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SCHNORR RANDOMNESS AND EFFECTIVE BAYESIAN
CONSISTENCY AND INCONSISTENCY

SIMON HUTTEGGER"®, SEAN WALSH">', AND FRANCESCA ZAFFORA BLANDO

Abstract. 'We study Doob’s Consistency Theorem and Freedman’s Inconsistency Theorem from the
vantage point of computable probability and algorithmic randomness. We show that the Schnorr random
elements of the parameter space are computably consistent, when there is a map from the sample space
to the parameter space satisfying many of the same properties as limiting relative frequencies. We show
that the generic inconsistency in Freedman’s Theorem is effectively comeager, which implies the existence
of computable parameters which are not computably consistent. Taken together, this work provides a
computability-theoretic solution to Diaconis and Freedman’s problem of “know[ing] for which [parameters]
0 the rule [Bayes’ rule] is consistent” [4, p. 4], and it strengthens recent similar results of Takahashi [31] on
Martin-Lof randomness in Cantor space.

§1. Introduction. A statistical model consists of a sample space and a collection of
probability distributions on the sample space, one of which is hypothesized to be the
data-generating process. The distributions are often indexed by a parameter space,
which is an assumption that we will make throughout this article. In a setting where
the number of sample observations grows without bound, statisticians consider the
question of whether estimates are consistent, where, loosely speaking, an estimate is
consistent if it is guaranteed to identify the true parameter.

Consistency is of major importance in classical statistics. For instance, Barnett
[1, p. 135] remarks that “[c]onsistency is generally regarded as an essential property
of a reasonable estimator.” As Diaconis and Freedman [4] point out, it also plays an
important role in Bayesian statistics and thus constitutes a point of contact between
classical and Bayesian statistics.'

Suppose we have a prior probability measure on the parameter space. Doob [5]
showed that, under mild conditions, the posteriors are consistent for almost all
parameters—that is, with increasing sample size, the posterior concentrates around
the true parameter whenever it is in a set of prior probability one. Further,
consistency can often be achieved for al// parameters, in the finite-dimensional
parametric case [7, 27].
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IThere is a large literature on the consistency of estimates in the statistics literature. We plan to put it
into perspective, especially in light of our results, in a future paper.
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Things are much more complicated in the nonparametric case. Freedman
demonstrated that inconsistency can be topologically generic in this setting [8].
The literature following Freedman has generalized this result, establishing the
pervasiveness of inconsistency for nonparametric models [4].

In the present article, we investigate statistical consistency from the point of view
of computable probability theory and algorithmic randomness (see [9. 13-15, 23]).
Before stating our main results, we begin by recalling elements of the classical
statistical setup in more detail.

1.1. Parameter space and prior. We suppose that the parameter space Q is a Polish
space and that the prior p is a probability measure on Q.

1.2. Sample space. We suppose that the sample space X is a closed subset of Baire
space NI, and hence is representable as the set of paths [7] through a tree 7 C N<N,
As Diaconis and Freedman say: “all the paradoxes of inconsistency already appear”
in the case of this kind of sample space”.’> We use x,, for the finite sequence of natural
numbers which results from restricting the element x of the sample space to its first n
digits.* Each string of natural numbers o in T of length n determines a basic clopen

subset [6] = {x € X : x,, = ¢} of the sample space X.

1.3. Likelihood. We suppose that the likelihood 6 — p(-|0) is a measurable map
from the parameter space Q to the Polish space MT(X) of finite Borel measures on
the sample space X, and that, for p-a.s. many 6, one has that p(-|0) is an element of
the Polish space P(X) of Borel probability measures on X. Since any element v of
M™(X) is determined by its action on the clopens, we abbreviate v([g]) as v(a).

1.4. Product space and joint distribution. The prior and the likelihood induce a
probability measure u, called the joint distribution, on the product space S = Q x X
given by the formula (4 x B) = [, p(B|0) dp(0) on rectangles. For a u-integrable
function f : S — R, one has the following formula for the integral:

/ £(0.%) du(6.x) = / / £(0.x) dp(|0)(x) dp(0). (1.1)
S QJX

Finally, the joint distribution # induces a pushforward xy on the sample space X
Its pushforward on the parameter space Q is just the prior p.

1.5. Posterior. We define the posterior as a map ¢ — p(- | ) from the tree T to
the Polish space M ™ (Q) of finite Borel measures on the parameter space Q by

_ Jup(al0) dp(0)
Jo p(a|0) dp(0)

when the denominator is non-zero, and we assume that the posterior is zero
otherwise. For each n > 0, the posterior induces a map x — p(-|x,) from the sample
space X to MT(Q). For uy-a.s. many x from X, one can show that p(-|x,) is in
P(Q), the space of probability measures on the parameter space (cf. Proposition 3.6).

p(4|o) (1.2)

2The notation for the different parts of the classical setup can vary between authors. We are broadly
following the notation set out in Chapter 1 of [25].

3See [4, p. 2]. It is not obvious whether our results generalize to the sample space being RY.

4One often writes x, as x | n. The notation x, makes vivid the statistical interpretation.
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Gp(-10) M%(X)
0,
(2,p) 2 (S, ) (X, px)

FiGure 1. The five spaces and maps between them.

1.6. Relation to discrete forms of Bayes’ theorem. In the case where the parameter
space Q is countable and ¢ = x,. if we momentarily abuse notation by identifying
0 with its singleton event 4 = {0}, then (1.2) reduces to the familiar discrete form
p(0|x,) = % of Bayes’” Theorem.

1.7. Diagram of the spaces. The situation is then as depicted in Figure 1, where
the o-algebras on all five Polish spaces are the corresponding Borel g-algebras and
L x again refers to the pushforward of u onto the sample space. We name the two
projections ® : S — Q and X : S — X. This diagram can help keep track of what
is meant by the expression p(- | -). Note that, in our notation, p(- | -) does not mean
the ordinary conditional probability with respect to the prior.

Our goal is to study this setup within the framework of computable probability
theory and effective analysis. We make the following assumptions.

DerINITION 1.1 (Effective assumptions).

(1) The parameter space Q is a computable Polish space, and the prior p is a
computable probability measure on Q.

(2) Thesample space X is the set of paths [T'] through a computable tree 7 C N<N
which has no dead ends.

(3) The likelihood 6 — p(a|0) is L,(p) computable, uniformly in ¢ from 7; and
p(+|0) is in P(X) for p-a.s. many 6 in Q.

For computable Polish spaces and computable probability measures on them, see
again the sources [9, 13-15, 23]. Readers unfamiliar with computable Polish spaces
can still read much of this article, simply by specializing to paradigmatic cases, such
as when the parameter space is Cantor space, Baire space, [0, 1]”, or R".

Together, (1)—(3) suffice to ensure that the joint distribution u is a computable
probability measure on the product space S (cf. Proposition 3.1). In (2). having no
dead ends provides a natural countable dense set—namely, the leftmost path above
each ¢ in T—and so ensures that the sample space X = [T'] is a computable Polish
space. This is also natural on the statistical interpretation, since finite samples can
at least in principle always be continued.

In (3). if r is a computable real > 1, then, by L,(p) computable, we just mean
a computable point of the computable Polish space L,(p) of Borel measurable
functions whose absolute value has r-th power which is integrable (the functions in
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L,.(p) being identified when they are p-a.s equal). Its metric is given by the L,(p)
norm || ||, (,)—namely. the r-th root of [, | /|" dp—and its countable dense set is
a certain set of rational-valued step functions with events whose p-measure can be
computed.’

Condition (3) of Definition 1.1 is admittedly a strong condition. For instance,
it implies that the L;(p) norm |[p(a|)||.,(,) of the likelihood 0 — p(a]0) is
computable for any o, since it is the distance || p(c|-) — 0]| . (- and since the distance
between any two computable points in a computable Polish space is automatically
computable. Further, condition (3) has deeper consequences, such as Proposition 3.5
below, which gives a sufficient condition for parameters 6 to be such that p(-0) is
in P(X).

We now turn to recalling the components of the definition of Schnorr randomness.
An L,(p) Schnorr test is a function g : Q — [0. co] whose L,(p) norm [|g||.,(,) is
computable and which is lower semi-computable (abbreviated Isc): that is, g7'(q. 00]
is c.e. open uniformly in rational ¢ > 0. Since they are Isc functions, the L,(p)
Schnorr tests are everywhere defined, and one can show that their p-a.s. equivalence
class is an L, (p) computable point.

Suppose that Y is a computable Polish space and that v is a computable probability
measure on Y. Then one defines:®

DEFINITION 1.2. A point y of Y is Schnorr v-random, abbreviated SR’ if for all
computable sequences of c.e. opens U, with v(U,) < 27 uniformly computable, one
has that y is notin (), U,.

The sequences U, are called sequential Schnorr v-tests. An equivalent character-
ization of Schnorr randomness, due to Miyabe [19, Theorem 3.5], is: y in SR” iff
f(y) < oo forall Li(v) Schnorr tests f.

We need other characterizations of SR".

DEFINITION 1.3, A class Bis v-effectively X9, abbreviated Eg'v, if it has computable
v-measure and it can be written as B = | J; C; where C; is a computable sequence
of effectively closed sets C; which have uniformly computable measure v(C;).

We have the following characterizations of SR” in terms of Zg*v sets.

PROPOSITION 1.4. A point y is in SR iff for all computable sequences of Zg"’ sets
B, with v(By) < 27", one has that y is not in (), By.

PROPOSITION 1.5. A point 'y is in SR" iff 'y is in all Eg‘v classes of v-measure one.

For spaces like Cantor space, Proposition 1.5 was noted by Schnorr in his book
[26, pp. 68—69], while Proposition 1.4 is new.

Since, in Definition 1.1(3), the likelihood is viewed as an element of the space
Li(p). we need to specify how to understand its pointwise behavior.

5The events are those from the algebra generated by a p-computable basis (see Definition 2.1). For
more on L,(p) as a computable Polish space. see [15. Section 2.3].

60n Cantor space, see [6] for a comprehensive treatment of randomness notions. Much of this theory
generalizes easily from Cantor space to arbitrary computable Polish spaces.
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DerFINITION 1.6 (Convention on versions: Differences of L;(p) Schnorr tests).
If f is an L{(p) computable function, then we restrict attention to versions of it of
the form g — h, where g, h are two L{(p) Schnorr tests.

By the Miyabe characterization of Schnorr randomness in terms of L (p) Schnorr
tests, these versions are always finite on the Schnorr randoms. By further results of
Miyabe, all Li(p) computable functions have such versions, and any two such
versions agree on the Schnorr randoms.” This convention has the virtue of allowing
us to use many natural versions. But this convention needs to be paired with some
convention on how to treat g(8) — #(60) when both values are infinite. So as to avoid
having to define notation on partial functions, we treat it as conventionally equal to
Zero.

The paradigmatic example of a parameter space in nonparametric statistics is as
follows.

DEerINITION 1.7 (Infinite-dimensional simplex). The infinite-dimensional simplex
i$Seo = {0 €[0. 11N : >, 0(i) = 1}.

This is especially natural when the sample space is Baire space N and when the
likelihood is the countable product of 6, as a probability measure on the natural
numbers. This is what happens in countable versions of stick-breaking and the
Dirichlet process in nonparametric statistics (cf. [10, Section 3.3] and [28]).

We then define a classical consistency notion and its effectivization.

DerINITION 1.8 (Consistency notions, classical and effective).

(1) The parameter 0 is classically consistent if p(-|0) is in P(X') and, for all open
U in Q, one has that lim,, p(U|x,) = Iy(0) for p(-|0)-a.s. many x in X.

(2) The parameter 0 is computably consistent if p(-|0) is in P(X) and, for all c.e.
open U in Q with p(U) computable, one has that lim, p(U|x,) = Iy(0) for
p(:|0)-a.s. many x in X

Since this definition concerns the pointwise behavior of the likelihood, it
presupposes a version which accords with Definition 1.6. The classical notion in (1)
is close to that used in the traditional statistical literature, although this literature
usually restricts it to open U containing the parameter 6, as this can be equivalently
expressed in terms of weak convergence of measures [10, pp. 123-124].

Our first main theorem is the following effectivization of Doob’s Consistency
Theorem (see [5]. [10, Theorem 6.9], [25. Theorem 7.78]).

