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SUMMARY
This paper presents a compliant control method for insertion
of complex objects with concavities. Most work on robot
assembly using compliant motion control schemes focuses
on overcoming jamming conditions for simple peg-in-hole
problems, and cannot be used for complex shapes fre-
quently encountered in assembly applications. When an
object is being inserted to a hole or slot with a small
clearance, a contact path is issued to compensate for
uncertainties. When the object shape is complex, however,
the contact state changes several times and severely, making
compliant control difficult. The algorithm presented here is
capable of generating satisfactory compliant motion control
in spite of changing contact states. During the execution of
a nominal motion plan, it computes the actual position of
the contact point from the force/torque sensor reading using
a contact localization algorithm. It then dynamically
updates the center for compliance to the computed contact
point, and minimize the chance of jamming and unwanted
collisions. The control scheme has been implemented on
hardware and tested on the task of inserting a T-shape into
a C-shape involving a very tight tolerance. The insertion
motion was accomplished by a sequence of 2 translational
and 1 rotational compliant motions, and successfully
executed by the proposed compliant motion controller.

KEYWORDS: Compliant motion; Motion planning; Insertion;
Concave object; Contact; Planar robot; Contact localization;
Stiffness control; Moving compliance frame; Real-time con-
troller.

I. INTRODUCTION
Most research efforts on robot assembly using compliant
motion control schemes1, 2 have focused on assembling
objects having a simple geometry, e.g., peg-in-hole or
electronic components and on overcoming jamming due to
robot positioning errors or uncertain environments by
correcting an insertion path using contact force/torque

information.3, 4 Recently, various robot applications, e.g.,
assembly by mobile robots, teleoperation and robotic
surgery, require an insertion of a complicated object into an
uncertain environment. In these applications, the size of the
entry hole is often smaller than some dimension of the peg,
and multi-step compliant motions are required for insertion
rather than a single motion. Even though there might be a
non-contact insertion path, a contact path is often easier to
execute. To meet these needs, an insertion technique which
plans a contact path and executes a compliant motion needs
to be developed to complement human skills and increase
the autonomy of robotic systems.

This paper presents a control algorithm for insertion
operations involving complex objects and multi-step com-
pliant motions, and describes an on-going work on
compliant motion planning. The compliant motion control
of a complex object is difficult for two reasons. First, there
are many more contact states than a simple peg-in-hole, and
results in frequent contact state changes. Second, the
magnitude of the changes, e.g. the distance between the new
and previous contact points can be quite large, requiring the
controller to reset the center of compliance. The key feature
of the proposed compliant motion controller is 1) dynamic
on-line sensing and computation of the contact point based
on the readings from the wrist force/torque sensor, and 2)
subsequent updating of the center of compliance to
minimize jamming and undesired collisions. Another con-
tribution is the extension of the contact localization
algorithm to rectangular objects. For planning of compliant
motions, we are developing an algorithm based on the
skeleton refining approach,5, 6 since the more rigorous
backprojection method7 has a high complexity, especially
for complex objects requiring multi-step motions.

This paper is organized as follows. Section II reviews the
previous work done on compliant motion planning and
control. Next, a complex insertion task is introduced and
used to illustrate our algorithm. Section IV presents the
compliant motion control algorithm, and hardware experi-
mental results are presented in Section V. The work on
planning is described next, and finally, conclusions and
future work are discussed in Section VII.

II. PREVIOUS WORK
Numerous results are available on both planning and control
of motions under uncertainties. Planning is concerned with
computing a nominal compliant motion from the robot
controller model, object models and their associated
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uncertainties, while control algorithms are aimed at execut-
ing the planned motion in spite of uncertainties such as
friction, control and sensing errors.

Compliant motion can be achieved by either controlling
the joint torques or by controlling the position command to
a position-controlled manipulator. In the first approach, such
as in stiffness control2 or impedance control,8 the desired
stiffness or impedance can be obtained by controlling the
joint torques during execution of a constrained motion. The
controller is responsible for computing required joint
torques to achieve a desired behavior. In the second
approach,1,4 robot compliance is achieved by controlling the
command trajectory. An external positional feedback loop is
typically required. There is a somewhat different type of
control scheme called the hybrid position/force control.9 It
is motivated by the natural and the artificial constraints, and
is aimed at tracking both the desired position and the force
trajectory using the orthogonality (or reciprocality) between
the position direction and the force direction to be
controlled. Since compliant motions in assembly are usually
required to be slow to avoid impact and need not follow
force trajectories exactly, it is appropriate to adopt stiffness
control which assumes a quasi-static motion rather than
impedance control or hybrid position/force control.

