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Abstract. We establish bounds for the multipliers of those periodic orbits ofRµ(z) =
z(z + µ)/(1+ µz), which have a Poincar´e rotation numberp/q. The bounds are given
in terms ofp/q and the (logarithmic) hororadius ofµ to e2πip/q . The principal tool is
a new construction denoted a ‘star’ of an immediate attracting basin. The bounds are
used to prove properties of the space of M¨obius conjugacy classes of quadratic rational
maps. These properties are related to the mating and non-mating conjecture for quadratic
polynomials [Ta]. Moreover they are also reminiscent of Chuckrows theorem on the
non-existence of elliptic limits of loxodromic elements in quasiconformal deformations
of Kleinian groups. We bear this analogy further by proving an analog of Chuckrows
theorem for deformations of certain holomorphic maps.

0. Introduction
Let R be a rational map. The Fatou setFR ⊂ C for R is the maximal subset on which the
family of iterates{Rn}n≥0 is locally a normal family in the sense of Montel. The Fatou
set is trivially open. The compact complementJR = C − FR is called the Julia set for
R. We use the term Fatou domain to denote a connected component ofFR . A point z is
periodic forR with (exact) period (k minimal) k, if Rk(z) = z. For ak-periodic pointz
the complex numberλ = DzR

k is called the multiplier/eigenvalue ofz or of the orbit ofz.
The periodic pointz is called attracting if|λ| < 1, repelling if |λ| > 1 and indifferent if
|λ| = 1. Furthermorez is called rationally indifferent or parabolic, ifλ is a root of unity.
Repelling and parabolic periodic points are contained in the Julia set, whereas attracting
periodic points are contained in the Fatou set.

Let µ ∈ D and defineRµ(z) = z(z+µ)/(1+µz). The points 0 and∞ are fixed points
for Rµ with multipliersµ andµ respectively. Moreover the unit circleS1 contains all the
repelling periodic orbits and equals the Julia set. Aq-periodicRµ-orbit inS1 is said to have
(Poincaŕe) rotation numberp/q, (p, q) = 1, if the restriction ofRµ to thisq-periodic orbit
coincides with an orientation preserving circle homeomorphism with rotation numberp/q.
Each rational numberp/q, (p, q) = 1 is the rotation number for precisely oneq-periodic
orbit for Rµ (see [Go]). This orbit will be denoted thep/q orbit for Rµ.

https://doi.org/10.1017/S0143385799120996 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799120996


128 C. L. Petersen

For p/q a rotation number we shall always assume(p, q) = 1. The numberp is
however only unique moduloq. For instance−p/q is equivalent to(q − p)/q.

GivenM ∈ C with <(M) 6= 0 andp/q with (p, q) = 1 we define the number

r(M,p/q) = |M − (p/q)2πi|
2 · sinη

whereη is the angle betweenM − (p/q)2πi and 2πi. In terms of polar coordinates the
numberr = r(M,p/q) is the radius of the circleC(±r + 2πip/q, r) throughM, tangent
to the imaginary axis at(p/q)2πi [here the± indicates the sign of<(M)].

Let µ ∈ C∗ − S1, so that<(logµ) 6= 0. Moreover let a rotation numberp/q be given.
Then there is at least one and at most two logarithmsM of µ such that|M − (p/q)2πi| is
minimal among all choices of logarithm ofµ. We define two radii:

r(µ, p/q) = r(M,p/q) and
1

r̂(µ, p/q)
=
∑
n∈Z

1

r(M, (p + nq)/q)
.

We remark that these radii satisfyr(µ, p/q) < r̂(µ, p/q), depend only onµ and
p/q modZ and are thus independent of the integer part ofp/q.

THEOREM A. Letµ ∈ D∗ and letρ > 1 be the multiplier of thep/q orbit for Rµ. Then:

0 < logρ < q2 · r̂(µ, p/q) < q2 · r(µ, p/q).

Let f be holomorphic in an open neighbourhoodU ⊆ C of α with f (α) = α. Suppose
γ0, . . . , γq−1 areq arcs inU starting atα and otherwise disjoint, labelled in their counter
clockwise direction aroundα. Theq arcs are said to bep/q rotated, or to form ap/q cycle
underf , iff (p, q) = 1 and for allj = 0, . . . , q − 1, f (γj ) ⊆ (⊇)γ(j+p) modq .

Let R be a rational map withα a repelling or parabolick-periodic point. We say
that α has (combinatorial) rotation numberp/q, if there exists a simply connected
Fatou domain3 and akq-periodic access(α, [γ ]) with γ ∈ 3 such that, theq curves
γ,Rk(γ ), . . . , Rk(q−1)(γ ) form ap/q-cycle underRk and defineq distinct accesses toα.

Let

Rλ,µ(z) = z
z+ λ

1+ µz
, λ 6= µ−1 ∈ C.

The mapsRλ,µ have fixed points at 0 and∞ with multipliersλ andµ respectively. The
following theorem and Corollary 1 was conjectured by Milnor.

THEOREM B. Suppose the Julia setJλ,µ of the rational mapRλ,µ is connected for some
pair of parametersµ ∈ D∗ and|λ| > 1. Then the repelling fixed point0 has a well defined
rotation numberp/q and its multiplierλ verifies

r(λ, p/q) < r̂(µ,−p/q) < r(µ,−p/q).

Let Pc(z) = z2 + c, c ∈ C. The connectedness locus of this the quadratic polynomial
family is the Mandelbrot setM = {c ∈ C | Jc is connected}. Let Qλ(z) = λz + z2,
λ ∈ C. The two polynomialsQλ andPc with c = π(λ) = (λ/2) − (λ2/4) are affine
conjugate and thus equivalent holomorphic dynamical systems. The connectedness locus
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M0 of the family {Qλ}λ∈C is thus a double cover ofM. Let θ ∈ T := R/Z, and define
the θ limb M0,θ of M0 as follows. Ifθ is irrational setM0,θ = {ei2πθ } and if θ = p/q

is rational,(p, q) = 1 let M0,p/q be the set ofλ for which the fixed point 0 forQλ has
rational rotation numberp/q. The Douady landing theorem for polynomials (see [Pe,
Corollary B.2]) implies that for anyλ ∈ M0 \ (D \ exp(i2πQ)) the fixed point 0 ofQλ

has a rotation number. ThusM0 = D ∪ ∪θ∈TM0,θ . Moreover, Douady and Hubbard have
shown that the setM0 is connected and that its limbs are connected and mutually disjoint.

