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Abstract We establish bounds for the multipliers of those periodic orbit®pfz) =

z(z + n)/(1 + &z), which have a Poincarfotation numbep/q. The bounds are given

in terms of p/g and the (logarithmic) hororadius @f to %7/, The principal tool is

a new construction denoted a ‘star’ of an immediate attracting basin. The bounds are
used to prove properties of the space oblis conjugacy classes of quadratic rational
maps. These properties are related to the mating and non-mating conjecture for quadratic
polynomials [fa]. Moreover they are also reminiscent of Chuckrows theorem on the
non-existence of elliptic limits of loxodromic elements in quasiconformal deformations
of Kleinian groups. We bear this analogy further by proving an analog of Chuckrows
theorem for deformations of certain holomorphic maps.

0. Introduction

Let R be a rational map. The Fatou g8t c C for R is the maximal subset on which the
family of iterates{R"}, ¢ is locally a normal family in the sense of Montel. The Fatou
set is trivially open. The compact complemeiat = C — Fy is called the Julia set for
R. We use the term Fatou domain to denote a connected compongpt & point z is
periodic for R with (exact) period X minimal) k, if R¥(z) = z. For ak-periodic pointz
the complex number = D, R is called the multiplier/eigenvalue efor of the orbit ofz.
The periodic point is called attracting ifA| < 1, repelling if|x] > 1 and indifferent if

[A| = 1. Furthermore is called rationally indifferent or parabolic, if is a root of unity.
Repelling and parabolic periodic points are contained in the Julia set, whereas attracting
periodic points are contained in the Fatou set.

Letu € D and defineR,, (z) = z(z + w)/(1+ 1z). The points 0 ando are fixed points
for R, with multipliers . andyx respectively. Moreover the unit circi#* contains all the
repelling periodic orbits and equals the Julia se-periodicR,,-orbitin S* is said to have
(Poincaf€) rotation numbep/q, (p, g) = 1, if the restriction oRR,, to thisg-periodic orbit
coincides with an orientation preserving circle homeomorphism with rotation nupger
Each rational numbes/q, (p, q) = 1 is the rotation number for precisely opeeriodic
orbit for R,, (see [50]). This orbit will be denoted the /g orbit for R,,.
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For p/q a rotation number we shall always assupeq) = 1. The numberp is
however only unique modulg. For instance-p/q is equivalenttdqg — p)/q.
GivenM € C with R(M) # 0 andp/q with (p, g) = 1 we define the number

|M — (p/q)2mi]

r(M,plq) = 2. siny

wheren is the angle betweeM — (p/g)2ri and 2ri. In terms of polar coordinates the
number = r(M, p/q) is the radius of the circl€ (+r + 27ip/q, r) throughM, tangent
to the imaginary axis atp/q)2mi [here thet indicates the sign dft(M)].

Let u € C* — S, so thath(log ) # 0. Moreover let a rotation number/q be given.
Then there is at least one and at most two logaritinaf © such thatM — (p/q)2ri|is
minimal among all choices of logarithm af We define two radii:

r(w, p/q) =r(M,p/q) and X

ol rla p/q) Zr(M (p+nq)/q>

We remark that these radii satisfy(u, p/q) < 7(u, p/q), depend only ornu and
p/q modZ and are thus independent of the integer par af.

THEOREMA. Letu € D* and letp > 1 be the multiplier of the/q orbit for R,,. Then:
0<logp < g¢® 7. p/qa) < q* r(1t. p/q).

Let f be holomorphic in an open neighbourhddd= C of ¢ with f(«) = «. Suppose
Y0, - .., Yg—1 areq arcs inU starting atx and otherwise disjoint, labelled in their counter
clockwise direction around. Theqg arcs are said to bg/q rotated, or to form @ /g cycle
underf, iff (p,q) =landforallj =0,...,q -1, f(¥;) € (D)¥(j+p) modg-

Let R be a rational map witlx a repelling or paraboli¢-periodic point. We say
that « has (combinatorial) rotation numbemp/q, if there exists a simply connected
Fatou domainA and akg-periodic accessa, [y]) with y € A such that, they curves
v, RE(y), ..., R*4=D(y) form ap/q-cycle underR* and defing; distinct accesses to.

Let

Z+A
1+ pz’

The mapsR,,,, have fixed points at 0 ansb with multipliersA and . respectively. The
following theorem and Corollary 1 was conjectured by Milnor.

)L;aéyfle(c.

R)L,,AL(Z) =2z

THEOREM B. Suppose the Julia séf, , of the rational mapr;, ,, is connected for some
pair of parameterg. € D* and|A| > 1. Then the repelling fixed poifthas a well defined
rotation numberp /g and its multiplierx verifies

r(x, plq) <7(w, —p/q) <r(u, —p/q).

