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Abstract. We construct an algebraic method for detecting bifurcations of discrete
dynamical systems using the Conley index theory. We define the transition matrix pair
for discrete semidynamical systems, which detects bifurcations of connecting orbits.
As an application, we give a sufficient condition for the occurrence of homoclinic and
heteroclinic tangencies by showing that the occurrence of a heterodimensional cycle in the
projectivization of a dynamical system implies the tangency of the original system.

1. Introduction
The Conley index, a generalization of the Morse index, is a topological tool designed
for qualitative studies of dynamical systems (see Mischaikow–Mrozek [8] for general
reference). It is defined for isolated invariant sets and takes the form of topological or
algebraic object.

If an isolated invariant set has a Morse decomposition, that is, it is decomposed into the
union of isolated invariant subsets and connecting orbits among these subsets, then there
exist algebraic relations between the Conley index of the entire isolated invariant set and
that of the invariant subsets. This can be taken as a generalization of the Morse inequality
and stated in the form of the connection matrix (Franzosa [3]). Under some conditions, a
non-zero entry of the connection matrix implies the existence of a connecting orbit.

Comparing connection matrices for two parameter values, we can also detect global
bifurcations of connecting orbits in one-parameter families of flows. This is the purpose of
the transition matrix. The simplest construction of a transition matrix is due to Reineck [11]
and is referred to as the singular transition matrix. Similar to the case of a connection
matrix, an off-diagonal non-zero entry of the transition matrix implies the occurrence of
bifurcations (see also Kokubu et al [4] and McCord and Mischaikow [6, 7]).

The ideas described above were first defined for flows. The studies of the discrete
Conley index, namely the Conley index for maps, appeared in the late 1980’s (Mrozek
[9, 10]) and were rearranged by Szymczak [14] and Franks and Richeson [2] in a
categorical manner. Recently, Richeson [12, 13] gave the definition of the connection
matrix pair for a discrete semidynamical system, which takes the form of a pair of matrices,
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since the discrete Conley index is a pair of a space and its endomorphism, and hence is
more complicated than that for flows.

The aim of this paper is to define the discrete transition matrix pair by reconstructing
Reineck’s method with Richeson’s connection matrix pair, and to presenting some
applications. For instance, we study homoclinic and heteroclinic tangencies using the
transition matrix pair. Note that the Conley index itself does not carry the information
on the differential since it is stable under perturbations in the C0 topology. Therefore, we
introduce the projectivization of a dynamical system, which involves only the directions of
the tangent vectors, and apply the transition matrix pair to this system.

This paper consists of four sections. After the introduction, §2 is an overview of
the basic notions of the Conley index theory and the connection matrix pair according
to Franks and Richeson [2] and Richeson [12, 13]. For simplicity, we only define the
cohomological Conley index using relative cohomology groups. In §3, we discuss the
change of connecting orbit structure when we let the drift go to zero, in parallel with
Reineck [11]. In §4 we present the definition of the transition matrix pair for discrete
semidynamical systems and give examples in which the transition matrix pair actually finds
the bifurcation of connecting orbits, including the heterodimensional cycle. In §5, the final
section, we discuss the method for detecting homoclinic and heteroclinic tangencies.

2. Preliminary discussion
For simplicity, we use categorical notation. We denote by V the category of vector spaces
and linear maps, and by GV the category of graded vector spaces and graded linear maps.
Cochain complexes of vector spaces and cochain maps also form a category, which we
denote by δV. If C is a category, we define a new category End(C) as follows: the objects
of End(C) are pairs (A, α) where A is an object of C and α : A→ A is a morphism of C;
a morphism ψ : (A, α) → (B, β) of End(C) is a morphism ψ : A → B of C such that
ψ ◦ α = β ◦ ψ . Define Aut(C) to be the full subcategory of End(C) that consists of pairs
(A, α) where α : A→ A is an automorphism of C.

2.1. The Conley index. Let X be a locally compact metric space and f : X → X a
continuous map. We denote by intY , cl Y and ∂Y the interior, the closure and the boundary
of Y , respectively.

