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STABILITY OF EQUILIBRIA UNDER
GENETIC-ALGORITHM
ADAPTATION: AN ANALYSIS

JASMINA ARIFOVIC
Simon Fraser University

The stability of stationary equilibria under genetic-algorithm adaptation is studied
in an overlapping-generations economy with a unique, monetary steady-state and
two-period cyclic equilibria. Agents use the genetic algorithm to update their
labor-supply decisions. The results of simulations and the analysis of the dynamics
show that the two-period cycle is stable and that the steady-state equilibrium is
unstable under genetic-algorithm adaptation. The dynamics are driven primarily by
the wealth and substitution effects that lead to the algorithm’s convergence to the
two-period cycle.
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1. INTRODUCTION

The results of the analysis of stability of equilibria under learning dynamics can
be used as an equilibrium selection criterion in economic environments with
multiplicity of equilibria. The stability of steady-state and periodic equilibria un-
der learning dynamics has been the subject of a number of studies, e.g., Grandmont
(1985), Grandmont and Laroque (1986), Woodford (1990), Guesnerie and
Woodford (1991), Evans and Honkapohja (1995a,b). These studies, which ana-
lyzed one-step forward-looking systems, showed that any stationary equilibrium
can be locally stable. The results depend on the specified learning rule. Fork-period
cycle, agents have to usek-order adaptive learning rules.

This paper studies the stability of steady-state and periodic equilibria in an
overlapping-generations economy with fiat money in which agents use the ge-
netic algorithm1 to update their labor-supply decisions. The model has a unique
monetary steady-state and two-period cyclical equilibria.

When used in economic modeling, the genetic algorithm describes the evolution
of a population of rules, representing different possible beliefs, in response to
experience. In a parallel to population genetics, these rules undergo a selection
process whereby more successful ones become more numerous in the population.
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The rules are subjected to random mutations and to recombination of their parts.
These changes contribute to the diversity of the population by introducing new
rules (new ideas) to be tried.

The behavior of the genetic algorithm has been studied in a number of macro-
economic environments [Marimon et al. (1989); Bullard and Duffy (1994, 1996);
Arifovic (1995, 1996); Arifovic et al. (1997)]. Bullard and Duffy (1996) and Dawid
(1996) conduct simulations in the environments in which periodic equilibria exist.
There are several advantages in modeling of agents’ adaptation in this way. Ge-
netic algorithms impose low requirement on the computational ability of economic
agents. They allow for modeling heterogeneity of agents’ beliefs. Survival of de-
cision rules depends on their performance, measured by the payoff that agents
receive by employing them. Finally, genetic algorithms perform better than mod-
els with rational agents or alternative models of adaptive behavior in explaining
the features observed in experimental economies [see, e.g., Andreoni and Miller
(1995); Arifovic (1995, 1996)]. The main disadvantage of the genetic-algorithm
studies, including the ones performed within the class of models with periodic
equilibria, has been that the results are based entirely on simulations.2

This paper examines the global stability3 of the monetary steady state and
two-period cyclical equilibria. The analysis, which uses notions of stability sim-
ilar to those of the evolutionary game theory, shows that the two-period cyclical
equilibrium is globally stable and that the steady-state equilibrium is unstable un-
der genetic-algorithm adaptation. Regardless of the initial conditions, the genetic
algorithm converges to the two-period cycle. The initial conditions affect only the
speed of convergence to the two-period cycle.

The paper is organized as follows. The description of the model of the stationary-
equilibrium outcomes is given in Section 2. That section also presents the
expectational-stability conditions for the model’s stationary equilibria. Applica-
tion of the genetic algorithm is described in Section 3. The results of simulations
are given in Section 4, and the analysis of the dynamics is given in Section 5.
Concluding remarks are given in Section 6.

2. DESCRIPTION OF MODEL

The economy is inhabited by agents who live for two periods. They work when
young and consume when old. The production function is linear, and one unit of
labor yields one unit of output. Fiat money is the only means for saving. The stock
of nominal money,Ht , is constant over time (Ht = H for all t).

The maximization problem of an agent born at timet is given by

maxact+1 − 1
2bc2

t+1 − nt ,

mt ≤ ptnt ,

pt+1ct+1 ≤ mt ,

wherea > 0, b > 0, nt is labor supply when young,nt ∈ [0, 1], ct+1 is consump-
tion when old,pt is the nominal price level at timet, mt are the nominal money
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balances accumulated at the end of time periodt , and pt+1 is the nominal price
level att + 1.

Given the above functional form,4 the first-order condition is

a
pt

pt+1
− b

(
pt

pt+1

)2

nt − 1 = 0, (1)

and the optimal labor supply,n̂t , is given by

n̂t = aRt − 1

bR2
t

, (2)

whereRt is the gross rate of return on money holdings between periodst andt +1,
i.e., Rt = pt/pt+1. This implies the optimal second-period consumption

ĉt+1 = a − 1/Rt

b
. (3)

In equilibrium,yt = nt = H/pt . It follows that, in equilibrium,

Rt = nt+1/nt . (4)

Then, the equilibrium law of motion for the labor supply is

nt = a(nt+1/nt ) − 1

b(nt+1/nt )2
. (5)

Given the chosen parameterization(a ∈ [3.2, 3.4], b∈ [3.2, 3.4], a = b), there
exist a unique monetary steady-state equilibrium and a two-period cyclical equi-
librium. In the steady-state equilibrium,nt = nt+1 = n∗, pt = pt+1 = p∗, and
Rt−1 = Rt = R∗ = 1, for all t . From (4) and (5), the steady-state value of labor
supply then is equal to

n∗ = (a − 1)/b. (6)

Let n∗,1 andn∗,2 denote the cyclical equilibrium labor-supply decisions. The
two-period cycle corresponds ton∗,1 = φ(n∗,2) andn∗,2 = φ(n∗,1) and is obtained
as the solution to the following set of equations:

n∗,1 = n∗,2(a − bn∗,2),

(7)
n∗,2 = n∗,1(a − bn∗,1).

