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Abstract. We study Smale skew product endomorphisms (introduced in Mihailescu and
Urbariski [Skew product Smale endomorphisms over countable shifts of finite type. Ergod.
Th. & Dynam. Sys. doi: 10.1017/etds.2019.31. Published online June 2019]) now
over countable graph-directed Markov systems, and we prove the exact dimensionality of
conditional measures in fibers, and then the global exact dimensionality of the equilibrium
measure itself. Our results apply to large classes of systems and have many applications.
They apply, for instance, to natural extensions of graph-directed Markov systems. Another
application is to skew products over parabolic systems. We also give applications in
ergodic number theory, for example to the continued fraction expansion, and the backward
fraction expansion. In the end we obtain a general formula for the Hausdorff (and
pointwise) dimension of equilibrium measures with respect to the induced maps of natural
extensions Tg of B-maps Tg, for arbitrary g > 1.
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1. Introduction
In this paper we extend our study from [30] and now define and investigate Smale skew
product endomorphisms over graph-directed Markov systems with countable alphabets.
In this case the limit set of the system may be non-compact and, due to the fact that the
alphabet is countable, the situation is different than in the finite case.

First, in §2 we recall several notions and results about Smale skew product
endomorphisms from [30], necessary in the current paper.

) CrossMark

@

https://doi.org/10.1017/etds.2020.42 Published online by Cambridge University Press


http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://dx.doi.org/10.1017/etds.2019.31
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2020.42&domain=pdf
https://doi.org/10.1017/etds.2020.42

Smale endomorphisms over graph-directed Markov systems 2509

Then, in §3 we extend the notion of Smale endomorphism to graph-directed Markov
systems (GDMSs) and prove the exact dimensionality of the conditional measures in fibers
for equilibrium states of summable Holder continuous potentials. Afterwards we show that
this implies the global exact dimensionality of the equilibrium measure itself on the skew
product. These results are contained in Theorem 3.5 and its corollaries (compare also
[22, 31]).

In §3.1 we apply our results to study skew products with conformal parabolic graph-
directed Markov systems in the base. This applies to many classes of examples, such as in
§3.2 to backward continued fractions (see for example [2]).

Next, an important application of our results is given in §4 to natural extensions of
graph-directed Markov systems, and of iterated function systems. These natural extensions
are shown to be Smale skew products in fact. We prove the exact dimensionality of
conditional measures in their fibers, and then the exact dimensionality of the global
equilibrium state.

Applications of our results are given next in §5 for generalized Liiroth systems and their
inverse limits.

Then in §6 we apply our results to equilibrium measures for inverse limits of -maps for
arbitrary 8 > 1. The natural extensions of S-maps have complicated structures if 8 > 1 is
arbitrary (see [9]). We give a general formula for the pointwise (and Hausdorff) dimension
of equilibrium measures with respect to induced maps for natural extensions of S-maps,
first for the case of golden mean B = (1 ++/5)/2 in Theorem 6.1 (and similarly for
pseudo-golden mean numbers), and then for the more difficult case of arbitrary numbers
B > 1 in Theorem 6.4.

We recall that the notion of Smale skew products and the exact dimensionality of their
equilibrium measures was used in [30], in order to extend the Doeblin-Lenstra conjecture,
about the approximation coefficients,

Pn
X — —

n

O, (x) =g}

of the continued fraction expansion of x € [0, 1) (see [8]). The original conjecture, solved
in [5], gave the distribution of ®,(x) for Lebesgue-almost every (a.e.) x €[0, 1). We
extended this in [30] for the coefficients ®,,(x) associated to numbers x from other sets
in [0, 1) which are singular with respect to Lebesgue measure, but have full equilibrium
measure. In addition, using our dimension formula, we found the frequency of visits of
®, (x) to small intervals.

2. Background on Smale skew product endomorphisms

In this section we collect some notions and results from [30], which will be used in the
following. We include them in order to make the current paper more accessible to the
reader.

2.1.  Notions from two-sided thermodynamic formalism.  Let E be a countable set and
amatrix A: E x E — {0, 1}. A finite or countable infinite tuple w of elements of E is
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called A-admissible if and only if A, = 1 for any two consecutive elements a, b of E. The
matrix A is called finitely irreducible if there is a finite set F of finite A-admissible words
so that for any two elements a, b of E there exists y € F such that the word ayb is A-
admissible. In the following, the incidence matrix A is assumed to be finitely irreducible.
Given B > 0, define the metric dg on E N s

dg((wn)g”s (tw)g) =exp(—=Bmax{n > 0: (0 <k <n) = wp =}

with the standard convention that ¢~ = 0. All metrics dg, >0, on E N are Holder
continuously equivalent and induce the product topology on EN. Let

EL = {(0n)]° : VaeN Awpwns, = 1}

E X is a closed subset of EN and we endow it with the topology and metrics dg inherited
from EN. The shiftmap o : EN — EN is defined by o ((0n)§°) = (@n+1)52)- For every
finite word w = wowy - - - wy—1, put || = n the length of w, and

[a)] = {7,' € EX :V(ijfn—l) LT =a)j}

is the cylinder generated by w. If i : EX — R is continuous, define the pressure P(y) by

1
P(y) = lim —log ) exp(sup(Sy¥lio))

|w|=n

and the limit exists, as the sequence (log ZI wl=n exp(sup(S, ¥ |[w])))neN is sub-additive.
A function v : E:{ —> R is called summable if and only if

> " exp(sup(¥]je1)) < 0.

ecE

A shift-invariant Borel probability measure @ on EX is called a Gibbs state of i if there
are constants C > 1 and P € R such that

c! < u([w]) <C @2.1)

exp(Sp¥ (t) —Pn) —

for all n > 1, all admissible words w of length n and all t € [w]. It follows from equation
(2.1) that if ¢y admits a Gibbs state, then P = P(y/).

Definition 2.1. A function g : E:{ —> C is called Holder continuous if it is Holder
continuous with respect to one, equivalently all, metrics dg. Then there exists g > 0s.t g
is Lipschitz continuous with respect to dg. The corresponding Lipschitz constant is Lg(g).

A measure realizing supremum in variational principle is called an equilibrium state for
Y. See also [41, 42] for thermodynamic formalism of equilibrium states on one-sided
countable Markov shifts E :{.

We now recall from [30] results from the thermodynamic formalism of two-sided shifts
(E 4, o) on countable alphabets. Again E is a countable set and A: E x E — {0, 1} a
finitely irreducible matrix. For 8 > 0 the metric dg on E Zis

dp((wn) >, (1)) =exp(—p max{n > 0: Viezlk| <n = wp =1})
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—00 __

with e = 0. All metrics dg, 8 > 0, on E Z induce the product topology on EZ. We set
Ey= {(wn)iooo :Vaez Aw,,w,,+1 =1}.
Holder continuity is defined similarly as before, for potentials g : E4 — C. For every
w e Ejandall —oo <m < n < 00, define w|;, = wpwp41 - - - 0, Let E7 be the set of all
A-admissible finite words. For t € E*, T = 7, Tjp41 - - - Ty, We let the cylinder from m to
n,
[r]) ={w e E4q: 0|, =1}
The family of cylinders from m to n is denoted by C}},. If m = 0, write [t] for [T]?,.
Let ¢ : E4 — R be a continuous function. The topological pressure P(y) is

o1
P(y):= lim —log > exp(sup(Sp¥lw)), 2.2)

n—-oo n

weC’g*l
and the limit exists by the same subadditivity argument. A shift-invariant Borel probability
measure p on E 4 is called a Gibbs state of i if there are constants C > 1, P € R such that
n—1
-1 < M([wlo D <cC
exp(Sp ¥ (@) — Pn)
foralln > 1, w € E4. From equation (2.3), if ¢ admits a Gibbs state, then P = P(y).
The function ¥ : E4 — R is called summable if

>~ exp(sup(¥|ie))) < 00

eckE

2.3)

In [30] we proved the following results.

LEMMA 2.2. [30] A Holder continuous v : E4 — R is summable if and only if
P(y) < oo.

THEOREM 2.3. [30] For every Holder continuous summable potential r : E4 — R there
exists a unique Gibbs state [y, on E 5, and the measure Ly, is ergodic.

THEOREM 2.4. (Variational principle for two-sided shifts [30]) Suppose that : E4 — R
is a Holder continuous summable potential. Then

sup{hMo)—}-/E Wdu:uoalz,uand/wd,u>—oo}
A

=P =huy @)+ [ vy,
Eq
and [y is the only measure at which this supremum is attained.

Equilibrium states for i are defined as before for E X.
Consider now the partition:

P ={[wlF]:0 € Ea} ={[0]:0 € E}}.

P_ is a measurable partition of E4 and two «, § € E4 are in the same set of P_ if and
only if a|g° = B|5°. If u is a Borel probability measure on Ej4, let

(I 7 € Ex}
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be a canonical system of conditional measures induced by partition P_ and measure u
(see Rokhlin [38]). Each ” is a Borel probability measure on [rlgo] and we also write
ne,we EX, for the conditional measure on [w]. The canonical projection is

m0: Ea — E:{, mo(t)=1lg°, 7t €Ea.

The system {t® : w € EX} of conditional measures is determined by the property that

/ngZ/ / gdp® d(uomy (@)
Ex Ef J[w]

for every g € L' (11) [38]. The canonical system of conditional measures of 1 is uniquely
defined up to a set of o 7y !-measure zero.

