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ON STRICTLY SINGULAR OPERATORS BETWEEN
SEPARABLE BANACH SPACES

KEVIN BEANLAND AND PANDELIS DODOS

Abstract. Let X and Y be separable Banach spaces and denote by SS(X, Y)
the subset of L(X, Y) consisting of all strictly singular operators. We study various
ordinal ranks on the set SS(X, Y). Our main results are summarized as follows.
Firstly, we define a new rank rs on SS(X, Y). We show that rg is a co-analytic rank
and that it dominates the rank o introduced by Androulakis, Dodos, Sirotkin and
Troitsky [Israel J. Math. 169 (2009), 221-250]. Secondly, for every 1 < p < 400,
we construct a Banach space Y, with an unconditional basis such that SS(¢,, Y))
is a co-analytic non-Borel subset of L£(£,, Y,) yet every strictly singular operator
T : £, — Y, satisfies o(T') < 2. This answers a question of Argyros.

§1. Introduction. Anoperator T : X — Y between two infinite-dimensional
Banach spaces X and Y is said to be strictly singular if the restriction of T
on every infinite-dimensional subspace Z of X is not an isomorphic embedding
(throughout the paper, by the term operator we mean bounded linear operator; all
Banach spaces are over the real field). This is a wide class of operators between
Banach spaces that includes the compact ones. A number of discoveries, espe-
cially after the work of Gowers and Maurey [18], have revealed the critical role
of strictly singular operators on the structure theory of general Banach spaces.

Notice that an operator T : X — Y is strictly singular if and only if for
every normalized basic sequence (x,) in X and every e > O there exist a non-
empty finite subset F' of N and a norm-one vector x € span{x, : n € F} such that
IIT (x)|| <e. This equivalence gives us no hint of where the set F is located and,
in particular, of how “difficult” it is to find it. Recently, the notion of a strictly
singular operator was refined in order to measure this difficulty. The refinement
was achieved with the use of the Schreier families Sz (1 <& < w) introduced
in [1].

Definition 1 [4]. Let X, Y be infinite-dimensional Banach spaces, T €
L(X,Y) and 1 <& <w;. The operator T is said to be Sg-strictly singular
if for every normalized basic sequence (x,) in X and every & > O there exist
a non-empty set F' € S¢ and a norm-one vector x € spanf{x, : n € F} such that
Tl <e.

Forevery T € L(X, Y), we set

o(T) =inf{£ : T is Sg-strictly singular} @))

if T is Sg-strictly singular for some 1 < £ < w;; otherwise we set o(T') = wy.
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A basic fact, proved in [4], is that if X and Y are separable, then an operator
T :X — Y is strictly singular if and only if o(T) < w; (this equivalence fails
if X and Y are non-separable; see [4]). In particular, the map 7 +— o(T) is an
ordinal rank+ on the set SS(X, Y) of all strictly singular operators from X to Y.
It was further studied in [3, 8, 11, 23].

In the present paper, we continue the study of the rank ¢ by focusing on
its global properties. These kinds of questions are naturally studied within the
framework of descriptive set theory (we briefly recall in §§2.1, 2.2 and 2.3 all
concepts from descriptive set theory related to our work). To put things in a
proper perspective, let us first notice that if X and Y are separable Banach spaces,
then the set £(X, Y) carries a natural structure of a standard Borel space (see
§2.2) and it is easy to see that SS(X, Y) is a co-analytic subset of £(X, Y). Once
the proper framework has been set up, a basic problem is to decide whether the
rank o is actually a co-analytic rank on the set SS(X, Y). Co-analytic ranks are
fundamental tools in descriptive set theory and have proven to be extremely use-
ful in studying the geometry of Banach spaces (see for instance [5, 6, 9, 12-14]).

As we shall see, the rank g is not, in general, a co-analytic rank. Our first
main result shows, however, that it is always sufficiently well behaved.

THEOREM 2. Let X and Y be separable Banach spaces. Then there exists
a co-analytic rankrs : SS(X, Y) — w; such that

o(T) <1s(T) 2)

for every strictly singular operator T : X — Y.

In particular, the rank ¢ satisfies boundedness, that is, if A is an analytic
subset of SS(X, Y), then sup{o(T) : T € A} < w;.

As a consequence, we get the following.

COROLLARY 3 [8]. If X and Y are separable Banach spaces and SS(X, Y)
is a Borel subset of L(X, Y), then sup{o(T): T € SS(X, Y)} < wy.

A natural problem, originally asked by Argyros, is whether the converse
of Corollary 3 is true. In particular, it was conjectured in [8, §4.5] that if X
and Y are separable Banach spaces and sup{o(T): T € SS(X, Y)} < wy, then
SS(X,Y) is a Borel subset of £(X, Y). Our second main result answers this
question in the negative.

THEOREM 4. Let 1 < p < +00. Then there exists a Banach space Y, with
an unconditional basis such that the following are satisfied.

(i) The set SS(£p, Y)) is a complete co-analytic (in particular non-Borel)
subset of L(£,, Y ).
(i) IfT : £, — Yy is strictly singular, then o(T) < 2.

In particular, the rank o is not a co-analytic rank on SS(€,,, Y ).

1 Ordinal ranks are standard tools in Banach space theory; see for instance [6, 10, 22, 25].
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The paper is organized as follows. In §2 we gather some background
material. In §3 we give a criterion for checking that o(7") < & when the spaces
X and Y have Schauder bases. In §4 we give the proof of Theorem 2. In §5
we introduce a class of spaces Z, ;, (1 < p < g < +00) which are needed in the
proof of Theorem 4. Finally, the proof of Theorem 4 is given in §6.