Let P.(z) = z2 + ¢, ¢ € C. The connectedness locus of this the quadratic polynomial
family is the Mandelbrot seM = {c € C | J. isconnectel Let 0;(z) = Az + z2,
A € C. The two polynomialsD; and P. with ¢ = (1) = (A/2) — (A?/4) are affine
conjugate and thus equivalent holomorphic dynamical systems. The connectedness locus
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My of the family {0, },cc is thus a double cover a¥f. Let6 € T := R/Z, and define

thed limb Mg of My as follows. If is irrational setMpg = {¢/2"%} and if0 = p/q

is rational,(p, g) = 1 let Mg ,/, be the set of for which the fixed point O forQ; has

rational rotation numbep/q. The Douady landing theorem for polynomials (s€e,[

Corollary B.2]) implies that for any. € Mg \ (D \ exp(i27Q)) the fixed point 0 ofQ;

has a rotation number. Thugy = D U Ug.TMo 9. Moreover, Douady and Hubbard have

shown that the se¥ is connected and that its limbs are connected and mutually disjoint.
The family of mapsR; , defined above parametrizes the spabt of Mobius

conjugacy classes of rational maps of degree 2 except for the single class of maps with

a single but triple-fixed point (sedi]). For u € D fixed we define the connectedness

locusM,, = {x | J, . isconnectel By the theory of polynomial like mappings, (see

[DH]), there exists a dynamically defined quasi-conformal homeomorphism, between open

neighbourhoods o#f,, and My, mappingM,, onto Mg. The restrictiorll,, : M,, — Mo,

of the above homeomorphism, is unique on the boundaryfpfand is unique in the

interior of M,,, if we require in addition thall,, is conformal there. In particuldf,, is

the identity onD. Here dynamically defined means it ,, andQry,, . are conjugate on

neighbourhoods of their filled Julia sets, by quasiconformal homeomorphisms, which are

conformal on the interior of the filled Julia sets. We define the lifis ¢}, 1 of M,

analogously to the limbs a¥fp. Thus,IT, preserves limbs for aji € D. We obtain an

immediate corollary of Theorem B.

COROLLARY 1. Letr > Oandp/q € Q/Z be given. Then for alk € D* with r (i, p/q)
< r the p/q-limb of M, satisfiesM,, ,/, C expD(—r +i2np/q,r)) U {(eZTiP/9}.

One may ask if Corollary 1 just exhibits some peculiarity of the normalization made
by choosing the familyr, ,. For p/q = 0/1 the answer is ‘yes’, by our normalization
we are inhibiting the two fixed points 0 antb in merging. However fop/q # 0/1
the answer is ‘no’, there are no elliptic limits i, as the following Corollary 2 shows.
Furthermore at the end of this paper we shall formulate and prove a general version of
Corollary 2 independent of the rational maps of degree two context. For a direct proof
of Corollary 2 we need a relation, which has been proved by Milnor (s8§.[ Let «
denote the multiplier of the third fixed point f&; ,, theniuk — (A +pn+«)+2=0o0r
equivalently, since.u # 1

_2—A—u

T 1)

We shall use the following terminology (a longer, but more precise term would be
strictly less than second order tangential). A sequdpgé,.; C D is said toconverge
non-quadraticallyto o = '2*P/4, (p, q) = 1, if r(un, p/q) —> O.

n—oo

COROLLARY 2. Let p/q # 0/1and leti(n) € M, p/q. If u € D* tends toe(P/@)2ri
non-quadratically, them (1) — oo, in particular Ry, , leaves any compact subset of
the space of rational maps of degree two.

A hyperbolic component of the spagd; is a maximal connected open subset on which
both the critical points of the corresponding maps are attracted to attracting periodic orbits.
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COROLLARY 3. [Mi] Any hyperbolic component 081, containing a polynomial is
unbounded.

Forp € Dandx € M, we can interpret the maR, , as the mating of the two quadratic
polynomialsQn, x) and Q,,. More precisely any polynomial-like restriction &, to a
neighbourhood of the filled Julia set has internal ci@ss, ;) and external clasg,,.

The only if part of Tan Lei's mating conjecture states thatfgy # 0/1, one cannot
mate a quadratic polynomial 8fg ,,, with a polynomial of the conjugate limblg _ /.

Our Theorem B and its corollaries shows that, if we keap, () in Mo, ,/, and letu tend
non-quadratically to the root of the conjugate liddp _ ,/,, then the mating;, ,, of O,
andQn, . tends to infinity in the space of quadratic rational maps.

The geometry hidden in Corollary 2 is that the mags,, converge locally uniformly
(away fromz = —e(P/9271) 1o the elliptic Mdbius transformation +— ze(?/927 when
n € D tends toe~(P/927i non-quadratically. That is, at the limit, the m&p ,, has left
the space of rational maps of degree 2 and has become a rational map of degree 1 (for a
more general discussion of this point s&#,[pp. 8—10]). This situation is reminiscent of
the conclusion in Chuckrows theorem on quasiconformal deformations of Kleinian groups
(see Ma, p. 97]). If a loxodromic element of some Kleinian group converges to an elliptic
element under some deformation of the group, then it is not possible to normalize the
deformed groups in such a way as to retain the whole group in the algebraic limit. Either
at least the loxodromic element (and the elliptic) is lost or the rest of the group is lost and
only the elliptic element remains. With the normalization we have chosen for the maps
Ry, we end up with only the elliptic map and we loose the rest of the dynamics, when
we try to force 0 ando to become ‘elliptic’. At the end of this paper we isolate the above
phenomena and prove that the dynamically trivial ‘elliptic’ limit is caused by the geometry
of the immediate attracted basinafand not by the fact that the map is rational (of degree
two).

1. Proof of Theorem B and its corollaries

The proof of Theorem B is based on Theorem A and the PLY-inequality (see below).
Let us recall the PLY-inequality and some of its prerequisites. ddrgugate multiplier
corresponding tde, [y]) a periodic accesgy] to «) in a simply connected periodic
Fatou domainA, is defined as follows. Lep : A — D be a Riemann map and let
Ra = ¢ o R" 0 p~1, wheren is the period ofA. The periodic accesg, [y]) corresponds
underg to a periodic point’ € S! for R,. Theconjugate multipliercorresponding to

(a, [y]) is the multiplier ofe’. This number is real, greater than or equal to 1 and does not
depend on the various choices made.

