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Abstract. Given a two-parameter family of three-dimensional diffeomorphisms{fa,b}a,b,
with a dissipative (but not sectionally dissipative) saddle fixed point, assume that a special
type of quadratic homoclinic tangency of the invariant manifolds exists. Then there is a
return mapf n

a,b, near the homoclinic orbit, for values of the parameter near such a tangency
and for n large enough, such that, after a change of variables and reparametrization
depending onn, this return map tends to a simple quadratic map. This implies the existence
of strange attractors and infinitely many sinks as in other known cases. Moreover, there
appear attracting invariant circles, implying the existence of quasi-periodic behaviour near
the homoclinic tangency.

1. Introduction
1.1. Motivation. A major problem in dynamical systems is how to describe the typical
asymptotic behaviour of trajectories as time (continuous or discrete) goes to infinity. Two
objects are crucial in this description: invariant manifolds and, in the dissipative case,
attracting sets and, in particular, strange attractors.

With invariant manifolds, the existence of homoclinic orbits plays a fundamental role in
the development of the chaotic behaviour observed in many systems. It is known that the
presence of transversal intersections of the invariant manifolds of a periodic orbit produce
hyperbolic behaviour of orbits via the creation of horseshoe maps. The situation changes
dramatically when a homoclinic bifurcation appears in a family of dynamical systems. In
this case non-hyperbolic objects like strange attractors arise.

In recent years, effort has been devoted to prove the existence and persistence of strange
attractors in several scenarios. In the case of the logistic family, Jakobson [10] was able
to prove the existence of strange attractors for a subset of positive measure on the space of
parameters. Later, Benedicks and Carlesson [2] showed a similar theorem for the strongly
dissipative Hénon family. An application of the methods of Benedicks and Carlesson was
performed by Mora and Viana [13], where their results were generalized to the setting of
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FIGURE 1. Two-dimensional strange attractor for a two-dimensional non-invertible map.

generic one-parameter families of surface diffeomorphisms, having a quadratic homoclinic
tangency related to a dissipative saddle periodic point. A generalization to any dimension
larger than two was performed by Viana [22] in the sectionally dissipative case (when the
product of any pair of eigenvalues of the saddle is less than 1 in absolute value). All the
proofs of these theorems are based on the observation that the dynamics in a suitable subset
of the phase space is very close to the dynamics of the logistic family. Moreover, all the
strange attractors found, even in the multi-dimensional case, have topological dimension
equal to one.

However, there are simple quadratic maps in dimension two (non-invertible) and in
dimension three (invertible and with constant Jacobian) for which strange attractors of
topological dimension equal to two seem to appear. At least there is some numerical
evidence of this fact. We give two examples, one in dimension two and the other in
dimension three.

First consider the mapfa,b : R
2 −→ R

2 given byfa,b(x, y) = (a + bx − y2, x), with
a = 1 andb = 0.3. We have taken as the initial point(x, y) = (0, 0.1), performed a
transient of 106 iterates and drawn the next 105 consecutive iterates in Figure 1. We note
that detDfa,b(x, y) = 2y and, therefore, the map is non-invertible.

In the three-dimensional case we takega,b,c(x, y, z) = (a + bx + z − y2, x, cy) which
has been obtained by fattening the previous map. Now the Jacobian determinant is constant
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and equal toc. Figure 2 displays two views of 105 iterates of a point in a two-dimensional
strange attractor, having the shape of a folded handkerchief. The corresponding values of
the parameters area = 1.5, b = 0.1 andc = 0.18. Intersections of the strange attractor
with the planesx = −1.3 (P1), x = 0.1 (P2), x = 1.3 (P3) andx = 1.7 (P4) are drawn in
Figure 3.

As we will see later, the previous mapsfa,b andga,b,c are very important in two senses.
On the one hand,fa,b andga,b,c have only one quadratic term and the others are linear.

Therefore, they can be considered as the simplest families of maps in dimensions two
and three, respectively, for which there is numerical evidence of the existence of strange
attractors of topological dimension equal to two.

On the other hand, the dynamical behaviour of the non-invertible mapfa,b serves
as a model of the behaviour of the orbits of a family of maps having a special type of
codimension-two homoclinic tangency that we shall callgeneralized homoclinic tangency.
Thus, we have a codimension-two global bifurcation that seems to force the existence
of two-dimensional strange attractors for a set of values of the parameters of non-zero
Lebesgue measure. Moreover, as the familyfa,b exhibits quasi-periodic invariant circles,
infinitely many sinks, and one-dimensional strange attractors, the same occurs for the
initial family of diffeomorphisms. We shall prove the existence of all these objects except
the two-dimensional strange attractor.

1.2. Statement of results.We begin with some definitions concerning fixed points of a
diffeomorphism.

Let M be an m-dimensional smooth manifold and letf : M −→ M be a
diffeomorphism. Suppose thatp ∈ M is a fixed point off (f (p) = p), and denote
by λ1, . . . , λm the eigenvalues ofDf (p).

Definition 1.1.
1. We say thatp is dissipativeif the product of the eigenvalues ofDf (p) is less than 1

in absolute value.
2. If, in addition, |λiλj | < 1 for all i, j ∈ {1, . . . ,m} such thati 6= j , we callp a

sectionally dissipativefixed point.
3. Theindex of stabilityof p is the number of eigenvalues of absolute value less than 1.
4. The fixed pointp is a (hyperbolic)saddle if all the eigenvalues ofDf (p) have

absolute value different from 1, and its index of stability is different from 0 andm.

By the stable manifold theorem (see, for example, Palis and de Melo [15]), given a
saddle fixed pointp there exist the stable and unstable invariant manifolds that we denote
by Ws(f, p), andWu(f, p) respectively, and are defined by

Ws(f, p) =
{
q ∈ M : lim

n→∞ f n(q) = p
}
, Wu(f, p) = Ws(f −1, p).

As usual, if it is not necessary, we shall not write explicitly the dependence of the invariant
manifolds on the mapf .

Moreover, there are other invariant objects that we are interested in. Suppose that
dimM = 3, p is a saddle fixed point and|λ1| < |λ2| < 1 < |λ3|. Given a smooth
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(a)

(b)

FIGURE 2. Two-dimensional strange attractor for a three-dimensional diffeomorphism: (a) in the three-
dimensional space; (b) projected on thexz-plane.
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(a) (b)

(c) (d)

FIGURE 3. Intersections of the strange attractor of Figure 2 with the planes (a)P1, (b) P2, (c) P3 and (d)P4. See
the strong differences in the scales.

submanifoldN ⊂ M, we write

Li(N) := {(x, L) : x ∈ N,L is ani-dimensional linear subspace ofTxM

andTxN ∩ L 6= {0}},

and denote byEcu (respectivelyEss) the invariant linear subspace ofTpM associated to
the eigenvaluesλ2 andλ3 (respectivelyλ1). Let F1 : L1(W

s(p)) −→ L1(W
s(p)) and

F2 : L2(W
u(p)) −→ L2(W

u(p)) be maps induced byf on the respective spaces.

On the one hand,(p,Ess) is a fixed point ofF1 with eigenvaluesλ1, λ2 andλ2λ
−1
1 .

Note that the corresponding stable manifoldWs(p,Ess) has dimension two since|λ1| <

|λ2| < 1 < |λ2λ
−1
1 |.

On the other hand,(p,Ecu) is a fixed point ofF2 with eigenvaluesλ3 andλ1λ
−1
2 . In

this case|λ1λ
−1
2 | < 1 < |λ3| and, therefore,Wu(p,Ecu) is a one-dimensional manifold.

Note, moreover, that the planes of this vector bundle are tangent toWu(p) by the definition
of L2(W

u(p)).

Using these invariant manifolds, we can give the following definitions.
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Definition 1.2. Suppose thatf is as before andp is a saddle fixed point.

1. If |λ1| < |λ2| < 1 < |λ3|, the foliationF ss(p) induced byWs(p,Ess), is called the
strong stable foliationof p. Moreover, theunstable invariant tangent bundleof p is
the vector bundleWu(p,Ecu).

2. If |λ1| < 1 < |λ2| < |λ3|, thestrong unstable foliationof p, denoted byFuu(p)

is the strong stable foliation ofp with respectf −1 and thestable invariant tangent
bundleof p is the unstable invariant tangent bundle ofp with respect tof −1.

Let {fa}a∈V be a smooth family of diffeomorphisms in ann-dimensional smooth
manifoldM. This means thata ∈ V ⊂ R

m is a parameter,V is an open subset and that
there exists a smooth mapf : M ×V 7→ M such thatfa = f (·, a) and eachfa : M 7→ M

is a diffeomorphism.

Let us suppose that fora = a0, fa0 has a dissipative saddle fixed pointp0 ∈ M. Taking
V smaller if necessary, we can assume that for alla ∈ V , fa has a dissipative saddle fixed
pointp(a).

Assume thatq is a non-transverse homoclinic point of the mapfa0. Then, for values
of the parameter neara0, for pointsr nearq, andn ∈ N large enough (depending on the
distance betweenq andr and betweena anda0) f n

a (r) is nearq. This allows us to define
a return map near the homoclinic point. There are some known cases in which this return
map has a simple limit (in a suitable way) whenn tends to infinity.

• Whenn = 2, m = 1 and there exists a generically unfolding quadratic homoclinic
tangency, the limit map is the logistic map. Several phenomena can be observed as:
existence of a non-zero Lebesgue measure setA, in the parameter space, such that
if a ∈ A the mapfa exhibits a strange attractor (see Mora and Viana [13]); and
coexistence of infinitely many attractors (see, for example, Newhouse [14] and Palis
and Takens [16]). Moreover, the non-transverse homoclinic orbit is in the closure of
the parameter values for which there are attracting periodic orbits, and it is possible
to get some information about the shape of the basin of attraction of these orbits (see
Tatjer and Sim´o [21]).

• Whenn is arbitrary,m = 1, dimWu(p0) = 1, there exists a generically unfolding
quadratic homoclinic tangency andp0 is sectionally dissipative, then the limit return
map is the logistic map. There are similar results concerning the coexistence of
infinitely many sinks (see Palis and Viana [17]) and strange attractors (see Viana
[22]).

• Whenn = 2, m = 2 and the non-transverse homoclinic tangency is cubic, then
the limit map is a one-dimensional cubic map. In this case it is possible to prove the
existence of cusp and codimension-two flip bifurcations associated to this bifurcation
(see Tatjer [20]).

• Whenn is arbitrary,m = 1 and there is a hyperbolic fixed point of index of stability
1 ≤ s ≤ n − 2, such that, for some value of the parameter, its stable and unstable
invariant manifolds have a generically unfolding quadratic tangency of codimension
greater than or equal to 2 then, in general, infinitely many sinks or strange attractors
do not appear. However, analogous results to the first and second items can be
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proven, if sinks are replaced by periodic orbits of indexs + 1 and strange attractors
by strange saddle sets. See Romero [18].

Definition 1.3. (See Viana [22].) We define anattractor of a transformationf to be a
compact,f -invariant and transitive setA whose basinWs(A) = {z ∈ M : d(f n(z),A) →
0 asn → ∞} has non-empty interior. We call the attractorstrangeif it contains a dense
orbit {f n(z1) : n ≥ 0} displaying exponential growth of the derivative:

‖Df n(z1)‖ ≥ ecn for all n ≥ 0 and somec > 0.

This definition does not specify how many expanding directions the mapf has at
the pointz1. In any case, all the strange attractors found in the cited cases have only
one expanding direction. Another definition of a strange attractor with two expanding
directions is given in Viana [23].

The main goal of this paper is to obtain other cases in dimensionn = 3 for which
there exist limit return maps. This means we need to delete the condition of sectional
dissipativeness. As, in general, a one-parameter family of diffeomorphisms without this
condition does not have such a limit map, we must add one more parameter (m = 2) and
a new condition over the homoclinic tangency. This new type of homoclinic tangency will
be calledgeneralized homoclinic tangency, and will be defined in §2. The existence of
these limit return maps allow us to find some phenomena associated to this new type of
tangency.

The role that the saddle-node bifurcation plays in the two-dimensional case (n = 2 and
m = 1) will be played in the three-dimensional case by the Bogdanov–Takens bifurcation.
We recall that for such a bifurcation of periodic points, the corresponding spectrum has
one double eigenvalue equal to 1, with associated eigenspace of dimension 1. See §2 for
more details. In particular, we shall find invariant circles and, therefore, quasi-periodic
behaviour.

Before giving our main results we will introduce a linearization assumption which
simplifies the study of families of diffeomorphisms, and the definition of families oflimit
return mapsassociated to a homoclinic tangency.

From now on, we suppose that the family{fa}a∈V is defined on a smooth manifoldM
of dimension three,p(a) is a saddle for alla ∈ V , and the eigenvalues ofp(a) satisfy
|λ1| < |λ2| < |λ3|.
Definition 1.4. We say that{fa}a∈V satisfies thelinearization assumptionwith respect to
the map of fixed pointsp(a) if there exist an open (unbounded) setU ⊂ R

3+k and aCs

(s ≥ 3) mapx : U 7→ M such that:
1. 3(U) = U , where3(t1, t2, t3, a) = (λ1t1, λ2t2, λ3t3, a) for (t1, t2, t3, a) ∈ R

3+k;
2. U is either a neighbourhood of{(t1, t2, t3) : (t2

1 + t2
2)t3 = 0} × V if |λ1| < |λ2| < 1

and |λ3| > 1, or a neighbourhood of{(t1, t2, t3) : (t2
2 + t2

3)t1 = 0} × V if
|λ1| < 1 < |λ2| < |λ3|;

3. x(0, 0, 0, a) = p(a) for all a ∈ V ;
4. x(λ1t1, λ2t2, λ3t3, a) = fa(x(t1, t2, t3, a)) for (t1, t2, t3, a) ∈ U .

We note that if the family is linearizable the invariant manifolds have natural

https://doi.org/10.1017/S0143385701001146 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001146


256 J. C. Tatjer

parametrizations. For example, if|λ1| < |λ2| < 1 < |λ3| then

Ws(p(a)) = {q ∈ M : q = x(t1, t2, 0, a) for some(t1, t2) ∈ R
2},

Wu(p(a)) = {q ∈ M : q = x(0, 0, t3, a) for somet3 ∈ R}.

On the other hand, the leaves of the strong stable foliation ofp(a) are parametrized
by the mapsx(t, t̄2, 0, a) with t a real parameter small enough andt̄2 a small constant.
Moreover, the fiber of the unstable tangent vector bundle at a pointx(0, 0, t3, a) of
Wu(p(a)) is generated by the vectorsD2x(0, 0, t3, a) and D3x(0, 0, t3, a) (tangent to
Wu(p(a))).

In the case|λ1| < 1 < |λ2| < |λ3|, the leaves ofFuu(p(a)) are parametrized by
x(0, t̄2, t, a) and the fiber of the stable vector bundle atx(t1, 0, 0, a) is generated by the
vectorsD1x(t1, 0, 0, a) andD2x(t1, 0, 0, a).

The linearization assumption is a generic condition (open and dense) for families of
diffeomorphisms having saddle fixed points. Indeed, we only need to have aCs conjugacy
of the map near the fixed point to its linear part (see, for example, Banyagaet al [1]).
Then we use the mapsfa andf −1

a to build up the mapx. Moreover, we can use, for all
a ∈ V , the inverse ofx(·, a) in some neighbourhood of the fixed pointp(a) as a local chart
of M. In these coordinates we have thatgn

a (t1, t2, t3) = x−1
a x(λn

1t1, λ
n
2t2, λ

n
3t3, a), where

xa(t1, t2, t3) = x(t1, t2, t3, a), gn
a = x−1

a ◦ f n
a ◦ xa and(t1, t2, t3) andx(t1, t2, t3, a) are in

a small neighbourhood of(0, 0, 0).

The following remark will be used repeatedly.

Remark 1.5.Without loss of generality, when we take a family{fa}a∈V of
diffeomorphisms satisfying the linearization assumption, we can suppose thatM = R

3 and
p(a) = 0, for alla ∈ V . Moreover, consider the setsA1 = {(t1, t2, t3) ∈ R

3 : (t2
1 + t2

2)t3 =
0} × V , A2 = {(t1, t2, t3) ∈ R

3 : (t2
2 + t2

3)t1 = 0} × V , B1 = {(t1, t2, 0) : t2
1 + t2

2 ≤ 3}
andB2 = {(t1, 0, 0) : |t1| ≤ 3}. The linearization assumption allows us to suppose (via a
change of coordinates and reparametrization if necessary) that if|λ1| < |λ2| < 1 < |λ3|
(respectively|λ1| < 1 < |λ2| < |λ3|) there exists aCk-map (k ≥ 3) xf defined on a
neighbourhoodUf of A1 (respectivelyA2) such that:

1. if (t1, t2, t3, a) ∈ Uf then (λ1t1, λ2t2, λ3t3) ∈ Uf and fa(xf (t1, t2, t3)) =
xf (λ1t1, λ2t2, λ3t3, a);

2. for some neighbourhoodU1,f of B1 (respectivelyB2) the mapxf (·, ·, ·, a) restricted
to U1,f is the identity, for alla ∈ V .

Definition 1.6. Let {fa}a∈V be a smooth family of diffeomorphisms in somem-
dimensional manifoldM depending on a parametera ∈ V ⊂ R

k, V being an open subset.
Suppose that fora = a0 there exists a homoclinic orbitO0 of some dissipative fixed point.
We say the family{fa}a∈V has a family oflimit return mapsassociated to the homoclinic
orbit O0, in theCl topology if there exist a point of the orbitq and a natural numberN ,
such that for any positive integern ≥ N there exist reparametrizationsa = Mn(ã) of thea

variable and̃a-dependent coordinate transformationsx = 9n,ã(x̃) satisfying the following
properties:
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1. for each compact setK in the(ã, x̃) space the images ofK under the maps

(ã, x̃) 7→ (Mn(ã),9n,ã(x̃))

converge, forn → ∞, in the(a, x) space, to(a0, q);
2. the domains of the maps

(ã, x̃) 7→ (ã, (9−1
n,ã

◦ f n
Mn(ã) ◦ 9n,ã))

converge, forn → ∞, to all of Rm+k , and the maps converge, in theCl topology to
some map of the form

(ã, x̃) 7→ (ã, f̃ã(x̃)).

In such a case, the map̃fã will be called alimit return mapand{f̃ã}ã∈Rk a family of limit
return maps associated to the homoclinic orbitO0.

In the next theorem we study a special type of codimension-two homoclinic tangency
that we call generalized homoclinic tangency. Suppose, as before, thatp(a) is a saddle
fixed point offa , a ∈ V ⊂ R

2, with eigenvalues satisfying|λ1| < |λ2| < |λ3|. We
distinguish the cases|λ2| < 1 and|λ2| > 1.
• Let |λ2| < 1. The following properties hold for a family{fa}a∈V having

a generalized homoclinic tangency of type I(respectively oftype II) between
Ws(p(a)) andWu(p(a)) atq ∈ Ws(p(a0)) ∩ Wu(p(a0)).
1. Ws(p(a0)) andWu(p(a0)) have a quadratic tangency atq, andq does not

belong to the strong stable manifold ofp(a0).
2. Wu(p(a0)) is tangent (respectively not tangent) atq to the leaf ofF ss(p(a0))

atq.
3. The fiber of the unstable tangent bundle ofp(a0) at q is not tangent

(respectively tangent) toWs(p(a0)) atq.
• If |λ2| > 1 we say that{fa}a∈V has a generalized homoclinic tangency if{f −1

a }a∈V

has a generalized homoclinic tangency.
These types of tangencies will be studied in detail in §2.

Our main theorem describes the dynamical behaviour of a two-parameter family of
three-dimensional diffeomorphisms having a generalized homoclinic tangency, in several
situations. We note that the corresponding fixed point is never sectionally dissipative.

THEOREM 1. Let {fa,b}a,b be a two-parameter family of three-dimensional diffeomor-
phisms having a hyperbolic dissipative fixed pointp0 for (a, b) = (0, 0) with eigenvalues
λ1, λ2 andλ3. Assume that either|λ1| < |λ2| < 1, |λ3| > 1, |λ1λ3| < 1 and |λ2λ3| > 1
(case A), or|λ1| < 1, |λ3| > |λ2| > 1 (case B). Moreover, we suppose that the invariant
manifolds ofp0 have a generalized homoclinic tangency which unfolds generically and the
familyfa,b satisfies the linearization assumption. Then:
1. For n large enough there are values of the parameter(an, bn) for which the map

fa,b undergoes a genericn-periodic Bogdanov–Takens bifurcation. Moreover,
(an, bn) → (0, 0) whenn → ∞.