§2. Background material. Our general notation and terminology is standard
as can be found, for instance, in [20, 21]. By N = {1, 2, ...}, we shall denote
the natural numbers. For every infinite subset L of N, by [L] we denote the set
of all infinite subsets of L. If F and G are two non-empty finite subsets of N, we
write F' < G if max F < min G. Finally, for every set A, by |A| we denote the
cardinality of A.

2.1. Trees. By N<N, we denote the set of all finite sequences of natural
numbers, while by [N]<Y we denote the subset of N<N consisting of all strictly
increasing finite sequences (the empty sequence is denoted by & and is included
in both N<N and [N]<N). We will use the letters s and 7 to denote elements of
N<N. By =, we shall denote the (strict) partial order on N<N of end extension.
If o e NN and keN, then we set olk = (o(l),...,0o(k)); by convention
o|l0=9.

A tree on N is a subset of N<N which is closed under initial segments. By
Tr, we denote the set of all trees on N. Hence,

SeTreVs,teN<N (sCrandreS=sebs).

Notice that Tr is a closed subset of the compact metrizable space 2N Also
notice that [N]<N e Tr. We will reserve the letters S and R to denote trees. The
body of a tree S on N is defined to be the set {o € NY:¢|n € § Vn € N} and
is denoted by [S]. A tree S is said to be well founded if [S] = <. By WF, we
denote the set of all well-founded trees on N. For every § € WF, we set

S'={seS:3rteSwithsCt} € WF.

By transfinite recursion, we define the iterated derivatives s& (& <wy) of S.
The order o(S) of S is defined to be the least ordinal & such that ¢ = @. By
convention, we set o(S) = wy if S ¢ WF.

Let S and R be trees on N. A map ¢ : S — R is said to be monotone if for
every s, s’ € S with s C s/, we have ¥ (s) C ¥ (s”). We notice that if there exists
a monotone map v : S — R and R is well founded, then S is well founded and
o(S) <o(R).

2.2. Standard Borel spaces. Let (X, X) be a standard Borel space; that is,
X is a set, X is a o-algebra on X and the measurable space (X, ¥) is Borel
isomorphic to the reals. A subset A of X is said to be analytic if there exists a
Borel map f : NN — X with f(NN) = A. A subset of X is said to be co-analytic
if its complement is analytic.

A natural, and relevant for our purposes, example of a standard Borel space
is the following. Let X and Y be separable Banach spaces and denote by X the
o-algebra on L(X,Y) of all Borel subsets of £(X,Y), where L(X,Y) is
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equipped with the strong operator topology. It is well known and easy to prove
that the measurable space (L(X, Y), ¥) is standard (see [20, p. 80] for more
details).

2.3. Complete co-analytic sets and co-analytic ranks.  Let B be a co-analytic
subset of a standard Borel space X. The set B is said to be co-analytic complete
if for every co-analytic subset C of a standard Borel space Y there exists a Borel
map f:Y — X such that f~!(B) = C. It is well known that a complete co-
analytic set is not Borel. We will need the following well-known fact. Its proof
is based on the classical result that the set WF is co-analytic complete (see [20,
Theorem 27.1]).

FACT 5. Let B be a co-analytic subset of a standard Borel space X. Assume
that there exists a Borel map h : Tr — X such that h=Y(B) = WE. Then B is
complete.

As above, let B be a co-analytic subset of a standard Borel space X. A map
¢: B — w; is said to be a co-analytic rank on B if there exist two binary
relations <y and <p on X, which are analytic and co-analytic, respectively,
such that for every y € B, we have

pxX)<p() & (xeB) and o) <p(y) S x=<zy&x=ny.

A basic property of co-analytic ranks is that they satisfy boundedness; that is, if
A is an analytic subset of B, then sup{¢(x) : x € A} < w;. For a proof as well as
for a thorough presentation of rank theory, we refer the reader to [20, §34].

We will also need the following.

FACT 6. Let X be a standard Borel space and ‘P be an analytic subset of
X x Tr. Then the set P* C X defined by

xePr s VSeTr[(x, S) e P= S c WF]

is co-analytic. Moreover, there exists a co-analytic rank ¢ : P* — w1 such that
for every x € P, we have sup{o(S) : S € Tr and (x, S) € P} < ¢(x).
Proof. First notice that P is co-analytic, since

x ¢ P¥ < 3§ € Trsuch that [(x, S) € P and S ¢ WF].

The existence of the rank ¢ follows from the parameterized version of Lusin’s
boundedness theorem for WF. Indeed, by [20, p. 365] (see also [S, Theorem 11]),
there exists a Borel map f : X — Tr such that:

(@ f(x) ¢ WEifx ¢ P%; while

(b) f(x) e WFif x € P* and sup{o(S) : S € Trand (x, §) € P} < o(f (x)).
We set ¢(x) =o(f(x)) for every x € Pi It is easy to check that ¢ is as
desired. O

2.4. Regular families.  Notice that every subset of N is naturally identified
with an element of 2. We recall the following notions.
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Definition 7. Let F be a family of finite subsets of N.

(1) The family F is said to be compact if F is a compact subset of 2.

(2) The family F is said to be hereditary if for every F € F and every G C F,
we have that G € F.

(3) The family F is said to be spreading if forevery F = {n| <--- <ng} € F
and every G ={m| <--- <my} with n; <m; foralli € {1, ..., k}, we
have that G € F.

(4) The family F is said to be regular if F is compact, hereditary and
spreading.

Regular families are basic combinatorial objects. They have been widely
used in combinatorics and functional analysis (see [7] for a detailed exposition).
Notice that every regular family F is a well-founded tree on N and, so, its order
o(JF) can be defined as in §2.1.

