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Abstract Given a two-parameter family of three-dimensional diffeomorphigfng}a.».

with a dissipative (but not sectionally dissipative) saddle fixed point, assume that a special
type of quadratic homoclinic tangency of the invariant manifolds exists. Then there is a

return mapf;’,, near the homoclinic orbit, for values of the parameter near such a tangency

and forn large enough, such that, after a change of variables and reparametrization
depending om, this return map tends to a simple quadratic map. This implies the existence

of strange attractors and infinitely many sinks as in other known cases. Moreover, there
appear attracting invariant circles, implying the existence of quasi-periodic behaviour near
the homoclinic tangency.

1. Introduction

1.1. Motivation. A major problem in dynamical systems is how to describe the typical
asymptotic behaviour of trajectories as time (continuous or discrete) goes to infinity. Two
objects are crucial in this description: invariant manifolds and, in the dissipative case,
attracting sets and, in particular, strange attractors.

With invariant manifolds, the existence of homoclinic orbits plays a fundamental role in
the development of the chaotic behaviour observed in many systems. It is known that the
presence of transversal intersections of the invariant manifolds of a periodic orbit produce
hyperbolic behaviour of orbits via the creation of horseshoe maps. The situation changes
dramatically when a homoclinic bifurcation appears in a family of dynamical systems. In
this case non-hyperbolic objects like strange attractors arise.

In recent years, effort has been devoted to prove the existence and persistence of strange
attractors in several scenarios. In the case of the logistic family, Jakob8owds able
to prove the existence of strange attractors for a subset of positive measure on the space of
parameters. Later, Benedicks and Carles&rlowed a similar theorem for the strongly
dissipative tnon family. An application of the methods of Benedicks and Carlesson was
performed by Mora and Viand 8], where their results were generalized to the setting of
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FIGURE 1. Two-dimensional strange attractor for a two-dimensional non-invertible map.

generic one-parameter families of surface diffeomorphisms, having a quadratic homoclinic
tangency related to a dissipative saddle periodic point. A generalization to any dimension
larger than two was performed by Viar2?] in the sectionally dissipative case (when the
product of any pair of eigenvalues of the saddle is less than 1 in absolute value). All the
proofs of these theorems are based on the observation that the dynamics in a suitable subset
of the phase space is very close to the dynamics of the logistic family. Moreover, all the
strange attractors found, even in the multi-dimensional case, have topological dimension
equal to one.

However, there are simple quadratic maps in dimension two (non-invertible) and in
dimension three (invertible and with constant Jacobian) for which strange attractors of
topological dimension equal to two seem to appear. At least there is some numerical
evidence of this fact. We give two examples, one in dimension two and the other in
dimension three.

First consider the map, , : R> — R? given by f, »(x, y) = (a + bx — y2, x), with
a = 1 andb = 0.3. We have taken as the initial poiat, y) = (0, 0.1), performed a
transient of 16 iterates and drawn the next®6onsecutive iterates in Figure 1. We note
that detDf, ,(x, y) = 2y and, therefore, the map is non-invertible.

In the three-dimensional case we talg, -(x, y,2) = (a + bx +z — y2, x, cy) which
has been obtained by fattening the previous map. Now the Jacobian determinantis constant
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and equal ta. Figure 2 displays two views of 20terates of a point in a two-dimensional
strange attractor, having the shape of a folded handkerchief. The corresponding values of
the parameters ate = 1.5, » = 0.1 andc = 0.18. Intersections of the strange attractor
with the planes = —1.3 (P1),x = 0.1 (P2), x = 1.3 (P3) andx = 1.7 (P4) are drawnin

Figure 3.

As we will see later, the previous mayis, andg, » . are very important in two senses.

On the one handf, , andg, » . have only one quadratic term and the others are linear.
Therefore, they can be considered as the simplest families of maps in dimensions two
and three, respectively, for which there is numerical evidence of the existence of strange
attractors of topological dimension equal to two.

On the other hand, the dynamical behaviour of the non-invertible fyapserves
as a model of the behaviour of the orbits of a family of maps having a special type of
codimension-two homoclinic tangency that we shall gatheralized homoclinic tangency
Thus, we have a codimension-two global bifurcation that seems to force the existence
of two-dimensional strange attractors for a set of values of the parameters of non-zero
Lebesgue measure. Moreover, as the fanfiily exhibits quasi-periodic invariant circles,
infinitely many sinks, and one-dimensional strange attractors, the same occurs for the
initial family of diffeomorphisms. We shall prove the existence of all these objects except
the two-dimensional strange attractor.

1.2. Statement of results.We begin with some definitions concerning fixed points of a
diffeomorphism.

Let M be anm-dimensional smooth manifold and let : M — M be a
diffeomorphism. Suppose that € M is a fixed point of f (f(p) = p), and denote
by A1, ..., A the eigenvalues abf (p).

Definition 1.1.
1. We say thap is dissipativef the product of the eigenvalues &ff (p) is less than 1
in absolute value.
2. If, in addition, |A;A;] < 1foralli, j € {1,...,m} such that # j, we callp a
sectionally dissipativéixed point.
Theindex of stabilityof p is the number of eigenvalues of absolute value less than 1.
4.  The fixed pointp is a (hyperbolic)saddleif all the eigenvalues oD f (p) have
absolute value different from 1, and its index of stability is different from Oand

w

By the stable manifold theorem (see, for example, Palis and de M&]p given a
saddle fixed poinp there exist the stable and unstable invariant manifolds that we denote
by W*(f, p), andW*(f, p) respectively, and are defined by

W) ={aeM: lim f1@) =pl W) =W p).

As usual, if it is not necessary, we shall not write explicitly the dependence of the invariant
manifolds on the may.

Moreover, there are other invariant objects that we are interested in. Suppose that
dimM = 3, p is a saddle fixed point anfl1| < |A2] < 1 < |A3]. Given a smooth
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FIGURE 2. Two-dimensional strange attractor for a three-dimensional diffeomorphism: (a) in the three-
dimensional space; (b) projected on theplane.
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FIGURE 3. Intersections of the strange attractor of Figure 2 with the plana®;(dp) P>, (c) P3 and (d)P4. See
the strong differences in the scales.

submanifoldVv c M, we write

L;(N) :={(x,L) : x € N, Lis ani-dimensional linear subspace BfM
andT,N N L # {0}},

and denote byE“" (respectivelyE**) the invariant linear subspace Bf M associated to
the eigenvalues, and iz (respectivelyr;). Let Fy : Li(W*(p)) — L1(W*(p)) and
F> : Lo(W'(p)) — L2(W"(p)) be maps induced by on the respective spaces.

On the one handp, E**) is a fixed point of i1 with eigenvalues.1, 12 andkg)ql.
Note that the corresponding stable maniféfd(p, E**) has dimension two sindé1| <
2l <1< [a2a7t

On the other hand,p, E*) is a fixed point ofF> with eigenvalues.3 andklkgl. In
this caseikﬂgﬂ < 1 < |A3] and, thereforeW" (p, E*) is a one-dimensional manifold.
Note, moreover, that the planes of this vector bundle are tang@it ¢p) by the definition
of Lo(W"(p)).

Using these invariant manifolds, we can give the following definitions.
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Definition 1.2. Suppose thaf is as before ang is a saddle fixed point.

1. If|r1] < |A2] < 1 < |Ag], the foliationF** (p) induced byW* (p, E*%), is called the
strong stable foliatiorof p. Moreover, thainstable invariant tangent bundé p is
the vector bundléV“ (p, E*).

2. If|x1] < 1 < |A2] < |Ag|, thestrong unstable foliatiorf p, denoted byF"(p)
is the strong stable foliation gf with respectf—! and thestable invariant tangent
bundleof p is the unstable invariant tangent bundlepofvith respect tof L.

Let {f,}acv be a smooth family of diffeomorphisms in andimensional smooth
manifold M. This means that € V C R™ is a parametely is an open subset and that
there exists a smooth mgp: M x V — M suchthatf, = f(-,a) andeachf, : M — M
is a diffeomorphism.

Let us suppose that far= ao, f,, has a dissipative saddle fixed popit € M. Taking
V smaller if necessary, we can assume that fos &l V, f, has a dissipative saddle fixed
point p(a).

Assume thay is a non-transverse homoclinic point of the mag. Then, for values
of the parameter neap, for pointsr nearg, andn € N large enough (depending on the
distance betweeq andr and betweew andag) f;' (r) is nearg. This allows us to define
a return map near the homoclinic point. There are some known cases in which this return
map has a simple limit (in a suitable way) whetends to infinity.

° Whenn = 2, m = 1 and there exists a generically unfolding quadratic homoclinic
tangency, the limit map is the logistic map. Several phenomena can be observed as:
existence of a non-zero Lebesgue measureisét the parameter space, such that
if a € A the mapf, exhibits a strange attractor (see Mora and Viati@)[ and
coexistence of infinitely many attractors (see, for example, Newhd4$aifid Palis
and Takens16]). Moreover, the non-transverse homoclinic orbit is in the closure of
the parameter values for which there are attracting periodic orbits, and it is possible
to get some information about the shape of the basin of attraction of these orbits (see
Tatjer and Sim[21]).

. Whenn is arbitrary,n = 1, dimW"(po) = 1, there exists a generically unfolding
guadratic homoclinic tangency apdg is sectionally dissipative, then the limit return
map is the logistic map. There are similar results concerning the coexistence of
infinitely many sinks (see Palis and Vian&/]) and strange attractors (see Viana
[22).

. Whenn = 2, m = 2 and the non-transverse homaoclinic tangency is cubic, then
the limit map is a one-dimensional cubic map. In this case it is possible to prove the
existence of cusp and codimension-two flip bifurcations associated to this bifurcation
(see Tatjer20Q).

. Whenn is arbitrary;n = 1 and there is a hyperbolic fixed point of index of stability
1 < s < n — 2, such that, for some value of the parameter, its stable and unstable
invariant manifolds have a generically unfolding quadratic tangency of codimension
greater than or equal to 2 then, in general, infinitely many sinks or strange attractors
do not appear. However, analogous results to the first and second items can be

https://doi.org/10.1017/50143385701001146 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001146

Three-dimensional dissipative diffeomorphisms with homoclinic tangencisb

proven, if sinks are replaced by periodic orbits of index 1 and strange attractors
by strange saddle sets. See Romég®).|

Definition 1.3. (See Viana 22.) We define amattractor of a transformationf to be a
compact,f-invariant and transitive set whose basiW®(A) = {z e M : d(f"(z), A) —
0 asn — oo} has non-empty interior. We call the attracttrangeif it contains a dense
orbit{ f"(z1) : n > 0} displaying exponential growth of the derivative:

IDf"(z1)| = e foralln > 0 and some > 0.

This definition does not specify how many expanding directions the phdgas at
the pointz;. In any case, all the strange attractors found in the cited cases have only
one expanding direction. Another definition of a strange attractor with two expanding
directions is given in VianaZ3).

The main goal of this paper is to obtain other cases in dimensien 3 for which
there exist limit return maps. This means we need to delete the condition of sectional
dissipativeness. As, in general, a one-parameter family of diffeomorphisms without this
condition does not have such a limit map, we must add one more parametef and
a new condition over the homoclinic tangency. This new type of homoclinic tangency will
be calledgeneralized homoclinic tangencgnd will be defined in 82. The existence of
these limit return maps allow us to find some phenomena associated to this new type of
tangency.

The role that the saddle-node bifurcation plays in the two-dimensionalcase (and
m = 1) will be played in the three-dimensional case by the Bogdanov—Takens bifurcation.
We recall that for such a bifurcation of periodic points, the corresponding spectrum has
one double eigenvalue equal to 1, with associated eigenspace of dimension 1. See 82 for
more details. In particular, we shall find invariant circles and, therefore, quasi-periodic
behaviour.

Before giving our main results we will introduce a linearization assumption which
simplifies the study of families of diffeomorphisms, and the definition of familidgwf
return mapsassociated to a homoclinic tangency.

From now on, we suppose that the famiilg; },cv is defined on a smooth manifold
of dimension threep(a) is a saddle for alk € V, and the eigenvalues ¢f(a) satisfy
A1l < [A2] < |A3l.

Definition 1.4. We say thaf f, },cy satisfies thdinearization assumptiowith respect to
the map of fixed pointp(a) if there exist an open (unbounded) $etc R3+* and acC*
(s > 3)mapx : U — M such that:

1. AU) = U, whereA(t1, 2, 13, a) = (A1t1, Aot2, A3f3, a) for (11, 12, 13, a) € R3+k:

2. U is either a neighbourhood 1, 12, 13) : (17 + 12)t3 = 0} x V if [A1] < |2 <1
and |A3] > 1, or a neighbourhood of(t1, 12, t3) : (t22 + t§)tl = 0 x Vif
A1l <1 < |A2] < |Agl;

X(0,0,0,a) = p(a) foralla € V;

4. X(Ait1, A2t2, A3t3, a) = fa(X(t1, f2, t3, a)) for (11, 12, t3,a) € U.

w

We note that if the family is linearizable the invariant manifolds have natural
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parametrizations. For example}ifi| < |A2| < 1 < |A3| then

WS (p(a)) =1{q € M : g = X(11, 12, 0, a) for some(r1, 1) € R?},
W (p(a)) ={q € M : g = X(0, 0, 13, a) for somerz € R}.

On the other hand, the leaves of the strong stable foliatiop(ej are parametrized
by the mapx(z, 12, 0, a) with ¢ a real parameter small enough amdch small constant.
Moreover, the fiber of the unstable tangent vector bundle at a p@ghi0, 73, a) of
W"(p(a)) is generated by the vecto3,x(0, 0, 13, a) and D3x(0, 0, t3, a) (tangent to
W (p(a))).

In the casgr1| < 1 < |A2| < |A3], the leaves ofF*“(p(a)) are parametrized by
x(0, 12, t, a) and the fiber of the stable vector bundlexét;, 0, 0, a) is generated by the
vectorsD1X(t1, 0, 0, a) and DX(11, 0, O, a).

The linearization assumption is a generic condition (open and dense) for families of
diffeomorphisms having saddle fixed points. Indeed, we only need to haveanjugacy
of the map near the fixed point to its linear part (see, for example, Bargtagi1]).
Then we use the mapg and £, to build up the mapx. Moreover, we can use, for all
a € V, theinverse ok(-, a) in some neighbourhood of the fixed popiiz) as a local chart
of M. In these coordinates we have tiggir,, 2, t3) = x;lx(k’{tl, Aoto, Agts, a), where
Xq(t1, 2, 13) = X(t1, 12, 13, @), g = xgl o fI' o X, and(ry, t2, t3) andx(ry, 2, 13, a) are in
a small neighbourhood @b, 0, 0).

The following remark will be used repeatedly.

Remark 1.5Without loss of generality, when we take a familyf,},cy oOf
diffeomorphisms satisfying the linearization assumption, we can suppos¥ thaR3 and
p(a) = 0, foralla € V. Moreover, consider the sets = {(11, 12, 13) € R3: (12 +12)13 =
0} x V, Az = {(t1, 12, 13) € R®: (12 + 1211 = O} x V, By = {(11,12,0) : 12 + 12 < 3}
and Bz = {(#1,0,0) : |r1| < 3}. The linearization assumption allows us to suppose (via a
change of coordinates and reparametrization if necessary) that ik |12] < 1 < |A3]
(respectivelyiri| < 1 < |r2] < |r3]) there exists aC¥-map & > 3) Xy defined on a
neighbourhood/; of A (respectivelyA,) such that:
1. if (t1,12,13,a) € Uy then (it Aotz, A3t3) € Uy and f,(X¢(t1, 12, 13)) =
X (Aat1, A2t2, A3t3, a);
2.  for some neighbourhodd,  of By (respectivelyB;) the mapx ¢ (-, -, -, a) restricted
to Uy, y is the identity, for alls € V.

Definition 1.6. Let {f,}scy be a smooth family of diffeomorphisms in some-
dimensional manifold/ depending on a paramete V C R, V being an open subset.
Suppose that far = ag there exists a homoclinic orbi?g of some dissipative fixed point.
We say the family{ f,},cv has a family ofimit return mapsassociated to the homoclinic
orbit Og, in the C! topology if there exist a point of the orhjtand a natural numbey,
such that for any positive integer> N there exist reparametrizations= M, (a) of thea
variable andi-dependent coordinate transformatians W, ;(x) satisfying the following
properties:
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1. for each compact séf in the (a, x) space the images & under the maps
(a,x) = (Mp(a), ¥, 5(x))

converge, fon — oo, in the(a, x) space, tdaog, q);
2. the domains of the maps

@ %) > @ W, 70 fry @ °¥na)

converge, fon — oo, to all of R”**, and the maps converge, in tié topology to
some map of the form
(a,x) = (a, fa(x)).
In such a case, the maf will be called alimit return mapand{ f3};.r+ a family of limit
return maps associated to the homoclinic othjt

In the next theorem we study a special type of codimension-two homoclinic tangency
that we call generalized homoclinic tangency. Suppose, as beforep (ats a saddle
fixed point of f,, a € V C R?, with eigenvalues satisfyingh1| < |r2| < |A3l. We
distinguish the casgéz| < 1 and|A2| > 1.

° Let |x2] < 1. The following properties hold for a familyf,},cy having
a generalized homoclinic tangency of type(respectively oftype Il) between
W*(p(a)) andW"(p(a)) atg € W*(p(ao)) N W"(p(ao)).