There is an extensive work on contact analysis of the peg-
in-hole problem. Vukobratovic and Stokic10 enumerated all
possible contact states for this problem, and presented the
conditions for jamming explicitly. Asada and Hirai11

developed a method to compute feasible motions for
multiple-contact cases, and applied it to the peg-in-hole
problem using polyhedral convex cones. It is used in
assembly planning for computing feasible differential
motion directions. As far as planning an insertion motion,
Strip12 has proposed an oriented insertion technique by
doing a contact analysis of various convex and star-shaped
pegs using friction cones. More recently, Astuti and
McCarragher13, 14 has presented a discrete event controller
imitating human decision making mechanism for dual-peg
and two-tied peg insertion tasks. The transition among
different contact states are modeled as a Markov process
and a probabilistic controller has been developed.

Most existing results including the ones mentioned above
are limited to insertion tasks involving prismatic objects
moving along a 1-dimensional insertion path normal to the
mating face. These tasks have the property that the cross
section of the object being inserted is a subset of that of the
hole or slot. In contrast, our insertion task involves a
concave polyhedral peg and hole, and the number of contact
states is dramatically increased (approximately quadratic in
the number of convex subparts), posing a difficulty for the
existing algorithms.

Localization methods of the contact point using force/
torque information during insertion have been presented by
Zhou, Shi and Li15 and Tsujimure and Yabuta16 The
coordinates of the contact point are computed by inter-
secting object surface with the line representing the
relationship between the sensed force and torque. When the
contact point can be localized on-line, the compliance frame
(or the center of compliance) and other control gain
parameters can be adjusted dynamically during insertion to

improve the controller performance. For example, a stiff-
ness gain can be updated by considering the moving
direction and the constraint direction with respect to the
compliance frame corresponding to the contact point. In
fact, this is one of the key features of our algorithm.

A seminal work on compliant motion planning is
presented by Lozano-Perez, Mason and Taylor7), where the
concept of uncertainty cones is introduced and used to
develop a planning methodology called backprojection. In
this paradigm, motion is planned backward from the goal
region toward the start point. For a given goal region, the
uncertainty cone is used to compute a pre-image such that if
the robot starts in the pre-image, it is guaranteed to reach the
goal region. This computation is recursively done until the
start point is included in one of the pre-images. The notions
of goal recognizability and termination conditions are also
important in compliant motion planning since the robot joint
encoder readings alone cannot tell whether the goal is
reached and when to stop motion commands. A number of
results17 have followed, and the current status can be
summarized as 1) the complexity of motion planning under
uncertainty is exponential in the number of backprojection
steps,18 2) the backprojection regions are not unique and
dependent on the termination condition,19 and 3) imple-
mentation is very difficult beyond 4 dimensions.20 Most of
these methods assume that the positional accuracy degrades
as the travel distance increases. We have observed that for a
manipulator with a fixed base, the positional error can be
bounded independently of the travel distance. We use this
observation to develop a more efficient compliant motion
planner, and it is discussed in Section VI.

III. TASK ANALYSIS
For the remainder of this paper, the task of inserting a T-
shaped object into a C-shaped slot is used to describe the
compliant motion control algorithm and conduct a hardware
experiment. The concavities of the T shape is used to insert
it into a C shape whose slot width is smaller than the width
of the T. It is a 3 degree of freedom problem, 2 for
translation and 1 for rotation. This example has been
inspired by an experiment that make a blindfold human

Fig. 1. Insertion sequence for T-shaped object.
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insert a T into a C-shaped slot.21 A simple path for T
insertion in our work has been obtained from the experi-
mental result from a blindfold human. Alternatively, we are
developing a motion planner to compute this path automat-
ically (see Section VI).

When a blindfold man inserts T into C with a small
clearance, he usually intends to insert it using contacts since
an inserting path allowing contacts is simple to be generated
and does not require fine position control. Fig. 1 shows a
simplified insertion path observed from human T-insertion.