Let L ={l; <y <- -} € [N]. For every non-empty finite subset F' of N, let
L(F)=1{l;:i € F}; also, let L(&) = &. For every regular family F, we set

FILl={FeF:FCL) and F(L)={L(F):F e F). 3)

We will need the following.

FACT 8. Let L € [N] and F be a regular family of finite subsets of N. Then
the following are satisfied.

(i) Wehave F(L) C F[L]IC F.
(i) We have o(F (L)) = o(F[L]) = o(F).

Proof. Part (i) follows readily from the relevant definitions. To see part (ii),
notice that the map F > F — L(F) € F(L) is monotone. Therefore, o(F) <
o(F (L)) and the result follows. O

2.5. Schreier families. ~ The Schreier families S¢ (1 <& < w;) are important
examples of regular families. We recall the definition of the first two families S
and S, which are more relevant to the rest of the paper (for more details, we
refer the reader to [1, 6, 7]). The first Schreier family is defined by

S ={F CN:|F| <min F}, “4)

while the second one is defined by

n
82={UFi:neN,nfminFl,F1<---<Fn
i=1

andFiesl‘v’i:l,...,n}. 5)

We will need the following facts.

FACT 9. Foreveryl <& < wi, we have 0(85) = b,
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FACT 10. LetdeNand N={ny <np<---}€[N]. Let 1 <& < w; and
F € St be non-empty. Then we have that

{ndk_H-_l ke Fandi E{l, ...,d}}ESg.

Facts 9 and 10 are both proved using transfinite induction. We leave the
details to the interested reader.

§3. A criterion for checking that o(T) <&. Let X and Y be two Banach
spaces with Schauder bases, T € £L(X, Y) and 1 <& < w;. The main result of
this section is a simple criterion for checking that o(7T') < &. To state it, we need
to introduce the following definition.

Definition 11. Let X and Y be two Banach spaces with normalized bases
(ey) and (z;,) respectively and T € L(X, Y). We say that two sequences (x,)
and (y,), in X and Y, respectively, are T-compatible with respect to (e;) and
(zp) if the following are satisfied.

(1) The sequence (x,) is a normalized block sequence of (e,).

(2) The sequence (yy) is a seminormalized block sequence of (z,).
(3) Wehave | T (xp) — yull <27" forevery n € N.

If the bases (e,) and (z,,) are understood, then we simply say that (x,) and (y;)
are T-compatible.

We can now state the main result of this section.

LEMMA 12. Let X and Y be two Banach spaces with normalized bases
(en) and (z,), respectively, T € L(X,Y) and 1 <& < w1. Then the following
are equivalent.

(i) We have o(T) <&.

(i) For every pair (x,) and (y,) of T-compatible sequences with respect to
(en) and (z,) and every § > 0, there exist a non-empty set F € S¢ and
reals (a,)nefF such that

E anXn

neF

=1 and

Z anYn

neF

<34.

For the proof of Lemma 12, we will need the following simple fact. It was
also observed in [4].

FACT 13. Let X and Y be separable Banach spaces, T € L(X,Y) and
1 <& < wy. Also, let (x,) be a normalized basic sequence in X and € > 0. Then
there exist a non-empty set F € S¢ and a norm-one vector x € span{x, :n € F}
such that ||T (x)|| < ¢ if and only if there exist a subsequence (x,,) of (x,), a
non-empty set H € S¢ and a norm-one vector x" € span{x,, : k € H} such that
1T <e.

We proceed to the proof of Lemma 12.

Proof of Lemma 12. 1t is clear that (i) implies (ii)). We work to prove the
converse implication. The arguments are fairly standard and, so, we will be
rather sketchy.
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Let (e)) and (z)}) be the bi-orthogonal functionals associated with (e,) and
(zn), respectively. Let (v,) be a normalized basic sequence in X and ¢ > 0. We
need to find a non-empty set G € S and a norm-one vector v € span{v, : n € G}
such that ||T (v)|| <e. To this end, by Fact 13, we are allowed to pass to
subsequences of (v,). Therefore, we may assume that for every k € N the
sequences (e;(v,)) and (z;(T (v,))) are both convergent. Let (d,) be the
difference sequence (v, ); that is, d,, = vy, — v2,— for every n € N. Notice that:

(a) the sequence (d,) is seminormalized;
(b) ef(dy) — 0 forevery k € N; and
(¢) z{(T(dp)) — O forevery k € N.

By (a) and (b) and by passing to a subsequence of (vy,), it is possible to find
a seminormalized block sequence (bg) of (e,) such that ||b2 —d,|| <27" for
every n € N. Now we distinguish the following (mutually exclusive) cases.

Case 1. There exists a subsequence of (T (d,,)) which is norm convergent to 0.
In this case it is easy to see that there exist G € S¢ with |G| = 2 and a norm-one
vector v € span{v,, : n € G} such that | T (v)|| <e.

Case 2. There exists a subsequence of (T (d,)) which is seminormalized. In
this case, by (c) above and by passing to a further subsequence of (v,), we may
find a seminormalized block sequence (b!) of (z,) such that [|b} — T (d,)|| <
27" for every n € N. Summing up, we see that it is possible to select an infinite
subset N = {n| < ny < - - -} of N such that, setting

Wk = Unyyy — Ungie

for every k € N, the sequences (wg) and (7 (wg)) are both seminormalized and
“almost block”. Hence, using our hypotheses, we may find a non-empty set
F € St and a norm-one vector v € span{wy : k € F} such that |7 (v)| <e. By
Fact 10, we see that G := {ny4;—1 :k € F andi € {1, 2}} € S¢ and the result
follows. O

§4. Proof of Theorem 2. Let X and Y be separable Banach spaces. Let B be
the subset of X defined by

(xn) € B < (x,) is a normalized basic sequence.