TueorEM 1.9 (Effective Doob Consistency Theorem and Schnorr randomness).
Suppose there is a sequence of uniformly computable continuous functions f, : X — Q
such that both of the following happen:

(1) For all (0.x) in a u-measure one subset of S, we have that lim,, f,(x) exists
and is equal to 6.

7See [19. Theorem 4.3]. Further, these versions are known to agree. again by Miyabe [19, p. 7]. with
the version lim, f, on the Schnorr randoms, where f, — f fast in L;(p) and f, is a computable
sequence from the countable dense set of L;(p). The latter version is preferred by Pathak, Rojas, and
Simpson [20, Definition 3.8, p. 314] and Rute [22, Definition 3.17, p. 16].
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(2) There is a p-computable basis on Q such that. for all n > 0 and all elements
U of the p-computable basis, the event f,'(U) is uniformly both c.e. open and
effectively closed.
Then all pairs (0, x) of parameters and samples in SR are such that, for all c.e.
open U in Q with p(U) computable, one has that lim, p(U|x,) = Iy(0). Further, all
parameters 0 in SR? are computably consistent.

In this, recall that a function between two computable Polish spaces is computable
continuous if the inverse image of c.e. opens is uniformly c.e. open. For the notion
of a p-computable basis in (2), see Definition 2.1. For the moment, we just note
some simple examples. If Q is Cantor space or Baire space, then the basic clopens
are a p-computable basis for any computable prior p. If Q is R” or [0, 1]* then the
open boxes with rational-valued corners are a p-computable basis for any atomless
computable prior p.

The paradigmatic example of conditions (1) and (2) of Theorem 1.9 is as follows.

ProposITION 1.10 (Paradigmatic example: Limiting relative frequencies). Let the
parameter space Q be the unit interval [0, 1], and let the sample space X be Cantor
space 2V, Let the prior p be any computable probability measure on Q. Let C be an
effectively closed subset of Q of p-measure one. Let the likelihood p(-|9). for 0 in C,
be the measure on Cantor space which is the countable product of the measure on
{0, 1} with 1 being assigned probability 0. For 0 not in C, let it be the zero element
of MH(X). Let - X — Qby f,(x) =13, x(i). so that lim, [, is the limiting

relative frequency of 1’s, if the limit exists. Then conditions (1) and (2) of Theorem 1.9
are satisfied.

We can also effectivize at least some cases of consistency via identifiability.

ProrosiTioON 1.11 (Effective identifiability). Suppose that Q is computably
homeomorphic to a computable Polish subspace of Soo via the map h : Q — S,.

Suppose that the sample space is Baire space NN.

Suppose that the likelihood 0 — p(-|0) from Q to P(X) is given by taking p(-|0) to
be the countable product of h(9).

Then all 0 in SR? are computably consistent.

See Section 7 for the definition of computable Polish subspace. Like with the
classical proofs of consistency via identifiability (cf. [10, Proposition 6.10]), our
effectivization ultimately goes back through limiting relative frequencies.

While the proof of Theorem 1.9 uses lots of facts about Schnorr randomness, it is
apriori not clear whether a weaker randomness notion suffices. For instance, there
are many randomness notions properly larger than Schnorr randomness: how does
one know that Theorem 1.9 does not hold of them?® However, we can show that
Theorem 1.9 does not hold of them, at least when we allow the sample space, the
likelihood, and the functions f, : X — Q to vary. To this end, we first define:

DerINITION 1.12. Suppose that p is a computable probability measure on a
computable Polish space Q.

8Tt is known that some effective consistency-like notions in weaker settings, often called density
notions, do not entail Schnorr randomness, since some of them fail the Strong Law of Large Numbers
(cf. introduction to [2]).
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A triple of sample space X, likelihood 6 — p(-|@), and uniformly computable
continuous functions f, : X — Q is called an apt triple if both of the following
conditions hold:

(a) The sample space X and likelihood 0 — p(a|@) satisfy conditions (2) and
(3) of Definition 1.1.

(b) The uniformly computable continuous functions f,: X — Q satisfy
conditions (1) and (2) of Theorem 1.9.

Then we prove the following theorem.

THEOREM 1.13. Suppose that p is a computable probability measure on a
computable Polish space Q. Suppose that there is at least one apt triple with sample
space X, likelihood 6 — p(-|0), and uniformly computable continuous functions
fn: X = Q. Then the following are equivalent for a parameter 6 in Q:

(1) The parameter 0y is in SR?.
(2) For all apt triples with sample space Y and likelihood 0 — q(-|0) and uniformly
computable continuous functions g, : Y — Q. one has that the parameter 0y

is computably consistent relative to prior p, sample space Y, and likelihood
0 q(-0).

This theorem applies in particular to the paradigmatic example of a computable
prior on the unit interval (cf. Proposition 1.10). Hence this theorem provides many
examples of parameters that are not computably consistent. However, as the proof
in Section 6 makes clear, it does so by making ¢(-|0y) the zero element of M™*(Y),
and it is not known to us whether there are other ways of causing the inconsistency
of a non-random 6. Further, as suggested by the statement of (2), and as borne out
by its proof in Section 6, Theorem 1.13 produces inconsistency by greatly varying
the sample space and likelihood.

By contrast, Freedman produced examples of classical inconsistency by
fixing a familiar parameter space and sample space and likelihood and by
considering different priors on it. We effectivize Freedman’s Inconsistency Theorem
[10, Theorem 6.12] as follows.

TueoreM 1.14 (Effective Freedman Inconsistency). Let the parameter space S be
the infinite-dimensional simplex Su,. Let the sample space X be Baire space NY. Let
the likelihood 0 — p(-|0) from Q to Baire space be given by taking p(-|0) to be the
countable product of 8, as a probability measure on the natural numbers.

Then the set of points (p.0) in P(Q) x Q which are not classically consistent is
effectively comeager.

In this, effectively comeager means: it contains the countable intersection of a
computable sequence of c.e. open sets, each of which is dense.’

By a combination of Theorem 1.9 and Proposition 1.10, we can further prove the
following corollary.

CoRrOLLARY 1.15. Let Q and X and 0 — p(-|0) be as in Theorem 1.14. In any
non-empty c.e. open of P(Q) x Q we can find a computable point (p, 0y) such that:

9Hence. in Cantor space. a point is in all effectively comeager sets iff it is weakly 1-generic.
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(1) The parameter 0y is not computably consistent.
(2) All parameters 0 in SR? are computably consistent.

This corollary provides a computability-theoretic solution to Diaconis and
Freedman’s problem of “know[ing] for which [parameters] € the rule [Bayes’ rule] is
consistent” [4, p. 4]. On the one hand, (2) says that a canonical kind of randomness
satisfies an effective form of consistency. On the other hand, (1) says that the
paradigmatic non-random parameters, namely the computable parameters, do not
necessarily have this property. Hence a general solution to Diaconis and Freedman’s
problem, which is not given by classical analytic methods, is given by effective
methods. It would be well worth sharpening (1) to understand the extent to which
other non-randoms do not suffice for consistency, but we leave this to future work.

The topic of this article is closely related to that of Takahashi [31]. He was
concerned with Martin-L6f randomness in the case where the parameter space
and the sample space are both Cantor space.” By contrast, we have focused
on Schnorr randomness in the case where the parameter space is an arbitrary
computable Polish space and the sample space is a closed subset of Baire space
which carries the natural structure of a computable Polish space. Further, whereas
we build the joint distribution from the prior and likelihood, Takahashi starts
from the assumption of a computable probability measure u on 2V x 2V, defines
the prior as the pushforward on the parameter space, and defines the likelihood
p(a]@) = lim, u(Q x [a] | [0,] x X). This equation is true on the Schnorr randoms
in our setting (cf. Proposition 3.10), and so our results apply to Takahashi’s
setting. Since the Schnorr randoms are a superset of the Martin-Lof randoms,
our Theorem 1.9 thus improves Takahashi’s results, in that we have identified more
parameters at which consistency is achieved, albeit at the cost of more constructive
constraints on the map from the sample space to the parameter space.'!

This article is independent of our prior paper [15] on Lévy’s Upward Theorem. The
basic reason is that the map f : X — Q, given by f = lim,, f, where [, : X — Q
satisfies conditions (1) and (2) of Theorem 1.9, can itself be quite complicated
(cf. again the example in Proposition 1.10), and thus complicates any direct
application of the results in [15]. In more detail: the classical proof of Doob’s
Consistency Theorem goes through applying Lévy’s Upward Theorem to the
indicator function /.1y in X’ with respect to the measure uy and the filtration
generated by length n-strings. where U is open in Q (cf. the proof of Theorem 1.9 at
close of Section 4). Since f is not necessarily computable continuous, the function
I;1(y 1s not necessarily Isc when U is c.e. open. Hence any application of an effective
version of Lévy’s Theorem will go through some version of 71 ;). which may behave

10 A5 Takahashi notes, this study was initiated by Vovk and V’Yugin [32]. Another antecedent is Kjos-
Hanssen [17]. who studies Martin-Lo6f randomness in the setting of Proposition 1.10, albeit without a
prior.

T'These more constructive constraints induce another contrast which bears brief mentioning. One can
show in our setup that if 6 is in SR?, then p(+|9) is computable from any fast Cauchy sequence for 6 (this
follows from the Self-Location Lemma 3.3 of [15]). However. this need not happen with Takahashi’s
preferred version of likelihood (cf. [30. Section 2.2]. mentioned in [31, Remark 3.3(3)]).
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differently than 7,1y itself does on the relevant random points."” Because of this

impediment, we proceed by developing an alternative approach through 2(2),;7 classes
and Propositions 1.4 and 1.5, which in the proof of Theorem 1.9 we apply to the Isc
functions p(U|x,) (cf. Proposition 3.7, and the proof of Theorem 1.9 in Section 4).
The virtue of this approach is that, when U is c.e. open, the posteriors p(U|x,),
as quotients of integrals, are less complicated to define pointwise than the function
I is.

This article is organized as follows. In Section 2 we prove Propositions 1.4 and 1.5
and related facts about Schnorr randomness. In Section 3 we verify all the effective
properties of the classical statistical setup. In Section 4 we prove Theorem 1.9. In
Section 5 we prove Proposition 1.10. In Section 6 we prove Theorem 1.13. In Section 7
we take note of the computable Polish space structure on the infinite-dimensional
simplex and prove Proposition 1.11. In Section 8 we prove some elementary results
in preparation for Effective Freedman Inconsistency. Finally, in Section 9 we prove
Theorem 1.14 and Corollary 1.15.

§2. 23 and Schnorr randomness. In this section, we suppose that Y is a computable
Polish space and that v is a computable probability measure on Y. The latter means
that v(U) is uniformly left-c.e. as U ranges over c.e. opens U. Equivalently, it means
that v is a computable point of the computable Polish space P(Y).

We presuppose familiarity with algorithmic randomness as developed on arbitrary
computable Polish spaces.'® The only definition from the general theory which bears
mentioning, since it can vary slightly between authors, is the following.'

DErINITION 2.1. A v-computable basis is a computable sequence of c.e. opens
Uy. Uy, ... such that any c.e. open can be written as an effective union of them and
such that v(U;) is uniformly computable and they are paired with a computable
sequence of effectively closed sets Cy. Ci. ... such that C; O U; and v(C;) = v(U;).

The notion of v-computable basis interacts well with another fundamental
randomness notion.

DEFINITION 2.2. A point y of Y is Kurtz v-random, abbreviated KR", if y is in all
c.e. open U with v(U) = 1.

Note that if U;, C; are as in the definition of v-computable basis, then U;, C;
necessarily agree on KR".

By a result of Hoyrup and Rojas which goes through the Effective Baire Category
Theorem, such a basis always exists, and indeed can be taken to be among the
open balls with centers from the countable dense set with the closed balls being the
associated effectively closed sets [13, Lemma 5.1.1].

12Even if one were to find a way around this issue of versions and find a way to directly apply effective
versions of Lévy’s Upward Theorem, the bulk of the proof of Theorem 1.9 in Section 4 revolves around
the proof of Proposition 4.2, which one would still have to do; and it depends on everything in Section 3;
and the reversal in Section 6 does not appear to come out of the characterizations of Schnorr randomness
via effective versions of Lévy’s Upward Theorem.

13See [9, 13-15, 23]. As regards notation, we follow the latter.