A complete orbit of x ∈ X with respect to f is a map σ : Z → X such that
σ(0) = x and f (σ(k)) = σ(k + 1) for all k ∈ Z. The maximal invariant set of N ⊂ X

is defined to be the set of x ∈ N that has a complete orbit σ such that σ(Z) ⊂ N

holds. We denote the maximal invariant set of N by Inv(N, f ). Similarly, we define
Invm(N, f ) := {fm(y) | f 0(y), . . . , f 2m(y) ∈ N}.
PROPOSITION 2.1. [2] If N ⊂ X is compact, then Inv(N, f ) = ⋂∞

m=0 Invm(N, f ).

Definition. A compact set N ⊂ X is an isolating neighborhood if Inv(N, f ) ⊂ intN . If N
is an isolating neighborhood, S = Inv(N, f ) is called an isolated invariant set.

Definition. A filtration pair for an isolated invariant set S is a pair of compact sets (N,L)

that satisfies the following:
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(1) cl(N \ L) is an isolating neighborhood of S;
(2) L is a neighborhood of N− := {x ∈ N | f (x) /∈ N}, relative to N ;
(3) f (L) ∩ cl(N \ L) = ∅.

There exists a filtration pair for any isolated invariant set (see [2, Theorem 3.6]).
Let (N,L) be a filtration pair for S. Applying the Alexander–Spanier cohomology

functor H ∗ to f : (N,L)→ (N ∪ f (L),L ∪ f (L)) and the inclusion map i : (N,L)→
(N ∪ f (L),L ∪ f (L)), we have

f ∗, i∗ : H ∗(N ∪ f (L),L ∪ f (L))→ H ∗(N,L).

Since i∗ is an isomorphism, we can define

F ∗N,L := f ∗ ◦ (i∗)−1 : H ∗(N,L)→ H ∗(N,L).

Let us denote by lim−→(A, φ) the direct limit of the sequence A
φ→ A

φ→ A
φ→ A · · · where

(A, φ) is an object of End(GV).

Definition. Let S be an isolated invariant set and (N,L) a filtration pair for S. The
cohomological Conley index of S is defined by

Con∗(S, f ) = (CH∗(S, f ), χ∗(S, f )) := lim−→(H ∗(N,L), F ∗N,L).

Note that χ∗(S, f ) is an automorphism and Con∗(S, f ) is therefore an object of
Aut(GV). Theorem 4.3 of [2] shows that the cohomological Conley index is well-defined,
that is, it does not depend on the choice of filtration pairs.

2.2. The Morse decomposition. As usual, we define the ω-limit set of x ∈ X by
ω(x) := ⋂

N>0 cl
( ⋃

n>N {f n(x)}). Since f may not be invertible, the same definition
does not make sense for backward iterates. So, we define the α-limit set with respect
to each complete orbit of x. Namely, for a complete orbit σ : Z → X, we define
α(σ) :=⋂

N>0 cl
( ⋃

n>N {σf (−n)}
)

Let A,B ⊂ X. We denote the set

{x ∈ X \ (A ∪ B) | ∃ a complete orbit σ : Z → X s.t. α(σ) ⊂ A,ω(x) ⊂ B}
by C(A,B;X). Each complete orbit contained in C(A,B;X) is called a connecting orbit
from A to B.

If A ⊂ X admits a compact neighborhood U such that f (U) ⊂ intU and A =⋂
n>0 f

n(U), then the set A is called an attractor. If S is an isolated invariant set, then
an attractor with respect to the restricted map f |S : S → S is called an attractor in S.
We define the dual repeller of A to be the set A∗ := {x ∈ S | ω(x) ∩ A = ∅}. If A
is an attractor in S and A∗ is the dual repeller, we call (A,A∗) an attractor–repeller
decomposition of S.

We recall the definition of the ε-chain. Let p, q ∈ Z where p < q . A sequence
{xn}n=p,p+1,...,q is called an ε-chain from xp to xq if d(f (xn), xn+1) < ε holds for
n = p,p + 1, . . . , q − 1. Here d is the distance function on X.

PROPOSITION 2.2. [2] If (A,A∗) is an attractor–repeller decomposition of a compact
invariant set S, then:
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(1) S = A ∪ A∗ ∪ C(A∗, A; S);
(2) there exists ε > 0 such that there is no ε-chain from A to A∗;
(3) A∗ and A are disjoint isolated invariant sets.

Let P be a finite set. A relation < on P is a partial order if p < q and q < r implies
p < r , and p < p never holds. When we fix a partial order < on P , we may write (P,<).