The family of mapsRλ,µ defined above parametrizes the spaceM2 of Möbius
conjugacy classes of rational maps of degree 2 except for the single class of maps with
a single but triple-fixed point (see [Mi ]). For µ ∈ D fixed we define the connectedness
locusMµ := {λ | Jλ,µ is connected}. By the theory of polynomial like mappings, (see
[DH]), there exists a dynamically defined quasi-conformal homeomorphism, between open
neighbourhoods ofMµ andM0, mappingMµ ontoM0. The restriction5µ : Mµ → M0,
of the above homeomorphism, is unique on the boundary ofMµ and is unique in the
interior of Mµ, if we require in addition that5µ is conformal there. In particular5µ is
the identity onD. Here dynamically defined means thatRλ,µ andQ5µ(λ) are conjugate on
neighbourhoods of their filled Julia sets, by quasiconformal homeomorphisms, which are
conformal on the interior of the filled Julia sets. We define the limbs{Mµ,θ }θ∈T of Mµ

analogously to the limbs ofM0. Thus,5µ preserves limbs for allµ ∈ D. We obtain an
immediate corollary of Theorem B.

COROLLARY 1. Let r > 0 andp/q ∈ Q/Z be given. Then for allµ ∈ D∗ with r(µ, p/q)

≤ r thep/q-limb ofMµ satisfiesMµ,p/q ⊂ exp(D(−r + i2πp/q, r)) ∪ {e2πip/q}.
One may ask if Corollary 1 just exhibits some peculiarity of the normalization made

by choosing the familyRλ,µ. For p/q = 0/1 the answer is ‘yes’, by our normalization
we are inhibiting the two fixed points 0 and∞ in merging. However forp/q 6= 0/1
the answer is ‘no’, there are no elliptic limits inM2 as the following Corollary 2 shows.
Furthermore at the end of this paper we shall formulate and prove a general version of
Corollary 2 independent of the rational maps of degree two context. For a direct proof
of Corollary 2 we need a relation, which has been proved by Milnor (see [Mi ]). Let κ

denote the multiplier of the third fixed point forRλ,µ, thenλµκ − (λ+µ+ κ)+ 2= 0 or
equivalently, sinceλµ 6= 1

κ = 2− λ− µ

1− λµ
. (1)

We shall use the following terminology (a longer, but more precise term would be
strictly less than second order tangential). A sequence{µn}n≥1 ⊂ D is said toconverge
non-quadraticallyto µ0 = ei2πp/q, (p, q) = 1, if r(µn, p/q) −→

n→∞ 0.

COROLLARY 2. Let p/q 6= 0/1 and letλ(µ) ∈ Mµ,p/q . If µ ∈ D∗ tends toe−(p/q)2πi

non-quadratically, thenκ(µ) → ∞, in particular Rλ(µ),µ leaves any compact subset of
the space of rational maps of degree two.

A hyperbolic component of the spaceM2 is a maximal connected open subset on which
both the critical points of the corresponding maps are attracted to attracting periodic orbits.

https://doi.org/10.1017/S0143385799120996 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799120996


130 C. L. Petersen

COROLLARY 3. [Mi ] Any hyperbolic component ofM2 containing a polynomial is
unbounded.

Forµ ∈ D andλ ∈ Mµ we can interpret the mapRλ,µ as the mating of the two quadratic
polynomialsQ5µ(λ) andQµ. More precisely any polynomial-like restriction ofRλ,µ to a
neighbourhood of the filled Julia set has internal classQ5µ(λ) and external classRµ.

The only if part of Tan Lei’s mating conjecture states that forp/q 6= 0/1, one cannot
mate a quadratic polynomial ofM0,p/q with a polynomial of the conjugate limbM0,−p/q .
Our Theorem B and its corollaries shows that, if we keepQ5µ(λ) in M0,p/q and letµ tend
non-quadratically to the root of the conjugate limbM0,−p/q , then the matingRλ,µ of Qµ

andQ5µ(λ) tends to infinity in the space of quadratic rational maps.
The geometry hidden in Corollary 2 is that the mapsRλ,µ converge locally uniformly

(away fromz = −e(p/q)2πi) to the elliptic Möbius transformationz 7→ ze(p/q)2πi, when
µ ∈ D tends toe−(p/q)2πi non-quadratically. That is, at the limit, the mapRλ,µ has left
the space of rational maps of degree 2 and has become a rational map of degree 1 (for a
more general discussion of this point see [Mi, pp. 8–10]). This situation is reminiscent of
the conclusion in Chuckrows theorem on quasiconformal deformations of Kleinian groups
(see [Ma, p. 97]). If a loxodromic element of some Kleinian group converges to an elliptic
element under some deformation of the group, then it is not possible to normalize the
deformed groups in such a way as to retain the whole group in the algebraic limit. Either
at least the loxodromic element (and the elliptic) is lost or the rest of the group is lost and
only the elliptic element remains. With the normalization we have chosen for the maps
Rλ,µ we end up with only the elliptic map and we loose the rest of the dynamics, when
we try to force 0 and∞ to become ‘elliptic’. At the end of this paper we isolate the above
phenomena and prove that the dynamically trivial ‘elliptic’ limit is caused by the geometry
of the immediate attracted basin of∞ and not by the fact that the map is rational (of degree
two).

1. Proof of Theorem B and its corollaries
The proof of Theorem B is based on Theorem A and the PLY-inequality (see below).
Let us recall the PLY-inequality and some of its prerequisites. Theconjugate multiplier
corresponding to(α, [γ ]) a periodic access ([γ ] to α) in a simply connected periodic
Fatou domain3, is defined as follows. Letφ : 3→ D be a Riemann map and let
R3 := φ ◦Rn ◦ φ−1, wheren is the period of3. The periodic access(α, [γ ]) corresponds
underφ to a periodic pointα′ ∈ S1 for R3. Theconjugate multipliercorresponding to
(α, [γ ]) is the multiplier ofα′. This number is real, greater than or equal to 1 and does not
depend on the various choices made.

