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ARTICLES

STABILITY OF EQUILIBRIA UNDER
GENETIC-ALGORITHM
ADAPTATION: AN ANALYSIS

JasMINA ARIFOVIC
Simon Fraser University

The stability of stationary equilibria under genetic-algorithm adaptation is studied
in an overlapping-generations economy with a unique, monetary steady-state and
two-period cyclic equilibria. Agents use the genetic algorithm to update their
labor-supply decisions. The results of simulations and the analysis of the dynamics
show that the two-period cycle is stable and that the steady-state equilibrium is
unstable under genetic-algorithm adaptation. The dynamics are driven primarily by
the wealth and substitution effects that lead to the algorithm’s convergence to the
two-period cycle.

Keywords: Stability, Genetic Algorithms

1. INTRODUCTION

The results of the analysis of stability of equilibria under learning dynamics can
be used as an equilibrium selection criterion in economic environments with
multiplicity of equilibria. The stability of steady-state and periodic equilibria un-
der learning dynamics has been the subject of a number of studies, e.g., Grandmont
(1985), Grandmont and Laroque (1986), Woodford (1990), Guesnerie and
Woodford (1991), Evans and Honkapohja (1995a,b). These studies, which ana-
lyzed one-step forward-looking systems, showed that any stationary equilibrium
can be locally stable. The results depend on the specified learning rukepEdod

cycle, agents have to ukeorder adaptive learning rules.

This paper studies the stability of steady-state and periodic equilibria in an
overlapping-generations economy with fiat money in which agents use the ge-
netic algorithm to update their labor-supply decisions. The model has a unique
monetary steady-state and two-period cyclical equilibria.

When used in economic modeling, the genetic algorithm describes the evolution
of a population of rules, representing different possible beliefs, in response to
experience. In a parallel to population genetics, these rules undergo a selection
process whereby more successful ones become more numerous in the population.
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The rules are subjected to random mutations and to recombination of their parts.
These changes contribute to the diversity of the population by introducing new
rules (new ideas) to be tried.

The behavior of the genetic algorithm has been studied in a number of macro-
economic environments [Marimon et al. (1989); Bullard and Duffy (1994, 1996);
Arifovic (1995, 1996); Arifovic et al. (1997)]. Bullard and Duffy (1996) and Dawid
(1996) conduct simulations in the environments in which periodic equilibria exist.
There are several advantages in modeling of agents’ adaptation in this way. Ge-
netic algorithms impose low requirement on the computational ability of economic
agents. They allow for modeling heterogeneity of agents’ beliefs. Survival of de-
cision rules depends on their performance, measured by the payoff that agents
receive by employing them. Finally, genetic algorithms perform better than mod-
els with rational agents or alternative models of adaptive behavior in explaining
the features observed in experimental economies [see, e.g., Andreoni and Miller
(1995); Arifovic (1995, 1996)]. The main disadvantage of the genetic-algorithm
studies, including the ones performed within the class of models with periodic
equilibria, has been that the results are based entirely on simulations.

This paper examines the global stabfityf the monetary steady state and
two-period cyclical equilibria. The analysis, which uses notions of stability sim-
ilar to those of the evolutionary game theory, shows that the two-period cyclical
equilibrium is globally stable and that the steady-state equilibrium is unstable un-
der genetic-algorithm adaptation. Regardless of the initial conditions, the genetic
algorithm converges to the two-period cycle. The initial conditions affect only the
speed of convergence to the two-period cycle.

The paper is organized as follows. The description of the model of the stationary-
equilibrium outcomes is given in Section 2. That section also presents the
expectational-stability conditions for the model’s stationary equilibria. Applica-
tion of the genetic algorithm is described in Section 3. The results of simulations
are given in Section 4, and the analysis of the dynamics is given in Section 5.
Concluding remarks are given in Section 6.

2. DESCRIPTION OF MODEL

The economy is inhabited by agents who live for two periods. They work when
young and consume when old. The production function is linear, and one unit of
labor yields one unit of output. Fiat money is the only means for saving. The stock
of nominal moneyH;, is constant over timeH; = H for all t).
The maximization problem of an agent born at titvie given by
maxag. 1 — 3bc , — n,
me < piNe,
Pt+1Cy1 = My,

wherea > 0, b > 0, n; is labor supply when youngy € [0, 1], ¢;,1 iS consump-
tion when old,p; is the nominal price level at time m; are the nominal money
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balances accumulated at the end of time petijcghd p;,; is the nominal price

level att + 1.
Given the above functional forfhthe first-order condition is
2
a P _ (i) n—1=0, 1)
Pt+1 Pt+1
and the optimal labor suppl§i, is given by
R aR -1
=1 = 2
N bR? 2

whereR; is the gross rate of return on money holdings between periaadt + 1,
i.e., R = pt/pte1. This implies the optimal second-period consumption

-1
o= 2R 3

In equilibrium,y; = n; = H/p;. It follows that, in equilibrium,
R = Neja/Nne. 4
Then, the equilibrium law of motion for the labor supply is

a(Nep/ny) — 1
CT b(a/no)? ©
Given the chosen parameterizati@ne [3.2, 3.4], be [3.2, 3.4], a=b), there
exist a unique monetary steady-state equilibrium and a two-period cyclical equi-
librium. In the steady-state equilibrium; = n¢,; = n*, pr = py1 = p*, and
R_1 = R = R* =1, for allt. From (4) and (5), the steady-state value of labor
supply then is equal to
n*=(@-1/b. (6)

Let n*! andn*? denote the cyclical equilibrium labor-supply decisions. The
two-period cycle correspondsiy! = ¢ (n*2?) andn*? = ¢ (n*1) and is obtained
as the solution to the following set of equations:

n*,l — n*,Z(a _ bn*,Z)’

)

n*2 = n*(a — bn*1).