THEOREM. (The PLY-inequalitySuppose is a repelling periodic point with multipliek

and rotation numbep/q for a rational mapR. Letps, ..., p,, be conjugate multipliers
corresponding to distinct orbits of periodic accessea td@hen:
1
r(, p/q) <

g?-Y_11/logp;’

For a proof see, for exampleR§.
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Proof of Theorem BSuppose the Julia séf ,, of the rational mamR;, , is connected
for some pair of parameteys € D* and|A| > 1. Then the attracting basift of co is
connected and simply connected. ket A — I be a Riemann map, which mapsto 0.
Composingp with a rotation if necessary, we can suppose the conjugate map &¢juals
The Douady Landing theorem (sd®g], Theorem B]) implies that the repelling fixed point
0 has a rational rotation numbgyg. Then the—p/q orbit for R, corresponds undef

to a (unique)p/g-cycle of accesses to 0 from. The multiplierp of the —p/q orbit is
the conjugate multiplier of the correspondipgg-cycle of accesses to 0 from and the
PLY-inequality yields:

lo
rOv plg) < %

For u # 0 we obtain Theorem B by combining the above inequality with Theorem A for
rotation numberp/q. a

2. An asymptotic formula

The inequality in Theorem A is not best possible. Indeed if weuléend to O, then the
bound in the inequality tends to infinity. Fortunately we have quite good estimates from
other sources, whem is close to 0, viz.

1+ ul )q
p= <l+ )
1—ul
wherep is the multiplier of any;-periodic orbit fork,, in St (see Pe,p. 20]). However the
inequality in Theorem A is asymptotically best possible to first order @Gar(u, p/q)),
wheny tends toe’27?/4 non-quadratically. To see this we shall use the holomorphic index

of rational maps (seeMi]). Let R be any rational map of degree at least two and without
parabolic fixed points, then

1
1= Y o @

Z,R(z)=z

The inequality in Theorem A for the eigenvalpeof the R,,-fixed point inS* can be
improved to an exact value.

LEMMA 2.1. Mi] For w in the horocycleC(1 — r, r) \ {1} of D the multiplierp of the
R,-fixed pointinSt is given by

_ 1
PEICS
Proof.Foru € C(1—r,r) \ {1} we get from (2)
1 1 1 20 (1 — 1
_ L d-w ,_1 4 O
p—1 1-p 1-u 11— puf? r

We could proceed using (2) and the expressiorpfar Lemma 2.1 to obtain the exact
value of the multiplier of the period two orbit fat,,. We shall leave this computation to the
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reader. However, for period three and higher, one cannot use this method to obtain exact
formulae, because there is more than one orbit of any given period bigger than two. We are
thus left with estimates. To prove the above statement about the asymptotic effectiveness
of the bound in Theorem A we shall hence use (2)R§r It yields

1
1= ) —. (3)
Z,R4(z)=z 1-D:R?
Letxo, ..., x4—1 be anyg-periodic orbit with multipliero. Then we get from (3)
1 1
iyog =1t R
p—1 11— 1 o Rz —DRq

z#x,0,00
The terms of the last sum are all negative thusfére D\ D(1 — r/, ") we have

1 2R(1 — pd) r’
—<-14+——F<—-1 and 1
L T TE A T4z
Forr > 0let0 < r'(r) = r' = (1 —exp(—2qr))/2 < 1/2. Givenp € D* with
r = r(u, p/q) < m/q, we claim (and prove below) that? € D\ D(1 - r/,r’). Letp
denote the multiplier of the unique/q orbit for R,. Combining this claim with (4) and
Theorem A we obtain after a few elementary manipulations the following sandwigh for

< p. (4)
7

1+ gtanhgr) < p < exp(q>r). (5)

The two bounds agree to first order terms-jrwhich means that the upper bound is best
possible to first order in.

To complete the proof of (5) we shall show that € D\ D(1 — r/, r’). Recall that
r(u, p/q) = r implies that there exists logarithm of u with |M — (—r +i27xp/q)| = r.
But thenu? = explgM) = exp(gM — p2ri) and|gM — (—qr + p2ri)| = gr. Hence,
w? belongs to théd*-horocycle, which is tangent t8! at 1 and which passes through
exp(—2qr). As exp is injective oD (—qr, gr) for r < 7/q the claim is a consequence of
Lemma 2.2 below.

LEMMA 2.2. For any r > 0 the D* horodiskexp(D(—r, r)) contains theD horodisk
DA -7+, r"), where
1—exp(—2gr) 1
0<r'(r)= —2 >
Proof. The horodisks are obtanied in the limit> 1 of the hyperbolic disks with center
and radius equal to the distance frorto 1 — 2r’. Hence, it suffices to prove that for any
1-27 <t <1

Dp(t,dp(t,1— 2r")) C Dy (t, dpy (t, 1 — 2r)).