The cyclical equilibrium nominal prices are denoted byp∗,1 andp∗,2 and the rate
of return on money holdings byR∗,1 andR∗,2, respectively.

The local stability of the stationary equilibria, above, under learning dynamics
can be determined by calculating the expectational-stability (E-stability) condi-
tions.5 Evans and Honkapohja (1995a) give theE-stability conditions for the
nonstochastic overlapping-generations economy with fiat money with a unique
monetary steady state and two-period cycles. The optimal behavior of agents
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depends on the forecast pricepe
t+1. In a temporary equilibrium, agents observe

pt andnt so that usingH = pt+1nt+1, they can equivalently try to forecastne
t+1.

For a givenne
t+1, temporary equilibrium then is characterized bynt = F(ne

t+1) or

nt = a
(
ne

t+1

/
nt
)− 1

b
(
ne

t+1

/
nt
)2 . (8)

Suppose that the perceived law of motion is a steady state, i.e., is of the form

nt = ne
t+1.

Then, the actual law of motion is

nt = F
(
ne

t+1

) = ne
t+1

(
a − bne

t+1

)
. (9)

The condition for the weakE-stability of the steady state is thatF ′(n∗) < 1.
BecauseF ′(n∗) < 1, this condition is satisfied. If agents assume that they are in
the steady state and estimate the steady-state parameter as the average of the past
observed values, the learning algorithm will converge to the steady state. However,
the steady state is not stronglyE-stable, i.e., it is not robust to overparameterization.
The condition for strongE-stability is that|F ′(n∗)| < 1. Because|F ′(n∗)| > 1,
this condition is not satisfied. This implies that, if there exists a two-period cycle
and if agents’ perceived law of motion is a two-period cycle, the economy will
not converge to the steady state from some initial points nearp∗ and the learning
algorithm may instead converge to the two-period cycle.

The condition for the weakE-stability of the two-period cycle is thatF ′(n∗,2)

F ′(n∗,1) < 1. Because this condition is satisfied, the two-period cycle is weakly
E-stable. The learning algorithm that estimates the odd-period value ofne

t+1 as
the average of past labor-supply values in odd periods, and the even-period value
of ne

t+1 as the average of past labor-supply values in even periods, converges
to the two-period cycle. The two-period cycle of this model is also robust to
overparameterization, i.e., it is stronglyE-stable. The rational two-cycle is strongly
E-stable if it is stable when regarded as a 2n-cycle for anyn. The condition for
strongE-stability is that|F ′(n∗,2)F ′(n∗,1)| < 1. This result is interesting in light
of the result obtained with the application of the genetic algorithm: TheE-stability
selection criterion correctly predicts the outcome of genetic-algorithm adaptation
in this model. It also raises the question of whether the link betweenE-stability
and stability under genetic-algorithm learning holds more generally.

3. DESCRIPTION OF GENETIC ALGORITHM

At each integer point in timet ≥ 1, there are two populations of binary strings: one
being the new population of generationt , the young; the other being the population
of generationt − 1, the old. A population of generationt consists ofN binary
strings that represent decision rules ofN agents of generationt . In each time
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periodt , only theyoungstrings, members of generationt , take action that affects
the market outcomes. At the same time, the market outcomes of these actions affect
the payoffs received by theold, the strings of generationt − 1.

A binary stringi, i ∈ [1, N], of length l encodes a labor-supply decision that
an agent makes when young. Decoding of a binary string is performed in the
following way:

xi,t =
l∑

k=1

ak
i,t2

k−1, (10)

whereak
i,t is the value (0, 1) taken at thekth position in thei th string. The integer

xi,t is normalized to obtain a real value of the labor supplyni,t , ni,t ∈ [0, 1]. Thus,

ni,t = xi,t/K̄ , (11)

whereK̄ = 230 − 1. The range of values of labor supply is between 0 (if all bits of
a binary string are equal to zero) and 1 (if all bits of a binary string are equal to 1).

The aggregate savings att, St , are equal to the aggregate supply of output and
are determined by adding individual amounts of output produced:

St =
N∑

i =1

ni,t . (12)

The nominal price levelpt then is given by

pt = H/St . (13)

Using the nominal price level, the money balances that agenti carries over to
periodt + 1 are computed as

mi,t = ptni,t . (14)

At time periodt + 1, the consumption by agenti of generationt is determined
by

ci,t+1 = mi,t/pt+1. (15)

At the end of time periodt + 1, the utilities of members of generationt are
calculated. They depend on individual labor-supply decisions and on the nominal
prices att and t + 1. These utilities, in turn, determine the fitness values of the
respective decision rules. The fitness of a decision rule represented by a binary
string i of generationt, µi,t , is given by the value of agenti ’s utility at the end of
periodt + 1:6

µi,t = aci,t+1 − 1
2bc2

i,t+1 − ni,t . (16)

Decision rules are updated using four operators: reproduction, crossover, muta-
tion, and election.

Reproductionmakes copies of individual strings. It promotes well-performing
strings over time. The strings that have high fitness values relative to those of their
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peers obtain more copies over time and take larger fractions of the population.
Reproduction is implemented throughN tournaments. Each tournament is per-
formed in the following way: A pair of binary strings is selected randomly with
replacement. The fitness values of two strings are compared and the one with the
higher fitness value is chosen. In case of a tie, a string is chosen randomly. The
chosen string contributes a copy to thematingpool. These steps are repeatedN
times, andN copies of strings enter into a mating pool to undergo application of
other genetic operators.

