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Abstract. We introduce a property of measures on Euclidean space, termed ‘uniform
scaling scenery’. For these measures, the empirical distribution of the measure-valued
time series, obtained by rescaling around a point, is (almost everywhere) independent of
the point. This property is related to existing notions of self-similarity: it is satisfied by the
occupation measure of a typical Brownian motion (which is ‘statistically’ self-similar), as
well as by the measures associated to attractors of affine iterated function systems (which
are ‘exactly’ self-similar). It is possible that different notions of self-similarity are unified
under this property. The proofs trace a connection between uniform scaling scenery and
Furstenberg’s ‘CP processes’, a class of natural, discrete-time, measure-valued Markov
processes, useful in fractal geometry.

1. Introduction
Consider a measure θ on Rd and a point x in its support. Use a ‘microscope’ with a
continuous knob, centered on x , to expand θ spatially by a factor of et . At the same
time, rescale θ to leave the measure of the unit cube around x unchanged. Denote the
expanded and rescaled measure by θx,t . We call the continuous-time, measure-valued
time-series t 7→ θx,t the scaling scenery of θ at x . As a time series, it may or may not
have limiting empirical means. If it does, let us denote by η[θ, x] the corresponding
(‘empirical’) measure-valued stationary process. The map x 7→ η[θ, x] is an interesting
structure attached to θ , pertaining to its fractal behavior. Of special interest is the case
where the map x 7→ η[θ, x] is θ -almost everywhere constant, namely when θ exhibits
just a single process η[θ ]—regardless of where we place our microscope. Our main
objective is to make precise and investigate this property of uniform scaling scenery. Do
such measures exist? A typical Brownian occupation measure in Rd (d ≥ 3) is a natural
example. What is perhaps more surprising, the classical Cantor measure is another; this
stems from an intriguing relation with a class of natural, discrete-time, measure-valued
Markov processes, called CP (conditional probability) processes. These systems provide
a general approach for attacking problems in fractal geometry [F1, F2, FW]. We show
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that ‘almost any’ measure in an ergodic CP process has uniform scaling scenery, thus
obtaining a large collection of measures with this property. This raises natural questions
regarding the extent of the connection between CP processes (which are discrete-time, and
therefore possess inherent scale) and measures with uniform scaling scenery (a property
that does not depend on scale). Finally, we combine our main result with the general
CP system approach, mentioned above, to show that any self-similar measure (a natural
measure associated with the attractor of an affine iterated function system) has uniform
scaling scenery. The different notions of self-similarity in Brownian motion (considered
‘statistical’ in nature) and of self-similarity in, say, the Cantor measure (considered ‘exact’)
are therefore unified under this property.

This text is organized as follows. In §§2 and 3, we define the uniform scaling scenery
property and introduce its relation to existing notions of self-similarity. In §4, we describe
CP processes following [F2]. Sections 5 and 6 contain our main result, Theorem 5.1,
whereby almost any measure in an ergodic CP process has uniform scaling scenery. In §7
we invoke this result to prove that any self-similar measure has uniform scaling scenery
(Theorem 3.2).

Straightforward propositions are stated without proof for brevity. All proofs can be
found in [G] (available online).

2. The uniform scaling scenery property
We begin with some notation. We write M(Rd) for the set of Radon measures on Rd . A
cube in Rd is a product of compact intervals. Suppose that Q ⊂ Rd is a cube. We write
P(Q) for the space of probability measures on Q. Both M(Rd) and P(Q) are considered
with their natural weak-* topology. P(Q) is thus compact and metric. We write |θ | for
the support of the measure θ ∈M(Rd). For a Borel map f : Rd

→ Rd , denote by f∗(θ)
the push-forward of θ by f , namely f∗(θ)(A)= θ( f −1(A)) for A ⊂ Rd . For any two
cubes Q1, Q2 ⊂ Rd , denote by H〈Q1, Q2〉 : Rd

→ Rd the unique homothety† inducing

a bijection Q̊1� Q̊2. We remove redundant brackets and write H〈Q1, Q2〉∗(θ) for the
push-forward of θ by the map H〈Q1, Q2〉.

Our first step is to make precise the notion of rescaling a Radon measure θ ∈M(Rd)

around a point x ∈ Rd .

Definition 2.1. Let x = (x1, . . . , xd) ∈ Rd . Define the family of cubes {Q�x,t }t∈R by

Q�x,t =
d∏

i=1

[
xi −

1
2

e−t , xi +
1
2

e−t
]
.

We abbreviate Q�x,0 (the cube of side length 1 centered at x) as Q�x .

Definition 2.2. Suppose that θ ∈M(Rd) and x ∈ |θ |. The (P(Q�x )-valued, continuous-
time) time series {θ�x,t }t∈R defined by

θ�x,t =
H〈Q�x,t , Q�x 〉∗(θ)

θ(Q�x,t )

∣∣∣∣
Q�x

is called the scaling scenery of θ around x‡.