Letr : D* — R denote the coefficient function of the infinitessimal hyperbolic metric on
D* relative to the ditto o). Then clearlyr(z) = 7(]z]) and an elementary calculation
shows thatr is monotonically decreasing fromo to 1 on the intervallO, 1[. Let
1-2r <t < 1andlet; € D be arbitrary withdp(z,z) = dp(t,1 — 2r") = I;,. We
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need to prove thatp: (z, z) < dp-(t,1— 2¢'). Lety : [0, [,] — D be the parametrization
by D-length of theD-geodesic front to z. And let similarlyyo : [0, [;] — D parametrize
the geodesic segmept 1 — 2r'] by D-length. As the later is also&* geodesic segment
we obtain

I Iy
dpy (1, 2) SIW(V)Z/O T(J/(l))dIE/O T(yo(t) dt = Iy (yo) = dpy (1,1 = 2r"). O

3. A'star for an immediate attracting basin and proof of Theorem A

Let U c C be a domain and lef : U — C be holomorphic. Supposg € U is an
attracting fixed point forf. Let A(zo) = {z | f"(z) — zo asn — oo} denote the attracting
basin forzg and letAo(zp) denote the immediate attracting basin, the connected component
of A(zp) containingzo.

Definition 3.1.The immediate basih = Ao(zo) is called a degreé (immediate) basin
if the restrictionf : A — A is a proper map of degreé Ford = 2 we shall also use
the term quadratic basin fax. (Note thatd > 2, whenf is non-trivial, i.e. if f does not
coincide with a Mibius transformation.)

To simplify notation we shall write f : U — C has a degred basinA around the
fixed pointzg with multiplier n’, for the above. To condense even more we simply write
a sixtuple(f, U, zo, u, A, d). If zo is periodic with exact periog we obtain similar
definitions by replacing’ with " in the above discussion.

Given(f, U, zo, u, A, d) we shall define certain subsets denattatsof A. We define
these stars in the general case, though we in this paper shall study them only in the case
of a simply connected quadratic basin. Studying these stai® favith A = D leads to
a proof of Theorem A and studying them for general simply connected quadratic basins
yields an analog of Chuckrows theorem for holomorphic maps with such a basin.

Let (f, U, zo, u, A, d) be given and lety : A — C be a linearizing coordinate fof
on A, i.e.y is holomorphic and locally injective ap, with ¥ (z0) = 0andy o f = - .

Let c1, ..., cx denote the critical points for in A, not in the backwards orbit afp.
(Note thatk < d — 1 if A is simply connected, by the Hurewiz formula.) Then the set
Crit;/,’A ={u"Y(c) | n>0,1<i <k} consists of the non-zero critical values of the
(infinite degreed) branched coveriflg For 1 < i < k let ¢; denote a logarithm of (¢;)

and letG denote the half grid; :=={n - M +m -2ni + ¢ |n,m € Z,n <0,1 <i <k}.
Sothatz € G if and only if exp(z) € Crit), .

For the following discussion we fix a logarithi of . and a rotation number/q. We
consider the straight lines throughparallel tog - M — p - 2zi. Their projection toC*
by exp arek’ - ¢ disjoint logarithmic spirals (possibly straight lines), which are grouped
into &’ orbits under multiplication by, each orbit performing @/¢ rotation around 0 and
a —p/q rotation arouncbo, because the exponential map semi-conjugates translation by
M to multiplication byu. Moreover the spirals contain all the non-zero critical values
of y. Here 1 < k' < k takes into account, the possibility thgt ™"y (c;)},-0 and
{u™"Y (ci)},>0 May happento lie on the samespirals. The complement of the spirals in
C* hask’ - g connected componerirAB;, e (’J\kﬁ,l sa)j\labelled in their counter clockwise
order withy(c1) on the common boundary @fy andUy,—1. Fix, for each 0< j < k'q,
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a connected componedt; of exp‘l(ﬁj). Thenﬁj is a straight strip invariant under the
translationz — z + gM — p2wi. Denote byy; the central straight line i|ﬁ7j, invariant
under the above translation. Moreover, denoteybyc @ the projection ex(;), so
thaty; is a logarithmic spiral parallel to the boundariestof. Also the arcsy; form &’/
p/q-cycles for multiplication by and so do the ‘stripsﬁj, each of which ig/q rotated
around 0 under multiplication by, i.e.u - U; = Uj1xp) modg for €ach;.

LetU; C A be the unique connected componentbofl(Uj), whose closure contains
0. Then the restrictiogy : U; — l7j is biholomorphic, because the restriction

¥ A\ Yy~ t{0p U Crit), ) — C*\ Crit), ,

is a covering map and7j is a simply connected subset of the range. Furthermore let
yi = ¥~1(¥;) N U; so thaty mapsy; homeomorphically untg;. Then the ‘stripsU;

and the arcy; each formk’ orbits underf, and each orbit performs;g/q rotation around

zo under f, because/ semi-conjugateg to multiplication by.

Definition 3.2.The (M, p/g)-star Xy, /4.4, r Of A for f is the open subset af given by

kq—l_
XM.p/g.Nf = U Uj
j=0

For0< j < k'q the set; is called thejth strip, the setU ; — A is the jth tip or tip of U;
and the arg; is the jth wire of the starXy, /4. A,  OF the wire ofU;.

When the magf and the basim is obvious from the context we shall wriky,, ,, for
the(M, p/q)-star of A for f.

Note that the staEy, /4,4, ¢ 1S @an open neighbourhood gf and thatf maps the star
univalently into itself. In general one should not expect the tips of the wires to be one
point sets. With mild extra assumptions, they form however a periodic orbit, with period
dividing g.