2. There exists a family of limit return maps{f̃ã,b̃}(ã,b̃)∈R2 associated to the generalized
homoclinic tangency, such that:
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(a) if |λ1| < |λ2| < 1, |λ3| > 1, |λ1λ3| < 1 and|λ2λ3| > 1 then

f̃ã,b̃(x̃, ỹ, z̃) = (z̃, b̃z̃, ã + ỹ + z̃2),

or
f̃ã,b̃(x̃, ỹ, z̃) = (0, z̃, ã + b̃ỹ + z̃2),

depending on the type of generalized homoclinic tangency (I or II
respectively);

(b) if |λ1| < 1, |λ3| > |λ2| > 1 then

f̃ã,b̃(x̃, ỹ, z̃) = (z̃, ã + b̃ỹ + z̃2, ỹ).

3. (a, b) = (0, 0) is in the closure of the set of parameter values for which there exist
differentiable invariant circles. In case A, the circles can be of attracting or saddle
type (attracting or repelling inside the centre manifold), depending on the geometry
of the tangency. In case B the circles are always attracting.

4. (a, b) = (0, 0) is in the closure of the set of parameter values for which there are
attracting periodic orbits.

5. There is a setE of parameter values such that its intersection with any
neighbourhood of(0, 0) has positive Lebesgue measure, and for(a, b) ∈ E the
diffeomorphismfa,b exhibits a strange attractor near the orbit of tangency.

6. There are open setsU ⊂ R
2 arbitrarily near (0, 0) such that for a generic(a, b) ∈ U

the mapfa,b has infinitely many sinks.

Remark 1.7.The two quadratic maps that appear in the previous theorem (case A) are
conjugate ifb̃ 6= 0. Whenb̃ = 0 they are not conjugate but if we restrict the first map to
the planẽy = 0 and the second tõx = 0, we obtain the same two-dimensional map. These
restrictions are logistic maps in both cases.

Immediately, one can see that the limit return maps in Theorem 1 (case A) are essentially
the Hénon map and in Theorem 1 (case B) the non-invertible quadratic map that we called
fa,b in the previous subsection. This means that the second situation (when the unstable
invariant manifold has dimension two) is the natural setting in which topologically two-
dimensional strange attractors must show up. The main difference between Theorem 1 and
the results of Viana in the sectionally dissipative case is the existence of Bogdanov–Takens
and Hopf bifurcations, and (attracting or saddle) invariant circles. As we shall see, the
return maps in case A for which these bifurcations occur can be seen, restricted to a centre
manifold of dimension two, as ‘perturbations of the conservative H´enon map’.

We want to point out that the strange attractors of Theorem 1 are topologically one-
dimensional. We are not able to prove, for the moment, the existence of two-dimensional
strange attractors. As far as we know, only Viana [23] has shown the existence of such
attractors, but for a simpler case.

On the other hand, the shape of any strange attractor is very complicated. Indeed, it is
the closure of an unstable invariant manifold. However, as we shall see, near a generalized
homoclinic tangency there are one-dimensional strange attractors contained in a two-
dimensional center manifold. However, this would not be the case for the topologically
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two-dimensional strange attractors. In this sense, the interesting dynamical phenomena are
fully three-dimensional.

The last theorem involves the classification of certain quadratic maps in dimensions two
and three. As is known, all the non-trivial quadratic maps inR

2 with constant Jacobian are
conjugate to a map of the H´enon family. We shall prove that the limit return map of
Theorem 1 (case B) is also representative of all the quadratic maps inR

2 whose second
iterate is also quadratic. Moreover, we find the simplest quadratic map inR

3 that can be
taken as a model to study chaotic behaviour. We note that the two model quadratic maps are
preciselyfa,b andga,b,c which we used to give two examples of two-dimensional strange
attractors in the first section of the introduction.

THEOREM 2.

1. Let f : R
2 7→ R

2 be a quadratic map such thatf ◦ f is also quadratic. Suppose
that f does not have any invariant linear foliation. Then it is linearly conjugate to
the map(x, y) 7→ (a + bx − y2, x) for some real numbersa andb.

2. Letf : R
3 7→ R

3 be a quadratic map such thatf ◦ f is also quadratic and having
constant Jacobian. Suppose thatf does not have any invariant linear foliation. Then
it is linearly conjugate to the map(x, y, z) 7→ (a +bx + z−y2, x, cy) for some real
numbersa, b andc.

It seems natural, at this moment, that to prove the existence of topologically two-
dimensional strange attractors, it is necessary, first, to prove that the maps of the non-
invertible family of Theorem 1 (case B) exhibit strange attractors for a set of non-zero
Lebesgue measure in the plane of parameters. After this, one has to show that the maps
of the three-dimensional quadratic family of Theorem 2 also exhibit strange attractors for
a very smallc (constant of dissipativeness). Finally, a theorem `a la Mora–Viana would be
sufficient to prove that the return map of Theorem 1 (case B) also has strange attractors of
dimension two.

Other related topics that we will consider in the future are: the effective computation of
bifurcations and strange attractors in a family of diffeomorphisms displaying generalized
homoclinic tangencies and the study of more global behaviour near a generalized
homoclinic tangency in the way of Broeret al [5] for the two-dimensional case.

Finally, it would be interesting to look for semi-global examples of this new type
of homoclinic bifurcation. In the case of codimension-two homoclinic bifurcations for
singular points, in three-dimensional ordinary differential equations some examples were
found by Sandstede [19]. Our case is more involved, but one can expect that generalized
homoclinic bifurcations can appear in suitable three-dimensional differential equations
depending periodically on time.

Remark 1.8.1. According to Gonchenkoet al [8, 9], the maps given in Theorem 2 can
be seen as approximations of return maps of special families of diffeomorphisms having
a (non-generalized) quadratic homoclinic tangency, when some of the eigenvalues of
the initial fixed point are not real. For the second three-dimensional quadratic map the
dimension of the phase space has to be at least four. However, to have these approximations
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it is necessary to impose very strong conditions to the eigenvalues of the fixed point (in the
Lebesgue measure sense).

2. As far as we know, the first study of the non-invertible family of maps of Theorem 2,
from the point of view of dynamic behaviour, was done by Whitley [24]. He gave
properties of the non-wandering set, traced the genealogies of the periodic points of period
≤5, and described their stability types and bifurcations. Likewise, this map has been used
as a discrete model of density-dependent population growth (see Maynard Smith [12]).
Also, Mira and co-workers have studied non-invertible maps (see, for example, [7] and
references therein) from a phenomenological point of view.

The paper is organized as follows. In §2 we introduce the definition of generalized
homoclinic tangency and the Bogdanov–Takens bifurcations, giving the conditions of
generic unfolding. In §3 we obtain bifurcations associated to the existence of homoclinic
tangencies in the one-parameter case, and to the generalized homoclinic tangency in the
two-parameter case, and other related results. In §4 we prove the existence of the limit
return maps and Theorem 1. Finally, Theorem 2 is shown in §5.

In what follows we always consider smooth maps. This could be replaced by
differentiable enough maps.

2. Unfoldings of homoclinic tangencies and bifurcations
We have divided this section into four parts. In the first part, we study the generic unfolding
of a quadratic tangency between a curve and a surface in a three-dimensional space. We
use this to define a homoclinic quadratic tangency unfolding generically. In the second
part, we define what we call generalized transversality between a curve and a surface. In
this case it is supposed that there is a foliation in the surface. Then we give the definition of
generalized homoclinic transversality. It is necessary in order to describe the behaviour of
the generalized (quadratic) homoclinic tangency that is defined in the fourth section. In all
cases we give the conditions of generic unfolding that are needed for the proof of our main
theorem. Finally, the conditions of existence of a generic Bogdanov–Takens bifurcation
are obtained in the last part.

2.1. Unfolding of quadratic tangencies.The purpose of this section is to define a
generic unfolding of the tangency of a curve and a surface inR

3, when these objects
depend on one real parameter.

First, we begin with the study of the behaviour of a quadratic tangency between a surface
and a curve that depend on a parameter. For example, the planez = 0 and the parabola
z = x2 + a, y = 0, have a quadratic tangency at(x, y, z) = (0, 0, 0) for a = 0, that
unfolds generically.

Definition 2.1. Let {Ca}a∈V be a smooth family of smooth regular curvesCa ⊂ R
3, and let

{Sa}a∈V be a smooth family of smooth regular surfacesSa ⊂ R
3 depending on a parameter

a ∈ V ⊂ R, V being an open subset, such that, fora = a0, Ca andSa intersect at a
point p0 ∈ R

3. We say thatCa andSa have aquadratic tangencyat p0 (or a contact of
order 1) which unfolds generically witha at a = a0 iff there exists some smooth change
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of variables such that in the new variablesp0 = (0, 0, 0), Sa = {(x, y, z) ∈ U : z = 0},
whereU is a neighbourhood of 0∈ R

3, andCa is represented by the parametrized curve
γ (t, a) = (x(t, a), y(t, a), z(t, a)), and the following properties hold:
1. z(0, a0) = 0;
2. D1z(0, a0) = 0;
3. D11z(0, a0) 6= 0;
4. D2z(0, a0) 6= 0.

It is easy to see that this definition does not depend on the change of variables used to
setSa as the plane of equationz = 0.

The manifoldsCa andSa can be represented in the following way:Sa = {(x, y, z) ∈
U : f (x, y, z, a) = 0}, whereU is an open neighbourhood ofp0 = (x0, y0, z0), and
Ca = {γ (t, a) : t ∈ I ⊂ R}, whereI is an open interval, andf (p0, a0) = 0, and
γ (0, a0) = p0. Then, it is easy to prove the following proposition.

PROPOSITION2.2. Suppose thatCa andSa have a quadratic tangency atp0 unfolding
generically ata = a0, andf andγ are as before. Then:
1. Df0(p0)D1γ (0, a0) = 0;
2. D2f0(p0)(D1γ (0, a0),D1γ (0, a0)) + Df0(p0)D11γ (0, a0) 6= 0;
3. Df0(p0)D2γ (0, a0) + D2f (p0, a0) 6= 0,
wheref0 = f (·, ·, ·, a0).

The next proposition gives the behaviour of quadratic tangencies which unfold
generically.

PROPOSITION2.3. LetCa andSa be as at the beginning of the section, andp0 ∈ Ca0∩Sa0.
If Ca andSa have a quadratic tangency atp0 which unfolds generically witha at a = a0

then there is an open neighbourhoodI0 of 0 ∈ R, and a smooth mapa = a(t) ∈ R such
that:
1. a(0) = a0, ȧ(0) = 0 andä(0) 6= 0;
2. γ (t, a(t)) ∈ Sa(t) for all t ∈ I0.

For future use, we want to obtain simple necessary conditions of quadratic tangencies
when the curve does not change with the parameter and is one of the coordinate axes.
More precisely, suppose thatγ (t, a) = (t, 0, 0) and the surfaceSa has the following
parametrization:

x(u, v, a) = (X(u, v, a), Y (u, v, a), Z(u, v, a)).

As p0 = (x0, 0, 0) ∈ Sa0, there exists(u0, v0) ∈ R
2 such thatp0 = x(u0, v0, a0). If we

define the mapg(u, v, a) = D1Y (u, v, a)D2Z(u, v, a) − D2Y (u, v, a)D1Z(u, v, a) we
obtain the following result.

PROPOSITION2.4. If the curveγ and the family of surfacesSa have a quadratic tangency
at (x0, 0, 0) which unfolds generically witha at a0 then:
1. Y (u0, v0, a0) = Z(u0, v0, a0) = 0;
2. g(u0, v0, a0) = 0;
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3. if g0 = g(·, ·, a0), Y0 = Y (·, ·, a0) andZ0 = Z(·, ·, a0) then

rank(Dg0(u0, v0),DY0(u0, v0),DZ0(u0, v0)) = 2;
4. rank(DY (u0, v0, a0),DZ(u0, v0, a0)) = 2.

Proof. We choose a mapG : U × U1 ⊂ R
4 −→ R

3 such that:
1. U is an open neighbourhood of(u0, v0, 0) andU1 is an open neighbourhood ofa0;
2. Ga : U ⊂ R

3 −→ R
3 is a diffeomorphism for alla ∈ U1, whereGa(u, v,w) =

G(u, v,w, a);
3. if (u, v, 0) ∈ U thenG(u, v, 0, a) = x(u, v, a), for all a ∈ U1.
This map can be easily obtained, taking into account the fact that the surfacesSa are
regular. For example, ifD1XD2Y − D1YD2X 6= 0, where the derivatives are evaluated at
(u0, v0, a0), we can takeG(u, v,w, a) = (X(u, v, a), Y (u, v, a), Z(u, v, a) + w).

Using Ga as a change of variables and applying Definition 2.1, it is easy to see that
if there exists a quadratic tangency inp0 thenY (u0, v0, a0) = Z(u0, v0, a0) = 0 and
g(u0, v0, a0) = 0. This proves items 1 and 2 of the proposition.

On the other hand, asSa is a regular surface, the previous result allows us to take
the mapG of the beginning of the proof asG(u, v,w, a) = (X(u, v, a), Y (u, v, a) +
g2(w),Z(u, v, a) + g3(w)), where eitherg2(w) = w andg3(w) = 0 or g2(w) = 0 and
g3(w) = w. Taking again the new mapGa as a change of variables we obtain the rest of
the proposition from items 3 and 4 of Definition 2.1. 2

In order to define quadratic tangencies between invariant manifolds (quadratic
homoclinic tangencies), we will add a generic condition. It concerns the position of an
orbit inside a two-dimensional invariant manifold.

Definition 2.5. Let f be a three-dimensional diffeomorphism defined on a neighbourhood
of a hyperbolic saddle fixed pointp, with eigenvaluesλi , i = 1, 2, 3, which are supposed
to be real and different in absolute value. We denote by3 the linear map3(t1, t2, t3) =
(λ1t1, λ2t2, λ3t3). Let W andW̃ ⊂ W be, respectively, the two-dimensional (stable or
unstable) invariant manifold ofp, and the strong stable or unstable manifold contained
in W . We say thatq ∈ W is in general positionif q 6∈ W̃ and there exists some
smooth conjugacyF betweenf and3 (3 = F ◦ f ◦ F−1) such that the orbit ofF(q),
corresponding to the map3, has at least one point out of the coordinate axes.

In many cases the condition for an orbit to be in general position is equivalent to being
in the two-dimensional stable or unstable invariant manifold but not in the corresponding
strong (stable or unstable) one-dimensional manifold.

Suppose, for example, that the fixed point of the mapf of the preceding definition has
eigenvalues satisfying 0< |λ1| < |λ2| < 1 < |λ3|, and thatf itself is the linear map
3, that isf (x, y, z) = (λ1x, λ2y, λ3z). Moreover, we assume that there exists a natural
numbern such that|λ1λ

−n
2 | < 1, and we allow the conjugacy of the definition to be aCn

diffeomorphism. If we take a point(x0, y0, z0) in Ws(0) but not inWss(0) (the strong
stable invariant manifold), thenz0 = 0 andy0 6= 0. We claim that the orbit of this point is
in general position.
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FIGURE 4. Quadratic homoclinic tangency: (1) no intersection of the invariant manifolds; (2) a tangencial
intersection; (3) two transversal intersections.

In fact, according to the definition, ifx0 6= 0 then the assertion is true. On the other
hand, ifx0 = 0 we can find a non-trivialCn diffeomorphismG which commutes with
3 (that isG ◦ 3 = 3 ◦ G), and does not preserve the linex = 0. In the caseλ1 > 0
we takeG(x, y, z) = (x + C|y|β, y, z), whereC is a constant different from zero and
β = log |λ1|/log |λ2|. Forλ1 < 0,G(x, y, z) = (x+C sin[π(log|λ2|)−1 log|y|]|y|β, y, z),
whereC andβ are as before. This proves the claim.

Next, we can give the definition of quadratic homoclinic tangency. Let{fa}a∈V be a
family of three-dimensional diffeomorphisms having a saddle fixed pointp = p(a) for all
a ∈ V . Suppose that the eigenvalues ofDfa(p(a)) that we denote byλi , i = 1, 2, 3, are all
real and different in absolute value:|λ1| < |λ2| < |λ3|. Moreover,|λ1| < 1 and|λ3| > 1.

Definition 2.6. We say that{fa}a∈V has a quadratic homoclinic tangencyat q ∈
Ws(p(a0))∩Wu(p(a0)) unfolding generically witha ata = a0 if the manifoldsWu(p(a))

andWs(p(a)) have a quadratic tangency atq which unfolds generically ata = a0, andq

is in general position.

A typical quadratic homoclinic tangency is shown in Figure 4.
Now suppose that{fa}a∈V has a quadratic homoclinic tangency atq ∈ Wu(p(a0)) ∩

Ws(p(a0)) unfolding generically witha at a0 ∈ V and satisfies the linearization
assumption. Without loss of generality, we can assume thata0 = 0 andV = (−ε, ε).

In the next two propositions we will give changes of coordinates and reparametrizations
of {fa}a∈V , depending on the type of saddle, that simplify its study.

First, we consider the case in which the stable invariant manifold is two-dimensional.
Using the next proposition, we can suppose that near the point of quadratic homoclinic
tangency of coordinates(x, y, z) = (1, 1, 0), Ws(p(a)) is thexy-coordinate plane and
Wu(p(a)) has a local extremum with respect to thez coordinate at(x, y, z) = (1, 1, a) for
all a ∈ (−ε, ε).

PROPOSITION2.7. Suppose that|λ1| < |λ2| < 1 < |λ3|. Then there exist an open
neighbourhoodV1 ⊂ V of a0, a family {gã}ã∈(−ε,ε) conjugate to{fa}a∈V1, and aCk

(k ≥ 3) map x = x(t1, t2, t3, ã), defined on a neighbourhoodU of the setA1 =
{(t1, t2, t3) ∈ R

3 : (t2
1 + t2

2)t3 = 0} × (−ε, ε), such that:
1. the conjugacy transforms the fixed pointp(a) to p̃(ã) = (0, 0, 0) for all ã ∈ (−ε, ε);
2. the family {gã}ã∈(−ε,ε) has a quadratic homoclinic tangency at the pointq̃ =

(1, 1, 0) ∈ Wu((0, 0, 0)) ∩ Ws((0, 0, 0)) unfolding generically with̃a at ã = 0;
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3. there exists a neighbourhoodU1 of the setB1 = {(t1, t2, 0) : t2
1 + t2

2 ≤ 3} such that
for all ã ∈ (−ε, ε) the mapx(·, ·, ·, ã) restricted toU1 is the identity;

4. if (t1, t2, t3, ã) ∈ U then (λ1t1, λ2t2, λ3t3, ã) ∈ U and gã(t1, t2, t3) =
x(λ1t1, λ2t2, λ3t3, ã);

5. if x = (x, y, z) then

x(0, 0, 1, ã) = 1, y(0, 0, 1, ã) = 1, z(0, 0, 1, ã) = ã, D3z(0, 0, 1, ã) = 0,

for all ã ∈ (−ε, ε), andD33z(0, 0, 1, 0) 6= 0.

Proof. We can suppose that the family{fa}a∈V satisfies the statements of Remark 1.5. The
invariant manifolds ofp(a) = 0 can be represented as

Ws(p(a)) = {xf (t1, t2, 0, a) : (t1, t2) ∈ R
2}

Wu(p(a)) = {xf (0, 0, t3, a) : t3 ∈ R}.
Moreover, locally, the unstable invariant manifold is thez axis and the stable one is the
xy-coordinate plane (if we take coordinatesx, y, z in R

3).
Taking a suitable point of the orbit of homoclinic tangency, we can always assume that

the invariant manifolds are tangent to the planez = 0. AsWu(p(a)) andWs(p(a)) have
a quadratic homoclinic tangency unfolding generically ata = 0, from Definition 2.1 we
see that there exists a real numbert̄3 6= 0 such thatzf (0, 0, t̄3, 0) = D3zf (0, 0, t̄3, 0) = 0,
D4zf (0, 0, t̄3, 0) 6= 0 andD33zf (0, 0, t̄3, 0) 6= 0. Moreover, as the homoclinic point is
in general position,xf (0, 0, t̄3, 0) 6= 0 andyf (0, 0, t̄3, 0) 6= 0. Note that the tangent
homoclinic point isxf (0, 0, t̄3, 0).

