave, contact discontinuity and shock, and also reduces the oscillations
between contact discontinuity and shock. We also observe in the ”zoom in” frame that
the result of Adaptive ADER scheme with 100 cells is quite better than that of ADER-
WENOJS scheme with 200 cells around discontinuity, which indicates the advantage of
adaptive mesh method: resources saving. Convergence of Adaptive ADER scheme is
shown in Fig. 11. We can observe in Fig. 11 that the result is better when N = 200 than
that when N=100 in the right frame, and structures are better captured on denser mesh
shown in the left two frames. Fig. 12 and Fig. 13 shows the results of Sod problem and
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Figure 11: Lax problem, solved by the Adaptive ADER scheme. Output time t=1.3. Left: Mesh redistribution
with N=100 and N=200. Right: Solutions of Adaptive ADER scheme.

Figure 12: Sod problem, solved by the ADER-WENOJS and the Adaptive ADER scheme. Output time t=2.0.

mesh motions. We can see from Fig. 12 that the results of Adaptive ADER scheme are
better than that of ADER-WENOJS scheme, especially at the tail of rarefaction wave. Be-
sides, contact discontinuity and shock are also better resolved by Adaptive ADER scheme
in the simulation. Convergence of Adaptive ADER scheme can be observed in the right
frame of Fig. 13. The left two frames of Fig. 13 show the mesh motions. We can observe
that our adaptive mesh method could well detect structures with large gradients and dis-
continuities, and adaptively redistribute more grid points around them. Further more,
the structures are better captured on denser mesh, which indicates the convergence of
our method.

In this section, we illustrate our method by testing some of classic models. Our ap-
proach on the one hand, greatly reduced the oscillation observed in [4] when ADER
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Figure 13: Sod problem, solved by the Adaptive ADER scheme. Output time t=2.0. Left: Mesh redistribution
with N=100 and N=200. Right: Solutions of Adaptive ADER scheme.

scheme is directly applied. On the other hand, the CFL number is chosen to be 0.95
in these tests, which retain the strength of ADER scheme that larger (about 1) CFL num-
ber can be adopted, compared to some of other classic approaches such as Runge-Kutta
WENO scheme, where the ideal CFL number should be less than 0.5 [2, 17].

5 Concluding remarks

In this paper we have tested third order finite volume ADER-WENOJS scheme and ADER-
WENOZ scheme, and further devised a third order Adaptive ADER scheme for conser-
vation laws. For smooth solutions, both of ADER-WENOJS scheme and ADER-WENOZ
scheme perform well and achieve the desired order of accuracy. However, it is observed
that non-physical oscillation will appear around the discontinuity when ADER-WENO
schemes are applied. We devise a third order adaptive mesh method to the third order
ADER scheme. We have the following results: 1) Third order convergence is successfully
achieved. 2) Better results are obtained, i.e., oscillations are reduced and shock structures
are better resolved, on simulations of Euler equations. 3) All simulations in this paper are
stable for large CFL number. 4) The number of grid points is greatly reduced, avoiding
of solving the problem on a very dense mesh, which saves the memory.
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