THEOREM 2.5. [30] Suppose that  : E4 — R is a Holder continuous summable
potential. Let |1 be a Borel probability shift-invariant measure on E4. Then p = py,
the unique Gibbs state for  if and only if there exists D > 1 such that for alln > 1,

-1 I (k13))] <
—exp(Su¥(p) — P(¥)n) —

for wo n(;l—a.e. w e E:{, ne-ae. twe Ep(—n, 00) with A; o, =1, and pe o™
([ro|%,D = [tolg"].

D, (2.4)

n

2.2.  Skew product Smale spaces of countable type.

Definition 2.6. [30] Let (Y, d) be a complete bounded metric space. For every o € EX let
Y, C Y be an arbitrary set and let 7,, : Y, —> Y (,,) be a continuous injective map. Define

Y= U{w}wacEZxY.

+
weE,

Define the map T : Yy — 7 by T (w, y) = (0 (w), Ty(y)). The pair (f/, T:V— f/) is
called a skew product Smale endomorphism if there exists A > 1 such that T is fiberwise
uniformly contracting, i.e. for all w € EX and all yy, y» € Y,

d(T,(2), To(y1)) <A d(y2, y1). (2.5)

For every v € E4(—n, co) the map T} = Ty o Ty 0+ -0 Tyyoe : Yp —> Yoo is
well defined. For every t € E4 define
T :=T", = 7| © T,Bo2 ool 1Yo —> Yr\g"'

T T|%,

Then (Trn(lei?,))Zio are descending, and diam(7} (Y7 )) < A "diam(Y). As (Y, d) is
complete, (1,2 T, 7 (Yzp ) is a singleton denoted by 72(t). Hence we defined the map

7’7:’22EA e Y,
and define also ## : E4 — E} x Y by

7 () = (7], 72(1)), (2.6)
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and the truncation to the elements of non-negative indices by
mo: Ea — Ef, mo(r) =1

In the notation for 7y we drop the hat symbol, as this projection is independent of the skew
producton Y. Forallw € E :{ define the 7>-projection of the cylinder [w] C E4,

Jo = (o)) €7,
and call these sets the stable Smale fibers of the system T. The global invariant set is
J=#(Es)= | {0} xJ, CE} x Y,
weEX

called the Smale space (or the fibered limit set) induced by the Smale pre-system 7.
For each t € E4 we have m(7) €7T|80; so J,CY, for every o € E:{. Since all

maps 7T, : Y, = Y5 (v) are Lipschitz continuous with Lipschitz constant 171, they extend
uniquely to Lipschitz continuous maps from Y, to VU(w). In [30] we have proved the
following.

PROPOSITION 2.7. [30] For every w € E:{ we have that T,(Jo) C Jo(w), U

Tow(Jew) =Jp,and T om =7 0 0.

e€E, Acuy=1

Then T (J) C J, so consider the system
T:J—J, T,y =), Tu()),

which we call the skew product Smale endomorphism generated by T : Yy — 7.
If Y is the closure of a bounded open set in R”, then at any point (w, y) € J, there is a
local stable manifold {w} x D(y), where D(y) is a small ball B(y,r) CY.

Definition 2.8. A measure u € M7 (J) is called an equilibrium state of the continuous
potential ¥ : ¥ — R, if [ du > —oco and hy, (T) + [, ¥ dju =Pr(¥).

Definition 2.9. The potential i : J — R is called summable if
> exp(sup(¥ el )) < 0.

ecE

Observation 2.10.  : J — R is summable if and only if ¢ o 7 : E4 — R is summable.

Definition 2.11. We call a continuous skew product Smale endomorphism 7 : Y >7?
Holder, if 7 : E4 — J is Holder continuous.

2.3. Conformal skew product Smale endomorphisms. In this subsection we keep the
setting of skew product Smale endomorphisms. As in [30], we assume more about the
spaces Y, w € EX, and the fiber maps T, : Y, — Y, (»), namely, as follows.

(a) Y, isaclosed bounded subset of R?, with some d > 1 such that Int(Y,) =Y,.
(b) Eachmap T, :Y, — Y, extendstoa C ! conformal embedding from Y} to Y :(w),
where Y is a bounded connected open subset of R? containing Y,,. The same symbol
T,, denotes this extension and we assume that the maps 7, : Y5 — Y;‘(w) satisfy the

following.
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(c) Formula (2.5) holds for all y, y» € Y5, perhaps with some smaller constant A > 1.
(d) (Bounded distortion property 1 (BDP 1)) There exist constants & > 0 and H > 0
such that for all y, z € Y5 we have that

llog|T,,(»)| — log |T;, ()|l < Hlly — zll*.

(e) The function E4 > v > log |T}(72(w))| € R is Holder continuous.

() (Open set condition) For every w € Ej{ and for all a, b € E with Ay = Apwy =1
and a # b, we have T, (Int(Y44)) N Tpe (Int(Ype)) = @.

(g) (Strong open set condition (SOSC)) There exists a measurable function § : Ej —
(0, 00) such that for every w € Ef, J,, N (Y, \ B(YS, 8(w)) # B

Any skew product Smale endomorphism satisfying conditions (a)—(g) will be called in the

following a conformal skew product Smale endomorphism.

From (c), (d), and (e), we obtain two more bounded distortion properties (BDP):
(BDP 2) Thereis H > 0,sothatforallt € E4, y, z € Yr*\ion’ n>0,

llog|(T")' (y)| — log (T ()|l < Hly — z|*.
(BDP3)Forallt € Eq,n>0,and y, z € YT*‘OO ,

L _ 1@
STl -

K

2.4. General skew products over countable-to-1 endomorphisms. We now recall
some notions and results on general skew products over countable-to-1 endomorphisms
from [30], which will be used in the following. For dynamics and thermodynamic
formalism for various types of endomorphisms, one can see [1, 6, 22-24, 26, 29, 33, 39],
etc. In [22] a result was proved about the exact dimensionality of measures on stable
manifolds for hyperbolic endomorphisms. In [30] we proved a result about skew products
whose base transformations are modeled by one-sided shifts on a countable alphabet.
Assume we have a skew product:

F:XxY—XxY,
where X and Y are complete bounded metric spaces, ¥ C R for some d > 1, and

F(x,y)=(f(x), g(x, y)),

where the map Y > y — g(x, y) is injective and continuous for every x € X. Denote the
map ¥ 3 y —> g(x, y) also by gy (y). Assume that

f:X—X

is at most countable-to-1, with dynamics modeled by a one-sided Markov shift on a
countable alphabet E with matrix A finitely irreducible, i.e. there is a surjective Holder
continuous

p: EX — X

called coding, so that p o 0 = f o p. Assume conditions (a)—(g) from §2.3 are satisfied for

Tw:Yw_>Yor(w)a T, = 8p(w);
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for all w € E:{. Then as in [30] we call F: X x Y — X x Y a generalized conformal
skew product Smale endomorphism.
Given the skew product F as before, we form a skew product endomorphism by defining
for every w € ET, the fiber map F,, : Y — Y,
Fo(y) :=g(p(@), y).
The system ()A’, F ) is called the symbolic lift of F. If Y= E;‘L x Y, we obtain a conformal
skew product Smale endomorphism F : Y — Y given by

F(w, y) = (0(@), Fu()). 2.7)

As in §2.2, we study the fibers J,, o € E:{ and the sets Jy, x € X. From definition,
J» = 2 ([w]) is the set of points of type

ﬂ ﬁr_]w o I:}_zf_]a) o---0 I:ﬂLn...T_lw(Y).

n>1

By n-prehistory of x with respect to (f, X) we understand any finite set of points in X
(-x7 x—lv x—2a AR x—n) € Xn+la

where f(x_1)=x, f(x_2)=x_1, ..., f(x_p) =x_p41. Call a prehistory of x with
respect to (f, X), any infinite sequence of consecutive preimages in X, ie. X =
(x, x—1, x—32,...), where f(x_;) =x_ ,+1,i>—l

The space of prehistories is denoted by X and is called the natural extension (or inverse
limit) of (f, X). It projects onto X by 7 () =x, x € X. There is a bijection f X - X,

FE =(FG), x, x1, ...

The terms inverse limit and natural extension are both used in the following, without
having necessarily an invariant measure on X. On X we take the canonical metric,
which induces the topology equivalent to the one inherited from the product topology
on XN, Then f is a homeomorphism. For more on dynamics of endomorphisms and
inverse limits, one can see for example [9, 11, 22-27, 29, 39]. In the above notation,
f(p(r-1w)) = p(w) = x, and for all the prehistories of x, X = (x, x_1, x_3,...) € X,
consider the set J, of points of type

ﬂ 8x 108,008, (¥).

n>1

If 7 = (no, n1,...) is another sequence in E;{ with p(7) = x, then for any n_; with
n_in € EX, we have p(n_17) = x’_1 where x’_1 is a 1-preimage (i.e. preimage of order 1)
of x. Thus,

L= U o (2.8)

weEX,p(w):x

We denote the fibered limit sets for 7 and F by
J=|J i) xJoCEfxY and J(X):=|J@x}x L, cXxY. (2.9)

weE} xeX
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So I:"(J) =J and F(J(X)) = J(X). The Holder continuous projection is

ps:J — J(X), pilo,y)=(p),y),

and we obtain F o pj = pj o ﬁ.lnthefollowing,ﬁz cEp— Yand7 i Ey — E;{ xY
are the maps defined in §2.2 and

7 (7) = (zlg°, #2(7)).
Now, we want to know if enough points x € X have unique coding sequences in EX.