14This is from [15, Definition 1.1(10)]. For related definitions, see [9, Section 2.3], [13. Section 5.2],
and [23, Section 1.4, p. 8].
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The following proposition collects together some elementary facts about Zg”
classes (cf. Definition 1.3).

ProposITION 2.3 (General results on Z(Z)"’ classes).

(1) If Cis effectively closed with v(C) computable, then Cis £3".

(2) If Uis c.e. open with v(U) computable, then U is £3" .

(3) The Zg’v classes are closed under finite intersection; they are also closed under
finite union and effective union provided the union has computable v-measure.

(4) If Vs a c.e. open set with v(V') computable, then for any rational ¢ > 0 we can
compute an index for an effectively closed D C V such that v(D) is computable
andv(V \ D) <e.

(5) If Cisaneffectively closed set withv(C) computable, then for any rational e > 0
we can compute an index for a c.e. open U O C such that v(U) is computable
andv(U \ C) <e.

Proor. For (1), this by definition since one can just take C, = C for all n > 0.

For (2), let us identify the countable dense set of Y with natural numbers and let
us use variables 7, j for this countable dense set, and let d be the metric with respect
to which Y is a computable Polish space. Let r, > 0 be a computable sequence of
reals such that B(i, r,) is a v-computable basis with B[i, r,,] the associated effectively
closed ball with the same v-measure."” It suffices to consider the case of U an open
ball B(j.¢) where ¢ > 0 is rational. In particular it suffices to show that we can
compute an index for a c.e. set I C N x N such that B(j.&) = U ;s Bli. ] We
define I = {(i,n) € Nx N:d(i,j) + r, < ¢}. One can then check that one has the
identity B(j.&) = U es Bli- 4]

In the remainder of the proofs, we often appeal to the fact that if c.e.
opens U, Uy, ... have uniformly computable v-measure, then any event in the
algebra generated by them also has uniformly computable v-measure(cf. [15,
Proposition 2.8(2)]).

For (3), it suffices to show it for a single intersection, and in this case just consider
the intersection C, N C,, where C, witnesses that B is £J" and C;, witnesses that B’
is Zg'v.

For (4), since V is Zg"', let V =, Dn. where D, is effectively closed with v(D,)
uniformly computable. Without loss of generality D, is increasing. Hence, using
computability of v(7), we can compute 7 such that v(V \ D,) < e.

For (5) simply apply (4) to the relative complement. =

The following is a technical but important strengthening of (5).

ProrositioN 2.4 (Effectively covering a Zg"’ class). If B is Zg‘v, then for any
rational ¢ > 0 we can compute an index for a c.e. open U D B such that v(U) is
computable and v(U \ B) < &.

Proor. Let B =, C, where C, is uniformly effectively closed and v(C,) is
computable; and where in addition v(B) is computable. Without loss of generality
C, is increasing. Define uniformly computable reals 0 < #, < 1 by 5y = v(Cp) and

158ee[12, Theorem 2.2.1.2, p. 60] and [13, Corollary 5.2.1, p. 844]. For more discussion and references,
see [15], immediately before Proposition 2.8.
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n = v(Cy \ Cp1) for n > 0. Since Y, 1, = v(B). we have lim, 7, = 0. Further
v(B\ Cy) =3, In- Let d,, be a uniformly computable sequence of rationals with
0 <3, —nn <27+ Since s, < 27+ 4y, also lim, 3, = 0. Further:

360 =3+ Y G0 —n1a) <V(B\ Cp) + 20D, 2.1)

n>m n>m n>m

By Proposition 2.3(5), uniformly compute c.e. open U, O C, with v(U, ) computable
and v(U, \ C,) < §-0,. Let U = |, U,. This gives the required estimate

VUNB) S Y vUNG) <Y 50 <Y 5o m+ Y 5 0—m) <e

It remains to show that v(U) is computable. Since v(B) is computable and
v(U) =v(B) +v(U \ B).itsuffices toshow thatv(U \ B)iscomputable. Forn > 0:

V(Un \ Cn—l) < V(Un \ Cn) + V(Cn \ Cn—l) <e '5n +5n = (1 +6) '5n~ (22)
For m > 0, note that one has the inclusions

(U Un) \ Cm g (Um \ Cm) U U(Un \ Un—l) g (Um \ Cm) ) U(Un \ Cn—l)q

n>m n>m n>m

(2.3)

where the last inclusion follows from C,,_; C U,_;. Hence for all m > 0 one has that
V(U \ Cm) - V((Un<m Un) \ Cm) is

< V(( U Un) \ Cm) < V(Um \ Cm) + Z V(Un \ Cn—l)

n>m n>m

<v(U,\ Cn) + Z(l +ée) 0, <e-Om+(1+e) - v(B\Cpn)+(1+e) L (m+D)

n>m

where in the first line we apply (2.3) and where in the last line we apply (2.2) and
then (2.1). Then for all m > 0 we have that [v(U \ B) = v((U,.,, Us) \ Cw)| is

n<m

< W(UN\B) = v(U\ G|+ [v(UN\ C) =v(( U\ C)

n<m

S V(B \ Cm) +é& '5m + (1 + 8) : V(B \ Cm) + (1 + 8) .2—(111+l).

Since the quantity in this last line is uniformly computable and goes to zero as m
goes to infinity, we can compute a subsequence which witnesses that v(U \ B) is a
computable real. We appeal here to the fact that (|J,,, Us) \ Gy has computable
v-measure, since it is in the algebra generated by the uniformly computable
sequence U,, Y \ C, of c.e. opens with v-computable measure (cf. [15, Proposition
2.8(2)]). -

From this, Proposition 1.4 easily follows. Proposition 1.5 follows by going back
and forth in the natural way between sequential Schnorr v-tests U, and the associated
29"-class | J, (Y \ U,) of v-measure one.

We can then derive the following characterization in terms of Isc functions.
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PROPOSITION 2.5. A point v is in SR” iff for every computable sequence of Isc
Sunctions f, : Y — [0, o], withsup,,, fn an Li(v) Schnorr test uniformly inm > 0,
and for every effectively closed C with v(C) computable and f, — 0v-a.s. on C. one
has that y is in C implies lim,, f,(y) = 0.

Proor. For the forward direction, suppose that f,, and C are as specified; we
want to show that lim,, f,, = 0 on SR" N C. Suppose that ¢ > 0 is rational. For each
m > 0, uniformly compute a real ¢, in the interval (%e) such that the c.e. open
{y :sup,s,, fn(¥) > &} has uniformly computable v-measure.'® Then its relative
complement D,, := {y : sup,~,, f/2(») < &} is effectively closed and has uniformly
computable v-measure as well. Finally. using a v-computable basis. let Y \ C =
U, Un. where U, is a computable sequence of c.e. opens from the v-computable
basis, and let C,, be effectively closed superset of U, with the same v-measure.
Consider the class V, = (U,,(D,, N C)) U (U,, Cn). which is an effective union
of effectively closed classes each with uniformly computable measure. Since by
hypothesis f, — Ov-a.s. on C, there are v(C)-many y in C such that there is m > 0
such that for all n > m one has f,(y) < %. and so sup,,~,, f»(y) < § < &, and so
this y would be in D,,. Hence v(V,) = 1, so that V, isa Zg'v class of v-measure one.
Let y in SR” N C. Then by Proposition 1.5, y is in V. But since y is in KR" N C, we
cannot have that yisin (J,, Cp,. (For suppose that y is C,, for some m > 0. Since C,,
is an effectively closed superset of c.e. open U, with the same v-measure, it follows
that C,, \ U, is effectively closed and v(C,, \ U,,) = 0. Then since y is in KR", we
have that y is not in C,, \ U,,. Hence y is in U, as well. But U, is by definition a
subset of Y \ C). Thus rather we must have that y is in D,, N C for some m > 0,
and so sup,~.,, /2(y) <en <e.

The backward direction is easy since if U, is a decreasing sequential Schnorr
v-test and we set f, = Iy, . thensup,,, f» = I . v, isan Li(v) Schnorr test.

Now we turn briefly to L;(v) computability (cf. [15, Section 2.3]).

PrOPOSITION 2.6 (L (v) computability and indicator functions).

(1) If Uis c.e. open with v(U) computable, then Iy is L1 (v) computable.

(2) If Cis effectively closed with v(C) computable, then Ic is Li(v) computable.
(3) If Bis 23” then Ig is L1(v) computable.

Proor. For (1), suppose that U = J, V.. where V,, comes from a v-computable
basis. Then |1y — 1, _ v, It = v(U) = v(U,,, V) is computable and goes to zero.

Then we can compute sequence n, such that || Iy — IUm<,1Z vl <27 Hence Iy is

L(v) computable since ]Um<n[ v,, comes from the countable dense set. The proof of

(2) follows by taking complements; the proof of (3) is similar to that of (1). =
One also has the following, whose proof is very simple.

ProrosiTION 2.7 (Li(v)-computability and products of bounded functions).
If . g are L\(v) computable and | f|,|g| < ¢ then fg is L|(v)-computable.

The following result is one of the few pointwise results which we need.

s

16We can do this by a result of Miyabe [19]; for this specific form, see [15, Proposition 2.21, Lemma
22].
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PROPOSITION 2.8. Suppose g.h are two L{(v) Schnorr tests. Suppose [ =g —h
and suppose f > 0v-a.s.
Suppose that a, < b, is a computable sequence of non-negative reals. Then:
(1) There is a computable sequence of computable reals r, in (a,.b,) and a
computable sequence of Zg‘v classes B, such that B, = f~'(r,.oc] on SR’.
(2) One has g > h onSR’.
(3) There is a computable sequence of computable reals v, in (a,.b,) and a
computable sequence of Eg’v classes B, such that B, = f~'[0.r,) on SR".
Moreover, the sequences 1, in (1) and (3) can be chosen to be the same.
Finally, the result is uniform, in that if g;, h; is a computable sequence of uniformly
computable L\(v) Schnorr tests and we set f; = g; — h; and suppose f; > 0v-a.s.,
then we can find one and the same sequence r,, which works for each 1.

Proor. For (1), the three v-a.s. non-negative L;(v) computable functions
f.g. h are such that their pushforwards f#v, g#v, h#v are computable proba-
bility measures on R=°. Using the Effective Baire Category Theorem. we can
compute a uniformly computable sequence of reals r;, dense in R>?, such that
the events f!(r;.00] and g !(r;.00] and & '(r;, o0] have uniformly computable
v-measure.'” By doing this again for the non-negative L;(v) computable functions
f +ri, g+ ri, h+r;, we can compute a uniformly computable sequence of reals sy,
dense in R>?, such that the events (f + r;)!(sx.00] and (g + ;) '(sx. 0] and
(h 4 r;) '(sx. 00] have computable v-measure. uniformly in i,k > 0. Define c.e.
index set 7 = {(j. k) : sx <r;}. Fori >0 and (j. k) in I, define Eg‘" class B; jx =
g ' (rj.00] N (h +r;)7'[0. 5¢]. and then define B; := U(jxer Bijk- Then on SR” we
have the identity f!(r;.00] = B;. Since f~'(r;. cc] has v-computable measure, so
does B;. and hence it too is a Zg’v class by Proposition 2.3(3). Then we can finish by
using the density of the r; sequence on R>" to compute a subsequence a, < r;, < b,.

For (2), fix s > 0 to be rational. Let b, = s and let @, converge up to s. Let
gn=g+s.hy,=h+s f,=f +s. Apply part (1) to g,. hy,, f and (a,. b,) to get
a computable sequence r, and B,. Then f > Ov-a.s. implies f, > s v-a.s. which
implies that f,!(r,, co] has v-measure one, which implies that B, has v-measure one.
Then each B, has v-measure one, and so SR" is a subset of each B,, by Proposition 1.5.
Then f, >r, > a, on SR" for all n > 0, and so f + s > s on on SR” and hence
f >0o0nSR".

For (3), the argument is just like (1) but with the inequalities reversed. —|

§3. Computable Polish space structure on the product. We begin by showing the
following proposition.

ProPosITION 3.1 (The joint distribution is a computable probability measure).
u is a computable probability measure on S.