The dimensions of T and C-slot are determined so at least
one compliant motion has to be used to accomplish the
insertion. As shown in Fig. 2(a), the geometric relation
between L, the length of T, and h, the length of the entrance
of C, has been derived. Assuming a fixed approach angle u1,
the maximum length of CP is

CP=ÎStC sin u1 + 1
2 ts +

L
2D2

+ t 2
t . (1)

When T has been rotated from u1 to u2 about contact point
C, from the relation that CP=h in Fig. 2 (b), the maximum
length of the L is described as

Lmax =2 (Ïh2 2 t2
t )2 tC sin u1 2

1
2 ts). (2)

Fig. 3 shows a kinematic simulation in IGRIP (Interactive
Graphic Robot Instruction Program) to verify the geometri-
cal result of the task analysis for T-insertion.

IV. COMPLIANT MOTION CONTROLLER DESIGN
The compliant controller performs three processes: contact
position sensing, compliance frame updating and compliant
control that incorporates the above two processes. We first
describe the advantages of updating the compliance frame
during motion execution.

IV.1. Compliance frame updating
Compliant motion control schemes including Cartesian
stiffness control2, 22 used in this paper maintain a desired
stiffness at the compliance frame, which is typically set to
the point of the object in robot’s hand that makes contact
with other object in the work space. During an insertion
task, if the contact point moves by a large amount on the
surface of the object being inserted, it is necessary to move
the compliance frame so it coincides with the contact point.
It is especially true for tasks involving large or complex
objects. When the contact point has been translated or
rotated to another one on the object surface, the stiffness
gain should be adjusted to the coordinates of the compliance
frame corresponding to the current contact location. If the
compliance frame is set to an arbitrary fixed point on the
object surface regardless of the contact point, some
problems may occur depending on the location of the
contact point and the geometry of the object as follows. As
shown in Fig. 4(a), if T rotates about a fixed end-point O and
not about the contact point C, it may exert a large

Fig. 2. Insertion conditions when rotating about C.
(a) Configuration of T before rotation
(b) Configuration of T with two contacts

Fig. 3. Kinematic simulation of T-insertion.
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undesirable force at C resulting in a positional error for O.
Another reason to rotate an object about the contact point is
shown in Fig. 4(b). The success of an insertion process
depends on whether the T shape can pass through the
smallest portion of the C slot. A good strategy to use for this
is to move the T all the way to one side of the slot, and rotate
it against the contact point. In Fig. 4(b) rotation about C has
a smaller chance of hitting the lower part of the C slot than
rotating about O.

IV.2. Contact localization
To locate a compliance frame to the current contact point
during insertion, the location of the contact point should be
determined with respect to hand frame or F/T sensor frame.
Though the locations of the contact points might be
estimated geometrically in the path planning stage, they
may not be accurate due to various control errors during
insertion. There are on-line contact-point localization algo-
rithms developed based on F/T sensors or tactile sensors. In
the case of a task where the contact point is on the object in
the robot’s hand rather than on the robot hand, a F/T sensor
attached to the hand frame has to be used rather than tactile
sensor array. Zhou, Shi and Li15 presented a method to
localize a contact point of a tool whose shape is cylindrical
or spherical. Generally, the location of the contact point can
be determined uniquely from the sensed contact force and
moment, F alone. The geometric constraint w(r)=0 describ-
ing the surface of the tool has to be imposed to get a finite
number of solutions. Let G be the relation between the
contact position vector r and the contact force F,

r=G(F, w). (3)

Since the T shape consists of two rectangular blocks, the
contact localization algorithm is extended to rectangular
shapes. Furthermore, since the T moves in the (X, Y, a)
space, it always makes a plane-edge contact where the edge

is vertical. An equivalent contact point is defined as the
average of all contact points, which is the mid-point of the
plane-edge contact shown in Fig. 5. In each of the 5 stages
of the insertion operation in Fig. 1, only one contact exists
except for the third stage. Since the thickness of the C-shape
is small, the two point contact can also be considered as a
single point contact. It is also obvious at each stage which
of the two rectangular blocks of the T shape makes a contact
with C shape.