Crossoveroperates on members of the mating pool. First, a pair of strings is
selected randomly. Second, an integer numberk is selected from [1, l −1], again at
random. Two new strings are formed by swapping the set of values to the right of
the positionk. An example that illustrates how crossover is implemented is given
below. Suppose that the two decision rules that are randomly paired are given by
the following binary strings:{

00001101101111010100110100011110.
11111110000010100011110001110000

Suppose thatk = 10 is chosen randomly from the interval [1, l −1], wherel = 30.
Next, two binary strings are divided into two parts with the dividing point to the
right of bit position 10:{

00001101101| 111010100110100011110.
11111110000| 010100011110001110000

The two parts to the right of position 10 then are swapped, and the resulting two
strings are {

00001101101010100011110001110000.
11111110000111010100110100011110

The total number of pairs that are selected inN/2 (whereN is an even integer).
Crossover takes place on each pair with the probabilitypcross.

Mutation randomly alters the value of a position within a string to the other
value taken by the binary alphabet: 0→ 1, 1 → 0. The probability of mutation,
pmut, is independent and identical across the positions.

The implementation of the mutation operator is combined with the implemen-
tation of the crossover operator in the following way: Each pair of strings selected
from the mating pool for crossover is recorded as a pair of parents of two new
offspring. If crossover occurs, the strings are recombined. The mutation operator
is applied to bits of the two strings that resulted from the crossover exchange. Once
the application of the mutation operator is completed, two strings are recorded as
two new offspring. If crossover does not occur, the bits of the two parent strings
are exposed to mutation. The resulting strings are recorded as two new offspring
of a given pair of parents.

Election[Arifovic (1994)] tests newly generated offspring before they can enter
into a population of generationt + 2. A binary stringi, i ∈ [1 · · · N], that belongs
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to a new offspringi is decoded into a real number that represents offspringi ’s
labor-supply decision,ni,t . Based on this decision and on the rate of return between
periodst andt +1, a second-period consumption value for offspringi is computed.
Labor supply and second-period consumption then are used to compute offspring
i ’s potentialfitness value,µp

i,t+3.
Election is applied in the following way. Two offspring and two parents (recorded

at the crossover and mutation stages of the genetic-algorithm application) are
ranked, from the highest to the lowest, on the basis of their fitness values. Potential
fitness values of the offspring and actual fitness values of the parents then are
compared. The two strings that have the first and the second rank are chosen and
placed into the population of a new generation. In case of a tie between a parent
and an offspring, an offspring is placed into the population.

A population of decision rules of agents of generationt is generated in the follow-
ing way: First, the application of the reproduction operator to the members of gen-
erationt −2 yields a population ofN copies. Then, the crossover and mutation op-
erators are applied to generate new decision rules to be tried. Finally, new offspring
decision rules are subjected to the election operator test. Offspring decision rules
that pass the test, together with parents that are more fit than their offspring, form
a new population of decision rules of agents of generationt . The values ofni,t for
i ∈ [1, N] are computed. The savings of generationt then are used to compute the
nominal price level att . This price and individual labor supply determine individ-
ual holdings of money balances that are carried over to periodt + 1. The nominal
price pt and individual money holdings of the members of generationt − 1 then
are used to compute individual second-period consumption values,ci,t ’s, of the
members of generationt − 1. At the end, the utilities of members of generation
t − 1 are determined. The population of generationt + 1 is generated through the
application of the genetic-algorithm operators to the members of generationt − 1.

4. SIMULATIONS AND ANALYSIS OF DYNAMICS

To examine the behavior of the genetic algorithm in this environment, three types of
simulations were conducted: randomly initialized simulations, simulations initial-
ized in the neighborhood of the steady-state equilibrium, and simulations initialized
in the neighborhood of the two-period cycle. Five different sets of parameter values
a andb were used for each type of initialization. These values are given in Table 1,
which also contains the values of labor supply, nominal prices, and rates of return
in the stationary equilibria for these parameter values. Per-capita money supply
was equal to 10 in all simulations.

The parameters of the genetic algorithm were set using the recommended values
found in the artificial-intelligence literature. The population sizeN was set equal
to 30, which usually is taken as the minimum number of strings required for
effective search. The length of a binary string,l , which determines the fineness
of the search grid, was set to 30 bits. The probability of crossover,pcross, was
set equal to 0.6, and the probability of mutation,pmut, was set equal to 0.033.
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TABLE 1.Parameter values and stationary equilibrium values of labor supply,
nominal price levels, and rates of return

Set a b n∗ p∗ R∗ n∗,1 p∗,1 R∗,1 n∗,2 p∗,2 R∗,2

1 3.2 3.2 0.69 14.54 1 0.80 12.51 0.64 0.51 19.49 1.56
2 3.25 3.25 0.69 14.44 1 0.812 12.31 0.61 0.50 20.19 1.64
3 3.3 3.3 0.70 14.35 1 0.82 12.14 0.58 0.48 20.86 1.72
4 3.35 3.35 0.70 14.25 1 0.83 14.25 0.56 0.46 21.5 1.79
5 3.4 3.4 0.71 14.17 1 0.84 11.87 0.54 0.45 22.12 1.86

FIGURE 1. Rate of return in randomly initialized simulation:a = b = 3.2.

These values are those that are recommended by Back (1996) and Michalewicz
(1996). Every combination of the overlapping-generations parameter values and
the genetic operator values was simulated using multiple runs with different seed
values for the random-number generator to ensure the robustness of the results to
different pseudo-random-number sequences.