† By homothety we mean a dilation composed with a translation in Euclidean space.
‡ Compare our definition with the notion of scenery flow in [Fi1, Fi2] and the notion of tangential measure
in [PrMö].
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Definition 2.3. Let θ , x and x= {θ�x,t }t∈R be as above. Define a net {ϕT }T>0 of positive,
linear and normalized† functionals ϕT : C(P(Q�x )R)→ R by

ϕT : g 7−→
1
T

∫ t=T

t=0
g ◦ σt (x) dt, (2.1)

where σt is the time shift by t . Recall that x is a generic point for some shift-invariant
measure on P(Q�x )R if and only if the net {ϕT }T>0 converges weakly (as T →∞) to some
positive, linear and normalized functional 8. In this case, the time series x= {θ�x,t }t∈R is
said to have limiting empirical means, and the limiting functional 8 then corresponds to a
probability distribution η[x, θ ] on P(Q�x )R such that

1
T

∫ t=T

t=0
g ◦ σt (x) dt −→

∫
P(Q�x )R

g dη[x, θ ] as T →∞,

for all continuous g. When this holds, we will say that θ has limiting scaling means at x ,
and will refer to the stationary measure-valued process η[x, θ ] as the empirical scaling
process of θ at the point x .

An interesting structure is thus attached to a measure θ ∈M(Rd): to any point x ∈ |θ |
such that θ has limiting scaling means at x , we attach the P(Q�x )-valued, continuous-
time empirical scaling process η[x, θ ]. Of special interest is the case where the mapping
x 7→ η[x, θ ] is θ -a.e defined and (in an appropriate sense) constant.

Note that for x 6= y ∈ |θ |, we cannot directly compare the processes η[x, θ ] and η[y, θ ]
as one is P(Q�x )-valued and the other is P(Q�y )-valued. To remedy this, suppose that
ηx (ηy) are continuous-time, P(Q�x ) (P(Q�y ))-valued stationary processes for some x, y.
If the processes H〈Q�x , Q�y 〉∗(ηx ) and ηy have the same distribution, we say that ηx

and ηy are equivalent, and write ηx ∼ ηy . This is an equivalence relation. We write
η∼ for the equivalence class of η. Let θ ∈M(Rd) and x, y ∈ |θ |. Observe that if
the P(Q�0 )-valued time series (H〈Q�x , Q�0 〉∗(θ

�
x,t ))t∈R and (H〈Q�y , Q�0 〉∗(θ

�
y,t ))t∈R both

have limiting empirical means with the same empirical process, then θ has limiting scaling
means both at x and at y, and that in fact η[x, θ ] ∼ η[y, θ ].

The stage is now set for our key definition.

Definition 2.4. Let θ ∈M(Rd) be a Radon measure. We say that θ has uniform scaling
scenery if for θ -almost every x ∈ Q, θ has limiting scaling means at x , such that
the mapping x 7→ µ[x, θ ]∼ is θ -a.e. constant on Q. In this case, the P(Q�0 )-valued
representative of the (almost everywhere) constant value of this mapping is called the
uniform scaling process, and denoted by η[θ ].

The following useful criterion for uniform scaling scenery is an easy consequence of
the Stone–Weierstrass theorem.

LEMMA 2.5. Let θ ∈M(Rd) and assume that A⊂ C(P(Q�0 )) is a dense subalgebra with
1Q�0
∈A. If there exists a set H ⊂ Q with θ(Q\H)= 0 such that for any ` ∈ N, any

† In the sense that ϕ(1)= 1.
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continuous functions f0, . . . , f` ∈A and every (τ0, . . . , τ`) ∈Q`+1 the limit

lim
T→∞

1
T

∫ T

t=0

∏̀
i=0

fi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt

exists and is identical for each x ∈ H, then θ has uniform scaling scenery, and the uniform
scaling process η[θ ] is uniquely determined by the values∫

P(Q�0 )R

(∏̀
i=0

fi (yτi )

)
dη[θ ](y).

3. Self-similarity and uniform scaling scenery
In the context of fractal geometry, the notion of self-similarity is given different formal
interpretations. For example, attractors of certain iterated function systems are said to
demonstrate ‘exact’ self-similarity, while sample paths of certain stochastic processes are
said to demonstrate ‘statistical’ self-similarity.

The uniform scaling scenery property appears to be related, in some sense, to the
notion of self-similarity. This connection is now given formal content by two observations.
The first is that a typical Brownian occupation measure (a prototype for ‘statistical’ self-
similarity) enjoys the uniform scaling scenery property. The second is that so do self-
similar measures, which are measures associated to attractors of affine iterated function
systems, such as the Sierpiński triangle (prototypes for ‘exact’ self-similarity).

These observations raise the question of whether, and to what extent, the uniform scaling
scenery property could be used to unify different formal interpretations of the term ‘self-
similarity’.

3.1. Brownian motion. An ensemble of measures with uniform scaling scenery is
generated by transient Brownian motion as follows. Abbreviate ‘two-sided, standard
Brownian motion through the origin in Rd ’ by BM. Let d ≥ 3 and denote by (�, B, µw)
the probability space of continuous paths through the origin in Rd in the topology of
convergence on compact sets, its corresponding Borel σ -algebra, and the Wiener measure
induced by a BM process. For a given BM sample path† Bs , define the corresponding
Brownian occupation measure θB on Rd to be the push-forward measure B∗λ, where λ is
the Lebesgue measure on R. The probability law of the random BM curve B thus turns θB

into a random Radon measure on Rd .