THEOREM. (The PLY-inequality)Supposeα is a repelling periodic point with multiplierλ
and rotation numberp/q for a rational mapR. Letρ1, . . . , ρm be conjugate multipliers
corresponding to distinct orbits of periodic accesses toα. Then:

r(λ, p/q) ≤ 1

q2 ·∑m
j=1 1/ logρj

.

For a proof see, for example, [Pe].
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Proof of Theorem B.Suppose the Julia setJλ,µ of the rational mapRλ,µ is connected
for some pair of parametersµ ∈ D∗ and |λ| > 1. Then the attracting basin3 of ∞ is
connected and simply connected. Letφ : 3→ D be a Riemann map, which maps∞ to 0.
Composingφ with a rotation if necessary, we can suppose the conjugate map equalsRµ.
The Douady Landing theorem (see [Pe,Theorem B]) implies that the repelling fixed point
0 has a rational rotation numberp/q. Then the−p/q orbit for Rµ corresponds underφ
to a (unique)p/q-cycle of accesses to 0 from3. The multiplierρ of the−p/q orbit is
the conjugate multiplier of the correspondingp/q-cycle of accesses to 0 from3 and the
PLY-inequality yields:

r(λ, p/q) ≤ logρ

q2
.

For µ 6= 0 we obtain Theorem B by combining the above inequality with Theorem A for
rotation number−p/q. 2

2. An asymptotic formula
The inequality in Theorem A is not best possible. Indeed if we letµ tend to 0, then the
bound in the inequality tends to infinity. Fortunately we have quite good estimates from
other sources, whenµ is close to 0, viz.

ρ ≤
(

1+ 1+ |µ|
1− |µ|

)q

,

whereρ is the multiplier of anyq-periodic orbit forRµ in S1 (see [Pe,p. 20]). However the
inequality in Theorem A is asymptotically best possible to first order (inr = r(µ, p/q)),
whenµ tends toei2πp/q non-quadratically. To see this we shall use the holomorphic index
of rational maps (see [Mi ]). Let R be any rational map of degree at least two and without
parabolic fixed points, then

1=
∑

z,R(z)=z

1

1−DzR
. (2)

The inequality in Theorem A for the eigenvalueρ of theRµ-fixed point inS1 can be
improved to an exact value.

LEMMA 2.1. [Mi ] For µ in the horocycleC(1− r, r) \ {1} of D the multiplierρ of the
Rµ-fixed point inS1 is given by

ρ = 1

1− r
.

Proof.Forµ ∈ C(1− r, r) \ {1} we get from (2)

1

ρ − 1
= 1

1− µ
+ 1

1− µ
− 1= 2<(1− µ)

|1− µ|2 − 1= 1

r
− 1. 2

We could proceed using (2) and the expression forρ in Lemma 2.1 to obtain the exact
value of the multiplier of the period two orbit forRµ. We shall leave this computation to the
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reader. However, for period three and higher, one cannot use this method to obtain exact
formulae, because there is more than one orbit of any given period bigger than two. We are
thus left with estimates. To prove the above statement about the asymptotic effectiveness
of the bound in Theorem A we shall hence use (2) forR

q
µ. It yields

1=
∑

z,Rq(z)=z

1

1−DzRq
. (3)

Let x0, . . . , xq−1 be anyq-periodic orbit with multiplierρ. Then we get from (3)

q
1

ρ − 1
= −1+ 1

1− µq
+ 1

1− µq +
∑

Rq(z)=z
z 6=xj ,0,∞

1

1−DzRq
.

The terms of the last sum are all negative thus forµq ∈ D \D(1− r ′, r ′) we have

q
1

ρ − 1
< −1+ 2<(1− µq)

|1− µq |2 ≤
1

r ′
− 1 and 1+ q

r ′

1− r ′
< ρ. (4)

For r > 0 let 0 < r ′(r) = r ′ = (1 − exp(−2qr))/2 < 1/2. Givenµ ∈ D∗ with
r = r(µ, p/q) < π/q, we claim (and prove below) thatµq ∈ D \ D(1− r ′, r ′). Let ρ

denote the multiplier of the uniquep/q orbit for Rµ. Combining this claim with (4) and
Theorem A we obtain after a few elementary manipulations the following sandwich forρ:

1+ q tanh(qr) < ρ < exp(q2r). (5)

The two bounds agree to first order terms inr, which means that the upper bound is best
possible to first order inr.

To complete the proof of (5) we shall show thatµq ∈ D \ D(1− r ′, r ′). Recall that
r(µ, p/q) = r implies that there exists logarithmM of µ with |M− (−r+ i2πp/q)| = r.
But thenµq = exp(qM) = exp(qM − p2πi) and|qM − (−qr + p2πi)| = qr. Hence,
µq belongs to theD∗-horocycle, which is tangent toS1 at 1 and which passes through
exp(−2qr). As exp is injective onD(−qr, qr) for r ≤ π/q the claim is a consequence of
Lemma 2.2 below.

LEMMA 2.2. For any r > 0 the D∗ horodiskexp(D(−r, r)) contains theD horodisk
D(1− r ′, r ′), where

0 < r ′(r) = r ′ = 1− exp(−2qr)

2
<

1

2
.

Proof.The horodisks are obtanied in the limitt → 1 of the hyperbolic disks with centert
and radius equal to the distance fromt to 1− 2r ′. Hence, it suffices to prove that for any
1− 2r ′ < t < 1

DD (t, dD (t, 1− 2r ′)) ⊆ DD ∗ (t, dD∗ (t, 1− 2r ′)).

