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Abstract

For a set A of positive integers and any positive integer n, let Rj(A, n), Ry(A,n) and R3(A, n) denote the
number of solutions of a + a’ = n with a,a’ € A and the additional restriction that a < a’ for R, and a < d’
for R3. We consider Problem 6 of Erd6s er al. [*On additive properties of general sequences’, Discrete
Math. 136 (1994), 75-99] about locally small and locally large values of R, R, and R3.
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1. Introduction

Let N denote the set of all the positive integers. For a set A C N, the counting function
A(n) =|{a: 1 <a<n,ac A} is the number of elements of A not exceeding n. For
n=1,2,..., define the additive representation functions:

RiA,n)=la+d
Ry(A,n) = {a+d
RisA,n)={{a+d =n,aandd €A, a <d}l.

n, aand a’ € A},

n,aanda €A, a<d'll,

In a series of papers [4, 5, 6], Erd6s, Sarkézy and Sés investigated the behaviour of
these functions. Erdés et al. [7, 8] and Balasubramanian [1] studied the monotonicity
properties of the functions R;(n), R,(n) and R3(n). For other related problems, see
[2, 3, 12].

In 1994, Erd6s et al. posed the following problem [9, Problem 6] (see also
[10, Problem 6] and [11, Problem 8]).

PROBLEM 1.1. What condition (on A) is needed to ensure that the function R;(A, n)
(i = 1,2,3) assumes infinitely many ‘locally small’ or ‘locally large’ values, that is,
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R;(A,n) < min{R;(A,n — 1),R;(A,n+ 1)} for infinitely many n, or
Ri(A,n) > max{R;(A,n —1),R;(A,n + 1)} for infinitely many n?
Throughout this paper, the characteristic function of the set B is denoted by

o [L ifieB.
ABW =10 otherwise.

We obtain the following results related to the problem of Erdds, Sarkozy and Soés.

THEOREM 1.2. Let A, B be infinite sets such that N = AU B and AN B = 0. Then for
alln > 2:

(1) Ri(A,n) < min{R;(A,n — 1), Ri(A,n + 1)} if and only if
Ri(B,n)—Ri(B,n—1)<2ypg(n—1)-2, Ri(B,n+1)—-Ri(B,n)>2ypn);
(i) Ri(A,n) > max{R;(A,n—1),R(A,n + 1)} if and only if
Ri(B,n)—Ri(B,n—1)>2xp(n—-1), Ri(B,n)—Ri(B,n+1)>2-2ypn).
COROLLARY 1.3. LetA={neN:n=1,2,3 (mod 4)}. Then for all k > 2,
Ri(A, 4k + 1) < min{R; (A, 4k), R\ (A, 4k + 2)},
Ri(A, 4k) > max{R;(A, 4k — 1), R (A, 4k + 1)}.

THEOREM 1.4. Let A, B be infinite sets such that N = AU B and AN B = 0. Then for
alln > 1:

(1) ifnis even, then Ry(A,n) > max{Ry(A,n — 1), Ry(A,n + 1)} if and only if

{Rz(B, n) —Ra(B,n—1) 2 1+ xp(n—1) - xa(n/2),
Ry(B,n) = Ry(B,n + 1) 2 2 - xp(n) — x5(n/2);

(i1) ifnis even, then Ry(A,n) < min{Ry(A,n — 1), Ry(A, n + 1)} if and only if

{Rz(B, n+1) = Ry(B,n) 2 xp(n) + xp(n/2),
Ry(B,n—1) = Ry(B,n) < 1 - xp(n—1)+ xpn/2),

(iii) ifnis odd, then Ry(A,n) > max{R,(A,n — 1), R,(A,n + 1)} if and only if

{Rz(B, n) = Ry(B,n+1) 2 1+ xp((n+1)/2) = xp(n),
Ry(B,n) = Ry(B,n— 1) 2 xp(n = 1) + x((n = 1)/2);