LEMMA 3.3. Given(f, U, zo, 1, A, d), suppose thaf? is defined and holomorphic in a
neighbourhood of a point in theith tip of Xy ,,,. Thenf?(x) = x, theith tip equals
x and if f is continuous on neighbourhoods of the orbitcpthen this periodic orbit form
the tips of the orbit of/;. Moreover, for any neighbourhoad of x, there existsR > 0
such that; € w, whenever € U; and |y (z)| > R.

Proof. The proof is adapted from a classical argument introduced by Sullivan, Douady and
Hubbard. LetW C A be a neighbourhood relative 1o of A, without critical points for

f and bounded by a Jordan preimagel(C (0, r)) for some sufficiently big. Moreover,

letW' c W = f~L(W)nW. Then the restrictiorf : W — W is a degre@ covering and

hence expanding with respect to the hyperbolic metridtanLet f~¢ denote the branch

of the inverse, which map; biholomorphically onto itself. LeF' denote the closure of

a fundamental domain for the action ¢f on U; bounded by W’ and f~2(dW’). The
W-hyperbolic distance betweerand f ~9(z) is uniformly bounded for € F andF has

finite W-hyperbolic diameter, becaugeis relatively compact irlW. Hyberbolic balls of

a given diameter have spherical diameters, which tends to 0, when the balls approach the
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boundary. Hencey and any other accumulation point bf (or equivalently ofy;) not

in U;, but wheref? is defined, is a fixed point of?. But as f¢ is holomorphic in a
neighbourhood af, it is an isolated fixed point. Hence, the entire tip, being a continuum,
equalsx and given any neighbourhoedof x, the outer end ot/; is contained in it. By
continuity the tips of the strips in the orbit 6f equals the orbit of. |

Whend = 2 andA is simply connected in the above lemma, thea X’ = k and the
orbit of x is the uniquey-periodic orbit with rotation number/q relative toA.

LEMMA 3.4. Given(f, U, zo, 1, A, d), suppose the tips of thpstrips{Uink/}‘]’.;(l) are
formed by a periodic orbit with exact periad Then eithen = g orn = 1.

Proof.Let 0 < jo < j1 < --- < jg—1 < gk’ denote the indices of the strips above,
ordered increasingly, so thgt(U;) = Uj,, , mos,- 1O @void double indexing we shall
write U; for U}, andy, for y;,, etc. Letx, ..., x,_1 denote the periodic orbit forming the
tips of the above cycle of strips and wride= n - m, wheren is the exact period of the
xj. Thenforeacly =0, ...,n — 1 them wires (arcsly;, ¥jtn, ..., ¥j+m-1n all land
ONXj = Xjqn =+ = Xj4(m—1n- SUPPOS& < g sothatm > 1 andletX;, 0 <i <m
be the connected component®f— U;";'7, bounded byyi, U yi1p,. If n > 1, then
the set"  y114, U {x1} is a connected subsetof' ;' X;. And moreoveryyy;, C X; for

0 < < m. Thus, a contradiction. This proves the lemma. |

Proof of Theorem ALet © € D*, M € logu and a rotation number/g be given. The tips
of the (M, p/q)-starXy, ,/, of D for R, are formed by a-periodic orbitxo, ..., x;,_1,
becauser,, is holomorphic in a neighbourhood &. The exact perioa of this orbit
equals 1 oy by Lemma 3.4. Moreovet = g because any periodic orbit fat, in st
has combinatorial rotation numbefD) Hencexo, ..., x,—1 is thep/q orbit for R,,. Let
p > 1 denote the multiplier of this orbit.

Recall that logp v : U; — l7j is biholomorphic and conjugates dynamics for egch
Thus the quotient/; / R}, is isomorphic to the cyIindeli%-/(z — z+qM — p2xi). This
cylinder has the modulus m(ﬂj/Rﬁ) = 1/(g%- r(M, p/q)). On the other hand, ib
is a sufficiently small disk around;, thenC = (v N D)/R,‘i is a cylinder of modulus
7/log(p). As proved above, one end bf; is entirely contained im, thusCy, = U,-/RZ
naturally embeds non-null homotopically and properly iéito

Fix a point sayxo in the p/q-orbit for R,, and the cylindeC = (w ND)/R},. As above
let Cyy = Uo/ R}, denote the non-(homotopically) trivial subcylinder@fcorresponding
to the stripUp. Choosing another logarith®’ = M + n2xi, n € Z of u we obtain
similarly a non-trivial subcylindeC,; = U]’./RZ C C corresponding th]’. for some
0 < j < g. We claim thatCy; N Cyr = @. To see this note that both cylindefs, and
C,y are naturally foliated by analytic Jordan curves corresponding to the straight lines in
C parallel togM — p2rxi andgM’ — p2ni = gM — (p — gn)2xi respectively. These
straightlines intersect at constant anglesalience, if the two cylinders intersect, then the
corresponding foliations intersect transversely at constant andseit then the leaves of
the two foliations cannot all be Jordan curves, because®@gtlandC,,, are subcylinders
of the cylinderC. Hence,Cy N Cyy = B. As M # M’ were arbitrary logarithms qf we
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obtain from the Gotzsch-inequality for annuli that

Z 4 - T
= g% -r(M +n-i2m,p/q) logp

and thus

logp < ¢ T, p/q) < q*- r(i, p/q). 0

4. Further results for simply connected quadratic basins

Let e(z) = 1/|z| denote the coefficient function of the complete Euclidean metric on
C* and letd,(-, -) denote the corresponding distance function. The metric givea by

is equivalent to the standard Euclidean metric@n Moreover the exponential map

(C, 1 =8 (C*, ¢) is alocal isometry, where the constant function 1 indicates the standard
Euclidean metric oiC. ForU ¢ C a domain with universal covering isomorphiclig

let Ay denote the coefficient function of the hyperbolic metricléand letdy denote the
corresponding distance function. One of the basic results on hyperbolic metrics is that for
any simply connected domath ¢ C* and any; € U: €(z) < 2- Ay (2).