As D3zf (0, 0, t̄3, 0) = 0, D33zf (0, 0, t̄3, 0) 6= 0, there exists a map̃t3(a), defined on a
neighbourhood of zero, such that for alla

D3zf (0, 0, t̃3(a), a) = 0 and t̃3(0) = t̄3.

Let gã = 3−1
H(ã)

◦ fH(ã) ◦ 3H(ã) andH = G−1, where

3a(t1, t2, t3) = (x(0, 0, t̃3(a), a)t1, y(0, 0, t̃3(a), a)t2, t̃3(a)t3),

G(a) = z(0, 0, t̃3(a), a)/t̃3(a), andH is defined on a neighbourhood of 0∈ R. The
existence ofH follows from the inverse function theorem.

If we setx(·, ·, ·, ã) = 3−1
H(ã)

◦ xf (·, ·, ·,H(ã)) ◦ 3H(ã), it is easy to show thatgã and
x satisfy the required properties. 2

In the second proposition, we suppose that the stable invariant manifold is one-
dimensional and the unstable one is two-dimensional.

PROPOSITION2.8. Suppose that|λ1| < 1 < |λ2| < |λ3|. Then there exist an open
neighbourhoodV1 ⊂ V of a0, a family {gã}ã∈(−ε,ε) conjugate to{fa}a∈V1, and aCk

(k ≥ 3) mapx = x(t1, t2, t3, ã), defined on a neighbourhoodU of A2 = {(t1, t2, t3) ∈ R
3 :

(t2
2 + t2

3)t1 = 0} × (−ε, ε), such that:
1. the conjugacy transforms the fixed pointp(a) to p̃(ã) = (0, 0, 0);
2. the family{gã}ã∈(−ε,ε) has a quadratic homoclinic tangency atq̃ = (1, 0, 0) ∈

Wu((0, 0, 0)) ∩ Ws((0, 0, 0)) unfolding generically with̃a at ã = 0;
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3. there exists a neighbourhoodU1 of B2 = {(t1, 0, 0) : |t1| ≤ 3} such that for all
ã ∈ (−ε, ε) the mapx(·, ·, ·, ã) restricted toU1 is the identity;

4. if (t1, t2, t3, ã) ∈ U then (λ1t1, λ2t2, λ3t3, ã) ∈ U and gã(t1, t2, t3) =
x(λ1t1, λ2t2, λ3t3, ã);

5. if x = (x, y, z) and

g(t2, t3, ã) = D2y(0, t2, t3, ã)D3z(0, t2, t3, ã) − D3y(0, t2, t3, ã)D2z(0, t2, t3, ã),

then one of the following possibilities holds:
(a) x(0, 1, 1, ã) = 1, y(0, 1, 1, ã) = 0, z(0, 1, 1, ã) = ã, g(1, 1, ã) = 0 for all

a ∈ (−ε, ε) and

D1g(1, 1, 0)D3y(0, 1, 1, 0) − D2g(1, 1, 0)D2y(0, 1, 1, 0) 6= 0;
(b) x(0, 1, 1, ã) = 1, y(0, 1, 1, ã) = ã, z(0, 1, 1, ã) = 0, g(0, 1, 1, a) = 0 for all

a ∈ (−ε, ε) and

D1g(1, 1, 0)D3z(0, 1, 1, 0) − D2g(1, 1, 0)D2z(0, 1, 1, 0) 6= 0.

Proof. In this case the invariant manifolds have the following representation:

Ws(p(a)) = {xf (t1, 0, 0, a) : t1 ∈ R}
Wu(p(a)) = {xf (0, t2, t3, a) : (t2, t3) ∈ R

2}.
Moreover, locally, the stable invariant manifold is thex axis and the unstable one is the
yz-coordinate plane (if we take coordinatesx, y, z in R

3).
We can always take the tangent homoclinic pointq to be on the straight liney = 0,

z = 0. Therefore, from Definition 2.6 and Proposition 2.4 we see that there exists
(t̄1, t̄2) ∈ R

2 such thatq = xf (0, t̄2, t̄3, 0), t̄2 6= 0, t̄3 6= 0, xf (0, t̄2, t̄3, 0) 6= 0 (becauseq
is in general position) andyf (0, t̄2, t̄3, 0) = zf (0, t̄2, t̄3, 0) = 0, gf (t̄2, t̄3, 0) = 0, and for
t1 = 0, t2 = t̄2, t3 = t̄3 anda = 0,

rank


D1gf D2gf

D2yf D3yf

D2zf D3zf


 = 2

rank

(
D2yf D3yf D4yf

D2zf D3zf D4zf

)
= 2,

where

gf (t2, t3, a) = D2yf (0, t2, t3, a)D3zf (0, t2, t3, a) − D3yf (0, t2, t3, a)D2zf (0, t2, t3, a).

We distinguish two cases.

(a)D1gf D3yf −D2gf D2yf 6= 0. Asg(t̄2, t̄3, 0) = 0,y(0, t̄2, t̄3, 0) = 0 by the implicit
function theorem, the system

g(t2, t3, a) = 0

y(0, t2, t3, a) = 0
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has a solutioñt2(a), t̃3(a), for a small enough, such thatt̃i (0) = t̄i , for i = 1, 2.
We claim thatD2zf Dt̃2(0)+D3zf Dt̃3(0)+D4zf 6= 0. Suppose, indeed, that it is equal

to zero. Differentiation ofyf (0, t̃2(a), t̃3(a), a) = 0 with respect toa gives the system

D2yf Dt̃2 + D3yf Dt̃3 = −D4yf

D2zf Dt̃2 + D3zf Dt̃3 = −D4zf .

But this system is incompatible by the definition of quadratic homoclinic tangency which
unfolds generically. Therefore, the claim is true.

Let ã be a new parameter such thatã = G(a) = zf (0, t̃2(a), t̃3(a), a)/t̃3(a). Denote
by H the inverse ofG (that exists by the claim) andgã = 3−1

H(ã)
◦ fH(ã) ◦ 3H(ã), where

3a(t1, t2, t3) = (x(0, t̃2(a), t̃3(a), a)t1, t̃2(a)t2, t̃3(a)t3).

Takingx(·, ·, ·, ã) = 3−1
H(ã)

◦ xf (·, ·, ·,H(ã)) ◦3H(ã), properties 1, 2, 3, 4 and 5(a) follow
immediately.

(b) D1gD3z − D2gD2z 6= 0. We can proceed as before. The main differences are that
the maps̃t2 andt̃3 satisfy the equations

g(t2, t3, a) = 0

z(0, t2, t3, a) = 0

and in the final step we takẽa = yf (0, t̃2(a), t̃3(a), a)/t̃2(a) as the new parameter. Then,
we obtain a mapx which satisfies 1, 2, 3, 4 and 5(b). 2

The latter proposition also has a geometric interpretation. It means that we can obtain
suitable variables and parameters for which the invariant manifolds near the point of
quadratic homoclinic tangency behave as follows:Ws(p(a)) is the straight liney = z = 0
and either (a)(x, y, z) = (1, 0, a) is a local extremum of thez-coordinate of the curve
in Wu(p(a)) for which they-coordinate is always zero, or (b)(x, y, z) = (1, a, 0) is a
local extremum of they-coordinate of the curve inWu(p(a)) for which thez-coordinate
is always zero.

2.2. Generalized homoclinic transversality.The goal of this section is to introduce a
new type of transversality between invariant manifolds of a fixed point.

The first step is to define generalized transversality between a one-parameter family of
foliated surfaces and a one-parameter family of vector bundles with a curve as zero section
and planes as fibers. We begin with the local definition of foliation.

Definition 2.9. Let S ⊂ R
3 be a surface and let8 = {Lα}α∈A, A being a set of indices, be

a partition ofS into disjoint sets calledleaves. The partition8 is called afoliation if there
is a parametrizationx : I × J ⊂ R

2 7→ R
3 of S such thatLα = x(I × {cα}), whereI and

J are open intervals,S = x(I × J ), andcα is a constant for eachα ∈ A. We call the pair
(S,8) a foliated surface.

In order to define generalized transversality, we take a family of foliated surfaces
{(Sa,8a)}a∈V , V ⊂ R being an open set, and a family of vector bundles{Va}a∈V whose
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zero section is a curveγ = γ (t, a) and with fibers that are tangent planes to the curve. We
can associate to each fiber of the bundle, a vectorva(t) = v(t, a) ∈ Tγa(t)R

3\Tγa(t)γa, such
thatv is a smooth map, in such a wayva(t) andγ̇a(t) generate the fiber. In this situation
we say that the family of vector fields{va}a∈V along the family of curves{γa}a∈V , is
associated to the family of tangent vector bundles{Va}a∈V .

Definition 2.10.We say that{(Sa,8a)}a∈V and{Va}a∈V have ageneralized transversal
intersectionatp ∈ R

3 ∈ Sa0 which unfolds generically witha at a = a0 ∈ V , iff in some
coordinate system, for which the leaves of the foliation are the straight linesz = 0, y = c,
the following properties are satisfied:
1. p = γ (0, a0);
2. z(0, a0) = 0;
3. D1z(0, a0) 6= 0;
4. if T (t, a) = v2(t, a)D1z(t, a) − v3(t, a)D1y(t, a) = 0 thenT (0, a0) = 0;
5. D1z(0, a0)D2T (0, a0) − D2z(0, a0)D1T (0, a0) 6= 0.
Herev = (v1, v2, v3) is a family of vector fields associated to the family of vector bundles
and we writeγ (t, a) = (x(t, a), y(t, a), z(t, a)).

This definition means that, at the pointp of generalized transversality, the
corresponding surface and curve have a transversal intersection and that the fiber of the
vector bundle and the leaf of the foliation atp are tangent. This latter property is lost when
we change the value of the parameter.

The next proposition confirms our geometric interpretation of the generalized
transversality.

PROPOSITION2.11. Suppose that{(Sa,8a)}a∈V and {Va}a∈V have a generalized
transversal intersection atp = γ (t0, a0) ∈ R

3 for a = a0 ∈ V which unfolds generically
with a. Then there exists a mapt = t (a) defined on a neighbourhood ofa0 such that
t (a0) = t0, and a neighbourhoodV1 ⊂ V of a0 satisfying:
1. Sa has a transversal intersection withγa at γ (t (a), a) for all a ∈ V1;
2. the fiber ofVa at γ (t (a), a) is transversal to the leaf of(Sa,8a) at γ (t (a), a) if

a ∈ V1 \ {a0}.
Proof. We take the coordinates of the previous definition. The mapt = t (a) exists because
D1z(0, a0) 6= 0 andz(0, a0) = 0. So, we can apply the implicit function theorem to the
equationz(t, a) = 0 in order to gett (a). This proves item 1.

On the other hand, from the identityz(t (a), a) = 0 we obtain ṫ (a0) =
−D2z(0, a0)/D1z(0, a0). To show the second part of the proposition, it is enough to see
that the mapf (a) = T (t (a), a) is strictly monotone andf (a0) = 0. Indeed,

D1z(0, a0)f
′(a0) = D1z(0, a0)D2T (0, a0) − D2z(0, a0)D1T (0, a0) 6= 0,

andf (a0) = T (0, a0) = 0 by definition. 2

Let {fa}a∈V , V ⊂ R being an open set, be a smooth one-parameter family of three-
dimensional diffeomorphisms having a saddle fixed pointp = p(a), for a ∈ V , with real
eigenvaluesλi , i = 1, 2, 3, such that|λ1| < |λ2| < |λ3|. We will now define generalized
homoclinic transversality. We distinguish two cases:|λ2| < 1 and|λ2| > 1.
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Definition 2.12.We say that{fa}a∈V has ageneralized homoclinic transversalityat q ∈
Ws(p(a0)) ∩ Wu(p(a0)), unfolding generically witha ata = a0 if:
1. When|λ2| < 1, the family of foliated surfaces{(Ws(p(a)),F ss(p(a)))}a∈V and

the family of invariant tangent vector bundles{Wu(p(a),Ecu(p(a)))}a∈V have a
generalized transversal intersection atq, which unfolds generically witha ata = a0.
Moreover,q ∈ Ws(p(a0)) is in general position.

2. When|λ2| > 1, the invariant manifolds ofp(a) with respect to the family{f −1
a }a∈V

have a generalized homoclinic transversality atq, unfolding generically witha at
a = a0.

In the next proposition we give adapted coordinates for such types of transversality.

PROPOSITION2.13. Let {fa}a∈V as before, and|λ1| < |λ2| < 1 < |λ3|. We assume
that this family has a generalized transversal homoclinic pointq unfolding generically
with a at a = a0, and satisfies the linearization assumption. Then, there exist an
open neighbourhoodV1 ⊂ V of a0, a family {gã}ã∈(−ε,ε) conjugate to{fa}a∈V1, and a
Ck (k ≥ 3) map x(t1, t2, t3, ã), defined on a neighbourhoodU of {(t1, t2, t3) ∈ R

3 :
(t2

1 + t2
2)t3 = 0} × (−ε, ε) such that:

1. the conjugacy transforms the fixed pointp(a) to p̃(ã) = (0, 0, 0) for all ã ∈ (−ε, ε);
2. the family{gã}ã∈(−ε,ε) has a generalized homoclinic transversality atq̃ = (1, 1, 0) ∈

Wu((0, 0, 0)) ∩ Ws((0, 0, 0)) unfolding generically with̃a at ã = 0;
3. there exists a neighbourhoodU1 of {(t1, t2, 0) : t2

1 + t2
2 ≤ 3} such that for all

ã ∈ (−ε, ε) the mapx(·, ·, ·, ã) restricted toU1 is the identity;
4. if (t1, t2, t3, ã) ∈ U then (λ1t1, λ2t2, λ3t3, ã) ∈ U and gã(t1, t2, t3) =

x(λ1t1, λ2t2, λ3t3, ã);
5. if x = (x, y, z) then

x(0, 0, 1, a) = 1, y(0, 0, 1, ã) = 1, z(0, 0, 1, ã) = 0,

and

D2y(0, 0, 1, ã)D3z(0, 0, 1, ã) − D2z(0, 0, 1, ã)D3y(0, 0, 1, ã) = ã,

for all ã ∈ (−ε, ε) andD3z(0, 0, 1, 0) 6= 0.

The proof is similar to that used for Proposition 2.7. Note that this proposition allows
us to suppose that, in a neighbourhood of(1, 1, 0): (a) Ws(p(a)) is thexy-coordinate
plane; (b) (1, 1, 0) ∈ Wu(p(a)) ∩ Ws(p(a)) is the point of transversal intersection
for all a ∈ (−ε, ε); (c) the leaves of the strong stable foliations are the straight lines
y = c, z = 0, for constantsc small enough; (d) the planes of the unstable tangent
vector bundle at(1, 1, 0) are generated by the vectorsD2x(0, 0, 1, a) andD3x(0, 0, 1, a);
and (e) the parameter̃a gives the value of the first component of the normal vector
D2x(0, 0, 1, a) ∧ D3x(0, 0, 1, a) to the fiber of the tangent vector bundle at(1, 1, 0).

In Figure 5 we have a typical example of a generalized homoclinic transversality.

2.3. Generalized homoclinic tangencies.Now we want to introduce a new type
codimension-two homoclinic bifurcation, that we shall call generalized homoclinic
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FIGURE 5. Generalized transversality. The line fromp with two arrows represents the strong stable manifold
Wss(p), the liner is a leaf of the strong stable foliation ofWs(p) and the lines represents the intersection of
Ws(p) with the fiber of the unstable invariant vector bundle at the point of intersection of the invariant manifolds.
In (1) and (3)r ands are different and in (2) (corresponding to the generalized homoclinic transversality) they

coincide. Observe that in all the cases the invariant manifolds have transversal intersection.

tangency. It can be seen as a ‘collision’ of a quadratic homoclinic tangency and a
generalized homoclinic transversality.

As before, we first study a new type of tangency between a two-parameter family
of foliated surfaces{(Sa,b,8a,b)}(a,b)∈V , and a two-parameter family of vector bundles
{Va,b}(a,b)∈V , having a regular parametrized curveγa,b = γa,b(t) = (x(t, a, b), y(t, a, b),

z(t, a, b)) as a zero section and tangent planes toγa,b(t) as fibers. Here,V ⊂ R
2

is an open neighbourhood of(a, b) = (a0, b0). Recall that a smooth family of
vector fields{va,b}a,b∈V associated to{Va,b}(a,b)∈V satisfies that for allt , va,b(t) =
(v1(t, a, b), v2(t, a, b), v3(t, a, b)) andγ̇a,b(t) generate the corresponding fiber ofVa,b.

Definition 2.14.We say that{(Sa,b,8a,b)}(a,b)∈V and {Va,b}(a,b)∈V have ageneralized
tangency of type Iat p0 = γa0,b0(t0) ∈ Sa0,b0, which unfolds generically with(a, b) at
(a0, b0), if there exist: (a) a coordinate system(x, y, z) for which Sa,b is the planez = 0
and the leaves of the foliation are the straight linesz = 0, y = c, and (b) a two-parameter
family of vector fields{va,b}(a,b)∈V , associated to{Va,b}(a,b)∈V , such that:

1. z(t0, a0, b0) = 0, D1z(t0, a0, b0) = 0, D1y(t0, a0, b0) = 0;
2. D11z(t0, a0, b0) 6= 0, v3(t0, a0, b0) 6= 0;
3.

∣∣∣∣∣∣
0 D2z(t0, a0, b0) D3z(t0, a0, b0)

D11z(t0, a0, b0) D12z(t0, a0, b0) D13z(t0, a0, b0)

D11y(t0, a0, b0) D12y(t0, a0, b0) D13y(t0, a0, b0)

∣∣∣∣∣∣ 6= 0;

4. D11y(t0, a0, b0)v3(t0, a0, b0) − D11z(t0, a0, b0)v2(t0, a0, b0) 6= 0.

Before stating the next proposition, let us give the geometric interpretation of the
previous definition. The first condition means that the leaf of8a0,b0 at p0 and the curve
γa0,b0 are tangent atp0 = γa0,b0(t0). The second says that the tangency is quadratic and
the fiber ofVa0,b0 at p0 is not tangent to the leaf of8a0,b0 at p0. In order to interpret the
third and fourth conditions, first we have to perform a reparametrization of(a, b) andt .
Without loss of generality, we can suppose thatt0 6= 0.
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Consider the following system of equations:

z(t, a, b) = ã

D1z(t, a, b) = 0

D1y(t, a, b) = b̃.

From the first and third conditions, we see that there exist smooth mapst = t (ã, b̃),
a = a(ã, b̃) andb = b(ã, b̃), defined on a neighbourhood of(ã, b̃) = (0, 0), such that
t (0, 0) = t0, a(0, 0) = a0 andb(0, 0) = 0. Moreover, a simple computation shows that
the map

(ã, b̃) = (z(t (a, b), a, b),D1y(t (a, b), a, b)),

is invertible. Therefore, we can takeã, b̃ andt̃ = t/t (a(ã, b̃), b(ã, b̃)) as new parameters.
If we write

γ̃ã,b̃(t̃) = γa,b(t (a, b)t̃) = (x̃(t̃ , ã, b̃), ỹ(t̃, ã, b̃), z̃(t̃ , ã, b̃)),

where(a, b) = (a(ã, b̃), b(ã, b̃)), then

z̃(1, ã, b̃) = ã, D1z̃(1, ã, b̃) = 0 and D1ỹ(1, ã, b̃) = b̃,

for all ã andb̃ small enough.
With this parametrization, the third condition is superfluous. This means that it gives a

generic unfolding of the generalized tangency.
It remains to explain the fourth condition of the definition. For the sake of simplifying

notation, we remove the tildes from the new parametrization. Suppose that the pointγa,b(t)

belongs to the surfaceSa,b and that the fiber ofVa,b atγa,b(t) is tangent to the leaf of8a,b

at the same point. Thent , a andb satisfy the system of equations

z(t, a, b) = 0

v2(t, a, b)D1z(t, a, b) − v3(t, a, b)D1y(t, a, b) = 0.

From condition 3, we see that this system has a solutiont = t (b), a = a(b), such that
t (0) = 1 anda(0) = 0. In other words, this means that the curve(a2(s), b2(s)) in the
parameter plane, such thatfa2(s),b2(s) has a generalized transversality, is a regular curve.
Here we can take the parameters = b.

Note, finally, that the curve(a1(s), b1(s)) corresponding to the existence of a quadratic
homoclinic tangency satisfies(a1(s), b1(s)) = (0, s). This implies that the two curves
(a1(s), b1(s)) and(a2(s), b2(s)) have a quadratic tangency fors = 0.