A total of 75 simulations was conducted (3 types of initialization× 5 sets of
parameter values× 5 random-number seed values). All simulations converged
to the two-period cycle. The convergence implies identical decision rules within
each of the two populations. The rules of one population all take the valuen∗,1,
and the rules of the other population all take the valuen∗,2. The rate of return in
a simulation that was randomly initialized with the first set of parameter values is
presented in Figure 1. After relatively large initial fluctuations, the rate of return
settles into the pattern of the two-period cycle around generation 200.7
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TABLE 2.Evaluation and updating of two genetic-
algorithm populations

Population (pop)

t = Young Old Updating Evaluation

1 1 2 — —
2 2 1 — 1
3 1 2 1 2
4 2 1 2 1

In describing the events that take place during the genetic-algorithm adaptation,
one of the two genetic-algorithm populations is denoted as pop 1, the average labor
supply of its members bȳn1

t , the rate of return relevant for evaluating the fitness
values of its decision rules byR1

t , and the labor supply that is optimal (givenR1
t )

by n̂1
t . Rules that are members of this population areevaluatedat the end of every

evenperiod and they areupdatedat the beginning of everyoddperiod. The other
population is denoted as pop 2, the average labor supply of its members byn̄2

t , the
rate of return relevant for evaluating the fitness of its rules byR2

t , and the labor
supply that is optimal (givenR2

t ) by n̂2
t . Members of pop 2 areevaluatedat the

end of everyoddperiod andupdatedat the beginning of everyevenperiod. The
pattern of evaluation and updating for the two populations in the first six periods
of the simulation is given in Table 2.

Thus, Rj
t denotes the rate of return on money holdings betweent and t + 1,

where superscriptj, j ∈ [1, 2], denotes the population that receives this rate of
return on the money holdings of its members;n̄ j

t , j ∈ [1, 2], denotes the average
labor supply of young agents of popj at timet ; andn̂ j

t , j ∈ [1, 2], denotes the
optimal labor supply att , given the rate of returnRj

t . (Note that this is the ex post
optimal labor supply that is determined onceRj

t is calculated.)
The analysis of the genetic-algorithm adaptation begins with a consideration

of the main elements that affect the evolutionary dynamics. It continues with a
detailed description of the events that take place in two simulations, one of which
was initialized in the neighborhood of the steady-state equilibrium and the other one
that was initialized in the neighborhood of the two-period cycle. The examination
of the observed patterns of behavior suggests that the dynamics are defined by
the impact of the wealth and intertemporal substitution effects on the evolution of
decision rules. The analysis presented in the following section concludes that the
steady-state equilibrium is unstable under genetic-algorithm adaptation, whereas
the two-period cycle is globally stable.

The main elements that define the dynamics of the evolutionary adaptation are
the difference between the average actual labor supply and the optimal labor supply,
the impact of the wealth effect, and the impact of the substitution effect.

A fitness value of a rulenj
k,t 6= n̂ j

t , j = 1, 2, k ∈ [1, N], which is evaluated
at the end oft + 1 at Rj

t , will be lower than the fitness value associated with
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n̂ j
t . The difference between the average actual labor supply, n̄ j

t , and the optimal
labor supply, n̂ j

t , |n̄ j
t − n̂ j

t |, determines the upper bound on the amount of average
change that may take place among the population decision rules.

The larger the difference, the larger the change that takes place. The election
operator accepts an average newly generated offspring rule that takes the value
between the population-average labor supply and the labor supply that would have
been optimal given the rate of return. Ifn̂ j

t < n̄ j
t , n̄ j

t+2 ≤ n̄ j
t . The election operator

accepts an average new offspring such that

n̂ j
t ≤ n̄ j,o

t+2 ≤ n̄ j,p
t ,

wheren̄ j,p
t is an average parent rule of generationt , andn̄ j,o

t+2 is an average offspring
rule that will be accepted as a member of generationt + 2. On the other hand, if
n̂ j

t > n̄ j
t , thenn̄ j

t+2 ≥ n̄ j
t . The election operator accepts an average new offspring

such that

n̄ j,p
t ≤ n̄ j,o

t+2 ≤ n̂ j
t .

Given thatRj
t = n̄i

t+1/n̄ j
t , i, j = 1, 2, i 6= j , changes in both̄ni

t andn̄ j
t affect

the level ofRj
t . Increases in̄nj ′

t have negative effect onRj
t , and increases in̄ni

t
have positive effect. Thus, if̄ni

t is increasing and̄nj
t is decreasing,Rj

t is increasing
andRi

t is decreasing and vice versa. If bothn̄i
t andn̄ j

t are increasing or decreasing,
the direction in whichRj

t moves depends on the magnitude of relative changes in
n̄i

t andn̄ j
t . For example, if there are increases (or decreases) in bothn̄i

t+1 andn̄ j
t ,

then

Rj
t ↑ if 1n̄i

t+1 > 1n̄ j
t ,

Rj
t ↓ if 1n̄i

t+1 < 1n̄ j
t ,

where1n̄i
t+1 = (n̄i

t+3 − n̄i
t )/n̄i

t+1 and1n̄ j
t = (n̄ j

t+2 − n̄ j
t )/n̄ j

t .
In turn, changes inRj

t affect n̂ j
t and, consequently,̄nj

t as well. The way in which
n̂ j

t is affected depends on whether the wealth or the substitution effect dominates.
Let Rb be the value of the rate of return that separates the regions of dominance
of the wealth effect and of the substitution effect. ForRj

t ≥ Rb, the wealth effect
dominates the substitution effect, and a decrease inRj

t results in an increase in
the optimal labor supplŷnj

t . On the other hand, forRj
t < Rb, the substitution

effect dominates the wealth effect and a decrease inRj
t results in a decrease in̂nj

t .
Increases in̂nj

t are followed by increases in̄nj
t+2 if n̄ j

t < n̂ j
t . Decreases in̂nj

t are
followed by decreases in̄nj

t+2 if n̄ j
t > n̂ j

t . To illustrate the difference in the impact
of the wealth and substitution effect, Table 3 shows what happens to the optimal
labor supplies, average labor supplies, and rates of return of both pop 1 and pop 2
as a result of a decrease inR1

t .
Two simulations that are described below were conducted using the first set of

the parameter values,a = b = 3.2. Given the utility function and the parameter
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TABLE 3. Effects of changes in rate of return