Let τ : D∗ → R+ denote the coefficient function of the infinitessimal hyperbolic metric on
D∗ relative to the ditto onD. Then clearlyτ (z) = τ (|z|) and an elementary calculation
shows thatτ is monotonically decreasing from∞ to 1 on the interval]0, 1[. Let
1− 2r ′ < t < 1 and letz ∈ D be arbitrary withdD (t, z) = dD (t, 1 − 2r ′) = lt . We

https://doi.org/10.1017/S0143385799120996 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799120996


No elliptic limits for quadratic maps 133

need to prove thatdD∗ (t, z) ≤ dD∗ (t, 1− 2r ′). Let γ : [0, lt ] → D be the parametrization
byD-length of theD-geodesic fromt to z. And let similarlyγ0 : [0, lt ] → D parametrize
the geodesic segment[t, 1− 2r ′] byD-length. As the later is also aD∗ geodesic segment
we obtain

dD∗ (t, z) ≤ lD ∗ (γ ) =
∫ lt

0
τ (γ (t)) dt ≤

∫ lt

0
τ (γ0(t)) dt = lD ∗ (γ0) = dD ∗ (t, 1− 2r ′). 2

3. A ‘star’ for an immediate attracting basin and proof of Theorem A
Let U ⊂ C be a domain and letf : U → C be holomorphic. Supposez0 ∈ U is an
attracting fixed point forf . Let3(z0) = {z | f n(z)→ z0 asn→∞} denote the attracting
basin forz0 and let30(z0) denote the immediate attracting basin, the connected component
of 3(z0) containingz0.

Definition 3.1.The immediate basin3 = 30(z0) is called a degreed (immediate) basin
if the restrictionf : 3→ 3 is a proper map of degreed. For d = 2 we shall also use
the term quadratic basin for3. (Note thatd ≥ 2, whenf is non-trivial, i.e. iff does not
coincide with a Möbius transformation.)

To simplify notation we shall write ‘f : U → C has a degreed basin3 around the
fixed pointz0 with multiplier µ’, for the above. To condense even more we simply write
a sixtuple(f,U, z0, µ,3, d). If z0 is periodic with exact periodn we obtain similar
definitions by replacingf with f n in the above discussion.

Given(f,U, z0, µ,3, d) we shall define certain subsets denotedstarsof 3. We define
these stars in the general case, though we in this paper shall study them only in the case
of a simply connected quadratic basin. Studying these stars forRµ with 3 = D leads to
a proof of Theorem A and studying them for general simply connected quadratic basins
yields an analog of Chuckrows theorem for holomorphic maps with such a basin.

Let (f,U, z0, µ,3, d) be given and letψ : 3→ C be a linearizing coordinate forf
on3, i.e.ψ is holomorphic and locally injective atz0, with ψ(z0) = 0 andψ ◦ f = µ ·ψ.
Let c1, . . . , ck denote the critical points forf in 3, not in the backwards orbit ofz0.
(Note thatk ≤ d − 1 if 3 is simply connected, by the Hurewiz formula.) Then the set
Crit′ψ,3 = {µ−nψ(ci) | n ≥ 0, 1 ≤ i ≤ k} consists of the non-zero critical values of the
(infinite degreed) branched coveringψ. For 1≤ i ≤ k let ζi denote a logarithm ofψ(ci )

and letG denote the half gridG := {n ·M +m · 2πi + ζi | n,m ∈ Z, n ≤ 0, 1 ≤ i ≤ k}.
So thatz ∈ G if and only if exp(z) ∈ Crit′ψ,3.

For the following discussion we fix a logarithmM of µ and a rotation numberp/q. We
consider the straight lines throughG parallel toq ·M − p · 2πi. Their projection toC∗
by exp arek′ · q disjoint logarithmic spirals (possibly straight lines), which are grouped
into k′ orbits under multiplication byµ, each orbit performing ap/q rotation around 0 and
a−p/q rotation around∞, because the exponential map semi-conjugates translation by
M to multiplication byµ. Moreover the spirals contain all the non-zero critical values
of ψ. Here 1 ≤ k′ ≤ k takes into account, the possibility that{µ−nψ(ci )}n≥0 and
{µ−nψ(ci′ )}n≥0 may happen to lie on the sameq spirals. The complement of the spirals in
C∗ hask′ ·q connected componentŝU0, . . . , Ûk′q−1 say labelled in their counter clockwise
order withψ(c1) on the common boundary of̂U0 andÛk′q−1. Fix, for each 0≤ j < k′q,
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a connected component̃Uj of exp−1(Ûj ). ThenŨj is a straight strip invariant under the
translationz 7→ z + qM − p2πi. Denote bỹγj the central straight line iñUj , invariant
under the above translation. Moreover, denote byγ̂j ⊂ Ûj the projection exp(γ̃j ), so
that γ̂j is a logarithmic spiral parallel to the boundaries ofÛj . Also the arcŝγj form k′
p/q-cycles for multiplication byµ and so do the ‘strips’̂Uj , each of which isp/q rotated
around 0 under multiplication byµ, i.e.µ · Ûj = Û(j+k′p) modq for eachj .

Let Uj ⊂ 3 be the unique connected component ofψ−1(Ûj ), whose closure contains
0. Then the restrictionψ : Uj → Ûj is biholomorphic, because the restriction

ψ : 3 \ ψ−1({0} ∪Crit′ψ,3)→ C∗ \ Crit′ψ,3

is a covering map and̂Uj is a simply connected subset of the range. Furthermore let
γj = ψ−1(γ̂j ) ∩ Uj so thatψ mapsγj homeomorphically untôγj . Then the ‘strips’Uj

and the arcsγj each formk′ orbits underf , and each orbit performs ap/q rotation around
z0 underf , becauseψ semi-conjugatesf to multiplication byµ.

Definition 3.2.The(M,p/q)-star6M,p/q,3,f of 3 for f is the open subset of3 given by

6M,p/q,3,f =
◦k′q−1⋃

j=0

Uj

.

For 0≤ j < k′q the setUj is called thej th strip, the setUj −3 is thej th tip or tip of Uj

and the arcγj is thej th wire of the star6M,p/q,3,f or the wire ofUj .
When the mapf and the basin3 is obvious from the context we shall write6M,p/q for

the(M,p/q)-star of3 for f .

Note that the star6M,p/q,3,f is an open neighbourhood ofz0 and thatf maps the star
univalently into itself. In general one should not expect the tips of the wires to be one
point sets. With mild extra assumptions, they form however a periodic orbit, with period
dividing q.