We summarize the properties of the generalized tangency in the following proposition.

PROPOSITION2.15. Let {(Sa,b,8a,b)}(a,b)∈V be a family of foliated surfaces, and let
{Va,b}(a,b)∈V be a tangent vector bundle having a generalized homoclinic tangency of
type I at a pointp = γ (t0, a0, b0) unfolding generically with(a, b) at (a0, b0). Then
there exist two maps(t1(s), a1(s), b1(s)) and(t2(s), a2(s), b2(s)) such that:
1. ti(0) = t0, (ai(0), bi(0)) = (a0, b0) for i = 1, 2.
2. (ai(s), bi(s)) are regular curves fori = 1, 2.
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3. Sa1(s),b1(s) has a quadratic tangency with the curveγ (t, a1(s), b1(s)) at p1(s) =
γ (t1(s), a1(s), b1(s)) for s small enough.

4. Sa2(s),b2(s) has a generalized transversal intersection withγ (t, a2(s), b2(s)) at
p2(s) = γ (t2(s), a2(s), b2(s)) for s 6= 0 small enough. Ifs = 0 only the
transversality of the curve and the surface does not remain.

5. LetLα(s),a1(s),b1(s) be the leaf of8a1(s),b1(s) atp1(s). Then the curvesLα(s),a1(s),b1(s)

andγ (t, a2(s), b2(s)) are tangent fors = 0 and non-tangent fors 6= 0 small enough.
6. There is a quadratic tangency between(a1(s), b1(s)) and(a2(s), b2(s)) at (a0, b0).

Definition 2.16.We say that{(Sa,b,8a,b)}(a,b)∈V and {Va,b}(a,b)∈V have ageneralized
tangency of type IIat p0 = γa0,b0(t0) ∈ Sa0,b0 which unfolds generically with(a, b) at
(a0, b0) if there exist: (a) a coordinate system(x, y, z) for which Sa,b is the planez = 0
and the leaves of the foliation are the straight linesz = 0, y = c, and (b) a two-parameter
family of vector fields{va,b}(a,b)∈V , associated to{Va,b}(a,b)∈V , such that
1. z(t0, a0, b0) = 0, D1z(t0, a0, b0) = 0, v3(t0, a0, b0) = 0;
2. D11z(t0, a0, b0) 6= 0, D1y(t0, a0, b0) 6= 0;
3. ∣∣∣∣∣∣

0 D2z(t0, a0, b0) D3z(t0, a0, b0)

D11z(t0, a0, b0) D12z(t0, a0, b0) D13z(t0, a0, b0)

D1v3(t0, a0, b0) D2v3(t0, a0, b0) D3v3(t0, a0, b0)

∣∣∣∣∣∣ 6= 0;

4. D1y(t0, a0, b0)D1v3(t0, a0, b0) − D11z(t0, a0, b0)v2(t0, a0, b0) 6= 0.

The previous definitions are independent of the change of variables used to set the
foliated surfaceSa as the plane of equationz = 0 with leavesz = 0, y = c. Moreover,
they do not depend on the choice of the associated vector fieldva,b.

As in the previous definition, we can give a geometric explanation of the definition.
Condition 1 means that the surfaceSa0,b0 and the curveγa0,b0 are tangent atp0 = γa0,b0(t0).
Moreover, the fiber ofVa0,b0 atp0 is tangent to the leaf of8a0,b0 atp0. From condition 2,
the tangency is quadratic and the foliation8a0,b0 and the curveγa0,b0 are not tangent at
p0. As before, performing a reparametrization oft , a, andb, we can suppose thatt0 = 1,
(a0, b0) = (0, 0), D1z(1, a, b) = 0, z(1, a, b) = a andv3(1, a, b) = b, for all (a, b)

close to(0, 0). Using this parametrization, condition 3 is not necessary, meaning that it
yields a generic unfolding of the tangency. Finally, condition 4 tells us that the curves
(ai(s), bi(s)), i = 1, 2, defined as before, are regular. So we have the following.

PROPOSITION2.17. Let(Sa,b,8a,b) be a family of foliated surfaces, and let{Va,b}(a,b)∈V

be a tangent vector bundle having a generalized homoclinic tangency of type II, at a point
p = γ (t0, a0, b0) unfolding generically with(a, b) at (a0, b0). Then there exist two maps
(t1(s), a1(s), b1(s)) and(t2(s), a2(s), b2(s)) such that:
1. ti(0) = t0, (ai(0), bi(0)) = (a0, b0) for i = 1, 2.
2. (ai(s), bi(s)) are regular curves fori = 1, 2.
3. Sa1(s),b1(s) has a quadratic tangency with the curveγ (t, a1(s), b1(s)) at p1(s) =

γ (t1(s), a1(s), b1(s)) for s small enough.
4. Sa2(s),b2(s) has a generalized transversal intersection withγ (t, a2(s), b2(s)) in

p2(s) = γ (t2(s), a2(s), b2(s)) for s 6= 0 small enough. Ifs = 0, neither the
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transversality of the curve and the surface nor the transversality of the fiber and
the surface atp2(s) remain.

5. LetLα(s),a1(s),b1(s) be the leaf of8a1(s),b1(s) atp1(s). Then the curvesLα(s),a1(s),b1(s)

andγ (t, a2(s), b2(s)) are not tangent for alls small enough.
6. There is a quadratic tangency between(a1(s), b1(s)) and(a2(s), b2(s)) at (a0, b0).

The next step is to define generalized homoclinic tangencies for two-parameter families
of diffeomorphisms.

Let {fa,b}(a,b)∈V , V ⊂ R
2 being an open set, be a smooth two-parameter family

of three-dimensional diffeomorphisms having a saddle fixed pointp = p(a, b), for
(a, b) ∈ V , with real eigenvaluesλi , i = 1, 2, 3, such that|λ1| < |λ2| < |λ3|.

Definition 2.18.We say that {fa,b}(a,b)∈V has a generalized quadratic homoclinic
tangencyof type I (respectively type II) atq ∈ Ws(p(a0, b0)) ∩ Wu(p(a0, b0)) unfolding
generically with(a, b) at (a, b) = (a0, b0) if:

1. When|λ2| < 1, the family of foliated surfaces{(Ws(p(a, b)),F ss(p(a, b)))}(a,b)∈V

and the family of invariant tangent vector bundles{(Wu(p(a, b),Ecu(p(a, b)))}(a,b)∈V

have a generalized tangency of type I (respectively type II) atq which unfolds
generically with(a, b) at (a, b) = (a0, b0). Moreover,q is in general position.

2. When |λ2| > 1, the invariant manifolds ofp(a, b) with respect to the family
{f −1

a,b }(a,b)∈V have a generalized quadratic homoclinic tangency of type I (respectively
type II) atq unfolding generically with(a, b) at (a, b) = (a0, b0).

In the last part of this section, we give adapted coordinates and parameters for families
having a generalized homoclinic tangency.

Let {fa,b}(a,b)∈V be as before, and assume that this family has a generalized tangencial
homoclinic pointq unfolding generically with(a, b) at (a, b) = (a0, b0), and satisfies the
linearization assumption. In the next two propositions we shall obtain adapted coordinates
for this type of homoclinic bifurcation.

PROPOSITION2.19. Suppose that|λ1| < |λ2| < 1 < |λ3|. Then there exists an
open neighbourhoodV1 ⊂ V of (a0, b0), a family {gã,b̃}(ã,b̃)∈(−ε,ε)×(−ε,ε) conjugate to

{fa,b}(a,b)∈V1 and aCk (k ≥ 3) mapx(t1, t2, t3, ã, b̃) defined on a neighbourhoodU of
{(t1, t2, t3) ∈ R

3 : (t2
1 + t2

2)t3 = 0} × (−ε, ε) × (−ε, ε) such that:

1. The conjugacy transforms the fixed pointp(a, b) to p̃(ã, b̃) = (0, 0, 0) for all
(ã, b̃) ∈ (−ε, ε) × (−ε, ε).

2. The family{gã,b̃}(ã,b̃)∈(−ε,ε)×(−ε,ε) has a generalized quadratic homoclinic tangency

at q̃ = (1, 1, 0) ∈ Wu((0, 0, 0)) ∩ Ws((0, 0, 0)) unfolding generically with(ã, b̃) at
(ã, b̃) = (0, 0).

3. There exists a neighbourhoodU1 of {(t1, t2, 0) : t2
1 + t2

2 ≤ 3} such that for all
(ã, b̃) ∈ (−ε, ε) × (−ε, ε) the mapx(·, ·, ·, ã, b̃) restricted toU1 is the identity.

4. If (t1, t2, t3, ã, b̃) ∈ U then (λ1t1, λ2t2, λ3t3, ã, b̃) ∈ U and gã,b̃(t1, t2, t3) =
x(λ1t1, λ2t2, λ3t3, ã, b̃).

5. If we writex = (x, y, z) then:
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(a) when the generalized homoclinic tangency is of type I:

x(0, 0, 1, ã, b̃) = 1, y(0, 0, 1, ã, b̃) = 1, z(0, 0, 1, ã, b̃) = ã,

D3z(0, 0, 1, ã, b̃) = 0, D3y(0, 0, 1, ã, b̃) = b̃,

for all (ã, b̃) ∈ (−ε, ε) × (−ε, ε) and

D33z(0, 0, 1, 0, 0) 6= 0, D2z(0, 0, 1, 0, 0) 6= 0,

and ∣∣∣∣D33y(0, 0, 1, 0, 0) D33z(0, 0, 1, 0, 0)

D2y(0, 0, 1, 0, 0) D2z(0, 0, 1, 0, 0)

∣∣∣∣ 6= 0;

(b) when the generalized homoclinic tangency is of type II:

x(0, 0, 1, ã, b̃) = 1, y(0, 0, 1, ã, b̃) = 1, z(0, 0, 1, ã, b̃) = ã,

D3z(0, 0, 1, ã, b̃) = 0, D2z(0, 0, 1, ã, b̃) = b̃,

for all (ã, b̃) ∈ (−ε, ε) × (−ε, ε) and

D33z(0, 0, 1, 0, 0) 6= 0, D3y(0, 0, 1, 0, 0) 6= 0,

and ∣∣∣∣D23z(0, 0, 1, 0, 0) D33z(0, 0, 1, 0, 0)

D2y(0, 0, 1, 0, 0) D3y(0, 0, 1, 0, 0)

∣∣∣∣ 6= 0.

Proof. Let {fa,b}(a,b)∈V andxf be as in Remark 1.5. In particular, we have thatp(a, b) =
0 for all (a, b) ∈ V and(a0, b0) = (0, 0). Recall that in this situation:
(a) The invariant manifolds ofp(a, b) = 0 can be represented as

Ws(p(a, b)) = {xf (t1, t2, 0, a, b) : (t1, t2) ∈ R
2}

Wu(p(a, b)) = {xf (0, 0, t3, a, b) : t3 ∈ R}.
Moreover, locally, the unstable invariant manifold is thez axis and the stable one is
thexy-coordinate plane (if we take coordinatesx, y, z in R

3).
(b) The leaves of the strong stable foliationF ss(p(a, b)) are the curvesxf (t, t̄2, 0, a, b),

parametrized byt , wheret̄2 is a constant.
(c) The fibers of the unstable tangent vector bundleWu(p(a, b),Ecu) are generated by

the vectorsD2xf (0, 0, t, a, b) andD3xf (0, 0, t, a, b) for all t ∈ R. Following the
previous notation, we can take the family of vector fields associated to the vector
bundle asva,b(t) = D2xf (0, 0, t, a, b).

We distinguish between the generalized tangencies of type I and II.

(a) Type I. We can always assume that the tangent homoclinic pointq belongs to the plane
z = 0. Moreover, there exists a real numbert̄3 6= 0 such thatq = xf (0, 0, t̄3, 0, 0).

From Definitions 2.14 and 2.18 we see thatzf (0, 0, t̄3, 0, 0) = D3zf (0, 0, t̄3, 0, 0) = 0
andD33zf (0, 0, t̄3, 0, 0) 6= 0, xf (0, 0, t̄3, 0, 0) 6= 0 andyf (0, 0, t̄3, 0, 0) 6= 0.

Using these conditions, we can prove the existence of a mapt̃3(a, b) defined on a
neighbourhood of(0, 0) such that̃t3(0, 0) = t̄3 andD3zf (0, 0, t̃3(a, b), a, b) = 0.
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Note thatWu(p(a, b)) has a local extremum with respect to thez coordinate at
(x, y, z) = xf (0, 0, t̃3(a, b), a, b).

Without loss of generality (via a change of scale if necessary), we can assume that
t̃3(a, b) = 1 for all (a, b) ∈ V and

xf (0, 0, 1, a, b) = yf (0, 0, 1, a, b) = 1, D3zf (0, 0, 1, a, b) = 0.

This simply means that we can move the pointxf (0, 0, t̃3(a, b), a, b) to a point with
the x and y coordinates equal to 1. In particular, the point of homoclinic tangency
is q̃ = (1, 1, 0). Moreover, D2yf (0, 0, 1, 0, 0) = 0, D33zf (0, 0, 1, 0, 0) 6= 0,
D2zf (0, 0, 1, 0, 0) 6= 0 and

∣∣∣∣ D4zf (0, 0, 1, 0, 0) D5zf (0, 0, 1, 0, 0)

D34yf (0, 0, 1, 0, 0) D35yf (0, 0, 1, 0, 0)

∣∣∣∣ 6= 0.

These conditions are obtained from Definition 2.14.
Finally, by the inverse function theorem, we can take anε > 0, an open subsetV1 ⊂ V

and new parameters

ā = z(0, 0, 1, a, b)

b̄ = D3y(0, 0, 1, a, b)

such that(ã, b̃) ∈ (−ε, ε) × (−ε, ε) and(a, b) ∈ V1. It is a simple check to show that the
family {gã,b̃}(ã,b̃)∈(−ε,ε)×(−ε,ε), given bygã,b̃ = fa,b, satisfies properties 1, 2, 3, 4 and 5(a)
of the proposition.

(b) Type II. As before, we can suppose thatWu(p(a, b)) has a local extremum, with
respect to thez-coordinate, at a point withx and y coordinates equal to 1, and
corresponding parametert3 = 1. This means that

xf (0, 0, 1, a, b) = yf (0, 0, 1, a, b) = 1, D3zf (0, 0, 1, a, b) = 0,

for all (a, b) ∈ V , and the point of homoclinic tangency isq = (1, 1, 0) = xf (0, 0, 1, 0, 0).
From Definitions 2.16 and 2.18 one hasD2z(0, 0, 1, 0, 0) = 0, D33z(0, 0, 1, 0, 0) 6= 0,
D3y(0, 0, 1, 0, 0) 6= 0 and∣∣∣∣ D4z(0, 0, 1, 0, 0) D5z(0, 0, 1, 0, 0)

D24z(0, 0, 1, 0, 0) D25z(0, 0, 1, 0, 0)

∣∣∣∣ 6= 0.

Finally, we perform the change of parameters

ā = z(0, 0, 1, a, b)

b̄ = D2z(0, 0, 1, a, b)

obtaining the desired result. 2

Remark 2.20.The following properties hold for the family{gã,b̃}.
(a) Ws(p̃(ã, b̃)) is thexy-coordinate plane in a neighbourhood of(1, 1, 0).
(b) Wu(p̃(ã, b̃)) has a local extremum with respect to the third variable at(x, y, z) =

x(0, 0, 1, ã, b̃) = (1, 1, ã).
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(c) The leaves ofF ss(p̃(ã, b̃)) are the straight linesy = c, z = 0, for constantsc small
enough, in a neighbourhood of(1, 1, 0).

(d) The fibers of the unstable tangent vector bundle at(1, 1, ã) are generated by the
vectorsD2x(0, 0, 1, ã, b̃) andD3x(0, 0, 1, ã, b̃).

(e) For type I generalized homoclinic tangencies, the parameterb̃ gives the value of
the second component of the tangent vectorD3x(0, 0, 1, ã, b̃) to Wu(p̃(ã, b̃)) at
(1, 1, ã).

(f) For type II, letWcu(p̃(ã, b̃)) be a center-unstable invariant manifold such that

Wcu(p̃(ã, b̃)) = {x(0, t2, t3, ã, b̃), (t2, t3) ∈ W },
W being a suitable open neighbourhood of{(t2, t3), t2 = 0}. The parameter̃b is the
third component of the first tangent vectorD2x(0, 0, 1, ã, b̃) of the parametrization
of Wcu(p̃(ã, b̃)) at (1, 1, ã).

PROPOSITION2.21. Suppose that|λ1| < 1 < |λ2| < |λ3|. Then there exists an
open neighbourhoodV1 ⊂ V of (a0, b0), a family {g

ã,b̃
}
(ã,b̃)∈(−ε,ε)×(−ε,ε)

conjugate to

{fa,b}(a,b)∈V1 and aCk (k ≥ 3) mapx(t1, t2, t3, ã, b̃), defined on a neighbourhoodU of
{(t1, t2, t3) ∈ R

3 : (t2
2 + t2

3)t1 = 0} × (−ε, ε) × (−ε, ε) such that:
1. The conjugacy transforms the fixed pointp(a, b) to p̃(ã, b̃) = (0, 0, 0) for all

(ã, b̃) ∈ (−ε, ε) × (−ε, ε).
2. The family{gã,b̃}(ã,b̃)∈(−ε,ε)×(−ε,ε) has a generalized quadratic homoclinic tangency

at q̃ = (1, 0, 0) ∈ Wu((0, 0, 0)) ∩ Ws((0, 0, 0)) unfolding generically with(ã, b̃) at
(ã, b̃) = (0, 0).

3. There exists a neighbourhoodU1 of {(t1, 0, 0) : |t1| ≤ 3} such that for all(ã, b̃)

∈ (−ε, ε) × (−ε, ε) the mapx(·, ·, ·, ã, b̃) restricted toU1 is the identity.
4. If (t1, t2, t3, ã, b̃) ∈ U then (λ1t1, λ2t2, λ3t3, ã, b̃) ∈ U and gã,b̃(t1, t2, t3) =

x(λ1t1, λ2t2, λ3t3, ã, b̃).
5. If we writex = (x, y, z) then:

(a) if the generalized homoclinic tangency is of type I:

x(0, 1, 1, ã, b̃) = 1, y(0, 1, 1, ã, b̃) = ã,

z(0, 1, 1, ã, b̃) = 0, D3z(0, 1, 1, ã, b̃) = b̃,

D2y(0, 1, 1, ã, b̃)D3z(0, 1, 1, ã, b̃) − D3y(0, 1, 1, ã, b̃)D2z(0, 1, 1, ã, b̃) = 0,

for all (ã, b̃) ∈ (−ε, ε)×(−ε, ε), D3y(0, 1, 1, 0, 0) = 0, D2z(0, 1, 1, 0, 0) 6= 0,
and for(t1, t2, t3, ã, b̃) = (0, 1, 1, 0, 0),

D2yD33z − D33yD2z 6= 0;
(b) if the generalized homoclinic tangency is of type II:

x(0, 1, 1, ã, b̃) = 1, y(0, 1, 1, ã, b̃) = 1,

z(0, 1, 1, ã, b̃) = ã, D3z(0, 1, 1, ã, b̃) = b̃,

D2y(0, 1, 1, ã, b̃)D3z(0, 1, 1, ã, b̃) − D3y(0, 1, 1, ã, b̃)D2z(0, 1, 1, ã, b̃) = 0,
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for all (ã, b̃) ∈ (−ε, ε) × (−ε, ε),

D2z(0, 1, 1, 0, 0) = D3z(0, 1, 1, 0, 0) = 0, D3y(0, 1, 1, 0, 0) 6= 0,

and, for(t1, t2, t3, ã, b̃) = (0, 1, 1, 0, 0),

(D2y)2D33z − 2D2yD3yD23z + (D3y)2D22z 6= 0.

Proof. As in the previous proposition, we can suppose thatfa,b(t1, t2, t3) andxf satisfy
the properties given in Remark 1.5. Then:
(a) The invariant manifolds ofp(a, b) = 0 are

Ws(p(a, b)) = {xf (t1, 0, 0, a, b) : t1 ∈ R}
Wu(p(a, b)) = {xf (0, t2, t3, a, b) : (t2, t3) ∈ R

2}.
Moreover, locally the unstable invariant manifold is theyz-plane and the stable one
is thex axis.

(b) The leaves of the strong unstable foliationFuu(p(a, b)) are the curves
xf (0, t̄2, t, a, b), parametrized byt , wheret̄2 is a constant.