The cyclical equilibrium nominal prices are denotedy* and p*2 and the rate
of return on money holdings biR*! and R*?, respectively.

The local stability of the stationary equilibria, above, under learning dynamics
can be determined by calculating the expectational-stabiitgt@bility) condi-
tions® Evans and Honkapohja (1995a) give tBestability conditions for the
nonstochastic overlapping-generations economy with fiat money with a unique
monetary steady state and two-period cycles. The optimal behavior of agents
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depends on the forecast prigg,;. In a temporary equilibrium, agents observe

pr andn, so that usingH = py.1ne41, they can equivalently try to forecast, ;.

For a givem¢, ,, temporary equilibrium then is characterizedrgy= F (ng, ;) or

— a(nte+1/nt) -1

= -
b(n§’+1/nt)

Suppose that the perceived law of motion is a steady state, i.e., is of the form

®)

n = n$+1-
Then, the actual law of motion is

Ny = F(nte+1) = n$+1(a - bn&l)' 9)

The condition for the weale-stability of the steady state is that(n*) < 1.
Becausd-'(n*) < 1, this condition is satisfied. If agents assume that they are in
the steady state and estimate the steady-state parameter as the average of the past
observed values, the learning algorithm will converge to the steady state. However,
the steady state is not stronddystable, i.e., itis not robust to overparameterization.
The condition for stronde-stability is that|F’'(n*)| < 1. BecauseéF’(n*)| > 1,
this condition is not satisfied. This implies that, if there exists a two-period cycle
and if agents’ perceived law of motion is a two-period cycle, the economy will
not converge to the steady state from some initial points péand the learning
algorithm may instead converge to the two-period cycle.

The condition for the wealE-stability of the two-period cycle is thd’ (n*?)
F'(n*Y) < 1. Because this condition is satisfied, the two-period cycle is weakly
E-stable. The learning algorithm that estimates the odd-period valog, pfas
the average of past labor-supply values in odd periods, and the even-period value
of n¢,, as the average of past labor-supply values in even periods, converges
to the two-period cycle. The two-period cycle of this model is also robust to
overparameterization, i.e., itis strondtystable. The rational two-cycle is strongly
E-stable if it is stable when regarded asra@cle for anyn. The condition for
strongE-stability is that|F’(n*2)F’'(n*Y)| < 1. This result is interesting in light
of the result obtained with the application of the genetic algorithm:Htstability
selection criterion correctly predicts the outcome of genetic-algorithm adaptation
in this model. It also raises the question of whether the link betvestability
and stability under genetic-algorithm learning holds more generally.

3. DESCRIPTION OF GENETIC ALGORITHM

At each integer pointintime> 1, there are two populations of binary strings: one
being the new population of generatigtthe young; the other being the population
of generationt — 1, the old. A population of generatidnconsists ofN binary
strings that represent decision rulesdfagents of generationh In each time

https://doi.org/10.1017/51365100598006014 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100598006014

STABILITY OF EQUILIBRIA 5

periodt, only theyoungstrings, members of generatibrtake action that affects
the market outcomes. At the same time, the market outcomes of these actions affect
the payoffs received by thad, the strings of generatian— 1.

A binary stringi, i € [1, N], of lengthl encodes a labor-supply decision that
an agent makes when young. Decoding of a binary string is performed in the
following way:

|
Xio=y a2, (10)
k=1

whereai'ft is the value (0, 1) taken at theth position in thed th string. The integer
Xi.t Is normalized to obtain a real value of the labor supply n;; € [0, 1]. Thus,

it =Xi1/K, (11

whereK = 230 — 1. The range of values of labor supply is between 0 (if all bits of
a binary string are equal to zero) and 1 (if all bits of a binary string are equal to 1).

The aggregate savingstats, are equal to the aggregate supply of output and
are determined by adding individual amounts of output produced:

N
S = Z Nit. (12
i=1

The nominal price levep; then is given by

pe=H/S. (13

Using the nominal price level, the money balances that ageatries over to
periodt + 1 are computed as

Mit = PeNit- (14

At time periodt + 1, the consumption by agenof generatiort is determined
by
Cit+1 = Mit/Prs1. (15
At the end of time period + 1, the utilities of members of generatidonare
calculated. They depend on individual labor-supply decisions and on the nominal
prices att andt + 1. These utilities, in turn, determine the fithess values of the
respective decision rules. The fitness of a decision rule represented by a binary
stringi of generatiort, u;, is given by the value of agens utility at the end of
periodt + 1:6
it = aG 41 — b1 — Nit. (16)
Decision rules are updated using four operators: reproduction, crossover, muta-
tion, and election.