PrOOF. We must show that for c.e. open W C S we have that u(W) is left-c.e.
We can write W = [ J;(U; x [;]). where U; C Q is a computable sequence from a
p-computable basis with effectively closed C; O U; with the same p-measure, and

17See footnote 16. As one can see from the references there, one can further organize that f~!(r;. cc]
has the same v-measure as f![r;. co]: this additional information gets used in (3).
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o; is a computable sequence from 7. It suffices to show that for all n, we have that
W, = U<, (Ui x [6,]) has uniformly left-c.e. u-measure. For this, in turn, it suffices
to show the same of W, ; := (U; x [0:]) \ U,; (U; x [0;]) for each i < n.

Fix i <n and for j < i, define computable set I;; C T so that [g;]\ [0;] =
U,7 el [#]. Since I; ; is computable let /; ; ; be a computable non-decreasing sequence
such that Iij=U,1Ljsand J; s :=I; js41 \ Ii s has at most one element.

For each 7 in 2<N with length i > 0 and each ¢ in N<N of length i, define the
following c.e. open U; C Q and c.e. open V;. C X, wherein j ranges over < i:

mU\C mUﬁU Vee = ( ﬂ[a, N ).

(j)= f(.f )=0.1€J; ()

Let ; be the computable index set {(r.¢) €2! x N :V j <i (z(j)=1—=¢(j)=0)}.
Then on KR? x X one has W,,; = Umﬂ) c ,j(UT X V). where the disjoint union is
disjoint only on KR” x X'. Then u(W,;) = 3, cp #(Us X Vo).

Hence, we have reduced the problem to showing that u(U x [¢]) is left-c.e. when
U CQisce open. Let U =, U;, where U; is an increasing sequence of c.e.
opens with uniformly p-computable measure. By Definition 1.1(3), one has that
0 — p(a]0) is uniformly L,(p) computable, and hence so is 0 — Iy, (6) - p(a|0)
by Propositions 2.6(1) and 2.7. Then u(U x [¢]) > ¢ iff there is i > 0 with

u(U; x [6]) > g, which by definition happens iff fUip(a|H) dp(0) > ¢. Since
Ju P u P (a|0) dp(0) is a computable real uniformly in i > 0, we are done and indeed

(U x [a]) is left-c.e. -

As the last paragraph makes clear, u is computable if || U, p(al0) dp(0) is merely
left-c.e. rather than computable. We do not know of an interesting condition, for
which this holds. which is broader than the Li(p) computability of the likelihood.
But L;(p) computability does get us the following natural z-computable basis.

ProrosITION 3.2 (The u-computable basis). If U C Q is c.e. open with p(U)
computable, then u(U x [a]) is computable, uniformly in o from T.

This implies that {U; x[¢]:i € Lo € T} is a p-computable basis for any
p-computable basis {U; :i € I}.

Further, if C; O U, is the associated effectively closed superset with C;, U; of same
p-measure, then C; X [6] D U; x [a] is effectively closed superset with C; X [o],
U; x [a] of same u-measure.

PrROOE. By the same considerations as at the end of the last proof. .
Since projection maps are computable continuous, we have the following remark.

RemaRrk 3.3. The pushforward uy is a computable probability measure on the
sample space X. The uy-computable basis is just the basic clopens [¢] for ¢ in T.

PropPoSITION 3.4. KR C KR? x X and KR* C Q x KR*Y, and likewise for
Schnorr.

Note that since KR has u-measure one, we have that KR” x X has u-measure
one. Hence in proving Theorem 1.9, we can assume that the u-measure one set in
question in condition (1) of Theorem 1.9 is a subset of KR? x X

https://doi.org/10.1017/js1.2026.10250 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2026.10250

SCHNORR RANDOMNESS AND EFFECTIVE BAYESIAN CONSISTENCY 15

‘We now discuss when the likelihoods are probability measures. This is a pointwise
result and so we use the conventions on versions (cf. Definition 1.6). It can be seen
as an effective variant of classical results about regularity of conditional probability
measures, which traditionally go through being a Borel subset of a Polish space
(cf. [25, Theorem B.32]).

PRrOPOSITION 3.5 (The likelihoods and probability measures). For all 0y in SR?
one has that p(-0y) is in P(X).

PrOOF. We suppose that there is a uniformly computable sequence of L;(p)
Schnorr tests g(o|-).h(a|-) such that p(o|-) = g(a|-) - h(a|-) pointwise. By
Proposition 2.8(2) we have g(a|-) > h(o|-) on SR”.

Where () is the root of the tree T, we show that p(0|6) = 1 for 0 in SR?:

— Suppose 0 < s < 1 is rational. By Proposition 2.8, choose a computable r
in (s.1), and a Eg‘P set B which is equal to {0 : p(0|0) > r} on SR”. Then
p(0]0) > r > s for 0 in SR? by Proposition 1.5. Since this holds for all rational
sin (0, 1) we have p(0|@) > 1 for 6 in SR?.

— Suppose s > 1 is rational. By Proposition 2.8, choose a computable r in (1, s)
and a 97 set B’ which is equal to {0 : p(0|0) > r} on SR”. But then B’ is
p-null, and no element of KR” can be in a Eg"" p-null set. Since this holds for
all rational s > 1, we have p(0]0) < 1 for 0 in SR”.

Suppose that ¢ in T is fixed; enumerate its immediate successors in 7" as 7y, 71, ....
We may suppose by induction that we know 0 < p(a|f) < 1 on 6 in SR”. We want
to show that p(a|0) = Y, p(z;]0) for all @ in SR”:

— First we show that for all # in SR”. we have p(c|0) <", p(z:|0). By
Proposition 2.8, choose dense computable r, sequence in (0.1) and a
computable sequence of Zg‘p sets B, ; which are equal to {0 : p(c|0) > r, >
>i<; P(wi|0)} on SR”. Fix n > 0 and set B, := (), B, ;. Since B, is p-null by
our standing effective assumptions (in particular by the second conjunct of
Definition 1.1(3)), we can compute a subsequence By, j, with v(B, ;,) < 2™
for all m > 0. By Proposition 1.4, no element of SR? is in B,,. Since this holds
for all n > 0 and since r,, is dense in (0, 1), we are done.

— Second we show that for all # in SR”, we have p(c|0)> ", p(z:]0).
Fix j > 0. By Proposition 2.8, choose dense computable r, sequence in
(0,1) and a computable sequence of Zg"p sets B, which are equal to
{0:p(al0) <ryn <3, p(ri|0)} on SR’. But B:=lJ,B, is p-null by
our standing effective assumptions (in particular by the second conjunct
of Definition 1.1(3)), and hence by Proposition 2.3(3), Bis a Zg‘p p-null class.
No element of KR? can be in a Zg‘p p-null set. Since this holds for all j > 0, we
have that p(a|0) > Y, p(z;|0) for all @ in SR?. =

There is a similar but much easier result for posteriors, whose proof we omit.

PROPOSITION 3.6 (The posterior and probability measures). One has that p(-|x,)
is in P(Q) for all x in KR*X and all n > 0.

We note that the posterior is an integral test.
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ProrosITION 3.7 (The posterior and integral tests). If U C Q is c.e. open, then
x + p(Ulx,) is Isc and < 1, uniformly inn > 0.

Proor. For rational ¢ > 0, one has p(U|x,) > ¢ iff there is ¢ in T of length
n such that x is in [o] and there is rational r > 0 with u(U x [¢]) > r and
0<u(@Qx[o]) < g. This is a c.e. open condition in variable x, since U X [g] is
c.e. open in S and since Q x [¢] is both c.e. open and effectively closed in S. o

Recall the notation from, for example, the Fubini-Tonelli Theorems: if B C S
and 0 in Q, then the O-section B of Bis defined as BY := {x € X : (0. x) € B}. We
have the following proposition.

ProPOSITION 3.8 (Parameter space sections of the likelihood, evaluated at c.e.
opens with computable measure, are L;(p) computable).

(1) The map 0 — p(U®|0) is L\(p) computable. for c.e. open U C S with u(U)
computable.

(2) Any version of it as a difference of L\(p) Schnorr tests agrees on points 0 in
SR? with the value which the element p(-|0) of P(X) assigns to the event U".

In (2), we are referring to the probability measure p(-|@) from Proposition 3.5,
which as established by that proposition is a probability measure when 6 is in SR”.

Proor. We first prove that (1) and (2) hold for c.e. opens V in S which are
finite unions |, ., (W; x [0;]) of elements from the u-computable basis. For each
i < n, choose C; O W; effectively closed with the same p-measure as W;. For each
JCl0.n]letJ'={ieJ:VjeJo;#ao;} and define the following events where
i in the subscript ranges over < n:

Ar=(\win(Q\W:.. By=(\win()Q\C.
ieJ igJ ieJ igJ

Then p(V?)0) = > rCiom 2ie 1,4,(0) - p(o:]0). By Propositions 2.6 and 2.7 this
is a finite sum of L;(p) computable functions, since A; comes from the algebra
generated by the p-computable basis and since 6 — p(a|0) is Li(p) computable
uniformly in ¢ from 7. This takes care of (1). For (2), it suffices to find one such
version, since all such versions agree on the Schnorr randoms. Suppose that p(a|-)
uses the version which is the difference of g(a|-) and h(c|-), where these are L;(p)
Schnorr tests, uniformly in ¢ from 7. Then to finish (2). we note that p(¥?|0) has
a version f(V|0) which is the difference of

gV0):= 3" > 1s,(0)-2(ail0).  h(VI0):= D Y 15,(0)- hiai|0).

JC0.n) i’ JC0.n) i
(3.1)

Second, we treat the general case. Let U = J,, U,,. where U,, comes from the
u-computable basis. Let V, =, < U,,. Foreach n > 0, compute £, > 0 such that
w(U\ Vg,) <27. One has that || p(U"|-) = p(V; [-)ll1,(,) is equal to

/Q /X 10(0.%) ~ Iy, (0.%) dp(-10)(x) dp(0) = u(U\ ¥3,) <27
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By (1) applied to V,,. we have that 0 — p(V,,|0) is Li(p) computable; and we
just showed that these converge fast to 0 — p(U|0) in Li(p); and so we are done
with (1). For (2), let 8 — p(U?|0) have a version f which is a difference of L;(p)
Schnorr tests g, 4. By (2) applied to V;, we have that f(V;|6) is increasing and its
limit exists in [0, 1], where f'(V;|0) is the difference of g(V;|0), h(V;]0) from (3.1).
It suffices to show the identity f(0) = lim; f(V;|0) for 0 in SR”. The proof of this
identity, via the two inequalities, follows as in the proof of Proposition 3.5. -

We can use this to prove the next proposition. See Takahashi [31, Theorems
3.1-3.2] for the analogue in his setting, and for precedents in Vovk and V’Yugin. As
Takahashi notes, these results are reminiscent of van Lambalgen’s Theorem. So as to
avoid further notation, we have not stated them in terms of oracle computation. Rute
[24, Theorem 8.2] proves a similar result for Schnorr randomness when, in our termi-
nology and setting, the likelihood map is computable continuous from Q to M*(X).

ProposITION 3.9 (Relation between randomness on prior and joint distribution).
If 0 in SR?, then (0, x) is in SR* for p(-|0)-a.s. many x in X .

ProoF. Fix 0 in SR?. Suppose (0, x) is not in SR*. Choose a sequential Schnorr
u-test U, with (6, x) in ("), U,. By Proposition 3.8 the map 6’ — p(U?'|0") is L;(p)
computable, uniformly in #n > 0. By Proposition 2.8, there is a computable sequence
of computable reals 7, in the interval (27,27*!) and a computable sequence of
297 classes B, such that B, = {6’ : p(UZ'|0") > 1, } on SR”. Then:

27 > u(Uy,) = /QP(UZO,:W') dp(0') > /B p(UL10") dp(0') > 27" p(B,).
By Proposition 1.4 and by 6 being in SR”, there is ny > 0 such that for all n > ny one
has p(U} |6) < 21, Then by Proposition 3.8(2), the sample x is in the p(-|6)-null
set (>, UY . With 6 fixed, there are only countably many such null sets for each
Schnorr u-test U,. And since there are only countably many Schnorr u-tests, there
are only p(-|@)-null many x such that (6, x) is not in SR¥. -

Finally, as mentioned in Section I, in the case where the parameter space is
Cantor space, one has that our version of the likelihood (Definition 1.6) agrees with
Takahashi’s preferred version of the likelihood [31, Definition 2.2].