THEOREM 3.1. There exists a set of BM paths G ∈ B with µwG = 1 such that for every
B ∈ G, θB has uniform scaling scenery. Moreover, the mapping B 7→ η[θB] is constant on

G, where η[θB] is the uniform scaling process of the measure θB .

The proof is straightforward [G]. This is a consequence of the ergodicity of the scaling
flow9t :�→�, defined by (9t f )(t)= et f (e−2t s) [Fi1]. It is interesting to note that for
B ∈ G, the map x 7→ η[x, θB] is θB-almost everywhere constant on Q, but not everywhere
constant.

† Since the variable t is used to denote scaling, we write Bs for a Brownian path and s for the path parameter.
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3.2. Self-similar measures. The connection of the uniform scaling scenery property
with CP processes, which we develop below, will yield in §7 the following result.

THEOREM 3.2. Let φ1, . . . , φn : Q→ Q be an iterated function system of contracting
similitudes (Q ⊂ Rd is the unit cube and n ≥ 2), satisfying the open set condition, with
attractor A =

⋃n
i=1 φi (A). Let θ be a self-similar probability measure on A corresponding

to the strictly positive probability vector (p1, . . . , pn). Then θ has uniform scaling
scenery.

4. CP processes
Let Q ⊂ Rd be the unit cube, Q = [0, 1]d . Choose a grid-size parameter 2≤ p ∈ N
and divide each of the d axes into p equal subintervals of length 1/p, indexed by
{0, 1, . . . , p − 1}. This induces the ‘p-ary decomposition’ of Q into pd disjoint
subcubes† of side length 1/p, indexed by the product set 3= {0, 1, . . . , p − 1}d , given
by

Q =
⊎
λ∈3

Qλ.

For x ∈ Q, there is a unique λ(x) ∈3 with x ∈ Qλ(x). This partition is iterated in each
subcube to yield a multi-scale partition of Q: for a word of length `, λ1 . . . λ` ∈3

`, a
subcube Qλ1,λ2,...,λ` of side length p−` is now defined inductively. Note that Qλ1λ2...λ`+1 ⊂

Qλ1λ2...λ` and that if {λi }i∈N are such that x ∈
⋂
`≥1 Qλ1λ2...λ` , then

x =
∞∑

n=1

λn

pn ,

where each λi is a vector in Rd .
We now construct a discrete-time Markov process on the state-space P(Q). Write θλ

for the measure θ |Qλ , stretched, translated and normalized to yield a probability measure
on Q, namely

θλ =
H〈Qλ, Q〉∗(θ)

θ(Qλ)

∣∣∣∣
Q
.

The decomposition Q =
⊎
λ∈3 Qλ suggests a natural transition function (that depends

implicitly on the parameter p): from the state θ ∈ P(Q) the transition θ→ θλ occurs
with probability θ(Qλ). In terms of a Markov operator 1p : C(P(Q))→ C(P(Q)),

(1p f )(θ)=
∑
λ∈3

θ(Qλ) f (θλ). (4.1)

Definition 4.1. Let Q ⊂ Rd .
(1) If ν is a 1p-invariant distribution on P(Q), the corresponding stationary process is

called a CP (‘conditional probability’) process. We denote it by (ν, p).
(2) A CP process (ν, p) is said to be non-degenerate if for ν-almost every θ ∈ P(Q), we

have θ(∂Q)= 0.

† Some half-open, half-closed. See [F2, p. 407] for details.
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Below, all ergodic CP processes are implicitly assumed to be non-degenerate. Indeed,
as the set of measures that violate the condition above is invariant, ergodicity implies that
it can always be assumed to hold ν-almost surely [G].

The CP process notion was suggested implicitly in [F1] and defined (in the equivalent
form of a dynamical system) in [F2]. See [F2, FW] for applications of the CP process
notion and an equivalent definition using trees. [LP, Ch. 16, LPP1, LPP2, LPP3] contain
interesting applications to random walks on Galton–Watson trees. The abstract existence
of CP processes can be shown as indicated in §7 below (see also [F2, Theorem 4.1]).
Explicit examples of CP processes can be found in [F2, p. 409] and in [G].

4.1. Extension of an ergodic CP process. The state space of a CP process is P(Q), the
probability measures on Q ⊂ Rd . This space is not closed under translation of measures,
a crucial property for our needs. We now show that for an ergodic CP process, this can
be remedied by extending the CP process at hand to a process whose states are Radon
measures on Rd that are normalized on Q. Denote this space by M Q(Rd).

Given a grid-size parameter p, define a Markov transition operator 1p :

C(M Q(Rd))→ C(M Q(Rd)) as in (4.1), where for θ ∈M Q(Rd) and λ ∈3,

θλ =
H〈Qλ, Q〉∗(θ)

θ(Qλ)
.

If ν̄ is a 1p-invariant distribution on M Q(Rd), the corresponding stationary process is
called an extended CP process, again denoted by (ν̄, p).

Clearly, if (ν̄, p) is an extended CP process, then the restriction

M Q(Rd) 3 θ 7→ θ |Q ∈ P(Q)

produces a CP process. We now reason that for ergodic CP processes, this correspondence
can be reversed.

LEMMA 4.2. Let (ν, p) be an ergodic (non-degenerate) CP process. Then there exists an
ergodic extended CP process (ν̄, p)†, from which the process (ν, p) can be recovered by
the restriction θ 7→ θ |Q .