(c) The fibers of the stable tangent vector bundleWs(p(a, b),Ecs) are generated by the
vectorsD1x(t, 0, 0, a, b) andD2x(t, 0, 0, a, b) for all t ∈ R. We takeva,b(t) =
D2x(t, 0, 0, a, b) as the family of vector fields associated to the bundle.

We distinguish between types I and II.

(a) Type I.As, by Definition 2.18, the tangent homoclinic pointq is in general position,
we can assume thatq belongs to the straight liney = 0, z = 0 and that there exist̄t2 6= 0
andt̄3 6= 0 such thatq = xf (0, t̄2, t̄3, 0, 0). By using Propositions 2.4 and 2.15, we easily
prove that

xf (0, t̄2, t̄3, 0, 0) 6= 0, yf (0, t̄2, t̄3, 0, 0) = 0, zf (0, t̄2, t̄3, 0, 0) = 0.

Moreover, for(t1, t2, t3, a, b) = (0, t̄2, t̄3, 0, 0),

D3y = D3z = 0, D2z 6= 0, D2yD33z − D2zD33y 6= 0.

These conditions allow us to define (by the implicit function theorem) mapst̃2 =
t̃2(a, b) and t̃3 = t̃3(a, b) such thatt̃2(0, 0) = t̄2, t̃3(0, 0) = t̄3, and satisfy, for(a, b)

near(0, 0), the following system of equations:

D2y(0, t̃2, t̃3, a, b)D3z(0, t̃2, t̃3, a, b) − D2z(0, t̃2, t̃3, a, b)D3y(0, t̃2, t̃3, a, b) = 0

z(0, t̃2, t̃3, a, b) = 0.

Note that the pointxf (0, t̃2, t̃3, a, b) has the following property: it is a local extremum
of they coordinate of the curve inWu(p(a, b)) for which thez-coordinate is always zero.
Performing a change of scale if necessary, we can suppose thatt̃2 ≡ 1, t̃3 ≡ 1, and

x(0, 1, 1, a, b) = 1, z(0, 1, 1, a, b) = 0,

D2y(0, 1, 1, a, b)D3z(0, 1, 1, a, b) − D2z(0, 1, 1, a, b)D3y(0, 1, 1, a, b) = 0,
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for all (a, b) ∈ V . In particulart̄1 = 1, t̄2 = 1 andq = (1, 0, 0) = xf (0, 1, 1, 0, 0).
In order to get{gã,b̃} andx, we need to reparametrize the initial family. We will use the

third condition of Definition 2.14 (generic unfolding).
Denote byGa,b the inverse map ofxa,b = xf (·, ·, ·, a, b) in a neighbourhoodof(1, 0, 0)

for all (a, b) in a neighbourhood of(0, 0). Moreover, we writeG(s1, s2, s3, a, b) =
Ga,b(s1, s2, s3). Let ha,b = Ga,b ◦ fa,b ◦ xa,b. As ha,b has a generalized quadratic
homoclinic tangency of type I at(0, 1, 1), this means that the family of foliated surfaces
Wu(ha,b, (0, 0, 0)) and the family of tangent vector bundlesWs(((0, 0, 0), Ecs

a,b)) with
zero sectionWs(ha,b, (0, 0, 0)) have a generalized quadratic tangency of type I at(0, 1, 1)

for (a, b) = (0, 0). Moreover, for(x, y, z) near(0, 0, 1), Wu(ha,b, (0, 0, 0)) is the plane
x = 0, the leaves of the foliations are the straight linesx = y = 0, andWs(ha,b, (0, 0, 0))

is the curveγa,b(t) = Ga,b(t, 0, 0).
From condition 3 of Definition 2.14 we see that for(s1, s2, s3, a, b) = (0, 1, 0, 0, 0),∣∣∣∣∣∣

0 D4G1 D5G1

D11G1 D14G1 D15G1

D11G2 D14G2 D15G2

∣∣∣∣∣∣ 6= 0,

whereG = (G1,G2,G3). A simple computation shows that this condition is equivalent to

D34zf (0, 1, 1, 0, 0)D5yf (0, 1, 1, 0, 0) − D35zf (0, 1, 1, 0, 0)D4yf (0, 1, 1, 0, 0) 6= 0.

Finally, we consider the following reparametrization:

ā = y(0, 1, 1, a, b)

b̄ = D3z(0, 1, 1, a, b),

that is well-defined by the previous condition. Then the family{gã,b̃}(ã,b̃)∈(−ε,ε)×(−ε,ε), for

a suitableε > 0, defined bygã,b̃ = fa,b, andx(·, ·, ·, ã, b̃) = xf (·, ·, ·, a, b) satisfies all
the properties that we wanted to prove.

(b) Type II. Also in this case there existt̄2 6= 0 andt̄3 6= 0 such thatxf (0, t̄2, t̄3, 0, 0) 6= 0,
yf (0, t̄2, t̄3, 0, 0) = 0, zf (0, t̄2, t̄3, 0, 0) = 0. By using Propositions 2.4 and 2.17, we get

D2yf D3zf − D2zf D3yf = 0, D2zf = D3zf = 0, D3yf 6= 0,

and
D22zf (D3yf )2 + D33zf (D2yf )2 − 2D2yf D3yf D23zf 6= 0,

for (t1, t2, t3, a, b) = (0, t̄2, t̄3, 0, 0).
Then we consider maps̃t2 = t̃2(a, b) and t̃3 = t̃3(a, b) such thatt̃2(0, 0) = t̄2,

t̃3(0, 0) = t̄3, and satisfy, for(a, b) near(0, 0), the following system of equations:

D2yf (0, t̃2, t̃3, a, b)D3zf (0, t̃2, t̃3, a, b) − D2zf (0, t̃2, t̃3, a, b)D3yf (0, t̃2, t̃3, a, b) = 0

yf (0, t̃2, t̃3, a, b) = 0.

Note that thez-coordinate of the curve contained inWu(p(a, b)) with y-coordinate
equal to zero has a local extremum atxf (0, t̃2, t̃3, a, b), for all (a, b) ∈ V . As in the
previous case, without loss of generality, we can suppose thatt̃2 ≡ 1, t̃3 ≡ 1,

xf (0, 1, 1, a, b) = 1, yf (0, 1, 1, a, b) = 0,

D2yf (0, 1, 1, a, b)D3zf (0, 1, 1, a, b) − D2zf (0, 1, 1, a, b)D3yf (0, 1, 1, a, b) = 0,
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FIGURE 6. Generalized homoclinic tangency (type I): parameter plane.

for all (a, b) ∈ V . Moreover, the point of homoclinic tangency isq = (1, 0, 0) =
xf (0, 1, 1, 0, 0) and, for(t1, t2, t3, a, b) = (0, 1, 1, 0, 0),

D2zf = D3zf = 0, D3yf 6= 0

and
D22zf (D3y)2 + D33zf (D2yf )2 − 2D2yf D3yf D23zf 6= 0.

Proceeding in a similar manner to the first case, we can prove that the third condition of
Definition 2.16 implies that

D34zf (0, 1, 1, 0, 0)D5zf (0, 1, 1, 0, 0) − D35zf (0, 1, 1, 0, 0)D4zf (0, 1, 1, 0, 0) 6= 0.

Finally, we consider the following change of parameters:

ā = z(0, 1, 1, a, b)

b̄ = D3z(0, 1, 1, a, b).

Then the family{g
ã,b̃

}
(ã,b̃)∈(−ε,ε)×(−ε,ε)

, for a suitableε > 0, defined byg
ã,b̃

= fa,b,

andx(·, ·, ·, ã, b̃) = xf (·, ·, ·, a, b) satisfies all the properties that we wanted to prove.
This finishes the proof of the proposition. 2

In Figures 6–8 we have a typical example of a generalized homoclinic tangency.
In Figure 6 we have drawn the plane of parameters, and marked several lines (t1, t2, r1,

r2), a point (O) and regions (I, II, III, IV). The linest1 andt2 correspond to a homoclinic
tangency, and the linesr1 andr2 to a generalized homoclinic transversality. In region IV
there is no intersection between the invariant manifolds.

In Figures 7 and 8 several behaviours of the invariant manifolds are displayed,
depending on the values of the parameters considered. The meanings of the letters in
the figures are the following:p is the fixed point,q is a point of homoclinic tangency,S,
S1 andS2 are leaves of the strong stable foliation ofWs(p), L, L1, L2 are the intersection
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FIGURE 7. Generalized homoclinic tangency (type I): phase space (see explanations in the text).

FIGURE 8. Generalized homoclinic tangency (type I): continuation of the previous figure.
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of a fiber of the unstable vector bundle withWs(p) (that is the planez = 0, in coordinates
(x, y, z)). In the case of generalized homoclinic tangency,S andL coincide, and in the
case of generalized transversality,Si , Li (for i = 1 or 2, depending on the case) coincide.
More arrows means more attraction. Finally, all the dashed curves are below the plane
z = 0.

Remark 2.22.The following properties hold for{g
ã,b̃

}
(ã,b̃)∈(−ε,ε)×(−ε,ε)

.

(a) Ws(p̃(ã, b̃)) is thex axis in a neighbourhood of(1, 0, 0).
(b) For type I, they-coordinate of the intersection ofWu(p̃(ã, b̃)) with z = 0 has a local

extremum at(1, ã, 0) for all (ã, b̃) ∈ (−ε, ε).
(c) For type II, thez-coordinate of the intersection ofWu(p̃(ã, b̃)) with y = 0 has a

local extremum at(1, 0, ã) for all (ã, b̃) ∈ (−ε, ε).
(d) The fibers of the stable tangent vector bundle are the planesz = 0 in a neighbourhood

of (1, 0, 0).
(e) Letxf (0, 1, t, ã, b̃) be the leaf ofFuu(p̃(ã, b̃)) passing through(1, ã, 0) (type I) or

(1, 0, ã) (type II), and parametrized byt . Then,b̃ is thez-coordinate of the tangent
vector of this leaf at(1, ã, 0) (type I) or(1, 0, ã) (type II).

2.4. The Bogdanov–Takens bifurcation.Let {fa,b}a,b∈V , V ⊂ R
2 being an open

neighbourhood of(a0, b0), be a smooth two-parameter family of two-dimensional
diffeomorphisms, having a fixed pointp0 for (a, b) = (a0, b0), with two eigenvalues equal
to 1 andDfa0,b0(p0) different from the identity. The objective of this section is to give
explicit conditions on the family to have a Bogdanov–Takens family of diffeomorphisms
unfolding generically, as defined in Broeret al [4].

Definition 2.23.We say that{fa,b}(a,b)∈V has aBogdanov–Takens bifurcationatp0 which
unfolds generically with(a, b) at (a0, b0) if via a smooth change of variables and a
reparametrization, we can obtain the family of maps

(
u

v

)
7→

(
u + v

v + µ + u2 + v(ν + γ̃ u) + c̃v2 + r̃3(u, v)

)
, (1)

wherep0 is transformed in(0, 0), µ = µ(a, b) andν = ν(a, b) are the new parameters
such that(µ(a0, b0), ν(a0, b0)) = (0, 0) and|∂(µ, ν)/∂(a, b)| is different from zero when
(a, b) = (a0, b0), γ̃ and c̃ are functions of(a, b) such thatγ̃ (a0, b0) 6= 2. Moreover,
r̃3 = r̃3(u, v, a, b) is a smooth function whose Taylor expansion around(u, v) = (0, 0),
for each fixed(a, b), begins at degree 3.

In what follows, we include some properties related to the Bogdanov–Takens
bifurcation. For a proof and deeper properties see Broeret al [4].
1. There exists a saddle-node bifurcation of (1) at(0, 0), for µ = 0 and allν small.
2. The map (1) undergoes a Hopf bifurcation at(u, 0) for

(µ, ν) = (−u2 + O3, (2 − γ̃ )u + O2)

and allu < 0 small enough. HereOi means orderi in u. Consequently, the curves
of saddle-node and Hopf bifurcations have a quadratic contact at the origin.
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3. Let µH = µH(ν) be the curve in the(µ, ν)-plane for which a Hopf bifurcation
occurs. Note thatν ≤ 0 if γ̃ < 2 andν ≥ 0 if γ̃ > 2. Then there exists a
function µ1 = µ1(ν) and µ0 < 0 such that: (a) ifγ̃ < 2 then there exists a
ν0 < 0 such that the map (1) has an attractingC1 invariant curve for any(ν, µ)

with µ1(ν) < µ < µH(ν) and 0 > ν > ν0; (b) if γ̃ > 2 then there exists a
ν0 > 0 such that the map (1) has a repellingC1 invariant curve for any(ν, µ) with
µ1(ν) < µ < µH(ν) andν0 > ν > 0.
Moreover the mapsµ1 andµH have a quadratic contact at the origin.

4. Suppose that{fa,b}a,b∈V is as before andM is a 2× 2 invertible matrix such that

M−1Dfa0,b0(p0)M =
(

1 1
0 1

)
.

Let vi = Mei andwt
i = et

iM
−1, wherei = 1, 2 ande1, e2 is the canonical basis

of R
2. If

wt
2D

2fa0,b0(p0)(v1, v1) 6= 0

and

wt
2D

2fa0,b0(p0)(v1, v2) + wt
1D

2fa0,b0(p0)(v1, v1) − wt
2D

2fa0,b0(p0)(v1, v1) 6= 0,

then, by means of a smooth change of variables, it is possible to transform our
family to one like (1). If after the transformation we have that|∂(µ, ν)/∂(a, b)| is
different from zero when(a, b) = (a0, b0), then{fa,b}a,b∈V has a Bogdanov–Takens
bifurcation atp0 which unfolds generically with(a, b) at (a0, b0).

3. Bifurcations of periodic points related to homoclinic tangencies
In this section, we will find bifurcations of periodic points near a homoclinic quadratic
tangency, a generalized transversal homoclinic point (one-parameter case) and a
generalized quadratic homoclinic tangency (two-parameter case). Letm = 1 or m = 2.
We will consider anm-parameter family of diffeomorphisms{fc}c∈V , whereV is an open
neighbourhood ofc0 ∈ R

m andfc : R
3 −→ R

3. We suppose, as before, that{fc}c has a
dissipative saddle fixed pointp = p(c) ∈ R

3, for c nearc0. We denote the eigenvalues of
Dfc(p) by λ1, λ2 andλ3, satisfying|λ1| < |λ2| < |λ3|, and|λ1λ2λ3| < 1. Moreover, we
introduce the following notation.

If A = (ai,j )1≤i,j≤3 is a 3×3 matrix thend1(A) = traceA, d2(A) = detA1 +detA2 +
detA3 (second trace), andd3(A) = detA, whereAi is the 2× 2 matrix obtained by
removing the row and the columni of the matrixA.

3.1. Quadratic tangency. In this casec = a ∈ R. Assume that{fa}a∈V has a quadratic
homoclinic tangency atq0 ∈ Wu(p(a0)) ∩ Ws(p(a0)), unfolding generically witha at
a = a0, and that{fa}a∈V satisfies the linearization assumption.

We shall distinguish between the cases dimWu(p) = 1 or 2.

PROPOSITION3.1. Suppose that|λ1| < |λ2| < 1 < |λ3| and, if |λ2λ3| > 1, the
homoclinic tangency is not generalized. Then, forn large enough, there exist values of
the parametera+

n anda−
n such that:
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1. fa+
n

undergoes ann-periodic saddle-node bifurcation atp+
n ;

2. fa−
n

undergoes ann-periodic flip bifurcation atp−
n ;

3. limn→∞ a+
n = limn→∞ a−

n = a0;
4. limn→∞ p+

n = limn→∞ p−
n = q0.

Proof. We shall only consider the saddle-node case, the flip one being similar.
By using Proposition 2.7, we can suppose that

f n
a (t1, t2, t3) = x(λn

1t1, λ
n
2t2, λ

n
3t3, a)

for all (t1, t2, t3, a) ∈ U , whereU is a suitable neighbourhood of{(t1, t2, t3) ∈ R
3 :

(t2
1 + t2

2)t3 = 0} × (−ε, ε). The mapx satisfies

x(0, 0, 1, a) = 1, y(0, 0, 1, a) = 1, z(0, 0, 1, a) = a, D3z(0, 0, 1, a) = 0 (2)

for a ∈ (−ε, ε), and D33z(0, 0, 1, 0) 6= 0. Moreover,x(·, a) is the identity in a
neighbourhood of the disk{(t1, t2, 0) : t2

1 + t2
2 ≤ 3}, andq0 = (1, 1, 0) can be taken

as the tangential homoclinic point.
Now we want to find parameter values for whichf n

a undergoes a saddle-node
bifurcation. Let(t1, t2, λ

−n
3 t3) be a saddle-node fixed point off n

a . Then

x(λn
1t1, λ

n
2t2, t3) = (t1, t2, λ

−n
3 t3),

and if we defineA = Df n
a (t1, t2, λ

−n
3 t3) = Dx(λn

1t1, λ
n
2t2, t3, a) ◦ 3n, where3n is the

diagonal matrix3n = diag(λn
1, λn

2, λn
3), the condition of the existence of a saddle-node

bifurcation is

1 − d1(A) + d2(A) − d3(A) = 0. (3)

Sets1 = λn
1, s2 = λn

2 ands3 = λ−n
3 . To find ann-periodic saddle-node bifurcation it is

sufficient to solve the equationF(s1, s2, s3, t1, t2, t3, a) = 0, whereF = (F1, F2, F3, F4),

F1(s1, s2, s3, t1, t2, t3, a) = x(s1t1, s2t2, t3, a) − t1,

F2(s1, s2, s3, t1, t2, t3, a) = y(s1t1, s2t2, t3, a) − t2,

F3(s1, s2, s3, t1, t2, t3, a) = z(s1t1, s2t2, t3, a) − s3t3,

F4(s1, s2, s3, t1, t2, t3, a) = s3 − s3d1(A) + s3d2(A) − s3d3(A),

and, taking the derivatives ofx, y, z at (s1t1, s2t2, t3, a),

s3d1(A) = s1s3D1x + s2s3D2y + D3z

s3d2(A) = s1s2s3

∣∣∣∣D1x D2x

D1y D2y

∣∣∣∣ + s1

∣∣∣∣D1x D3x

D1z D3z

∣∣∣∣ + s2

∣∣∣∣D2y D3y

D2z D3z

∣∣∣∣
s3d3 = s1s2 detDx(s1t1, s2t2, t3, a).

From (2), we see thatF(0, 0, 0, 1, 1, 1, 0) = 0. On the other hand,F is a differentiable
map near(0, 0, 0, 1, 1, 1, 0).

As D33z(0, 0, 1, 0) 6= 0, we can use the implicit function theorem to prove that, fors1,
s2 ands3 small enough, there existti = ti (s1, s2, s3), i = 1, 2, 3, anda = a(s1, s2, s3)

solving the equationF = 0, for fixedsi , i = 1, 2, 3, and satisfying

ti(0, 0, 0) = 1, i = 1, 2, 3, a(0, 0, 0) = 0.
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Taking into account the values ofsi , we get that

p+
n = (t1(λ

n
1, λn

2, λ−n
3 ), t2(λ

n
1, λn

2, λ−n
3 ), λ−n

3 t3(λ
n
1, λn

2, λ−n
3 ))

is a saddle-noden-periodic point fora = a+
n = a(λn

1, λ
n
2, λ−n

3 ), if n is large enough, and
p+

n → q0, a+
n → 0 whenn → ∞.

In order to see thatp+
n is really a saddle-node, let 1,αn andβn denote the eigenvalues

of Df n

a+
n
(p+

n ). It is easy to show that|αnβn| < 1 and

d2,n = d2(Df n

a+
n
(p+

n )) = αn + βn + αnβn = λn
2λn

3(D2yD3z − D2zD3y + o(1)),

where all the derivatives ofy, z are evaluated at(0, 0, 1, 0).
If |λ2λ3| < 1 thend2,n → 0 whenn → ∞. If |λ2λ3| > 1, to say that the homoclinic

tangency is not generalized implies thatD2z(0, 0, 1, 0) 6= 0 andD3y(0, 0, 1, 0) 6= 0 (see
Proposition 2.19). AsD3z(0, 0, 1, 0) = 0, we have that|d2,n| → ∞. The behaviour of
d2,n in both cases allows us to show that neitherαn norβn has absolute value equal to 1, if
n is large enough. This ends the proof of the proposition. 2

Remark 3.2.If the saddle fixed point is sectionally dissipative, it is easy to see that, forn

large enough, there are alson-periodic attractors nearq0.