Reproductiormakes copies of individual strings. It promotes well-performing
strings over time. The strings that have high fithess values relative to those of their
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peers obtain more copies over time and take larger fractions of the population.
Reproduction is implemented throughtournamentsEach tournament is per-
formed in the following way: A pair of binary strings is selected randomly with
replacement. The fitness values of two strings are compared and the one with the
higher fithess value is chosen. In case of a tie, a string is chosen randomly. The
chosen string contributes a copy to timatingpool. These steps are repeatéd
times, andN copies of strings enter into a mating pool to undergo application of
other genetic operators.

Crossoveroperates on members of the mating pool. First, a pair of strings is
selected randomly. Second, an integer nunkbgselected from [1I — 1], again at
random. Two new strings are formed by swapping the set of values to the right of
the positiork. An example that illustrates how crossover is implemented is given
below. Suppose that the two decision rules that are randomly paired are given by
the following binary strings:

00001101101111010100110100011110
11111110000010100011110001110000

Suppose thdt = 10 is chosen randomly from the interval [+ 1], wherel = 30.
Next, two binary strings are divided into two parts with the dividing point to the
right of bit position 10:

00001101101 111010100110100011110
11111110000 010100011110001110000

The two parts to the right of position 10 then are swapped, and the resulting two
strings are

00001101101010100011110001110000
11111110000111010100110100011110

The total number of pairs that are selectedNiy2 (whereN is an even integer).
Crossover takes place on each pair with the probalylityss

Mutation randomly alters the value of a position within a string to the other
value taken by the binary alphabet:® 1, 1 — 0. The probability of mutation,
Pmut: IS independent and identical across the positions.

The implementation of the mutation operator is combined with the implemen-
tation of the crossover operator in the following way: Each pair of strings selected
from the mating pool for crossover is recorded as a pair of parents of two new
offspring. If crossover occurs, the strings are recombined. The mutation operator
is applied to bits of the two strings that resulted from the crossover exchange. Once
the application of the mutation operator is completed, two strings are recorded as
two new offspring. If crossover does not occur, the bits of the two parent strings
are exposed to mutation. The resulting strings are recorded as two new offspring
of a given pair of parents.

Election[Arifovic (1994)] tests newly generated offspring before they can enter
into a population of generatidrt- 2. A binary string, i € [1--- N], that belongs
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to a new offspring is decoded into a real number that represents offsprag
labor-supply decisiom); ;. Based on this decision and on the rate of return between
periods andt + 1, a second-period consumption value for offsprirgcomputed.
Labor supply and second-period consumption then are used to compute offspring
i's potentialfitness valueuft 43

Electionis appliedinthe following way. Two offspring and two parents (recorded
at the crossover and mutation stages of the genetic-algorithm application) are
ranked, from the highest to the lowest, on the basis of their fithess values. Potential
fitness values of the offspring and actual fithess values of the parents then are
compared. The two strings that have the first and the second rank are chosen and
placed into the population of a new generation. In case of a tie between a parent
and an offspring, an offspring is placed into the population.

A population of decision rules of agents of generatisgenerated in the follow-
ing way: First, the application of the reproduction operator to the members of gen-
erationt — 2 yields a population ol copies. Then, the crossover and mutation op-
erators are applied to generate new decision rules to be tried. Finally, new offspring
decision rules are subjected to the election operator test. Offspring decision rules
that pass the test, together with parents that are more fit than their offspring, form
a new population of decision rules of agents of generdtidie values of; ¢ for
i € [1, N]are computed. The savings of generatidhen are used to compute the
nominal price level at. This price and individual labor supply determine individ-
ual holdings of money balances that are carried over to p¢reotl. The nominal
price p; and individual money holdings of the members of generatierl then
are used to compute individual second-period consumption vatués, of the
members of generation— 1. At the end, the utilities of members of generation
t — 1 are determined. The population of generatignl is generated through the
application of the genetic-algorithm operators to the members of generatitin

4. SIMULATIONS AND ANALYSIS OF DYNAMICS

To examine the behavior of the genetic algorithm in this environment, three types of
simulations were conducted: randomly initialized simulations, simulations initial-
izedinthe neighborhood of the steady-state equilibrium, and simulations initialized
in the neighborhood of the two-period cycle. Five different sets of parameter values
a andb were used for each type of initialization. These values are given in Table 1,
which also contains the values of labor supply, nominal prices, and rates of return
in the stationary equilibria for these parameter values. Per-capita money supply
was equal to 10 in all simulations.

The parameters of the genetic algorithm were set using the recommended values
found in the artificial-intelligence literature. The population dkzevas set equal
to 30, which usually is taken as the minimum number of strings required for
effective search. The length of a binary strihgwhich determines the fineness
of the search grid, was set to 30 bits. The probability of crossqugyss was
set equal to 0.6, and the probability of mutatign,,;, was set equal to 0.033.
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TasLe 1. Parameter values and stationary equilibrium values of labor supply,
nominal price levels, and rates of return

Set a b n p* R* n*,l p*.l R*.l n*,2 p*,2 R*,Z

1 32 32 069 1454 1 080 1251 0.64 051 19.49 1.56
2 325 325 069 1444 1 0812 1231 0.61 050 20.19 1.64
3 33 33 070 1435 1 082 1214 058 048 20.86 1.72
4 335 335 070 1425 1 083 1425 056 0.46 215 1.79
5 34 34 071 1417 1 084 1187 054 045 2212 1.86
2
184
1.6 “i” It

rate of return
N

It

0.6

0.4 T T T T
0 50 100 150 200 250

period

Ficure 1. Rate of return in randomly initialized simulatioa:= b = 3.2.