1.  W*(p(ao)) and W*(p(ap)) have a quadratic tangency @t andg does not
belong to the strong stable manifold pfao).

2. WH"(p(ap)) is tangent (respectively not tangentyato the leaf of 7** (p(ao))
atq.

3. The fiber of the unstable tangent bundle pfag) at ¢ is not tangent
(respectively tangent) t&° (p(ao)) atgq.

° If |A2] > 1 we say thaf f,}.cv has a generalized homoclinic tangencyﬁyl}aev
has a generalized homoclinic tangency.

These types of tangencies will be studied in detail in §2.

Our main theorem describes the dynamical behaviour of a two-parameter family of
three-dimensional diffeomorphisms having a generalized homoclinic tangency, in several
situations. We note that the corresponding fixed point is never sectionally dissipative.

THEOREM1. Let {f,.»}qs.» be a two-parameter family of three-dimensional diffeomor-

phisms having a hyperbolic dissipative fixed pgigfor (a, b) = (0, 0) with eigenvalues

A1, A2 andAsz. Assume that eithdi1| < |A2] < 1, [A3] > 1, |[A1A3] < 1and|izrs] > 1

(case A), onfa1] < 1, |A3] > |A2] > 1 (case B). Moreover, we suppose that the invariant

manifolds ofpg have a generalized homoclinic tangency which unfolds generically and the

family f, ; satisfies the linearization assumption. Then:

1. For n large enough there are values of the parameter, b,,) for which the map
fa.» undergoes a generia-periodic Bogdanov-Takens bifurcation. Moreover,
(an, b,) — (0, 0) whenn — oo.

2.  There exists a family of limit return mapﬁ&,ls}(é,l;)e]l{z associated to the generalized
homoclinic tangency, such that:
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(@) if a1l < A2l < 1,)A3] > 1, |A1Ar3] < land|i2Az| > 1then
fis@ 5.0 =G bza+i+72.
or
f35®. 5,9 =(0,%,d+ by + 7,
depending on the type of generalized homoclinic tangency (I or |l

respectively);
(b) if |Aa1] < 1, [A3] > |A2] > 1then
fipF.5.0) = G.a+by+7% 7).

3.  (a,b) = (0,0) is in the closure of the set of parameter values for which there exist
differentiable invariant circles. In case A, the circles can be of attracting or saddle
type (attracting or repelling inside the centre manifold), depending on the geometry
of the tangency. In case B the circles are always attracting.

4.  (a,b) = (0,0) is in the closure of the set of parameter values for which there are
attracting periodic orbits.

5. There is a setE of parameter values such that its intersection with any
neighbourhood of0, 0) has positive Lebesgue measure, and (florb) € E the
diffeomorphisny, , exhibits a strange attractor near the orbit of tangency.

6. There are open set$ c R? arbitrarily near (0, 0) such that for a generitu, b) € U
the mapf, » has infinitely many sinks.

Remark 1.7.The two quadratic maps that appear in the previous theorem (case A) are
conjugate if> # 0. Whenb = 0 they are not conjugate but if we restrict the first map to
the planey = 0 and the second to = 0, we obtain the same two-dimensional map. These
restrictions are logistic maps in both cases.

Immediately, one can see that the limit return maps in Theorem 1 (case A) are essentially
the HEnon map and in Theorem 1 (case B) the non-invertible quadratic map that we called
fa.b in the previous subsection. This means that the second situation (when the unstable
invariant manifold has dimension two) is the natural setting in which topologically two-
dimensional strange attractors must show up. The main difference between Theorem 1 and
the results of Viana in the sectionally dissipative case is the existence of Bogdanov—-Takens
and Hopf bifurcations, and (attracting or saddle) invariant circles. As we shall see, the
return maps in case A for which these bifurcations occur can be seen, restricted to a centre
manifold of dimension two, as ‘perturbations of the conservatigadfi map’.

We want to point out that the strange attractors of Theorem 1 are topologically one-
dimensional. We are not able to prove, for the moment, the existence of two-dimensional
strange attractors. As far as we know, only Via@§] [has shown the existence of such
attractors, but for a simpler case.

On the other hand, the shape of any strange attractor is very complicated. Indeed, it is
the closure of an unstable invariant manifold. However, as we shall see, near a generalized
homoclinic tangency there are one-dimensional strange attractors contained in a two-
dimensional center manifold. However, this would not be the case for the topologically
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two-dimensional strange attractors. In this sense, the interesting dynamical phenomena are
fully three-dimensional.

The last theorem involves the classification of certain quadratic maps in dimensions two
and three. As is known, all the non-trivial quadratic mapR#with constant Jacobian are
conjugate to a map of thednon family. We shall prove that the limit return map of
Theorem 1 (case B) is also representative of all the quadratic map%hose second
iterate is also quadratic. Moreover, we find the simplest quadratic m&p that can be
taken as a model to study chaotic behaviour. We note that the two model quadratic maps are
preciselyf, » andg, » . Which we used to give two examples of two-dimensional strange
attractors in the first section of the introduction.

THEOREMZ2.

1. Letf : R? — R? be a quadratic map such thgto f is also quadratic. Suppose
that f does not have any invariant linear foliation. Then it is linearly conjugate to
the map(x, y) — (a + bx — y2, x) for some real numbers andb.

2. Letf :R3+— RS be aquadratic map such thato f is also quadratic and having
constant Jacobian. Suppose thfatloes not have any invariant linear foliation. Then
itis linearly conjugate to the magx, y, z) — (a +bx+z— y2, x, cy) for some real
numbersz, b andc.

It seems natural, at this moment, that to prove the existence of topologically two-
dimensional strange attractors, it is necessary, first, to prove that the maps of the non-
invertible family of Theorem 1 (case B) exhibit strange attractors for a set of non-zero
Lebesgue measure in the plane of parameters. After this, one has to show that the maps
of the three-dimensional quadratic family of Theorem 2 also exhibit strange attractors for
a very smalk (constant of dissipativeness). Finally, a theoreta Mora—Viana would be
sufficient to prove that the return map of Theorem 1 (case B) also has strange attractors of
dimension two.

Other related topics that we will consider in the future are: the effective computation of
bifurcations and strange attractors in a family of diffeomorphisms displaying generalized
homoclinic tangencies and the study of more global behaviour near a generalized
homoclinic tangency in the way of Broet al [5] for the two-dimensional case.

Finally, it would be interesting to look for semi-global examples of this new type
of homoclinic bifurcation. In the case of codimension-two homoclinic bifurcations for
singular points, in three-dimensional ordinary differential equations some examples were
found by Sandstedd §]. Our case is more involved, but one can expect that generalized
homoclinic bifurcations can appear in suitable three-dimensional differential equations
depending periodically on time.

Remark 1.8.1. According to Gonchenket al [8, 9], the maps given in Theorem 2 can

be seen as approximations of return maps of special families of diffeomorphisms having
a (non-generalized) quadratic homoclinic tangency, when some of the eigenvalues of
the initial fixed point are not real. For the second three-dimensional quadratic map the
dimension of the phase space has to be at least four. However, to have these approximations
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it is necessary to impose very strong conditions to the eigenvalues of the fixed point (in the
Lebesgue measure sense).

2. As far as we know, the first study of the non-invertible family of maps of Theorem 2,
from the point of view of dynamic behaviour, was done by Whitled]] He gave
properties of the non-wandering set, traced the genealogies of the periodic points of period
<5, and described their stability types and bifurcations. Likewise, this map has been used
as a discrete model of density-dependent population growth (see Maynard $gjjth [
Also, Mira and co-workers have studied non-invertible maps (see, for exaniplend
references therein) from a phenomenological point of view.

The paper is organized as follows. In 82 we introduce the definition of generalized
homoclinic tangency and the Bogdanov—Takens bifurcations, giving the conditions of
generic unfolding. In 83 we obtain bifurcations associated to the existence of homoclinic
tangencies in the one-parameter case, and to the generalized homoclinic tangency in the
two-parameter case, and other related results. In 84 we prove the existence of the limit
return maps and Theorem 1. Finally, Theorem 2 is shown in §5.

In what follows we always consider smooth maps. This could be replaced by
differentiable enough maps.

2. Unfoldings of homoclinic tangencies and bifurcations

We have divided this section into four parts. In the first part, we study the generic unfolding
of a quadratic tangency between a curve and a surface in a three-dimensional space. We
use this to define a homoclinic quadratic tangency unfolding generically. In the second
part, we define what we call generalized transversality between a curve and a surface. In
this case it is supposed that there is a foliation in the surface. Then we give the definition of
generalized homoclinic transversality. It is necessary in order to describe the behaviour of
the generalized (quadratic) homoclinic tangency that is defined in the fourth section. In all
cases we give the conditions of generic unfolding that are needed for the proof of our main
theorem. Finally, the conditions of existence of a generic Bogdanov—Takens bifurcation
are obtained in the last part.

2.1. Unfolding of quadratic tangencies.The purpose of this section is to define a
generic unfolding of the tangency of a curve and a surfacR3nwhen these objects
depend on one real parameter.

First, we begin with the study of the behaviour of a quadratic tangency between a surface
and a curve that depend on a parameter. For example, the ptan@ and the parabola
z = x2+a, y = 0, have a quadratic tangency(@t y, z) = (0,0, 0) for « = 0, that
unfolds generically.

Definition 2.1. Let{C,}4cv be a smooth family of smooth regular cun@sc R3, and let
{Sa}acv be a smooth family of smooth regular surfadgsc R3 depending on a parameter
a € V C R, V being an open subset, such that, foe= ag, C, and S, intersect at a
point pg € R3. We say thaC, andsS, have aquadratic tangencyt pg (or a contact of
order 1) which unfolds generically with ata = ag iff there exists some smooth change
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of variables such that in the new variabj@s= (0,0,0), S, = {(x, y,2) € U : z = 0},
whereU is a neighbourhood of @ R3, andC, is represented by the parametrized curve
y(t,a) = (x(t,a), y(t,a), z(t, a)), and the following properties hold:

1. z(0,a0) =0;

2.  D1z(0,a0) =0;

3. D11z(0,a0) # 0;

4 D2z(0, ag) # 0.

It is easy to see that this definition does not depend on the change of variables used to
setS, as the plane of equatian= 0.
The manifoldsC, andS, can be represented in the following wa$§; = {(x, y,z) €
U : f(x,y,z,a) = 0}, whereU is an open neighbourhood g% = (xo, yo, z0), and
C, = {y(@t,a) : t € I C R}, wherel is an open interval, ang (po, ap) = 0, and
y(0, ag) = po. Then, itis easy to prove the following proposition.

PROPOSITION2.2. Suppose thaf, and S, have a quadratic tangency afp unfolding
generically atu = ag, and f andy are as before. Then:

1. Dfo(po)D1y(0, ag) = 0;

2. D?fo(po)(D1y (0, ag), D1y (0, a)) + Dfo(po) D11y (0, ao) # O;

3. Dfo(po) D2y (0, ao) + D2 f(po, ao) # O,

where fo = f(-, -, -, ap).

The next proposition gives the behaviour of quadratic tangencies which unfold
generically.

PrROPOSITION2.3. LetC, andS, be as at the beginning of the section, grde Cy;N Sy .
If C, and S, have a quadratic tangency ab which unfolds generically with ata = ag
then there is an open neighbourhofidof 0 € R, and a smooth map = a(¢) € R such
that:

1. a(0) =ag,a(0) =0andd(0) #0;

2. y(t,a@)) € Sap forall t € Io.

For future use, we want to obtain simple necessary conditions of quadratic tangencies
when the curve does not change with the parameter and is one of the coordinate axes.
More precisely, suppose that(t,a) = (¢,0,0) and the surface, has the following
parametrization:

X(u,v,a) = (Xu,v,a),Yu,v,a), Z(u,v,a)).

As po = (x0,0,0) € Sy, there existguo, vo) € R? such thatpo = X(uo, vo, ag). If we
define the mag(u, v,a) = D1Y(u,v,a)D2Z(u,v,a) — D2Y (u,v,a)D1Z(u, v, a) we
obtain the following result.

PrROPOSITIONZ2.4. Ifthe curvey and the family of surface$, have a quadratic tangency
at (xg, 0, 0) which unfolds generically with at ag then:

1. Y(uo, vo, ao0) = Z(uo, vo, ao) = 0;

2. g(uo, vo, ap) = 0;
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3. ifgo=g(,-,a0),Yo=Y(,-, a0) andZo = Z(-, -, ap) then
rank(Dgo(uo, vo), DYo(uo, vo), DZo(uo, vo0)) = 2;

4, rank DY (ug, vo, ag), DZ (ug, vo, ag)) = 2.

Proof. We choose a ma@ : U x U; ¢ R* — RS such that:

1. U isanopen neighbourhood 6fp, vg, 0) andU1 is an open neighbourhood af;

2. G, :U c R® — R3is a diffeomorphism for ali € Uy, whereG,(u, v, w) =
Gu,v,w,a);

3. if(u,v,0) € UthenG(u,v,0,a) =X(u,v,a),foralla € Uy.

This map can be easily obtained, taking into account the fact that the suacee

regular. For example, i1 X D,Y — D1Y D2X # 0, where the derivatives are evaluated at

(1o, vo, ag), we can takes (u, v, w,a) = (X(u,v,a),Y(u,v,a), Z(u,v,a) + w).

Using G, as a change of variables and applying Definition 2.1, it is easy to see that
if there exists a quadratic tangency pg then Y (uo, vo, ap) = Z(uo, vo, ag) = 0 and
g(uo, vo, ag) = 0. This proves items 1 and 2 of the proposition.

On the other hand, a$§, is a regular surface, the previous result allows us to take
the mapG of the beginning of the proof a6 (u, v, w,a) = (X, v,a),Yu,v,a) +
g2(w), Z(u, v, a) + gz(w)), where eithegz(w) = w andgz(w) = 0 or g2(w) = 0 and
g3(w) = w. Taking again the new ma@, as a change of variables we obtain the rest of
the proposition from items 3 and 4 of Definition 2.1. |

In order to define quadratic tangencies between invariant manifolds (quadratic
homoclinic tangencies), we will add a generic condition. It concerns the position of an
orbit inside a two-dimensional invariant manifold.

Definition 2.5. Let f be a three-dimensional diffeomorphism defined on a neighbourhood
of a hyperbolic saddle fixed poimpt, with eigenvalues,;, i = 1, 2, 3, which are supposed

to be real and different in absolute value. We denote\bthe linear mapA (71, 12, t3) =

(A1f1, A2t2, A3t3). Let W andW < W be, respectively, the two-dimensional (stable or
unstable) invariant manifold op, and the strong stable or unstable manifold contained
in W. We say thaty € W is in general positionif ¢ ¢ W and there exists some
smooth conjugacy betweenf andA (A = F o f o F~1) such that the orbit of (¢),
corresponding to the map, has at least one point out of the coordinate axes.

In many cases the condition for an orbit to be in general position is equivalent to being
in the two-dimensional stable or unstable invariant manifold but not in the corresponding
strong (stable or unstable) one-dimensional manifold.

Suppose, for example, that the fixed point of the nfagf the preceding definition has
eigenvalues satisfying & |11| < |A2] < 1 < |r3|, and thatf itself is the linear map
A, thatis f(x, y, z) = (A1x, A2y, A3z). Moreover, we assume that there exists a natural
numbem such thatr115"| < 1, and we allow the conjugacy of the definition to bé’a
diffeomorphism. If we take a pointvo, yo, zo) in W*(0) but not in W*5(0) (the strong
stable invariant manifold), thexy = 0 andyg # 0. We claim that the orbit of this point is
in general position.
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1) a<0 2) a=0 3)a>0

FIGURE 4. Quadratic homoclinic tangency: (1) no intersection of the invariant manifolds; (2) a tangencial
intersection; (3) two transversal intersections.

In fact, according to the definition, ifp # O then the assertion is true. On the other
hand, ifxg = 0 we can find a non-triviaC" diffeomorphismG which commutes with
A (thatisG o A = A o G), and does not preserve the line= 0. In the casé.; > 0
we takeG(x, y,z) = (x + Cly|?, y, z), whereC is a constant different from zero and
B =log|A1l/log|rzl. Foriy < 0,G(x, y,z) = (x+Csin[z (log|A2))~*log|y[1ly|?. y. 2),
whereC andp are as before. This proves the claim.

Next, we can give the definition of quadratic homoclinic tangency. {lfg}l,cv be a
family of three-dimensional diffeomorphisms having a saddle fixed poiatp(a) for all
a € V. Suppose that the eigenvalueddf, (p(a)) that we denote by;,i = 1, 2, 3, are all
real and different in absolute valug:1| < |A2| < |A3]. Moreover|i1| < 1 and|A3| > 1.

Definition 2.6. We say that{f,},cv has aquadratic homoclinic tangencat ¢ €
WS (p(ao)) NW*(p(ag)) unfolding generically witle ata = ag if the manifoldsW* (p(a))
andW*(p(a)) have a quadratic tangencye@atvhich unfolds generically at = ag, andg
is in general position.

A typical guadratic homoclinic tangency is shown in Figure 4.

Now suppose thaltf,},cv has a quadratic homoclinic tangencygat W*(p(ag)) N
W*(p(ap)) unfolding generically witha at ag € V and satisfies the linearization
assumption. Without loss of generality, we can assumeasthat0 andV = (—e, ¢).