Definition 2.12. [30] Let F : X x Y —> X x Y be a generalized conformal skew product
Smale endomorphism. Let p be a Borel probability measure X. We then say that the
coding
p: Ej{ — X
is u-injective, if there exists a p-measurable set G C X with u(G) = 1 such that for every
point x € G, the set p~!(x) is a singleton in E:{.
Denote such a set G by G, and for x € G, the only element of p~1(x) by w(x).

In [30] we proved the following.

PROPOSITION 2.13. Ifthe coding p : EX —> X is p-injective, then for every x € G, we
have that Jy, = Jy(x)-

In the following we work only with u-injective codings, and the measure p will be clear
from the context. Also given a metric space X with a coding p : E :{ — X, and a potential
¢ : X —> R, we say that ¢ is Holder continuous if and only if ¢ o p is Holder continuous.

Now consider a potential ¢ : J(X) —> R such that the potential

p:=¢opsjof:Es—R

is Holder continuous and summable. For example, ais Holder continuous if ¢ : J(X) —
R is itself Holder continuous. This case will be quite frequent in the examples below.
Define now
po = pgo (pro) ™, (2.10)

and call it the equilibrium measure of ¢ on J(X) with respect to F.

Now, let us consider the partition &’ of J(X) into the fiber sets {x} x Jy, x € X, and
the conditional measures u; associated to sty with respect to the measurable partition &’
(see [38]). Recall that for each w € E, we have 72 ([w]) = J,,.

Definition 2.14. We say in general that a measure p is exact dimensional on a space X, if
its pointwise dimension at x, defined by the formula

1 B
4 — tim OERBE )
" r—0 log r

exists for p-a.e. x € X, and d,,(-) is constant j-almost everywhere.
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In [4, 36, 45] several results were proved about exact dimensionality of invariant
measures on manifolds. Also in [22] the conditional measures on stable manifolds of
hyperbolic endomorphisms were proved to be geometric and exact dimensional.

If 11 is a probability o -invariant measure on E 4, then by x, (o) is its Lyapunov exponent,

Xu(0) :=—/ logIT{|m(ﬁz(f))|du(f)=—/ f log |T,,(72())| dit” (z) dm(w),
Ex 0 E; Jo]

where m = p o, L 1 is the canonical projection of u onto Ej{.
Define the Lyapunov exponent of an F-invariant measure 1 on J(X) = [J,cx{x} x J;
by

2 (F) = — / log |8, (") du(x. ).
J(X)

Denote by p; : X x Y — X the canonical projection on the first coordinate, pj(x, y) =
x. Then we proved that the conditional measures on fibers are exact dimensional.

THEOREM 2.15. [30] Let F : X x Y —> X X Y a generalized conformal skew product
Smale endomorphism. Let ¢ : J(X) —> R be a potential such that é:= ¢popjom:
E 4 — R is Holder continuous summable. Assume the coding p : EZ — X is Ly © pl_l-
injective.
Then, for |1y © pl_l-a.e. x € X, the conditional measure ,u;‘) is exact dimensional on Jy,
and .
. log ptg (B(y, 1)) _ hyuy (F)
r—0 logr i (F)

= HD(1}),

for u;—a.e. y € Jx; hence equivalently for ig-a.e. (x,y) € J(X).

By using Theorem 2.15, we have proved in [30] the exact dimensionality of conditional
measures of equilibrium states on fibers for many types of skew products. Then we also
proved the following result about global exact dimensionality of measures on J (X).

THEOREM 2.16. [30] Let F: X x Y — X X Y a generalized conformal skew product
Smale endomorphism. Assume that X C R? with some integer d > 1. Let |1 be a Borel
probability F-invariant measure on J(X), and (u*)cex be Rokhlin’s canonical sytem
of conditional measures of |, with respect to the partition ({x} X Jy)xex. Assume the
following.

(a) There exists o > 0 such that for |4 o pl_l-a.e. x € X, the conditional measure u* is

exact dimensional and HD(u*) = a.
(b) The measure o pl_l is exact dimensional on X.

Then, the measure | is exact dimensional on J(X), and for pu-a.e. (x, y) € J(X),
1 B 9 b —
HD () = lim 28ABE 1) upo )
r—0 IOg r

3. Skew products with the base maps being graph-directed Markov systems

In this section we consider dynamical systems being skew products for which the base
map is given by a countable alphabet conformal GDMS. Our main goal is to prove that
equilibrium measures for skew products over such base maps are exact dimensional.
A directed multigraph consists of
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e afinite set V of vertices;

e acountable (either finite or infinite) set E of directed edges;

e amapA:E x E — {0, 1} called an incidence matrix on (V, E);

e two functions i,  : E — V, such that A,, = 1 implies t(a) =i (b).

Now suppose also that a collection of non-empty compact metric spaces {X},ey is given
along with a number A € (0, 1), and that for every e € E, we have an injective contraction

Qe i Xie) —> Xi(e)
with Lipschitz constant < A. Then the collection

S =1{¢e : Xi(ey — Xi(e))ecE

is called a GDMS. We now describe the limit set of S. For every we
EX, {0, (Xi(@y))In>1 form a descending sequence of compact sets and thus
ﬂnzl Do), Xi(w,)) #9. Since for every n > 1, diam(dy, (X;(w,))) < A"diam(X;(q,)) <
A max{diam(X,) : v € V}, the intersection

ﬂ Pol, (Xi(wn)

neN

is a singleton, and we denote its only element by 7 (w). In this way we define a map

N:EX—> ]_[ Xy,
veV

where X := [ [,y Xy is the disjoint union. The map 7 is called the coding map, and
J=Js:=n(E})
is called the limit set of the GDMS S. The sets
Jy=n({w e E} :i(w1) =v})

for v € V are called the local limit sets of S.

We call the GDMS S finite if the alphabet E is finite. Moreover, we call S maximal
if for all a, b € E, we have A,, = 1 if and only if #(a) = i(b). In [21] a maximal GDMS
was called a graph-directed system (GDS). Finally, we call a maximal GDMS S an iterated
Sfunction system (or IFS) if V, the set of vertices of S, is a singleton. Equivalently, a GDMS
is an IFS if and only if the set of vertices of S is a singleton and all entries of the incidence
matrix A are 1. For finite IFS with overlaps and exact dimensionality of measures see [10].
For thermodynamic formalism for (countable) IFS with overlaps, and exact dimensionality
of measures, see [30-32, 34]. Our setting below is different however, in the sense that it
uses a different type of randomization.

Definition 3.1. We call the GDMS S and its incidence matrix A finitely (symbolically)
irreducible if there exists a finite set A C E} such that for all a, b € E there exists a word
w € A such that the concatenation awb is in E7. S and A are called finitely primitive if
the set A may be chosen to consist of words all having the same length. Note that all IFSs
are finitely primitive.

We call a GDMS conformal if for some d € N, the following conditions hold.
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(a) For every vertex v € V, X, is a compact connected subset of R4, and X, = Int(X,).

(b) There exists a family of open connected sets W, C X, (v € V) such that for every
e € E, the map ¢, extends to a C ! conformal diffeomorphism from W; (. into W; )
with Lipschitz constant < A.

(c) (BDP) There are two constants L > 1 and « > 0 such that for every e € E and every
pair of points x, y € X;(e),

Bl
e ()1
where |¢], (x)| denotes the scaling of the derivative, which is a linear similarity map.

(d) (Open set condition) If @, b € E, and a # b, then ¢, (Int(X,)) N ¢p(Int(Xp)) = 0.
(e) (Boundary condition) There exists e € E such that

I =Lly—x|*

Js NIntX, # (.

If the open set condition and the boundary condition are both satisfied, then we say
that the SOSC is satisfied.

Examples of conformal GDMS contain: GDMS obtained by gluing conformal iterated
function systems in the same Euclidean space; and GDMS obtained from Markov
partitions {X,;,}mem of expanding conformal maps f:X — X with M as the set of
vertices, and contractions being the inverse branches of f, and incidence matrix A given
by the respective Markov partition {X,, },nepr-

We define now the GDMS map

f=rfs:Js—Js,

associated to the system S, by
f(@e(x)) :=x (3.1

if x € Int(X;()) (then e is uniquely determined), and f(z) to be some given preassigned

point & of Js, if 2 ¢ (,cp ¢e(INt(X;(e))).

A special class of conformal GDMSs is provided by one-dimensional systems. Indeed,
if X is a compact interval in R, then the GDMSs, more precisely the derived maps fs :
Js — Js, associated to them, are sometimes called expanding Markov-Rényi maps (EMR
maps); see [37]. A sufficient condition for (BDP), i.e. (c) is the Rényi condition, i.e.,

{ ¢, (O }
sup sup | ———————— < OO
ecE x,y,zex U@V - 1@ ()]

Let us now consider a general GDMS map f : Js — Jg, and a skew product
F:JsxY—JsxY,
where ¥ € R? is a bounded open set, defined by the formula

Fx,y)=(f(x), g(x, y)).
Recall from §2.4 that the symbolic lift of F is F: EX XY — EX x Y, given by

F(w, y) = (0(w), g(m(®), y)).
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The map p: E} — X is now equal to the map 75 : EX — X. So, themap p x Id: E} x
Y — Js x Y is given by the formula (p x Id)(w, y) := (rs(w), y). Using the notation of
§2.4, we denote by py its restriction to the set

T=J o} x Jo.