ProPOSITION 3.10. If Q = 2N and 0 in SR?, one has lim,, u(Q x [a] | [0,] X X) =
p(alf) forallo inT.
PrOOF. This follows from the identity u(Q x [a] | [0,] X X) = m f[on] p(ald’)

dp(0’) and the effective version of Lévy’s Upward Theorem ([15]; see discussion
therein of [20, 22]). -

§4. Proof of Theorem 1.9. We first note the following elementary result.

ProposiTion 4.1.  Suppose f, f, : X — Q are Borel measurable. Suppose that f -
X — Qs such that f(x) = 0 for all (0, x) in a u-measure one set. Then:

(1) For all Borel A C Qand B C X.onehas A x B =Q x (f'(4) N B) u-a.s.

(2) For all Borel A C Q one has p(A|o) = ux(f(A4) | o) if ux(a) > 0.

(3) Iflim,(f,0X) = (f o X) u-a.s., thenlim,, [, = f uy-a.s.
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In (3), the function X : S — X is again the projection onto the sample space
(cf. diagram in Section 1). Further, in (3), if the u-measure one event in the
antecedent is Borel then the #-measure one event in the consequent can be chosen to
be Borel using the proof of the universal measurability of analytic sets [16, Theorem
21.10].

The following is the key proposition used in the proof of Theorem 1.9.

PROPOSITION 4.2.  Suppose that the prior p is computable.

Suppose there is a sequence of uniformly computable continuous functions
fu: X = Qsatisfying conditions (1) and (2) of Theorem 1.9. Let f = lim,, f, when
it exists; and zero otherwise.

Let U C Q be c.e. open with p(U) computable.

Then 1,1y is a computable point of L, (uy).

Further, for all rational € > 0, one can compute an index for an element V' C U of
the p-computable basis and an n = 0 such that |11y =1 )|l Ly (uy) < €. which is

the same as uy (fH(U)Nf,1 (V) < e.

Proor. First suppose that ' C Q is an element of the p-computable basis, with
effectively closed C O V' such that ¥, C have same p measure. We first show that
I;-1(y) is a computable point of L (ux ).

Let D C Q x X be a u-measure one subset of KR” x X such that for (6, x)
in D we have lim, f,(x) exists and is equal to 0 (cf. remarks immediately after
Proposition 3.4).

Let us show that lim,,(lfn1<V) oX)= Iy1(yy 0 X p-a.s. It suffices to show that it
happens on D. Suppose that (0, x) is in D.

— First suppose that 1f71<V)(x) = 1. Then f(x) in V. Since V is open and we are

on D, eventually f,(x) in V, which implies that eventually / ) (x)=1.

— Second suppose that /,-1(,y(x) = 0. Then f'(x) is in Q\ V. Since we are on
D C KR? x X, we have that § = f(x) is in the c.e. open Q \ C. Suppose that
there were infinitely many n > Owith 7. (x) = 1, so that there were infinitely
many n > 0 with f,(x) in V. Since we are on D, we then have that f(x) is in
the topological closure ¥ of V. and hence f'(x) in C. since C is an effectively
closed superset of V'; a contradiction. Hence, rather there are only finitely many
n > 0 with I/;] (V)(x) =1, and hence lim, f,(x) = 0, which is what we wanted
to show.

Since lim,,(lfnl(V) o X) =110 X u-as., by Proposition 4.1(3) we have that
lim,, I filr) = I,y ux-a.s. By the Dominated Convergence Theorem. / iy
If I(y) I Li(ux).

We argue that / ) is uniformly a computable point of L{(uy). Since £, (V)
is c.e. open we have that 7,1, is Isc. It further has computable xx expectation.

For: by our hypothesis on the p-computable basis, we have that f,!(1) is both c.e.
open and effectively closed, so that E,, If;’l(V> = ux(f,'(V)) is both left-c.e. and

right-c.e. and hence computable. Hence I ) is an L;(uy) Schnorr test and so a
computable point of L;(uy).
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Further, the L;(uy) distance between 1 -1(y) I p-1(y) 1s uniformly computable:

a0y = L Ly = ax (P ONDAL V) = w(@x (F1 )AL, (V)
= #((Q x fAVNAQx £,1(V) = u((V x X)AQ x £,1(V))). (4.1)

To get the last identity, we use Proposition 4.1(1). Further, u(V x X) = p(V).
which is computable by hypothesis. And u(Q x (V) = ux(f;,'(V)). which
is computable by the previous paragraph. Hence, since (4.1) is the measure of a
Boolean combination of c.e. open events in S with computable x-measure, it too
has u-computable measure, and uniformly so.

Hence indeed I is a computable point of L;(xy ). when V' C Qis an element
of the p- computable bas1s

Now suppose that U is a c.e. open with p(U) computable. Then choose a
computable sequence of elements ¥V, from the p-computable basis such that
U=, Vs By the previous argument, one has that I, 1y, is uniformly a
computable point of L;(xy). One has that:

11 = Ly liyuy) = wx (V) A FHU) = w(@ x (FHU)A S (V)

=u((Qx fFHUNAQ X f1V) = u((U x X)AV, x X)) = (U\V&)z)

The second to last identity follows again from Proposition 4.1(1). Hence the L; (uy)
distance between I,-1(y,). ;1) 1s uniformly computable and goes to zero. Hence
we can compute a subsequence such that 1,1y, y = I,1(y) fast, so that I,y is
likewise a computable point of L;(uy). -

Finally, we need one classical estimate from Doob’s Maximal Inequality
[11, Theorem 9.4].

PrOPOSITION 4.3 (Classical estimate from Doob’s Maximal Inequality). Let %,
be the a-algebra of events on X generated by the basic clopens [a], where o ranges over
length n strings from T.

Suppose that B C X is a Borel event. Then, as n > 0, the sequence of functions
M, (x) := ux(B | x,) is a classical martingale in L(uyx ) with respect to F,. Further,

for allm > 0, one has || sup,, s, ix (B | n)|l1,(uy) <2+ 1x(B).

PROOF. As a version of the conditional expectation, we use: E, [ | F,](x) :=
m Sy £ (x7) duy (x) when uy ([x,]) > 0. and zero otherwise.

Then M, (x) = ux(B | x,) is a classical martingale since it is the conditional
expectation of the random variable /.

For the estimate, fix m > 0. By Doob’s Maximal Inequality followed by
Conditional Jensen one has

|| Sup IuX(B| n)”Lz ,ux) < ||SupIuX(B| n)”Lz /1X
m<n<k

<2 lux (B | i) ly(uy) <2 Bl Ly(uy) = 2 -/ ex (B).

https://doi.org/10.1017/js1.2026.10250 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2026.10250

20 SIMON HUTTEGGER, SEAN WALSH, AND FRANCESCA ZAFFORA BLANDO

Then we are done by applying the Monotone Convergence Theorem on right-hand
side to take k — oc. -

Now we prove Theorem 1.9.

ProoOF. By Propositions 3.5 and 3.9 it suffices to show the part about pairs. Let
U C Qc.e. open with p(U) computable.

We show sup,.,, p(U|x,) is a Schnorr L,(ux)-test, uniformly in m > 0. By
Proposition 3.7 and 0 < p(U|x,) < 1, one has that sup,,, p(U|x,) isIscand < 1,
uniformly in m > 0. Hence, it remains to show that sup, -, p(U|x,) has computable
Ly(uy)-norm, uniformly in m > 0. To this end, it suffices to show that given rational
&> 0 we can compute an index for a computable point of Ly(uy) within & of
SUP,,>, P(U|Xn).

Lete > 0 berational. By Proposition 4.2, compute an index for an element V' C U
of the p-computable basis and compute i > 0 such that ux (/1 (U)Af7H(V)) < %
Since f7!(V)isc.e. open, we can write /7' (V) = ||, [ox]. for acomputable sequence
of strings g, in 7. Since f71(V) is also effectively closed, we have uy(f;1(V))
is computable. Hence, we can compute j such that ux (f7'(V) \ L, < ilox]) < é
Putting these together, we have ux(f ' (U)A L, ilox]) < %. Compute £ which
is strictly greater than the maximum length of g, for k < j. Then one has the

following, where the norm is with respect to L,(uy) and where the first inequality
uses Proposition 4.1(2):

I'sup p(Ulxn) = sup px (| |low] | xn)ll2 = || sup p(Ulxn) = sup pex (| |lox] | xn)ll2
n>m m<n</{ k<j n>m n>m k<j

< lsup (7 (©)A | Jterd [ 3]l < 2- \/#X(f‘l(U)A LoD <.

k<j k<j

The last two inequalities use Proposition 4.3 and our carlier estimate. Since the
function x — sup,, <, 4x (Ll <;[o%] | x») is a computable element of Ly (ux). we
are done. Namely, we have shown that the function x + sup,,-,, p(U|x,) is indeed
a Schnorr L (uy)-test, uniformly in m > 0. B

By change of variables, the function (6, x) ~ sup,~,, p(U|x,) is a Schnorr
Lo (u)-test. -

By the classical version of Lévy’s Upward Theorem, one has that uy (f~(U) |
Xn) = 1 p1(y)(x) for uy-a.s. many x from X' Hence by Proposition 4.1(2) we have
p(U|x,) — Iyxx(0, x) for u-a.s. many (6, x) from S.

Then putting the two previous paragraphs together with Proposition 2.5, we have:
for all (0, x) in SR*\ (U x X) that p(U|x,) — 0.

Now it remains to show for all (0, x) in SR* N (U x X) that p(U|x,) — 1.

Let U =J,, Un. where U,, is a computable sequence of c.e. opens from the
p-computable basis. Choose computable sequence C,, O U, of effectively closed
sets such that U,,, C,, have same p-measure.

It suffices to show that for each m > 0 and each (0.x) in SR* N (U,, x X)
that p(U,|x,) — 1. For, given (6, x) in KR* one has that p(-|x,) is in P(Q) by
Propositions 3.4 and 3.6 and so this and U,, C U also makes it that for each m > 0
and (0, x) in SR N (U,, x X) one has p(U|x,) — 1.
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Fix m > 0 for the remainder of the proof. Let V,,, = Q\ C,,, which is c.e. open
with computable p-measure. Then we can run the argument above to conclude
that for all (0, x) in SR\ (V,, x X) one has that p(V,,|x,) — 0. Let (6, x) in
SR* N (U,, x X). By Proposition 3.4, we have SR* C KR” x X, and so (0, x) is in
SR\ (V,, x X). Hence p(V,,|x,) — 0. Due to (0, x) in KR*, one has p(- | x,) is
in P(Q) by Propositions 3.4 and 3.6, so that p(U,,|x,) = p(Cp|x,) — 1. Note the
identity follows from the fact that for (0, x) in KR* we have p(KR” |x,) = 1, as one
can see from the formula for the posterior in (1.2). =

§5. Limiting relative frequencies. In this section, we prove Proposition 1.10,
largely following traditional proofs of the Strong Law of Large Numbers for
Bernoulli trials (e.g., [18, pp. 43-44]). Since we are proving Proposition 1.10,
everything in this section (the parameter space, sample space. etc.) are as in the
statement of the proposition.

Before we begin, since this proposition provides a sufficient condition for the
application of Theorem 1.9, let us say a brief word about this application. Let
C C Q of p-measure one be the set mentioned in the statement of Proposition 1.10.

First, note that since p(C) = 1, we have that 0 is in C whenever (0, x) is in KR*,
by Proposition 3.4.

Second, for a binary string ¢ of length » which possesses i ones, the likelihood in
Proposition 1.10 is defined as p(a|0) = 6" - (1 - 0)" " - I-(8). Then we can use the
version in the sense of Definition 1.6 given by g(a|0) = 0" - (1 - 0)"" and h(c|0) =
0" - (1—0)"" - Iq\ ¢ (0). Further, by the previous paragraph, for ¢ in the u-measure
one set KR*, we have g(a|0) — h(a]0) =0 - (1 - 0)".

Now we turn to the proof of Proposition 1.10. Where ® : S — Q is the projection
onto the first component (cf. diagram in §1), we define:

DEFINITION 5.1. o =E,0 = [, 0 dp(0) and p =E,0* = [, 0% dp(0).