LEMMA 3.3. Given(f,U, z0, µ,3, d), suppose thatf q is defined and holomorphic in a
neighbourhood of a pointx in the ith tip of 6M,p/q . Thenf q(x) = x, theith tip equals
x and iff is continuous on neighbourhoods of the orbit ofx, then this periodic orbit form
the tips of the orbit ofUi . Moreover, for any neighbourhoodω of x, there existsR > 0
such thatz ∈ ω, wheneverz ∈ Ui and |ψ(z)| > R.

Proof.The proof is adapted from a classical argument introduced by Sullivan, Douady and
Hubbard. LetW ⊂ 3 be a neighbourhood relative to3 of ∂3, without critical points for
f and bounded by a Jordan preimageψ−1(C(0, r)) for some sufficiently bigr. Moreover,
let W ′ ⊂ W = f−1(W)∩W . Then the restrictionf : W ′ → W is a degreed covering and
hence expanding with respect to the hyperbolic metric onW . Let f−q denote the branch
of the inverse, which mapsUi biholomorphically onto itself. LetF denote the closure of
a fundamental domain for the action off q on Ui bounded by∂W ′ andf−q (∂W ′). The
W -hyperbolic distance betweenz andf−q (z) is uniformly bounded forz ∈ F andF has
finite W -hyperbolic diameter, becauseF is relatively compact inW . Hyberbolic balls of
a given diameter have spherical diameters, which tends to 0, when the balls approach the
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boundary. Hence,x and any other accumulation point ofUi (or equivalently ofγi) not
in Ui , but wheref q is defined, is a fixed point off q . But asf q is holomorphic in a
neighbourhood ofx, it is an isolated fixed point. Hence, the entire tip, being a continuum,
equalsx and given any neighbourhoodω of x, the outer end ofUi is contained in it. By
continuity the tips of the strips in the orbit ofUi equals the orbit ofx. 2

Whend = 2 and3 is simply connected in the above lemma, then 1= k′ = k and the
orbit of x is the uniqueq-periodic orbit with rotation numberp/q relative to3.

LEMMA 3.4. Given(f,U, z0, µ,3, d), suppose the tips of theq strips {Ui+jpk′ }q−1
j=0 are

formed by a periodic orbit with exact periodn. Then eithern = q or n = 1.

Proof. Let 0 ≤ j0 ≤ j1 ≤ · · · ≤ jq−1 < qk′ denote the indices of theq strips above,
ordered increasingly, so thatf (Ujl ) = Uj(l+p) modq

. To avoid double indexing we shall
write Ul for Ujl andγl for γjl , etc. Letx0, . . . , xq−1 denote the periodic orbit forming the
tips of the above cycle of strips and writeq = n · m, wheren is the exact period of the
xj . Then for eachj = 0, . . . , n − 1 them wires (arcs)γj , γj+n, . . . , γj+(m−1)n all land
on xj = xj+n = · · · = xj+(m−1)n. Supposen < q so thatm > 1 and letXi , 0 ≤ i < m

be the connected component ofC − ∪m−1
l=0 γln bounded byγin ∪ γ(i+1)n. If n > 1, then

the set∪m−1
l=0 γ1+ln ∪ {x1} is a connected subset of∪m−1

i=0 Xi . And moreoverγ1+ln ⊂ Xl for
0≤ l < m. Thus, a contradiction. This proves the lemma. 2

Proof of Theorem A.Let µ ∈ D∗, M ∈ logµ and a rotation numberp/q be given. The tips
of the (M,p/q)-star6M,p/q of D for Rµ are formed by aq-periodic orbitx0, . . . , xq−1,
becauseRµ is holomorphic in a neighbourhood ofD. The exact periodn of this orbit
equals 1 orq by Lemma 3.4. Moreovern = q because any periodic orbit forRµ in S1

has combinatorial rotation number 0/1. Hencex0, . . . , xq−1 is thep/q orbit for Rµ. Let
ρ > 1 denote the multiplier of this orbit.

Recall that log◦ψ : Uj → Ũj is biholomorphic and conjugates dynamics for eachj .
Thus the quotientUj/R

q
µ is isomorphic to the cylinder̃Uj/(z 7→ z + qM − p2πi). This

cylinder has the modulus mod(Uj/R
q
µ) = π/(q2 · r(M,p/q)). On the other hand, ifω

is a sufficiently small disk aroundxj , thenC = (ω ∩ D)/R
q
µ is a cylinder of modulus

π/ log(ρ). As proved above, one end ofUj is entirely contained inω, thusCM = Uj/R
q
µ

naturally embeds non-null homotopically and properly intoC.

Fix a point sayx0 in thep/q-orbit for Rµ and the cylinderC = (ω ∩D)/R
q
µ. As above

let CM = U0/R
q
µ denote the non-(homotopically) trivial subcylinder ofC corresponding

to the stripU0. Choosing another logarithmM ′ = M + n2πi, n ∈ Z of µ we obtain
similarly a non-trivial subcylinderCM ′ = U ′j /R

q
µ ⊆ C corresponding toU ′j for some

0 ≤ j < q. We claim thatCM ∩ CM ′ = ∅. To see this note that both cylindersCM and
CM ′ are naturally foliated by analytic Jordan curves corresponding to the straight lines in
C parallel toqM − p2πi andqM ′ − p2πi = qM − (p − qn)2πi respectively. These
straight lines intersect at constant angle sayη. Hence, if the two cylinders intersect, then the
corresponding foliations intersect transversely at constant angleη. But then the leaves of
the two foliations cannot all be Jordan curves, because bothCM andCM ′ are subcylinders
of the cylinderC. Hence,CM ∩ CM ′ = ∅. As M 6= M ′ were arbitrary logarithms ofµ we
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obtain from the Gr¨otzsch-inequality for annuli that∑
n∈Z

π

q2 · r(M + n · i2π, p/q)
<

π

logρ

and thus

logρ < q2 · r̂(µ, p/q) < q2 · r(µ, p/q). 2

4. Further results for simply connected quadratic basins
Let ε(z) = 1/|z| denote the coefficient function of the complete Euclidean metric on
C∗ and letdε(·, ·) denote the corresponding distance function. The metric given byε

is equivalent to the standard Euclidean metric onC. Moreover the exponential map

(C, 1)
exp−→ (C∗, ε) is a local isometry, where the constant function 1 indicates the standard

Euclidean metric onC. For U ⊂ C a domain with universal covering isomorphic toD,
let λU denote the coefficient function of the hyperbolic metric onU and letdU denote the
corresponding distance function. One of the basic results on hyperbolic metrics is that for
any simply connected domainU ⊂ C∗ and anyz ∈ U : ε(z) ≤ 2 · λU(z).