These values are those that are recommended by Back (1996) and Michalewicz
(1996). Every combination of the overlapping-generations parameter values and
the genetic operator values was simulated using multiple runs with different seed
values for the random-number generator to ensure the robustness of the results to
different pseudo-random-number sequences.

A total of 75 simulations was conducted (3 types of initializatiorb sets of
parameter values 5 random-number seed values). All simulations converged
to the two-period cycle. The convergence implies identical decision rules within
each of the two populations. The rules of one population all take the waltie
and the rules of the other population all take the vaitié. The rate of return in
a simulation that was randomly initialized with the first set of parameter values is
presented in Figure 1. After relatively large initial fluctuations, the rate of return
settles into the pattern of the two-period cycle around generatiori 200.
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TasLE 2.Evaluation and updating of two genetic-
algorithm populations

Population (pop)

t= Young Old Updating Evaluation
1 1 2 — —
2 2 1 — 1
3 1 2 1 2
4 2 1 2 1

In describing the events that take place during the genetic-algorithm adaptation,
one of the two genetic-algorithm populations is denoted as pop 1, the average labor
supply of its members bg?, the rate of return relevant for evaluating the fitness
values of its decision rules big!, and the labor supply that is optimal (givé)
by fil. Rules that are members of this populationeraluatedat the end of every
evenperiod and they arapdatedat the beginning of evergdd period. The other
population is denoted as pop 2, the average labor supply of its membefsthg
rate of return relevant for evaluating the fitness of its rulesRByand the labor
supply that is optimal (giveiR?) by A2. Members of pop 2 arevaluatedat the
end of everyodd period andupdatedat the beginning of evergvenperiod. The
pattern of evaluation and updating for the two populations in the first six periods
of the simulation is given in Table 2.

Thus, R! denotes the rate of return on money holdings betweandt + 1,
where superscript, j € [1, 2], denotes the population that receives this rate of
return on the money holdings of its memberg; | € [1, 2], denotes the average
labor supply of young agents of pgpat timet; andf{, j € [1, 2], denotes the
optimal labor supply dt, given the rate of retur® . (Note that this is the ex post
optimal labor supply that is determined oregis calculated.)

The analysis of the genetic-algorithm adaptation begins with a consideration
of the main elements that affect the evolutionary dynamics. It continues with a
detailed description of the events that take place in two simulations, one of which
was initialized in the neighborhood of the steady-state equilibrium and the other one
that was initialized in the neighborhood of the two-period cycle. The examination
of the observed patterns of behavior suggests that the dynamics are defined by
the impact of the wealth and intertemporal substitution effects on the evolution of
decision rules. The analysis presented in the following section concludes that the
steady-state equilibrium is unstable under genetic-algorithm adaptation, whereas
the two-period cycle is globally stable.

The main elements that define the dynamics of the evolutionary adaptation are
the difference between the average actual labor supply and the optimal labor supply,
the impact of the wealth effect, and the impact of the substitution effect.

A fitness value of a ruley ; # @{, j = 1,2 k € [1, N], which is evaluated
at the end ot + 1 at R/, will be lower than the fitness value associated with
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f!. The difference between the average actual labor sypglyand the optimal
labor supply A{, |n{ — A{|, determines the upper bound on the amount of average
change that may take place among the population decision rules.

The larger the difference, the larger the change that takes place. The election
operator accepts an average newly generated offspring rule that takes the value
between the population-average labor supply and the labor supply that would have
been optimal given the rate of returnfif < n{, 0!, < n{. The election operator
accepts an average new offspring such that

wheren{ " is an average parentrule of generatipandn/.5, is an average offspring
rule that will be accepted as a member of generatigr2. On the other hand, if

A > n{, thenn/,, > n{. The election operator accepts an average new offspring
such that

AP ni-0 Al
nge™ <N, < Ng.

Given thath‘ = nt+1/nt,| J =12/ # |, changes in both} andnt affect
the level ofR(‘ Increases im; have negative effect oRt’ and increases |nt
have positive effect. Thus, i, is increasing anc'fJ is decreasngtJ is increasing
andR! is decreasing and vice versa. If b(ﬂ'mndﬁtJ are increasing or decreasing,
the direction in whichR! moves depends on the magnitude of relative changes in
ni andn{. For example, if there are increases (or decreases) inhofrandn{,
then

RI4 if AR, > AR,
Rl if ARl < AR,

whereAn!,; = (N 5 — nt)/nt+1 andAR] = (A}, — ni)/m.