As mentioned above, the location of the equivalent
contact point r=(rx, ry, rz) can be determined as follows
using the sensed forces fs =( fx, fy, fz), the sensed torques
ts =(tx, ty, tz) from F/T sensor and the geometric constraint
of the rectangular cross section of T. The relation between
the resultant force F acting on the equivalent contact point
and the measured F/T sensor data ( fs, ts) is

fs =F (4)

and

Fig. 4. Problems when rotating about non-contact point O.
(a) Large contact force at C
(b) Collision near P

Fig. 5. Estimation of equivalent contact position r by resultant
contact force.
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ts =r3 fs. (5)

Equation (5) can be rewritten as a matrix equation using a
skew symmetric matrix f̂s,

ts = f̂s r (6)

where

f̂s =

0

fz

2 fy

2 fz

0
fx

fy

2 fx

0

.

A unique solution cannot be determined from (6) because
the rank ( f̂s) is always 2. Thus considering the geometry of
the rectangular cross-section of T and the planar motion for
T insertion, r can be determined as

rs =H 2 ts/2 if fs >0
ts/2 if fx <0,

(7)

ry =0 (8)

rz =
ty + fzrs

fx

. (9)

The sign of rs can be found from the sign of fx as in (7). The
computed distance rz from measured forces and torques is
shown in Fig. 6. The cut-off frequency of low-pass filter in
F/T sensor was set to 125 Hz. The threshold force that
produces a meaningful distance value is about 0.6 N. After

the experiments for various distances, 52.5, 62.5 and
72.5 mm, the maximum error is around 2.5 mm—it is due
to flexibility in the object, holder and F/T sensor. The
computed contact position vector r is then used in real-time
to modify both the forward kinematic function and Jacobian
which use r as the last link dimension during insertion.

IV.3. Controller design
The compliant motion controller implemented for T inser-
tion is based on the Cartesian stiffness control. It can also be
used as a high stiffness PD-type position controller for free
space motion since they are the same in structure except the
stiffness gain. The control law for free space motion is

t = tJT[tKd(tXd 2 tX)2 tBd
t Ẋ] (10)

where tXd, tX, tẊ and tJT are the desired trajectory, actual
feedback trajectory, actual feedback velocity and transposed
Jacobian with respect to the tool frame, respectively. tKd and
tBd are the high stiffness proportional gain and the derivative
gain with respect to the tool frame, respectively.

In compliant motion, the desired stiffness Kd and the
desired damping Bd is designed with respect to the
compliance frame at the contact point. The control law
including force feedback is

dt = CJ T[CKd(CXd 2 CX)2 CBd
CẊ2 CF] (11)

where CXd, 
CX, CJ T and sensed force CF are expressed with

respect to the compliance frame at the contact point. The

Fig. 6. The results fo contact localization.

Fig. 8. Block diagram of compliant motion control system.

Fig. 7. Stiffness design using compliance frame.
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force feedback loop using CF has been added to compensate
for the uncertainty in stiffness caused by a rough surface of
the environment.

In designing the desired stiffness Cks, 
Cky, 

Cka of the
diagonal matrix CKd, a low stiffness is set to the direction
having a motion constraint while high stiffness is set to the
direction of the commanded motion. On the other hand, the
low stiffness in the constrained direction can be set to the
ratio of tolerable contact force Ftol to tolerable position error
Xtol.

8 For the situation shown in Fig. 7, high stiffness gains
are set for X and a direction while a low stiffness is set for
Y direction of the compliance frame. Thus the desired
stiffness matrix can be set to

CKd =

kx

0
0

0
Ftol/ytol

0

0

0

ka

.

To make the closed loop dynamics have a critically damped
response, assuming the inertia matrix be identity for a quasi-
static motion, the desired damping matrix Bd can be set to

CBd =2ÏCKd. (13)

To maintain the compliance frame at the contact point in
the compliant motion control during insertion, the last link
parameter in the forward kinematics L(q, r) and Jacobian
CJ (q, r) are updated using r computed from (7), (8) and (9).
The block diagram of the compliant motion control for T
insertion is shown in Fig. 8.

V. IMPLEMENTATION AND EXPERIMENT
A VME-bus based robot control system, as shown in Fig. 9,
which runs in real time OS (VxWorks) has been developed
to implement the T insertion. To share the computational
loads, a KVME040 CPU board performs the computation
for trajectory planning and contact-point localization using

JR3 F/T sensor feedback, while a TMS320C30 DSP board
handles the computation for stiffness control. The interface
between CPU board and DSP board is done by a dual-port
RAM to minimize the communication time. This hardware
architecture has achieved the trajectory update rate of
200 Hz and feedback servo rate of 1000 Hz.