Let the sixtuple(f, U, zo, 1, A, 2) with A simply connected and a st&ly, /4,4, f b€
given. Using that the dynamics gf? on eachU; are conjugate to the translation on a
certain stripﬁj, one calculates that for alle U;: dy;(z, f9(2)) < g%-r(M, p/q), with
equality precisely on the wirg;, wherex ; denotes the hyperbolic metric @fy.

PROPOSITION4.1. Suppose the map : U — C has a simply connected quadratic basin
A c C around the fixed poin® with multiplier » € D*. For any starXy, ,/, the
function f9(z)/z has a unique, holomorphic logarithin = hy ,/, defined on the star
with £(0) = gM — p2ri. Moreover for any0 < j < g and anyz € y;

h()| <2-¢% r(M,p/q) and dc(f(z).2) <2-q* r(M, p/q). 1)

Proof. The univalent functiorf? on the simply connected domaity, ,,, C C maps zero
to zero. Thus the functiorf?(z)/z has a holomorphic logarithr on the starZyy, /4.
As expgM —i2np/q) = ui = (f9)(0), we may specify such a logarithm uniquely by
requiring that:(0) = g M — i27 p/q. This proves existence and uniquenesa.of

For each 0< j < ¢ let V; denote a connected component ofe’;(mjj) and Ietxj
denote the coefficient function of the hyperbolic metricion Then 1< 25;(z) for all
z € V; by the remark preceding this proposition and the fact that exp is a local isometry
for the hyperbolic metrics o¥; andU;, and for the Euclidean metrics dhandC*. Let
F : V; — V; denote the conjugate g¥? by exp, i.e. expF = f9 0 exp onV;. Moreover,
letc; = expi(y;) NV;. Thend; (z, F(2)) = q%-r(M, p/q) forall z € «; as exp
conjugates dynamics. Lete «; be arbitrary and parametrize by x j-length fromz, so
that; (0) = z andX; (x; (s)) - i} (s)| = 1 for all s, wheres is the parameter. Then

q?r(M.p/q)
|F(z) — z| 5/ |K}(s)|ds
0
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?rM.ple) )
5/0 235065 - IK(s)] ds

q?r(M,p/q) 5
:2/ ds=2-q°-r(M, p/q).
0

On the other handl(e*) = F(z) — z for z € V;, because exF(z) — z) = f9(e*)/e* and
F(z)—z —> qM — p2wi.Thus|h(z)|<2-¢%-r(M, p/q)forallze Kj.
o

R(z)—>—
This proves the first inequality of (1). The second inequality follows from the first

and the fact that is a logarithm off4(z)/z, because expC — C* is a local Euclidean
isometry. ]

When we speak of a continuous family of continuous/holomorphic maps or a family
of continuous/holomorphic maps depending continuously on some parameter, we shall
always infer continuity in the compact open topology on continuous/holomorphic maps,
i.e. with respect to the topology induced by uniform convergence on compact sets.
Moreover, a familyf,, of holomorphic maps witlx € U, U an open subset @ is said to
depend holomorphically on, if the map(z, 1) — f,.(z) is holomorphic as a function of
the two complex variablesand .

Definition 4.2 Supposef : U — C is a holomorphic map, wheté c C is an open subset
containing af-fixed pointa € C and f/(a) = expi2x p/q) for some rotation number
p/q. We shall say tha& is an elliptic fixed point, iff7(z) = z on a neighbourhood of
« and parabolic otherwise. Forkaperiodica the terms elliptic and parabolic are defined
analogously. Note that rational maps of degfee 2 cannot have an elliptic periodic orbit.

Letd, : C x C — [0, 7] denote the spherical distance @0 For Sy ,/4.a.r @ star
aroundzg € A as above let the spherical star radi$= 7, /4,4, r) be given by

ra(EM,p/q,A,f) = SUpdy(z0,2) | z € V_j’ 0<j< k/q}

wherey; denotes thgth wire of the staiXy, /4.4, 7-
The following Proposition 4.3 and its Corollaries 4.7 and 4.8 are the analogues of
Chuckrows theorem for holomorphic maps with a simply connected proper quadratic basin.

PROPOSITION4.3. Let{(fu, Uy, 0, un, An, 2)},>1 be any sequence of holomorphic maps

each with a simply connected quadratic bagip around the attracting fixed poirit with

multiplier u,, € D* and satisfying for some rotation numbefq:

(1) rua, p/q) — 0asn — oo.

(2) There existe > 0 a lower bound on the spherical radii; (Zus,, p/q. A0, 1) > €,
whereM,, denotes the logarithm qf,, closestta2zp/q.

If there exists a (holomorphic) mafa such thatf, = fo uniformly on a neighbourhood

n— oo

of 0. Thenfp has an elliptic fixed point &@.