Inturn, changes |thJ affecti{ and, consequentli as well. The way in which
A} is affected depends on whether the wealth or the substitution effect dominates.
Let R° be the value of the rate of return that separates the regions of dominance
of the wealth effect and of the substitution effect. Rjr> RP, the wealth effect
dominates the substitutio_n effect, and a decread®/ inesults in an increase in
the optimal labor supplyi{. On the other hand, foR! < R, the substitution
effect dommates the wealth effect and a decreaﬁ |results ina decrease .
Increases i/ are followed by i increases mf o f nl < fAl. Decreases in! are
followed by decreases mf+2 if n{ > A{. To illustrate the difference in the impact
of the wealth and substitution effect, Table 3 shows what happens to the optimal
labor supplies, average labor supplies, and rates of return of both pop 1 and pop 2
as a result of a decreaseRy.

Two simulations that are described below were conducted using the first set of
the parameter valuea,= b = 3.2. Given the utility function and the parameter
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TasLE 3. Effects of changes in rate of return

A. Decrease in Rin region where wealth effect dominates
(ﬁtl >ni, M2 < rTf)
JRE=t A >t 0, = LRy,
N1 Rt2+1 - ﬁ12+1 - ﬁt2+3 - Rt1+2
B. Decrease in Rin region where substitution effect dominates
(ﬁtl < nt, A2 > r_lf)
VR =i~ g,z > 1 R,
N R R, > e, >t R,

T N A rriewt

N o
05 optmal cbor supply S\ BT SUPEY

average labor supply
o
(82}
o]
L.

O Bk

1 I I I 1 I I I 1
1 51 101 151 201 251 301 351 401 451 501
time period

Ficure 2. Average and optimal labor supply of pop 1 in simulation initialized in the neigh-
borhood of the steady state= b = 3.2.

values used in these simulations, the wealth effect dominates the substitution effect
for R} > R = 0.625 j = 1, 2. Both stationary equilibria are in the region where
the wealth effect dominates the substitution effect.

4.1. Simulation 1

The first simulation was initialized in the neighborhood of the steady-state equi-
librium and it lasted for 500 periods. The behavior of labor supply and rates of
return is given in Figures 2-%t! in Figure 2,R! in Figure 3,n? in Figure 4, and

R? in Figure 5. Becaus®! and R? never fall belowR® during the simulation,

the wealth effect dominates the substitution effect for the entire duration of the
simulation. At the beginning of simulation, two populations of binary strings are
generated. Every member of pop 1 decodes to the value of 0.6 and every member
of pop 2 decodes to the steady-state value of 0.6875.
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rate of return

T 1 T T T T T T
0 50 100 150 200 250 300 350 400 450 500
time period

Ficure 3. Rate of return of pop 1 in simulation initialized in the neighborhood of the steady
statea=b = 3.2.

optimal labor supply
0.76--"--mremmmmmmmneee- i ettt
average labor supply

labor supply

T T T T T T T T ]
0 50 100 150 200 250 300 350 400 450 500
time period

Ficure 4. Average and optimal labor supply of pop 2 in simulation initialized in the neigh-
borhood of the steady state= b = 3.2.

The rules of pop 1 evolve from the value of 0.6 to one of the values of the
two-period cycle,n*? = 0.513. The following events take place during their
adjustment: Between= 3 andt = 28, it > n{. This results in the increases in
nt during this period. These increasesinhave negative effect oR! which, as
aresult, is decreasing during this period. Note that the levB'aflso is affected
by changes im2. Betweent = 2 andt = 17, n? is not changing and thus has no
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rate of return

] I I ] I I ) ]
1 51 101 151 201 251 301 351 401 451 501
time period

Ficure 5. Rate of return of pop 2 in simulation initialized in the neighborhood of the steady
statea=b = 3.2.

effect onR!. Aftert = 17, n? starts increasing. However, the positive effects of
these increases dR! are outweighed by the negative effects of increaseg.in

At t = 28, the positive effect afiZ outweighs the negative effect of and R!
increases. In response to this chanfedrops down and, aftér= 28, becomes
lower thann!. As a result,n} starts decreasing. Further, decreasestifave
positive impact orR?, which starts increasing. (During this period is increasing
and these increases also contribute to the increas®s)iRising R} in turn lowers
Al andni further. This process is uninterrupted until the convergence to the values
of the two-period cyclen! = n*2? andR! = R*2, which occurs at = 499.

At the same time, rules of pop 2 are evolving toward the other of the two sets of
values of the two-period cyclical equilibrium®* = 0.7995. Between = 3 and
t = 17, 2 > n2. During this period, no change iif occurs. Changes iR? take
place as a result of the changesijn Because! is increasing during this period,

R? also is increasing. In additioi? is decreasing in response to increaseRin
Att = 18, n? starts increasing towafif, which remains higher tharf. Increases
in 1 continue untik = 27. Between = 18 andt = 27, n? andR? are increasing.
This happens becausgalso is increasing during this period. Increases'ihave
positive impact onR? and outweigh the negative impact of the increases?in
during this period.

After t = 27, asn! starts decreasing®? decreases as well. In respongég,
increases. Becaus¥ > nZ, nZ increases. In turnR? decreases further. This
process continues until the end of simulation. During this pefpds increasing
and thus it also has negative effect®f Finally, R? reaches the value &*! and
n? the value ofn*! att = 500.