Proof. Consider a slight revision of the CP process definition, for which the current state
also contains the information about the last transition to have occurred. The state space
here is P(Q)×3 and the transition

(θ, ·)→ (θλ, λ)

occurs with probability θ(Qλ).
Next, recall that any stationary process (Xn)n∈N may be naturally extended to a process

(Xn)n∈Z having the same finite-dimensional distributions. If (ν, p) is our ergodic CP
process (assumed as above to be P(Q)×3-valued), and (Xn)n∈N is the corresponding
P(Q)×3-valued stationary process, let (Xn)n∈Z denote its natural extension. Map any

† Here ν̄ is an invariant distribution on M Q(Rd ).
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sample path of (Xn)n∈Z, which we shall denote by (θn, λn)n∈Z, to a sequence (ϑn)n∈N of
measures in M Q(Rd) defined by ϑ0 = θ0 and

ϑn =
H〈Qwn , Q〉∗(θ−n)

θ−n(Qwn )

where wn = λ−n+1 . . . λ0 is a word in 3n . The non-degeneracy condition implies that
almost surely the sequence (ϑn)n∈N converges in M(Rd) to a measure ϑ ∈M Q(Rd).

Finally, Let ν̄ be the probability law induced from the process (Xn)n∈Z on M Q(Rd)

by this mapping. It is easy to verify that (ν̄, p) is an ergodic extended CP process, which
extends the original process (ν, p) in the required sense. 2

Throughout the sequel, an ergodic CP process is implicitly assumed to be given in its
extended form, with M Q(Rd) as state space. At our convenience, we can consider the
same ergodic CP process with P(Q) as state space, by restricting the measures to Q.

5. Discrete scaling scenery in CP processes
We now aim to establish a connection between ergodic CP processes and the uniform
scaling scenery property. We will prove the following theorem.

THEOREM 5.1. For an ergodic CP process (ν, p), ν-almost every measure θ ∈M(Rd)

has uniform scaling scenery. In fact, the map θ 7→ η[θ ] is ν-almost everywhere constant.

The proof is developed over this section and §6.
Our first step is to reformulate (extended) CP processes as equivalent dynamical

systems, and to relate their orbits to the scaling scenery. The standard way of passing from
our stationary process formalism to a dynamical system is to consider the product space
M Q(Rd)×M Q(Rd)× · · · with the shift operator and a probability measure, induced by
the transition probabilities. However, [F1, F2] suggested a simpler alternative for attaching
the ‘future path’ to an initial state θ ∈M Q(Rd), and thus admitting a dynamical system
formalism: the sequence of transitions θ 7→ θλ1 7→ θλ1λ2 7→ · · · corresponds to the choice
of a sequence of subcubes Q, Qλ1 , Qλ1λ2 , . . . that is decreasing to some point x ∈ Q.
It is easily verified that the probability law of the choice of the point x is none other
than θ itself. Therefore, instead of considering the state θ along with the ‘future path’
(θ, θλ1 , θλ1λ2 , . . .) ∈M Q(Rd)×M Q(Rd)× · · · we consider the couple (θ, x) where
x ∈ Q is chosen according to θ . This leads to the definition of a CP system. The measurable
space is a subspace of M Q(Rd)× Q. The transformation maps (θ,

∑
∞

n=1(λn/pn)) to
(θλ1 ,

∑
∞

n=1(λn+1/pn)). Finally, if the initial distribution of the Markov process is ν,
then the distribution on M Q(Rd)× Q will describe the choice of a measure θ according
to ν, followed by a choice of a point x according to θ . Formally, we have the following
definition.

Definition 5.2. Let (ν, p) be an (extended) ergodic CP process.
(1) Given θ ∈M(Rd), we define

|θ |0 = {x ∈ Rd
| ∀n ≥ 0.θ(Qn(x)) > 0} ⊂ |θ | = support(θ).

(2) Denote 8= {(θ, x) | θ(Q)= 1, and x ∈ |θ |0} ⊂M Q(Rd)× Q.
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(3) Define a map T :8→8 by

T (θ, x)=

(
H〈Qλ(x), Q〉∗(θ)

θ(Qλ(x))
, px − λ(x)

)
(5.1)

where λ(x) ∈3 is such that x ∈ Qλ(x).
(4) Recall that ν is a distribution on M Q(Rd). The measure µ on M Q(Rd)× Q,

defined by ∫
8

f (θ, x) dµ(θ, x)=
∫

M Q(Rd )

(∫
Q

f (θ, x) dθ(x)

)
dν(θ), (5.2)

is called the distribution adapted to ν†.
(5) The system (8, T, µ) is called the CP system corresponding to the (extended) CP

process (ν, p).

It is routine to check that (8, T, µ) is an ergodic measure preserving transformation.

Definition 5.3. Let 2≤ p ∈ N and x = (x1, . . . xd) ∈ Rd . Define‡

Q�x,n =
d∏

i=1

[
xi −

1
2

p−n, xi +
1
2

p−n
]
.

We continue to use the simplified symbol Q�x for Q�x,0 =
∏d

i=1[xi −
1
2 , xi +

1
2 ].