A subset I of a partially ordered set (P,<) is called an interval if p < r < q and
p, q ∈ I imply r ∈ I . An interval I is said to be attracting if r < q and q ∈ I imply
r ∈ I . We denote by I = I(P,<) and A = A(P,<) the set of intervals and the set of
attracting intervals, respectively.

An n-tuple of mutually disjoint intervals (I1, . . . , In) such that I1 ∪ · · · ∪ In ∈ I is said
to be adjacent if i < j and p ∈ Ii , q ∈ Ij imply q ≮ p. We denote by In = In(P,<) the
set of adjacent n-tuples. If (I1, . . . , In) ∈ In, then the interval I1 ∪ · · · ∪ In is denoted by
I1I2 · · · In.

Now we are ready to define the Morse decomposition.

Definition. Let P be a finite set and S an isolated invariant set. A collection of mutually
disjoint isolated invariant sets M(P) = {M(p) | p ∈ P} is called a Morse decomposition
for S if there exists a partial order< on P such that either of the following conditions holds
for each complete orbit σ : Z → S:
(1) there exists p ∈ P such that σ(Z) ⊂ M(p);
(2) there exist p, q ∈ P such that p < q and ω(σ(0)) ⊂ M(p), α(σ) ⊂ M(q).

If we consider a Morse decomposition with a partial order fixed, then we write
M(P,<). Moreover, we may write M(P,<, S, f ) to specify the setting. We call each
M(p) ∈M(P) a Morse set. Among partial orders that satisfy the definition of the Morse
decomposition, the weakest one is called the map-defined order. Note that p < q holds
with respect to the map-defined order if and only if C(M(q),M(p); S) �= ∅.

For each interval I , we define

M(I) :=
⋃
p∈I

M(p) ∪
⋃
q,r∈I

C(M(q),M(r); S).

PROPOSITION 2.3. Let M(P,<) be a Morse decomposition for S. Then:
(1) M(I) is an isolated invariant set for each I ∈ I(P,<);
(2) M(I) is an attractor in S for each I ∈ A(P,<);
(3) if (I, J ) ∈ I2 then (M(J ),M(I)) is an attractor–repeller decomposition for the

isolated invariant set M(IJ).

Definition. Let M(P,<) be a Morse decomposition. A collection of compact sets
N (P,<) = {N(I) ⊂ X | I ∈ A(P,<)} is called a filtration for M(P,<) if for each pair
I, J ∈ A(P,<) we have the following conditions:
(1) (N(I),N(∅)) is a filtration pair for M(I);
(2) N(I) ∩N(J ) = N(I ∩ J );
(3) N(I) ∪N(J ) = N(I ∪ J ).

THEOREM 2.4. [2, 13] Every Morse decomposition M(P,<) for S := Inv(N, f ) has a
stable filtration N (P,<). Namely, there exists a neighborhood U of f in C0-topology
such that if g ∈ U then N (P,<) is a filtration for M(P,<, Inv(N, g), g).
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2.3. The Connection matrix pair. To begin with, we recall the following theorem.

THEOREM 2.5. [12, 13] If (A,R) is an attractor–repeller decompositions of an isolated
invariant set S, then there exists the following long exact sequence in Aut(V):

· · · δ∗−→ Conk(R) −→ Conk(S) −→ Conk(A)
δ∗−→ Conk+1(R) −→ · · · .

If A ∪ R = S, then the additivity of the Conley index implies Con∗(S) ∼= Con∗(A) ⊕
Con∗(R) in Aut(GV). Therefore, the following holds.

COROLLARY 2.6. If δ∗ �= 0, CH∗(S) � CH∗(A)⊕CH∗(R) or χ∗(S) � χ∗(A)⊕χ∗(R),
then C(R,A; S) �= ∅.