After the short initial stage during whigf} is increasing and? is not changing,
the second stage of adjustment begins in which the wealth effect determines the
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Ficure 6. Average and optimal labor supply of pop 1 in simulation initialized in the neigh-
borhood of the two-period cyclec= b = 3.2.

dynamics of the simulation. During this stag¢ andn{ are decreasing, ari/! is
increasing. At the same timé? andn? are increasing, anB? is decreasing. The
two populations of rules move away from the steady-state equilibrium over time
and converge to the values of the two-period cycle.

It is worth pointing out that the dynamics do not change if a simulation is
initialized closer to the equilibrium. For example, a distance from the monetary
steady-state equilibrium will be much shorter if only one rule of pop 1 differs from
n* while the rest ofN — 1 members of pop 1 decoderd. (Members of pop 2 all
decode to*.) A simulation initialized in this way would take longer to move away
from the steady-state equilibrium, but there would be no qualitative difference in
the behavior of the genetic algorithm.

4.2. Simulation 2

The second simulation was initialized in the neighborhood of the two-period cycle.
It lasted for 250 periods. The behavior of labor supplies and rates of return is given
in Figures 6-9n{ in Figure 6,R! in Figure 7,n? in Figure 8, andR? in Figure 9.
At the beginning of simulation, rules of pop 1 decode to the value of 0.9. Rules
of pop 2 decode to the lower of the 2 two-period-cycle values of labor supply,
n2 = n*? = 0.513.

Atthe end oft = 2, R} = 0.56. Becausd} is belowR® = 0.625, the rules of
pop 1 are in the region of dominance of the substitution effect. Betiveef and
t = 25, n! is decreasing becauéé < n!. Decreases in! have positive effect on
RY, but they are outweighed by the negative effects of the decreasgthiat take
place during this time. Thus}! also is decreasing. Because the rules are in the
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rate of return
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Ficure 7. Rate of return of pop 1 in simulation initialized in the neighborhood of the
two-period cyclea = b = 3.2.
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Ficure 8. Average and optimal labor supply of pop 2 in simulation initialized in the neigh-
borhood of the two-period cyclec= b = 3.2.

region where the substitution effect dominates, decreasR§tiesult in decreases
in Al. Decreases if! cause further decreasesih

Att = 26, the effect ofil on R! outweighs the effect afi? and R! increases
for the first time. Because this is still the area of dominance of the substitution
effect,il increases in response to this increasRlinHowever, becausg is larger
thanfl, n! continues to decrease. This, in turn, has a positive impa&land a
negative impact ofiR?.
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rate of return
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Ficure 9. Rate of return of pop 2 in simulation initialized at the two-period cyale; b =
3.2.

At t = 108 R! takes the value greater th&? and pop 1 enters the region of
dominance of the wealth effect. At this point, bothandi are greater than**.

The rate of returnR?, continues to increase. Now that the wealth effect dominates,
these changes result in decreasedliand subsequent decreasesinincreases

in n? and decreases int during this period both have positive effects &h.
Increases iR?! trigger further decreasesii} andn!. This process continues until

ni and R! reach the values of the two-period cyafé;! and R*1, att = 249.

In the meantime, the following dynamics take place in pop 2, which is in the
region of dominance of the wealth effect during the entire simulation. Between
t = 3andt = 28, A2 < n2. This results in successive decreases?inDecreases
in n? bring about increases iR? which lead to further decreasesiig andn?.
Decreases im{ that take place at the same time have negative effe®pmut
this effect is outweighed by the positive effect of the decreasa.in

Att = 29, the negative effect o exceeds the positive effectiaf and it lowers
R2. This also results in? < A2. From this point onR? is decreasing, andf and
n? are increasing steadily until the end of the simulation. (During the periods of
the increases in}, their positive impact ofR? is outweighed by a negative impact
of decreases in?.) The decision rules of pop 2 convergente? att = 250.

In this simulation, both the wealth and the substitution effect exert influence on
the dynamics of the simulation. Whereas pop 2, which stamtstays in the
area of dominance of the wealth effect, pop 1, which starts with labor-supply values
greater tham**, passes through regions of both the wealth- and the substitution-
effect dominance. It starts in the region of the wealth-effect dominance, which
drives the average labor supply further up and its rate of return further down. This
continues until the population enters the region of dominance of the substitution ef-
fectwhenthe process of further increases in the average labor supply and decreases
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in the rate of return is halted. The dynamics bring the population back to the region
of dominance of the wealth effect. The population now experiences decreases in
the average labor supply and increases in its rate of return as it approeches
from below.

5. CONVERGENCE AND STABILITY RESULTS

If the genetic algorithm converges, it converges to a stationary equilibrium.point
Levels of labor supply different from the stationary equilibrium values result in
rates of return that imply levels of optimal labor supply different from the actual
ones. As long as there is a difference between actual and optimal levels of labor
supply, the average labor supply will continue to change. For example, suppose
that all members of pop 1 decode to 0.4, and all the members of pop 2 decode
to 0.9. The populations will not remain at these points for the following reason:
These values of labor supply resultR} = 2.25 andR? = 0.44, but, at these rates

of return,A! = 0.38 andn? = 0.66. Becaus@; # Nl andn? # A2, the election
operator will accept new offspring with the level of labor supply closer to the
optimal level. Acceptance of new, different rules will result in changes in the rates
of return, which induce further changes in the values of the optimal and average
labor supplies. The only points for whiet} , = n{ = fi{ for all k € [1, N] are

the stationary equilibrium points®, the steady state, and the two-period cycle.