In the next two propositions we will give changes of coordinates and reparametrizations
of { fu}aev, depending on the type of saddle, that simplify its study.

First, we consider the case in which the stable invariant manifold is two-dimensional.
Using the next proposition, we can suppose that near the point of quadratic homoclinic
tangency of coordinate&s, y,z) = (1,1, 0), W¥(p(a)) is the xy-coordinate plane and
WH(p(a)) has a local extremum with respect to theoordinate atx, y, z) = (1, 1, a) for
alla € (—¢,¢).

PROPOSITION2.7. Suppose thathi] < |[A2] < 1 < |i3|. Then there exist an open

neighbourhoodvy C V of ag, a family {gz}ze(—e.c) CONjugate tof f;}aecv,, and ack

(k > 3) mapx = X(t1, 12, 13, a), defined on a neighbourhood of the setA; =

{(t1, 12, 13) € R®: (12 + t2)13 = O} x (—¢, €), such that:

1. the conjugacy transforms the fixed pairt:) to p(a) = (0, 0, 0) forall a € (—e, €);

2. the family {gz}se(—,«) has a quadratic homoclinic tangency at the point=
(1,1,0) € W“((0,0,0)) N WS((0, 0, 0)) unfolding generically witti ata = O;
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3. there exists a neighbourhodd of the setB; = {(t1, 12, 0) : 2 + t2 < 3} such that
for all a € (—e, €) the mapx(-, -, -, a) restricted toU; is the identity;

4. if (t1,12,13,a) € U then (\it1, Aof2, A3tz,a) € U and g;(t1,12,13) =
X(A1t1, A2t2, A3t3, a);

5. if X =(x,y,z)then

x(0,0,L,a)=1 y0,0,1,a)=1, z0,0,1,a) =a, D3z(0,0,1,a) =0,
forall a € (—¢, €), andD33z(0, 0, 1, 0) # O.

Proof. We can suppose that the family, },cv satisfies the statements of Remark 1.5. The
invariant manifolds ofp(a) = 0 can be represented as

WS (p(a)) = {Xf(11, 12,0, a) : (11, 12) € R?)
W"(p(a)) = {x;(0,0,13,a) : t3 € R}.

Moreover, locally, the unstable invariant manifold is thexis and the stable one is the
xy-coordinate plane (if we take coordinatesy, z in R3).

Taking a suitable point of the orbit of homoclinic tangency, we can always assume that
the invariant manifolds are tangent to the plane 0. As W*(p(a)) andW*(p(a)) have
a quadratic homoclinic tangency unfolding generically at 0, from Definition 2.1 we
see that there exists a real numbeg 0 such that £ (0, 0, 13, 0) = D3z,(0, 0,73,0) = 0,
D4zy(0,0,13,0) # 0 andD33z£(0,0,13,0) # 0. Moreover, as the homoclinic point is
in general positionx (0,0, 73,0) # 0 andy;(0,0,73,0) # 0. Note that the tangent
homoclinic pointisx (0, 0, 73, 0).

As D3z£(0,0,173,0) =0, D33z £(0, 0, 73, 0) # 0, there exists a map(a), defined on a
neighbourhood of zero, such that for all

D3z4(0,0,73(a),a) =0 and 73(0) = 73.

Letgz = A © fu@ © Am@ andH = G~1, where

—1
H(a)
Aq(11, 12, 13) = (x(0, 0, 13(a), a)t1, y(0, 0, 13(a), a)t2, 13(a)t3),

G(a) = z(0,0,13(a), a)/t3(a), and H is defined on a neighbourhood of ® R. The
existence off follows from the inverse function theorem.

If we setx(., -, -,a) = A;I%&) oXf(+, - -, H(@)) o Ay (s), itis easy to show thaf; and
X satisfy the required properties. |

In the second proposition, we suppose that the stable invariant manifold is one-
dimensional and the unstable one is two-dimensional.

PROPOSITION2.8. Suppose thathi1] < 1 < |A2| < |i3|. Then there exist an open

neighbourhoodvy C V of ag, a family {gz}ze(—e,e) CONjugate tof fy}acv,, and ack

(k = 3) mapx = x(11, t2, 13, a), defined on a neighbourhoddof Ay = {(t1, 12, 13) € R3:

(12 + t2)t1 = 0} x (—e, €), such that:

1. the conjugacy transforms the fixed pojritz) to p(a) = (0, 0, 0);

2. the family{gz}ac(—e,e) has a quadratic homoclinic tangency at= (1,0,0) e
W“((0, 0,0)) N WS ((0, 0, 0)) unfolding generically witti ata = O;
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3. there exists a neighbourhoddy of B, = {(#1,0,0) : |t1] < 3} such that for all
a € (—e, €) the mapx(-, -, -, a) restricted toU; is the identity;

4. if (t1,12,13,a) € U then (\it1, Aof2, A3tz,a) € U and g;(t1,12,13) =
X(A1t1, A2t2, A3t3, a);

5. if X=(x,y,z)and

g(t2, t3,a) = D2y(0, 12, 13, a) D3z(0, 12, t3, a) — D3y (0, t2, t3, a) D2z(0, t2, t3, a),

then one of the following possibilities holds:
(& x(0,1,1,a =1,y0,1,1,a) =0,z0,1,1,a) =a, g(1,1,a) = Ofor all
a € (—e,¢) and

D1g(1,1,0)D3y(0,1,1,0) — D2g(1,1,0)D2y(0, 1,1,0) #0;
(b) x(©0,1,1,a)=1y0,1,1a) =a,z(0,1,1,a) =0,g(0,1,1,a) = 0forall
a € (—e,€) and

D1g(1,1,0)D32(0,1,1,0) — D2g(1,1,0)D2z(0, 1,1, 0) # 0.

Proof. In this case the invariant manifolds have the following representation:
W (p(a)) = {Xf(t1,0,0,a) : 11 € R}
W"(p(a)) = {X7(0, 12, 13,a) : (12, 13) € R?}.

Moreover, locally, the stable invariant manifold is theaxis and the unstable one is the
yz-coordinate plane (if we take coordinatesy, z in R3).

We can always take the tangent homoclinic pgirto be on the straight ling = 0,
z = 0. Therefore, from Definition 2.6 and Proposition 2.4 we see that there exists
(1, 2) € R? such thay = X (0, 2, 73, 0), 72 # 0,73 # 0, x£(0, i, 73, 0) # O (becausg
is in general position) andy (0, 72, 13, 0) = z£(0, 12, 13,0) = 0, g s (12, 13, 0) = 0, and for
1 =0,1p =1, t3 =tz3anda =0,

Digyr Dagy
rank| Doyy D3ys | =2
Doz D3zy

rank<D2)’f D3ys D4)’f) _>
Dozg  D3zy Dazy

where
gr(ta,t3,a) = D2yyr(0, 12,13,a) D3z 7 (0, 12, 13, a) — D3y (0, 12, 13, a) D2z 4 (0, 12, 13, a).
We distinguish two cases.

(@) D1grD3ys—DogrDoys # 0. Asg(tz,13,0) = 0, y(0, 12, 13, 0) = 0 by the implicit
function theorem, the system

g(tz,13,a) =0
v(0,12,13,a) =0
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has a solutiom(a), 73(a), for a small enough, such that0) = #;, fori = 1, 2.
We claim thatD2z r D72(0)+ D3z s D13(0)+ Dazy # 0. Suppose, indeed, that it is equal
to zero. Differentiation of (0, 72(a), 73(a), a) = 0 with respect ta gives the system

DayyDip + D3yyDiz = —Dayy
Dszsz + D3Zth~3 = —Daszy.

But this system is incompatible by the definition of quadratic homoclinic tangency which
unfolds generically. Therefore, the claim is true.

Leta be a new parameter such tliat= G(a) = z£(0, i2(a), 13(a), a)/73(a). Denote
by H the inverse of5 (that exists by the claim) ang}, = A;I%&) o fu(@) © Mm@, where

Aa(11, 12, 13) = (x(0, 12(a), 13(a), a)t1, f2(a)t2, f3(a)t3).

Takingx(-, -, -, @) = A;,%&) oXz (- - - H(@)) o Ay ), properties 1, 2, 3, 4 and 5(a) follow
immediately.

(b) D1gD3z — D2g D>z # 0. We can proceed as before. The main differences are that
the maps; andrs satisfy the equations

g(t2,13,a) =0
z2(0,12,13,a) =0

and in the final step we take= y( (0, i2(a), 13(a), a)/f2(a) as the new parameter. Then,
we obtain a map which satisfies 1, 2, 3, 4 and 5(b). |

The latter proposition also has a geometric interpretation. It means that we can obtain
suitable variables and parameters for which the invariant manifolds near the point of
quadratic homoclinic tangency behave as folloWs:(p(a)) is the straight liney =z =0
and either (a)Xx, y,z) = (1,0, a) is a local extremum of the-coordinate of the curve
in W"(p(a)) for which they-coordinate is always zero, or (&}, v,z) = (1,a,0) is a
local extremum of the-coordinate of the curve iW*(p(a)) for which thez-coordinate
is always zero.

2.2. Generalized homoclinic transversalityThe goal of this section is to introduce a
new type of transversality between invariant manifolds of a fixed point.

The first step is to define generalized transversality between a one-parameter family of
foliated surfaces and a one-parameter family of vector bundles with a curve as zero section
and planes as fibers. We begin with the local definition of foliation.

Definition 2.9.Let S ¢ R3 be a surface and l& = {£,}qc4, A being a set of indices, be
a partition ofS into disjoint sets calleteaves The partition® is called afoliation if there
is a parametrizatior : I x J c R? — RS of S such thatC, = x(I x {cq}), Wherel and
J are open intervals§ = x(I x J), andc, is a constant for eaal € A. We call the pair
(S, ®) afoliated surface

In order to define generalized transversality, we take a family of foliated surfaces
{(Sa, Pa)lacv, V C R being an open set, and a family of vector bundlésg},cv whose
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zero section is a curve = y (¢, a) and with fibers that are tangent planes to the curve. We
can associate to each fiber of the bundle, a vaegte)y = v(z, a) € T, a(t)R3\T (1) Ya, SUCH
thatv is a smooth map, in such a way(¢) andy, (r) generate the fiber. In this situation
we say that the family of vector fields,}.cyv along the family of curvesy,}.cv, is
associated to the family of tangent vector bundlég v .

Definition 2.10.We say thaf{(S,, ®,)}.cv and{V,}.cv have ageneralized transversal
intersectionat p € R3 € Sao Which unfolds generically witly ata = ag € V, iff in some
coordinate system, for which the leaves of the foliation are the straightdiee8, y = ¢,
the following properties are satisfied:

p =v(0,ao0);

z2(0,a0) =0

D1z(0, ap) # 0;

if T(t,a) = va(t,a)D1z(t, a) — v3(t,a)D1y(t,a) = 0 thenT (0, ag) =0

D12z(0, ag) D2T (0, ag) — D2z(0, ag) D1T (0, ag) # O.

Herev = (v1, v2, v3) is a family of vector fields associated to the family of vector bundles
and we writey (t, a) = (x(¢, a), y(t,a), z(¢, a)).

groNPE

This definition means that, at the poini of generalized transversality, the
corresponding surface and curve have a transversal intersection and that the fiber of the
vector bundle and the leaf of the foliationatire tangent. This latter property is lost when
we change the value of the parameter.

The next proposition confirms our geometric interpretation of the generalized
transversality.

PROPOSITION2.11. Suppose that{(S,, ®,)}sev and {V,}.cy have a generalized

transversal intersection gt = y (fo, ag) € R3 for a = ag € V which unfolds generically

with a. Then there exists a map= ¢(a) defined on a neighbourhood a§ such that

t(ag) = to, and a neighbourhoodl; C V of ag satisfying:

1. S, has atransversal intersection with aty (¢(a), a) forall a € Vy;

2. the fiber ofV, at y (¢(a), a) is transversal to the leaf ofS,, ®,) at y(¢(a), a) if
a € V1\ {ao}.

Proof. We take the coordinates of the previous definition. The map (a) exists because
D1z(0, ag) # 0 andz(0, ag) = 0. So, we can apply the implicit function theorem to the
equatiorz (¢, a) = 0 in order to get (a). This proves item 1.

On the other hand, from the identity(r(a),a) = O we obtaini(ag) =
—D>z(0, ap)/ D1z(0, ag). To show the second part of the proposition, it is enough to see
that the mapf (a) = T'(¢(a), a) is strictly monotone ang (ag) = 0. Indeed,

D12(0, ag) f'(ag) = D1z(0, ag) D2T (0, ag) — D2z(0, ag) D17 (0, ag) # O,
and f (ag) = T (0, ag) = 0 by definition. O

Let {fz}acv, V C R being an open set, be a smooth one-parameter family of three-
dimensional diffeomorphisms having a saddle fixed ppirt p(a), fora € V, with real
eigenvalues,;, i = 1, 2, 3, such thati1| < |A2] < |A3]. We will now define generalized
homoclinic transversality. We distinguish two casgs] < 1 and|A2| > 1.
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Definition 2.12.We say thaf f,},cv has ageneralized homoclinic transversali g <

WS (p(ag)) N W*(p(ao)), unfolding generically witlt ata = ag if:

1. When|xz| < 1, the family of foliated surfaceEW*(p(a)), F*S(p(a)))}aecv and
the family of invariant tangent vector bundI€®“(p(a), E“(p(a)))}scv have a
generalized transversal intersectio atvhich unfolds generically with ata = ag.
Moreoverg € W*(p(ap)) is in general position.

2. When|iz| > 1, the invariant manifolds gf(a) with respect to the famiIYfa—l}aev
have a generalized homoclinic transversalityy atinfolding generically withe at
a = aop.

In the next proposition we give adapted coordinates for such types of transversality.

PrROPOSITION2.13. Let { f,}qsev as before, andi1| < |A2] < 1 < |A3]. We assume

that this family has a generalized transversal homoclinic pgininfolding generically

with a at a = ag, and satisfies the linearization assumption. Then, there exist an

open neighbourhoodty C V of ap, a family {gz}sc(—e,¢) CONjugate tof f,}acv,, and a

ck (k = 3) map x(t1, t2, t3, a), defined on a neighbourhodd of {(z1, t2, 13) € RS :

(12 4 12)13 = 0} x (—e, €) such that:

1. the conjugacy transforms the fixed pairit:) to p(a) = (0, 0, 0) forall a € (—e, €);

2. thefamily{gz}ac(—e ) has ageneralized homoclinic transversalityjat (1, 1,0) €
W“((0, 0, 0)) N W9 ((0, 0, 0)) unfolding generically witti ata = O;

3. there exists a neighbourhoddy of {(r1,72,0) : 2 + 2 < 3} such that for all
a € (—e, €) the map(-, -, -, a) restricted toU; is the identity;

4. if (t1,12,13,a) € U then (\it1, Aof2, A3tz,a) € U and g;(t1,12,1t3) =
X(A1t1, A2t2, A3ts, a);

5. if Xx=(x,y,z) then

x(0,0,1,a)=1, (0,0,1,a)=1, z(0,0,1,a) =0,
and
D2y(0,0,1,a)D3z(0,0,1,a) — D2z(0,0, 1,a)D3y(0,0, 1,a) = a,
forall a € (—e, €) andD3z(0,0,1,0) #£ 0.

The proof is similar to that used for Proposition 2.7. Note that this proposition allows
us to suppose that, in a neighbourhood©f1, 0): (a) W*(p(a)) is the xy-coordinate
plane; (b)(1,1,00 € W¥(p(a)) N W*(p(a)) is the point of transversal intersection
for all a € (—¢,¢); (c) the leaves of the strong stable foliations are the straight lines
y = ¢, z = 0, for constants: small enough; (d) the planes of the unstable tangent
vector bundle atl, 1, 0) are generated by the vectdpsx(0, 0, 1, a) and D3x(0, 0, 1, a);
and (e) the parameter gives the value of the first component of the normal vector
D-x(0,0, 1, a) A D3x(0, 0, 1, a) to the fiber of the tangent vector bundle(at 1, 0).

In Figure 5 we have a typical example of a generalized homoclinic transversality.

2.3. Generalized homoclinic tangenciesNow we want to introduce a new type
codimension-two homoclinic bifurcation, that we shall call generalized homoclinic
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1) a<0 3) a>0

FIGURE 5. Generalized transversality. The line frgmwith two arrows represents the strong stable manifold

W55 (p), the liner is a leaf of the strong stable foliation & (p) and the lines represents the intersection of

W* (p) with the fiber of the unstable invariant vector bundle at the point of intersection of the invariant manifolds.

In (1) and (3)r ands are different and in (2) (corresponding to the generalized homoclinic transversality) they
coincide. Observe that in all the cases the invariant manifolds have transversal intersection.

tangency. It can be seen as a ‘collision’ of a quadratic homoclinic tangency and a
generalized homoclinic transversality.

As before, we first study a new type of tangency between a two-parameter family
of foliated surface$(Sq,5, Pu.5)}(a,pev, and a two-parameter family of vector bundles
{Va.b}(a,pyev, having a regular parametrized cumug, = ya () = (x(t, a, b), y(t, a, b),

z(t,a, b)) as a zero section and tangent planes/jg(¢) as fibers. HereV cC R?
is an open neighbourhood af:, ) = (a0, bo). Recall that a smooth family of
vector fields{va »}a,pev associated tdVe »}a.pev Satisfies that for alk, v, ,(r) =
(vi(t,a, b), v2(t,a, b), v3(t, a, b)) andy, »(t) generate the corresponding fiben{f,.