+
weky,

If the symbolic lift F is a Holder conformal skew product Smale endomorphism, then we
say by extension that F' is a Holder conformal skew product endomorphism over f. Recall
also from equation (2.9) that the fibered limit set of F is

Ts)= | x} x Jx.

xels

The first result, which is easy but useful for us, is the following.

LEMMA 3.2. Let f: Js —> Jg be a finitely irreducible conformal GDMS map, let Y C
R? be an open bounded set, and let

F:JgxY —JsgxY

be a Holder conformal skew product endomorphism over f. If v is a Borel probability
shift-invariant ergodic measure on EX with full topological support, then the coding p =
TS : E;\" —> Jsisvo ngl-injective.

Proof. Since ¢.(IntX; () C IntX; (), we have that o1 (ngl (IntX)) C ngl (IntX), where

IntX := _J IntX; ).

ecE

Since the Borel probability measure v is shift-invariant and ergodic, it thus follows that
v(ngl(lntX)) € {0, 1}. But since supp(v) = Ej{, we thus conclude from the SOSC (e)
that v(r[gl(lntX )) > 0. Hence, v(ngl(lntX )) = 1. From the shift-invariance of v, we

thus conclude that -
u(ﬂ a—"(ngl(lntX))) =1.

n=0
Denote the set in parentheses by Inty,(S). Then, by the open set condition (d), the map
78 |Inte (S) 1S ONe-to-one and ngl (ms(Inteo (S))) = Intoo (S). Thus,

vomg! (ms(Inteo(S))) = v(Inte (S)) = 1,
and for every point x € w5 (Inty(S)), the set ngl (x) is a singleton. O
We can now prove the following result.

THEOREM 3.3. Let f : Js —> Jg be a finitely irreducible conformal GDMS map, let Y C
R? be open bounded, and let a Holder conformal skew-product endomorphism over f,

F:JsxY— JgxY.
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Let ¢ : J(Js) — R be a potential such thathbz ¢popyjon:Eqx —> Risalocally Hilder

continuous summable potential on E. Then, for pg o pfl—a.e. x € X, the conditional
measure /JL; is exact dimensional on Jy, and, for M;—a.e. y e Jy,

og jy(BGL 1)y ()

r—0 logr Xig (F)

= HD(z}).

Proof. One needs to notice that supp(ug o = EX since (g is the equilibrium state
of the locally Holder continuous summable potential ¢ on E 4. We showed in [30] that

e © Py =M$o(pjorr)_ op; =M$o(plopjo7r)_l

=ugo(pom) ' =pzomy'oph.

-1

This then allows Lemma 3.2 to be applied, with the measure v := mgom ", in order to

conlude that the coding p =g : EX —> X is g o pfl-injective.
Hence Theorem 2.15 applies to give the exact dimensionality of the conditional measure
,u;g, together with the formula for its Hausdorff dimension. O

Now consider the following situation. Let S, f, F, and Y be as above. Let 0 : Jg —>

R be an arbitrary potential such that 6 o s : EX —> R is a locally Holder continuous
summable potential. Let

po:=0o0p:J(Js) — R. (3.2)

Then we have the following.

LEMMA 3.4. The potential ae =¢gopjon:Esx —> R is locally Holder continuous
and summable.

Proof. Since $9 = (0 omg) o mp, it follows that $g is locally Holder continuous as
a composition of two locally Holder continuous functions. From the definition
of summability, the function qAﬁg : E4 — R is summable, since 6 orwg: E:{ — R is
summable. O

In this setting, as a result related to Theorem 3.3 (compare also with the case
of conditional measures on stable manifolds for endomorphisms in [22]), we get the
following.

THEOREM 3.5. Let S be a finitely irreducible conformal GDMS. Let f : Js —> Jgs be the
corresponding GDMS map. Let Y C R be an open bounded set, and let

F:JsxY— JgxY
be a Holder conformal skew product endomorphism over f. Let also 6 : Jg —> R be a
potential such that 6 o g : EX —> R is a locally Holder continuous summable. Then,

the following hold.
(@) For pgorg © ngl-a.e. x € Jgs, the conditional measure “259 is exact dimensional on
Jy, and

log 15, (B 1) by, (F)
r—0 log r XW,& (F)
for /ng -a.e. y € Jy; hence, equivalently for pg,-a.e. (x,y) € J(Js).
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(b)  The equilibrium state g, of ¢g : J(Js) —> R for F, is exact dimensional on J (Jg)
and

h/’L¢g (F) hl“é)ons
X”’¢9 (F) XU/GO;'!S

iy, (F)
Xitgy (F)

HD(114,) = + HD(igors 0 g ') =

Proof. 1t follows from equation (2.10) that

-1 AN—1 —1 AN—1
ey © P1 = Uggopyon ©(PIOT) 0P| = [gopopjor © (P1OPJOT) .

Since 75 o Ty = p o py o 7T, then,

-1 -1 —1 Ay—1
Mbors © Tg = fomgomy © Ty ©Tg = Ugopopyor © (P1OPJOT) .

Therefore,
-1 —1
Hpg © Py = MHborg O g -

Hence, (a) follows now directly from Theorem 3.3, while (b) follows from (a) and
Theorem 2.16 since exact dimensionality of the measure pgorg o g ! has been proved
in [31]. Indeed in [31] we proved, as a particular case of the random case, the exact
dimensionality for all projections of ergodic invariant measures on limit sets of countable
conformal IFSs with arbitrary overlaps; and this result extends easily to GDMS. O

An immediate consequence of Theorem 3.3 is the following.

COROLLARY 3.6. Let f:Js — Js be a finitely irreducible conformal GDMS map, let
Y C R? be an open bounded set, and let

F:JsxY—JsxY

be a Holder conformal skew product endomorphism over f. Let ¢ : J(Jg) — R be a
locally Holder continuous potential such that $3= ¢popyjon: Ex —> R is summable.
Then, for wg o pl_l-a.e. x € X, the conditional measure /L; is exact dimensional on J,,
and .

Tog iy (BOL 1)y (F)

r—0 log r X (F)

= HD (i),
for ,ué‘)-a.e. y € Jyx; hence, equivalently, for pg-a.e. (x,y) € J(Js).

A corollary of Theorem 3.5, which will be applied to EMR maps (in the sense of [37]),
is then as follows.

COROLLARY 3.7. Let S be a finitely irreducible conformal GDMS. Let f : Js — Js be
the corresponding GDMS map. Let Y C RY be an open bounded set, and let

F:JsxY— JgxY

be a Holder conformal skew product endomorphism over f. Let 6 : Jg — R be a locally
Hoélder continuous potential so that 0 o g : EX — R is a summable potential. Then, the
following hold.
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(a) For [lgorg © 713] -a.e. x € Jg, the conditional measure ,ufﬁ is exact dimensional on
Jy, in fact

" log ,u;e (B(y, r)) _ hy,, (F)
r—0 10g r X“‘ﬁe (F)
for ;L;G -a.e. y € Jy; hence, equivalently for pg,-a.e. (x,y) € J(Js).
(b)  The equilibrium state 1, of ¢9 : J(Js) —> R for F, is exact dimensional on J(Js)
and

h/"d)g (F) hMHoJ‘rS
Xﬂd)g (F) X,UGOTIS
Remark 3.8. As mentioned above, it follows from the last corollary that our results hold

in a particular setting when the derived map fs: I —> I, associated to the GDMS S, is
an expanding Markov-Rényi (EMR) map in the sense of [37].

Biug, (F) i
HD(ug,) = —2——— + HD(Ugors 0 g ) =
7 gy (F) e nts

Heg

Now, consider further an arbitrary conformal GDMS

S={¢e : Xie) — Xi(e)}ecE-

Let 0 : Js —> R be a potential such that 6 o s : Ej{ — R is locally Holder continuous
and summable. Of particular importance are then the potentials 8, ; : Js —> R, t, g € R,

0,1 ($e(x)) ==t log |, (X)| + g (0(¢e(x)) — P(9)) (3-3)

playing a significant role for developing a multifractal analysis of equilibrium states (see
also [15, 30, 37]). We have then

0q,0 0 Ts(w) =t 1og |¢,, (Ts(0 (@) + ¢ (0 0 75 (@) — P()).

In terms of the GDMS map fs : Js —> Js associated to S, and defined by equation (3.1),
we have

0,0 (x) = —t log | f'(x)| + q (6 (x) — P(8)). (34

From the BDP from the definition of conformal GDMSs, the first summand in the above
formula is Holder continuous and the second one is Holder continuous by its definition.
Thus, we obtain the following.

LEMMA 3.9. For all q,t € R the potential Gq,,ong:EX—> is locally Holder
continuous.

The problem of parameters g, t € R for which 6, , o s : E;{ — R are summable is
more delicate and has been treated in detail in [13]. The importance of the geometric
potentials 6, ; o s is due to the fact that these are suitable for a description of geometry
of the limit set Jg. If ¢ =0, then the parameter ¢ > 0 for which P(6y ;) = 0 (if it exists)
coincides with the Hausdorff dimension HD(Js) of the limit set Jg, and also these
potentials play a role in multifractal analysis of the equilibrium state (gorg © ngl; for
example as in [13, 21, 37].