It is easy to see that B3 is an F, subset of XN. Hence, the set B equipped with
the relative Borel o -algebra of X N'is a standard Borel space (see [20]).
Forevery T € L(X, Y), every (x,) € B and every m € N, we introduce a tree
S(T, (x,), m) on N defined by the rule
s € S(T, (x,), m) & either s = Fors = (n < - - - <ny) € [N]=N and
Vd e Nwithd <k, Y(; <--- <lg) € [N]*N with
n; <ljforeveryie{l,...,d}andVay, ..., a4 €Q,

d d
T (Z a,-xll) Z a;Xxy;
i=1 i=1
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We notice the following simple facts. The proofs are left to the reader.

FACT 14. The map L(X,Y) x Bx N> (T, (x,), m) — S(T, (x,), m) €
Tr is Borel.

FACT 15. Let T € L(X,Y). If T is not strictly singular, then there exist
(xn) € B and m € N such that the tree S(T, (x,,), m) is not well founded.

We proceed to analyze the above-defined trees when the operator 7 is strictly
singular.

CLAIM 16. Let T € SS(X,Y) with o(T)=&. Also, let (x,) € B and
m € N. Then the tree S(T, (x,), m) is a regular family. Moreover,

o(S(T, (xn), m)) < t1. )

Proof. For notational simplicity, let us denote by F the tree S(T, (x,), m). It
is clear from the definition that F is a hereditary and spreading family of finite
subsets of N. It is easy to see that F is in addition well founded. This implies
that F is compact in 2. Hence, F is a regular family.

We work now to prove that o(F) < w®*!. We argue by contradiction. So,
assume that o(F) > o511, A result of Gasparis [17] asserts that if G and H
are two hereditary families of finite subsets of N, then there exists L € [N] such
that either G[L] € 'H or H[L] € G. Applying this dichotomy to the families F
and Sgi1, we find L ={l; <l <- -} € [N] such that either F[L] C Sg41 or
Se+1[L] € F. We claim that the first case is impossible. Indeed, assume on the
contrary that 7[L] € Sg11. By Fact 8(ii) and Fact 9, we see that

ot < o(F) = o(FIL]) < 0(Se41) = F!,

which is clearly impossible. Hence, Sg41[L] € F.
Introduce now the sequence (z,) defined by the rule that z,, = x;, for every
n € N. Clearly, (z,) is a normalized basic sequence in X. Let F € Sg41 be
arbitrary and non-empty. The family Sg 1 is regular. Hence, by Fact 8(i), we get
that
L(F)={l,:neF}eSe1(L) S Sg1[L]1 S F.

By the definition of F and the continuity of the operator 7', we see that for every
choice (ay,),cF of reals, we have

(X aa)| = |r(Z e )

nelF nelF

1
>
T m

i

1
m neF

PIL

neF

In other words, we conclude that for every non-empty set F € Sz and every
norm-one vector z € span{z, : n € F}, we have ||T (2)|| > m~!. This implies that
T is not Sg4q-strictly singular. By [4, Proposition 2.4], the operator T is not
S -strictly singular for every 1 <¢ <& 41 and, so, o(T) > & + 1. This is a
contradiction. Therefore, o(F) < w**+! and the proof is completed. O

As a consequence, we get the following result, which shows that the family of
trees {S(T, (x,), m) : (x,) € B and m € N} can be used to compute the ordinal
o(T) quite accurately.
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COROLLARY 17. LetT € S§5(X, Y) with o(T) =&. Then
sup{w® : ¢ < &} < sup{o(S(T, (xp), m)): (x,) € Band m e N} < o**1. (8)

Proof. The second inequality follows immediately by Claim 16. We work
to prove the first inequality. Clearly, we may assume that £ > 1. Let ¢ be
an arbitrary countable ordinal with 1 <¢ < &. Since o(T) > ¢, the operator
T is not Sg-strictly singular. Therefore, we may find (x,) € B and ¢ >0
such that for every non-empty set F € S; and every x € span{x, :n € F}, we
have ||T(x)|| > ¢|lx|l. We select m € N such that ¢ > m~!. The family S is
spreading and hereditary. Hence, by the definition of the tree S(7, (x,), m),
we see that F € S(T, (x,), m) for every F € S¢. In particular, the identity map
Id: S; — S(T, (x,), m) is a well-defined monotone map. Therefore, by Fact 9,
we see that

o =0(S;) < o(S(T, (x), m))

and the result follows. O

Now, define P C L(X, Y) x Tr by the rule
(T, R) € P & 3(x,) € Band Im € N such that R = S(T, (x,), m). (9)

By Fact 14, we see that the set P is analytic. As in Fact 6, let P* C £(X, Y) be
defined by
T eP! < VReTr[(T, R) € P= R € WF].

By Fact 15 and Claim 16, we get that P* = SS(X, Y). Let ¢ : P¥ — w; be the
co-analytic rank on P? obtained in Fact 6.
We define
1s(T) =(T) + 1 (10)
forevery T € SS(X, Y) and we claim that rg is the desired rank. Clearly, rs is a

co-analytic rank on SS(X, Y). It remains to check that o(T) < rs(T) for every
T €SS(X,Y). Tothisend, fix T € SS(X, Y). By Fact 6, we have that

sup{o(R) : (T, R) € P} < o(T), (11)
while, by the definition of the set P, we get that
sup{o(S(T, (x,), m)) : (x,) € Band m € N} =sup{o(R) : (T, R) € P}. (12)

Finally, notice that
& <supfwf ¢ <&} +1 (13)

for every countable ordinal £. Combining inequalities (8), (11), (12) and (13).
we conclude that o(7T") <r1s(T), as desired.