Definition 2.14.We say that{(Ss,», Pa.p)}a.pyev @and {Va p}w.pyev have ageneralized
tangency of type &t po = ag,b0(f0) € Sag,bo, Which unfolds generically witlia, b) at
(ao, bo), if there exist: (a) a coordinate system y, z) for which S, 5 is the planez = 0
and the leaves of the foliation are the straight lines 0, y = ¢, and (b) a two-parameter
family of vector fields{va 5} (4, cv, associated tV, »} 4 p)ev, Such that:

1. z(to, ao, bo) = 0, D1z(t0, ao, bo) = 0, D1y(tg, ao, bo) = 0;
2. Daaz(to, ao, bo) # 0, v3(to, ao, bo) # O;
3.

0 D2z(to, ao, bo)  D3z(to, ao, bo)
D11z(to, ao, bo)  D12z(to, ao, bo)  D13z(to, ao, bo) | # O;
D11y(to, ao, bo) D12y(t0, ao, bo) Da3y(to, ao, bo)

4.  D1y(to, ao, bo)vs(to, ao, bo) — D11z(to, ag, bo)va(to, ao, bo) # O.

Before stating the next proposition, let us give the geometric interpretation of the
previous definition. The first condition means that the leadbgf 5, at po and the curve
Yao,by @€ tangent apo = ya,.5,(f0). The second says that the tangency is quadratic and
the fiber ofV,, », at po is not tangent to the leaf &b, », at po. In order to interpret the
third and fourth conditions, first we have to perform a reparametrizatiaqia ,f) and:.
Without loss of generality, we can suppose thyat 0.
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Consider the following system of equations:

z(t,a,b)=a
Diz(t,a,b) =0
D1y(t,a,b) = b.

From the first and third conditions, we see that there exist smooth maps (a, b),
a = a(a,b) andb = b(a, b), defined on a neighbourhood @f, b) = (0, 0), such that
t(0,0) = tg, a(0, 0) = ap andb(0, 0) = 0. Moreover, a simple computation shows that
the map

(@, b) = (z(t(a,b),a,b), D1y(t(a.b),a,b)),

is invertible. Therefore, we can takeb andf = t/t(a(a, b), b(a, b)) as hew parameters.
If we write

Vs = vap(t(a,b)i) = (@7, a,b), (7, a, b), 27, a, b)),
where(a, b) = (a(a, b), b(a, b)), then
Z,a,by=a, DizZ(L,a,b)=0 and D1y(1,a,b) =b,

for all @ andb small enough.

With this parametrization, the third condition is superfluous. This means that it gives a
generic unfolding of the generalized tangency.

It remains to explain the fourth condition of the definition. For the sake of simplifying
notation, we remove the tildes from the new parametrization. Suppose that the paint
belongs to the surfacg; ;, and that the fiber o¥, ;, aty, »(¢) is tangent to the leaf b, ;,
at the same point. Thena andb satisfy the system of equations

z(t,a,b) =0
va(t,a,b)D1z(t,a,b) — v3(t,a,b)D1y(t,a, b) = 0.

From condition 3, we see that this system has a solutienz(b), a = a(b), such that
t(0) = 1 anda(0) = 0. In other words, this means that the curue(s), b2(s)) in the
parameter plane, such thats).».(s) has a generalized transversality, is a regular curve.
Here we can take the parametet b.

Note, finally, that the curvé;(s), b1(s)) corresponding to the existence of a quadratic
homoclinic tangency satisfigg1(s), b1(s)) = (0, s). This implies that the two curves
(a1(s), b1(s)) and(az(s), b2(s)) have a quadratic tangency foe= 0.

We summarize the properties of the generalized tangency in the following proposition.

PROPOSITION2.15. Let {(Sa,p, Pu,b)}a.p)ev be a family of foliated surfaces, and let
{Vu.v}a.pyev be a tangent vector bundle having a generalized homoclinic tangency of
type | at a pointp = y (o, ag, bo) unfolding generically with(a, b) at (ag, bp). Then
there exist two map@g1(s), ai(s), b1(s)) and(r2(s), az2(s), b2(s)) such that:

1. #(0) = 19, (a;(0), b; (0)) = (ao, bo) fori =1, 2.

2. (ai(s), bi(s)) are regular curves foi = 1, 2.
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3. Suus).61(s) has a quadratic tangency with the curyetr, ai(s), b1(s)) at pi(s) =
y(t1(s), a1(s), b1(s)) for s small enough.

4. Sus).pos) has a generalized transversal intersection witlit, ax(s), ba(s)) at
p2(s) = y(t2(s), ax(s), ba(s)) for s # 0 small enough. Ifs = 0 only the
transversality of the curve and the surface does not remain.

5. Letﬁa(s),al(s),bl(s) be the leaf Ofbal(s),bl(s) at p]_(s). Thenthe curvesa(s),al(s),bl(s)
andy (¢, ax(s), b2(s)) are tangent fos = 0and non-tangentfar = 0 small enough.

6. There is a quadratic tangency between(s), b1(s)) and(az(s), b2(s)) at (ag, bo).

Definition 2.16.We say that{(Ss 5, Pa.5)}a,p)ev and {Va p}w,p)ev have ageneralized
tangency of type bt po = yag,po(fo) € Sag,b, Which unfolds generically witha, b) at
(ag, bo) if there exist: (a) a coordinate system, y, z) for which S, p is the planez = 0
and the leaves of the foliation are the straight lines 0, y = ¢, and (b) a two-parameter
family of vector fieldS{vy 5} (a,)ev, associated tVy, »}.p)ev, Such that
1. z(t0, a0, bo) = 0, D1z(tg, ao, bo) = 0, v3(to, ao, bo) = 0,
2. Duz(to, ao, bo) # 0, D1y(to, ao, bo) # 0,
3.
0 D2z(t0, ao, bo)  D3z(to, ao, bo)
D11z(to, a0, bo)  D12z(to, ao, bo) ~ Di13z(t0, ao, bo) | # O;
D1v3(t0, ao, bo)  D2v3(to, ao, bo)  D3vs(to, ao, bo)

4.  D1y(t, ao, bo) D1v3(to, ao, bo) — D11z(to, ao, bo)vz(to, ao, bo) # 0.

The previous definitions are independent of the change of variables used to set the
foliated surfaceS, as the plane of equatian= 0 with leaves; = 0, y = ¢. Moreover,
they do not depend on the choice of the associated vectonfigld

As in the previous definition, we can give a geometric explanation of the definition.
Condition 1 means that the surfagg ,, and the curvey, 5, are tangent gto = ya,,», (f0)-
Moreover, the fiber o¥,, », at po is tangent to the leaf ob,, ,, at po. From condition 2,
the tangency is quadratic and the foliati®p, », and the curvey,, », are not tangent at
po- As before, performing a reparametrizatiorypfi, andb, we can suppose that = 1,
(a0, bo) = (0,0), D1z(1,a,b) = 0, z(1,a,b) = a andvsz(l, a,b) = b, for all (a, b)
close to(0, 0). Using this parametrization, condition 3 is not necessary, meaning that it
yields a generic unfolding of the tangency. Finally, condition 4 tells us that the curves
(a; (s), b;(s)),i = 1, 2, defined as before, are regular. So we have the following.

PROPOSITION2.17. Let(S4,5, Pa,p) be afamily of foliated surfaces, and 84, 5} 4,5)ev
be a tangent vector bundle having a generalized homoclinic tangency of type Il, at a point
p = y(to, ao, bo) unfolding generically witha, b) at (ag, bg). Then there exist two maps
(t1(s), a1(s), b1(s)) and (t2(s), a2(s), b2(s)) such that;
1. #(0) =1, (a; (0), b;(0)) = (ag, bp) fori =1, 2.
2. (ai(s), bi(s)) are regular curves foi = 1, 2.
3. Suus).61(s) has a quadratic tangency with the curyetr, ai(s), b1(s)) at pi(s) =
y(t1(s), a1(s), b1(s)) for s small enough.
4. Sus).pos) has a generalized transversal intersection witlit, az(s), ba2(s)) in
p2(s) = y(t2(s), az(s), ba(s)) for s # 0 small enough. I = O, neither the
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transversality of the curve and the surface nor the transversality of the fiber and
the surface ap»(s) remain.

5. Let Ly (s),a0s),b1(s) D€ the leaf ofb,, 5),py(s) @t p1(s). Thenthe curveby s, ay(s), b1 (s)
andy (¢, az2(s), ba(s)) are not tangent for alk small enough.

6. There is a quadratic tangency betwen(s), b1(s)) and(az(s), b2(s)) at (ag, bo).

The next step is to define generalized homoclinic tangencies for two-parameter families
of diffeomorphisms.

Let {fuptapev, V C R? being an open set, be a smooth two-parameter family
of three-dimensional diffeomorphisms having a saddle fixed ppint p(a, b), for
(a, b) € V, with real eigenvalues;, i = 1, 2, 3, such thati1| < |A2] < |A3].

Definition 2.18.We say that{f,s}w.nev has ageneralized quadratic homoclinic
tangencyof type | (respectively type Il) aj € W*(p(ag, bo)) N W*(p(ag, bo)) unfolding
generically with(a, b) at (a, b) = (ao, bo) if:
1. When|iz| < 1, the family of foliated surfaceSW* (p(a, b)), F**(p(a, b)) }a.p)ev
and the family of invariant tangent vector bundi€®’” (p(a, b), E< (p(a, b)))}@,b)ev
have a generalized tangency of type | (respectively type Iy athich unfolds
generically with(a, b) at(a, b) = (ao, bo). Moreoverg is in general position.
2. When|x2| > 1, the invariant manifolds ofp(a, b) with respect to the family
{fa_,bl}(a,b)ev have a generalized quadratic homoclinic tangency of type | (respectively
type 1) atg unfolding generically with(a, b) at (a, b) = (ao, bo).

In the last part of this section, we give adapted coordinates and parameters for families
having a generalized homoclinic tangency.

Let{fs.0}.p)cv e as before, and assume that this family has a generalized tangencial
homoclinic pointg unfolding generically with(a, b) at (a, b) = (ao, bo), and satisfies the
linearization assumption. In the next two propositions we shall obtain adapted coordinates
for this type of homoclinic bifurcation.

PROPOSITION2.19. Suppose thati1] < |r2] < 1 < |r3|. Then there exists an

open neighbourhood; c V of (ag, bp), a family{g&’l;}(a!l;)e(_“)X(_E’é) conjugate to

{fa.p}a.byev, and aCk (k > 3) mapx(t1, t2, t3, a, b) defined on a neighbourhodd of

{(t1, 12, 13) € R®: (12 4 12)13 = O} x (—¢, €) x (—¢, €) such that:

1. The conjugacy transforms the fixed popa, b) to p(a,b) = (0,0,0) for all
@, b) € (—e, €) x (—¢, €).

2. The family{gé’,;}(a’,;)e(_é’é)X(_é!é) has a generalized quadratic homoclinic tangency
atg = (1,1,0) € W“((0, 0, 0)) N W*((0, 0, 0)) unfolding generically witha, b) at
(@, b) = (0,0).

3. There exists a neighbourhodéy of {(z1, 2, 0) : tlz + t22 < 3} such that for all
(@, b) € (—¢, €) x (—¢, €) the map(-, -, -, a, b) restricted toU1 is the identity.

4. If (t1.12.13.a,b) € U then (hif1, hato, hats.a.b) € U and g; ;(t1.12.13) =
X(A1t1, Aot2, A3t3, d, l;)

5. Ifwe writex = (x, y, z) then:
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(&) when the generalized homoclinic tangency is of type I:
x(0,0,1,a,b) =1, y(0,0,1,a,b)=1, z(0,0,1,a,b)=a,
D32(0,0,1,a,b) =0, Ds3y(0,0,1,a,b) = b,
forall (a, b) € (—e, €) x (—¢, €) and
D337(0,0,1,0,0) 0, D»z(0,0,1,0,0) # 0,

and
D33y(0,0,1,0,0) D332(0,0,1,0,0)

D»y(0,0,1,0,0) D»z(0,0,1,0,0)

(b) when the generalized homoclinic tangency is of type II:

#0;

x(0,0,1,a4,b) =1, y(0,0,1,a,b)=1, z(0,0,1,a,b)=a,
D3z(0,0,1,d,b) =0, Dpz(0,0,1,a,b) =b,

forall (@, b) € (—e¢, €) x (—¢, €) and
D332(0,0,1,0,0) #0, D3y(0,0,1,0,0) #0,

and
D23z(0,0,1,0,0) D332(0,0,1,0,0)

D>y(0,0,1,0,0) D3y(0,0,1,0,0)| 7
Proof. Let{ f, »}w.n)ev andxy be as in Remark 1.5. In particular, we have théat, b) =
O forall (a, b) € V and(ag, bg) = (0, 0). Recall that in this situation:

(@) The invariant manifolds gf(a, b) = 0 can be represented as

WS (p(a, b)) = {Xz(t1, 12, 0,a,b) : (11, 12) € R?)
W"(p(a, b)) = {x7(0,0,13,a,b) : 13 € R}.

Moreover, locally, the unstable invariant manifold is thaxis and the stable one is
the xy-coordinate plane (if we take coordinatesy, z in R3).

(b) The leaves of the strong stable foliati®’ (p(a, b)) are the curvess(z, 12, 0, a, b),
parametrized by, wherer; is a constant.

(c) The fibers of the unstable tangent vector buniie p(a, b), E*) are generated by
the vectorsDyx (0,0, ¢, a, b) and D3x¢(0, 0, ¢, a, b) for all ¢+ € R. Following the
previous notation, we can take the family of vector fields associated to the vector
bundle asy, 5 (t) = D2x7(0,0,1,a, b).

We distinguish between the generalized tangencies of type | and II.

(a) Type I. We can always assume that the tangent homoclinic gdirgtiongs to the plane
z = 0. Moreover, there exists a real numbe# 0 such thay = x,(0, 0, 73, 0, 0).

From Definitions 2.14 and 2.18 we see that0, 0, 73, 0, 0) = D3z(0,0,73,0,0) =0
andD33z7(0,0,3,0,0) # 0,x7(0,0, 73,0, 0) # 0 andy (0, 0, 73,0, 0) # 0.

Using these conditions, we can prove the existence of a miapb) defined on a
neighbourhood of0, 0) such that3(0, 0) = 73 and D3z (0, 0, 3(a, b), a, b) = 0.
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Note that W*(p(a, b)) has a local extremum with respect to thecoordinate at
(x,y,2) =X£(0,0,13(a, b), a,b).

Without loss of generality (via a change of scale if necessary), we can assume that
3(a, b) = 1forall (a, b) € V and

x7(0,0,1,a,b) =y7(0,0,1,a,b) =1, D3z7(0,0,1,a,b)=0.

This simply means that we can move the point0, 0, 73(a, b), a, b) to a point with
the x and y coordinates equal to 1. In particular, the point of homoclinic tangency
is g = (1,1,0). Moreover, D2ys(0,0,1,0,0) = 0, D33z7(0,0,1,0,0) # O,
D7z£(0,0,1,0,0) # 0and

D4zf(0,0,1,0,0)  Dszs(0,0,1,0,0)

D3ay£(0,0,1,0,0) Dasy(0,0,1,0,0) 7 >

These conditions are obtained from Definition 2.14.
Finally, by the inverse function theorem, we can take an0, an open subséy C V
and new parameters
a=120,01a,b)
b = D3y(0,0,1,a,b)
such that@, b) € (—¢, €) x (—e¢, €) and(a, b) € V1. Itis a simple check to show that the

family {825} @hye—e.o x(—c.c) given byga’,; = fu.p, Satisfies properties 1, 2, 3, 4 and 5(a)
of the proposition.

(b) Type Il. As before, we can suppose th&t“(p(a, b)) has a local extremum, with
respect to thez-coordinate, at a point withx and y coordinates equal to 1, and
corresponding parametgr= 1. This means that

'xf(01 07 11 a? b) = yf(07 O? 17 a1 b) = 17 D3Zf(01 07 11 a? b) = O?

forall (a, b) € V, and the point of homoclinic tangencyjis= (1, 1, 0) = x£(0, 0, 1, 0, 0).
From Definitions 2.16 and 2.18 one h&sz(0,0,1,0,0) = 0, D33z(0,0,1,0,0) # 0,
D3y(0,0,1,0,0) # 0and

D4z(0,0,1,0,0) Dsz(0,0,1,0,0) £0
D24Z(01 07 11 07 O) D25Z(01 07 11 07 O) '
Finally, we perform the change of parameters
a=12(00,0,1,a,b)
b = D2z(0,0,1,a,b)
obtaining the desired result. |

Remark 2.20.The following properties hold for the famili; ;}.

(@) WS(p(@a, b)) is thexy-coordinate plane in a neighbourhoodf 1, 0).

(b) WH(p(a, b)) has a local extremum with respect to the third variabléevay, z) =
x(0,0,1,a,b) = (1,1, a).
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(c) The leaves ofF**(p(a, b)) are the straight lineg = ¢, z = 0, for constants small
enough, in a neighbourhood ¢f, 1, 0).

(d) The fibers of the unstable tangent vector bundlélal, a) are generated by the
vectorsD,x(0, 0, 1, @, b) andD3x(0, 0, 1, &, b).