Let the sixtuple(f,U, z0, µ,3, 2) with 3 simply connected and a star6M,p/q,3,f be
given. Using that the dynamics off q on eachUj are conjugate to the translation on a
certain stripŨj , one calculates that for allz ∈ Uj : dλj (z, f

q(z)) ≤ q2 · r(M,p/q), with
equality precisely on the wireγj , whereλj denotes the hyperbolic metric onUj .

PROPOSITION4.1. Suppose the mapf : U → C has a simply connected quadratic basin
3 ⊂ C around the fixed point0 with multiplier µ ∈ D∗. For any star6M,p/q the
functionf q(z)/z has a unique, holomorphic logarithmh = hM,p/q defined on the star
with h(0) = qM − p2πi. Moreover for any0≤ j < q and anyz ∈ γj

|h(z)| ≤ 2 · q2 · r(M,p/q) and dε(f
q(z), z) ≤ 2 · q2 · r(M,p/q). (1)

Proof.The univalent functionf q on the simply connected domain6M,p/q ⊂ Cmaps zero
to zero. Thus the functionf q(z)/z has a holomorphic logarithmh on the star6M,p/q .
As exp(qM − i2πp/q) = µq = (f q)′(0), we may specify such a logarithm uniquely by
requiring thath(0) = qM − i2πp/q. This proves existence and uniqueness ofh.

For each 0≤ j < q let Vj denote a connected component of exp−1(Uj ) and let̃λj

denote the coefficient function of the hyperbolic metric onVj . Then 1≤ 2̃λj (z) for all
z ∈ Vj by the remark preceding this proposition and the fact that exp is a local isometry
for the hyperbolic metrics ofVj andUj , and for the Euclidean metrics onC andC∗. Let
F : Vj → Vj denote the conjugate off q by exp, i.e. exp◦F = f q ◦ exp onVj . Moreover,
let κj = exp−1(γj ) ∩ Vj . Then d̃λj

(z, F (z)) = q2 · r(M,p/q) for all z ∈ κj as exp

conjugates dynamics. Letz ∈ κj be arbitrary and parametrizeκj by λ̃j -length fromz, so
thatκj (0) = z and̃λj (κj (s)) · |κ ′j (s)| = 1 for all s, wheres is the parameter. Then

|F(z)− z| ≤
∫ q2·r(M,p/q)

0
|κ ′j (s)| ds
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≤
∫ q2·r(M,p/q)

0
2 · λ̃j (κj (s)) · |κ ′j (s)| ds

= 2
∫ q2·r(M,p/q)

0
ds = 2 · q2 · r(M,p/q).

On the other handh(ez) = F(z)− z for z ∈ Vj , because exp(F (z)− z) = f q(ez)/ez and
F(z)− z −→<(z)→−∞ qM − p2πi. Thus|h(z)| ≤ 2 · q2 · r(M,p/q) for all z ∈ κj .

This proves the first inequality of (1). The second inequality follows from the first
and the fact thath is a logarithm off q(z)/z, because exp: C→ C∗ is a local Euclidean
isometry. 2

When we speak of a continuous family of continuous/holomorphic maps or a family
of continuous/holomorphic maps depending continuously on some parameter, we shall
always infer continuity in the compact open topology on continuous/holomorphic maps,
i.e. with respect to the topology induced by uniform convergence on compact sets.
Moreover, a familyfµ of holomorphic maps withµ ∈ U , U an open subset ofC is said to
depend holomorphically onµ, if the map(z, µ) 7→ fµ(z) is holomorphic as a function of
the two complex variablesz andµ.

Definition 4.2.Supposef : U → C is a holomorphic map, whereU ⊂ C is an open subset
containing af -fixed pointα ∈ C andf ′(α) = exp(i2πp/q) for some rotation number
p/q. We shall say thatα is an elliptic fixed point, iff q(z) ≡ z on a neighbourhood of
α and parabolic otherwise. For ak-periodicα the terms elliptic and parabolic are defined
analogously. Note that rational maps of degreed ≥ 2 cannot have an elliptic periodic orbit.

Let dσ : C× C→ [0, π] denote the spherical distance onC. For 6M,p/q,3,f a star
aroundz0 ∈ 3 as above let the spherical star radiusrσ (6M,p/q,3,f ) be given by

rσ (6M,p/q,3,f ) = sup{dσ (z0, z) | z ∈ γj , 0 ≤ j < k′q}
whereγj denotes thej th wire of the star6M,p/q,3,f .

The following Proposition 4.3 and its Corollaries 4.7 and 4.8 are the analogues of
Chuckrows theorem for holomorphic maps with a simply connected proper quadratic basin.

PROPOSITION4.3. Let{(fn,Un, 0, µn,3n, 2)}n≥1 be any sequence of holomorphic maps
each with a simply connected quadratic basin3n around the attracting fixed point0 with
multiplier µn ∈ D∗ and satisfying for some rotation numberp/q:
(1) r(µn, p/q)→ 0 asn→∞.
(2) There existsε > 0 a lower bound on the spherical radiirσ (6Mn,p/q,3n,fn) > ε,

whereMn denotes the logarithm ofµn closest toi2πp/q.
If there exists a (holomorphic) mapf0 such thatfn ⇒

n→∞
f0 uniformly on a neighbourhood

of 0. Thenf0 has an elliptic fixed point at0.