Finally, to see that the rank o satisfies boundedness, let A be an analytic
subset of SS(X, Y). The rank rg is a co-analytic rank. Therefore, there
exists a countable ordinal & such that rs(T) <& for every T € A. Hence,
sup{o(T): T € A} <& < wy.

The proof of Theorem 2 is completed. |
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§5. The spaces Z,, 4 (1 < p < g < +o00). This section contains some results
which are needed for the proof of Theorem 4 stated in the introduction. It is
organized as follows. In §5.1 we introduce some pieces of notation. In §5.2
we define the space Z, , (1 < p <g < +00) and we gather some of its basic
properties. Finally, in §5.3 we present a result concerning a class of sequences
in Z, 4, which we call “asymptotically sparse”.

5.1. Notation.  For the rest of the paper, we fix a bijection x : N<N — N
satisfying x (s) < x (¢t) forevery s, t € N<N with s C 7.

Let s, t € N<N. The nodes s and ¢ are said to be comparable if either s C ¢
or t C s; otherwise s and ¢ are said to be incomparable. A subset of N<N
consisting of pairwise-comparable nodes is said to be a chain, while a subset
of N<N consisting of pairwise-incomparable nodes is said to be an antichain. A
branch of N<N is a maximal chain of N<N. The branches of N<N are naturally
identified with the elements of NY; indeed, a subset A of N<N is a branch if and
only if there exists o € NN (unique) such that A = {o|n : n > 0}. Two subsets
A and B of N<N are said to be incomparable if for every s € A and every t € B
the nodes s and ¢ are incomparable. A segment s of N<N is a chain of N<N
satisfying

Vs, 1,5 e NN (sCrCs ands, s €s5=1€s). (14)

If 5 is a segment of N<N, then by min(s) we denote the C-minimal node of s.
Notice that two segments s and s' are incomparable if and only if the nodes
min(s) and min(s’) are incomparable. If o is a branch of N<Nand k > 0, then
the set {o'|n : n > k} is said to be a final segment of o, while the set {o|n : n < k}
is said to be an initial segment of .

5.2. Definitions and basic properties. ~ We start with the following.

Definition 18. Let 1 < p < g < +o00. We define Z, , to be the completion
of coo(N<N) equipped with the norm

d q/p\ 1/4q
||z||z,,.q=sup{<2(2|z(z)|”) ) } (15)

i=1 Mes;

where the above supremum is taken over all families (5,-)5":1 of pairwise-
incomparable non-empty segments of N<N,

The space Z, , is a variant of James tree space JT [19]. We notice that
spaces of this form have found significant applications and have been extensively
studied by several authors (see for instance [5, 9, 10, 12, 15, 16]). We gather,
below, some elementary properties of the space Z, ;.

Let {z, : t € N<N} be the standard Hamel basis of coo(N<N) and (z,) be the
enumeration of N<N according to the bijection x (see §5.1). The sequence (z;,)
defines a 1-unconditional basis of Z, ,. For every node t of N <N by z; we
shall denote the bi-orthogonal functional associated with z;. For every vector
zin Z, 4, the support supp(z) of z is defined to be the set {t € N<N. 75 (z) #0}.
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For every non-empty A € N<N| Jet

Z) ,=span{z; : 1 € A}. (16)

The subspace Z 1’37 q of Zp 4 is complemented via the natural projection
Py:Zpg— 2, (17)

Notice that ||P4|| = 1. Observe that for every non-empty chain ¢ of N <N and
every vector z in Z,, ,, we have

1/p
IP2)]| = (Z |z:‘<z>|") : (18)

tec

In particular, for every branch o of N<N the subspace Z3 , of Zp 4 is isometric
to £, and complemented via the norm-one projection P Z pa > Zy

Let X and E be infinite-dimensional Banach spaces. Recall that the space X
is said to be hereditarily E if every infinite-dimensional subspace of X contains
an isomorphic copy of E. We will need the following easy (and essentially
known) fact concerning the structure of the space Z }S, ¢ When S is a well-founded
tree. The proof is sketched for completeness.

FACT 19. Letl < p <qg <+ooand S € WF. Then the space le,,q is either
Sfinite dimensional or hereditarily £,.

Proof. We proceed by induction on the order of the tree S. If 0o(S) = 1, then
the space ZS . is one dimensional. Let S € WF with o(S) > 1 and assume that
the result has been proved for every R € WF with o(R) < o(S). We set

Ls={neN:@m)esS}.

For every n € Lg, let S, ={t € N<N:n~r € 8} and notice that S, € WF and
0(Sy) < o(S). Therefore, by our induction hypothesis, the space ZIS,’fq is either
finite dimensional or hereditarily £,. Noticing that the space Z 15; 4 18 isomorphic

to the space
R& (Z ey ) :

nelg q

the result follows. O

5.3. Asymptotically sparse sequences in Z, ,. We start by introducing the
following definition.

Definition 20. Let 1 <p <g <-+o0o. We say that a bounded block
sequence (y,) in Z, , is asymptotically sparse if for every k € N and every
o € NN, we have

[n=k: POl =275} < L. (19)

Notice that if (y,) is an asymptotically sparse sequence, then || Py (y,,)|| — O
for every o € NN, The main result of this subsection asserts that (essentially) the
converse is also true. Precisely, we have the following.
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LEMMA 21. Let1 < p <q < 400 and (y,) be a bounded block sequence
in Zp 4 such that ||Ps(yn)ll = O for every o € NN, Then (yn) has an
asymptotically sparse subsequence.