(e) For type | generalized homoclinic tangencies, the parandetgves the value of
the second component of the tangent vediex(0, 0, 1, a, b) to W*(5(a, b)) at
1,1, a).

(f)  Fortype ll, letW<“(5(a, b)) be a center-unstable invariant manifold such that

W (p(a, b)) = {X(0, 12, t3, @, b), (t2, t3) € W},

W being a suitable open neighbourhood @, 13), > = 0}. The parameté is the
third component of the first tangent vectopx(0, 0, 1, @, b) of the parametrization
of W (p(a, b)) at(1, 1, a).

PROPOSITION2.21. Suppose thati1] < 1 < |i2] < |r3|. Then there exists an

open neighbourhood; ¢ V of (agp, bp), a family{g&)g}(&)l;)e(fe’e)X(f“) conjugate to

{fa.b}a,pyev, and ack (k > 3) mapx(t1, 12, 13, d, b), defined on a neighbourhodd of

{(t1, 12, 13) € R3: (12 + 12)11 = O} x (—¢, €) x (—¢, €) such that:

1. The conjugacy transforms the fixed pojpta, b) to p(a,b) = (0,0,0) for all
@,b) € (—e, €) x (—¢, €).

2. The fam"y{g&,g}(&,g)e(,g,e)X(,g,e) has a generalized quadratic homoclinic tangency
atg = (1,0,0) € W*((0, 0, 0)) N W*((0, 0, 0)) unfolding generically witha, b) at
@, b) = (0, 0).

3. There exists a neighbourhoad of {(r1,0,0) : |#1] < 3} such that for all(a, b)
€ (—¢, €) X (—¢, €) the mapx(., -, -, a, b) restricted toU1 is the identity.

4. If (r1, 12,13, a, I;) € U then (A1, A2f2, A3t3, a, I;) € U and ga.g(tl, t,13) =
X(A1t1, Aot2, Aat3, d, b).

5. Ifwe writex = (x, y, z) then:
(a) if the generalized homoclinic tangency is of type I

x(0,1,1,a,b) =1, y(0,1,1,a,b)=a,
2(0,1,1,a,b) =0, D3z(0,1,1,a,b) = b,
D2y(0,1,1,d,b)D3z(0,1,1,a, b) — D3y(0,1,1,a,b)D2z(0,1,1,a, b) =0,

forall (@, b) € (—€, €) x (—¢, €), D3y(0,1,1,0,0) = 0, D2z(0, 1, 1,0,0) # 0,
and for(t1, 12, 13, @, b) = (0, 1, 1, 0, 0),

D2y D33z — D3gyDaz # 0,
(b) if the generalized homoclinic tangency is of type II:

x(0,1,1,a,b)=1 y0,1,1,ab) =1,
2(0,1,1,4,b) =a, D3z(0,1,1,a,b) =b,
D2y(0,1,1,a,b)D3z(0,1,1,a,b) — D3y(0,1,1,a,b)D2z(0,1,1,d, b) =0,
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forall (a,b) € (—e, €) x (—e€, €),
D2z(0,1,1,0,0) = D3z(0,1,1,0,0) =0, D3y(0,1,1,0,0) #0,
and, for(z1, 12, 3, a, b) = (0, 1,1, 0, 0),

(D2y)? D33z — 2D2y D3y D23z + (D3y)?D2pz # 0.

Proof. As in the previous proposition, we can suppose thaj(r1, r2, t3) andxy satisfy
the properties given in Remark 1.5. Then:
(@) The invariant manifolds gf(a, ») = 0 are

WS (p(a, b)) = {X¢(t1,0,0,a,b) : 11 € R}
W"(p(a, b)) = {x;(0, 12, 13, a, b) : (12, 13) € R?}.

Moreover, locally the unstable invariant manifold is theplane and the stable one
is thex axis.

(b) The leaves of the strong unstable foliaticf““(p(a, b)) are the curves
Xr(0, 1,1, a, b), parametrized by, wherer; is a constant.

(c) The fibers of the stable tangent vector buriéiig p(a, b), E<*) are generated by the
vectorsD1x(z, 0,0, a, b) and Dyx(z, 0,0, a, b) for all t € R. We takev, ,(t) =
Dox(t, 0,0, a, b) as the family of vector fields associated to the bundle.

We distinguish between types | and II.

(a) Type I. As, by Definition 2.18, the tangent homoclinic poipis in general position,
we can assume thatbelongs to the straight ling = 0, z = 0 and that there exist # 0
andrz # 0 such thay = X (0, 12, 13, 0, 0). By using Propositions 2.4 and 2.15, we easily
prove that

xr(0, 12,13,0,0) #£ 0, v7(0, ,13,0,0) =0, 77 (0, 1, 13,0,0) = 0.
Moreover, for(t1, t2, t3, a, b) = (0, 12, 13, 0, 0),
D3y = D3z =0, D2z#0, DoyD3sz— D2zDsgy # 0.

These conditions allow us to define (by the implicit function theorem) nigps
fo(a, b) andiz = 13(a, b) such thati2(0,0) = 1, 73(0, 0) = 3, and satisfy, for(a, b)
near(0, 0), the following system of equations:

D2y(0, 12, 13, a, b) D3z(0, 12, 13, a, b) — D2z(0, 12, 13, a, b) D3y (0, 12, 3, a, b) = 0

2(0, 12, 13, a, b) = 0.

Note that the poink (0, 7, 73, a, b) has the following property: it is a local extremum
of the y coordinate of the curve i (p(a, b)) for which thez-coordinate is always zero.
Performing a change of scale if necessary, we can suppose thdt, 73 = 1, and

x(0,1,1,a,b)=1, z(0,1,1,a,b)=0,
D2y(0,1,1,a,b)D3z(0,1,1,a,b) — D2z(0,1,1,a,b)D3y(0,1,1,a,b) =0,
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forall (a, b) € V. In particularry = 1,7 = 1 andg = (1,0,0) = x(0, 1,1, 0, 0).

In order to getg; ;} andx, we need to reparametrize the initial family. We will use the
third condition of Definition 2.14 (generic unfolding).

Denote byG, » the inverse map of, , = X (-, -, -, a, b) in a neighbourhood aft, 0, 0)
for all (a, b) in a neighbourhood of0, 0). Moreover, we writeG(s1, s2, 53, a,b) =
Gap(s1,52,53). Lethsp = Gap o fap o Xap. AS hgp has a generalized quadratic
homoclinic tangency of type | &0, 1, 1), this means that the family of foliated surfaces
W"(hap, (0,0,0)) and the family of tangent vector bundI&&* (((0, 0, 0), ngb)) with
zero sectiorW* (hq 5, (0, 0, 0)) have a generalized quadratic tangency of typg0at, 1)
for (a, b) = (0, 0). Moreover, for(x, y, z) near(0, 0, 1), W*(h,.p, (0, 0, 0)) is the plane
x = 0, the leaves of the foliations are the straight limes y = 0, andW* (k, p, (O, 0, 0))
is the curvey, »(t) = G45(t, 0, 0).

From condition 3 of Definition 2.14 we see that fef, s2, s3,a, b) = (0, 1, 0, 0, 0),

0 D4sG1 DsG1
D11G1 D14G1 DisGi| #0,
D11G2 Di14G2 Dis5G2

whereG = (G1, G2, G3). A simple computation shows that this condition is equivalent to

D34z7(0,1,1,0,0)D5y£(0,1,1,0,0) — D352£(0,1,1,0,0)D4y,(0, 1, 1,0,0) # O.
Finally, we consider the following reparametrization:

a=y(0,1,1a,b)
b= D3z(0,1,1,a,b),

that is well-defined by the previous condition. Then the farfg'%}(&)l;)e(ie)e)X(ie)e), for
a suitables > 0, defined byga’,; = fup, andx¢, -, -, a, b) = Xr(, -, -, a, b) satisfies all
the properties that we wanted to prove.

(b) Type II. Also in this case there exist # 0 andzs # 0 such thak ¢ (0, 72, 13,0, 0) # 0,
v7(0,12,13,0,0) = 0,z£(0, 12, 13, 0, 0) = 0. By using Propositions 2.4 and 2.17, we get
DoyrD3zy — DozyD3yy =0, Dyzy=D3zy =0, D3ysr#0,
and
Do2zf(D3yy)? + D3azy(D2ys)? — 2D2y s D3y Dagzy # 0,

for (11,12, t3,a,b) = (0, 12, 13, 0, 0).

Then we consider maps = #2(a, b) andiz = f3(a, b) such thati»(0,0) = 1,
13(0, 0) = 13, and satisfy, foKa, b) near(0, 0), the following system of equations:
D2ys(0,12,13,a,b) D3z (0, 12, 13, a, b) — D2z (0, 12, 13, a, b) D3y s (0, 12, 13, a, b) = 0

yf(o’ fZa f3a a, b) = 0
Note that thez-coordinate of the curve contained " (p(a, b)) with y-coordinate

equal to zero has a local extremumxgt(0, 72, 73, a, b), for all (a,b) € V. As in the
previous case, without loss of generality, we can supposéitkatl, 73 = 1,

xr(0,1,1,a,b)=1, y¢(0,1,1,a,b)=0,
D2yr(0,1,1,a,b)D3z7(0,1,1,a,b) — D2z7(0,1,1,a,b)D3ys(0,1,1,a,b) =0,
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FIGURE 6. Generalized homoclinic tangency (type 1): parameter plane.

for all (a,b) € V. Moreover, the point of homoclinic tangency4¢s= (1,0,0) =
Xr(0,1,1,0,0) and, for(tg, 12, t3,a, b) = (0,1, 1,0, 0),

Dyzy = D3zy =0, D3yy #0

and
D22z £ (D3y)? + D3sz f(D2y )% — 2Dpy ¢ D3y s Dasz s # 0.

Proceeding in a similar manner to the first case, we can prove that the third condition of
Definition 2.16 implies that

D34z7(0,1,1,0,0)D5z7(0,1,1,0,0) — D35z£(0,1,1,0,0)D4z7(0,1,1,0,0) # 0.
Finally, we consider the following change of parameters:

a=120,1,1a,b)
b= D3z(0,1,1,a,b).

Then the family{g, 5}(&’5)6(76’6)“76’6), for a suitables > 0O, defined byg, ; = fu.»,
andx(-, -, -, a, b) = xz(-, -, -, a, b) satisfies all the properties that we wanted to prove.
This finishes the proof of the proposition. |

In Figures 6—8 we have a typical example of a generalized homoclinic tangency.

In Figure 6 we have drawn the plane of parameters, and marked severallings-{,
r2), a point (©) and regions (I, Il, 111, IV). The lines; and#, correspond to a homoclinic
tangency, and the lineg andr; to a generalized homaoclinic transversality. In region IV
there is no intersection between the invariant manifolds.

In Figures 7 and 8 several behaviours of the invariant manifolds are displayed,
depending on the values of the parameters considered. The meanings of the letters in
the figures are the followingp is the fixed pointg is a point of homoclinic tangency,

S1 andS» are leaves of the strong stable foliationWf (p), L, L1, L2 are the intersection
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Line ry

FIGURE 7. Generalized homoclinic tangency (type I): phase space (see explanations in the text).

Region Il Region |

Lis

Wp) ',
P 77

Region Il

FIGURE 8. Generalized homoclinic tangency (type 1): continuation of the previous figure.
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of a fiber of the unstable vector bundle with’ (p) (that is the plane = 0, in coordinates
(x,y,2)). Inthe case of generalized homoclinic tangerfgnd L coincide, and in the

case of generalized transversalify, L; (fori = 1 or 2, depending on the case) coincide.
More arrows means more attraction. Finally, all the dashed curves are below the plane
z=0.

Remark 2.22 The following properties hold forg&,l;}(é,l;)e(—s,e)><(—5,6)'

(@) WS(p(a, b)) is thex axis in a neighbourhood @f, 0, 0).

(b) Fortype I, they-coordinate of the intersection & (j(a, b)) with z = 0 has a local
extremum atl, a, 0) for all (@, b) € (—e¢, €).

(c) For type Il, thez-coordinate of the intersection &¥“(j(a, b)) with y = 0 has a
local extremum atl, 0, &) for all (@, b) € (—e, ¢).

(d) Thefibers of the stable tangent vector bundle are the plaaelin a neighbourhood
of (1,0, 0).

(e) Letxs(0,1,1,a,b) be the leaf ofF*““ (p(a, b)) passing througkil, &, 0) (type I) or
(1,0, @) (type Il), and parametrized hy Then,b is thez-coordinate of the tangent
vector of this leaf atl, a, 0) (type I) or(1, 0, a) (type ).

2.4. The Bogdanov-Takens bifurcationLet {f, p}apev, V C R? being an open
neighbourhood of(ag, bg), be a smooth two-parameter family of two-dimensional
diffeomorphisms, having a fixed poipt for (a, b) = (ao, bo), with two eigenvalues equal

to 1 andDf,, »,(po) different from the identity. The objective of this section is to give
explicit conditions on the family to have a Bogdanov—Takens family of diffeomorphisms
unfolding generically, as defined in Broetral [4].

Definition 2.23.We say thaf 1, »} .5 ev has aBogdanov—Takens bifurcati@t po which
unfolds generically with(a, b) at (ao, bo) if via a smooth change of variables and a
reparametrization, we can obtain the family of maps

u N u+v )
v V4 w4 ul 4+ v+ ju) + v + i, v) )’

where pg is transformed in0, 0), u = u(a, b) andv = v(a, b) are the new parameters
such thatw (ag, bo), v(aog, bo)) = (0, 0) and|d(u, v)/3d(a, b)| is different from zero when
(a,b) = (ao, bg), ¥y andc are functions of(a, ) such thaty (ag, bg) # 2. Moreover,
r3 = r3(u, v, a, b) is a smooth function whose Taylor expansion aroundy) = (0, 0),
for each fixeda, b), begins at degree 3.

In what follows, we include some properties related to the Bogdanov-Takens
bifurcation. For a proof and deeper properties see Bebal[4].
1. There exists a saddle-node bifurcation of (1)0aD), for x = 0 and allv small.
2. The map (1) undergoes a Hopf bifurcatiori:atO) for

(1, v) = (—u? + 03, 2 — P)u + 02)

and allu < 0 small enough. Her®; means order in u. Consequently, the curves
of saddle-node and Hopf bifurcations have a quadratic contact at the origin.
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3. Let uy = un(v) be the curve in th&u, v)-plane for which a Hopf bifurcation
occurs. Notethat < 0if y < 2andv > 0if y > 2. Then there exists a
function w1 = u1(v) andup < 0 such that: (a) ify < 2 then there exists a
vo < 0 such that the map (1) has an attract@yjinvariant curve for anyv, )
with u1(v) < u < upg(v) and 0> v > vg; (b) if y > 2 then there exists a
vo > 0 such that the map (1) has a repellifi§ invariant curve for anyv, u) with
ui(v) < pu < uH(v) andvg > v > 0.

Moreover the mapg1 andu g have a quadratic contact at the origin.
4.  Suppose thdtf, »}a.pev IS as before and is a 2x 2 invertible matrix such that

_ 11
M lDfao,bo(PO)M = <0 1) .

Letv; = Me; andw! = ¢/ M1, wherei = 1,2 andey, e; is the canonical basis
of R2. If
whD? fao,bo(P0) (V1, V1) # O

and

whD? fuo 5o (P0) (V1, V2) + W D? fuo o (P0) (V1, V1) — WHD? fug b (P0) (v1, V1) # O,

then, by means of a smooth change of variables, it is possible to transform our
family to one like (1). If after the transformation we have thiiu, v)/d(a, b)| is
different from zero whet, b) = (ao, bo), then{ 1, »}4.rev has a Bogdanov—Takens
bifurcation atpp which unfolds generically witlia, b) at (ag, bo).

3. Bifurcations of periodic points related to homoclinic tangencies
In this section, we will find bifurcations of periodic points near a homoclinic quadratic
tangency, a generalized transversal homoclinic point (one-parameter case) and a
generalized quadratic homoclinic tangency (two-parameter case)u ketl orm = 2.
We will consider ann-parameter family of diffeomorphismg.}.cv, whereV is an open
neighbourhood ofg € R™ and f, : R3 — RS3. We suppose, as before, tHat}. has a
dissipative saddle fixed poipt = p(c) € R3, for ¢ nearco. We denote the eigenvalues of
Df.(p) by A1, A2 andAgz, satisfying|A1| < |[A2] < [A3], and|A1A2A3] < 1. Moreover, we
introduce the following notation.

If A= (a;j)1<i, j<3iS & 3x 3 matrix therd1(A) = traceA, do(A) = detA; +detAs +
detAs (second trace), ands(A) = detA, whereA; is the 2x 2 matrix obtained by
removing the row and the colurirof the matrixA.

3.1. Quadratic tangency. In this case = a € R. Assume that f,},cv has a quadratic
homoclinic tangency ago € W*(p(ag)) N W*(p(ao)), unfolding generically with: at
a = ap, and thaf{ f, },cy satisfies the linearization assumption.

We shall distinguish between the cases #ith(p) = 1 or 2.

PROPOSITION3.1. Suppose thati1] < [r2] < 1 < [Ag] and, if [A2r3] > 1, the
homoclinic tangency is not generalized. Then,Adarge enough, there exist values of
the parameter;F anda, such that:
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Jur undergoes an-periodic saddle-node bifurcation g ;
fa; undergoes_ am-periodic flip bifurcation atp,; ;

im0 a;f =1lim,_00a, = ao;

lim, -0 P;:_ =lim,- o0 P, = qo.