Then o« > f are computable reals since p is computable and the identity map
from Q to R and the square map are computable continuous. We can then
calculate the expectations of the following random variables in terms of «, 5, where
gi(0. x) = x(i) and where i, j distinct:

Eugi = a. Eugig; =f. EuOgi=f. Eulgi -0 =a-f. Eulgi-0)(g,—0)=0

Then we show:

PROPOSITION 5.2. There is a p-computable basis on Q such that for all n > 0 and
all elements U of the p-computable basis, the event f,'(U) is uniformly both c.e. open
and effectively closed.

Further. for e > 0 andn > 0 one has u(|f,o X —0O| >¢e) <e?-n'-(a-p)

ProoOF. Using the Effective Baire Category Theorem ([13., Theorem 5.1.2]).
we can choose a p-computable basis consisting of intervals (p.q) and [0, p) and
(g.1] and [0.1] such that 0 < p < ¢ <1 is a uniformly computable sequence
of reals such that these p,q are not equal to any element of the countable set
{13 ,0(i):0 €2".n> 0}. This assumption makes both I, ,, = {o €2": p <
% > ..,0(i) < ¢} and its relative complement J, ,, = 2" \ 1, ,, uniformly c.e. in
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n, p,q. Further, one has f,'(p.q) = User,, [o1and X\ 1, (p.q) = L,y 0]

Hence, f;'(p.q) is both c.e. open and effectively closed. The cases of [0. p) and
(¢, 1] are similar. For ¢ > 0 and n > 0 one has:

2
w(fnoX =0l >e) = ul Z(X(i) —0)|>n-e)=ul Z(X(i) -0)| >n*-&%)
1 1
SmEﬂ(g(gi_®))282.nz ;Eu(gi—(a)z:gz.n(a_ ) -

PROPOSITION 5.3. For (0, x) in SR* one has lim,, f,(x) = 0.

ProoOF. Since f,, ® are computable continuous, so is | f, o X — ®|. By Propo-
sition 2.8, choose a computable sequence of reals #, for n > 1 such that z, is
in the interval ((n + 1)’%,n’%) and such that the event |f,» 0 X —®| > 1, has
computable u-measure. Then let U, be this event, and set g = > -, Iy,. Then one

has u(U,) < u(|f,po X -0 >+ 1)) <+ 1D)in? (a-p) < VA
(a — B). Then one has E,g < °°, V4 - ni . (o — B). and since the latter is finite

and computable so is E, g by the Comparison Test. Hence g is an L, () Schnorr test.
Suppose that (6, x) is in SR*. Choose ng > 0 such that for all n > ny one has

(0.x) isnot in U,. Then for all n > ng we have |Y,_»(x(i) - 0)| < ni.
Let m > nd. Choose least n > ng with n> < m < (n + 1)*. Then one has

< Z(x(i)fﬁ) F 12— <ndy ol <mé+2Vm+1

i<n?

1

Hence [(L 3., x(i)) - 0] = |1 >, (x(i) - 0)| < M +2.mm, 5

§6. Proof of Theorem 1.13.

Proor. The direction from (1) to (2) follows directly from Theorem 1.9.

We now show that “not (1)” implies “not (2).” Suppose that 6, is in (), U,.
where U, is a sequential Schnorr p-test. Without loss of generality Uy = Q and U,
is decreasing. Note that since Uy = Q. we have Y, p(U, \ U,4+1) = 1 and hence
S, 1((Uy \ Uny1) x X) = 1.

By the hypothesis of the Theorem, choose an apt triple X, 0 +— p(-|0), f, : X — Q
(cf. Definition 1.12). We will construct another apt triple J, 0 — ¢(-|0). g, : Y — Q
such that 6, is not computably consistent relative to p, ), 6 — ¢(-|0).

LetY = [T°°], where T> = {0} U {(m)" ¢ : m > 0,6 € T}, where () denotes the
root (the unique length zero string). That is, T°° copies T countably many times
after the root (). Clearly since T is a computable subtree of N<N with no dead ends,
sois T°.
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Define likelihood as follows, for 7 in 7°°°:

1 if 7 is the root and ¢ is not in (1), U,.
q(z]0) = {0 if 7 is the root and @ is in (), U,,. (6.1)
p(al0) - Iy,n\u,,,,(0) ift=(m)"a

The idea is: if 0 is in Uy, \ U,,11, then ¢(-|@) puts all the probability on the m-th
copy of T in T°°, where it copies the original likelihood; whereas if 6 is in the p-null
set (), Uy. then ¢(-|@) is the zero element of M*(Y).

Regarding the effective properties of the likelihood function (cf. Definition 1.1(3),
note that for p-a.s. many 0 in Q, one has that ¢ is not in ), U, and hence is in some
Uy \ Upy1, and thus:

— The likelihood function 6 + ¢(z|6) is L;(p) computable, uniformly in 7 in 7°°
by Proposition 2.6(3) and Proposition 2.7.

—¢(-]0) is in P(Y) for p-a.s. many 6 in Q since p(-|0) is in P(X) for p-a.s. many
0 in Q.

Suppose that, per Definition 1.6, p(a]@) is understood pointwise as its version
g(a]0) — h(a|0). where these are L(p) Schnorr tests, uniformly in ¢ from 7. We
define a pair G(z|6). H(z]|0) of Li(p) Schnorr tests, uniformly in 7 in 7(°°), such
that G(z]|0) — H(z|@) is a version of ¢(z|0):

—1If 7 is the root, define G(z]0) =Y, Iy, (0) and H(z|0) = >, I m+1( ).
—If = (m)"o. define G((m)"al0) = g(a|0) - Iy, (0) + h(a|0) - Iy,,.,(0) and
H((m)"0l|0) = g(a]0) - Iy,,,,(0) + h(a|0) - I,,(0).

m+1
Then G(z]6), H(z|0) are finite for 0 in SR”, and on these points we have that
G(7|0) — H(z|0) agrees with (6.1), when p(ag|6) is understood pointwise as its
version g(a]0) — h(a|@). When 0 is in (), U,. by our convention that co — co = 0,
we have that G (z|0) — H(z]0) = 0 for all 7. Hence when 6 is in (), U,. this version
of ¢(+|0) is the zero element of M™()), and hence not an element of P())."* By the
first conjunct of Definition 1.8(2), any € in (), U, is not computably consistent.

Define uniformly computable continuous g, : Y — Qby g,((m)"x) = f,(x).1
remains to show that ), 6 — ¢(-|0), g, satisfies conditions (1)-(2) of Theorem 1. 9

To this end, define uniformly computable continuous iz, : S — Q x ) by
1,(0,x) = (0, (m)"x). Further, let v be the joint distribution on the product space
Q x Y formed from the prior p and the new likelihood 6 +— ¢(z|#). Then for each
Borel event B C Q x ), we have

Zﬂ ((Un \ Uy1) x X)) (6.2)

This follows by a simple induction on B, which we omit for reasons of space.

I81f one wanted to make co — oo undefined, one would have to introduce notation for partial functions,
and then emend the definition of computable consistency to require that the likelihood is defined and a
probability measure on the sample space. Instead of “when 0 is in (), Uy. this version of ¢(:|0) is the
zero element of M (Y).” at this point the proof would read “when @ is in (), U, the likelihood ¢(:|0)
is not defined.”
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Finally, here is the verification that ), 6 — ¢(-|0). g, satisfies conditions (1)-(2)
of Theorem 1.9:
— Suppose that 4 is a u-measure one subset of KR” x X on which lim,, f,(x)
exists and is equal to . Let B = ||, 1,,(4). so that 7,/ (B) = A for all m > 0
and so that B C KR? x Y. Then by (6.2) one has

V(B) = Zﬂ(A N ((Um \ Um+l) X X)) = Zﬂ((Um \ Um+l) X X) =1
Finally note that for all (6, (m)"x) in B one has that (8, x) is in 4, and hence
by condition (1) of Theorem 1.9, we have that the limit lim, g,((m)"x)) =
lim, f,(x) exists and is equal to 6.

— Suppose that U C Q is from a p-computable basis. Then, by condition (2)
of Theorem 1.9 we can write f,'(U) = ||,[o;] and X\ f,,}(U) = ||,[z:] for
computable sequences of 7;, o; from 7. Thenone has g, (U) = ||, LI,[(m) o]
and Y\ g, (U) = LI, LL[m) 1. -

§7. The infinite simplex, subspaces, and identifiability. The infinite dimensional
simplex S (Definition 1.7) is a subspace of the Hilbert cube [0, 1]%. But since S
is not closed in [0, 1], some care has to be devoted to describing the computable
Polish space structure on S.

We define the natural effectivization of the subspace relation:

DEerINITION 7.1. We say Y is a computable Polish subspace of Y if

(1) Y, Yy are computable Polish spaces and Y, C Y

(2) There is a computable procedure which when given an index for a c.e. open
U in Y returns an index for a c.e. open V in Yy such that V = U N Y.

(3) There is a computable procedure which when given an index for a c.e. open
V in Y, returns an index for a c.e. open U in Y such that V' = U N Y.

Remark 7.2. To illustrate how this concept is used, note that when Y is a
computable Polish subspace of Y, we have:

(1) If f : Y — Z is a computable continuous function, then f | Yy : Yy — Z is
computable continuous.
(2) If Uy, Uy,... is a computable basis in Y, then UyN Yy, U1 N Yy, ... is a
computable basis in Yj.
In the last point, a computable basis in a computable Polish space is just a uniformly
computable sequence of c.e. opens such that every c.e. open can be written as an
effective union of sets from the sequence. '’

We build up to proving:
PROPOSITION 7.3. S, is a computable Polish subspace of [0, 1]".
But the simplest example of Definition 7.1 is:

ExaMmPpLE 7.4. If Yy is effectively closed in Y and inherits the metric from Y and
has as a countable dense set a uniformly computable sequence of points from Y,
then Yj is a computable Polish subspace of Y.

19 As its name suggests. a v-computable basis from Definition 2.1 is a computable basis.
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However, S is properly IT in [0, 1]V, and so one needs an effective version of
the classical result that Hg subspaces of Polish spaces are Polish [16, p. 17]:

PROPOSITION 7.5.  Suppose that U, is a uniformly computable sequence of c.e. opens
in a computable Polish space Y, with C, = Y \ U, the corresponding effectively closed
sets, which we further suppose to be non-empty.

Let d be the metric with respect to which Y is a computable Polish space. Suppose
that d is bounded above by some rational constant ¢ > 1. Suppose further that the map
vy d(y,C,) =inf.cc, d(y, z) is computable continuous, uniformly in n > 0.

Let Yo = (1, Us. and suppose that Y, contains a computable subset Dy of the
countable dense set D of 'Y, such that Dy is dense in Y.

Then Yy is a computable Polish subspace of Y space with metric:

1 1

axc) avay) O

do(x.y) =d(x.y)+ Y min (21,

Proor. We identify the countable dense set D of Y with natural numbers and use
variables i, j for them in this proof.

Since classically dj provides a complete compatible metric for Yy (cf. [16, p. 17]). to
show that Y| is a computable Polish space it remains to show that if i, j come from Dy,
then dy (i, j) is uniformly computable. To see this, note that since 7, j are computable
points of Yy C U, we have that d(i, C,).d(j. C,) > 0 are uniformly computable.
We can search for, and find, a non-zero rational, uniformly in i, j, n, which is below

d(i.C,).d(j. C,). Using this, we can compute min (2" "1, ’d(i,lCn) - m ‘ ). Then

by the Comparison Test, d(i. j) is computable, and uniformly so. Hence indeed Y,
is a computable Polish space.

Now we show that Y; is a computable Polish subspace of Y.

We focus on condition (3) of Definition 7.1 since the other one is similar but
easier. It suffices to consider the case where V' is an open ball By (j.¢) == {yo €
Yo :do(j. yo) < &} in Yy, where j in Dy and ¢ > 0 is rational; we must show that
By, (j.e) = U N Y, for some c.e. open U in Y. We proceed as follows:

— For each rational ¢ in (0. 1) compute 1, > 0 such that 2-(ng+1) < 1

~ For each (i.¢q) in Dy x (QN (0, 1)), compute real numbers

! =+ q . (n+1)

51‘ no= s iqn = . 7
R TE e R Tan = 3G C) 3

Since the metric d is bounded < ¢ and since ¢ is from (0, %), note that we have
that n;,, > 0; and trivially d; 4, > 0.
— Define the c.e. index set I = {(i.q) € Do x (QN (0. 1)) : do(i. j) + £ < &}.