If there is nonj,; # n® such thatu;(n};, R®) = u(n®, R%), i.e., the fitness value

of nﬂ(_t equals the fitness value of, no new offspring that decodes to the values
different fromn® will be accepted into the population. As a result, there will be
no further changes in the populations of decision rules and they will remain at the
stationary equilibrium points.

Suppose that the genetic algorithm is in the two-period cycle in a simulation
with a = b = 3.2. Rules of pop 1 decode 10! = 0.7995. Rules of pop 2
decode ta1*2 = 0.5130. These values of labor supply result in the rates of return
R! = R*! = 0.642 andR? = R*? = 1.558. In turn, the optimal labor supplies
for these two rates of return afg = 0.7995 and? = 0.5130. Because these
optimal values are equal to the actual levels of labor supply, no new offspring that
decode to values different from the stationary equilibrium ones will be accepted.

Thus the algorithm will not converge to the values that are not stationary equilib-
rium values. Thestability of stationary equilibria under genetic-algorithm adapta-
tion will determine a stationary equilibrium thatsslectedThe genetic algorithm
always converges to the two-period cycle because it is globally stable under the
genetic-algorithm adaptation. It diverges away from the steady-state equilibrium
because it is unstable under genetic-algorithm adaptation.

Thestability of a stationary equilibriumnder genetic-algorithm adaptation can
be examined in a way similar to the analysis of the equilibrium stability used in
the evolutionary game theory. Such analysis consists of examining what happens
when there is am departure from the stationary-equilibrium value. A rule that
deviates from the stationary value by the amauistinserted into a population of
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rules that decode to the stationary-equilibrium values. The stationary equilibrium
is stableunder genetic-algorithm adaptation if the algorithm converges back to the
equilibrium after initial adjustment. On the other hand, the stationary equilibrium
isunstabléf the insertion of a deviating rule results in the divergence of the genetic
algorithm away from the stationary equilibrium.

The steady-state equilibriuns unstableunder genetic-algorithm adaptation.
Suppose that at= T, the decision rules of both populations decode to the steady-
state values of labor supply. At-T, a rulenﬁyt is inserted into pop 1, such that
Ing; — n*| = € > 0. Suppose thati, > n*. Then,R! < R*, andf! increases. In
response to an increase fih, n{ increases. At the same tim&? > R* and i?
decreases. In response to a decreas#,in? decreases. This results in further
decrease iR} and increase ilR?. Because botR! andR? are in the region where
the wealth-effect dominates, the process that is initiated in response to this differ-
ence in the rates of return takes the two populations away from the steady-state
equilibrium. If the initial populations start further away from the steady-state equi-
librium, the wealth effect will prevent them from getting into the neighborhood of
the steady-state equilibrium and converging to it.

The two-period cycleis stableunder genetic-algorithm adaptation. Suppose,
that att = T, the decision rules of pop 1 and pop 2 decode to the values of labor
supply in the two-period cycle. In particular, members of pop 1 decodetand
members of pop 2 decodent?, with rates of returrR** and R*2. Suppose that,
attimet,t > T, aruleng is inserted into pop 1, such thai} , — n*!| = ¢ > 0.

The remainingN — 1 rules decode to*1. Suppose that,; > n*! and thatR**
is in the region where the wealth effect dominates. The adjustment of the genetic
algorithm that takes place is described in steps 1-4.

1. Atthe start, the deviating rule will have a negative effecR3rand a positive effect
on R%. Decreases iR} are accompanied by increasegifrandn?. At the same time,
increases irR? are accompanied by decreasegimndn?. OnceR! reachesR?, pop
1 enters into the region of dominance of the substitution effectfdrahdn} start
decreasing in response to further decreasé® in

2. Because both! andn? are decreasing, changesifhave to be larger than changes
in n&, R2, andn? in order to sustain an increasing sequenc&dfnd a decreasing
sequence oR!. Because the rate of decreas@pfs greater than the rate of decrease
of A2, the difference betweanf andf? gets smaller and, over time, there is less room
for further changes im2. At the same time, becaus® is decreasing, the rates of
decrease oR! andfl are greater than the rate of decreasajofand the difference
betweem! andn} is increasing.
Once a change in? is not sufficient to sustain a sequence of riskfes, there will be
a reversal in the movements of the rates of return which begins by an incre@se in
and a decrease R?. If this increase irR! is large enoughR? will passR®, and pop 1
will be back in the region of dominance of the wealth effect. In this case, a change
(increase) inR! will result in a reduction ofi! and, subsequently, of . Once again,
both populations are under dominance of the wealth effect. In this case, the dynamics
proceed to step 4.
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3. Ifthe increase is not large enoud®}, will remain lower thanR?, and pop 1 will stay
in the region of dominance of the substitution effect. An incread®tiwill bring an
increase im?. At this point,n! > Al andni continues decreasing. AR decreases,
f? increases and? increases in response to the difference betwgeandn?2. As R!
continues increasing, it will reach tiR® level and pop 1 will be in the wealth-effect
region agair?.