Proof.Supposefn ⇒
n→∞

f0 on some diskDr of radiusr around 0. Thenf0 is holomorphic

onDr andf ′0(0) = µ0 = exp(i2πp/q) 6= 0. Thus decreasingr if necessary, we shall
supposef0 is injective onDr . Then all but finitely manyfn are also injective on any fixed
compactly contained sub disk, sayDr/2. It follows thatC \3n 6⊆ Dr/2 for all but finitely
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manyn. This is because any sufficiently thin annulus in3n along∂3n is double covered
by an annulus inside itself.

For eachn ≥ 1 letzn ∈ C−3n be a point closest to infinity. Passing to a subsequence,
if necessary we can supposezn → z∞ ∈ C. By the argument abovezn /∈ Dr/2 for all but
finitely manyn and thusz∞ /∈ Dr/2.

DefineHy(z) = (y · z)/(y − z) for y ∈ C∗ andH∞(z) = z, so thatHy depends
holomorphically ony ∈ C − {0}. We can suppose thatzn ≡ ∞, conjugating eachfn by
Hzn andf0 by Hz∞ , if necessary, and possibly replacingε in (2) by some smaller value. In
particular we shall suppose that each3n ⊂ C so that Proposition 4.1 applies.

Let γj,n denote thej th wire of the star6Mn,p/q,3n,fn and letYn = ∪0≤j<qγj,n ⊂ C.
ThenYn is compact, connected and contains 0. We can supposeYn → Y0 ∈ Comp(C)

asn → ∞, extracting a subsequence if necessary, whereY0 ⊂ C is some compact and
connected set containing 0. This is because Comp(C), the space of compact subsets of
C, is a compact space, when equipped with the Hausdorff metric. Moreover, the spherical
radius sup{dσ (0, z) | z ∈ Y0} is at leastε, as this holds for any of theYn.

We can suppose thatf q
n converges uniformly tof q

0 onDr , decreasingr if necessary.
Clearlyf0(0) = f

q

0 (0) = 0. Letx0 ∈ Y0 ∩ Dr − {0} be arbitrary and choose a sequence
{xn ∈ Yn − {0}}n≥1 with xn → x0 asn→∞. Then there existsn0 such thatxn ∈ Dr for
n ≥ n0 and for all suchn we have

dε(f
q

0 (x0), x0) ≤ dε(f
q

0 (x0), f
q

0 (xn))+ dε(f
q

0 (xn), f
q
n (xn))

+ dε(f
q
n (xn), xn)+ dε(xn, x0)

the right-hand side converges to 0 asn→∞, becausef q

0 is continuous,f q
n ⇒ f

q

0 locally
uniformly on the neighbourhoodDr of x0 and

dε(f
q
n (xn), xn) ≤ 2 · q2 · r(µn, p/q) −→

n→∞ 0

by (1). Thusf q

0 (x0) = x0 and hencef q

0 (z) = z for all z ∈ Y0 ∩ Dr . Finally f
q

0 (z) ≡ z on
Dr , by analytic continuation and the fact thatY0 ∩ Dr is a continuum. 2

LEMMA 4.4. Let fn : Un→ C, n ≥ 1 be a sequence of holomorphic maps withfn(0) =
0, f ′n(0) = µn →

n→∞ µ0 6= 1. If fn ⇒ f0 uniformly on a neighbourhood of0, then there

existr > 0 andn0 ≥ 1 such that0 is the unique fixed point offn in the diskDr of radiusr

around0.

The proof is an elementary application of Rouches theorem and is left to the reader.

Definition 4.5.Let f : U → C be a holomorphic map with a simply connected quadratic
basin 3 around a fixed pointz0 with multiplier µ ∈ D∗. Given a rotation number
p/q 6= 0/1 we shall say that3 is ap/q-loxodromic quadratic basin (forα), iff α ∈ ∂3

is a repelling or parabolic,f -fixed point, with combinatorial rotation numberp/q relative
to 3.

Example 4.6.Given a rotation numberp/q 6= 0/1. We shall give some examples of
continuous families of maps with ap/q-loxodromic quadratic basin. LetD 3 µ 7→ λ(µ) ∈
Mµ,p/q be any continuous function. Each map of the familyD∗ 3 µ 7→ Rλ(µ),µ ∈ M2
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has ap/q-loxodromic quadratic basin. A particular case of this is when5µ(λ(µ)) ≡
λ0 ∈ M0,p/q . The later is however also a special case of the following situation: suppose
fM0 : U → C has ap/q-loxodromic quadratic basin3 around a fixed point say at 0 with
multiplier µ = exp(M0), where<(M0) < 0. Using the idea of wringing and stretching the
complex structure (see, for example, [BH]) on the grand orbit of3 we obtain a continuous
family of holomorphic mapsFM : UM → C, M ∈ H− = {z | <(z) < 0} each with a
p/q-loxodromic quadratic basin3M around the attracting fixed point 0 with multiplier
µM = exp(M).

COROLLARY 4.7. Letp/q 6= 0/1 be a rotation number. Suppose

{(fn,Un, 0, µn,3n, 2)}n≥1

is a sequence of holomorphic maps each with a simply connectedp/q-loxodromic
quadratic basin3n for αn. If r(µn, p/q) → 0, (that is the multipliers{µn}n≥1 ∈ D∗
converge non-quadratically toµ0 = ei2πp/q) and fn ⇒ f0 locally uniformly in a
neighbourhood of0, for some (holomorphic) mapf0. Then the mapf0 has an elliptic
fixed point at0.

Proof.The limiting mapf0 is automatically holomorphic in a neighbourhood of 0, by the
Weierstrass theorem on uniform convergence of holomorphic maps. Moreoverf0(0) = 0
andf ′0(0) = µ0. According to Lemma 4.4 the sequence offn-fixed pointsαn stay away
from a neighbourhood of 0. However, the tips of the star6Mn,p/q,3n,fn all equalαn,
because3n is p/q-loxodromic for αn. Thus, the requirements of Proposition 4.3 are
satisfied andf q

0 (z) ≡ z on a neighbourhood of 0. 2

Deformations of maps with a parabolic fixed point are much studied and the local
dynamics of such deformations is to some extent understood: letµ0 = ei2πp/q , (p, q) = 1
andε > 0 be given. Supposefµ : D→ C is a continuous family of holomorphic maps
such that 0 is a fixed point forfµ with multiplier µ for µ ∈ D(µ0, ε) and that 0 is a
parabolic fixed point forfµ0. Then there existsn ≥ 1 with the property that givenδ > 0
there existsε0 > 0 such thatfµ hasn q-periodic orbits, counted with multiplicity, in the
disk D(0, δ) for µ ∈ D(µ0, ε0). Generally speakingfµ has some numbern ≥ 1 of q-
periodic orbits converging to the fixed point 0, whenµ converges toµ0. But which orbits
converge to the fixed point?