(iv) ifnis odd, then Ry(A,n) < min{Ry(A,n — 1), Ry(A,n + 1)} if and only if

{Rz(B,n + 1) = Ry(B,n) 2 1 + xp(n) — xa((n + 1)/2),
Ry(B,n) = Ry(B,n — 1) < xp(n—1) + xp((n - 1)/2) - 2.
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COROLLARY 1.5. LetA={neN:n=1,2,3 (mod 4)}. By Theorem 1.4(i),
Ry(A, 8k) > max{R,(A,8k — 1), Ry(A, 8k + 1)} forallk > 1.
LetA={neN:n=0,2,3 (mod 4)}. By Theorem 1.4(ii), for all k > 1,
Ry(A,4k) < min{Ry(A, 4k — 1), Ry(A, 4k + 1)}.

THEOREM 1.6. Let A, B be infinite sets such that N = AU B and AN B = 0. Then for
alln > 1:

(1) ifnis even, then R3(A,n) > max{R3(A,n — 1), R3(A,n + 1)} if and only if

R3(B,n) = R3(B,n — 1) 2 xp(n — 1) + xp(n/2),
R3(B,n) = R3(B,n + 1) > 1 — x(n) + x5(n/2);

(i1) ifnis even, then R3(A,n) < min{R3(A,n — 1), R3(A, n + 1)} if and only if

R3(B,n+ 1) = R3(B,n) = 1 + xp(n) — xp(n/2),
R3y(B,n—1) = R3(B,n) 22— xyg(n—1) — xp(n/2);
(iii) ifnis odd, then R3(A,n) > max{R3(A,n — 1), R3(A,n + 1)} if and only if

R3(B,n) = R3(B,n + 1) 2 2 = xp((n + 1)/2) — x5(n),
R3(B,n) = R3(B,n— 1) 2 1 + yp(n — 1) — xp((n = 1)/2);

(iv) ifnis odd, then R3(A,n) < min{R3(A,n — 1), R3(A,n + 1)} if and only if

R3(B,n+ 1) = R3(B,n) > xp(n) + xp((n + 1)/2),
R3(B,n) = R3(B,n - 1) < xp(n—1) — xp((n - 1)/2) - 1.

COROLLARY 1.7. LetA ={neN:n=1,2,3 (mod4)}. Then forall k > 1, by Theorem
1.6(i) and (iv),

R3(A, 8k) > max{R3(A, 8k — 1), Ry(A, 8k + 1)} forall k > 1,
R3(A, 8k + 1) < min{R;(A, 8k), R3(A, 8k + 2)} forallk > 1.

2. Proof of Theorem 1.2
Write £(2) = Y uea 2* and g(2) = Y pep 22 Then,

f@Q+g@)=z+7+--=

Z 2 N n
—_—, = Ry(B, .
— ¢ €9) n; 1(B,n)z
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Thus,
Z(R1<A m) - Ri(4,n - )" —Z( Y- Y
=1 aj+a;=n ai+aj=n—1
a;,a;€A aj,a;€A
Z Za,+u]_ Z Zu,-%-u]+l
—(1- z)(li - g(z))2 = li ~ 228(2) + (1 - 9g%()
zzziz” 2zZz +(1—z)ZR1(B n.  (Q2.1)
n=0 beB

Comparing the coefficients of z"(n > 2) on both sides of (2.1), we see that
Ri(A,n)—Ri(A,n—1)=1-2yg(n—-1)+Ri(B,n) — Ri(B,n—1).
Thus,
Ri(A,n) —Ri(A,n+1)=-1+2yp(n)+Ri(B,n)— R (B,n+1)
and, for all n > 2,
Ri(A,n) < min{R (A, n—1),Ri(A,n + 1)}

if and only if
Ri(B,n)—R(B,n—1)<2yg(n—1)-2, Ri(B,n+1)—-R{(B,n) = 2xpn).
Moreover,
Ri(A,n) > max{R{(A,n—1),Ri(A,n + 1)}
if and only if

Ri(B,n)—Ri(B,n—1)>2yg(n—1), Ri(B,n)—Ri(B,n+1)>2-2yp(n).
This completes the proof of Theorem 1.2.