PROPOSITION3.3. Suppose that|λ1| < 1 < |λ2| < |λ3| and the homoclinic tangency is
not generalized. Then, forn large enough there exist values of the parametera+

n , a−
n and

ac
n such that:

1. fa+
n

has ann-periodic saddle-node bifurcation atp+
n ;

2. fa−
n

has ann-periodic flip bifurcation atp−
n ;

3. fac
n

has ann-periodic pointpc
n with the product of two of its eigenvalues equal to 1;

4. limn→∞ a+
n = limn→∞ a−

n = limn→∞ ac
n = a0;

5. limn→∞ p+
n = limn→∞ p−

n = limn→∞ pc
n = q0.

Moreover, the saddle-node and the flip have index of stability 1.

Proof. In this case, using Proposition 2.8, we can write, after a change of variables and
reparametrization,

f n
a (t1, t2, t3) = x(λn

1t1, λ
n
2t2, λ

n
3t3, a),

wherex is a smooth map,x(·, a) is the identity in a neighbourhood of{(t1, 0, 0) : |t1| ≤ 3},
and one of the two possibilities holds:
1. x(0, 1, 1, a) = 1, y(0, 1, 1, a) = 0, z(0, 1, 1, a) = a,

D2y(0, 1, 1, a)D3z(0, 1, 1, a) − D2z(0, 1, 1, a)D3y(0, 1, 1, a) = 0

and
D1g(1, 1, 0)D3y(0, 1, 1, 0) − D2g(1, 1, 0)D2y(0, 1, 1, 0) 6= 0;

2. x(0, 1, 1, a) = 1, y(0, 1, 1, a) = a, z(0, 1, 1, a) = 0,

D2y(0, 1, 1, a)D3z(0, 1, 1, a) − D2z(0, 1, 1, a)D3y(0, 1, 1, a) = 0

and
D1g(1, 1, 0)D3z(0, 1, 1, 0) − D2g(1, 1, 0)D2z(0, 1, 1, 0) 6= 0.
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Here g(t2, t3, a) = D2yD3z − D2zD3y, where all the derivatives are evaluated at
(0, t2, t3, a). Moreover, the point of homoclinic tangency isq0 = (1, 0, 0), and the
condition of not being a generalized homoclinic tangency isD3z(0, 1, 1, 0, 0) 6= 0 (see
Proposition 2.21).

We only consider the saddle-node case (the flip one being similar). Suppose that
(t1, λ

−n
2 t2, λ

−n
3 t3) is a saddle-noden-periodic point. Then

x(λn
1t1, t2, t3, a) = (t1, λ

−n
2 t2, λ

−n
3 t3), (4)

and

1 − d1(A) + d2(A) − d3(A) = 0, (5)

whereA = Df n
a (t1, λ

−n
2 t2, λ

−n
3 t3). If we defines1 = λn

1, s2 = λ−n
2 ands3 = λ−n

3 , we
can show that to find(t1, t2, t3, a) satisfying (4) and (5) is equivalent to solving a system
of equationsF(s1, s2, s3, t1, t2, t3, a) = 0 ∈ R

3. As before, using the properties of the
map x, we see that there exist differentiable mapsti = ti (s1, s2, s3), i = 1, 2, 3, and
a = a(s1, s2, s3) such thata+

n = a(λn
1, λ

−n
2 , λ−n

3 ) and

p+
n = (t1(λ

n
1, λ−n

2 , λ−n
3 ), λ−n

2 t2(λ
n
1, λ−n

2 , λ−n
3 ), λ−n

3 t3(λ
n
1, λ−n

2 , λ−n
3 )),

satisfy the properties that we wanted in the saddle-node case. We note that to see that
only one eigenvalue of the saddle-node has absolute value equal to 1, we use the condition
D3z(0, 1, 1, 0, 0) 6= 0.

On the other hand, there are also periodic points with the product of two of their
eigenvalues equal to 1. To see this, first it is easy to see that equation (5) has to be replaced
by

1 + (d1(A) − d3(A))d3(A) − d2(A) = 0.

By using variabless1 = λn
1λn

3, s2 = λ−n
2 , s3 = λn

2λ−n
3 , we can proceed as in the saddle-

node case. 2

3.2. Generalized transversality.For this type of transversality, we want to find
hyperbolic periodic points having the product of two of their eigenvalues equal to 1. In
order to get such a situation we have to impose that the fixed pointp(a) is not sectionally
dissipative. These periodic points are important in the context of the generalized
homoclinic tangency because they are the candidates to undergo a Hopf bifurcation and
a Bogdanov–Takens bifurcation when we add a second parameter.

As before, we work with a one-parameter family{fa}a∈V , and assume that, fora = a0,
it has a generalized homoclinic transversality atq0 ∈ Wu(p(a0)) ∩ Ws(p(a0)), unfolding
generically, and satisfies the linearization assumption.

PROPOSITION3.4. Suppose that|λ1| < |λ2| < 1 < |λ3| and |λ2λ3| > 1. Then, forn
large enough, there exist values of the parameterac

n such that:
1. fac

n
has ann-periodic pointpc

n having the product of two of its eigenvalues equal
to 1;

2. limn→∞ ac
n = a0;

3. limn→∞ pc
n = q0.
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Proof. From Proposition 2.13, we can write

f n
a (t1, t2, t3) = x(λn

1t1, λ
n
2t2, λ

n
3t3),

where
x(0, 0, 1, a) = 1, y(0, 0, 1, a) = 1, z(0, 0, 1, a) = 0,

and
D2y(0, 0, 1, a)D3z(0, 0, 1, a) − D2z(0, 0, 1, a)D3y(0, 0, 1, a) = a

for all a ∈ V , andD3z(0, 0, 1, 0) 6= 0. Moreover, the point of generalized homoclinic
transversality isq0 = (1, 0, 0) = x(0, 0, 1, 0).

Let (t1, t2, λ
−n
3 t3) be ann-periodic point and letA = Df n

a (t1, t2, λ
−n
3 t3). If we suppose

that the product of two eigenvalues ofA is one, then

1 + (d1(A) − d3(A))d3(A) − d2(A) = 0. (6)

Define s1 = λ−n
2 λ−n

3 , s2 = λn
2 and s3 = λn

1λ
n
3 and consider the equation

F(s1, s2, s3, t1, t2, t3, a) = 0 ∈ R
3, whereF = (F1, F2, F3, F4) and

F1(s1, s2, s3, t1, t2, t3, a) = x(s1s2s3t1, s2t2, t3, a) − t1,

F2(s1, s2, s3, t1, t2, t3, a) = y(s1s2s3t1, s2t2, t3, a) − t2,

F3(s1, s2, s3, t1, t2, t3, a) = z(s1s2s3t1, s2t2, t3, a) − s1s2t3,

F4(s1, s2, s3, t1, t2, t3, a) = D2yD3z − D3yD2z + O(|s1, s2, s3|).
In the last equation, the derivatives are evaluated at(s1s2s3t1, s2t2, t3, a). Note that the first
three equations imply that(t1, t2, λ

−n
3 t3) is ann-periodic point, and the last is obtained by

multiplying equation (6) bys1 = λ−n
2 λ−n

3 . O(|s1, s2, s3|) means first order ins1, s2, s3.
The properties ofx imply that F(0, 0, 0, 1, 1, 1, 0) = 0, and, by the implicit function

theorem, there exist differentiable mapsti = ti (s1, s2, s3), i = 1, 2, 3, a = a(s1, s2, s3),
such thatti(0, 0, 0) = 1, for i = 1, 2, 3 anda(0, 0, 0) = 0. This means that

pc
n = (t1(λ

−n
2 λ−n

3 , λn
2, λn

1λn
3), t2(λ

−n
2 λ−n

3 , λn
2, λn

1λn
3), λ−n

3 t3(λ
−n
2 λ−n

3 , λn
2, λn

1λn
3))

is ann-periodic point offac
n
, whereac

n = a(λ−n
2 λ−n

3 , λn
2, λn

1λn
3), and has eigenvaluesαn,

βn, γn satisfyingαnβn = 1, |αnβnγn| < 1 and all are real and different from 1 and
−1. Moreover, limn→∞ ac

n = 0 and limn→∞ pc
n = q0. This finishes the proof of the

proposition. 2

3.3. Generalized quadratic tangency.Now we deal with a family{fa,b}(a,b)∈V having
a generalized homoclinic tangency atq0 ∈ Wu(p(a0, b0)) ∩ Ws(p(a0, b0)), unfolding
generically with(a, b) at (a0, b0). We use the same notation as before, and distinguish
between two cases depending on the dimension of the stable invariant manifold of the
fixed point.

PROPOSITION3.5. Suppose that|λ1| < |λ2| < 1 < |λ3| and |λ2λ3| > 1. Then,
for n large enough there exist values of the parameters(a++

n , b++
n ), (a+−

n , b+−
n ) and

(a−−
n , b−−

n ), such that:
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1. fa++
n ,b++

n
has ann-periodic pointp++

n with 1 as a double eigenvalue;
2. fa+−

n ,b+−
n

has ann-periodic pointp+−
n with one eigenvalue equal to 1 and another

equal to−1;
3. fa−−

n ,b−−
n

has ann-periodic pointp−−
n with two eigenvalues equal to−1;

4. limn→∞(a++
n , b++

n ) = limn→∞(a+−
n , b+−

n ) = limn→∞(a−−
n , b−−

n ) = (a0, b0);
5. limn→∞ p±±

n = q0.

Proof. By Proposition 2.19 we can assume that

f n
a,b(t1, t2, t3) = x(λn

1t1, λ
n
2t2, λ

n
3t3, a, b),

wherex(·, a, b) is the identity in a neighbourhood of{(t1, t2, 0) : t2
1 + t2

2 ≤ 3}.
We only study the generalized homoclinic tangency of type I. We can proceed in a

similar way for the other type. This means that the mapx satisfies

x(0, 0, 1, a, b) = 1, y(0, 0, 1, a, b) = 1, z(0, 0, 1, a, b) = a,

D3z(0, 0, 1, a, b) = 0, D3y(0, 0, 1, a, b) = b,

for all a ∈ V andD33z(0, 0, 1, 0, 0) 6= 0, D2z(0, 0, 1, 0, 0) 6= 0, and∣∣∣∣D33y(0, 0, 1, 0, 0) D33z(0, 0, 1, 0, 0)

D2y(0, 0, 1, 0, 0) D2z(0, 0, 1, 0, 0)

∣∣∣∣ 6= 0.

Now, we look for periodic points with two eigenvalues equal to 1. Letpn =
(t1, t2, λ

−n
3 t3) be ann-periodic point. Defines1 = λ−n

2 λ−n
3 , s2 = λn

2 ands3 = λn
1λ−n

2 .
Thenf n

a,b(pn) = pn and, therefore,

x(s2s3t1, s2t2, t3, a, b) − t1 = 0

y(s2s3t1, s2t2, t3, a, b) − t2 = 0

z(s2s3t1, s2t2, t3, a, b) − s1s2t3 = 0.

In order to have two eigenvalues equal to 1 ifA = Df n
a,b(pn), one has to impose:

1 − d1(A) + d2(A) − d3(A) = 0

1 − d2(A) + 2d3(A) = 0.

If we multiply the fourth equation byλ−n
3 and the fifth byλ−n

2 λ−n
3 , we easily see that the

above system of five equations is equivalent toF(s1, s2, s3, t1, t2, t3, a, b) = 0 ∈ R
5, where

F = (F1, F2, F2, F3, F4, F5) and

F1(0, 0, 0, t1, t2, t3, a, b) = x(0, 0, t3, a, b) − t1,

F2(0, 0, 0, t1, t2, t3, a, b) = y(0, 0, t3, a, b) − t2,

F3(0, 0, 0, t1, t2, t3, a, b) = z(0, 0, t3, a, b),

F4(0, 0, 0, t1, t2, t3, a, b) = −D3z(0, 0, t3, a, b),

F5(0, 0, 0, t1, t2, t3, a, b) = D2yD3z − D2zD3y,

where the derivatives of the last equation are evaluated at(0, 0, t3, a, b). As
F(0, 0, 0, 1, 1, 1, 0, 0) = 0 and

detDF̃ (0, 0, 0, 1, 1, 1, 0, 0) = −D33z(0, 0, 1, 0, 0)D2z(0, 0, 1, 0, 0) 6= 0,
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by the conditions of existence of a generalized homoclinic tangency, there are differentiable
maps ti = ti(s1, s2, s3), i = 1, 2, 3, and (a, b) = (a(s1, s2, s3), b(s1, s2, s3)) such
that ti (0, 0, 0) = 1, for i = 1, 2, 3 and(a(0, 0, 0), b(0, 0, 0)) = (0, 0), and satisfying
F(s1, s2, s3, t1, t2, t3, a, b) = 0, for all (s1, s2, s3) small enough. Then

p++
n = (t1(λ

−n
2 λ−n

3 , λn
2, λn

1λ−n
2 ), t2(λ

−n
2 λ−n

3 , λn
2, λn

1λ−n
2 ), λ−n

3 t3(λ
−n
2 λ−n

3 , λn
2, λn

1λ−n
2 ))

anda++
n = a(λ−n

2 λ−n
3 , λn

2, λn
1λ−n

2 ), satisfy the statements of the proposition.

We can proceed in a similar manner to obtain periodic points with eigenvalues 1,−1
and with−1,−1. 2

Remark 3.6.We postpone the proof of the existence of Bogdanov–Takens bifurcations,
unfolding generically, because we will use a limit return map to simplify the computations.
It is also interesting to see if the other bifurcations unfold generically, but we only want
to use the properties that can be deduced from the existence of a Bogdanov–Takens
bifurcation, so we do not take this problem into consideration.

PROPOSITION3.7. Suppose that|λ1| < 1 < |λ2| < |λ3|. Then, forn large enough, there
exist values of the parameters(a++

n , b++
n ), (a+−

n , b+−
n ) and(a−−

n , b−−
n ), such that:

1. fa++
n ,b++

n
has ann-periodic pointp++

n with 1 as a double eigenvalue;
2. fa+−

n ,b+−
n

has ann-periodic pointp+−
n with one eigenvalue equal to 1 and another

equal to−1;
3. fa−−

n ,b−−
n

has ann-periodic pointp−−
n with two eigenvalues equal to−1;

4. limn→∞(a++
n , b++

n ) = limn→∞(a+−
n , b+−

n ) = limn→∞(a−−
n , b−−

n ) = (a0, b0);
5. limn→∞ p±±

n = q0.

Proof. First, we can write, as before,

f n
a,b(t1, t2, t3) = x(λn

1t1, λ
n
2t2, λ

n
3t3, a, b).

We suppose that the generalized homoclinic tangency is of type I (the other case being
similar). We can suppose, by Proposition 2.21, that

x(0, 1, 1, a, b) = 1, y(0, 1, 1, a, b) = a,

z(0, 1, 1, a, b) = 0, D3z(0, 1, 1, a, b) = b,

D2y(0, 1, 1, a, b)D3z(0, 1, 1, a, b) − D3y(0, 1, 1, a, b)D2z(0, 1, 1, a, b) = 0,

for all (a, b) ∈ V , andD3y(0, 1, 1, 0, 0) = 0, D2z(0, 1, 1, 0, 0) 6= 0, and

D2yD33z − D33yD2z 6= 0,

where all the derivatives are evaluated at(0, 1, 1, 0, 0).

Define s1 = λn
1λn

2, s2 = λ−n
2 and s3 = λn

2λ−n
3 , and suppose that(t1, λ

−n
2 t2, λ

−n
3 t3)

is an n-periodic point with two eigenvalues equal to 1. Proceeding as in the previous
proposition, we obtain a system of equationsF(s1, s2, s3, t1, t2, t3, a, b) = 0 ∈ R

5 such
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thatF = (F1, F2, F3, F4, F5) and

F1(0, 0, 0, t1, t2, t3, a, b) = x(0, t2, t3, a, b) − t1,

F2(0, 0, 0, t1, t2, t3, a, b) = y(0, t2, t3, a, b),

F3(0, 0, 0, t1, t2, t3, a, b) = z(0, t2, t3, a, b),

F4(0, 0, 0, t1, t2, t3, a, b) = D2yD3z − D3yD2z,

F5(0, 0, 0, t1, t2, t3, a, b) = −D3z(0, t2, t3, a, b),

where the derivatives of the fourth equation are evaluated at(0, t2, t3, a, b). Then we have
that F(0, 0, 0, 1, 1, 1, 0, 0) = 0 and detDF(0, 0, 0, 1, 1, 1, 0, 0) = −D2z(D2yD33z −
D33yD2z) 6= 0, where the derivatives are evaluated at(0, 1, 1, 0, 0). This means that
there exist differentiable mapsti = ti (s1, s2, s3), i = 1, 2, 3, a = a(s1, s2, s3) and
b = b(s1, s2, s3) such thatti(0, 0, 0) = 1, for i = 1, 2, 3, (a, b)(0, 0, 0) = (0, 0) and
satisfyF(s1, s2, s3, t1, t2, t3, a, b) = 0 for all (s1, s2, s3) small enough. To finish the proof
in the case of double eigenvalue equal to one, we can verify thatp++

n = (t1, λ
−n
2 t2, λ

−n
3 t3)

and(a++
n , b++

n ) = (a, b)(λn
1λ

n
2, λ−n

2 , λn
2λ−n

3 ) have the properties we wanted.
The other cases can be shown in the same way. 2

4. Limit return maps
In this section we will prove the main theorem of the paper, concerning the existence
of limit return maps and consequences. The needed changes of variables and
reparametrizations to obtain these limit maps are suggested by the values of the parameters
corresponding to the several bifurcations we have obtained. We use the same notation as
in the previous section.

Let {fa,b}(a,b)∈V be a two-parameter family of three-dimensional maps having a
dissipative saddle fixed pointp(a, b) for all (a, b) ∈ V . As before, we denote by
λ1, λ2 and λ3 the (real) eigenvalues ofDfa,bp(a, b). Assume that this family has
a generalized quadratic homoclinic tangency atq ∈ Wu(p(a0, b0)) ∩ Ws(p(a0, b0)),
unfolding generically with(a, b) at (a0, b0) ∈ V .

We first suppose that the fixed point is not sectionally dissipative, and the stable invariant
manifold is two-dimensional. We have the following result.

PROPOSITION4.1. Suppose that|λ1| < |λ2| < 1 < |λ3|, |λ1λ3| < 1 and |λ2λ3| > 1.
Then{fa,b}(a,b)∈V has a family of limit return maps{Hā,b̄}(ā,b̄)∈R2, associated to the orbit
of q such that:
1. if the generalized homoclinic tangency is of type I then

Hā,b̄(x̄, ȳ, z̄) = (z̄, b̄z̄, ā + ȳ + z̄2); (7)

2. if the generalized homoclinic tangency is of type II then

Hā,b̄(x̄, ȳ, z̄) = (0, z̄, ā + b̄ȳ + z̄2). (8)

Proof. We can suppose that the family{fa,b}(a,b)∈V satisfies the same properties as
{gā,b̄}(ā,b̄)∈(−ε,ε)×(−ε,ε) in Proposition 2.19. Thus,V = (−ε, ε) × (−ε, ε), the fixed point
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is (0, 0, 0), for all (a, b) ∈ V , and the values of the parameters for which there exists
a generalized homoclinic tangency area0 = 0 andb0 = 0. Moreover, we can write
f n

a,b(t1, t2, t3) = x(λn
1t1, λ

n
2t2, λ

n
3t3, a, b) for (t1, t2, t3, a, b) in a suitable neighbourhood

of {(t1, t2, t3) ∈ R
3 : (t2

1 + t2
2)t3 = 0} × V , wherex = (x, y, z) is as in Proposition 2.19.

By Definition 1.6, in order to find a limit return map we have to build upn-depending
changes of variables and reparametrizations for the mapsf n

a,b near the generalized
homoclinic tangency.

We first need to obtain some information about the points and values of parameters
corresponding to saddle-node and Bogdanov–Takens bifurcations. This is the content of
the following lemma.