Proof.Supposef, = foon some disk), of radiusr around 0. Theryy is holomorphic

n— oo

onD, and f§(0) = po = expi2rp/q) # 0. Thus decreasing if necessary, we shall
supposefy is injective onD,.. Then all but finitely manyy,, are also injective on any fixed
compactly contained sub disk, sBy,,. It follows thatC\ A, & D, /> for all but finitely
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manyn. This is because any sufficiently thin annulusip alongd A,, is double covered
by an annulus inside itself.

For each > 1 letz, € C — A, be a point closest to infinity. Passing to a subsequence,
if necessary we can supposg— zo. € C. By the argument abovs, ¢ D, for all but
finitely manyn and thuszs ¢ D, 2.

Define Hy(z) = (y - 2)/(y —z) for y € C* and Hx(z) = z, so thatH, depends
holomorphically ony € C — {0}. We can suppose that = oo, conjugating eaclf, by
H,, and fp by H,__, if necessary, and possibly replacin@m (2) by some smaller value. In
particular we shall suppose that eath c C so that Proposition 4.1 applies.

Let y;, denote thejth wire of the staX, p/q.a,. 7, and lety, = Uo<;<,7j» C C.
ThenY, is compact, connected and contains 0. We can supgpse Yo € CompC)
asn — oo, extracting a subsequence if necessary, whigre C is some compact and
connected set containing 0. This is because Q@npthe space of compact subsets of
C, is a compact space, when equipped with the Hausdorff metric. Moreover, the spherical
radius sugd, (0, z) | z € Yo} is at leask, as this holds for any of thg,.

We can suppose that! converges uniformly tq”g onD,, decreasing if necessary.
Clearly fo(0) = fc‘,’ (0) = 0. Letxg € Yo N D, — {0} be arbitrary and choose a sequence
{xn € ¥, — {0}},,51 with x,, — xp asn — oo. Then there existgg such thaty, < D, for
n > no and for all such: we have

de (fo (x0), x0) < de(fg (x0), fo (xn)) + de(f (xn), [l (xn))
+ de(fr? (xn)v xn) + de (Xn, XO)

the right-hand side converges to Oras> oo, becausefy is continuousy,! = f; locally
uniformly on the neighbourhodd, of xo and

de(f;f Gn).xn) < 2921 un, p/q) = 0

by (2). Thusfg (x0) = xp and hencg‘g (z) = zforall z € Yo N D,. Finally fg (z) =zon
D,, by analytic continuation and the fact thgtN D, is a continuum. O

LEMMA 4.4. Let f, : U, — C, n > 1 be a sequence of holomorphic maps wjtti0) =
0, £,(0) = up T MO # 1. If f, = fo uniformly on a neighbourhood dJ, then there
existr > 0 andng > 1 such tha®is the unique fixed point of, in the diskD, of radiusr
aroundO.

The proof is an elementary application of Rouches theorem and is left to the reader.

Definition 4.5.Let f : U — C be a holomorphic map with a simply connected quadratic
basin A around a fixed pointg with multiplier x € D*. Given a rotation number
p/q # 0/1 we shall say thal is a p/q-loxodromic quadratic basin (far), iff « € 9A

is a repelling or parabolicf-fixed point, with combinatorial rotation numbgyg relative

to A.

Example 4.6Given a rotation numbep/q # 0/1. We shall give some examples of
continuous families of maps withzg/g-loxodromic quadratic basin. L& > p +— A(u) €
M, p/q be any continuous function. Each map of the faniily > u — Rj (), € M2
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has ap/g-loxodromic quadratic basin. A particular case of this is whHgp(A(n)) =

Lo € Mo, p/4- The later is however also a special case of the following situation: suppose
Img: U — C has ap/q-loxodromic quadratic basin around a fixed point say at 0 with
multiplier u = exp(Mp), wherelt(Mp) < 0. Using the idea of wringing and stretching the
complex structure (see, for examplBH]) on the grand orbit ofA we obtain a continuous
family of holomorphic mapsy, : Uy — C, M € H_ = {z | %(z) < 0} each with a
p/q-loxodromic quadratic basin p; around the attracting fixed point O with multiplier
um = expiM).

COROLLARY 4.7. Let p/q # 0/1 be a rotation number. Suppose

{(fm Um Oﬂ Mn, Anv 2)}"21

is a sequence of holomorphic maps each with a simply connegtgedoxodromic
quadratic basinA, for a,. If r(u,, p/q) — 0O, (that is the multipliers{u,,},>1 € D*
converge non-quadratically tpg = €/%77/9) and f, = fo locally uniformly in a
neighbourhood of0, for some (holomorphic) mapy. Then the mapf has an elliptic
fixed point at.

Proof. The limiting map fp is automatically holomorphic in a neighbourhood of 0, by the
Weierstrass theorem on uniform convergence of holomorphic maps. Morgg@r= 0
and f5(0) = uo. According to Lemma 4.4 the sequencefpffixed pointsa, stay away
from a neighbourhood of 0. However, the tips of the stay, ,/4,4,,7 all equala,,
becauseA, is p/q-loxodromic fora,. Thus, the requirements of Proposition 4.3 are
satisfied ancj‘c‘]’ (z) = z on a neighbourhood of 0. O

Deformations of maps with a parabolic fixed point are much studied and the local
dynamics of such deformations is to some extent understoodplete'77/4, (p, q) = 1
ande > 0 be given. Supposg, : D — C is a continuous family of holomorphic maps
such that 0 is a fixed point fof,, with multiplier i for & € D(uo, €) and that 0 is a
parabolic fixed point forf,,,. Then there exists > 1 with the property that gives > 0
there existgg > 0 such thatf,, hasn g-periodic orbits, counted with multiplicity, in the
diskID(0, §) for u € D(uo, €0). Generally speaking;, has some number > 1 of g-
periodic orbits converging to the fixed point 0, whertonverges tqug. But which orbits
converge to the fixed point?