Lemma 21 is a Ramsey-theoretical result and the arguments in its proof
can be traced in the work of Amemiya and Ito [2] concerning the structure of
normalized weakly null sequences in the space JT. We proceed to the proof.

Proof of Lemma 21. Let1 < p < g < +o00 and fix a bounded block sequence
(yn) in Z 4 such that || P(y,)|| — O for every o € NN, We select C > 0 such
that ||y,| < C for every n € N.

CLAIM 22. Forevery 6 > 0 and every M € [N, there exists L € [M] such
that for every o € NN, we have |{n € L : | Ps(y)|l =0} < 1.

Granting Claim 22, the proof of Lemma 21 is completed. Indeed, by repeated
applications of Claim 22, it is possible to find a sequence (L) of infinite subsets
of N such that for every k € N the following are satisfied.

(@) min Ly <min L.
(b)  Lit1 S Ly.
(© HneLi:lIPs(ya)ll =275} <1 forevery o € NI

Introduce the sequence (wy) in Z, , defined by wy = ymin , for every k € N.
By (a) above, we see that (wy) is a subsequence of (y,), while, by (b) and (c),
the sequence (wy) is asymptotically sparse.

It remains to prove Claim 22. We will argue by contradiction. So, assume
that there exist & > 0 and M € [N] such that for every L € [M] there exist
m, k € L with m <k and o € NV such that | Py ()l = 6 and || Py (yr) || > 6.
Therefore, applying the classical Ramsey theorem [24] and by passing to a
subsequence of (y,), we may assume that for every m, k € N with m < k there
exists o, k € NN such that | Po, x Ym) |l = 6 and || Ps,, , ()|l = 6.

Fix k € N with k > 2. For every m € N withm <k, lets, ; be the maximal
initial segment of oy,  which is disjoint from supp(yk) As the sequence (yy)
is block, we see that ||P — (ym)ll >0. Let 5m = Om.k\S, & and notice that

st m.k 18 a final segment of crm « and that || P, - (yk)ll > 6. Moreover, m1n(5m W) €

supp(yx). For every r > 0, let [r] be the least k € N such that r < k. Now we
observe that

{8, im <k} < TCT/077. (20)
Indeed, let 51, ..., 54 be an enumeration of the set {5;’ « - m <k}. Then for
everyi € {1, ..., d}thereexists m; < k such thats; = S ke Since the segments

(5,;, k)le are mutually different, the final segments (5% k)l.d:1 are pairwise
incomparable To see this, assume, towards a contradiction, that there exist i, j €
{1, . d} such that mln(sm ) is a proper initial segment of mm(s o) As

mln(smi’k) € supp(yxr), we get that mln(sml_’k) € supp(yr) N 5m,,k’ contradicting
the fact that 5,;!_’ « 1s disjoint from supp(yx). Therefore, the final segments
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(5;1'1,’ k)?:l are pairwise incomparable and, so, C > ||yx|| >0 - d /¢ which gives
the desired estimate.

Set D=[CY%/69]. By the previous discussion, for every k € N with
k > 2 there exists a family {s;x:i =1, ..., D} of initial segments of N<N
such that for every m € N with m < k there exists i € {1, ..., D} such that
| Ps; , (ym) |l = 6. The space PARMET compact. Therefore, by passing to sub-
sequences, we may find a family {s;, ..., sp} of initial segments of N<N such
that s; x — s; in 2N foreveryi e {1, ..., D}.

Letm, k e Nwithm <k andi € {1, ..., D}. Letus say that k is i-good for
m if || Ps, , (ym)|| = 0. Notice that for every m € N there exists i € {1, ..., D}
such that the set H,’;l = {k > m : k is i-good for m} is infinite. Hence, there exist
jef{l,..., D}and N € [N] such that H,{l is infinite for every m € N. We select
v € NV such that §; is an initial segment of 7. Since §;; — §; in 2N and

| Ps;  (ym) |l = 6 for every m € N and every k € H,,, we get that

1im sup || Pr ()| = lim sup || Ps; () | = lim sup lim || Ps; , ()| = 6.
meN meN meN k

This is clearly a contradiction. The proof of Lemma 21 is completed. O
§6. Proof of Theorem 4. Let1 < p < 4o00. We set
q="2p 2D

and we define Y, to be the space Z, ,. By §5.2, the space Y}, has a normalized
1-unconditional basis (z;,). Let (ey,) be the standard unit vector basis of £,. By
I:¢, — Y,, we shall denote the unique norm-one operator satisfying

I(en) =z, (22)

for every n € N. We proceed to show that the space Y, is the desired one.

6.1. The set SS(£p, Y)) is a complete co-analytic subset of L(£p, Y),).  As we
have already mentioned in the introduction, the set SS(X, Y) is a co-analytic
subset of L(X, Y) for every pair X and Y of separable Banach spaces. Hence,
what remains is to show that the set SS(¢,, Y,) is actually complete. By Fact 5,
it is enough to find a Borel map H : Tr — L(£,, Y,) such that for every S € Tr,
we have

SeWF & H(S) e SS(¢y, Y)).
To this end, let S € Tr be arbitrary. Let ZIS,, 4 be the subspace of V), defined in
(16)and Ps: Y, — Z }3, q be the natural norm-one projection. We define

H(S)=Psole Ly, V). (23)

Notice that || H(S)| = 1.

CLAIM 23. Themap H : Tr — L(£,, Y)p) is continuous when L(L,, Y)) is
equipped with the strong operator topology.
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Proof. Let (S;,) be a sequence in Tr and S € Tr be such that S, — S. Notice
that for every s € N<N, we have s € S if and only if s € S, for all n € N large
enough. Let x € £, be arbitrary and set y = I(x). It follows from the above
remarks that for every r > 0 there exists k € N such that || Ps(y) — Ps,(y)|| <r
for every n € N with n > k, and the result follows. a

CLAIM 24. Let S € Tr. Then S € WF if and only if H(S) € S§(€p, Y)).