A. Decrease in R1t in region where wealth effect dominates:(
n̂1

t > n̄1
t , n̂2

t < n̄2
t

)
↓ R1

t →↑ n̂1
t →↑ n̄1

t+2 → ↓ R1
t+2

↘ ↑ R2
t+1 →↓ n̂2

t+1 →↓ n̄2
t+3 →↓ R1

t+2

B. Decrease in R1t in region where substitution effect dominates:(
n̂1

t < n̄1
t , n̂2

t > n̄2
t

)
↓ R1

t →↓ n̂1
t →↓ n̄1

t+2z → ↑ R1
t+2

↘ ↓ R2
t+1 →↑ n̂2

t+1 →↑ n̄2
t+3 →↑ R1

t+2

FIGURE 2. Average and optimal labor supply of pop 1 in simulation initialized in the neigh-
borhood of the steady state:a = b = 3.2.

values used in these simulations, the wealth effect dominates the substitution effect
for Rj

t ≥ Rb = 0.625, j = 1, 2. Both stationary equilibria are in the region where
the wealth effect dominates the substitution effect.

4.1. Simulation 1

The first simulation was initialized in the neighborhood of the steady-state equi-
librium and it lasted for 500 periods. The behavior of labor supply and rates of
return is given in Figures 2–5:̄n1

t in Figure 2,R1
t in Figure 3,n̄2

t in Figure 4, and
R2

t in Figure 5. BecauseR1
t and R2

t never fall belowRb during the simulation,
the wealth effect dominates the substitution effect for the entire duration of the
simulation. At the beginning of simulation, two populations of binary strings are
generated. Every member of pop 1 decodes to the value of 0.6 and every member
of pop 2 decodes to the steady-state value of 0.6875.
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FIGURE 3.Rate of return of pop 1 in simulation initialized in the neighborhood of the steady
state:a = b = 3.2.

FIGURE 4. Average and optimal labor supply of pop 2 in simulation initialized in the neigh-
borhood of the steady state:a = b = 3.2.

The rules of pop 1 evolve from the value of 0.6 to one of the values of the
two-period cycle,n∗,2 = 0.513. The following events take place during their
adjustment: Betweent = 3 andt = 28, n̂1

t > n̄1
t . This results in the increases in

n̄1
t during this period. These increases inn̄1

t have negative effect onR1
t which, as

a result, is decreasing during this period. Note that the level ofR1
t also is affected

by changes in̄n2
t . Betweent = 2 andt = 17, n̄2

t is not changing and thus has no
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FIGURE 5.Rate of return of pop 2 in simulation initialized in the neighborhood of the steady
state:a = b = 3.2.

effect onR1
t . After t = 17, n̄2

t starts increasing. However, the positive effects of
these increases onR1

t are outweighed by the negative effects of increases inn̄1
t .

At t = 28, the positive effect of̄n2
t outweighs the negative effect of̄n1

t andR1
t

increases. In response to this change,n̂1
t drops down and, aftert = 28, becomes

lower thann̄1
t . As a result,n̄1

t starts decreasing. Further, decreases inn̄1
t have

positive impact onR1
t , which starts increasing. (During this period,n̄2

t is increasing
and these increases also contribute to the increases inR1

t .) RisingR1
t in turn lowers

n̂1
t andn̄1

t further. This process is uninterrupted until the convergence to the values
of the two-period cycle,̄n1

t = n∗,2 andR1
t = R∗,2, which occurs att = 499.

At the same time, rules of pop 2 are evolving toward the other of the two sets of
values of the two-period cyclical equilibrium,n∗,1 = 0.7995. Betweent = 3 and
t = 17, n̂2

t > n̄2
t . During this period, no change in̄n2

t occurs. Changes inR2
t take

place as a result of the changes inn̄1
t . Becausēn1

t is increasing during this period,
R2

t also is increasing. In addition,n̂2
t is decreasing in response to increases inR2

t .
At t = 18, n̄2

t starts increasing toward̂n2
t , which remains higher than̄n2

t . Increases
in n̄2

t continue untilt = 27. Betweent = 18 andt = 27, n̄2
t andR2

t are increasing.
This happens becausēn1

t also is increasing during this period. Increases inn̄1
t have

positive impact onR2
t and outweigh the negative impact of the increases inn̄2

t
during this period.

After t = 27, asn̄1
t starts decreasing,R2

t decreases as well. In response,n̂2
t

increases. Becausên2
t > n̄2

t , n̄2
t increases. In turn,R2

t decreases further. This
process continues until the end of simulation. During this period,n̄1

t is increasing
and thus it also has negative effect onR2

t . Finally, R2
t reaches the value ofR∗,1 and

n̄2
t the value ofn∗,1 at t = 500.
After the short initial stage during which̄n1

t is increasing and̄n2
t is not changing,

the second stage of adjustment begins in which the wealth effect determines the
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FIGURE 6. Average and optimal labor supply of pop 1 in simulation initialized in the neigh-
borhood of the two-period cycle:a = b = 3.2.

dynamics of the simulation. During this stage,n̂1
t andn̄1

t are decreasing, andR1
t is

increasing. At the same time,n̂2
t andn̄2

t are increasing, andR2
t is decreasing. The

two populations of rules move away from the steady-state equilibrium over time
and converge to the values of the two-period cycle.