COROLLARY 4.8. Letug = ¢/27P/4 and supposé,,, u € {z € D | |u— pol < €} U{uo},

€ > 0is a continuous family of holomorphic maps such that:

(1) The mapf,, has a parabolic fixed point &, with multiplier (.o.

(2) For u € Dthe mapf, has a simply connected quadratic bagip around the fixed
point0 with multiplier .

Then

(a) There existgo > 0 such that forw € D with r(u, p/q) < ro the boundary oA,
contains an exacg-periodic orbitzo(w), ..., zg—1() € U with rotation number
p/q relative toA.

(b) Theg-periodic orbitzo(u), . .., zg—1() converge td uniformly asu converge to

o nhon-quadratically inD.
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Proof.DefineE = {u € D | |u — uo| < €} andEg = E U {uo}. Lets > 0 be such that
£, is defined and holomorphic di(25). Decreasing if necessary we can suppogé is
defined and holomorphic di(é), asf, = f., whenu — uo. Forp € E let M, denote
the logarithm ofu closest ta2rz p/q. Moreover lets(w) = 76 (Zm,,. p/q.Ap. f,)-

CLAIM . Whenr(u, p/q) — 0, thens(u) — O.

Proof of the claimlf the claim is false there exists > 0 and a sequendgt,},~1 C E
with »(u, p/q) — 0 asn — oo such thats(u,) > n for all n > 1. But thenf,, has an
elliptic fixed point at O by Proposition 4.3, this contradicts the assumption (1). O

We conclude from the claim that there exists > 0 such that the union of the
closures of the; wires of the starZy, ,/4.4,.7, iS contained inD(6) for all u € E
with (i, p/gq) < ro. In particular the tips of those wires are containedDits),
where 14 is defined and holomorphic. Thus, those tips are formed d3ypariodic orbit
20(), ..., 2g—1() € dA, for r(u, p/q) < ro. Decreasingy, if necessary, we can
suppose thaf,, is notp/q loxodromic, foru € E with r(u, p/q) < ro, by Corollary 4.7.
Thus, the exact period of the orkig(w), ..., z4—1(1) is g. Finally applying the claim
once more also proves (b). This completes the proof. ]

The conclusions of the above corollary are not surprising. For quadratic polynomials,
the conclusions follow from the combinatorial description of the Mandelbrot set and the
underlying combinatorial description of the Julia sets of quadratic polynomials obtained
by Douady and Hubbard. Thus, if the mags have restrictions to neighbourhoods of
A, as quadratic polynomial like maps, then the conclusion can also be obtained by the
theory of polynomial like familiesDPH]. However, the corollary is a stronger statement,
because the hypotheses finoutsideA , is limited to the bare minimum thaf, converge
to f,, locally uniformly on a neighbourhood of 0. Moreover the proof is based directly
on the dynamics, and not on the structure of some parameter space. As an illustration the
following is an example, where the above Corollary 4.8 applies but where the argument of
polynomial like maps does not work.

Example 4.9Given a rotation numbep/q, consider a one parameter family of cubic
polynomialsP, (z) = uz + b(u)z? + 23, n € D with:
(1) foreachu € D the polynomialP, has a simply connected quadratic basjparound
the fixed point O with multipliey;
(2) theg-periodicP,-orbitzo(u), ..., z4—1(n) with rotation numbep/q relative toA
is parabolic with multiplier 1.
The above Corollary 4.8 implies that the orbii(w), . . ., zy—1(1) converges to 0, when
1 converges tqug = exp(i2r p/q) non-quadratically. In particular the cubic polynomial
P, satisfiesP,(z) = z(1+ az% + O(z%*1)) in a neighbourhood of 0. Buk, has no
restriction as a quadratic polynomial like map in a neighbourhoatl,gfbecause of the
parabolic orbitzo(u), . .., zg—1(n) € dA,. Thus the polynomial like argument does not
yield the desired conclusion.

Though the stars are defined for general proper basins, this paper has only made use of
them in the case of simply connected quadratic basing hese are particularly simple,
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because precisely one periodic orbit on the boundary o&n have rotation number/q
relative toA. However, ford > 3, there are more than ogeperiodic orbit with Poincag”
rotation numberp /g for a(ny) degreel covering of the circle by itself. Thus, one also
needs a discussion on whighperiodic orbit(s) can form @/q rotation set for a given
degreed Blaschke model. The notion of rotation set for a degfemvering is defined

in [Go]. There it is shown that there can be at mdst 1 (g-periodic) orbits in ap/q
rotation set and the number gfperiodic orbits with rotation number/q is calculated

as a function otl. Unfortunately the question ‘which-periodic orbit(s) can form @ /g
rotation set forz — z??’ is not touched upon. Solving this question and combining
the answer with the ‘stars’ defined above, should yield much insight into the structure of,
for example, the hyperbolic components, corresponding to degree 3 proper basins, of the
connectedness locus for degree three polynomials.
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