LEMMA 4.2. There exist smooth mapsTi = Ti(s1, s2, s3, b), u = u(s1, s2, s3, b) and
v = v(s2), defined for(s1, s2, s3, b) in a neighbourhood of(0, 0, 0, 0) ∈ R

4, such that:
1. Ti(0, 0, 0, b) = 1, i = 1, 2, 3, u(0, 0, 0, b) = 0 for |b| small enough andv(0) = 0.
2. If we takes1 = λn

1, s2 = λn
2 and s3 = λ−n

3 then the mapfu,b has ann-periodic
saddle-node bifurcation at(T1, T2, λ

−n
3 T3), that is

x(λn
1T1, λ

n
2T2, T3, u, b) − T1 = 0

y(λn
1T1, λ

n
2T2, T3, u, b) − T2 = 0

z(λn
1T1, λ

n
2T2, T3, u, b) − λ−n

3 T3 = 0

λ−n
3 (1 − d1 + d2 − d3) = 0,

(9)

wheredi = di(Dfu,b(T1, T2, λ
−n
3 T3)).

3. If we defineT̄i = Ti(0, λn
2, 0, v(λn

2)), i = 1, 2, 3, andū = u(0, λn
2, 0, v(λn

2)) then:
(a) if the generalized homoclinic tangency is of type I,

x(0, λn
2T̄2, T̄3, ū, v(λn

2)) − T̄1 = 0

y(0, λn
2T̄2, T̄3, ū, v(λn

2)) − T̄2 = 0

z(0, λn
2T̄2, T̄3, ū, v(λn

2)) = 0

D3z(0, λn
2T̄2, T̄3, ū, v(λn

2)) = 0

D3y(0, λn
2T̄2, T̄3, ū, v(λn

2)) = 0;

(10)

(b) if the generalized homoclinic tangency is of type II,

x(0, λn
2T̄2, T̄3, ū, v(λn

2)) − T̄1 = 0

y(0, λn
2T̄2, T̄3, ū, v(λn

2)) − T̄2 = 0

z(0, λn
2T̄2, T̄3, ū, v(λn

2)) = 0

D3z(0, λn
2T̄2, T̄3, ū, v(λn

2)) = 0

D2z(0, λn
2T̄2, T̄3, ū, v(λn

2)) = 0.

(11)

This lemma is an immediate consequence of the properties of the mapx and the implicit
function theorem.

Remark 4.3.If (a++
n , b++

n ) = (a, b)(λ−n
2 λ−n

3 , λn
2, λn

1λ−n
2 ) are the values of the

parameters for which there is ann-periodic Bogdanov–Takens bifurcation atp++
n =
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P(λ−n
2 λ−n

3 , λn
2, λn

1λ−n
2 ), in Proposition 3.5, it is not difficult to prove thata(0, λn

2, 0) =
ū(λn

2), b = (0, λn
2, 0) = v(λn

2) andP(0, λn
2, 0) = (T̄1(λ

n
2), T̄2(λ

n
2), 0).

With the information of the previous lemma, we can perform a change of variables and a
reparametrization for the mapf n

a,b, depending on the type of tangency. Denote by(x̄, ȳ, z̄)

the new variables and by(ā, b̄) the new parameters.

Type I. We consider the change

t1 = T1(λ
n
1, λn

2, λ−n
3 , b) + λ−n

3 x̄

t2 = T2(λ
n
1, λn

2, λ−n
3 , b) + λ−n

2 λ−2n
3 ȳ

t3 = λ−n
3 T3(λ

n
1, λn

2, λ−n
3 , b) + λ−2n

3 z̄

a = u(λn
1, λ

n
2, λ−n

3 , b) + λ−2n
3 ā

b = v(λn
2) + b̄λ−n

2 λ−n
3 .

(12)

We want to expressf n
a,b in terms ofx̄, ȳ, z̄, ā, b̄. Let (x̄, ȳ, z̄, ā, b̄) denote a point. The

(t1, t2, t3, a, b) variables of this point are given by (12). After applyingf n
a,b, we get as

(t1, t2, t3) coordinates:

t1 = x(λn
1T1 + λn

1λ−n
3 x̄, λn

2T2 + λ−2n
3 ȳ, T3 + λ−n

3 z̄, u + λ−2n
3 ā, v + b̄λ−n

2 λ−n
3 )

t2 = y(λn
1T1 + λn

1λ−n
3 x̄, λn

2T2 + λ−2n
3 ȳ, T3 + λ−n

3 z̄, u + λ−2n
3 ā, v + b̄λ−n

2 λ−n
3 )

t3 = z(λn
1T1 + λn

1λ−n
3 x̄, λn

2T2 + λ−2n
3 ȳ, T3 + λ−n

3 z̄, u + λ−2n
3 ā, v + b̄λ−n

2 λ−n
3 ),

whereTi = Ti(λ
n
1, λn

2, λ−n
3 , b), i = 1, 2, 3, u = u(λn

1, λn
2, λ−n

3 , b) and v = v(λn
2).

Transforming this back to the(x̄, ȳ, z̄) coordinates, and denoting the values of the
coordinates of the new point bȳx ′, ȳ ′, z̄′,

x̄ ′ = (x − T1(λ
n
1, λn

2, λ−n
3 ))λn

3

ȳ ′ = (y − T2(λ
n
1, λn

2, λ−n
3 ))λn

2λ2n
3

z̄′ = (z − λ−n
3 T3(λ

n
1, λn

2, λ−n
3 ))λ2n

3 ,

where the mapsx, y, z are taken at the same point as before.
In order to obtain a limit map, we defines1 = λ−n

2 λ−n
3 , s2 = λn

2 ands3 = λn
1λn

3, and use
the Taylor expansion of the mapx(·, b) about the point

(λn
1T1, λ

n
2T2, T3, u) = (s1s2s3T1, s2T2, T3, u),

where nowTi = Ti(s1s2s3, s2, s1s2, b) andu = u(s1s2s3, s2, s1s2, b).
From equation (9), we see that

x̄ ′ = D3x(0, 0, 1, 0, 0)z̄ + O1(s1, s2, s3)

ȳ ′ = D3y(s1s2s3T1, s2T2, T3, u, v(s2) + b̄s1)z̄s
−1
1 + O1(s1, s2, s3)

z̄′ = D2z(0, 0, 1, 0, 0)ȳ + D3zz̄s
−1
1 s−1

2 + ā + 1
2D33z(0, 0, 1, 0, 0)z̄2 + O1(s1, s2, s3),

whereD3z = D3z(s1s2s3T1, s2T2, T3, u, v(s2) + b̄s1) andO1(s1, s2, s3) means first order
in s1, s2 ands3.
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We know, by the fifth equation of (10), thatD3y(0, s2T̄2, T̄3, ū, v(s2)) = 0. Hence, if
we expand the mapD3y(s1s2s3T1, s2T2, T3, u, v + b̄s1) abouts1 = 0, and use the fact that
D3y(0, 0, 1, a, b) = b (see Proposition 3.5), we get

ȳ ′ = b̄z̄ + O1(s1, s2, s3).

Finally, from the last equation of (9) we have

(1 − s2D2y)D3z(s1s2s3T1, s2T2, T3, u, v + b̄s1) = s1s2(1 + O1(s1, s2, s3)) + D3yD2zs2,

whereD2y, D3y andD2z are taken at the same point asD3z.
As D3y = (b̄+O1(s1, s2, s3))s1, andD2z(0, 0, 1, 0, 0) 6= 0 (see again Proposition 3.5),

the component̄z′ satisfies

z̄′ = ā + D2zȳ + (1 − D2zb̄)z̄ + 1
2D33zz̄

2 + O1(s1, s2, s3),

whereD2z, D3z andD33z are evaluated at(0, 0, 1, 0, 0).
This means that in the type I generalized homoclinic tangency we obtain, after a change

of variables and a reparametrization, the following limit return map:
x̄ ′

ȳ ′
z̄′


 =


 αz̄

b̄z̄

ā + βȳ + (1 − βb̄)z̄ + γ z̄2


 , (13)

whereα, β andγ are non-zero constants, andā and b̄ are parameters. By means of a
change of variables and parameters, it is easy to show that this return map is conjugate
to (7).

Type II. We use the same notation as in the previous case. Now we perform the change

t1 = T1(λ
n
1, λn

2, λ−n
3 , b) + λ−n

3 x̄

t2 = T2(λ
n
1, λn

2, λ−n
3 , b) + λ−n

3 ȳ

t3 = λ−n
3 T3(λ

n
1, λn

2, λ−n
3 , b) + λ−2n

3 z̄

a = u(λn
1, λn

2, λ−n
3 , b) + λ−2n

3 ā

b = v(λn
2) + b̄λ−n

2 λ−n
3 ,

(14)

whereTi , i = 1, 2, 3, u andv satisfy equations (9) and (11).
As before, we want to expressf n

a,b in the new coordinates and parameters. The

(t1, t2, t3, a, b) variables of a point(x̄, ȳ, z̄, ā, b̄) are given by (14). After applyingf n
a,b

we get

t1 = x(λn
1T1 + λn

1λ−n
3 x̄, λn

2T2 + λn
2λ−n

3 ȳ, T3 + λ−n
3 z̄, u + λ−2n

3 ā, v + b̄λ−n
2 λ−n

3 )

t2 = y(λn
1T1 + λn

1λ−n
3 x̄, λn

2T2 + λn
2λ−n

3 ȳ, T3 + λ−n
3 z̄, u + λ−2n

3 ā, v + b̄λ−n
2 λ−n

3 )

t3 = z(λn
1T1 + λn

1λ−n
3 x̄, λn

2T2 + λn
2λ−n

3 ȳ, T3 + λ−n
3 z̄, u + λ−2n

3 ā, v + b̄λ−n
2 λ−n

3 ).

We expand the mapsx(·, b), y(·, b), z(·, b) about(s1s2s3T1, s2T2, T3, u) and obtain

x̄ ′ = D3x(0, 0, 1, 0, 0)z̄ + O1(s1, s2, s3)

ȳ ′ = D3y(0, 0, 1, 0, 0)z̄ + O1(s1, s2, s3)

z̄′ = D2zȳs−1
1 + D3zz̄s

−1
1 s−1

2 + ā + 1
2D33z(0, 0, 1, 0, 0)z̄2 + O1(s1, s2, s3),
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whereD2z andD3z are taken at(s1s2s3T1, s2T2, T3, u, v + b̄s1).
In this case,D2z(0, s2T̄2, T̄3, ū, v(s2)) = 0, by the fifth equation of (11). Expanding

the map
D2z(s1s2s3T1, s2T2, T3, u, v + b̄s1)

abouts1 = 0, and using the fact thatD2z(0, 0, 1, a, b) = b (see Proposition 3.5), we obtain

z̄′ = b̄ȳ + D3zz̄s
−1
1 s−1

2 + ā + 1
2D33z(0, 0, 1, 0, 0)z̄2 + f3.

By the last equation of (9), we get

z̄′ = ā + b̄ȳ + (1 − b̄D3y)z̄ + 1
2(D33z)z̄

2 + O1(s1, s2, s3),

whereD3y andD33z are taken at(0, 0, 1, 0, 0).
Therefore, a limit return map is

x̄ ′
ȳ ′
z̄′


 =


 αz̄

βz̄

ā + b̄ȳ + (1 − βb̄)z̄ + γ z̄2


 , (15)

whereβ andγ are non-zero constants.
Again, by means of a change of variables and parameters, we obtain the map (8). This

finishes the proof of the proposition. 2

Now, we want to prove that the bifurcations of Proposition 3.5 at(a, b) = (a++
n , b++

n )

are generic Bogdanov–Takens bifurcations. This will imply the existence of invariant
circles near the generalized homoclinic tangency.

There is a difficulty here. The limit map near the BT bifurcation is the conservative
Hénon map. So we must include some terms of higher order in the return map. We have
the following proposition.

PROPOSITION4.4. Assume that we are in the hypotheses of Proposition 4.1. Then:
1. For n large enough there are values of the parameter(a++

n , b++
n ) for which the

mapf n
a,b undergoes a generic Bogdanov–Takens bifurcation. These values of the

parameters are those of Proposition 3.5.
2. (a, b) = (a0, b0) is in the closure of parameter values for which there exist

differentiable invariant circles. Depending on the geometry of the tangency and
on the sign ofλ2, we can add an attracting or saddle (repelling inside the centre
manifold) invariant circle.

Proof. We shall distinguish between generalized tangencies of type I and II. It will be
useful, as before, to defines1 = λ−n

2 λ−n
3 , s2 = λn

2 ands3 = λn
1λn

3.

Type I. Given the return mapf n
a,b, we perform the change of variables and parameters (12).

We will prove that this map undergoes a generic Bogdanov–Takens bifurcation. In order
to show this, we shall verify the conditions of item 4 in §2.4. Then the statements of the
proposition will be deduced from the properties of a generic Bogdanov–Takens bifurcation.

After the change, the return map has the following expression:
x̄

ȳ

z̄


 7→


 D3xz̄ + f1z̄ + s2O1

D2yȳs2 + 1
2D33yz̄2s2 + b̄z̄ + f2z̄ + s2O1

ā + D2zȳ + (1 − D2zb̄)z̄ + 1
2D33zz̄

2 + f3


 , (16)
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where all the derivatives are taken at(0, 0, 1, 0, 0) andfi , i = 1, 2, 3, are smooth functions
that are equal to zero whens1 = s2 = s3 = 0 and depend ons1, s2, s3, ā, b̄, x̄, ȳ, z̄.
Moreover, Oi meansith order in (s1, s2, s3) and f3 satisfies∂2f3/∂x̄2 = s2O1,
∂2f3/∂x̄∂ȳ = s2O1, ∂2f3/∂x̄∂z̄ = s2O1, ∂2f3/∂ȳ2 = s2O1 and∂2f3/∂ȳ∂z̄ = s2O1.

On the other hand, the map (16) has a fixed point(x̄, ȳ, z̄) = O1, for ā = ā0 = O1,
b̄ = b̄0 = −1/D2z(0, 0, 1, 0, 0) + O1, with one eigenvalue, of multiplicity two, equal to
1, and the other less than 1 in absolute value. Moreover, a centre invariant manifold of the
map (16) associated to the eigenvalue equal to 1 has the expression

x̄ = D3x(0, 0, 1, 0, 0)

b̄
ȳ + O1.

Recall thatD3x(0, 0, 1, 0, 0) 6= 0 andD2z(0, 0, 1, 0, 0) 6= 0 (see Proposition 2.19).
The restriction of the map to the centre manifold, which we denote byFā,b̄, has the

form (
ȳ

z̄

)
Fā,b̄7→

(
b̄z̄ + f̃

ā + D2zȳ + (1 − D2zb̄)z̄ + 1
2D33zz̄

2 + g̃

)
,

where the derivatives are taken at(0, 0, 1, 0, 0), f̃ = O1, g̃ = O1, and satisfy

∂f̃

∂ȳ
= D2ys2 + s2O1,

∂2f̃

∂ȳ2 = s2O1,
∂2f̃

∂ȳ∂z̄
= s2O1,

∂2f̃

∂z̄2
= D33ys2 + s2O1,

∂2g̃

∂ȳ2
= s2O1,

∂2g̃

∂ȳ∂z̄
= s2O1,

where the derivatives ofy are taken at(0, 0, 1, 0, 0). Moreover, the fixed point̄p0 ∈ R
2 of

Fā0,b̄0
with a double eigenvalue 1 satisfiesp̄0 = O1.

In order to prove that the Bogdanov–Takens bifurcation is generic we have to see that
c1 = wt

2D
2Fā0,b̄0

(p̄0)(v1, v1) 6= 0 and

c2 = wt
2D

2Fā0,b̄0
(p̄0)(v1, v2) + wt

1D
2Fā0,b̄0

(p̄0)(v1, v1) − wt
2D

2Fā0,b̄0
(p̄0)(v1, v1) 6= 0,

wherewt
i = et

iM
−1, vi = Mei , i = 1, 2, beinge1, e2 the canonical basis ofR2 andM the

linear map that conjugatesDFā0,b̄0
(p̄0) to

(
1 1
0 1

)
.

If DFā0,b̄0
(p̄0) = (aij )1≤i,j≤2, it is easy to see that

v1 =
(

a11 − 1
−(a11 − 1)2/a12

)
, v2 =

(
1
0

)
,

w1 =
(

0
−a12/(a11 − 1)2

)
, w2 =

(
1

a12/(a11 − 1)

)
.

Moreover,a11 = D2y(0, 0, 1, 0, 0)s2 + s2O1, a12 = −1/D2z(0, 0, 1, 0, 0) + O1.
Finally, we getc1 = D33z(0, 0, 1, 0, 0)D2z(0, 0, 1, 0, 0) + O1 6= 0 and c2 =

((D2yD33z − D33yD2z)D2z + O1)s2 6= 0, where all the derivatives are taken at
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(0, 0, 1, 0, 0), as before. From Proposition 2.19, we see thatc1 andc2 are different from
zero if s1, s2, s3 are small enough, that isn is large enough.

To see that the Bogdanov–Takens bifurcation unfolds generically, we have to compute
the values of the parametersµ andν of the definition. These areµ = 1

2D33zā + O1 and
ν = −D2zb̄ − 1+ O1. As |∂(µ, ν)/∂(ā, b̄)| 6= 0 for (ā, b̄) = (ā0, b̄0) andn large enough,
this means that the Bogdanov–Takens is generic, and by the properties of such bifurcations
we obtain the properties that we wanted.

Type II. We follow the same steps as before. In this case the return map is


x̄

ȳ

z̄


 7→


 D3xz̄ + f1z̄ + s2O1

D2yȳs2 + D3yz̄ + f2z̄ + s2O1

ā + b̄ȳ + (1 − D3yb̄)z̄ + 1
2D33zz̄

2 + D23zȳz̄s2 + f3


 , (17)

where all the derivatives are taken at(0, 0, 1, 0, 0) andfi , i = 1, 2, 3, are smooth functions
that are equal to zero whens1 = s2 = s3 = 0 and depend ons1, s2, s3, ā, b̄, x̄, ȳ, z̄.
Moreover,f3 satisfies∂2f3/∂x̄2 = s2O1, ∂2f3/∂x̄∂ȳ = s2O1, ∂2f3/∂x̄∂z̄ = s2O1,
∂2f3/∂ȳ2 = s2O1, ∂2f3/∂ȳ∂z̄ = s2O1.

The map (17) has a fixed point in(x̄, ȳ, z̄) = O1 for ā = ā0 = O1 and b̄ = b̄0 =
−1/D3y(0, 0, 1, 0, 0) + O1 with one eigenvalue, of multiplicity two, equal to 1, and
the other less than 1 in absolute value. Moreover, the centre manifold associated to the
eigenvalue equal to 1 has the expression

x̄ = D3x(0, 0, 1, 0, 0)

D3y(0, 0, 1, 0, 0)
ȳ + O1.

Note thatD3y(0, 0, 1, 0, 0) 6= 0 (see Proposition 2.19).
The restriction of the map to the centre manifold, that we denote again byFā,b̄, is

(
ȳ

z̄

)
Fā,b̄7→

(
D3yz̄ + f̃

ā + b̄ȳ + (1 − D3yb̄)z̄ + 1
2D33zz̄

2 + g̃

)
,

where the derivatives are taken at(0, 0, 1, 0, 0), f̃ = O1 g̃ = O1, and satisfy

∂f̃

∂ȳ
= D2ys2 + s2O1,

∂2f̃

∂ȳ2 = s2O1,
∂2f̃

∂ȳ∂z̄
= s2O1,

∂2f̃

∂z̄2 = s2O1,

∂2g̃

∂ȳ2 = s2O1,
∂2g̃

∂ȳ∂z̄
= D23zs2 + s2O1,

where the derivatives ofy are taken at(0, 0, 1, 0, 0). Moreover, the fixed point̄p0 ∈ R
2 of

Fā0,b̄0
with a double eigenvalue 1 satisfiesp̄0 = O1.

Proceeding as in the previous case (and with the same notation) we obtainc1 =
−D33z/D3y+O1 andc2 = s2[(D23zD3y−D2yD33z)/D3y+O1]. From Proposition 2.19,
we see thatc1 andc2 are different from zero ifn is large enough.

As before, in order to see that the Bogdanov–Takens bifurcation unfolds generically, we
computeµ andν and see that|∂(µ, ν)/∂(ā, b̄)| 6= 0, but again this is an easy check. This
finishes the proof of the proposition. 2
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In the next proposition, we assume that the stable invariant manifold of the fixed point,
for which there is a generalized homoclinic bifurcation, has dimension 1. Recall that we
denote byq a point in the orbit of a generalized homoclinic tangency.

PROPOSITION4.5. Suppose that|λ1| < 1 < |λ2| < |λ3|. Then{fa,b}(a,b)∈V has the
following family of limit return maps associated to the orbit ofq:

(x̄, ȳ, z̄) 7→ (z̄, ā + b̄ȳ + z̄2, ȳ), (18)

whereā and b̄ are parameters.