The robot used in the T insertion is Goldstart GHR350-II
SCARA robot which is similar to an Adept robot. To make
the robot move in X, Y and a direction in task coordinates
for T insertion, it has been reconstructed to a 3-DOF by
freezing the third prismatic joint. The T-insertion robot
control system and T-insertion are shown in Fig. 10.

In the T insertion experiment, a nominal insertion path
has been planned to have the contact between T and C occur
at only one point to simplify the algorithm for contact point
localization and to avoid jamming. The nominal insertion
path OXd is expressed by the trajectory of the point O defined
in Fig. 4(a) with respect to robot’s base frame. Using the
information of the contact location, OXd is modified to CXd

on-line. The total insertion time was set to 50 sec. The
actual Cartesian trajectories from T insertion is shown in
Fig. 11. At the 4th stage in Fig. 11, the T rotates to enter the
slot. There are some offsets between the desired path and
actual path to ensure contacts in insertion. The measured
forces Fx, Fy with respect to the compliance frame is shown
in Fig. 12. The forces are controlled to a proper bound to
maintain the force tolerance (5 kgf) by the stiffness
controller with force feedback.

VI. COMPLIANT MOTION PLANNING
Compliant motion planning has a high complexity in the
number of motion steps.18 Insertion of complex shapes
requires multi-step compliant motions, and is likely to
require a long computation time. In addition, the imple-
mentation is difficult when rotational motion is included.
On the other hand, existing gross, i.e., non-contact motion

Fig. 9. VME-based real-time control system.
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planners23 can plan motions for a complex shape in a
relatively short time. This has motivated us to develop a
compliant motion planner that uses a gross motion planner
as a precursor. The approach is called skeleton refining.5–7

The traditional backprojection approach7 assumes
increasing uncertainty bounds with the travel distance, and
this makes it difficult to find a motion sequence that
guarantees the goal reachability. For a manipulator with a
fixed base, however, the tool position error is bounded by
the cumulative errors of the joint encoders, and is independ-
ent of the travel distance. Call this fixed error bound Emax.
Given a motion planning problem, a gross motion planner is
first used to plan robot motion assuming no uncertainty. If
the clearance between the robot and obstacles are greater
than Emax |J | along the solution path, it can be executed
without collisions (|J | is norm of Jacobian). For the
segments of the solution path where the clearance is smaller
than Emax |J |, compliant motions need to be planned. We
are currently developing an algorithm to convert a small-
clearance path into a compliant motion strategy, which
entails specifying the moving direction, compliant direction
and motion termination condition.

One of the difficulties is that most collision-detection
routines and distance-computation routines cannot reliably
distinguish a contact (zero distance, feasible) and penetra-
tion (negative distance, impossible). Most gross motion
planners consider a contact as a collision and cannot find a
solution when a contact motion has to be used. In such
cases, we shrink the moving object by a small amount to get
an approximate solution. Fig. 13 shows a gross motion
planned by the algorithm by Hwang and Chen23, which took
3 seconds and 10,000 distance computations. Converting the
approximate gross motion into a compliant motion is a
major challenge; results are expected in the near future.

VII. CONCLUSION
To insert a complex shape using compliance, this paper
presents a compliant control algorithm which is capable of
rotating the object about a moving compliance frame at a
contact point. A contact localization method for an object
having a rectangular cross-section has been described.
Furthermore, a moving compliance frame method using the
location of the contact point in stiffness control loop for
compliant insertion has been presented. To illustrate the

Fig. 10. T insertion experiment.

Fig. 11. Command and actual trajectory of the end-point of T
insertion.

Fig. 12. Measured forces Fx (a), Fy (b) in T insertion.

Fig. 13. Gross motion planning for T insertion.
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performance of our algorithm, the task inserting a T into a
C shape has been performed in a VME-bus based real time
control system.

Two research problems can be proposed on the insertion
of complex shapes. First, as mentioned in Section VI, a
geometric algorithm for determining the feasibility of
inserting a general concave 3-dimensional object using
contact is required. Secondly, a method for localization of
contact point needs to be developed for a general object
whose geometric surface constraints (w(r)=0 are semi-
algebraic, i.e., intersections and unions of algebraic
surfaces.
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