PwbdpE

Proof. We shall only consider the saddle-node case, the flip one being similar.
By using Proposition 2.7, we can suppose that
fi(n, 12, 13) = X(Aj11, Agt2, A5t3, a)
for all (11,1, 13,a) € U, whereU is a suitable neighbourhood ¢fz1, 70, 13) € R3 :
(t? + t2)t3 = 0} x (—¢, €). The mayx satisfies
x(0,0,1,a) =1, y(0,0,1,a)=1, z(0,0,1,a)=a, D32(0,0,1,a)=0 (2)
for a € (—¢,¢), and D33z(0,0,1,0) # 0. Moreover, x(-,a) is the identity in a
neighbourhood of the disk(t1, 12, 0) : 2 + t2 < 3}, andgo = (1, 1,0) can be taken
as the tangential homoclinic point.
Now we want to find parameter values for whicfj undergoes a saddle-node
bifurcation. Let(z1, 1, Ag”tg) be a saddle-node fixed point ¢f. Then
X(Ait1, Ayto, 13) = (t1, 12, A3"'13),
and if we defineA = Df} (11,12, A3"13) = DX(A]t1, Aj12, 13, a) o A,, WhereA,, is the
diagonal matrixA, = diagA}, A5, A3), the condition of the existence of a saddle-node
bifurcation is
1—di(A) +do(A) —d3(A) =0. 3)
Setsy = A}, s2 = A} andsz = A3". To find ann-periodic saddle-node bifurcation it is
sufficient to solve the equatid¥(ss, s2, 53, 11, 12, t3, a) = 0, whereF = (F1, Fo, F3, Fy),
Fi(s1, 2, 83, 11, 12, 13, @) = x(s111, $212, 13, @) — 11,
FZ(SL §2, 83, tls t21 t31 a) = Y(Sltly s2t27 t37 a) - t27
F3(s1, 52, 83, 11, 12, 13, @) = z(s111, 5212, 13, @) — $313,
F4(S]_, §2, 83, tls t21 t31 a) = 853 — s3dl(A) + s3d2(A) - s3d3(A)7
and, taking the derivatives af y, z at (s111, s2t2, t3, @),

§3d1(A) = s153D1x + s253D2y + D3z

Dix D3x
YD1z Dz

Dix Dox

53d2(A) = 515253 Diy Doy

) D2y D3y
Dyz D3z

s3d3 = s152 detDX(s111, 5212, 13, a).
From (2), we see thdt(0, 0,0, 1, 1, 1, 0) = 0. On the other hand, is a differentiable
map neax0, 0,0, 1,1, 1, 0).
As D337(0, 0, 1, 0) # 0, we can use the implicit function theorem to prove thatsfor
s2 andssz small enough, there exist = 1;(s1, s2,53), i = 1,2, 3, anda = a(sy, 52, 53)
solving the equatiof = 0, for fixeds;, i = 1, 2, 3, and satisfying

#0,0,00=1, i=1,273 a(0,0,0) =0.
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Taking into account the values gf we get that
Pl = (05, 43", 2, A5, A3™), 5" 13(M], A5, A5™))

is a saddle-node-periodic point fora = a,;F = a()}, A5, Ag”), if n is large enough, and

pY — qo, a7 — Owhenn — oo.
In order to see thap," is really a saddle-node, let &, and, denote the eigenvalues

of Df". (p;). Itis easy to show that, 8, < 1 and

da.n = d2(Df}' () = on + Bu + anfn = 2523(D2y Daz — DazDay + o(1)),

where all the derivatives of, z are evaluated g0, 0, 1, 0).

If |A2A3] < 1thend,, — 0 whenn — oo. If [A2A3] > 1, to say that the homoclinic
tangency is not generalized implies thtz (0, 0, 1, 0) # 0 andD3y(0, 0, 1, 0) # O (see
Proposition 2.19). A9D3z(0,0, 1, 0) = 0, we have thalds ,| — oo. The behaviour of
d»., in both cases allows us to show that neittaginor g, has absolute value equal to 1, if
n is large enough. This ends the proof of the proposition. |

Remark 3.2.If the saddle fixed point is sectionally dissipative, it is easy to see that, for
large enough, there are alseperiodic attractors neap.

PROPOSITION3.3. Suppose thaft1| < 1 < |A2| < |A3| and the homoclinic tangency is
not generalized. Then, farlarge enough there exist values of the paramefera, and

af, such that:

1. f,+ has am-periodic saddle-node bifurcation af; ;

Jar has ann-periodic flip bifurcation atp;,; ;

fac has ann-periodic pointpy; with the product of two of its eigenvalues equal to 1;
lim, - c0 (l,j_ = 1lim,—eo a, = lim, -0 az = aop;,

lim, - c0 P;:_ =lim,- o0 Pp = liMy— o0 Pﬁ = qo-.

Moreover, the saddle-node and the flip have index of stability 1.

agr0DN

Proof. In this case, using Proposition 2.8, we can write, after a change of variables and
reparametrization,

i, 12, 13) = X(Mj11, A512, A5t3, @),

wherex is a smooth map(-, a) is the identity in a neighbourhood éft1, 0, 0) : |71| < 3},
and one of the two possibilities holds:
1. x0,1,1,a4)=1,y0,1,1,a)=0,z(0,1,1,a) =a,

D2y(0,1,1,a)D3z(0,1,1,a) — D2z(0,1,1,a)D3y(0,1,1,a) =0

and
D1g(1,1,0)D3y(0,1,1,0) — D2g(1,1,00D2y(0,1,1,0) #C;

2. x(0,1,1,a4)=1,y0,1,1,a)=a,2(0,1,1,a) =0,
D2y(0,1,1,a)D3z(0,1,1,a) — D2z(0,1,1,a)D3y(0,1,1,a) =0

and
D1g(1,1,0)D3z(0,1,1,0) — Dog(1,1,0)D2z(0,1,1,0) # 0.
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Here g(t2,t3,a) = D>yD3z — D2zD3y, where all the derivatives are evaluated at
(0, 12, 13, a). Moreover, the point of homoclinic tangency ¢ = (1,0,0), and the
condition of not being a generalized homoclinic tangencPig(0, 1, 1,0,0) # 0 (see
Proposition 2.21).

We only consider the saddle-node case (the flip one being similar). Suppose that
(11, 25" 12, 13" 13) is a saddle-node-periodic point. Then

XM, 12, 13, @) = (11, A5 " 12, 13" 13), (4)
and
1—di(A) + d2(A) —d3(A) =0, (%)

whereA = Df} (11, 1,"12, 13" 13). If we definesy = 17, s2 = A," ands3 = 13", we
can show that to findr, 72, 13, a) satisfying (4) and (5) is equivalent to solving a system
of equationsF(s1, s2, 53, 11, 12, 13,a) = 0 € R3. As before, using the properties of the
map x, we see that there exist differentiable maps= ¢, (s1, s2,s3), i = 1,2,3, and

a = a(s1, s2, s3) such that;” = a(2], A;", 23") and

il = (L A" A3™), A (ML A" A3™), A3 (ML A5 Ag™)),

satisfy the properties that we wanted in the saddle-node case. We note that to see that
only one eigenvalue of the saddle-node has absolute value equal to 1, we use the condition
D3z(0,1,1,0,0) #O.

On the other hand, there are also periodic points with the product of two of their
eigenvalues equal to 1. To see this, first it is easy to see that equation (5) has to be replaced
by

1+ (d1(A) — d3(A))d3(A) — d2(A) = 0.
By using variables; = A[A%, s2 = A;", s3 = A5A3", we can proceed as in the saddle-
node case. |

3.2. Generalized transversality.For this type of transversality, we want to find
hyperbolic periodic points having the product of two of their eigenvalues equal to 1. In
order to get such a situation we have to impose that the fixed p&intis not sectionally
dissipative. These periodic points are important in the context of the generalized
homoclinic tangency because they are the candidates to undergo a Hopf bifurcation and
a Bogdanov—Takens bifurcation when we add a second parameter.

As before, we work with a one-parameter famlf; },<v, and assume that, far= ag,
it has a generalized homoclinic transversality@t W*(p(agp)) N W*(p(aop)), unfolding
generically, and satisfies the linearization assumption.

PROPOSITION3.4. Suppose thath1| < |A2] < 1 < |Az] and |A2r3| > 1. Then, forn
large enough, there exist values of the paramefesuch that:
1. fa¢ has ann-periodic pointp; having the product of two of its eigenvalues equal

to1;
2. lim,—, o a;, = ao;
3. lim;— oo pfl = qo.
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Proof. From Proposition 2.13, we can write
Ja (11, 12, 13) = X(M]11, M5t2, A3t3),

where
x(0,0,1,a)=1, »(0,0,1,a)=1, z(0,0,1,a)=0,

and
D2y(0,0,1,a)D3z(0,0,1,a) — D2z(0,0,1,a)D3y(0,0,1,a) =a

foralla € vV, andD3z(0,0,1,0) # 0. Moreover, the point of generalized homoclinic
transversality igo = (1, 0, 0) = x(0, 0, 1, 0).

Let (11, 12, 13" 13) be am-periodic point and leA = Df} (11, 12, A3 " t3). If we suppose
that the product of two eigenvalues afis one, then

1+ (d1(A) — d3(A))d3(A) — d2(A) = 0. (6)

Define s1 = 2;"A3", s2 = Aj ands3 = AfAj and consider the equation
F(s1, 52,53, 11, 12, 3, a) = 0 € R3, whereF = (Fy, F2, F3, F4) and

Fi(s1, 52, 53, 11, 12, 13, @) = x (51525311, S212, 13, a) — 11,

Fa(s1, 52, 53, 11, 12, 13, @) = y(s1525311, $212, 13, @) — 12,

F3(s1, 52, 53, 11, 12, 13, @) = z(s1528311, 8212, 13, a) — §15213,

Fa(s1, 52,53, 11, 12, 13, a) = D2y D3z — D3y D2z + O(|s1, 52, 53|)-

In the last equation, the derivatives are evaluate&shatsari, sot2, 13, a). Note that the first
three equations imply thais, 2, 23" 3) is ann-periodic point, and the last is obtained by
multiplying equation (6) by1 = A;,"A3". O(|s1, s2, s3|) means first order imy, s2, s3.

The properties ok imply thatF(0, 0,0, 1,1, 1,0) = 0, and, by the implicit function
theorem, there exist differentiable maps= ¢;(s1, s2,53), i = 1,2, 3, a = a(s1, 52, 53),
such that;(0,0,0) = 1, fori =1, 2, 3 anda (0, 0, 0) = 0. This means that

PS = (1O A3", M8, NIAB), 120" A", M, MIAR), Az 130y Az " A, MIAR))

is ann-periodic point of f,c, wherea;; = a(ry;"Az", A5, A1A%), and has eigenvalues,
Bn, yn satisfyinge, 8, = 1, |lanBnval < 1 and all are real and different from 1 and
—1. Moreover, lim_.a; = 0 and lim,—.« p5 = qo. This finishes the proof of the
proposition. |

3.3. Generalized quadratic tangencyNow we deal with a family{ s »}.»)ev having

a generalized homoclinic tangency@t € W*(p(ao, bo)) N W*(p(ao, bo)), unfolding
generically with(a, b) at (ao, bo). We use the same notation as before, and distinguish
between two cases depending on the dimension of the stable invariant manifold of the
fixed point.

PROPOSITION3.5. Suppose thati1] < |r2] < 1 < |r3] and|ArgA3] > 1. Then,
for n large enough there exist values of the parametets*™, ), (o, b ™) and
(a, ~, b,;7), such that:
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1. fu#+ .+ has am-periodic pointp,/* with 1 as a double eigenvalue;
2. fur has ann-periodic pointp,;~ with one eigenvalue equal to 1 and another

equal to—1;
3. fu-— . has am-periodic pointp, ~ with two eigenvalues equal tel;
4. Iimn—>oo(a:,r+a b;lpr) = Iimneoo(aji’ b:,ri) = |imn—>oo(an77’ b;i) = (ao, bo);
5 iMoo prfi = qo.

Proof. By Proposition 2.19 we can assume that
fap(t1, 12, 13) = X(Ajt1, Ayt2, A3ts, a, b),
wherex(-, a, b) is the identity in a neighbourhood oft1, 72, 0) : 12 + 12 < 3}.
We only study the generalized homoclinic tangency of type I. We can proceed in a
similar way for the other type. This means that the majatisfies
x(0,0,1,a,0)=1, (0,0,1,a,b)=1, 2(0,0,1,a,b)=a,
D3z(0,0,1,a,b) =0, D3y(0,0,1,a,b)=0>n,

foralla € V andD33z(0,0, 1,0, 0) # 0, D2z(0,0, 1,0, 0) # 0, and

D33y(0,0,1,0,00 D332(0,0,1,0,0)

D»y(0,0,1,0,0) D»z(0,0,1,0,0)

Now, we look for periodic points with two eigenvalues equal to 1. Ipgt =

(11, 12, 13" 13) be ann-periodic point. Define; = 1,"A3", s2 = A} andsz = A[A;".
Thenf;,(pn) = pn and, therefore,

£0.

x(s2s3t1, 212,13, a,b) —t1 =0
v(s2s3t1, sot2, 13, a,b) —tp =0
z(s283t1, S212, 13, a, b) — s1s2t3 = 0.

In order to have two eigenvalues equal to Ait= Df;’, (pa), One has to impose:

1—di(A) +d2(A) —d3(A) =0
1 — da(A) + 2d3(A) = 0.
If we multiply the fourth equation by;" and the fifth bya;" 13", we easily see that the
above system of five equations is equivaleritoy, so, s3, 1, 2, 13, a, b) = 0 € R®, where
F = (F1, F», F», F3, Fa, F5) and
F1(0,0,0, 11,12, 13,a,b) = x(0,0, 13, a, b) — 11,
F»(0,0,0,11,12,13,a,b) = y(0,0, 13, a, b) — 12,
F3(0,0,0, 11, 12, t3,a,b) = z(0, 0, t3, a, b),
F4(0,0,0,11, 12, t3,a,b) = —D3z(0,0, 13, a, b),
F5(0,0,0, 11,2, 13,a,b) = D2yD3z — DazD3y,

where the derivatives of the last equation are evaluated0a®,r3, a,b). As
F(,0,0,1,1,1,0,0) = 0 and

detDF(0,0,0,1,1,1,0,0) = —D33z(0, 0, 1, 0,0) Dz(0, 0, 1, 0, 0) # O,
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by the conditions of existence of a generalized homaoclinic tangency, there are differentiable
mapst = ti(s1,s2,53), i = 1,2,3, and(a,b) = (a(s1,s2,s3), b(s1, s2,s3)) such
that7;(0,0,0) = 1, fori = 1,2, 3 and(a(0, 0, 0), b(0, 0, 0)) = (0, 0), and satisfying

F(s1, s2, 83, 11, 12, 13, a, b) = 0, for all (s1, s2, s3) small enough. Then

pat = (O A" A MA™M), 120y A" A, MAR ™), A3 3 (hy A" MY, AT Ap™))

anda,f t =a(A;"23", 23, AjA;"), satisfy the statements of the proposition.
We can proceed in a similar manner to obtain periodic points with eigenvalues 1
and with—1, —1. |

Remark 3.6.We postpone the proof of the existence of Bogdanov—Takens bifurcations,
unfolding generically, because we will use a limit return map to simplify the computations.

It is also interesting to see if the other bifurcations unfold generically, but we only want
to use the properties that can be deduced from the existence of a Bogdanov—Takens
bifurcation, so we do not take this problem into consideration.

PROPOSITION3.7. Suppose thati1| < 1 < |A2| < |r3|. Then, fom large enough, there
exist values of the parametes! ™, b, ), (¢;F~, b ~) and(a,, ~, b, ), such that:

1 forpt has anm-periodic pointp;"* with 1 as a double eigenvalue;
2. [y has ann-periodic pointp;"~ with one eigenvalue equal to 1 and another

equal to—1,;
3. fur b has ann-periodic pointp; ~ with two eigenvalues equal tel;
4. liMysoo(aft, b)) = limysoo(a ™, b)) = limyoo(a; =, by, ™) = (ao, bo);
5 iMoo prfi = qo.

Proof. First, we can write, as before,

fap(t1, 12, 13) = X(M 11, Ayt2, A3ts, a, b).

We suppose that the generalized homoclinic tangency is of type | (the other case being
similar). We can suppose, by Proposition 2.21, that

x(0,1,1,a,b)=1, y(0,1,1,a,b)=a,
Z(07 11 17a1 b) :07 D3Z(01 17 11a7b):b7
D2y(0,1,1,a,b)D3z(0,1,1,a,b) — D3y(0,1,1,a,b)D2z(0,1,1,a,b) =0,

forall (a,b) € V,andD3y(0,1,1,0,0) =0, D»z(0,1,1,0,0) # 0, and
D2y D33z — D33y D2z # 0,

where all the derivatives are evaluated@tl, 1, 0, 0).