Denote by X (S, 6) the set of pairs (¢, ¢) € R? for which the potential 041 0TS : EX —
R is summable and by X (S, 0) the set of those g € R for which there exists a (unique)
real number T (q), usually refered to as a temperature, so that (¢, T(q)) € X(S, 8) and

P(Qq’r(q) o 7'[,5) =0.
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We now are in the setting of Lemma 3.4 and Theorem 3.5. For g € X((S, 6) abbreviate

Ipq = (t’eq.T(q) = Gq,T(q) opi: J(JS) — R.
From Theorem 3.5, we get the following.

COROLLARY 3.10. With 6, ; defined in equation (3.3) and with notation following it, we
have the following. If g € Xo(S, 6), then,
(a) For K, 1goms O g Lae xe Js, the conditional measure ,uqu is exact dimensional
on Jy; in fact

i log py, (B(y. 1)) hy,, (F)

im

r—0 log r B Xy, (F)

for ,u)&,q -a.e. y € Jx; hence, equivalently for jvy, -a.e. (x, y) € J(Js).
(b) The equilibrium state My, of ¥q : J(Us) = R for F, is exact dimensional on J(Js),
and

hy,, (F) g, (F) By ons

Xy, (F)

HD(uy,) = +HD (1, 1 oms © T3 ') =

Xig, (F) KXo, 1gyoms .

3.1. Skew products with conformal parabolic GDMSs in the base. Now we pass to the
second large class of examples, built on parabolic iterated function systems.
Assume again that we are given
a directed multigraph (V, E, i, t) (E countable, V finite);
an incidence matrix A : E x E — {0, 1};
two functions i, r : E —> V such that A, = 1 implies ¢ (a) =i (b);
non-empty compact metric spaces {X,}yev.
Suppose further that we have a collection of conformal maps

Qe : Xi(ey — Xie), €€E,

satisfying the following conditions (which are more general than the above in that we do

not necessarily assume that the maps are uniform contractions).

(1) (Open set condition) ¢, (Int(X)) N ¢p(Int(X)) =@, for all a, b € E with a # b.

(2) ¢, (x)| < 1 everywhere except for finitely many pairs (e, x.), e € E, for which x, is
the unique fixed point of ¢, and |¢, (x.)| = 1. Such pairs and indices e will be called
parabolic and the set of parabolic indices will be denoted by 2. All other indices
will be called hyperbolic. We assume A, = 1 for all e € Q.

(3) Foralln > 1 forall w = (wjw; - - - w,) € EY} if w, is a hyperbolic index or w, 1 #
wp, then @, extends conformally to an open connected W, ,,,) C R? and maps W; )
into W; (wn)+

(4) [If e € E is aparabolic index, then

[ $er (X) = {xc}

n>0

and the diameters of the sets ¢.» (X) converge to 0.

https://doi.org/10.1017/etds.2020.42 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.42

Smale endomorphisms over graph-directed Markov systems 2525

(5) (BDP) There exists everywhere K > 1 foralln > 1 forallw € E} forallx, y €
Wi (w,)» if @y 1s a hyperbolic index or w,_1 # w,, then

[ACI
¢, ()]
(6) Thereexistsk < 1foralln > 1forall w e EZ if wy, is a hyperbolic index or w;,_1 #
@, then @) ]| < k.
(7)  (Cone condition) There exist , [ > 0 such that for every x € 3X C R there exists an
open cone Con(x, o, I) C Int(X) with vertex x, central angle of Lebesgue measure
«, and altitude /.
(8) There exists a constant L > 1 such that for every e € E and every x, y € V,

/
| (x)]
We call such a system S = {¢, : ¢ € E} a subparabolic conformal graph-directed Markov

system.
Definition 3.11. If Q # @, we call the system S = {¢; : i € E} parabolic.

As declared in (2) the elements of the set E \ Q2 are called hyperbolic. We extend this
name to all the words appearing in (5) and (6). It follows from (3) that for every hyperbolic
word @, o, (Wi (w)) C Wi(w). Note that our conditions ensure that ¢/, (x) #0 foralle € E
and all x € X;(;). It was proved (though only for IFSs but the case of GDMSs can be
treated completely similarly) in [18] (compare [17-21, 44]) that

Tim  sup {diam( (X: (@)} =0. (3.5)

w€eEY
This implies the following.
COROLLARY 3.12. The map 7 : Ef — X := @,y Xo, {m(@)}:= Miz0 Pol, (X), is
well defined, and 7 is uniformly continuous.
Similarly as for hyperbolic (attracting) systems the limit set J = Jg of S = {¢P¢}ce, 15
Js = n(EX)

and satisfies the following self-reproducing property: J = J,cg ¢e(J).

We now want to associate to the parabolic system S a canonical hyperbolic system S*;

this will be done by using the jump transform [43]. We will then be able to apply the ideas
from the previous section to S*. The set of edges is

E.:={"j:n>1,i€eQ, i#j€E, Aijzl}U(E\Q)CE;Z.
We set
Vei=V

and keep the functions ¢ and i on E, as the restrictions of ¢ and i from EZ. The incidence
matrix A*: E, x E, — {0, 1} is defined in the natural (the only reasonable) way by
declaring that A?, = 1 if and only if ab € E’}. Finally,

S* = {¢. : Xie) — Xie)l e € E*Y.

It follows from our assumptions (see [18] and [21]) that the following is true.
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THEOREM 3.13. The system S8* is a hyperbolic (contracting) conformal GDMS and the
limit sets Js and Jgx differ only by a countable set. If the system S is finitely irreducible,
then so is the system S*.

The most important advantage of S* is that it is an attracting conformal GDMS. On the
other hand, the price we pay by replacing the non-uniform contractions in & with the
uniform contractions in §* is that even if the alphabet E is finite, the alphabet E, of S* is
always infinite. Thus we will be able to apply our results on infinite Smale systems. We
have the following quantitative behavior around parabolic points.

PROPOSITION 3.14. Let S be a conformal parabolic GDMS. Then there exists a constant
C € (0, o0) and for every i € Q2 there exists some constant B; € (0, 0co) such that for all
n>1landforall z € X;:= Ujel\{i} 9;(X),

Cc— = Bi+1/8) < |¢l{n ()| < Cn~Bi+1/6)
If d = 2 then all constants B; are integers > 1, and if d > 3 then all B; are equal to 1.
From Theorem 3.5 we obtain the following.

COROLLARY 3.15. Let S be an irreducible conformal parabolic GDMS. Let S* be the
corresponding atracting conformal GDMS produced in Theorem 3.13. Furthermore, let
f : Jgx — Js= be the corresponding GDMS map. Let Y C R? be an open bounded set,
and let

F:Jg« xY — Jgx XY

be a Holder conformal skew product endomorphism over f. Let 0:Js+ — R be a
potential such that 0 o mg+ : E X* — R is a locally Holder continuous summable potential.
Then,

(@) for pgorg © 715*1 -a.e. x € Jgx, the conditional measure ,ugg is exact dimensional on Jy
and for Még -a.e. y € Jy (hence, equivalently for pig,-a.e. (x, y) € J(Js+)) we have

log 13, (B(y, 1) by, (F)

r—0 log r - Xitg, (F)’
(b) the equilibrium state (g, of ¢g : J(J;) —> R for F, is exact dimensional on J(J;)
and h,, (F) h, (F) h
Koy —1 227 ILOOJTS*
HD(ugs) = ——— + HD(Ugongs 0 g ) = .
2 Xitg, (F) TS S Xitg, (F) Xitgor g

From Corollary 3.10, by replacing S with S*, we get the following.

COROLLARY 3.16. With 0, ; defined in equation (3.3) and with notation following it, we
have the following. If q € £o(S*, 0), then we obtain for the potential V4 =6, 14y © p1
J(Jsx) —> R the same conclusions (a), (b) as in Corollary 3.15.

We investigate now an example, denoted by Z, formed by the inverse maps of the two
continuous pieces of the Manneville-Pomeau map fy : [0, 1] — [0, 1] defined by

fux) =x 4+ x'7% (mod 1),

where o > 0 is arbitrary fixed. Of course the GDMS map resulting from Z is f,.
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Then as a consequence of Corollary 3.15, we obtain the following.
COROLLARY 3.17. « > 0. Let Y C R? be an open bounded set, and let
Fo:Jr xY — JrxY

be a Holder conformal skew product endomorphism over the Manneville—Pomeau map fy.

Let 0:Jr —> R be a potential such that 6 oz : Nt — R is a locally Holder
continuous summable potential. Then, the conclusions of Corollary 3.15 will hold in this
case.

Also for the geometric potentials 6, 7(,) we obtain the following.

COROLLARY 3.18. With 0, , defined in equation (3.3), then for g € Lo(Z, 0), we obtain
the same conclusions (a), (b) as in Corollary 3.17 for the potential 0, 7 4).

Remark 3.19. In constructing the attracting conformal GDMS of Theorem 3.13 we built
on Schweiger’s jump transformation, [43]. We could also use inducing on each X,, v €
V' \ &, considering the system generated by ¢, where i(w1) = t(®||»|) = v and i(wr) #
vforall k=2,3,..., |w|—1. The ‘jump’ construction of Theorem 3.13 seems to be
somewhat better as it usually leads to a smaller system.

3.2. Backward continued fractions. Each irrational x € [0, 1] has a unique expansion
in the form of backward continued fraction:

X =

1 ki
w1 —
: 1
o — ———
2 1
w3 — —
where w1, wy, . . . are integers > 2. The corresponding map to the Gauss map from the

regular continued fractions, is the Rényi map V : [0, 1) — [0, 1) given by the formula

1
—_— if 0,
V(x) = {1—x} s
0 if x =0.