Definition. A cochain complex braid with endomorphism is a collection C = {(C(I),
c(I)) | I ∈ I} of objects in End(δV) that satisfy the following:

(1) for any (I, J ) ∈ I2 there exist cochain maps ρ, ι such that the following sequence is
exact:

0 −→ (C(J ), c(J ))
ρ−→ (C(IJ), c(IJ))

ι−→ (C(I), c(I)) −→ 0;

(2) for any (I, J,K) ∈ I3 the following diagram, which consists of the short exact
sequence given in (1), commutes:

0 0

(C(I), c(I))

����������
����������

0

(C(IJ), c(IJ))

�������
����������

0

(C(IJK), c(IJK))

��

�������
(C(J ), c(J ))

�������
����������

(C(JK), c(JK))

�������
�������

0

����������

(C(K), c(K))

��

�������
0

����������

0

���������� 0

����������

Definition. A graded module braid with endomorphism is a collection H = {(H(I),

a(I)) | I ∈ I} of objects in End(GV) that satisfy the following:

(1) for any (I, J ) ∈ I2 there exist homomorphisms δ∗, ρ∗, ι∗ such that the following
long sequence is exact:

· · · δn−1−→ (Hn(J ), an(J ))
ρn−→ (Hn(IJ), an(IJ))

ιn−→ (Hn(I), an(I))
δn−→ · · · ;

(2) for any (I, J,K) ∈ I3 the following diagram, which consists of the long exact
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sequence given in (1), commutes:

(Hk(I), ak(I))

��

��������������
(Hk+1(K), ak+1(K))

��

���������������

(Hk(IJ), ak(IJ))

�����������
�����������

(Hk(IJK), ak(IJK))

		

�����������
(Hk(J ), ak(J ))





�����������

(Hk(JK), ak(JK))

�����������
�����������

(Hk(K), ak(K))

		

�����������
(Hk−1(I), ak−1(I))





�����������

��������������

���������������

		 



The naturality of the connecting homomorphism implies the following.

PROPOSITION 2.7. [12, 13] If we apply the cohomology functor to a cochain complex
braid with endomorphism C, we get a graded module braid with endomorphism, which we
denote by HC.

Definition. Suppose we have two cochain complex braids with endomorphism C =
{(C(I), c(I)) | I ∈ I} and C ′ = {(C′(I), c′(I)) | I ∈ I}. A cochain complex braid
endomorphism3 : C → C ′ is a collection {ψ(I) : (C(I), c(I))→ (C′(I), c′(I)) | I ∈ I}
of morphisms in End(δV) such that for each (I, J ) ∈ I2 the following diagram commutes:

0 �� (C(J ), c(J ))

ψ(J )

��

�� (C(IJ), c(IJ))

ψ(IJ)
��

�� (C(I), c(I))

ψ(I )

��

�� 0

0 �� (C(J ), c(J )) �� (C(IJ), c(IJ)) �� (C(I), c(I)) �� 0.

If each ψ(I) is an isomorphism, 3 is called an isomorphism.

In a similar way, graded module braid endomorphisms and isomorphisms are defined.
Passing to cohomology, a cochain complex braid isomorphism induces a graded module
braid isomorphism.

PROPOSITION 2.8. [12, 13] Let 3 : H → H′ be a graded module braid endomorphism.
Ifψ∗(p) is an isomorphism for each p ∈ P , then3 is a graded module braid isomorphism.

Let S be an isolated invariant set that has a filtration pair (N,L). Using the isomorphism

i4 : C4(N ∪ f (L),L ∪ f (L)) → C4(N,L), we define F4
N,L := f 4 ◦ i4

−1
and

(LC(S),Lf (S)) := lim−→(C4(N,L), F
4
N,L). Here C4 denotes the Alexander–Spanier
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cochain. Suppose we have a Morse decomposition M(P,<) and let N (P,<) be a
filtration for M(P,<). We define

C(M) := {(LC(M(I)),Lf (M(I))) | I ∈ I},
H(M) := {(CH∗(M(I)), χ∗(M(I))) | I ∈ I}.

Since lim−→ commutes with H ∗ [5, Appendix A.10], we have the following.

PROPOSITION 2.9. [12, 13] If M(P,<) is a Morse decomposition, C(M) is a
cochain complex braid with endomorphism and H(M) is a graded module braid with
endomorphism. Furthermore, H(M) ∼= HC(M) as graded module braids with
endomorphism.

Opposite to Proposition 2.7, sometimes a graded module braid with endomorphism
yields a cochain complex braid with endomorphism. Let H = {(H(I), a(I)) | I ∈ I} be a
graded module braid with endomorphism and define

C5(I) :=
⊕
p∈I

H (p),

where we regard p ∈ P as an interval {p} ∈ I. Then, if A : C5(I) → C5(I) is a
linear map, we can write A in the form of a |P | × |P |matrix A = (Apq)p,q∈P where each
Apq : H(q)→ H(p) is a linear map. For I ∈ I, define A(I) := (Apq)p,q∈I : C5(I)→
C5(I).