Definesy = AjA%, s2 = A" andsz = A513", and suppose thdty, 15" 12, 13" 13)
is ann-periodic point with two eigenvalues equal to 1. Proceeding as in the previous
proposition, we obtain a system of equatidf(ss, s2, s3, 11, 12, t3,a,b) = 0 € R such
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thatF = (F1, F», F3, Fa, F5) and

F1(0,0,0,11, 12, t3,a,b) = x(0, t2, 13, a, b) — 11,
F»(0,0,0,11,12,13,a,b) = y(0, 12, 13, a, b),
F3(0,0,0,11,12,13,a,b) = z(0, 12, 13, a, b),
F4(0,0,0, 11, 12, 13, a, b) = D2y D3z — D3y Doz,
F5(0,0,0,11, 12, 13,a,b) = —D3z(0, 12, 13, a, b),

where the derivatives of the fourth equation are evaluat€d at, 73, a, b). Then we have
that £(0,0,0,1,1,1,0,0) = 0 and deDF(0,0,0,1,1,1,0,0) = —Dz(D2yD33z —
D33yD2z) # 0, where the derivatives are evaluated@&tl, 1, 0, 0). This means that
there exist differentiable maps = #;(s1,s2,53), i = 1,2,3, a = a(s1, s2,s3) and
b = b(s1, s2, s3) such that;(0,0,0) = 1, fori = 1,2, 3, (a, b)(0,0,0) = (0,0) and
satisfyF(s1, s2, 53, 11, 2, t3, a, b) = 0 for all (s1, s2, s3) small enough. To finish the proof
in the case of double eigenvalue equal to one, we can verifytfiat= (11, 1," 12, 13" 13)
and(a,/ ™, b ) = (a, b)(M[15, 15", A513™) have the properties we wanted.

The other cases can be shown in the same way. |

4. Limit return maps
In this section we will prove the main theorem of the paper, concerning the existence
of limit return maps and consequences. The needed changes of variables and
reparametrizations to obtain these limit maps are suggested by the values of the parameters
corresponding to the several bifurcations we have obtained. We use the same notation as
in the previous section.

Let {fab}@anev be a two-parameter family of three-dimensional maps having a
dissipative saddle fixed point(a, b) for all (a,b) € V. As before, we denote by
A1, A2 and i3 the (real) eigenvalues obf, ,p(a,b). Assume that this family has
a generalized quadratic homoclinic tangencyat W*(p(ao, bo)) N WS (p(ao, bo)),
unfolding generically witha, b) at (ag, bo) € V.

We first suppose that the fixed point is not sectionally dissipative, and the stable invariant
manifold is two-dimensional. We have the following result.

PROPOSITION4.1. Suppose thaith1| < |A2] < 1 < |Ag], [MA3] < 1and|i2rs] > 1.
Then{ fa,b}(a,n)ev has a family of limit return mapif; ;} ; 5 cr2, associated to the orbit
of g such that:

1. if the generalized homoclinic tangency is of type | then

H, 5(3,5,7) = @bz, a+ 7 +79; @)
2. ifthe generalized homoclinic tangency is of type Il then
H, 5(%,5,2) = (0,Z,a + by +2°). ®)

Proof. We can suppose that the familys »},pev Satisfies the same properties as
{82.5}@.h)e(—c.e)x(—c.c) IN Proposition 2.19. Thus/ = (—e¢, €) x (—¢, €), the fixed point
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is (0,0, 0), for all (a,b) € V, and the values of the parameters for which there exists
a generalized homoclinic tangency arg = 0 andbg = 0. Moreover, we can write
f;b(tl, t2,13) = X(Mt1, Ayt2, Agts, a, b) for (11,12, 13, a, b) in a suitable neighbourhood
of {(t1, 12, t3) € R3: (12 +12)13 = 0} x V, wherex = (x, y, z) is as in Proposition 2.19.

By Definition 1.6, in order to find a limit return map we have to buildntgdepending
changes of variables and reparametrizations for the nygpsnear the generalized
homoclinic tangency.

We first need to obtain some information about the points and values of parameters
corresponding to saddle-node and Bogdanov—Takens bifurcations. This is the content of
the following lemma.

LEMMA 4.2. There exist smooth mas = T;(s1, s2, 53, b), u = u(s1, s2, s3, b) and

v = v(sp), defined for(sy, s, s3, b) in a neighbourhood of0, 0, 0, 0) € R, such that:

1. T:;(0,0,0,b)=1,i=1,23,u(0,0,0,b) = 0for |b| small enough and(0) = 0.

2. Ifwe takes; = A], s2 = Aj ands3 = 13" then the mapf, , has ann-periodic
saddle-node bifurcation atf1, T, A3" T3), that is

x(k;_lTl, AgTz, T3, u,b)—T1 =0
YA T1, A5T>, T3, u,b) —T> =0
2(AMT1, A5T2, T3, u, b) — 23" T3 =0
A3"(1—d1+dz2 —d3) =0,

)

whered; = d; (Dfy»(T1, T2, 13" T3)).
3. Ifwe definel; = 7;(0, 24,0, v(A3)), i = 1,2,3, andi = u(0, 24, 0, v(1%)) then:
(a) ifthe generalized homoclinic tangency is of type |,
x(0, \3To, T3, i, v(A3)) — T1 =0
y0,35T2, T3, 8, v(33)) = T2 =0
20, 45T, T3, i, v(33)) = 0 (10)
D3z(0, M3T>, T3, i1, v(A3)) = O
D3y(0, \3T, T3, it, v(33)) = 0;
(b) if the generalized homoclinic tangency is of type Il,
x(0, \3T2, T3, i, v(A3)) — T1 =0
y(0,A5T2, T3, i1, v(23)) — T2 = 0
2(0, M3To, T3, i1, v(23)) =0 (11)
D3z(0, 35Tz, T3, i, v(A3)) = 0
D2z(0, M3 Ty, T3, i, v(X3)) = 0.

This lemma is an immediate consequence of the properties of the arapthe implicit
function theorem.

Remark 4.3If (af*, b 1) = (a,b)(0;"23", A, ]1;") are the values of the
parameters for which there is anperiodic Bogdanov—Takens bifurcation af+ =
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P(AS"a3", A5, A1A5™), in Proposition 3.5, it is not difficult to prove that0, A5, 0) =
@(3), b = (0,13, 0) = v(x}) and P(0, A3, 0) = (T1(A3), T2(3), 0).

With the information of the previous lemma, we can perform a change of variables and a
reparametrization for the maff' ,, depending on the type of tangency. Denotéyy, 2)
the new variables and hyi, b) the new parameters.

Type I. We consider the change
n=Ti(\], A5, 23", b) +23"%
t2 = To(M}, 43, 23", b) + 13" 23 "5
t3 = A3"T3(A), M3, 23", b) + Az 2"z (12)
a=u(\M, A5, A3" b) + Az 2'a
b=v(\3) +bry"r3".

We want to expresg, in terms ofx, y, z, a, b. Let(x, y,z,a, b) denote a point. The
(t1, 12, 13, a, b) variables of this point are given by (12). After applyirfg,, we get as
(r1, 12, t3) coordinates:

1 =xOITL+ MAZ"%, AT+ 4325, Ts + A3"Z, u + 232G, v+ bry"A3™)
ta=y(M{T1+ MAZ"%, M To + 4525, T+ 23" 2, u + A57"a, v + bA3"A3"™)
t3 =z T1+ MAZ %, A To + M523, Ta+ A3"Z, u + A57"a, v+ bAy"23"),
whereT; = T;(A],A5,23".b), i = 12,3, u = u(A],25,23".b) andv = v(r%).
Transforming this back to théx, y, z) coordinates, and denoting the values of the
coordinates of the new point by, ¥/, 7/,
= (x = W\, A5, A3™")As
Y = (v — T2, 25, A3™")A5A5"
7= (z— 23" T3(M, A4, A3™)AS",
where the maps, y, z are taken at the same point as before.

In order to obtain a limit map, we defing = 15" 13", s2 = 1} andsz = A]1%, and use
the Taylor expansion of the mag-, b) about the point

(M T1, A5T2, T3, u) = (1525371, 5212, T3, u),

where nowrl; = T; (515253, 52, s152, b) andu = u(s152s3, 52, 5152, b).
From equation (9), we see that

%' = D3x(0,0,1,0,0)Z+ O1(s1, 52, 53)
' = D3y(s1s2s3T1, 2T, T3, u, v(s2) + bs1)zsy * + O1(s1, 52, 53)

7' = D2(0,0,1,0,0)5 + DazZsy "s; ' +a + 2 D33z(0,0, 1,0,0)z% + O1(s1, 52, 53),

whereDsz = D3az(s152837T41, 5212, T3, u, v(s2) + bs1) and O1(s1, s2, s3) means first order
in s1, s2 andss.
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We know, by the fifth equation of (10), th@tzy (0, 5272, T3, it, v(s2)) = 0. Hence, if
we expand the mapszy (s1s25371, 5272, T3, u, v + bs1) abouts; = 0, and use the fact that
D3y(0,0,1,a, b) = b (see Proposition 3.5), we get

¥ = bz + 01(s1, 52, 53).
Finally, from the last equation of (9) we have
(1 — 52D2y) D3z(s15253T1, $2T2, T3, u, v + bs1) = s1s2(L+ 01(s1, 52, 53)) + D3y D2zs2,

whereD,y, D3y andD;z are taken at the same point Bsz.
As D3y = (b+ 01(s1, 52, s3))s1, andD>z(0, 0, 1, 0, 0) # O (see again Proposition 3.5),
the component’ satisfies

7 =a+ Dzy + (1 — D2zb)z + $D3szz® + 01(s1, 52, 53),

whereD»z, D3z and D33z are evaluated &0, 0, 1, 0, 0).
This means that in the type | generalized homoclinic tangency we obtain, after a change
of variables and a reparametrization, the following limit return map:

az
v | = bz : (13)
4 a+py+ Q- Bbz+yz?
wherea, g andy are non-zero constants, andandb are parameters. By means of a

change of variables and parameters, it is easy to show that this return map is conjugate

to (7).

Type Il. We use the same notation as in the previous case. Now we perform the change
n=T1(\], g, A.:):n, b) + )»?:n)f
12 =T\, A5, 03", b) + 23"y
13 =A3" T3}, A3, A3", b) + A3 2% (14)
a=u(h, 83" b)+rz2a
b=v(\3) +bry"23",

whereT;,i = 1, 2, 3, u andv satisfy equations (9) and (11).

As before, we want to expresg’, in the new coordinates and parameters. The

(11, 12, 13, a, b) variables of a pointx, y, z, a, b) are given by (14). After applying;’,
we get

1= x(WITL+ MAg" %, Ao+ AAg" 5, Ts + A3"Z, u + A32a, v + biy"A3")
1= yOITL 4 MA3"%, M To + A3A3" 5, Ta+ A3"Z, u 4+ A32"a, v + bry"A3™)
13 = ZOATL+ MIAZ R, ST + MaA3" 9, Ta + A3"Z, u + A3 2a, v + bay"a3™).
We expand the mapg-, b), y(-, b), z(-, b) about(s1s2s371, s2T2, T3, u) and obtain
x' = D3x(0,0,1,0,0)z + O1(s1, 52, 53)
y' = D3y(0,0,1,0,0Z + O1(s1, s2, 53)
? = Dozysyt + DazZsytsy T +a + $D332(0,0,1,0,0022 + O1(s1, 52, 53),
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whereD,z and D3z are taken atsis2s3Ti, 521, T3, u, v + bs1).
In this case,D»z(0, s2T2, T3, ii, v(s2)) = 0, by the fifth equation of (11). Expanding
the map
Doz(s15253T1, 521, T3, u, v + bs1)
abouts; = 0, and using the fact thd@,z(0, 0, 1, a, b) = b (see Proposition 3.5), we obtain
7 = by + Dazzsyts;t +a + $D332(0,0,1,0,0022 + f3.
By the last equation of (9), we get
7 =a+by+ (1 —bD3y)z+ 3(D33)z? + O01(s1, 52, 53),

whereD3y and D33z are taken at0, 0, 1, 0, 0).
Therefore, a limit return map is

=/

X oz
yl=1 = B , (15)
7 a+by+ 1—pb)z+yz2

whereg andy are non-zero constants.
Again, by means of a change of variables and parameters, we obtain the map (8). This
finishes the proof of the proposition. |

Now, we want to prove that the bifurcations of Proposition 3.&ab) = (a; ", b,/ T)
are generic Bogdanov—Takens bifurcations. This will imply the existence of invariant
circles near the generalized homoclinic tangency.

There is a difficulty here. The limit map near the BT bifurcation is the conservative
Hénon map. So we must include some terms of higher order in the return map. We have
the following proposition.

PrROPOSITION4.4. Assume that we are in the hypotheses of Proposition 4.1. Then:

1. For n large enough there are values of the parameief™, b;"*) for which the
map 7, undergoes a generic Bogdanov-Takens bifurcation. These values of the
parameters are those of Proposition 3.5.

2.  (a,b) = (ao, bo) is in the closure of parameter values for which there exist
differentiable invariant circles. Depending on the geometry of the tangency and
on the sign ofi,, we can add an attracting or saddle (repelling inside the centre
manifold) invariant circle.

Proof. We shall distinguish between generalized tangencies of type | and Il. It will be
useful, as before, to defing = 1," 13", s2 = A} andsz = A]A%.

Type I. Given the return mag’, , we perform the change of variables and parameters (12).

We will prove that this map undergoes a generic Bogdanov—Takens bifurcation. In order

to show this, we shall verify the conditions of item 4 in §2.4. Then the statements of the

proposition will be deduced from the properties of a generic Bogdanov—Takens bifurcation.
After the change, the return map has the following expression:

X Daxz + fiz + 5201
v |~ | Doyyss + %D33y2232 + bz + foz +5201 |, (16)
z a+ Dazy + (1 — D2zb)Z + 3D33zz2 + f3
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where all the derivatives are taken@t0, 1, 0, 0) and f;, i = 1, 2, 3, are smooth functions
that are equal to zero when = s = s3 = 0 and depend omy, s2, 53, a, b,%,y,%.
Moreover, O; meansith order in (s1, s2, s3) and f3 satisfiesd2f3/0x2 = s201,
82 f3/0x507 = 5201, 02 f3/0507 = 5201, 0° f3/05% = 5201 andd? f3/0597 = s201.
On the other hand, the map (16) has a fixed pointy, z7) = O3, fora = ag = 041,
b = by = —1/D»z(0, 0, 1, 0, 0) + 01, with one eigenvalue, of multiplicity two, equal to
1, and the other less than 1 in absolute value. Moreover, a centre invariant manifold of the
map (16) associated to the eigenvalue equal to 1 has the expression

D3x(0,0,1,0,0)

Recall thatD3x (0, 0, 1, 0, 0) # 0 andD2z(0, 0, 1, 0, 0) £ O (see Proposition 2.19).
The restriction of the map to the centre manifold, which we denoté’py, has the
form

(£ ( )
Z a+ Dozy + (1 — Dazh)z + 3D3322% + §)

where the derivatives are taken(8t0, 1, 0, 0), f = 01, § = 01, and satisfy

f = DZ 2+ 20: —2 = 20] —— = 2():
_ Ky K} s = ¥ N =S 3
0 i4
—= =D ) +SO, _—SO’ __—52617

5_2 33Y82 2U1 9 2 2U1 aya

where the derivatives of are taken af0, 0, 1, 0, 0). Moreover, the fixed poingg € R2 of

Fao o with a double eigenvalue 1 satisfigs = O1.

In order to prove that the Bogdanov—Takens bifurcation is generic we have to see that
A= wtzDzFa‘o,Bo(ﬁO)(Ul, v1) # 0 and
c2 = whD? Fy, 5 (Po) (w1, v2) + wiD?Fyy o (f0) (v, v1) — whD?Fyg o (Po)(v1, v1) # O,

wherew! = e!M~1,v; = Me;,i = 1, 2, beinges, e, the canonical basis @2 andM the
linear map that conjugatésF;  ; (po) to

11
0o 1)
If DF{;O,;;O(ﬁo) = (a;j)1<i,j<2, it iS easy to see that
1= (b == ()
YT \—enn - D¥ar) 2T \0)

1= Copion-12) "= (mon-1)
Yo \can/ann—02) T \ap/(ann-1)°

Moreoveraiy = D2y(0,0, 1,0, 0)s2 + 5201, a12 = —1/D2z(0,0, 1, 0, 0) + O1.
Finally, we getci1 = D332(0,0,1,0,0)D22(0,0,1,0,0) + O1 # 0 andc¢y; =
((D2yD33z — D33yD2z)D2z + O1)s2 # 0, where all the derivatives are taken at
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(0,0, 1,0,0), as before. From Proposition 2.19, we see thaandc; are different from
zero if sy, s2, s3 are small enough, that isis large enough.

To see that the Bogdanov—Takens bifurcation unfolds generically, we have to compute
the values of the parametegrsandv of the definition. These are = 1 pssza + 01 and
v =—Dozb—1+ 01. As|d(u, v)/d(a, b)| # 0 for (a, b) = (aog, bo) andn large enough,
this means that the Bogdanov—Takens is generic, and by the properties of such bifurcations
we obtain the properties that we wanted.

Type Il. We follow the same steps as before. In this case the return map is

X D3xz + fiz + 5201
y |~ i D2yysz + D3yz + foz + 5201 ) (17)
z a+ by + (L — D3yb)z + %D33z22 + D23zyzs2 + f3

where all the derivatives are taken(@10, 1, 0, 0) and f;,i = 1, 2, 3, are smooth functions
that are equal to zero when = s» = s3 = 0 and depend osy, s2, 53, @, b, X, ¥, Z.
Moreover, f3 satisfiesd? f3/0x2 = 5201, 92f3/0%0y = 5001, 32f3/0%0Z = s201,
92 f3/83% = 5201, 02 f3/3707 = 5201.