Note that Q�x,n is a cube of side length p−n , that Q�x,n+1 ⊂ Q�x,n for all n ∈ N,

and that x =
⋂

n∈N Q�x,n . We associate with {Q�x,n}n∈N the sequence of homotheties
{H〈Q�x,n, Q�x 〉}n∈N, where H〈Q�x,n, Q�x 〉 : Rd

→ Rd is the unique homothety that induces
a bijection from Q�x,n onto Q�x .

Definition 5.4. Let θ ∈M(Rd) be a Radon measure on Rd and x ∈ |θ |. The sequence
{θ�x,n}n∈N of probability measures on Q�x , defined by

θ�x,n =
H〈Q�x,n, Q�x 〉∗(θ)

θ(Q�x,n)

∣∣∣∣
Q�x

,

will be called the discrete scaling scenery of θ around x .

Recall that T n(θ, x) is an ordered pair, whose first coordinate is an ‘uncentered’
extended measure. Let us now relate it to the measure θ�x,n , which is ‘centered at x’. It
is easy to verify that they both are (restricted) blow-ups by pn of θ , which differ only by
translation of the origin, and by the cube on which they are normalized. This is formalized
as follows.

Definition 5.5.
(1) For y ∈ Rd , let τy : Rd

→ Rd be the translation map τy : x 7→ x + y. This maps acts
on M(Rd) by the push-forward

τy∗ : θ 7→ τy∗(θ). (5.3)

† Note that if an event occurs for µ-almost every (θ, x), then it occurs for ν-almost every θ ∈M Q(Rd ), and for
every such θ, it occurs for θ-almost every x ∈ Q.
‡ This notation agrees with that of Definition 2.1, up to a constant factor in timescale: here, the cube side length
is p−t

= e−t ·log p instead of e−t .
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(2) Suppose that (8, T, µ) is a CP system. For (θ, x) ∈8 and a point† y ∈ |θ |0, define
ψy(θ, x) ∈M(Rd) by

ψy(θ, x)=
τ(y−x)∗(θ)

θ(Q�y )

∣∣∣∣
Q�y

. (5.4)

In other words, ψy translates the extended measure θ by y (moving the reference point
from x to y), restricts it to a measure on the cube Q�y and normalizes it to obtain a
probability measure. In fact, (5.4) defines a map

ψ : {(y, (θ, x)) | (θ, x) ∈8 and y ∈ |θ |0} →M(Rd). (5.5)

The next lemma shows that this ψ is key in our discussion.

LEMMA 5.6. Let (8, T, µ) be a CP system and let (θ, x) ∈8. Then:
(1) θ�x,n = ψx (T n(θ, x)); and
(2) H〈Q�x , Q�0 〉∗(θ

�
x,n)= ψ0(T n(θ, x)).

Proof. (1) It will be convenient to write(θn, xn) ∈8 for T n(θ, x). We have

ψx (T
n(θ, x))= ψx ((θn, xn))=

τ(x−xn)∗(θn)

θn(Q�x )

∣∣∣∣
θ�x

= θ�x,n,

and the statement follows.
(2) We have

H〈Q�x , Q�0 〉∗(θ
�
x,n)= τ(−x)∗(θ

�
x,n)= τ(−x)∗(ψx (T

n(θ, x))),

where τ(−x)∗ acts on measures as defined in (5.3). But it is easy to verify that always
τ(−x)∗(ψx )= ψ0. 2

Note that the mapping θ 7→ θ(Q�y ), for some fixed y, is not necessarily weak-*
continuous as a function of θ . Hence the mapping ψy(·) is not, in general, continuous.
Fortunately, it is straightforward to show that ψ is a pointwise limit of measurable
functions, and hence measurable‡. In conclusion, θ�x,n = ψx (T n(θ, x)), where ψ is a
measurable map. We have thus recovered the discrete scaling scenery of θ around a point x ,
as a function of the T -orbit of the point (θ, x) ∈8.

6. Uniform scaling scenery in ergodic CP processes
We are now in position to prove Theorem 5.1, whereby almost every measure in an ergodic
CP process has uniform scaling scenery.

† Recall Definition 5.2.
‡ Take a sequence hm : Rd

→ R of continuous, compactly supported functions that converges pointwise to 1Q0 ,
such that 0≤ 1Q0 ≤ gm ≤ 1 for all m. Then the map

(y, (θ, x)) 7→ ψ
(m)
y (θ, x)=

τ(y−x)∗(θ)∫
Rd hm (x − y) dθ(x)

is measurable, indeed continuous, and ψ(m)y (θ, x)→ ψy(θ, x) as m→∞. See [G] for details.
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Proof. Let (8, T, µ) be the ergodic CP system corresponding to the given CP process
(ν, p). First note that if (θ, x) ∈8 then x ∈ |θ |0 (see Definition 5.2), so the scaling scenery
of θ around x is defined. Since C(P(Q�0 )) is separable, we can find a countable, dense
subalgebra A. Now, for ` ∈ N, ḡ = (g0, . . . , g`) ∈A and τ̄ = (τ0, . . . , τ`) ∈Q`+1, define
a mapping 9ḡ;τ̄ :8→ R by†

9ḡ;τ̄ (θ, x)=
∫ t=1

t=0

∏̀
i=0

gi ([ψ0(θ, x)]�0,t+τi
) dt. (6.1)

The following proposition shows that 9ḡ;τ̄ is well defined, integrable, and, most
importantly, that the ergodic averages of 9ḡ;τ̄ are exactly the limits we need to calculate.