— For each (i.¢) in I let U;, , be the c.c. open "

Uign = (d (-, Cy)) ' (= o0,
. ’7i,q,n 5i,q.n
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. N g o
Then we claim that By (j.&) = Yo N Uigrer By(i.4)N Mu<n(y) Uign:

e First suppose that x in Yo N B, (i, %) N Mu<n(q) Uign for some (i.q)in I. Then

forn < n(g). membership in U; 4 , implies that ‘ﬁ - m <% 2-(nt1)

Together with membership in B, (i, %) and the definition of #n, we then have
that do(x, i) < q. Then do(x. j) < do(x,i) +do(i. j) < q +do(i. ) <e.
e Second suppose that xisin By, (j.€). Choose non-zero rational ¢ such that both

q < 3(e —do(x. j)) and g < L.Since for each n < ny. the function y m
is continuous on U, and x is in U,, we can find i in Dy such that x is in

By, (i.%) and x is in Uiy, for all n < n,. Further (i.¢) is in I: for we have
do(i. j) + 4 < do(i.x) +do(x. j) +§ < 3¢ +do(x. j) <e. |

In order to apply this proposition to S, and [0, 1]V, we use:

DErFINITION 7.6 (Computably Compact). A computable Polish space Y is
computably compact if there is a partial computable function which when given
an index for a computable sequence of c.e. opens Uy, Uy, ..., if the sequence covers
Y then the computable function halts and returns an n > 0 such that U, ..., U,
covers Y.

(This definition is implied by that given in [3, Definition 11.2.10(2)]).

The finite product [0, 1]” is computably compact, using a basis of rectangles with
rational-valued corners, and this extends to [0, I]N. Likewise, Cantor space oN s
computably compact since one can tell when a finite set of basic clopens covers
the space. An important consequence of computable compactness is the following
(cf. [21, Theorem 3.14] and references therein).

ProposiTioN 7.7. If 'Y is computably compact and f :Y — R is computable
continuous. then both sup . y f(v) andinf,cy f(y) are computable real numbers.

We now prove Proposition 7.3:

ProOF. The Hilbert cube [0, 11N withitsmetricd (x, y) = 3, 2°D |x(n) - y(n)]
is a computable Polish space with the dense set being the points 6 in [0, 1] which
are zero after some point. One has that Soc = (), U, N (), V. Where U,. V,, are the
below c.e. opens with respective relative non-empty complements C,, D,,:

Unz{xe[O.l]N:Zx(i)>l—%H} Cr={xef0.1":Y x(i)<1-

i i

1
n+1

}

1 1
Ve={xef0.1": Y (i) <1+ ——} Dy={xe[0.1]": Y (i) 2 14 ——}
i<n+1 "+ i<n+l n+

Further, C,, D,, are computable Polish spaces which are computably compact:

— For G,: it is effectively closed in [0.1]V since it is f'[0.1 - 1] where
S 10,11 — [0, oc] is the Isc function f(x) = Y, x(i). Further, the intersec-
tion of the countable dense set of [0, 1]" with C, is computable and dense in C,,.
Finally, the computable compactness of C, follows from that [0. 1]V, since C,

is effectively closed in [0, 1]V,
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— For D,: it is effectively closed in [0.1]" since it is g,'[1 + 1.00). where
2, :[0,1]N = [0.00) is the computable continuous function g,(x)=
Y i<ni1 X(i). The other parts follows just as for C,.

For each element x of the countable dense set of [0, 1]N and each n >0,
one can consider the computable continuous map f.,: C, — [0.00) given by
Sfxn(y) =d(x.y). By Proposition 7.7, one has that inf,cc, d(x.y) = d(x.C,) isa
computable real, uniformly in a point x of the countable dense set and in n > 0.
Since y + d(y. C,) is 1-Lipschitz, one then has that y — d(y, C,) is computable
continuous, uniformly in n > 0 (cf. [15, Proposition 2.5]). The same is true of
y + d(y., D,), and hence the hypotheses of Proposition 7.5 are satisfied. -

From this it follows:

PrOPOSITION 7.8. For each i > 0, the projection maps 7; : Seo — [0, 1] given by
7;(0) = 0(i) are computable continuous and computable open.

In this computable open means: images of c.e. opens are uniformly c.e. open.

Proor. Computable continuity follows automatically from Remark 7.2(1). For
computable open, suppose that V' C S, is c.e. open; we want to show that its image
n;(V) is c.e. open in [0, 1], uniformly in an index for V. Since images commute
with unions, by Remark 7.2(2), it suffices to show it for a c.e. open of the form
V={0€Sx:0¢c]],., Vx50 11} where V; is (p;.¢;) or [0.¢;) or (p;.1]
or [0, 1] for rational 0 < p; < ¢; < 1. There are then three cases.

Case l:i<nand 1 ¢ V;. Thendefine U = {0 € [],_, V,; : _,.,0(j) < 1}: and
note 7; (V') = x;(U). Since U is c.e. open in [0, 1]", 7;(U) is c.e. open in [0, 1].

Case 2:i < nmand 1 € V;. Then we first check whether for all j < n with j # i we
have V; = [0. ¢;) forarational 0 < ¢; < 1 or V; = [0.1]. If no, V is the same as what
one gets by changing V; to V; \ {1}. and we are done by the previous paragraph.
If yes, then we have 7; (V) = V;.

Case 3: 7 > n. This follows Case 1-2 by setting V; = [0, 1] for all j € [n,{]. -

We show how to extend Proposition 1.10 to S.:

PrOPOSITION 7.9. Suppose that the parameter space Q is Sy, and that the sample
space X is Baire space NV,

Suppose that C is a p-measure one effectively closed subset of S .

Suppose that the likelihood 0 — p(-|0) is given by the following for o in N<N:

101 0(a(i)) if0in C.
p(o)0) = |t o

0 otherwise.
Then conditions (1) and (2) of Theorem 1.9 are satisfied.

Note that the likelihood 6 +— p(-|0) is defined on C by taking p(-|6) to be the
countable product of €, as a probability measure on the natural numbers; and that
off of C it is the zero element of MT(X).
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PrOOF. We use these four computable continuous maps, which commute:

1
= ZI{,I‘}(X(Z))

ﬂj(e) = 9(])
¢ (x)(0) = Iy (x(7))

=L T \ /

i<n

First we verify condition (2) of Theorem 1.9. For each j >0, consider
the pushforward probability measure p; := n;#p on [0, 1]. By Proposition 5.2,
uniformly in j > 0 we can compute a p;-computable basis on [0, 1] such that for all
n > 0 and all elements U of the p;-computable basis on [0, 1] one has that g,' (U)
is uniformly both c.e. open and effectively closed in 2. Since ¢; is computable
continuous, this means that (g, o ¢;)'(U) = (z; o f,,)"' (U) is uniformly both c.e.
open and effectively closed in NY. Then a p-computable basis on S, is given by
elements of the form V' =(,_, ;' (U;). where U; for j < m comes from the
pj-computable basis on [0,1]. For this ¥, we have that f,'(V) =)
/)1 (U;); thus f,1(V) is both c.e. open and effectively closed in X'

Second we verify condition (1) of Theorem 1.9. For each j > 0, consider the
pushforward probability measure u; := (n; ® ¢;)#u on [0,1] x 2V, and for each
J >0 and 0 in S, consider the pushforward measure p;(-|0) := c¢;#p(:|0) on
Cantor space 2~. On the p-measure one set C, this is the same as the probability
measure on Cantor space which gives heads probability #(j) on each flip. Using the
Greek letter p (rho), let p(- | v) be the probability on Cantor space parameterized by
v from [0, 1] which gives heads probability v on each ﬂip, then we have p;(-|0) = p(-]

0(j)) - Ic(0). Further one has the equation x;((a.b) f p([a]] dpj( ).
which says that the pushforward u; is the same as the Jomt dlStI‘lbuthl’l given
by prior p; on [0.1] and likelihood v — p(-|v). We now finish the verification
of condition (1) of Theorem 1.9. It suffices to show that for all (6, x) in SR*,
one has that lim, f,(x) = 0. To show this is to show that, for all j > 0, we have
lim, 7;(f»(x)) = #;(0), which by the diagram is the same as lim,, g, (¢;(x)) = 0(j).
Let j > 0. Since (6, x) is in SR* and since 7; @ ¢; : S — [0, 1] x 2N is computable
continuous, we have that (0(;). ¢;(x)) is in SR*/. By Proposition 5.3 one has that
lim, g,(c;(x)) = 0(j). which is what we wanted to show. 4

j<m (71"/‘ °

The following proposition is a preliminary to our result on identifiability.

PROPOSITION 7.10. Suppose that the parameter space Q is an effectively closed
subset of a computable Polish space Q. and that Q) is a computable Polish subspace
of Q.

Define extended priors and likelihoods on the superspace Q as follows:

(1) Define prior q on Q by pushforward q = 1#p. where 1 : Q — Q is the identity.

(2) Define likelihood 8 — q(-|8) on Q by q(-|6) = p(-9) - In(0).
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Suppose that conditions (1) and (2) of Theorem 1.9 hold with respect to Q. q. and
0 q(-10).
Then all 0 in SR? are computably consistent relative to Q, p, and 0 — p(-|0).

PrOOF. Note that 1!(4) = 4 N Q for all events 4 C Q. Further note that Q \ Q
is a g-null c.e. open in Q. If v denotes the new joint distribution on Q x X’ with
respect to the extended prior and likelihood, then for Borel events 4 C Q and
B C X, one has v(4 x B) = u((4N Q) x B). Further for Borel events 4 C Q we
have ¢(A|x,) = p(4 N Q|x,) when the denominator is non-zero.

We show that for any version of the original likelihood p(c|-) in the sense of
Definition 1.6, there is a version of extended likelihood q(a|-) in the sense of
Definition 1.6 which agree on SR?. For, suppose that for a version of 6 — p(a|0)
we use the difference g(a|9) h(a|0), where g(al|-). h(a|-) : Q — [0, oc] are Ll(p)
Schnorr tests. Since Q \ Q is c.e. open in Q. we have that g(a\@) + h(a|9) Q\Q(H)
and g(a0) - IQ\Q(H) + h(c|d) are Li(q) Schnorr tests. Further, on SRY, their
difference is equal to (g(a|§) —h(a]0))(1 - 15\9(5)) = (g(o|§) - h(0'|§))(lg(§))

Suppose that § is in SR”. Since 1 : Q — Qis computable continuous, we have that
0 is in SR?. Then by Theorem 1.9 we have that ¢ is computable consistent relative
t0 Q. ¢.and 0 — ¢(- |9) Let U C Q be c.e. open with p(U) computable. Since Q
is a computable Polish subspace of Q we have that U = QN V', where V' is a c.e.
open in Q. Then ¢(V) = p(QN V) = p(U) is computable. Then lim, ¢(V|x,) =

Iy (0) for ¢(-|@)-many x in X. Since 6 is in Q. we have lim, ¢(V|x,) = I (0) for
p(+|@)-many x in X. By the first paragraph, we have lim, p(V N Q|x,) = Iyna(0)
for p(-|@)-many x in X. By U = QN V., we have that lim, p(U|x,) = Iy(0) for
p(-]0)-many x in X -

Here is then the proof of Proposition 1.11.

PrOOF. By passing to the image, we may assume that Q is an effectively closed
subset of Q := S... and that Q is a comEutable Polish subspace of Q. Define the
extended prior and likelihood relative to Q as in the statement of Proposition 7.10.
Then by Proposition 7.9 conditions (1) and (2) of Theorem 1.9 hold with respect to
Q and the extended prior and likelihood. Then we are done by Proposition 7.10. -

§8. Sufficient conditions for inconsistency. Up to this point in the article, we
have been assuming that the prior p is a fixed computable probability measure on
the parameter space . as in the effective assumptions (Definition 1.1(1)). To handle
Freedman’s Inconsistency Theorem, we need to shift to considering the prior to be
an arbitrary probability measure on the parameter space €, that is, an arbitrary
element of P(Q).

We note an elementary proposition, which makes salient a double integral.

ProrosiTioN 8.1. If (p.0) is classically consistent, then for all closed C not
containing 0 one has

hm/ (Clx) dp(10)(x) = 0. nm/ / 1c(0") dp(-1x,)(0") dp(-16)(x) = 0.
(8.1)

The same holds true if p is computable and (p, 0) is computably consistent.
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PrOOF. One uses the hypothesis and the “open set” form of Portmanteau to get
that p(-|x,) — dp in P(Q) for p(:|#)-a.s. many x in X. Then one uses the “closed
set” form of Portmanteau and the Dominated Convergence Theorem to get the
conclusion.