4. OnceR® is passedi} starts decreasing with further increasesfh This change in
direction is accompanied by decreaseg(inAt the same timeR? is decreasing and
nZ is increasing. These dynamics, driven by the wealth effect, continue until pop 1
converges to*! and pop 2 converges to"2.

There are three other possible ways of introducing deviating rules into the pop-
ulations of rules that decode to the two-period-cycle values of labor supply: to
insertn} , < n*%; to insertnz, < n*% and to insern, > n*2. The dynamics
of adjustment under these three scenarios are not discussed. It suffices to point
out that they would be entirely driven by the wealth effect, which would bring the
populations back to the values of the two-period cycle.

Finally, two studies that apply the genetic-algorithm adaptation in models with
cyclical equilibria are worth commenting on. Dawid (1996) conducts genetic-
algorithm simulations in a pure-endowment overlapping-generations model with
constant money supply in which two-period cycles exist. Binary strings encode
agents’ forecast of next period’s return on their savings. The simulations converged
to the two-period cycle. However, Dawid’s study does not analyze the stability
properties of stationary equilibria under genetic-algorithm adaptation and does
not examine the dynamics of evolution that result in the convergence to the two-
period cycle.

Bullard and Duffy (1996) study the genetic algorithm in the overlapping-genera-
tions economies in which perfect-foresight cycles of high order exist. In their
genetic-algorithm implementation, agerforecasts the next period’s price by us-
ing the following rule:pf,,; = pi_x -1 Wherepf,,, is agenti's forecast of the
nominal pricep;..; andk; is an integer encoded by agéistbinary string. Different
values ofk; are consistent with perfect-foresight cycles of different order. Every
value ofk; is also consistent with learning steady states. The genetic-algorithm
adaptation resulted in the convergence to cycles of low order. The convergence
to higher-order cycles was not observed. Even though these results indicate that
equilibria in this class of models may have different stability properties under
genetic-algorithm adaptation than under algorithms that have been examined pre-
viously, this finding leaves open the question why the genetic algorithm exhibits
this type of dynamics.

6. CONCLUDING REMARKS

The model analyzed in this paper illustrates the way in which the genetic algorithm
can be used for the analysis of the global stability of equilibria in environments
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characterized by the multiplicity of equilibria. The results of simulations and the
subsequent analysis of the dynamics of genetic-algorithm adjustment show that
the steady-state equilibrium is unstable under the genetic-algorithm adaptation
and that the two-period cycle is globally stable. This implies that, regardless of the
initial values, the algorithm will converge to the two-period cycle. The analysis
shows that the dynamics of the genetic-algorithm adjustment are driven by the
wealth and substitution effects.

In the case in which the genetic-algorithm populations start in the neighborhood
of the steady-state equilibrium, the wealth effect will drive the population of deci-
sion rules away from the steady state. One of the populations steadily increases its
labor supply in response to decreases in rates of return on money holdings. These
increases result in further decreases of their rates of return and lead to increases
in the rates of return on money holdings of the other population. As a result, the
other population steadily decreases its labor supply, which in turn has a positive
effect on its own rate of return and a negative effect on the rate of return of the first
population. Such dynamics result in convergence to the two-period-cycle values
of the labor supply.

When the populations start in the neighborhood of the two-period cycle, the
wealth effect can, in the first stage, drive the population that starts in the neigh-
borhood of the higher value of labor supply further away from the equilibrium
value. In the process, this population will increase its average labor supply, thus
decreasing its rate of return until it reaches the region where the substitution effect
dominates. In this region, further increases in the average labor supply, in response
to the decreases in the rate of return, are prevented by the substitution effect. In
the second stage, the dynamics bring the population back to the region of domi-
nance of the wealth effect where the average labor supply decreases and the rate of
return increases as the population converges to the value of the two-period cycle.
While the first population goes through the above changes, the other population
that initially decodes to the lower value of labor supply also will move away from
the equilibrium value. In the first stage, its average labor supply will decrease and
its rate of return will increase. This movement is reversed in the second stage. The
average labor supply will start increasing and the rate of return will start falling as
the population returns to the equilibrium value.

NOTES

1. The genetic algorithm was developed by Holland (1975) as a stochastic search algorithm.

2. The exceptions are Arifovic (1996) and Arifovic et al. (1997).

3. Global stability is the property of an equilibrium to which the genetic algorithm converges
regardless of the initial conditions.

4. The utility function has been considered by Benhabib and Day (1982).

5. These stability conditions are calculated for the parameter values considered in the paper.

6. If abinary string decodes to the value of labor supply equal to 0, the fitness value of such a string
is setto 0.

7. Note that this result does not depend on the particular way in which reproduction is implemented
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in this version of the genetic algorithm. Bullard and Duffy (1994) useising procedure to create

a pool of copies of binary strings. The entire genetic stock—in this case, both genetic-algorithm

populations—is used to create newborns. Bullard and Duffy note that this method substantially reduces

the potential of the system to cycle near the steady state. Simulations conducted with mixing did not

result in the convergence of the algorithm to the steady state. Instead, they exhibited cyclical behavior.
8. If the direction of theR? movement is reversed before it reacti®s andR! starts decreasing,

the dynamics go back to step 2 and eventually get to step 3. This sequence will be repeated until the

dynamics do reach step 4.
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