Definition. Let P = (P,<) be a partially ordered set. A matrix of linear maps A =
(Apq)p,q∈P is said to be strictly lower triangular if Apq �= 0 implies p > q and lower
triangular if Apq �= 0 implies p ≥ q . If A is of degree+1 and A2 = 0, then A is called a
coboundary operator.

Now we suppose 5 = (5pq)p,q∈P : C5(P) → C5(P) is a strictly lower triangular
coboundary operator.

PROPOSITION 2.10. [12, 13] For each I ∈ I, the submatrix 5(I) is a strictly lower
triangular coboundary operator, hence (C5(I),5(I)) is a cochain complex.

In addition, we suppose a = (apq)p,q∈P : C5(P) → C5(P) is a lower triangular
cochain map of degree zero, that is, 5 ◦ a = a ◦5 and each ap,q is of degree zero.

PROPOSITION 2.11. [12, 13] For each I ∈ I, the submatrix a(I) is a lower triangular
cochain map of degree zero with respect to the coboundary operator 5(I).

The preceding two propositions show that if we define

C5 := {((C5(I),5(I)), a(I)) | I ∈ I},
then C5 is a cochain complex braid with endomorphism. Indeed, ρ is an inclusion and ι

is a projection since C5(IJ) = C5(I) ⊕ C5(J ). Applying Proposition 2.7 to C5, we
obtain a graded module braid with endomorphism HC5, which we denote by H5.

Definition. A connection matrix pair for a graded module braid H is a pair (5, a) of a
strictly lower triangular coboundary operator 5 and lower triangular cochain map a such
that H5 ∼= H holds.
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Definition. Let M(P,<) be a Morse decomposition. We define a connection matrix pair
for M(P,<) to be a connection matrix pair for H5(M).

The existence of a connection matrix pair is assured by the following.

THEOREM 2.12. [12, 13] Suppose H is a graded module braid with endomorphism.
If there exists a cochain complex braid C such that H ∼= HC, then there exists a connection
matrix pair for H.

Since H(M) ∼= HC(M), we obtain the following theorem.

THEOREM 2.13. For any isolated invariant set S and its Morse decomposition M(P,<),
there exists a connection matrix pair for M(P,<).

3. Connections in one-parameter families
This section is devoted to proving Theorem 3.12, which will be used in later sections.
We consider a one-parameter family {fλ : X → X}λ∈7 with a continuing Morse
decomposition. First, we put an artificial drift on the parameter space. It will be shown
that there exists a corresponding Morse decomposition in X ×7. Then we investigate the
change of connecting orbit structure of this Morse decomposition when we let the artificial
drift go to zero. Finally, the occurrence of the bifurcation of the connecting orbits is derived
from the argument above.

This section is similar to §3 of [11]. The main difference is that Lemma 3.6 of [11] is
no longer true for the discrete case since connecting orbits are not connected. Hence we
need to reprove Lemma 3.6 in this paper.

We begin by recalling the definition of the Hausdorff metric. Let X be a compact
metric space and d the metric on X. The set of non-empty, closed subsets of X is
denoted by F(X), and the ε-neighborhood of Y ⊂ X is denoted by Nε(Y ). Define h,
ρ : F(X)×F(X)→ R by

h(A,B) = inf {ε | A ⊂ Nε(B)}, ρ(A,B) = max {h(A,B), h(B,A)}.
Then F(X) is a compact metric space with ρ, which is called the Hausdorff metric.
The following lemma is immediate.

LEMMA 3.1. Let {An} be a convergent sequence in F(X). Then

lim
n→∞An =

{
x ∈ X

∣∣∣ there exists {xn} ⊂ An such that lim
n→∞ xn = x

}
.

We suppose the parameter space 7 is an open interval containing [0, 1] and fix a
compact neighborhood 7̄ of [0, 1] in 7. Let πX : X ×7→ X and π7 : X ×7→ 7 be
the projections.