3. Proof of Theorem 1.4

We have
RoA,my= > 1= > (1=xp@)(1 - xsn— i)
n=i+j 1<i<n/2
ijeA,i<j
= I1-|{i:1<i<n-1,ieB}+xp(n/2)
1<i<n/2
+[{(b,b') : b,b' € A,b < b, b+ b =nl
= Z 1 - B(n— 1) + x5(n/2) + Ry(B, n). (3.1)
1<i<n/2
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If n is even, then (3.1) gives

Ry(A,n) = Z 1 -Bn—1)+xp(n/2) + Ry(B,n),

1<i<n/2-1

RA,n+1)= Z 1 — B(n) + Ry(B,n + 1),
1<i<n/2

Ry(A,n—1) = Z 1-B(n—-2)+R(B,n—1).
1<i<n/2-1

Thus,
Ry(A,n) — Ry(A,n+ 1) = =1+ ypg(n) + xg(n/2) + R2(B,n) — Ry(B,n+ 1), (3.2)

Ro(A,n) — Ro(A,n— 1) = —yp(n — 1) + x5(n/2) + Rx(B,n) - Ro(B,n—1).  (3.3)
By (3.2) and (3.3),

R>(A,n) > max{R,(A,n — 1), Ry(A,n + 1)}
if and only if
{Rz(B, n)—Ry(B,n—1)> 1+ yp(n—1) — yp(n/2),
Ry(B,n) — Ry(B,n+ 1) > 2 — yp(n) — xg(n/2).
Again, by (3.2) and (3.3),
Rr(A,n) < min{Ry(A,n — 1), Ry(A,n + 1)}
if and only if
{Rz(B, n+1) = Ry(B,n) > xp(n) + x5(n/2),
Ry(B,n—1)—Ry(B,n) <1 —xg(n—1)+ xg(n/2).

If n is odd, then (3.1) gives

Ry(A,n) = Z 1-B(n— 1)+ Ry(B, n),

1<i<(n—1)/2

RA,n+1)= Z 1—=Bn) +xp((n+1)/2) + Ry(B,n+ 1),
1<i<(n-1)/2

Ry(A,n—1)= Z 1-B(n—-2)+yp((n—1)/2)+ Ry(B,n—1).

1<i<(n-1)/2-1

The remainder of the proof is similar to that for even n.
This completes the proof of Theorem 1.4.
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4. Proof of Theorem 1.6

We have
RsAm = Y 1= > (1 =xp@d)1-xs0n1-0)
n=i+j 1<i<n/2
ijeA,isj
= 1-{i:1<i<n-1,ieB}|—yxpn/2)
1<i<n/2

+ (b, b) b, b €Bb <V, b+ =n
= > 1=B(—1)=xp(n/2) + Rs(B,n).

1<i<n/2

If n is even, then by (4.1),
Rs3(A,n) = Z 1 -=B(n—-1)-xpn/2) + R3(B,n),

1<i<n/2

RiA,n+1)= Z 1 - B(n) + Ry(B,n + 1),
1<i<n/2

Ry(A,n—1) = Z 1-B(n—-2)+RsB,n—1).
1<i<n/2-1

If n is odd, then by (4.1),

RsAm) = Y 1=B(n-1)+RyB,n),
1<i<(n-1)/2
n+1
2

Rt )= 1= B = s
1<i<(nt1)/2

Rsdn-1= > 1—B(n—2)—)(3(

1<i<(n-1)/2

)+ R3(B,n+ 1),

n—1

The remainder of the proof is similar to the proof of Theorem 1.4.
This completes the proof of Theorem 1.6.
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