PROPOSITION 6.1. For ` ∈ N, ḡ = (g0, . . . , g`) ∈A and τ̄ = (τ0, . . . , τ`) ∈Q`+1, the
function 9ḡ;τ̄ :8→ R satisfies the following.
(1) The integrand in (6.1) is defined for all (θ, x) ∈8, and the integral exists.
(2) 9ḡ;τ̄ is Borel measurable and, moreover, 9ḡ;τ̄ ∈ L1(8, µ).
(3) For all N ∈ N we have

1
N

N−1∑
n=0

9ḡ;τ̄ (T
n(θ, x))=

1
N

∫ t=N

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt. (6.2)

(4) If the limit (1/N )
∑N−1

n=0 9ḡ;τ̄ (T n(θ, x)) exists, so does the limit

lim
T→∞

1
T

∫ t=T

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt

and the two are equal.

Let us show how the rest of the proof follows from this proposition. For a given `,
ḡ ∈A and τ̄ ∈Q`+1, by the above proposition, 9ḡ;τ̄ is integrable on (8, µ). Appealing
to Birkhoff’s ergodic theorem, and taking the intersection over all `, ḡ and τ̄ , we can find
G ⊂8 with µG = 1 such that for every (θ, x) ∈ G, every ` ∈ N, and ḡ = (g0, . . . , g`) ∈A
and every rational `+ 1-tuple λ̄= (λ0, . . . , λ`) ∈Q`+1, the limit

lim
N→∞

1
N

N−1∑
n=0

9ḡ;λ̄(T
n(θ, x))

exists, and in fact

lim
N→∞

1
N

N−1∑
n=0

9ḡ;λ̄(T
n(θ, x))=

∫
8

9ḡ;λ̄ dµ. (6.3)

Now, Proposition 6.1 (to be proved below) implies that for every (θ, x) ∈ Ḡ, every
ḡ = (g0, . . . , g`) ∈A and every rational `+ 1-tuple λ̄= (λ0, . . . , λ`) ∈Q`+1, we have

lim
T→∞

1
T

∫ t=T

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+λi

)) dt =
∫
8̄

9ḡ;λ̄ dµ, (6.4)

† We use square brackets, e.g [θ ]�x,t , when the measure θ is given by a complex expression.
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and therefore the limit on the left is independent of the choice of (θ, x). Since µG = 1,
by the remark to Definition 5.2, we can assume that if (θ, x) ∈ G, then also (θ, y) ∈8 for
θ -a.e. y ∈ Q. Fix some (θ, x) ∈ G. Since for θ -a.e. y ∈ Q we have (θ, y) ∈ G, we find that
for any ` ∈ N, ḡ ∈A and λ̄ ∈Q`+1, the limit

lim
T→∞

1
T

∫ t=T

t=0

∏̀
i=0

gi (H〈Q�y , Q�0 〉∗(θ
�
y,t+λi

)) dt

exists and is identical for θ -almost every y ∈ Q. We thus find ourselves in the conditions of
Lemma 2.5, which implies that θ has uniform scaling scenery, and that the uniform scaling
process η[θ ] is uniquely determined by the values∫

P(Q�0 )R

(∏̀
i=0

fi (yλi )

)
dη(y).

However, by the definition of η[θ ],

lim
T→∞

1
T

∫ t=T

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+λi

)) dt =
∫

P(Q�0 )R

(∏̀
i=0

fi (yλi )

)
dη(y),

which was found in (6.4) to be independent of the choice of (θ, x) ∈ G. This means that
the map (θ, x) 7→ η[x, θ ]∼ is constant on G. 2

We still have to prove Proposition 6.1. Let us first observe a few useful properties of the
scaling scenery.

LEMMA 6.2. Suppose that (θ, x) ∈8. We have

θ�x,s+t = [θ
�
x,s]
�
x,t .

LEMMA 6.3. Let (8, T, µ) be a CP system. Suppose that (θ, x) ∈8. Then

[ψ0(T
n(θ, x))]�0,t =H〈Q�x , Q�0 〉∗(θ

�
x,n+t ).

LEMMA 6.4. Let θ ∈M(Rd) and 0 ∈ |θ |. The mapping R×M(Rd)→M(Rd) defined
by (t, θ) 7−→ θ�0,t is measurable both in t and in θ .

Proof of Proposition 6.1. By Lemma 6.4, the integrand is a composition of measurable and
continuous functions, hence measurable as a function of t . Since it is also bounded, we find
that the integral above exists and is finite. A similar argument shows that9ḡ;τ̄ ∈ L1(8, µ).

Next, for n ∈ N we have

9ḡ;τ̄ (T
n(θ, x)) =

∫ t=1

t=0

∏̀
i=0

gi ([ψ0(T
n(θ, x))]�0,t+τi

) dt

=

∫ t=1

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,n+t+τi

)) dt

=

∫ t=n+1

t=n

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt,
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where we have used Lemma 6.3. This yields

1
N

n−1∑
n=0

9ḡ;τ̄ (T
n(θ, x))=

1
N

∫ t=N

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt,

which justifies (6.2).
Next, assume that the limit

lim
N→∞

1
N

n−1∑
n=0

9ḡ;τ̄ (T
n(θ, x))

exists. We have

lim
N→∞

1
N

n−1∑
n=0

9ḡ;τ̄ (T
n(θ, x))= lim

N→∞

1
N

∫ t=N

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt.