COROLLARY 4.8. Letµ0 = ei2πp/q and supposefµ, µ ∈ {z ∈ D | |µ−µ0| < ε} ∪ {µ0},
ε > 0 is a continuous family of holomorphic maps such that:
(1) The mapfµ0 has a parabolic fixed point at0, with multiplierµ0.
(2) For µ ∈ D the mapfµ has a simply connected quadratic basin3µ around the fixed

point0 with multiplierµ.
Then
(a) There existsr0 > 0 such that forµ ∈ D with r(µ, p/q) ≤ r0 the boundary of3µ

contains an exactq-periodic orbit z0(µ), . . . , zq−1(µ) ∈ U with rotation number
p/q relative to3.

(b) Theq-periodic orbitz0(µ), . . . , zq−1(µ) converge to0 uniformly asµ converge to
µ0 non-quadratically inD.
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Proof.Define4 = {µ ∈ D | |µ − µ0| < ε} and40 = 4 ∪ {µ0}. Let δ > 0 be such that
f

q
µ0 is defined and holomorphic onD(2δ). Decreasingε if necessary we can supposef

q
µ is

defined and holomorphic onD(δ), asfµ ⇒ fµ0, whenµ→ µ0. Forµ ∈ 4 let Mµ denote
the logarithm ofµ closest toi2πp/q. Moreover lets(µ) = rσ (6Mµ,p/q,3µ,fµ).

CLAIM . Whenr(µ, p/q)→ 0, thens(µ)→ 0.

Proof of the claim.If the claim is false there existsη > 0 and a sequence{µn}n≥1 ⊂ 4

with r(µ, p/q) → 0 asn → ∞ such thats(µn) ≥ η for all n ≥ 1. But thenfµ0 has an
elliptic fixed point at 0 by Proposition 4.3, this contradicts the assumption (1). 2

We conclude from the claim that there existsr0 > 0 such that the union of the
closures of theq wires of the star6Mµ,p/q,3µ,fµ is contained inD(δ) for all µ ∈ 4

with r(µ, p/q) ≤ r0. In particular the tips of those wires are contained inD(δ),
wheref q is defined and holomorphic. Thus, those tips are formed by aq-periodic orbit
z0(µ), . . . , zq−1(µ) ∈ ∂3µ for r(µ, p/q) ≤ r0. Decreasingr0, if necessary, we can
suppose thatfµ is notp/q loxodromic, forµ ∈ 4 with r(µ, p/q) ≤ r0, by Corollary 4.7.
Thus, the exact period of the orbitz0(µ), . . . , zq−1(µ) is q. Finally applying the claim
once more also proves (b). This completes the proof. 2

The conclusions of the above corollary are not surprising. For quadratic polynomials,
the conclusions follow from the combinatorial description of the Mandelbrot set and the
underlying combinatorial description of the Julia sets of quadratic polynomials obtained
by Douady and Hubbard. Thus, if the mapsfµ have restrictions to neighbourhoods of
3µ as quadratic polynomial like maps, then the conclusion can also be obtained by the
theory of polynomial like families [DH]. However, the corollary is a stronger statement,
because the hypotheses onfµ outside3µ is limited to the bare minimum thatfµ converge
to fµ0 locally uniformly on a neighbourhood of 0. Moreover the proof is based directly
on the dynamics, and not on the structure of some parameter space. As an illustration the
following is an example, where the above Corollary 4.8 applies but where the argument of
polynomial like maps does not work.

Example 4.9.Given a rotation numberp/q, consider a one parameter family of cubic
polynomialsPµ(z) = µz + b(µ)z2+ z3, µ ∈ D with:
(1) for eachµ ∈ D the polynomialPµ has a simply connected quadratic basin3µ around

the fixed point 0 with multiplierµ;
(2) theq-periodicPµ-orbitz0(µ), . . . , zq−1(µ) with rotation numberp/q relative to3µ

is parabolic with multiplier 1.
The above Corollary 4.8 implies that the orbitz0(µ), . . . , zq−1(µ) converges to 0, when
µ converges toµ0 = exp(i2πp/q) non-quadratically. In particular the cubic polynomial
Pµ0 satisfiesPq

µ0(z) = z(1+ az2q + O(z2q+1)) in a neighbourhood of 0. ButPµ has no
restriction as a quadratic polynomial like map in a neighbourhood of3µ, because of the
parabolic orbitz0(µ), . . . , zq−1(µ) ∈ ∂3µ. Thus the polynomial like argument does not
yield the desired conclusion.

Though the stars are defined for general proper basins, this paper has only made use of
them in the case of simply connected quadratic basins3. These are particularly simple,
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because precisely one periodic orbit on the boundary of3 can have rotation numberp/q

relative to3. However, ford ≥ 3, there are more than oneq-periodic orbit with Poincar´e
rotation numberp/q for a(ny) degreed covering of the circle by itself. Thus, one also
needs a discussion on whichq-periodic orbit(s) can form ap/q rotation set for a given
degreed Blaschke model. The notion of rotation set for a degreed covering is defined
in [Go]. There it is shown that there can be at mostd − 1 (q-periodic) orbits in ap/q

rotation set and the number ofq-periodic orbits with rotation numberp/q is calculated
as a function ofd. Unfortunately the question ‘whichq-periodic orbit(s) can form ap/q

rotation set forz 7→ zd?’ is not touched upon. Solving this question and combining
the answer with the ‘stars’ defined above, should yield much insight into the structure of,
for example, the hyperbolic components, corresponding to degree 3 proper basins, of the
connectedness locus for degree three polynomials.
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