We introduce a map gε defined on 7 by gε(λ) := λ + ελ(λ − 1), which is called a
slow-drift on the parameter space. When we talk of the slow-drift, it is always assumed
that ε ≥ 0 is sufficiently small so that gε is strictly increasing on 7. Define Fε : X×7→
X ×7 by

Fε(x, λ) := (fλ(x), gε(λ)).

Note that F0 coincides with f × id and preserves λ.
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We say that a family of isolated invariant sets {Sλ} continues over 7 if there exists an
isolated invariant set Ŝ ⊂ X×7 with respect to F0 such that Sλ = Ŝ∩(X×{λ}). Similarly,
we define the continuation of Morse decompositions as follows.

Definition. A parameterized family M(P, λ) = {Mλ(p) | p ∈ P} of Morse
decompositions continues over 7 if each {Mλ(p)} continues over 7 and each M(P, λ)
is a Morse decomposition for Sλ where {Sλ} is a family of isolated invariant sets that
continues over 7.

For the sake of simplicity, we suppose that N is an isolating neighborhood with respect
to fλ for every λ ∈ 7 and define

Sλ := Inv(N, fλ).

Then {Sλ} is obviously a family of isolated invariant sets continuing over 7. Furthermore,
we suppose the family Sλ has a family of Morse decompositions M(P, λ) continuing
over 7. We denote by <λ the map-defined order on P with respect to fλ.

LEMMA 3.2. If ε > 0 is sufficiently small, N × 7̄ is an isolating neighborhood with
respect to Fε .

Proof. Suppose the lemma is false. Then there exists a sequence εn → 0 such that
N × 7̄ is not an isolating neighborhood with respect to Fεn for all n. By definition,
∂(N × 7̄) ∩ Inv(N × 7̄, Fεn) �= ∅. So, we can find a complete orbit σn : Z → N × 7̄

such that σn(0) ∈ ∂(N × 7̄) for each n. Since Inv(N × 7̄, Fεn) ⊂ N × [0, 1], we have
σn(0) ∈ ∂N×[0, 1]. By compactness, we can choose a convergent subsequence of {σn(0)}.
Change the label for σn(0) so that {σn(0)} itself is convergent, and denote z0 = (x0, λ0) :=
limn→∞ σn(0). Clearly x0 ∈ ∂N . We will show that z0 ∈ Inv(N × [0, 1], F0|X×[0,1]),
which implies x0 ∈ ∂N ∩ Inv(N, fλ0), a contradiction to the assumption that N is
an isolating neighborhood for all λ. By Proposition 2.1, it will suffice to show that
z0 ∈ Invm(N × [0, 1], F0|X×[0,1]) for all m ≥ 0. Let z−1 be the limit of a convergent
subsequence of {σn(−1)}. Change the label of σn so that σn(−1) → z−1. Repeating
this process, we define zk to be the limit of {σn(k)} for −m ≤ k ≤ m. For each n and
k = −m,−m+ 1, . . . ,m− 1, we have

d(F0(zk), zk+1) ≤ d(F0(zk), F0(σn(k)))+ d(F0(σn(k)), zk+1)

≤ d(F0(zk), F0(σn(k)))+ d(F0(σn(k)), Fεn(σn(k)))

+ d(Fεn(σn(k)), zk+1).

Here d is the distance function on X × 7. Choosing n large, the first term and the third
term on the right-hand side go to zero because

F0(zk) = F0

(
lim
n→∞ σn(k)

)
= lim

n→∞F0(σn(k)),

and

zk+1 = lim
n→∞ σn(k + 1) = lim

n→∞Fεn(σn(k)).

Also, the second term goes to zero because Fεn uniformly converges to F0 on X × [0, 1].
It follows that d(F0(zk), zk+1) = 0, hence F0(zk) = zk+1 for k = −m,−m+1, . . . ,m−1.
This implies z0 ∈ Invm(N × [0, 1], F0). ✷
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In the rest of this section, we suppose that ε > 0 is sufficiently small so that Lemma 3.2
holds and denote

Ŝε := Inv(N ×7,Fε).

We denote Aλ := A× {λ} ⊂ X ×7 for A ⊂ X.

LEMMA 3.3. If A is an isolated invariant set with respect to f0, then A0 is an isolated
invariant set with respect to Fε . Similarly, if A is an isolated invariant set with respect
to f1, then A1 is an isolated invariant set with respect to Fε .