Now, denote M =max0≤i6` sup|gi |, so

lim
T→∞

∣∣∣∣ 1
T

∫
dT e

T

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt

∣∣∣∣≤ lim
T→∞

1
T

∫
dT e

T
M`+1

= 0,

where dT e is the upper integer value of T . But (6.2) implies that

lim
T→∞

1
T

∫ T

0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt

= lim
T→∞

dT e

T
·

1
dT e

∫
dT e

0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt

= lim
N→∞

1
N

∫ t=N

t=0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt

= lim
N→∞

1
N

n−1∑
n=0

9ḡ;τ̄ (T
n(θ, x)).

We thus find that if the limit limN→∞(1/N )
∑n−1

n=0 9ḡ;τ̄ (T n(θ, x)) exists, then it must
equal

lim
T→∞

1
T

∫ T

0

∏̀
i=0

gi (H〈Q�x , Q�0 〉∗(θ
�
x,t+τi

)) dt. 2

COROLLARY 6.5. The classical Cantor measure has uniform scaling scenery.

Proof. Let γ be the classical (ternary) Cantor measure on [0, 1] and let δγ be the
probability distribution on P(Q) that is supported on {γ }. Clearly, (δγ , p) is a CP process
on Q ⊂ R1 for p = 3. As a stationary process, it is isomorphic to the Bernoulli shift ( 1

2 ,
1
2 ),

and is therefore a (non-degenerate) ergodic CP process†. Now apply Theorem 5.1. 2

† It is interesting to observe that the situation is far from being this simple for other choices of grid-size parameter,
say p = 2.
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Note that, as in the case of a typical Brownian occupation measure, the map x 7→
η[x, γ ]∼ is γ -a.e. constant, but not everywhere constant: if x is an endpoint of a ternary
interval, then the empirical scaling process of γ at x differs from the uniform scaling
process.

Remark 6.6. Theorem 5.1 implies that we can map any ergodic CP system (8, T, µ) to
its corresponding unique uniform scaling process η. We raise the question of whether this
mapping is onto. More precisely, consider an arbitrary measure-valued stationary process
in continuous time, which arises as the uniform scaling process that is attached to a measure
with uniform scaling scenery. Can this process be obtained as the unique uniform scaling
process, corresponding to some ergodic CP process†?

7. Uniform scaling scenery in self-similar measures
In this section we prove Theorem 3.2. The proof exploits Theorem 5.1, and is an example
of the general approach [F2] for applying the CP process notion to problems in fractal
geometry. In this section, we only need to consider CP processes on Q, and not their
extension to Rd .

Let X ⊂ Rd be a closed set. Recall the following [Fa].
(1) An iterated function system (IFS) of contracting similitudes is a family of affine maps

φ1, . . . , φn : X→ X such that

‖φi (x)− φi (y)‖ = ci‖x − y‖

for some contraction factors 0< ci < 1, i = 1 . . . N .
(2) A compact set A ⊂ X is called an attractor of the IFS (φ1, . . . , φn) if

A =
n⊎

i=1

φi (A).

(3) A measure µ on an attractor A of the IFS (φ1, . . . , φn) is called a self-similar
measure associated with the probability vector (p1, . . . , pn) if

µ=

n∑
i=1

pi · φi∗(µ). (7.1)

(4) The IFS (φ1, . . . , φn) is said to satisfy the open set condition if there exists V ⊂ X
open, such that

⋃n
i=1 φi (V )⊂ V and φi (V ) ∩ φ j (V )= ∅ for all i 6= j .

(5) An IFS on a closed set X ⊂ Rd has a unique non-empty attractor A.
(6) For the IFS of contracting similitudes (φ1, . . . , φn) that satisfies the open set

condition, the Hausdorff dimension of its attractor A is the unique solution s to the
equation

n∑
i=1

(ci )
s
= 1 (7.2)

where ri is the contraction factor of the map φi , for i = 1, . . . , n.

† This question is due to Furstenberg [FP] and is addressed in a work in progress by Hochman [H].
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(7) For any probability vector (p1, . . . , pn) there is a unique associated self-similar
measure µ on A. If p1, . . . , pn > 0, then |µ| = A.

The Cantor measure, or its analog on the Sierpińiski triangle, are popular examples of
self-similar measures.

The general CP processes technique, which we now employ, is outlined in [F2]. There,
the notions of ‘mini-set’, ‘micro-set’ and ‘gallery’ are central. We start with the analogous
definitions in the world of probability measures on Q.

Definition. (Mini-measures and micro-measures.) Suppose that θ ∈ P(Q).
(1) A measure ν ∈ P(Q) is called a mini-measure of θ if ν = ( f∗θ)

∣∣
Q (namely, f∗θ re-

stricted to Q) for some f : Rd
→ Rd of the form f : x 7→ λx + u , where R 3 λ≥ 1

and u ∈ Rd .
(2) A measure ν ∈ P(Q) is called a micro-measure of θ if there exists a sequence

(νn)
∞

n=1 of mini-measures of ν, such that νn→ ν in the weak-* topology of P(Q).
(3) A measure θ ∈ P(Q) is called homogeneous if any micro-measure of θ is actually a

mini-measure (that is, if the set of mini-measures of θ is weak-* closed).
(4) A measure θ ∈ P(Q) is called recurrent homogeneous if it is homogeneous, and is a

mini-measure of each of its own mini-measures.