It is worth pointing out that the dynamics do not change if a simulation is
initialized closer to the equilibrium. For example, a distance from the monetary
steady-state equilibrium will be much shorter if only one rule of pop 1 differs from
n∗ while the rest ofN − 1 members of pop 1 decode ton∗. (Members of pop 2 all
decode ton∗.) A simulation initialized in this way would take longer to move away
from the steady-state equilibrium, but there would be no qualitative difference in
the behavior of the genetic algorithm.

4.2. Simulation 2

The second simulation was initialized in the neighborhood of the two-period cycle.
It lasted for 250 periods. The behavior of labor supplies and rates of return is given
in Figures 6–9:̄n1

t in Figure 6,R1
t in Figure 7,n̄2

t in Figure 8, andR2
t in Figure 9.

At the beginning of simulation, rules of pop 1 decode to the value of 0.9. Rules
of pop 2 decode to the lower of the 2 two-period-cycle values of labor supply,
n2

2 = n∗,2 = 0.513.
At the end oft = 2, R1

1 = 0.56. BecauseR1
1 is belowRb = 0.625, the rules of

pop 1 are in the region of dominance of the substitution effect. Betweent = 3 and
t = 25, n̄1

t is decreasing becausen̂1
t < n̄1

t . Decreases in̄n1
t have positive effect on

R1
t , but they are outweighed by the negative effects of the decreases inn̄2

t that take
place during this time. Thus,R1

t also is decreasing. Because the rules are in the
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FIGURE 7. Rate of return of pop 1 in simulation initialized in the neighborhood of the
two-period cycle:a = b = 3.2.

FIGURE 8. Average and optimal labor supply of pop 2 in simulation initialized in the neigh-
borhood of the two-period cycle:a = b = 3.2.

region where the substitution effect dominates, decreases inR1
t result in decreases

in n̂1
t . Decreases in̂n1

t cause further decreases inn̄1
t .

At t = 26, the effect of̄n1
t on R1

t outweighs the effect of̄n2
t and R1

t increases
for the first time. Because this is still the area of dominance of the substitution
effect,n̂1

t increases in response to this increase inR1
t . However, becausēn1

t is larger
thann̂1

t , n̄1
t continues to decrease. This, in turn, has a positive impact onR1

t and a
negative impact onR2

t .
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FIGURE 9.Rate of return of pop 2 in simulation initialized at the two-period cycle:a = b =
3.2.

At t = 108, R1
t takes the value greater thanRb and pop 1 enters the region of

dominance of the wealth effect. At this point, bothn̄1
t andn̂1

t are greater thann∗,1.
The rate of return,R1

t , continues to increase. Now that the wealth effect dominates,
these changes result in decreases inn̂1

t and subsequent decreases inn̄1
t . Increases

in n̄2
t and decreases in̄n1

t during this period both have positive effects onR1
t .

Increases inR1
t trigger further decreases in̂n1

t andn̄1
t . This process continues until

n̄1
t andR1

t reach the values of the two-period cycle,n∗,1 andR∗,1, at t = 249.
In the meantime, the following dynamics take place in pop 2, which is in the

region of dominance of the wealth effect during the entire simulation. Between
t = 3 andt = 28, n̂2

t < n̄2
t . This results in successive decreases inn̄2

t . Decreases
in n̄2

t bring about increases inR2
t which lead to further decreases inn̂2

t and n̄2
t .

Decreases in̄n1
t that take place at the same time have negative effect onR2

t , but
this effect is outweighed by the positive effect of the decreases inn̄2

t .
At t = 29, the negative effect of̄n1

t exceeds the positive effect ofn̄2
t and it lowers

R2
t . This also results in̄n2

t < n̂2
t . From this point on,R2

t is decreasing, and̂n2
t and

n̄2
t are increasing steadily until the end of the simulation. (During the periods of

the increases in̄n1
t , their positive impact onR2

t is outweighed by a negative impact
of decreases in̄n2

t .) The decision rules of pop 2 converge ton∗,2 at t = 250.
In this simulation, both the wealth and the substitution effect exert influence on

the dynamics of the simulation. Whereas pop 2, which starts atn∗,2, stays in the
area of dominance of the wealth effect, pop 1, which starts with labor-supply values
greater thann∗,1, passes through regions of both the wealth- and the substitution-
effect dominance. It starts in the region of the wealth-effect dominance, which
drives the average labor supply further up and its rate of return further down. This
continues until the population enters the region of dominance of the substitution ef-
fect when the process of further increases in the average labor supply and decreases
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in the rate of return is halted. The dynamics bring the population back to the region
of dominance of the wealth effect. The population now experiences decreases in
the average labor supply and increases in its rate of return as it approachesn∗,1

from below.

5. CONVERGENCE AND STABILITY RESULTS

If the genetic algorithm converges, it converges to a stationary equilibrium point.
Levels of labor supply different from the stationary equilibrium values result in
rates of return that imply levels of optimal labor supply different from the actual
ones. As long as there is a difference between actual and optimal levels of labor
supply, the average labor supply will continue to change. For example, suppose
that all members of pop 1 decode to 0.4, and all the members of pop 2 decode
to 0.9. The populations will not remain at these points for the following reason:
These values of labor supply result inR1

t = 2.25 andR2
t = 0.44, but, at these rates

of return,n̂1
t = 0.38 andn̂2

t = 0.66. Becausēn1
t 6= n̂1

t andn̄2
t 6= n̂2

t , the election
operator will accept new offspring with the level of labor supply closer to the
optimal level. Acceptance of new, different rules will result in changes in the rates
of return, which induce further changes in the values of the optimal and average
labor supplies. The only points for whichnj

k,t = n̄ j
t = n̂ j

t for all k ∈ [1, N] are
the stationary equilibrium points,ns, the steady state, and the two-period cycle.
If there is nonj

k,t 6= ns such thatµt (n
j
k,t , Rs) = µ(ns, Rs), i.e., the fitness value

of nj
k,t equals the fitness value ofns, no new offspring that decodes to the values

different fromns will be accepted into the population. As a result, there will be
no further changes in the populations of decision rules and they will remain at the
stationary equilibrium points.