Proof. First assume that § € WF. Notice that the operator H(S) maps £,
onto Z g’ ¢- By Fact 19, the space Z }S;, q is either finite dimensional or hereditarily
4. Since p # g, the operator H (S) is strictly singular.

Now assume that S ¢ WF and let o € [S]. Let x : N< — N be the bijection
described in §5.1 and for every k € N set ny = x (o (k)). By the properties of x,
we see that ny < nyy for every k € N. Let E be the subspace of £, spanned
by the subsequence (e;,) of the basis (e;). We claim that the operator H(S)

restricted on E is an isometric embedding. Indeed, letd € Nanday, ..., as € R

and notice that
d 1/p d
= (Z Iaklp) =Y arzo
k=1 k=1

d
= ”(PS o) (Z akenk)

k=1

d
D aken,
k=1

Lp Y,

yl’
The claim is proved. O

By Fact 5 and Claims 23 and 24, we conclude that SS(¢,,, Y,) is a complete
co-analytic subset of L(£,, V).

6.2. For every T € S§S(£p, Y),), we have o(T) <2. Let us fix a strictly
singular operator T : £, — Y,. We need to prove that o(7) < 2. To this end,
we may assume that:

P IT|=1.

By Lemma 12, it is enough to show that for every pair (x,) and (y,) of T-
compatible sequences (with respect to the bases (e,) and (z;,) of £, and Y,
respectively) and for every & > 0 there exist a non-empty set F € S and reals
(an)ner such that

=1 and
ZF

<34.
Y,

} anXp

neF

Z anYn

neF

So, fix a pair (x,) and (y,) of T-compatible sequences and § > 0. By
Definition 11 and (P1) above, we see that the following are satisfied.

(P2) The sequence (x;) is 1-equivalent to the standard unit vector basis of £,.
(P3) The sequence (y,) is block and satisfies ||y, || <2 for every n € N.

We are going to refine the sequences (x,) and (y,) in order to achieve further
properties. Observe that we are allowed to do so, since the family S; is
spreading. First we notice that, by Definition 11 and by passing to common
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subsequences of (x,) and (y,) if necessary, we may find a constant ® > 1 such
that:

(P4) the sequences (y,) and (T (x,)) are ®-equivalent.

Now we make the following simple (but crucial) observation.
LEMMA 25. Foreveryo € NN we have || P, (yn) |l = 0.

Proof. Assume, towards a contradiction, that there exist o € NN, a constant
0>0and L={l; <l <---}€[N] such that | Ps(y;,)| > 6 for every n € N.
Since the sequence (yj) is block and || P, || = 1, this implies that for every d € N
and every ay, . .., a; € R, we have

d 1/p d d
o(L ) " <] (L )| =[S,
n=1 n=1 n=1

Let E be the subspace of £, spanned by the subsequence (x;,) of (x,). We claim
that the operator T restricted on E is an isomorphic embedding. Indeed, let

=
Yp

(24)

Yp

deNanday, ..., as €R and notice that
d d 1/p d

(P2) (24)

0 Z anXxi, = Q(Z |an|p> < Z anyi,

n=1 Lp n=1 n=1 Yp
d d
(P4)
< ® ZanT(xln) =0 T(Z anxln>
n=1 Yp n=1 Yp

Therefore, for every x € E with ||x|| =1, we have ||T(x)|| > 6 - ®~!. This is
clearly a contradiction, and the proof is completed. O

By (P3) above, Lemmas 25 and 21 and by passing to further common
subsequences of (x;) and (y,), we may additionally assume that:

(P5) the sequence (y,) is asymptotically sparse.
We fix N € N with N > 2 and such that

NVamUr < 5. 20)7". (25)
Such a natural number can be found, since ¢ =2p and p > 1. Recursively, for
everyi € {1, ..., N}, we will select:

(a) anatural number k;;
(b) apositive real g;; and
(¢) anon-empty finite subset F; of N;

such that, setting u; = 1 and

i—1 1/q
pi=y ( > |supp<yn)|) (26)

m=1 “\nekF,
forevery i € {2, ..., N}, the following conditions are satisfied.
(Cl) Fi<---< Fy and N <min Fj.
(C2) |F;| =k and k; <min F; foreveryi € {1, ..., N}.
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(C3) |({ne F; || Po(yn)ll = &i}| < 1foreveryo e NN andeveryi € {1,..., N}.
(C4) (kiei +2) -k /P < 7' .27 foreveryi e {1, ..., N}.

We proceed to the recursive selection. As the first step is identical to the general
one, we may assume that for some i € {1, ..., N — 1} the natural numbers
ki, ..., ki, the positive reals €1, ..., & and the sets Fi, ..., F; have been
selected so that conditions (C1)—(C4) are satisfied. In particular, the number
Wi+ can be defined (for the first step of the recursive selection, recall that we
have already set ;1 = 1). First, we select kj;; € N such that k; ;1 > N and

—1/p -1 -1 —(@+1)
2 kit =27 gy 27

Next, we select €;+1 > 0 such that

1-1 Ul (il
kH—l/p cerp <270y 270D

and we notice that with these choices condition (C4) is satisfied. By (P5),
the sequence (y,) is asymptotically sparse. Therefore, it is possible to find
I €N such that [{n >1:|P,(y)|l = €ir1}| <1 for every o € NN, We select
a non-empty finite subset F;;| of N such that F; < Fi11, |Fi+1| =k;4+1 and
min F; 41 > max{k; 1, [} and we observe that with these choices conditions
(C1), (C2) and (C3) are satisfied. The recursive selection is completed.
We define
F=FU-.--UFy. 27)