Proof. We prove only the statement for A0. The proof for A1 is the same. Let K be an
isolating neighborhood such that Inv(K, f0) = A. Define K ′ := K × [−γ, γ ] ⊂ X × 7

for sufficiently small γ > 0. Let (x, λ) ∈ K ′. We have Inv(K ′, Fε) ⊂ X0 because if
λ �= 0, then there exists no complete orbit of (x, λ) in K ′. Since Fε equals f0 on X0,
Inv(K ′, Fε) = Inv(K0, f0) = A0. This proves the statement. ✷

LEMMA 3.4. Suppose {M0(p) | p ∈ (P,<0)} is a Morse decomposition for S0 and
{M1(r) | q ∈ (Q,<1)} is a Morse decomposition for S1. Then the collection {M(p) |
p ∈ (P,<0)} ∪ {M(q) | q ∈ (Q,<1)} is a Morse decomposition for Ŝε with respect to Fε .
In fact, we have an admissible partial order! in P ∪Q given by

p ! q if p ∈ P and q ∈ Q,

p ! p′ if p,p′ ∈ P and p <0 p
′,

q ! q ′ if q, q ′ ∈ Q and q <1 q
′.

Proof. It is evident that! is a partial order on P ∪Q. Lemma 3.3 shows that each Mi(p)

is an isolated invariant set with respect to Fε . We claim that every complete orbit contained
in Ŝε satisfies either (1) or (2) of the definition of the Morse decomposition with respect to
(P ∪Q,!).

If a complete orbit σ satisfies σ(Z) ∩ S0 �= ∅ then σ(Z) ⊂ S0 follows from the form
of Fε . Hence we have (1) or (2) since {M0(p) | p ∈ (P,<0)} is a Morse decomposition
for S0. Now our claim follows in this case since p <0 p′ implies p ! p′. The proof for
the case σ ∩ S1 �= ∅ is similar.

Next, take a complete orbit σ(k) = (x(k), λ(k)) such that 0 < λ(k) < 1 holds for all k.
Clearly, ω(σ) ⊂ S0 and α(σ) ⊂ S1.

We will show that there exist p ∈ P and q ∈ Q such that ω(σ) ⊂ M0(p) and
α(σ) ⊂ M1(q). This proves this lemma since p ! q by definition. We will prove
α(σ) ⊂ M1(q). The proof for ω(σ) ⊂ M0(p) is similar. Note that each point in α(σ)

has its complete orbit in α(σ) since α(σ) is f1-invariant. In addition, it follows from
the definition of Morse decomposition that the α-limit set of a point in α(σ) is contained
in a Morse set. Hence, there exists q ∈ Q such that α(σ) ∩ M1(q) �= ∅. We claim
that α(σ) ⊂ M1(q). If this does not hold, then there exists another q ′ ∈ Q such that
α(σ) ∩M1(q

′) �= ∅. We may assume q ′ ≮1 q . Define I := {r ∈ Q | r ≤1 q}. Then I is
an attracting interval and q ′ /∈ I . Since (I,Q \ I) ∈ I2(Q,<1), Proposition 2.3 shows that
(M1(I),M1(Q\I)) is an attractor–repeller decomposition for S1. We will show that for any
ε > 0 there exists an ε-chain from M1(q) ⊂ M1(I) to M1(q

′) ⊂ M1(Q \ I) with respect
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to f1. First, there exists δ > 0 such that if d(x, x ′) ≤ δ then d(F0(x), F0(x
′)) < ε/3

because F0 is uniformly continuous on N × [0, 1]. Next, there exists 0 < λ′ < 1 such that
if λ′ ≤ λ then d(f1(x), fλ(x)) < ε/3 holds for all x ∈ N because Fε converges uniformly
to F0. It follows from the form of gε that there exists a negative integer K ′ such that if
k ≤ K ′ then λ′ ≤ λ(k). Since α(σ) ⊂ S1, there exists a negative integer K ′′ such that if
k ≤ K ′′ then d(σ(k), S1) < min(ε/3, δ). Let K = min(K ′,K ′′). We can find k ≤ K such
that d(σ(k),M1(q)) < min(ε/3, δ) since α(σ) ⊂ M1(q). Similarly, we can find k′ < k

such that d(σ(k′),M1(q
′)) < min(ε/3, δ). If k′ ≤ i ≤ k, there exists a point in S1 that

is also in the min(ε/3, δ)-neighborhood of σ(i) because k ≤ K . Let xi be such a point.
Since F0 coincides with f1 on S1 and Fε(σ (i)) = σ(i + 1), we have

d(f1(xi), xi+1) ≤ d(f1(xi), Fε(σ (i)))+ d(Fε(σ (i)), xi+1)