Suppose that the genetic algorithm is in the two-period cycle in a simulation
with a = b = 3.2. Rules of pop 1 decode ton∗,1 = 0.7995. Rules of pop 2
decode ton∗,2 = 0.5130. These values of labor supply result in the rates of return
R1

t = R∗,1 = 0.642 andR2
t = R∗,2 = 1.558. In turn, the optimal labor supplies

for these two rates of return arên1
t = 0.7995 andn̂2

t = 0.5130. Because these
optimal values are equal to the actual levels of labor supply, no new offspring that
decode to values different from the stationary equilibrium ones will be accepted.

Thus the algorithm will not converge to the values that are not stationary equilib-
rium values. Thestabilityof stationary equilibria under genetic-algorithm adapta-
tion will determine a stationary equilibrium that isselected. The genetic algorithm
always converges to the two-period cycle because it is globally stable under the
genetic-algorithm adaptation. It diverges away from the steady-state equilibrium
because it is unstable under genetic-algorithm adaptation.

Thestability of a stationary equilibriumunder genetic-algorithm adaptation can
be examined in a way similar to the analysis of the equilibrium stability used in
the evolutionary game theory. Such analysis consists of examining what happens
when there is anε departure from the stationary-equilibrium value. A rule that
deviates from the stationary value by the amountε is inserted into a population of
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rules that decode to the stationary-equilibrium values. The stationary equilibrium
is stableunder genetic-algorithm adaptation if the algorithm converges back to the
equilibrium after initial adjustment. On the other hand, the stationary equilibrium
isunstableif the insertion of a deviating rule results in the divergence of the genetic
algorithm away from the stationary equilibrium.

The steady-state equilibriumis unstableunder genetic-algorithm adaptation.
Suppose that att = T , the decision rules of both populations decode to the steady-
state values of labor supply. Att > T , a rulen1

k,t is inserted into pop 1, such that
|n1

k,t − n∗| = ε > 0. Suppose thatn1
k,t > n∗. Then,R1

t < R∗, andn̂1
t increases. In

response to an increase inn̂1
t , n̄1

t increases. At the same time,R2
t > R∗ and n̂2

t
decreases. In response to a decrease inn̂2

t , n̄2
t decreases. This results in further

decrease inR1
t and increase inR2

t . Because bothR1
t andR2

t are in the region where
the wealth-effect dominates, the process that is initiated in response to this differ-
ence in the rates of return takes the two populations away from the steady-state
equilibrium. If the initial populations start further away from the steady-state equi-
librium, the wealth effect will prevent them from getting into the neighborhood of
the steady-state equilibrium and converging to it.

The two-period cycleis stableunder genetic-algorithm adaptation. Suppose,
that att = T , the decision rules of pop 1 and pop 2 decode to the values of labor
supply in the two-period cycle. In particular, members of pop 1 decode ton∗,1 and
members of pop 2 decode ton∗,2, with rates of returnR∗,1 andR∗,2. Suppose that,
at timet, t > T , a rulen1

k,t is inserted into pop 1, such that|n1
k,t − n∗,1| = ε > 0.

The remainingN − 1 rules decode ton∗,1. Suppose thatnk,t > n∗,1 and thatR∗,1

is in the region where the wealth effect dominates. The adjustment of the genetic
algorithm that takes place is described in steps 1–4.

1. At the start, the deviating rule will have a negative effect onR1
t and a positive effect

on R2
t . Decreases inR1

t are accompanied by increases inn̂1
t andn̄1

t . At the same time,
increases inR2

t are accompanied by decreases inn̂2
t andn̄2

t . OnceR1
t reachesRb, pop

1 enters into the region of dominance of the substitution effect, andn̂1
t andn̄1

t start
decreasing in response to further decreases inR1

t .
2. Because both̄n1

t andn̄2
t are decreasing, changes inn̄2

t have to be larger than changes
in n̄1

t , R2
t , andn̄2

t in order to sustain an increasing sequence ofR2
t and a decreasing

sequence ofR1
t . Because the rate of decrease ofn̄2

t is greater than the rate of decrease
of n̂2

t , the difference between̄n2
t andn̂2

t gets smaller and, over time, there is less room
for further changes in̄n2

t . At the same time, becauseR1
t is decreasing, the rates of

decrease ofR1
t andn̂1

t are greater than the rate of decrease ofn̄1
t , and the difference

between̂n1
t andn̄1

t is increasing.
Once a change in̄n2

t is not sufficient to sustain a sequence of risingR2
t ’s, there will be

a reversal in the movements of the rates of return which begins by an increase inR1
t

and a decrease inR2
t . If this increase inR1

t is large enough,R1
t will passRb, and pop 1

will be back in the region of dominance of the wealth effect. In this case, a change
(increase) inR1

t will result in a reduction of̂n1
t and, subsequently, of̄n1

t . Once again,
both populations are under dominance of the wealth effect. In this case, the dynamics
proceed to step 4.
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3. If the increase is not large enough,R1
t will remain lower thanRb, and pop 1 will stay

in the region of dominance of the substitution effect. An increase inR1
t will bring an

increase in̂n1
t . At this point,n̄1

t > n̂1
t andn̄1

t continues decreasing. AsR2
t decreases,

n̂2
t increases and̄n2

t increases in response to the difference betweenn̂2
t andn̄2

t . As R1
t

continues increasing, it will reach theRb level and pop 1 will be in the wealth-effect
region again.8

4. OnceRb is passed,̂n1
t starts decreasing with further increases inR1

t . This change in
direction is accompanied by decreases inn̄1

t . At the same time,R2
t is decreasing and

n̄2
t is increasing. These dynamics, driven by the wealth effect, continue until pop 1

converges ton∗,1 and pop 2 converges ton∗,2.