Consider a general probability measure θ1 on Q. We now claim that for any grid-size
parameter p, there exists a (non-degenerate) ergodic CP process that is supported on micro-
measures of θ1 (following [F2, §4]).

Informally, the idea is as follows. Regardless of our choice of dimension d and grid-size
parameter p, the state-space P(Q) of the Markov chain, underlying the CP processes on
Q ⊂ Rd , is compact. Hence, the set of stationary distributions ν is non-empty, compact,
convex, and spanned by its extremals, which produce ergodic CP processes. This means
that an extremal stationary distribution ν ∈ P(Q), for which (ν, p) is an ergodic CP
process, exists. Formally, we appeal to the following result [F2, Theorem 5.1].

THEOREM. Let Q ⊂ Rd be the unit cube, and choose p ≥ 2. Suppose that G ⊂ P(Q) is a
(weak-*) closed subset, with the property that for each θ ∈ G, all the micro-measures of θ
are also in G. Then there exists an ergodic CP process (ν, p), where ν is a distribution on
P(Q) supported on G, such that for ν-almost every θ ∈ P(Q), dim|θ | = supθ ′∈G{dim|θ ′|}.

Here and below, dim|θ | stands for the Hausdorff dimension of the support of θ . Recall the
technical condition of ‘non-degeneracy’ of a CP process (Definition 4.1).

COROLLARY 7.1. Let θ1 ∈ P(Q) with dim|θ1|> 0. Then there exists a (non-degenerate)
ergodic CP process (ν, p), where ν is a distribution on P(Q) that is supported on the set
of micro-measures of θ1.

Proof. Let Q ⊂ Rd and let G ⊂ P(Q) be the smallest (weak-*) closed set in P(Q) that
contains θ1 and is closed under the maps θ 7→ θλ for any λ ∈3. Then all elements of G
are micro-measures of θ1. Invoking the above theorem, we obtain an ergodic CP process
(ν, p), where ν is a distribution on P(Q) that is supported on G, such that for ν-almost
every θ ∈ P(Q),

dim|θ | = sup
θ ′∈G
{dim|θ ′|} ≥ dim|θ1|> 0. (7.3)
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It follows from (7.3) that the ergodic CP process (ν, p) is not degenerate on the unit cube
Q ⊂ Rk for some 1≤ k 6 d [G]. 2

Now we can harvest results. Let θ1 ∈ P(Q) be any probability measure with dim|θ1|>

0. Using Corollary 7.1 and restricting Q to a subspace Rk (1≤ k ≤ d ) if necessary,
construct a non-degenerate ergodic CP process (ν, p), supported on the micro-measures
of θ1. By Theorem 5.1, for ν-almost every θ ∈ P(Q), θ has uniform scaling scenery. Let
θ be such a measure. Since ν is supported on micro-measures of θ1, θ is a micro-measure
of θ1. We thus obtain the following corollary.

COROLLARY. Any measure θ ∈ P(Q) with dim|θ |> 0 has a micro-measure with uniform
scaling scenery.

If, in addition, ν is homogeneous, then θ above must be a mini-measure of θ1. Therefore
we have the following corollary.

COROLLARY. Any homogeneous measure θ ∈ P(Q) with dim|θ |> 0 has a mini-measure
with uniform scaling scenery.

Finally, if θ1 happens to be recurrent homogeneous, it is a mini-measure of each of its own
mini-measures. In particular, it is a mini-measure of its measure θ1 that has uniform scaling
scenery. But the property of uniform scaling scenery is clearly inherited by mini-measures,
as it is independent of scale. Since θ has uniform scaling scenery, and θ1 is a mini-measure
of θ, we conclude that θ1 has uniform scaling scenery. Concisely, we have the following
corollary.

COROLLARY 7.2. Any recurrent homogeneous measure θ ∈ P(Q) with dim|θ |> 0 has
uniform scaling scenery.

We are finally in position to prove Theorem 3.2.

Proof. For the sake of brevity, we discuss the special case where (φ1, . . . , φn) are
homotheties. The general case, where (φ1, . . . , φn) are similitudes, requires the additional
observation that the uniform scaling scenery property is preserved under orthogonal
transformations. Assume that A is the attractor of the IFS of contracting homotheties
(φ1, . . . , φn), which satisfies the open set condition, and let θ be a self-similar probability
measure on A corresponding to the strictly positive probability vector (p1, . . . , pn). Since
the family of mini-measures of θ is a continuous image of a compact set, it is clearly closed
in P(Q). The defining property of self-similar measures (7.1) implies that θ is a mini-
measure of each of its own mini-measures. Thus θ is recurrent homogeneous. Since n ≥ 2,
namely since the IFS at hand consists of two maps or more, (7.2) implies that its attractor
must have strictly positive Hausdorff dimension. Now apply Corollary 7.2. 2
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