The first step (the “open set” step) of the proof also works under the effective
hypothesis since the c.e. opens with computable p-measure form a topological
basis. —1

The following proposition provides a sufficient condition for inconsistency.

PROPOSITION 8.2. Suppose that Q has at least two elements. Suppose that (p, 0) is
classically consistent. Then there is a c.e. open V such that

lim sup /X /Q 10(0") dp(-|x)(07) dp(10)(x) < 1.

The same holds if p is computable and (p. 0) is computably consistent.

ProoOF. Since Q has at least two elements, choose disjoint c.e. opens U, V" such that
fisin U. Let C = Q\ U be the relative complement, so that ¥ C C. Since (p. 0) is
classically consistent, by Proposition 8.1 we have lim, [, p(C|x,) dp(:|6)(x) = 0.
Since ¥ C C we have lim, [, p(V|x,) dp(-|0)(x) = 0. From this the conclusion
follows easily. o

Now we discuss how to ensure that this double integral is Isc.

ProrosITION 8.3 (Integrals Isc as function of prior, when likelihood comp. cont.).
Suppose the likelihood 0 — p(-|0) maps from Q into P(X). Suppose further the
likelihood 6 — p(a|0) is computable continuous, uniformly in o from T. Then:

(1) The map (p.x) — p(Ulx,) is Isc from P(Q) x X to [0, 1], uniformly in c.e.

open U C Qandn > 0.

(2) The map (p.x)— [, f(0") dp(-|x,)(0') is Isc from P(Q)x X to [0. ]

uniformly inn > 0 and Isc  : Q — [0, <].

(3) The map (p.0) — [, g(p.x") dp(-|0)(x') is Isc from P(Q) x Q to [0, 0],

uniformly inlsc g : P(Q) x X — [0, o0].
(4) The map (p.0) — [, [o f(0") dp(-|x,)(0") dp(-|0)(x) is Isc from P(Q) x Q
to [0, oo]. uniformly inn > 0 and Isc f : Q — [0, o].

Note that (1) improves Proposition 3.7, since the latter just concerned a fixed
computable prior.

Proor. For (1), the hypothesis of the proposition implies that uniformly in c.e.
open U C Q and ¢ in T, one has that 6 — I;(0) - p(a|0) is Isc from Q to [0, 1].
Then uniformly in c.e. open U C Q and ¢ in T one has that p — [, p(a]0) dp(0)
is Isc from P(Q) to [0, 1]. by Hoyrup and Rojas [13, Proposition 4.3.1].

Further, the hypothesis of the proposition implies that 0 — (1 — p(a]0)) is also
Isc from Q to [0, 1], uniformly in ¢ from 7. Then uniformly in ¢ from 7 one has
that p — [,,(1 - p(a]@)) dp(8) is Isc from P(Q) to [0. 1] by [13, Proposition 4.3.1].
Hence. uniformly in ¢ from T one has that p — [, p(a]0) dp(0) is usc (i.e.. upper
semi-computable) from P(Q) to [0.1]. By the previous paragraph with U = Q,
one has that uniformly in ¢ from T the map p — [, p(c]0) dp(0) is computable
continuous from P(Q) to [0, 1].
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To finish (1), it suffices to note by the definition of the posterior p(U|x,) in
(1.2) that for rational ¢ > 0 we have p(U|x,) > ¢ iff there is ¢ in T of length
n with x in [g] and there is rational r > 0 such that [, p(a|0) dp(0) > r and
0< [, p(a]f)dp(0) < ~. These inequalities are c.e. open conditions in (p.x) by
the previous two paragraphs.

For (2). any Isc function f : Q — [0, 00] can be written as f = sup, f. where
f's is a computable sequence of simple functions of the form Y *, ¢,; - Iy,,. where
ns > 0 is computable and ¢,; is a computable sequence of non-negative rationals
and Uy is a computable sequence of c.e. opens in Q (cf. proof of Hoyrup and Rojas
[13. Proposition 4.3.1]). Hence one has [, f(0") dp(- | x,)(0') > r iff thereis s > 0
such that > | g,; - p(Us;|x,) > r. which is a c.e. open condition in (p. x) by (1).

For (3), any Isc g : P(Q) x X — [0, oc] can be written as g = sup, g;. where g,
is a computable sequence of simple functions of the form Y 7", ¢, - Iw,,. where
ng > 0 is computable and ¢,; is a computable sequence of non-negative rationals
and W;,; is a computable sequence of c.e. opens in P(Q) x X (cf. again proof
of Hoyrup and Rojas [13, Proposition 4.3.1])). Let W; = U/(Uv,i_j X Vi) for
some computable sequences Uy, ; of c.e. opens in P(Q) and V;; of c.e. opens
in X. Then one has that [, g(p.x") dp(-|0)(x’) > r iff there is s > 0 and there are
finite sets of natural numbers {J; : i < n,} such that pisin ), <ns ﬂj oy Uy, and

Yo s -p(UjGJ“, Vi;10) > r. which is a c.e. open condition in (p. 0).
Finally, (4) follows directly from (2) and (3). =

§9. Effective Freedman Inconsistency. We begin with the proof of Theorem 1.14,
which effectivizes the proof in [10, Theorem 6.12]. In this theorem, recall that the
parameter space Q is S, and so we just write S, instead of Q in this section.

Note that we have the formula p(c|0) = [Ticio) 0(o(i)) for the likelihood,
and that 0 — [],_,; 0(c(i)) is computable continuous from [0,1]" to [0.1]. By
Proposition 7.3 and Remark 7.2(1), we have that 6 — p(c|@) is computable
continuous from S., to [0.1], which puts us in a position to later apply
Proposition 8.3.

Further, ST, := {0 € So. : Vi > 00(i) > 0} is effectively comeager in S. For,
the set {0 € Seo : 0(i) > 0} is c.e. open and dense for each i > 0: for, itis z;' (0. 1]).
where 7; : Soo — [0, 1] is the projection map, which is computable continuous and
computable open by Proposition 7.8. By the Baire Category Theorem, S} is dense
in S.,. By the Effective Baire Category Theorem [13, Theorem 5.1.2] we can find a
uniformly computable sequence of points 6, . 0;". ... in S, which is dense in S...

Further, S;, = {0 € Sw : 37 > 06(i) = 0} is dense since it is a superset of the
countable dense set.

Finally, let D; be the set of Z;":l q‘,-égj, where 0 < ¢; <1 is rational and
Y1gq;=1 and 0, = 0 and for 1 < j <m one has that 0; is from S_. It is
not hard to see, by a simple classical argument, that this is dense in P (S ).

Then one has the following proposition.

PROPOSITION 9.1.  Let Oy be from S . Let p be from D;. Then for p(-|0y)-a.s. many
x in X one has p(-|x,) — 8,4 in P(Seo).
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PROOE. Let p = 27:1 q;0p;. where this is as in the definition of D; in the previous
paragraph. The non-trivial case is m > 1. For each 1 < j < m, choose k; > 0 with
0;(k;) = 0. Let ¢ = []_, Oo(k;). which since 0 is in ST is necessarily > 0. Let
A=, As. where Ag—{XEX Vi<j<m3n>Lx(n)=k;}. Then 4 is a
tailset, that is, if x, x’ differ by finitely much and one is in 4, then the other is as
well. Since p(-|6) is a product measure, by the zero-one law, 4 either has measure
zero or one. We claim it has measure one. If not, then it has measure zero. Then
choose sufficiently large £ > 0 such that p(A4,|0y) < ¢. Consider the event B = {x :
x(£+2)= kz, (€ +3) =ks,....x(€ + m) = ky, }. Then by independence we have
p(BlOy) =TT s 0o(k;). which is ¢, a contradiction to B being a subset of 4,. Hence
rather we have that p(A4|6y) = 1.

By Portmanteau it suffices to check that for all x in 4 and all open U containing
0, one has liminf, p(U|x,) = 1. Suppose not. Then there is x in 4 and open U
containing 6, such that liminf, p(U|x,) < 1. Then there is £y > 0 such that for all
¢ > 4y one has inf,>¢ p(U|x,) < 1. Since x is in Ago choose £ > £, such that for all
1 < j < m one has that x(¢’) = k; for some ¢’ in the interval [¢,. £). This has the
consequence that for all n > £ one has that p(x,[0;) =0 forall 1 < j < m. Hence
for any n > £ and any event C, we have that

/; (xnw dp qu Ic(0 (xn|9j)

={qi '10(91) - p(xal0h) = q1 - 1c(0)") - p(x,10;7).

When we set C = S, then we get a value > 0 since H;“ comes from ST_. For n > ¢:

Ju pel) dp(0) a1 10(07) - ploal0)
fs p(xq | 0) dP(H) q1 'P(xn|9,'+)

and this contradicts that inf,,>, p(U|x,) < 1. 4

p(Ulx,) = Iy(6;) =1

For each i > 0 and each 6/ on our list, we construct a uniformly computable
continuous sequence y;x : Soo — [0, 1]such that (i) y;(6;") = 1forallk > Oand (ii)
if Hf isinthe open V, then eventually y; » < Iy . Lete, — 0beacomputable sequence
of positive rationals which is strictly decreasing. Let V;x = B(0,". & ). noting that
Vikw1 € B[O . ex11]1 € B(0, ex) = Vi. Since B[0,". ex11] and So \ B(0,. &) are
effectively closed and disjoint, by the effective Urysohn Lemma [29, Lemmas II 7(1)
and I1.7.3, p. 90] there are uniformly computable continuous y;x : Sec — [0, 1] such
that y;x | B[O . exs] =1 and yix | (Soo \ B(0; . &) = 0. Then yi4 [ Vigyr =1
and Aik f (Soo\ Vvlk) =0.

By Proposition 8.3(4), the following are c.e. opens, where 0 < & < 1 is rational:

zamk - U{ P 9 / / Xlk dp |xn)( )dp(|8)(x) > 1 _5}- (91)

n>m

We show that each of these c.e. opens is dense in P(Ss) X Soo. Suppose that
a pair in P(Sa) X Seo is given. Find (p.0p) in D; x S}, arbitrarily close to
the given pair. We argue that the pair (p,6) is in U;, ... By Proposition 9.1,
one has that p(:|x,) %56? for p(-|6p)-a.s. many x in X. By the Portmanteau
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Theorem, we have fsoo 2ixk(0") dp(-|x,)(0") — me Xik(0") doy+(0") for p(-|6p)-
a.s. many x in X. By property (i) of y;x above, we have fSoo )’(l;k(H’) do,+(0') =
%:x(0;") = 1. Hence fSoo 2ixk(0") dp(-|x,)(0") — 1 for p(-|6p)-a.s. many x in X. By
applying the Dominated Convergence Theorem with respect to p(-|6p), we have
lim,, [, fSoo 2ix(0") dp(-|x,)(0") dp(-|60)(x) = 1. This then puts the pair (p, 6) in
Ui ¢.mx. Thus indeed U, x 1s dense.

Let V' C S be non-empty c.e. open, let 0 < ¢ < 1 be rational and consider

{(p.0) :limsup fX fs I (0) dp(-1x)(0") dp(0)(x) > 1—¢}.  (92)

Suppose (p.0) isin (), , .« Uiemi- We argue that (p. 0) is in the set in (9.2). Since
V' is non-empty. there is 6, in V. Then by property (ii) of y;x above we have that
there is ko > 0 such that for all k > k¢ we have y;; < I)y. Then we are done since
(p.0)isin Uy forall m > 0 and all k > k.

Then by Proposition 8.2, we have finished proving Theorem 1.14.

It remains to prove Corollary 1.15. By the Effective Baire Category Theorem
[13. Theorem 5.1.2] and Theorem 1.14, in any non-empty c.e. open in P(Ss) X Soo
we can find a computable point (p, ) in (iemx Uiemi. Using the end of the
proof of Theorem 1.14, starting at (9.2), together with Proposition 8.2 specialized
to the computable prior p, we further get that (p. 6) is not computably consistent.
Hence we have finished part (1). And part (2) follows from Proposition 7.9 and
Theorem 1.9.
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