The graph of Rényi map is the reflection of the graph of the Gauss map in the line x = %
The backward continued fraction system S is given by the maps:

1
¢ : 10,11 = [0, 1], ¢;i(x)= T i>2. (3.6)

Hence the map ¢, has a neutral fixed point at 1, and is contracting everywhere else. All
the other maps ¢; are contracting on [0, 1], for j > 3. Unlike for the regular continued
fractions where the invariant absolutely continuous measure for the Gauss map is the
measure dx /(1 + x), for backward continued fractions, the invariant absolutely continuous
measure for V is dx/x (see [2]). The backward continued fraction map V is a factor of a
cross-section map for the geodesic flow on the unit tangent bundle of the modular surface.
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The system S given by equation (3.6) satisfies our conditions for a parabolic system, and
we can associate to it the contracting system S* (using the jump transformation). We can
then apply Corollary 3.15 with regard to a Holder conformal skew product endomorphism
F:Js« xY — Jgx x Y over f, to obtain the exact dimensionality of the conditional
measures of the equilibrium measure 14 of any Holder continuous summable potential ¢.
We infer also the global exact dimensionality of g on Jsx x Y.

4. Natural extensions of graph-directed Markov systems
Finally in this section, we want to define and explore the systems we refer to which
as natural extensions of graph-directed Markov systems. More precisely, let S = {¢, :
Xi(e) = Xi(e)lecE be a conformal finitely irreducible graph-directed Markov system and
let

f=fs:Js—Js
be the GDMS map associated to the system S and given by formula (3.1). Fix an arbitrarily
chosen point £ € Js. We then define the skew product map

f:J5X73—>J3X73,

F(@e(x), y) = (x, $e () = (f ($e (X)), Pe(1)). 4.1)
if x € Int(X;(.)) (then e is uniquely determined), and
[y =8, 4.2)

if 2 ¢ U, cp ®e(Int(X;(r))). We call it the natural extension (or inverse limit) of f, see
also §2.4. For applications to endomorphisms see for example [23, 24, 26, 28, 40]. In [24]
a large class of skew product endomorphisms with overlaps in fibers, which dynamically
are far from both homeomorphisms and constant-to-1 endomorphisms, in regard to their
fiber dimensions, was constructed and studied in detail. From Theorem 3.3 we obtain the
following.

COROLLARY 4.1. Let S be a conformal finitely irreducible graph-directed Markov system
andlet f = fs:Js — Js be the corresponding GDMS map. Let also

fiJ3X73—>J3X75

be the natural extension of the map f, as defined above. Let ¢:Js x Jg — R be
a potential such that ¢ :=¢opjos:Ex —> R is locally Holder continuous and
summable.  Then, for pg o pl_l-a.e. x € Jg, the conditional measure /Lj) is exact

dimensional on 75, and
i 1OEHBEO )y ()
r—0 log r Xug (F)

for ,u;‘)-a.e. y € Js; hence, equivalently, for He-a.e. (x,y) € Jg X Js.

As a consequence of Theorem 3.5 we obtain the following.
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COROLLARY 4.2. Let S be a conformal finitely irreducible graph-directed Markov system
and let f = fs:Js — Js be the corresponding GDMS map. Furhermore, let
f:]gx7$—>./5X7,5

be the natural extension of the map f. Let 0 :Js — R be an arbitrary potential such

that  ots : E:{ —> Js is a locally Holder continuous summable potential. Then, the

following hold.

(a) For Wgorg © g Lae xe Js, the conditional measure M;‘;H is exact dimensional on
Jy; in fact for ,u;e—a.e. y € Jy,

. log g, (B(y, 1)) hy,, (f)
r—0  logr Xingy ()

(b)  The equilibrium state g, of ¢g : Js X Js — R for f , is exact dimensional and

hyiy, () o b () hy,
HD(1tg,) = ———= + HD(tgorg 0 Mg ') = — 2 fors
XMd)g XM¢9 (f) XﬂQons

Thus, in the important case of the Gauss map and the continued fraction system, we have
the exact dimensionality of the conditional measures on the fibers of the natural extension,
and also the global exact dimensionality of equilibrium measures.

COROLLARY 4.3. Let Q€ be the set of all irrational numbers in the unit interval [0, 1].
Let G : Q° —> Q° be the Gauss map G(x) := {1/x}, and let the iterated function system
on [0, 1] be

S —{[0 1] — ! [0 l]}
G = s S5 X T [SHVA s

neN
consisting of all inverse branches of the Gauss map G, so that G = fs,. Let

n

é:]ngg—)]ngg

be the natural extension of G. Let 0 : J¢ — R be a potential such that 0 o nrg : EX —- R
is locally Holder continuous summable. Then the conclusion of Corollary 4.2 holds.

Remark. We recall that in [30] we used these results to study the approximation
coefficients ®, (x) from the continued fraction expansion of x, extending and developing
the Doeblin-Lenstra conjecture (see [5, 8, 14]). If x € [0, 1) is an irrational number with
continued fraction expansion

1
X = I , a;>1,i>1,
ay +
a2+...
and if
Pn _ 1
- 1
qn ai + :
az + 1
an
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is the truncated expansion at order n, with integers p,, g, > 1, for n > 1, then
. 2 Pn
®n (-x) = Qn

x——.
n

The original Doeblin-Lenstra conjecture gave the distribution of ®,(x) associated to

numbers x from a set A C [0, 1) of Lebesgue measure 1. We studied the distribution of

®, (x) for numbers x outside A, namely from sets in [0, 1) having (singular) p-equilibrium

measure equal to 1. Moreover, we improved the Doeblin-Lenstra conjecture in this case,

by describing the frequency of visits of ®,,(x) to arbitrarily small intervals.

5. Generalized Liiroth systems and their inverse limits

We include this short section since it is needed for the full treatment of S-transformations,
for arbitrary 8 > 1, and of their natural extensions. It just collects the results of the
previous sections in the case of a special subclass of maps.

Definition 5.1. We call an iterated function system S ={¢.:I — I}.cg a Liiroth
system if the maps ¢.: 1 —> I, e E, are of the form x —— ax + b, ¢ #0, and

Leb((U, e ¢e(1) = 1.
Let f = fs: Js — Js be the map associated to the system S and given by formula (3.1):

S (@e(x)) =x. (5.1
Writing
Ge(x) =aex +b,, eckE,
with a, € (0, 1), we rewrite equation (5.1) in the following more explicit form:

a;'x —a;'b, if x € Int(e (1)), (5.2)

e
0 ifx ¢ J,cp Int(ge(1)).
In particular, we took the given preassigned point £ involved in equation (3.1) to be 0. In
the following we will need however mainly only the definition of f on ecr Int(@e(1)).
The natural extension f :Js x Jg — Js x Js of fis given by formula (4.1). In more
explicit terms, we have

7 :(f(X), acy +be) = (a; 'x —a;'be, acy +be), x €Int(ge (1)),

fo,y) =
(07 O)v X ¢ UeeE Int(¢£’(1))
(5.3)

f(X)Zl

As consequences of Corollary 4.1, we have the following.
COROLLARY 5.2. Let S be a Liiroth system system and let f = fs:Js — Js be the
corresponding GDMS map. Furhermore, let
f:J5x73—>J3 X75
be the natural extension of the map f. Let ¢ : Js x Js — R be a potential such that a:

¢opjon: Ex—> Rislocally Holder continuous and summable. Then, for ju o pl_l-
a.e. x € Jg, the conditional measure /,Lg is exact dimensional on 73, and moreover,

log ui(B(y, 1)) hy, (f)
m = —,
r—0 logr Xuo (f)
for ,u;‘,-a.e. y € Js; hence, equivalently, for He-a.e. (x,y) € Js X Js.
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In particular, the above conclusions hold if ¢ :Js x Js — R is a locally Holder
continuous potential with $ =¢opjost:Es—> R summable. And the above
conclusions hold if 6:Js— R with orng: E:‘r — Js locally Holder continuous
summable potential.

6. Thermodynamic formalism for inverse limits of B-maps, f > 1
For arbitrary 8 > 1, the B-transformation is 7g : [0, 1) — [0, 1),

Tg(x) = Bx (mod 1),

and the B-expansion of x is
o

dj
x=) —,
Ly
where dy = di(x) = [B Tg_l(x)], k > 1, where as usually [a] denotes the integer part of
areal number a. The digits di, k > 1 are chosen from the finite set {0, 1, ..., [B]}.

Not all infinite series of the form Zk>1 (dk/,Bk), withd; € {0, 1, ..., [B]} are however
B-expansions of some number. We say that a sequence of digits (dy, da, . . .) is admissible
if there is x € [0, 1) with S-expansion

d
=y
k>1
The map Tg does not necessarily preserve Lebesgue measure A, however it has a unique
probability measure vg = hgdA, which is equivalent to A and Tg-invariant. Its density &g
has an explicit form (see [8, 35]).

The dynamical and metric properties of the transformation 7T have been studied by
many authors, for example [7-9, 35]. Also several authors studied the Tg-invariant set Ug
of real numbers x, which have a unique S-representation (also called univoque numbers
for B-expansion), for example [3, 12]. In this case there is a bijection between Ug and the
set Ug of uniquely defined prehistories of points from Ug.