There are three other possible ways of introducing deviating rules into the pop-
ulations of rules that decode to the two-period-cycle values of labor supply: to
insertn1

k,t < n∗,1; to insertn2
k,t < n∗,2; and to insertn2

k,t > n∗,2. The dynamics
of adjustment under these three scenarios are not discussed. It suffices to point
out that they would be entirely driven by the wealth effect, which would bring the
populations back to the values of the two-period cycle.

Finally, two studies that apply the genetic-algorithm adaptation in models with
cyclical equilibria are worth commenting on. Dawid (1996) conducts genetic-
algorithm simulations in a pure-endowment overlapping-generations model with
constant money supply in which two-period cycles exist. Binary strings encode
agents’ forecast of next period’s return on their savings. The simulations converged
to the two-period cycle. However, Dawid’s study does not analyze the stability
properties of stationary equilibria under genetic-algorithm adaptation and does
not examine the dynamics of evolution that result in the convergence to the two-
period cycle.

Bullard and Duffy (1996) study the genetic algorithm in the overlapping-genera-
tions economies in which perfect-foresight cycles of high order exist. In their
genetic-algorithm implementation, agenti forecasts the next period’s price by us-
ing the following rule:pe

i,t+1 = pt−ki −1 where pe
i,t+1 is agenti ’s forecast of the

nominal pricept+1 andki is an integer encoded by agenti ’s binary string. Different
values ofki are consistent with perfect-foresight cycles of different order. Every
value ofki is also consistent with learning steady states. The genetic-algorithm
adaptation resulted in the convergence to cycles of low order. The convergence
to higher-order cycles was not observed. Even though these results indicate that
equilibria in this class of models may have different stability properties under
genetic-algorithm adaptation than under algorithms that have been examined pre-
viously, this finding leaves open the question why the genetic algorithm exhibits
this type of dynamics.

6. CONCLUDING REMARKS

The model analyzed in this paper illustrates the way in which the genetic algorithm
can be used for the analysis of the global stability of equilibria in environments
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characterized by the multiplicity of equilibria. The results of simulations and the
subsequent analysis of the dynamics of genetic-algorithm adjustment show that
the steady-state equilibrium is unstable under the genetic-algorithm adaptation
and that the two-period cycle is globally stable. This implies that, regardless of the
initial values, the algorithm will converge to the two-period cycle. The analysis
shows that the dynamics of the genetic-algorithm adjustment are driven by the
wealth and substitution effects.

In the case in which the genetic-algorithm populations start in the neighborhood
of the steady-state equilibrium, the wealth effect will drive the population of deci-
sion rules away from the steady state. One of the populations steadily increases its
labor supply in response to decreases in rates of return on money holdings. These
increases result in further decreases of their rates of return and lead to increases
in the rates of return on money holdings of the other population. As a result, the
other population steadily decreases its labor supply, which in turn has a positive
effect on its own rate of return and a negative effect on the rate of return of the first
population. Such dynamics result in convergence to the two-period-cycle values
of the labor supply.

When the populations start in the neighborhood of the two-period cycle, the
wealth effect can, in the first stage, drive the population that starts in the neigh-
borhood of the higher value of labor supply further away from the equilibrium
value. In the process, this population will increase its average labor supply, thus
decreasing its rate of return until it reaches the region where the substitution effect
dominates. In this region, further increases in the average labor supply, in response
to the decreases in the rate of return, are prevented by the substitution effect. In
the second stage, the dynamics bring the population back to the region of domi-
nance of the wealth effect where the average labor supply decreases and the rate of
return increases as the population converges to the value of the two-period cycle.
While the first population goes through the above changes, the other population
that initially decodes to the lower value of labor supply also will move away from
the equilibrium value. In the first stage, its average labor supply will decrease and
its rate of return will increase. This movement is reversed in the second stage. The
average labor supply will start increasing and the rate of return will start falling as
the population returns to the equilibrium value.

NOTES

1. The genetic algorithm was developed by Holland (1975) as a stochastic search algorithm.
2. The exceptions are Arifovic (1996) and Arifovic et al. (1997).
3. Global stability is the property of an equilibrium to which the genetic algorithm converges

regardless of the initial conditions.
4. The utility function has been considered by Benhabib and Day (1982).
5. These stability conditions are calculated for the parameter values considered in the paper.
6. If a binary string decodes to the value of labor supply equal to 0, the fitness value of such a string

is set to 0.
7. Note that this result does not depend on the particular way in which reproduction is implemented
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in this version of the genetic algorithm. Bullard and Duffy (1994) use amixing procedure to create
a pool of copies of binary strings. The entire genetic stock—in this case, both genetic-algorithm
populations—is used to create newborns. Bullard and Duffy note that this method substantially reduces
the potential of the system to cycle near the steady state. Simulations conducted with mixing did not
result in the convergence of the algorithm to the steady state. Instead, they exhibited cyclical behavior.

8. If the direction of theR1
t movement is reversed before it reachesRb, andR1

t starts decreasing,
the dynamics go back to step 2 and eventually get to step 3. This sequence will be repeated until the
dynamics do reach step 4.
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