The map (17) has a fixed point i@, y,7) = O1fora = ap = 01 andb = by =
—1/D3y(0,0,1,0,0) + 01 with one eigenvalue, of multiplicity two, equal to 1, and
the other less than 1 in absolute value. Moreover, the centre manifold associated to the
eigenvalue equal to 1 has the expression

D3x(0,0,1,0,0) _

2S5 4 oy
D3y(0.0.1.0.0° T

X =

Note thatD3y(0, 0, 1, 0, 0) £ 0 (see Proposition 2.19).
The restriction of the map to the centre manifold, that we denote agatf) pyis

¥\ fap D3yz + f
Z a+by+ (1— Dayb)z + 1Dsxez%+§)’

where the derivatives are taken(8t0, 1, 0, 0), / = 01 § = O1, and satisfy

af 27 27 aZN
o —D Ay +S 0 N =S ) —_— - 9 — - 9
99 282 2U1 3 2 201 370 5201 3 2 5201
Ky s S S s
3_2 2U1 9})8- 23282 2U1

where the derivatives of are taken af0, 0, 1, 0, 0). Moreover, the fixed poingg € R? of
Fg,.5, With a double eigenvalue 1 satisfigg = O1.

Proceeding as in the previous case (and with the same notation) we obtain
— D337/ D3y+ 01 andcp = s2[(D23zD3y— D2y D337)/ D3y+ 0O1]. From Proposition 2.19,
we see that; andc; are different from zero if is large enough.

As before, in order to see that the Bogdanov—-Takens bifurcation unfolds generically, we
computeyr andv and see thap (i1, v)/d(a, b)| # 0, but again this is an easy check. This
finishes the proof of the proposition. m|
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In the next proposition, we assume that the stable invariant manifold of the fixed point,
for which there is a generalized homoclinic bifurcation, has dimension 1. Recall that we
denote by a point in the orbit of a generalized homoclinic tangency.

PROPOSITION4.5. Suppose thafi| < 1 < |x2] < |A3]. Then{fss}w.pyev has the
following family of limit return maps associated to the orbiyof

(%,5.2) > G.a+by+72.9). (18)
wherea andb are parameters.

Proof. By means of a change of variables and a reparametrization, we can assume
that {fa,n}@ pev satisfies all the properties of the familg; ;}: se(—c.e)x(—c.e) I
Proposition 2.21. In particular, the fixed point is always equablt®, 0) and the values

of the parameters for which there is a generalized homoclinic tangeney ate0 and

bo = 0. Moreover, we have (11, t2, t3) = X(At1, Aot2, A3t3, a, b), wherex = (x, y, z)
satisfies all the properties given in Proposition 2.21.

We proceed as for the proof of Proposition 4.5, considering a change of variables and
parameters for the mqgfb near the generalized homoclinic tangency. Before giving these
changes we need more information about the points and the values of the parameters for
which there are saddle-node and Bogdanov—Takens bifurcations.

LEMMA 4.6. There exist smooth maps = T;(s1,s2,53,b), i = 1,23, u =

u(s1, s2, s3, b) defined on a neighbourhood @, 0,0,0) andv = v(s1, s2, s3) defined

on a neighbourhood dD, 0, 0) such that:

1. T;0,0,0,p) = 1, i = 1,2,3, u(0,0,0,b) = O for |b| small enough and
v(0,0,0) = 0.

2. Ifwe definesy = 17, s2 = A," andsz = 13" then the magpy, , has ann-periodic
saddle-node bifurcation aff’1, ;" T, A3" T3), that is

x()»ng, T, T3, u,b) — Ty =0
y()»’iTl, To, T3, u, b) — )»;sz =0
Z()\'iT]_, 1>, T3, u, b) — )\E"T3 =0
Ay "A3" (1 —di+dp —d3) =0,

(19)

whered; = d;(Df,»(T1, 25" T2, 13" T3)).

3. Definev = vQASAL A" MMM, T, = T,(M, A" 23", 0) and i =
ug,\g, /\g'i, Ag", 12). Then, f; 5 has ann-periodic Bogdanov—Takens bifurcation at
(T1, 15" T2, A3" T3). This means that

x()»gfl, T, Ts, i, 1) —T1=0
YTy, To, T3, i1, ) — ;" To = 0

Z()\’iT]_, 1>, T3, u,v) — )\g" T3=0 (20)
)\E"Agn(l— di+dr—d3) =0
13" (2—d1+d3) =0.
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To prove this lemma we only have to impose the conditions of saddle-node and
Bogdanov-Takens bifurcations and apply the implicit function theorem, taking into
account the properties of the map

We will give different changes of variables and reparametrizations, depending on the
type of generalized homoclinic tangency. Denote(byy, 7) the new variables and by
(a, b) the new parameters. From now on we shall denote;by € N, suitable constants
not depending on the variables s, s3.

Type I. We consider the change
n=Ti\, A" A3" b) + A, A" %
= A" T\, A5 A3 b) + Ay 2" A3y + I;—Zx;’xgz”z
t3 = 23" Ta00, 25", A3", b) + 25" A5 2'2 (21)
a=u(, A" 03" b) + 2,252
b= v(\MA5A%, A", A5a3") 4+ A3"b,

whereD,y and D>z are taken atA 71, T2, T3, u, b).

We want to expresg’, in terms ofx, y, z, a, b. Let(x, y,z,a, b) denote a point. The
(11, 2, t3, a, b) variables of this point are given by (21). After applyiﬁgb, we get as
(f1, 12, t3) coordinates

(t1. 12, 13) = X(01, T2, T3, 1 + 23 223" @, v + A3"D),

where

f=AMTi+AA" A5 %,

_ _ T, Dzy —on-—

=T+ A"\ 2n + A7z,

2 A3 Y Doz 3

13=T3 —1—)»5")»5"2,
T = T, A" 03" b), i = 1,2,3,u = u(l, 2", 23", b), andv = v(AJABAL,
A" ABAg™).

Transforming back to thgx, y,z) coordinates, and denoting the values of the
coordinates of the new point by, ¥/, 7/,

= (x =T, A", A3", b))ASAS,
_ _ Dy - >
1 n n 2n4 2n
=|y—A"Ta — —=(z—213"T3) | A5"23",
y (y 2 Doz ( 3 3) | A5 A3
7 = (z— A3"Ta)A3r%",

wherex, y, z and their derivatives are taken at the same point as before.
Now we define the following variablesy = AJA%A%, s2 = A5," andsz = AjA5".
Performing the Taylor expansion of the nvap, ») about the point

(AT, To, Ta, u) = (51555374, T, T3),
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whereT; = T;(s153, 52, 5253, b), u = u(s1s3, s2, s2s3, b), we obtain, using the system of
equations (19) and the fact thBtyy = 1 4+ O3, Daz = O1,

X' = D3xz+ 0,

- _1- D2y _o_ 2 1o, -
y = Dpy (s2 154 —ysz 21) + Da3ys, 2s3 Z+a
D2z (22)
1 -2 Day_, 4

) ——7's 01,
+ > 332 Dzzz o+ 01

S e 1 1-1- 1 -2
7 = D2zy + D2ys; "z + D3zs, “s37Z + EDsazszz + 5201,

where the derivatives of, y andz are taken a(slszzngl, T», T3, u, b), andO1 means first
order with respect toss, s2, 53).
Replacing in the second equation of (22)by its value in the third equation, we obtain

Dyy

2 1=, -, 1 Dy -
Dsz) sy%s3tiva+ - (Dsay - —staz) 2.
D>z

5 — ( Day —
7= (02 - e

We define

~

~ 2 .

= Ti(s1, 52, 83) = T; (515553, 52, 5253, v(s1, 52,83)), (=123,
S 2
u = u(s1, $2, §3) = u(s15553, 52, §253, v(s1, 52, 53)).

Note that whensy = AjA5A5, s2 = A" andsz = A%A3", the mapsl; andi are,
respectively, equal to the mapsandi of the previous lemma.

If we takeb = v + bsos3 We can considef; andu as functions of, s» andsz. We
claim that

T; — YN", = (1555225‘3 + s%s;;Ol, i=123,
Uu—u= a45s§sg + s%ngl,
where
T; = Ti(5152283, 52, 5253, U + bs2s3),
U= u(sls%sg, $2, 5253, UV + Eszsg).

Indeed, by the previous lemma we can wrife = 1 + s2h;(b, s1,52,53), u =
sohq(b, 51, 52, 53), Whereh;, i = 1, 2, 3, 4, are smooth maps, and this implies the claim.

On the other hand, taking into account th#@t3z(0,1,1,a,b) = b (see
Proposition 2.21), we obtain the following expressions:

D2y(s15253T1, T2, T3, u, b) — Doy (s155s3T1, T2, T3, ii, v) = assos3 + 525301, (23)

D3z(s15353T1, T2, T3, u, b) — D3z(s15553T1, Ta, T3, ii, v) = bss3 + s25301 (24)
and if we defineG = D3y D>z — D2y D3z, then
G(SlsgssTl, Ty, T3, u, b) — G(S15583T1, T2, Ts, ii, v) = DsGsas3b + OlGS%SS + 855301,

whereDsG = D5G(313553T1, Tz, T3, i, v).
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We know, by Proposition 2.21, th&t(0, 1, 1, a, b) = 0 for all a andb small enough.
This means thabsG = s2(a7 + 01).

If we replaced; in the fourth equation of system (20) by the value obtained isolating it
in the fifth equation, we see that

s553(1 — dp + 2d3) = 0.
Settingd;, i = 1, 2, 3, in terms of the derivatives of we get
G (s15553T1, T, T3, ii, v) = s3s3(ag + O1)

and, therefore,
G (s15553T1, T2, T3, u, b) = s353(A + O1),

whereA = A(b) does not depend 0By, 52, 53).
As D»z(0,1, 1,0, 0) # 0 we deduce that

D3y

1
y =AZ+a+ = ( Dasy —
y z+a+2( 33Y Doz

D331) 724 01
On the other hand, computing explicitly the last equation of (20), we obtain
Dsz(slsZZS3T1, To, T3, i1, v) = (2+ O1)s2s3 — 53D2y(sls§sgfl, Ty, Ta, il v).
Combining this equation with (23) and (24) we get
7 = D5z(0,1,1,0,0)5 + (b + 2)Z + Ox.
Summarizing, we have that the limit return map is

D3xz

=1

_ _ 1 Dyy -2
= | Az4+a+ | Dasy — —D332 | 77| >
2 Dyz

Dozy + (b + 2)z

where Dz = D2z(0,1,1,0,0) # 0, D3x = D3x(0,1,1,0,0) # 0, and for
(f1,t2,1t3,a,b) = (0,1, 1,0,0), D3gy — D2y/D2zD33z # 0.

Itis easy to prove that by means of a change of variables and reparametrization this map
is conjugate to (18).

NI

Type Il. We use the same notation as in the previous case. In this case, we consider
the following change of variables and reparametrization for the iffapr, 12, 13) =
X(Mjt1, Myto, A5ts, a, b):

t1=T1+ Agnkgnf
to=2A"To+ Ay 2"03" 5

t3=A3" T3+ Ay 20327 — EAZ"% 5

a =u+A£2nk§2"&
b=v+213"b,
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where D2y and D3y are taken atAjTi, T2, T3,u, b), T; = T;(A],A,", 23", b), for
i=123,u=u@], 1", 23", b), v=v(A]A5A5, 1;", AA3™). Using similar estimates
to the previous case, we can see that the limit return map is

D
<D2x — D3x—2y) y
D3y
D3yz

a+ (b+27+ Ay + By?

ST
1

whereA is a constant and

(D33z(D2y)? — 2D23z D2y D3y + D22z(D3y)?) # 0.

1
2(D3y)?
Itis also easy to see that this map is conjugate to the map (18).

This finishes the proof of the proposition. |

We end this section with the proof of Theorem 1, performed item by item.

Proof of Theorem 11. In case A, it is true by Proposition 4.4. In case B, we can easily
see, using the limit return map, that the values of the parametebs = (a,} ™, b, ), in
Proposition 3.7, give a generic Bogdanov—Takens bifurcation.

2. It has been proved in Propositions 4.1 (case A) and 4.5 (case B).

3. This is a consequence of the properties of the Bogdanov—Takens bifurcation. Using
the return maps, it is easy to see that in case A the invariant circles can be attracting or
saddles (depending on the geometry of the tangency and the sigj) ahd, in case B,
they are always attracting (see §2.4).

4. Again a consequence of the existence of Bogdanov—Takens bifurcations.

5. Working with the limit return map, it is possible to obtain values of the parameters
for which there is a quadratic homoclinic tangency of a sectionally dissipative fixed point
for the return map, if is large enough. In case A, this can be made taking into account that
the limit return maps are, essentiallyghtbn maps with two parameters. In case B, one can
use that, near a Bogdanov—Takens bifurcation, there exist generic homoclinic tangencies
of dissipative periodic points (see again Bre¢al [4]). Then we can apply the result of
Viana 27).

6. Proceed as before but now applying Palis and Vidig [ |

Remark 4.7.In case B, we can find strange attractors that are contained in a two-
dimensional centre manifold associated to the Bogdanov—Takens bifurcation. However,
in case A this is only possible if the invariant circles of the theorem are attracting.

5. Quadratic maps in dimensions two and three

The objective of this section is to characterize the quadratic nfap®’ — R!, i = 2

ori = 3, such thatf o f is quadratic, and, if = 3, f also has constant Jacobian
determinant. We will see that any map that does not have any invariant linear foliation
is linearly conjugate to the mafx, y) — (a + bx — y?, x) in the first case, and to

the map(x, y,z) — (a + bx + z — y2, x, cy) in the second case. In the two cases we
also suppose that the Jacobian of the map is not identically equal to zero. This will prove
Theorem 2.
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Casei = 2. We shall suppose that dbif is not identically equal to zero. We can write
the map as (x, y) = vo + xv1 + yv2 + x2v11 + y?v22 + 2xyvig, Wherev;, v;; € R?. As
f o fis aquadratic map, then the m&gx, y) = detDf (f (x, y)) detDf (x, y) has to be
at most quadratic. We can write

P(x,y) = (Q(x,y) + Pi(x, y)) detDf (f (x, y)),

whereP; is at most linear and
0(x, y) = 4(det(viy, v12)x? + det(viz, v22)y? + detviy, v22)xy).
Then we have two possibilities: either
det(vi1, v12) = det(viz, v22) = def(viy, v22) =0

or there is a non-zero constafitsuch that deDf (f (x, y)) = C for all (x, y) € R2. By
the inverse function theorem, dBf (x, y) = C for (x, y) belonging to some open set.
This means that the Jacobian is constant in the whake @&ut then we arrive at the same
condition on the vectors;; as before.

It is easy to see that by means of a linear change of coordinates, we can suppose that
the mapyf satisfies

7 <X> _ (ao + a1x + azy + a11x? + 2a12xy + a22y2>
y) bo + bix + boy '

If we impose again thalf o f is quadratic, we getiy1 = aj2 = 0. Asb; # 0
(because the map does not have any linear invariant foliations) we can perform the change
x =x+ay+ B8,y =y + y, with suitable constantg, 8 andy, obtaining the map that

we wanted.

Casei = 3. In this case it is possible to see (Bosch and TaBgrffornaess and Wu6])
that any map with constant Jacobian and without linear invariant foliations is conjugate to
one of the following maps:

x' = ag + arx + azy + asz + a11x? + azzy? + 2a10xy
y' = bo + bix + by + byx? (25)

7 =co+c1x

x' = ap + aix + azy + azz + a11x? + azy? + 2a1oxy
y' = bo + bix 4 by + baoy? (26)
7 =co+cay

x' = ag + a1x + azy + asz + a11x> + a3’ + 2a13x2
y' = bo + bix + baz + b11x? (27)

7 =co+cix

x' = ag + a1x + azy + asz + azy? + azxz® + 2az3yz
y' = bo + b1x + bz + baoy? (28)
7 =co+cay.
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Three-dimensional dissipative diffeomorphisms with homoclinic tangencil

If we impose thatf o f is quadratic, it is easy to see that the last case has a linear invariant
foliation, and the other cases, after a suitable linear change, can always be written as

x' = ag+ a1x + azy + asz + a1x? + azzy? + 2a12xy
y = bg + bix + boy (29)
7 = co+ c1x + c2y.

Indeed, in the map (25) we have thtat = 0 orai1 = a12 = az2 = 0. In the first case we
have the result we want. In the second case, we perform the change of variables

X=y—(agz/ax)z, y=x, Z=2.

Note that, as there is no invariant linear foliatiap, 0 in this case.
For (26), we have thdty, = 0.

In the map (27)b11 = 0 ora11 = azz = a13 = 0. In the first case consider the change
(x,y,72) = (x,z,y). The second case is the same as the second case of the map (25).
Coming back to equation (29), it is immediate that = a1> = 0. If we perform a

change of variables

z=zZ+yy+w
and a change of scale, we obtain the desired map.

Remark 5.1.As a corollary of this theorem (cage= 3), a quadratic mag without an
invariant linear foliation with constant Jacobian and satisfying fhatf is quadratic has

a quadratic inverse. This means that these maps belong to the set of quadratic maps with
constant Jacobian and with quadratic inverse. Compare with LemelMeiss 11].
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