Proof. By means of a change of variables and a reparametrization, we can assume
that {fa,b}(a,b)∈V satisfies all the properties of the family{gā,b̄}(ā,b̄∈(−ε,ε)×(−ε,ε) in
Proposition 2.21. In particular, the fixed point is always equal to(0, 0, 0) and the values
of the parameters for which there is a generalized homoclinic tangency area0 = 0 and
b0 = 0. Moreover, we havef n

a,b(t1, t2, t3) = x(λn
1t1, λ

n
2t2, λ

n
3t3, a, b), wherex = (x, y, z)

satisfies all the properties given in Proposition 2.21.
We proceed as for the proof of Proposition 4.5, considering a change of variables and

parameters for the mapf n
a,b near the generalized homoclinic tangency. Before giving these

changes we need more information about the points and the values of the parameters for
which there are saddle-node and Bogdanov–Takens bifurcations.

LEMMA 4.6. There exist smooth mapsTi = Ti(s1, s2, s3, b), i = 1, 2, 3, u =
u(s1, s2, s3, b) defined on a neighbourhood of(0, 0, 0, 0) and v = v(s1, s2, s3) defined
on a neighbourhood of(0, 0, 0) such that:
1. Ti(0, 0, 0, b) = 1, i = 1, 2, 3, u(0, 0, 0, b) = 0 for |b| small enough and

v(0, 0, 0) = 0.
2. If we defines1 = λn

1, s2 = λ−n
2 ands3 = λ−n

3 then the mapfu,b has ann-periodic
saddle-node bifurcation at(T1, λ

−n
2 T2, λ

−n
3 T3), that is

x(λn
1T1, T2, T3, u, b) − T1 = 0

y(λn
1T1, T2, T3, u, b) − λ−n

2 T2 = 0

z(λn
1T1, T2, T3, u, b) − λ−n

3 T3 = 0

λ−n
2 λ−n

3 (1 − d1 + d2 − d3) = 0,

(19)

wheredi = di(Dfu,b(T1, λ
−n
2 T2, λ

−n
3 T3)).

3. Define v̄ = v(λn
1λn

2λn
3, λ−n

2 , λn
2λ−n

3 ), T̄i = Ti(λ
n
1, λ−n

2 , λ−n
3 , v̄) and ū =

u(λn
1, λ−n

2 , λ−n
3 , v̄). Then,fū,v̄ has ann-periodic Bogdanov–Takens bifurcation at

(T̄1, λ
−n
2 T̄2, λ

−n
3 T̄3). This means that

x(λn
1T̄1, T̄2, T̄3, ū, v̄) − T1 = 0

y(λn
1T̄1, T̄2, T̄3, ū, v̄) − λ−n

2 T̄2 = 0

z(λn
1T̄1, T̄2, T̄3, ū, v̄) − λ−n

3 T̄3 = 0

λ−n
2 λ−n

3 (1 − d1 + d2 − d3) = 0

λ−n
3 (2 − d1 + d3) = 0.

(20)
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To prove this lemma we only have to impose the conditions of saddle-node and
Bogdanov–Takens bifurcations and apply the implicit function theorem, taking into
account the properties of the mapx.

We will give different changes of variables and reparametrizations, depending on the
type of generalized homoclinic tangency. Denote by(x̄, ȳ, z̄) the new variables and by
(ā, b̄) the new parameters. From now on we shall denote byαi , i ∈ N, suitable constants
not depending on the variabless1, s2, s3.

Type I. We consider the change

t1 = T1(λ
n
1, λ−n

2 , λ−n
3 , b) + λ−n

2 λ−n
3 x̄

t2 = λ−n
2 T2(λ

n
1, λ−n

2 , λ−n
3 , b) + λ−2n

2 λ−2n
3 ȳ + D2y

D2z
λ−n

2 λ−2n
3 z̄

t3 = λ−n
3 T3(λ

n
1, λ−n

2 , λ−n
3 , b) + λ−n

2 λ−2n
3 z̄

a = u(λn
1, λ

−n
2 , λ−n

3 , b) + λ−2n
2 λ−2n

3 ā

b = v(λn
1λn

2λn
3, λ−n

2 , λn
2λ−n

3 ) + λ−n
3 b̄,

(21)

whereD2y andD2z are taken at(λn
1T1, T2, T3, u, b).

We want to expressf n
a,b in terms ofx̄, ȳ, z̄, ā, b̄. Let (x̄, ȳ, z̄, ā, b̄) denote a point. The

(t1, t2, t3, a, b) variables of this point are given by (21). After applyingf n
a,b, we get as

(t1, t2, t3) coordinates

(t1, t2, t3) = x(t̄1, t̄2, t̄3, u + λ−2n
2 λ−2n

3 ā, v + λ−n
3 b̄),

where

t̄1 = λn
1T1 + λn

1λ−n
2 λ−n

3 x̄,

t̄2 = T2 + λ−n
2 λ−2n

3 ȳ + D2y

D2z
λ−2n

3 z̄,

t̄3 = T3 + λ−n
2 λ−n

3 z̄,

Ti = Ti(λ
n
1, λ−n

2 , λ−n
3 , b), i = 1, 2, 3, u = u(λn

1, λ−n
2 , λ−n

3 , b), and v = v(λn
1λn

2λn
3,

λ−n
2 , λn

2λ−n
3 ).

Transforming back to the(x̄, ȳ, z̄) coordinates, and denoting the values of the
coordinates of the new point bȳx ′, ȳ ′, z̄′,

x̄ ′ = (x − T1(λ
n
1, λ−n

2 , λ−n
3 , b))λn

2λn
3,

ȳ ′ =
(

y − λ−n
2 T2 − D2y

D2z
(z − λ−n

3 T3)

)
λ2n

2 λ2n
3 ,

z̄′ = (z − λ−n
3 T3)λ

n
2λ2n

3 ,

wherex, y, z and their derivatives are taken at the same point as before.
Now we define the following variables:s1 = λn

1λn
2λ

n
3, s2 = λ−n

2 and s3 = λn
2λ−n

3 .
Performing the Taylor expansion of the mapx(·, b) about the point

(λn
1T1, T2, T3, u) = (s1s

2
2s3T1, T2, T3),
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whereTi = Ti(s1s
2
2, s2, s2s3, b), u = u(s1s

2
2, s2, s2s3, b), we obtain, using the system of

equations (19) and the fact thatD4y = 1 + O1, D4z = O1,

x̄ ′ = D3xz̄ + O1

ȳ ′ = D2y

(
s−1
2 ȳ + D2y

D2z
s−2
2 z̄

)
+ D3ys−2

2 s−1
3 z̄ + ā

+ 1

2
D33yz̄2 − D2y

D2z
z̄′s−1

2 + O1,

z̄′ = D2zȳ + D2ys−1
2 z̄ + D3zs

−1
2 s−1

3 z̄ + 1

2
D33zs2z̄

2 + s2O1,

(22)

where the derivatives ofx, y andz are taken at(s1s
2
2s3T1, T2, T3, u, b), andO1 means first

order with respect to(s1, s2, s3).
Replacing in the second equation of (22),z̄′ by its value in the third equation, we obtain

ȳ ′ =
(

D3y − D2y

D2z
D3z

)
s−2
2 s−1

3 z̄ + ā + 1

2

(
D33y − D2y

D2z
D33z

)
z̄2.

We define

T̃i = T̃i(s1, s2, s3) = Ti(s1s
2
2s3, s2, s2s3, v(s1, s2, s3)), i = 1, 2, 3,

ũ = ũ(s1, s2, s3) = u(s1s
2
2s3, s2, s2s3, v(s1, s2, s3)).

Note that whens1 = λn
1λn

2λn
3, s2 = λ−n

2 and s3 = λn
2λ−n

3 , the mapsT̃i and ũ are,
respectively, equal to the mapsT̄i andū of the previous lemma.

If we takeb = v + b̄s2s3 we can considerTi andu as functions ofs1, s2 ands3. We
claim that

Ti − T̃i = αi b̄s2
2s3 + s2

2s3O1, i = 1, 2, 3,

u − ũ = α4b̄s2
2s3 + s2

2s3O1,

where

Ti = Ti(s1s
2
2s3, s2, s2s3, v + b̄s2s3),

u = u(s1s
2
2s3, s2, s2s3, v + b̄s2s3).

Indeed, by the previous lemma we can writeTi = 1 + s2hi(b, s1, s2, s3), u =
s2h4(b, s1, s2, s3), wherehi , i = 1, 2, 3, 4, are smooth maps, and this implies the claim.

On the other hand, taking into account thatD3z(0, 1, 1, a, b) = b (see
Proposition 2.21), we obtain the following expressions:

D2y(s1s
2
2s3T1, T2, T3, u, b) − D2y(s1s

2
2s3T̃1, T̃2, T̃3, ũ, v) = α5s2s3 + s2s3O1, (23)

D3z(s1s
2
2s3T1, T2, T3, u, b) − D3z(s1s

2
2s3T̃1, T̃2, T̃3, ũ, v) = b̄s2s3 + s2s3O1 (24)

and if we defineG = D3yD2z − D2yD3z, then

G(s1s
2
2s3T1, T2, T3, u, b) − G(s1s

2
2s3T̃1, T̃2, T̃3, ũ, v) = D5Gs2s3b̄ + α6s

2
2s3 + s2

2s3O1,

whereD5G = D5G(s1s
2
2s3T̃1, T̃2, T̃3, ũ, v).
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We know, by Proposition 2.21, thatG(0, 1, 1, a, b) = 0 for all a andb small enough.
This means thatD5G = s2(α7 + O1).

If we replaced1 in the fourth equation of system (20) by the value obtained isolating it
in the fifth equation, we see that

s2
2s3(1 − d2 + 2d3) = 0.

Settingdi , i = 1, 2, 3, in terms of the derivatives ofx, we get

G(s1s
2
2s3T̃1, T̃2, T̃3, ũ, v) = s2

2s3(α8 + O1)

and, therefore,
G(s1s

2
2s3T1, T2, T3, u, b) = s2

2s3(A + O1),

whereA = A(b̄) does not depend on(s1, s2, s3).
As D2z(0, 1, 1, 0, 0) 6= 0 we deduce that

ȳ ′ = Az̄ + ā + 1

2

(
D33y − D2y

D2z
D33z

)
z̄2 + O1.

On the other hand, computing explicitly the last equation of (20), we obtain

D3z(s1s
2
2s3T̃1, T̃2, T̃3, ũ, v) = (2 + O1)s2s3 − s3D2y(s1s

2
2s3T̃1, T̃2, T̃3, ũ, v).

Combining this equation with (23) and (24) we get

z̄′ = D2z(0, 1, 1, 0, 0)ȳ + (b̄ + 2)z̄ + O1.

Summarizing, we have that the limit return map is


x̄

ȳ

z̄


 7→




D3xz̄

Az̄ + ā + 1

2

(
D33y − D2y

D2z
D33z

)
z̄2

D2zȳ + (b̄ + 2)z̄


 ,

where D2z = D2z(0, 1, 1, 0, 0) 6= 0, D3x = D3x(0, 1, 1, 0, 0) 6= 0, and for
(t1, t2, t3, a, b) = (0, 1, 1, 0, 0), D33y − D2y/D2zD33z 6= 0.

It is easy to prove that by means of a change of variables and reparametrization this map
is conjugate to (18).

Type II. We use the same notation as in the previous case. In this case, we consider
the following change of variables and reparametrization for the mapf n

a,b(t1, t2, t3) =
x(λn

1t1, λ
n
2t2, λ

n
3t3, a, b):

t1 = T1 + λ−n
2 λ−n

3 x̄

t2 = λ−n
2 T2 + λ−2n

2 λ−n
3 ȳ

t3 = λ−n
3 T3 + λ−2n

2 λ−2n
3 z̄ − D2y

D3y
λ−n

2 λ−2n
3 ȳ

a = u + λ−2n
2 λ−2n

3 ā

b = v + λ−n
3 b̄,
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where D2y and D3y are taken at(λn
1T1, T2, T3, u, b), Ti = Ti(λ

n
1, λ−n

2 , λ−n
3 , b), for

i = 1, 2, 3, u = u(λn
1, λ

−n
2 , λ−n

3 , b), v = v(λn
1λn

2λn
3, λ−n

2 , λn
2λ−n

3 ). Using similar estimates
to the previous case, we can see that the limit return map is


x̄

ȳ

z̄


 7→




(
D2x − D3x

D2y

D3y

)
ȳ

D3yz̄

ā + (b̄ + 2)z̄ + Aȳ + Bȳ2


 ,

whereA is a constant and

B = 1

2(D3y)2 (D33z(D2y)2 − 2D23zD2yD3y + D22z(D3y)2) 6= 0.

It is also easy to see that this map is conjugate to the map (18).
This finishes the proof of the proposition. 2

We end this section with the proof of Theorem 1, performed item by item.

Proof of Theorem 1.1. In case A, it is true by Proposition 4.4. In case B, we can easily
see, using the limit return map, that the values of the parameters(a, b) = (a++

n , b++
n ), in

Proposition 3.7, give a generic Bogdanov–Takens bifurcation.
2. It has been proved in Propositions 4.1 (case A) and 4.5 (case B).
3. This is a consequence of the properties of the Bogdanov–Takens bifurcation. Using

the return maps, it is easy to see that in case A the invariant circles can be attracting or
saddles (depending on the geometry of the tangency and the sign ofλn

2) and, in case B,
they are always attracting (see §2.4).

4. Again a consequence of the existence of Bogdanov–Takens bifurcations.
5. Working with the limit return map, it is possible to obtain values of the parameters

for which there is a quadratic homoclinic tangency of a sectionally dissipative fixed point
for the return map, ifn is large enough. In case A, this can be made taking into account that
the limit return maps are, essentially, H´enon maps with two parameters. In case B, one can
use that, near a Bogdanov–Takens bifurcation, there exist generic homoclinic tangencies
of dissipative periodic points (see again Broeret al [4]). Then we can apply the result of
Viana [22].

6. Proceed as before but now applying Palis and Viana [17]. 2

Remark 4.7.In case B, we can find strange attractors that are contained in a two-
dimensional centre manifold associated to the Bogdanov–Takens bifurcation. However,
in case A this is only possible if the invariant circles of the theorem are attracting.

5. Quadratic maps in dimensions two and three
The objective of this section is to characterize the quadratic mapsf : R

i −→ R
i , i = 2

or i = 3, such thatf ◦ f is quadratic, and, ifi = 3, f also has constant Jacobian
determinant. We will see that any map that does not have any invariant linear foliation
is linearly conjugate to the map(x, y) −→ (a + bx − y2, x) in the first case, and to
the map(x, y, z) −→ (a + bx + z − y2, x, cy) in the second case. In the two cases we
also suppose that the Jacobian of the map is not identically equal to zero. This will prove
Theorem 2.
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Casei = 2. We shall suppose that detDf is not identically equal to zero. We can write
the map asf (x, y) = v0 + xv1 + yv2 + x2v11 + y2v22 + 2xyv12, wherevi, vij ∈ R

2. As
f ◦ f is a quadratic map, then the mapP(x, y) = detDf (f (x, y)) detDf (x, y) has to be
at most quadratic. We can write

P(x, y) = (Q(x, y) + P1(x, y)) detDf (f (x, y)),

whereP1 is at most linear and

Q(x, y) = 4(det(v11, v12)x
2 + det(v12, v22)y

2 + det(v11, v22)xy).

Then we have two possibilities: either

det(v11, v12) = det(v12, v22) = det(v11, v22) = 0

or there is a non-zero constantC such that detDf (f (x, y)) = C for all (x, y) ∈ R
2. By

the inverse function theorem, detDf (x, y) = C for (x, y) belonging to some open set.
This means that the Jacobian is constant in the whole ofR. But then we arrive at the same
condition on the vectorsvij as before.

It is easy to see that by means of a linear change of coordinates, we can suppose that
the mapf satisfies

f

(
x

y

)
=

(
a0 + a1x + a2y + a11x

2 + 2a12xy + a22y
2

b0 + b1x + b2y

)
.

If we impose again thatf ◦ f is quadratic, we geta11 = a12 = 0. As b1 6= 0
(because the map does not have any linear invariant foliations) we can perform the change
x = x̄ + αȳ + β, y = ȳ + γ , with suitable constantsα, β andγ , obtaining the map that
we wanted.

Casei = 3. In this case it is possible to see (Bosch and Tatjer [3], Fornaess and Wu [6])
that any map with constant Jacobian and without linear invariant foliations is conjugate to
one of the following maps:

x ′ = a0 + a1x + a2y + a3z + a11x
2 + a22y

2 + 2a12xy

y ′ = b0 + b1x + b2y + b11x
2

z′ = c0 + c1x

(25)

x ′ = a0 + a1x + a2y + a3z + a11x
2 + a22y

2 + 2a12xy

y ′ = b0 + b1x + b2y + b22y
2

z′ = c0 + c2y

(26)

x ′ = a0 + a1x + a2y + a3z + a11x
2 + a33z

2 + 2a13xz

y ′ = b0 + b1x + b3z + b11x
2

z′ = c0 + c1x

(27)

x ′ = a0 + a1x + a2y + a3z + a22y
2 + a33z

2 + 2a23yz

y ′ = b0 + b1x + b3z + b22y
2

z′ = c0 + c2y.

(28)
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If we impose thatf ◦ f is quadratic, it is easy to see that the last case has a linear invariant
foliation, and the other cases, after a suitable linear change, can always be written as

x ′ = a0 + a1x + a2y + a3z + a11x
2 + a22y

2 + 2a12xy

y ′ = b0 + b1x + b2y

z′ = c0 + c1x + c2y.

(29)

Indeed, in the map (25) we have thatb11 = 0 ora11 = a12 = a22 = 0. In the first case we
have the result we want. In the second case, we perform the change of variables

x̄ = y − (a3/a2)z, ȳ = x, z̄ = z.

Note that, as there is no invariant linear foliation,a2 6= 0 in this case.
For (26), we have thatb22 = 0.
In the map (27),b11 = 0 ora11 = a33 = a13 = 0. In the first case consider the change

(x̄, ȳ, z̄) = (x, z, y). The second case is the same as the second case of the map (25).
Coming back to equation (29), it is immediate thata11 = a12 = 0. If we perform a

change of variables

x = x̄ + α1ȳ + α0

y = ȳ + β0

z = z̄ + γ1ȳ + γ0

and a change of scale, we obtain the desired map.

Remark 5.1.As a corollary of this theorem (casei = 3), a quadratic mapf without an
invariant linear foliation with constant Jacobian and satisfying thatf ◦ f is quadratic has
a quadratic inverse. This means that these maps belong to the set of quadratic maps with
constant Jacobian and with quadratic inverse. Compare with Lomel´ı and Meiss [11].

Acknowledgements.The author is indebted to H. Broer, L. Gardini, C. Sim´o, F. Takens
and M. Viana for helpful conversations and suggestions. He is thankful to IMPA (Rio de
Janeiro, Brazil) for hospitality and partial support during the preparation of this paper. A
grant no. PR97-692 of the Ministerio de Educaci´on (Spain) is also acknowledged. This
work has been partially supported by the DGICYT grant PB 94-0215 (Spain), and by
Catalan grants CIRIT 1996SGR-00105 and 1998SGR-00042.

REFERENCES

[1] A. Banyaga, R. de la Llave and C. E. Wayne. Cohomology equations near hyperbolic points and geometric
versions of Sternberg linearization theorem.J. Geom. Anal.6(4) (1996), 613–649.

[2] M. Benedicks and L. Carlesson. The dynamics of the H´enon map.Ann. Math.133(1991), 73–169.
[3] M. Bosch and J. C. Tatjer. Difeomorfismos cuadr´aticos deRn con jacobiano constante.Communication

at VIII CEDYA (Congreso de Ecuaciones Diferenciales i Aplicaciones), Santander, 1985. Unpublished.
[4] H. Broer, R. Roussarie and C. Sim´o. Invariant circles in the Bogdanov–Takens bifurcation for

diffeomorphisms.Ergod. Th. & Dynam. Sys.16 (1996), 1147–1172.

https://doi.org/10.1017/S0143385701001146 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001146


302 J. C. Tatjer

[5] H. Broer, C. Sim´o and J. C. Tatjer. Towards global models near homoclinic tangencies of dissipative
diffeomorphisms.Nonlinearity11 (1998), 667–770.

[6] J. E. Fornaess and H. Wu. Classification of degree 2 polynomial automorphisms ofC3. Publicacions
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