Consider now the inverse limit of the system ([0, 1), Tg). First, let us take B =
(+/5 4 1/2), as a simpler example. Define the following skew product map:

To(x. y) = (T,s(x>, %}M)

on a subset Z C [0, 1)2, where the horizontal [0, 1) is considered as the future-axis and
the vertical [0, 1) is considered as the past-axis. The inverse limit of 75 must encapsulate
both the forward iterates of T4, and the backward trajectories of Tg. For 8 = (1 + V5/2),
take
Z=10,1/8) x [0, 1) | J11/8, 1) x [0, 1/B).

Then the map 7g : Z — Z is well defined and bijective, and it is the inverse limit of Tg. For
B = (/5 + 1/2), the set of admissible sequences forms a subshift of finite type E;r 1,
defined as the set of sequences in E;r , which do not contain the forbidden word 11. In this
case there is a Holder continuous coding map 7 : E; (11) — [0, 1), given by

n((di, d ) = dn
1,d2,...)) = /3".

n>1
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We can then take skew product endomorphisms over T(1 +5)/2° and obtain the following.

THEOREM 6.1. Let F : [0, 1) x Y —> [0, 1) X Y be a skew product endomorphism given

by
14+4/5
2

F(x,y) =< x (mod 1), g(x, y)),

where Y is an open bounded set in R? and g(x, ) : Y —> Y is a conformal map for every
x € [0, 1). Assume also that for any x_1, x’_| € [0, 1) with T(1+J§)/2x—l = T(1+¢§)/2XL1,
we have

g1 V) Mgy (V) =1,

and that the fiber maps g, satisfy conditions (a)—(g) of §2.3. Then, for any locally
Holder continuous potential ¢ : [0, 1) x Y — R, its equilibrium measure |1y has exact
dimensional conditional measures ,ug, for pg omy Lae xe [0, 1).

Proof. This case is simpler because the coding space is a subshift of finite type on finitely
many symbols. Moreover, we see that the coding map 7 : E;’ (11) — [0, 1) over T, J5))2
is injective outside a countable set, and the associated symbolic skew product

F:Ef(l)xY — Ey(11) x Y

over E;r (11), satisfies conditions (a)—(g) in §2.3. Therefore if ¢ is locally Holder we
have also the summability condition, since we work with finitely many symbols, thus
Theorem 2.15 gives the conclusion. O

A similar case is for 8 a pseudo-golden mean number of order m (or multinacci
number), i.e. B > 1 is the positive root of the polynomial z” — z"~! —... — 1. Thus
1 has a finite S-expansion,

1= ! ++ !
B pm
In this case the inverse limit homeomorphism 7g : Z — Z is defined on the finite union
m—1 ) ) )
z=Jury . 7 ) x 10, T (1)).
Jj=0

Then we can construct a Smale skew product as above for 7g, and prove the exact
dimensionality of equilibrium measures, and the formula for their dimension. So a similar
result as Theorem 6.1 is obtained for these 8’s. The partition of [0, 1) given by the intervals

|:0 l) |:l l_i_i) |:l++# 1) (61)
BB B2) e pr1 ) '

gives a GLS map S, which is piecewise affine and takes any such interval onto [0, 1).
Then, the natural extension S : [0, 1)2 — [0, 1)2 of S has the intervals from equation (6.1)
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on its image on the vertical coordinate (see [8]), and is given by

S(x,y)
(,Bx, X) if (x, y) € o, l) % [0, 1),
B L B
1y , 111
- (,3%—;3, _+ﬁ) if (x, y) € B EJFF) x [0, 1),

m—1 m—1 rm—1
(ﬂmx =Y B> B+ %) if c,y)ye| > B, 1) x [0, 1).
j=1 j=1 —Jj=1
6.2)

We will now recall the general concepts of first return time and first return map.

If (X, F) isao-algebra, f : X — X measurable, and u a Borel probability f-invariant
measure on (X, F), let A C X be a measurable set with £t(A) > 0. As we work with
equilibrium measures, it is enough to take A with Int(A) # (. By Poincaré’s recurrence
theorem p-a.e. x € A is recurrent, i.e. it returns infinitely often to A under iterates of f.
Define then,
n(x):=inf{m > 1, T"(x) € A}.

This number being finite for p-a.e. x € X, is commonly called the first return time of x to
A. This permits us to define the induced, or first return, map T4 : A —> A, by the formula
Ta(x) := T"9(x). (6.3)

It is well known, and easy to prove, that if p4(B) := (u(B)/u(A)), for all B C A, then
the probability measure ;4 on A is T4-invariant.

It was proved that the induced transformation of the natural extension 7g onto a certain
subset, is isomorphic to the natural extension S of a GLS system (see for example [8]).
Recall that natural extensions are viewed only as dynamical systems, without measures.

When B8 = (/5 + 1/2), take the partition Z = {[0, 1/8), [1/8, 1)} and the associated
GLS(Z)-transformation

Tp(x) ifxe[O, %)
S(x) = |
T? if [—, 1)
ﬁ(x) ifx € 5
Soif B = (v/5+1/2), let
1
W:=1[0,1)x |0, — ).
[ )X[ ﬁ)

Then let
7}3,W W —W,

be the induced transformation of 7g on W.
If (x, y) € [0, 1/8) x [0, 1), then

Tatx, y) €10, 1) x [o, %)
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so for such (x, y), we get n(x, y) =1. If (x, y) €[1/8,1) x [0, 1/B), then Tg(x, y) €
[0,1/8) x[1/8,1) ¢ W, but 7732(x, y) € W, so n(x, y) =2. Hence, the induced map
Tp,w of the natural extension 7g on W is

7,73,W(x7 Y)

(ﬂx Z) if (x )e[o l)x[o l)
’ﬂ 7)’ ’ﬁ aﬂ )

b 20) < 20) wne[l) o)

(6.4)
Then, from equation (5.3), the inverse limit of S is the map S : [0, D? — [0, 1)? given
by
S(x, y)
<ﬂ y) if ( )e[o 1)x[o 5]
X, — X, y ) )
_ p VELT B

<,82x — B, % +y%> = (,32x — B, y;f) if (x, y) € [% 1) x [0, 1).

(6.5)

If W : [0, 1)> — W is given by

y
Yx,y)=(x,=>]),
(x, y) <x /3>

then W is an isomorphism between ([0, 1)%, S) and ([0, 1) x [0, 1/B8), Te.w). So Tg.w
coincides (mod W) with the natural extension S of GLS(Z).

Similarly, if 8 > 1 satisfies
1 1

1= B +--+ Iz

for some integer m > 2, then the associated natural extension S from equation (6.2) is
isomorphic to the induced transformation of 7g onto the rectangle [0, 1) x [0, 1/8).

For a general number B > 1, the situation is more complicated.

First of all, not all sequences in E[T?] are admissible, i.e. not all sequences of digits
(d1, da, .. .) determine a point x € [0, 1) that has S-expansion
dp
B
This is an important obstacle, since we cannot code Tg with subshifts of finite type. For
general 8 > 1, one needs a more complicated GLS with partition Z with countably many
subintervals /,, n € D, and then to induce the natural extension of T on an appropriate
subset, in order to obtain the natural extension of the GLS(Z)-map. We will apply next
Corollary 5.2 for equilibrium states on the natural extension of the GLS(Z) expansion.
The construction of the inverse limit of 7 can be found in [8, 9], and we recall it here for
the sake of completeness. Define the following rectangles

X =

n>1

. 1 .
Zo:=1[0, ), Z:=]0, Tél) X |:O, E), i>1.
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Consider the natural extension Z obtained by placing each rectangle Z; 1 on top of Z;,
for all i > 0. The index i indicates at what height we are in this stack. If 1 has a finite 8-
expansion of length n, then only 7 such rectangles Z; are stacked. Assume 1 has an infinite
B-expansion; the finite case being treated in the same ways as for g = (1 + +/5/2).

Write the S-expansions of 1, x, y, respectively as

l=biby---; x=.didr---; y=.0---0ciyicit2---

with O repeated i times. If (x, y) € Z;, then di < b;11. Define Tg:Z — Z, Tg(x, y) =
(Tg(x), y(x)), with

b b; d .
El+"'+13—;+ﬁi—}r]+%=.b1~~-bidlci+1ci+2... lfdl <b,‘+1,

JO =1y . (6.6)
E lfd] Zbi_;,_].

If (x, y) € Z; thend| < b1, so

Zo  ifdy <bisi,
Tpe, eyt CtT ©6.7)
Ziy1 ifdy =biy.

For (x, y) € Zo, if di < by then Tg(x, y) € Zp;andifd; =b;, 1 <i <n —1andd, < by,
then 7;(x, y)€Zi,i<n—1and 773” (x, ¥) € Zp. Hence the induced map of 7 on Zy =
[0, D2 is
Tp(x,y) ifd; <by,
Tp.zo(x, y) = . .
7;}“(x,y) ifdi=b;,1<i<n-—1, andd, < b,.

Partition Z into subsets

Z§:={(x. y) € Zo, inf{n > 1, T§'(x. y) € Zo} =k}.

Then,
1
(Tﬁ(X), E(y +d1)>, (x,y) € Z},
Tp.zo(x, y) = (6.8)
by by di Y
(Tg(x),g+-'~+w+ﬁ+ﬁ>, (x,y) € Zk, k>2,
(T,s(X), %(erdl)) if (x, y) € Z},
Tp.zo(x, y) = (6.9)
b b1 dp y .
(Tg(x), ?+”'+W+ﬁ+ﬁ) if (x, y) € Z§, k = 2.