Notice that for every n € F there exists a unique i(n) € {1, ..., N} such that
n € F;. Forevery n € F, we define

an = NP g 117, (28)

We will show that the set F' and the reals (a,),cF are as desired.
CLAIM 26. We have F € Ss.
Proof. This follows immediately by (C1) and (C2). d

CLAIM 27. We have

an Xy =1.
neF
Proof. By (P2), the sequence (x,) is 1-equivalent to the standard unit vector

basis of £,,. Therefore,

&p

NP

anXn
neF

N
> Yk,

i=1 nekF;

N 1/p N 1/p
- N—I/P<Z > k,ﬂ) :N‘l/”(Z|F,-| ~ki1)

i=1 nekF; i=1

) &

© N-p. NUP =1,

The claim is proved. o
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The final claim is the following.

CLAIM 28. We have
Z anYn

nekF

For the proof of Claim 28, we need to do some preparatory work. For every

i €{l,..., N}, weintroduce the vector z; in Y}, defined by
—1
2=k 7Y v (29)
nerF;

Notice that

N
Y =Ny "z (30)
i=1

neF
and that
Isupp(zi)| = Y [supp(yn)| (31)
nekF;
foreveryi e {l,..., N}.
SUBCLAIM 29. Leti €{l, ..., N}. Then the following are satisfied.

(i) We have ||z;|| < ©. _
(i)  For every segment $ ofN<N, we have || Ps(z;) || < ;Li_l <278

Proof. (i) By (P4), the sequences (y;) and (7' (x,)) are ®-equivalent. Hence,

(= @HT(Z k,.‘”f’xn> o> & Px,

(Pl)

nerF; Yp nerF; Lp
1
®2) )P “11/p (©
= 0( )k =0O(F| -k Hr'=e.
I’LEF,'

(ii) Fix a segment 5 of N<N_ Clearly, we may assume that s is non-empty. We
pick o € N such that s € o and we notice that | Ps()) || < || Ps (y)|| for every
vector y in Y. Therefore, it is enough to show that || P, (z;)[| < u; - 27".
(P3), we see that | Ps (yu)|l <2 for every n € N. Hence,

_W Z @ (Fi] = Dei +2 ) i = Dei +2 (@€ —1  5-i
7P L = i ’

nek; i i

and the result follows. O
We are ready to proceed to the proof of Claim 28.
Proof of Claim 28. We set

=21+ - +2znN. (32)
By the choice of N in (25) and equality (30), it is enough to show that
Izl < N4 - 20). (33)
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By (18), we see that for every vector y in Y),, we have

d 1/q
Iyl = sup{(Z ||P5,.<y>||q> }

Jj=1

where the above supremum is taken over all families of pairwise-incomparable
non-empty segments of N<N. Therefore, it is enough to consider an arbitrary
family (s j)?:] of pairwise-incomparable non-empty segments of N<N and to

show that .,
[ Ps; (D)7 <N -(20)7. (34)

j=1
So, fix such a family (5j)‘f.:1. We may assume that for every j € {1, ..., d}
there exists i € {1, ..., N} such that §; N supp(z;) # &. We define recursively
a partition (A,-)INZI of {I,...,d} by the rule Ay ={je{l,...,d}:s;N

supp(z1) # 9} and

i—1
A= {j efl,..., d}\(U Am) 15 Msupp(z;) 75@}
m=1

foreveryi € {2, ..., N}. The segments (s j)?zl are pairwise incomparable and
a fortiori disjoint. Therefore, by equality (31), foreveryi € {1, ..., N}, we have
1Al <) Isupp(yn)l. (35)
neFi

Fixie{l,..., N}. Let j € A; be arbitrary. Notice thatif m € {1, ..., N}

with m < i, then Py, (zm) = 0. Therefore,

N
1Ps; @)l = 1Py (zi + -+ 2l < 1P, Il + D 1P DI (36)
I=i+1

Letle{i+1,..., N}be arbitrary. By (26) and (35), we have
. 1/q
1Ai]V4 < (Z |supp(yn>|> < i,
neF;

while, by Subclaim 29(ii), we have || Ps; (z/)]l < Mfl .27l By inserting the
previous two estimates into (36), we get that

I Ps; @)l < 1 Ps; )l + 1A;| 717270, 37)

Using the facts that ¢ > 2 and that (a + b)? <297 'a? 4 2971b4 for every pair
a and b of positive reals, inequality (37) yields that

D 1P @17 < qu(Z ||P5,-<zl-)||q) +2071 .27
JEA; JEA;
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The family (s;) jea, consists of pairwise-incomparable non-empty segments of
N<N_ Therefore, by Subclaim 29(ii), we get that

D NPy <297 Yz 4297 27 <207 @ 20727 (38)
JEA;

Summing up, we conclude that

d N
(38) _
Y 1P, @1 =Y S 1Py @)1 < 297 (V- @1+ 1) < N - 20)7,
=1 i=1 jeA,

and the result follows. |

As we have already indicated, having completed the proof of Claim 28, the
proof of part (ii) of Theorem 4 is completed.

Finally, we notice that the map o is not a co-analytic rank on SS(¢,, Y),).
For if not, by part (ii) of Theorem 4 and [20, Theorem 35.23], we would get
that SS(¢,,, Y,,) is a Borel subset of L(£,, Y,). This contradicts part (i) of
Theorem 4.

The proof of Theorem 4 is completed. |
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