For any n > 0, if by := 0, there exist unique integers k = k(n) > 0 and 1 <i < br41 so that
n=by+b1+---+br+({—1).
Define a partition Z = {I,,, n > 0} of [0, 1) by

by i—1 b1 by i

W’ 5 E (6.10)

by
Iy:=|bo+—+ -+ —
! [ B g
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From the definition of 7g 7z, and of I,,, we see that for (x, y) € I, x [0, 1), we have

b b i—1
k+1 k+1 1 k y
773,20()51 )’)27;54_ (x,y) = <T/3+ x»b0+§+"‘ﬁ+w+w>-
If we take the transformation S of GLS(Z) and its natural extension S, then equation (5.3)
applies. If x € I, then 51 (x) = %! and
by by i—1
h1(x)/s1(x) =bo + ? +---+ ﬁ + W

Thus by equation (5.3), S is equal to the induced map of the natural extension of Tg on
Zo:

S="7Tg7,. (6.11)

We can now apply equation (6.11) to equilibrium states of locally Holder continuous
potentials, for the induced map of the natural extension 7g, in order to prove the
exact dimensionality of their conditional measures on fibers. By equation (6.11) and
Corollary 5.2, we obtain the following result, for the induced map of the natural extension
of the B-transformation.

THEOREM 6.2. Let B > 1 arbitrary and let Tg : [0, 1) — [0, 1) be the B-map, given by
Tg(x) = Bx(mod 1). Let ¢ : [0, D2 —Rbea locally Holder continuous map with

> exp(sup @11, x[0.1)) < 00,

n>1
where I, n > 0, are given by equation (6.10). Let |1y be the equilibrium state of ¢ with
respect to the induced map Tg 1o 1y2 of the natural extension Tg on [0, 1)2. Denote by S the
natural extension of the GLS(Z) map, where L is the partition of [0, 1) given by (I)n>0.
Then for pg o 7y Lae xe [0, 1), conditional measure ,u; is exact dimensional on [0, 1)
and

pg(B(y.r))  hy,(S
HD (1) = lim —2 _ ()
r—0 log r Xug S)
Due to the expression of the induced map on [0, 1) of the natural extension T, as

being a natural extension for a GLS-map, we can say more about the Lyapunov exponent
Xug (S) and the dimension of conditional measures.

COROLLARY 6.3. In the setting of Theorem 6.2 with B > 1 arbitrary, write the B-

expansion of 1 as 1 = .b1by - - -. For an arbitrary integer n > 0, define the integers k =
k(n) >0and 1 <i=i(n) <bgy) sothatn =by + - - -+ by +i — 1. Then, the following
hold.

(a) With the intervals I,,n >0 given by equation (6.10), we obtain the Lyapunov
exponent as

Xug(S) =log B - Z(k(n) + 1) - gy x [0, 1)).

n>0

Hence for pgo no_l—a.e. x €[0,1), we have HD(M;‘,) = (hy,(S)/ log B -
Y onsotk(m) + 1) - ue (I x [0, 1))).
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(b)  When B = (1 + +/5/2), we obtain that the Lyapunov exponent of e is equal to

Yoo (S) = log 1+2¢§ : (1 +u¢([%, 1) %o, 1>)>.

Hence, for pg o n()_l-a.e. x € [0, 1), we have HD(/,L;) = (hy, (S)/ log(1 + V5/2)
I+ ue(1/8, 1) x [0, )))).

(c) Let B> 1 be the positive root of the polynomial ™ — 7"~ ' — ... — 1, so that 1 =
1/B8)+ (1/B%) + -+ -+ (1/B™). Let S from equation (6.2) be the natural extension
of the associated GLS. Then, the Lyapunov exponent of |1y is equal to

1 1 1
o =tous- (1o [+ ) )+

1 1
e )

Hence for iy o Jro_l-a.e. x €[0,1),
HD(uy)

B hy, (S)
log - (1+pp(Lg. 5+ )+ -+ (m = Dutg(l + -+ + gamr. D)

Proof. In order to prove (a) we apply equation (6.10), and equation (6.11). Let us write

S(x, y) = (Sx), gx(»), (x,y)€l0, 1) x [0, 1),
where S is the GLS(Z)-transformation and S is its natural extension (see equation (5.3)).
The derivative of the fiber map g, is constant and equal to L, for x € I, where L, is the
length of the interval /,, and thus is equal to 1/ km+1 forpn > 0. Finally, for the Hausdorff
(and pointwise) dimension of conditional measures we apply Theorem 6.2.
For (b) we apply equation (6.5) to get, for 8 = (1 + NG /2),

g;<y)=% if (x,y) € [o, %) x [0, 1),
and . .
ge(y) = 7 if (x, y) € [E’ 1) x [0, 1).

Therefore in this case, k(0) =0 and k(1) =1, which we use in the formula for the
Lyapunov exponent. Then we use the fact that

(o)) o))

For (¢), since by = - - - = b,,, = 1, it follows that
k(D)=1,kQ2)=2,...,k(m)=m.

Then we use the definition of the Lyapunov exponent

XM,(S):—/ log [g, (M dpug(x, y),
[0.1)2

and the fact that

o)l e 3)) e omfee )
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From equation (6.11), we know that the induced map 773,[011)2 is equal to the inverse
limit S of the GLS transformation S associated to the countable partition Z, given by
equation (6.10). From equation (5.3) and as f is given by equation (5.2), then S(x, y) and
Tg,10,1)2 satisty

h
S, y) =Ta o1 ) = <f<x>, ﬁ + ﬁ) (x, y) €10, D, (6.12)

We use now the explicit form of 7g w and Theorem 2.16, to show that any 7g w-
equilibrium measure 4 is exact dimensional on [0, 1)2, and to compute its dimension.
Notation is of Corollary 6.3; and 77 : [0, 1)2 — [0, 1) is the projection on first coordinate.

THEOREM 6.4. Let an arbitrary B > 1, Tg(x) = fx (mod 1), x € [0, 1), and let Tg be the
natural extension of Tg, and S =Tg (o 1y2 be the induced map of Tg on [0, 1)2. Recall the
associated map f from equations (5.2), (6.12). Let ¢ : [0, 1)> —> R be a locally Hélder
continuous potential, which satisfies

Z exp(sup @|1,x[0,1)) < 00,

n>1
where the subintervals I,,, n > 0 are given by equation (6.10). Denote by iy the unique
equilibrium measure of ¢ with respect to 7;3’[0’1)2. Define v := g o, ! as the projection
of g on the first coordinate. Then, g is exact dimensional on [0, D2 and

2h, (f)
log B+ 32,50k(m) + Dpg(In x [0, 1)

Proof. First we will show that g is exact dimensional. Recall from equation (6.12) that
for B > 1 arbitrary, and for all (x, y) € [O, 1)2,

HD (1) =

h
Tpi0.02 0, ¥) =80x, y) = (f(x), o %)

Note that the projection v is f-invariant and ergodic on [0, 1).
Now, if Z denotes the countable partition (/,),>1 from equation (6.10), then from the
previous section we obtain the conjugacy

m:TF—[0, 1

between (=X, o) and ([0, 1), f). Moreover, we also have that v gives zero measure to
points, and thus v is the projection of an ergodic measure v on E}r . The interval [0, 1)
is viewed as the limit set of the iterated system associated to the countable partition Z of
[0, 1), where the contractions are the inverses of the branches of f on I,,, n > 1.

Consider now, in the notation of [31], the random system given by a parameter space
A = {1} with the identity homeomorphism 6 : A — A, 6(A) = A, which preserves the
Dirac delta measure §, , and the shift space (E+, o) with the ergodic o-invariant measure
V. Then, the measure v is in fact the only conditional measure of the product measure
8y xvon A X E}'.

On the other hand, since the potential ¢ is summable, it follows from our results in §2.2
and from the fact that ([O, )2, 776,[0,1)2) is coded by a Smale space of countable type,
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that the entropy h,, " (773’[0’ 12) is finite. Therefore, since
V=pugpom, 1,
we obtain that hj () < oo. But then we get from [31, Remark 3.4] that
Hy, o (s €)1y (€n)) < 00

Hence, it follows from [31, Theorem 3.13] and the discussion above, that v is exact
dimensional on [0, 1), and that

h, (f)
x(f)

On the other hand, it follows from Theorem 6.2 that the conditional measures of 114 are
exact dimensional on fibers (where fibers are all equal to [0, 1) in this case).

Now, if the f-invariant measure v is exact dimensional on [0, 1), and if the conditional
measures of g are exact dimensional on fibers, we apply Theorem 2.16 to obtain that
g 1s exact dimensional globally on [0, 1)2. From Theorem 2.16, HD(j1¢) is the sum of
HD(v) and of the dimension of conditional measures.

The last step is then to obtain the expression of the Lyapunov exponent x,(f). In our
case, it follows from (5.2) that | f/(x)| = L;] for all x € I,, where L, denotes the length
of I,, for n > 0. In addition, it follows from equation (6.10) that

. 1
~ pk+T

HD() =

Ly
But also v(A) = ug(A x [0, 1)), for any Borel set A C [0, 1). Therefore,

Xo(f)=log B (k(n) + Dy x [0, 1)).
n>0
In addition by the Shannon-McMillan-Breiman theorem [16], h;,, (S) is equal to h,(f)
since S contracts in the second coordinate. Then, from the above discussion and
Corollary 6.3, the dimension of /4 is obtained as in the statement. O
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