≤ d(f1(xi), f1(σ (i)))+ d(F0(σ (i)), Fε(σ (i)))+ d(σ(i + 1), xi+1)

<
ε

3
+ ε

3
+ ε

3
= ε,

which implies that {xi}i=k′,k′+1,...,k is an ε-chain from M1(q) ⊂ M1(I) to M1(q
′) ⊂

M1(Q \ I). This contradicts (2) of Proposition 2.2. ✷

We have supposed that there exists M(P, λ), a family of Morse decompositions for
{Sλ}. So, we obtain a Morse decomposition for Ŝε by the preceding lemma. In this case
P = Q, but <0 �=<1 in general. We denote this Morse decomposition by M(P " P,!).

When ε = 0, Lemma 3.2 is no longer true and we can not construct a Morse
decomposition for ε = 0. So, we consider what happens to M(P " P,!) if we let
ε → 0, hoping that this consideration gives us some information about the dynamics with
respect to F0.

In particular, we are interested in the behavior of connecting orbits. Let εn → 0
be a convergent sequence and suppose C(M1(q),M0(p); Ŝεn) �= ∅ for all n. Choose
a point from C(M1(q),M0(p); Ŝεn). By definition it has at least one complete orbit
contained in Ŝεn , which we denote by cn. Let c̄n := cl(cn) ∈ F(N × [0, 1]). Since
F(N×[0, 1]) is compact with the Hausdorff metric, there exists a convergent subsequence
of c̄n. Relabeling c̄n, we assume that c̄n is convergent and let c̄ := limn→∞ c̄n.

LEMMA 3.5. The set c̄ is F0-invariant.

Proof. Since c̄, c̄n are compact, so are their images under F0 and Fεn . By the triangle
inequality for the Hausdorff metric,

d(F0(c̄), c̄) ≤ d(F0(c̄), F0(c̄n))+ d(F0(c̄n), Fεn(c̄n))+ d(Fεn(c̄n), c̄)

holds for each n. The third term on the right-hand side equals d(c̄n, c̄) because c̄n is
Fεn-invariant. The first term and the third term go to zero since c̄n → c̄ as n→∞. Also,
the second term goes to zero since Fεn converges to F0 uniformly on N × [0, 1]. It follows
that d(F (c̄), c̄) = 0, which means F(c̄) = c̄. ✷

LEMMA 3.6. The set π7(c̄) equals [0, 1].
Proof. We regard the projection π7 as π7 : F(N × [0, 1]) # A $→ π7(A) ∈ F [0, 1].
Then π7 is continuous with the Hausdorff metric because ρ(π7(A), π7(B)) ≤ ρ(A,B)
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holds for any A,B ∈ F(N × [0, 1]). Therefore,

π7(c̄) = π7

(
lim
n→∞ c̄n

)
= lim

n→∞π7(c̄n).

Clearly, h(π7(c̄n), [0, 1]) = 0. Fix ε > 0. Since gεn converges uniformly to the
identity on [0, 1], there exists n(ε) such that if n > n(ε) then |gεn(λ) − λ| < ε holds
for all λ ∈ [0, 1]. It follows that an ε-neighborhood of π7(c̄n) is [0, 1] if n > n(ε)

and hence ρ([0, 1], π7(c̄n)) = h([0, 1], π7(c̄n)) ≤ ε holds if n > nε . This implies
ρ(π7(c̄), [0, 1]) = ρ(limn→∞ π7(c̄n), [0, 1]) = limn→∞ ρ(π7(c̄n), [0, 1]) = 0. ✷

LEMMA 3.7. For any λ ∈ [0, 1], the set c̄λ := c̄ ∩ Nλ is non-empty, compact and F0-
invariant.

Proof. It follows from Lemma 3.6 that c̄λ �= ∅ for every 0 ≤ λ ≤ 1. By Lemma 3.5, c̄
is F0-invariant, hence so is c̄λ = Nλ ∩ c̄. Similarly, c̄λ is compact because c̄ and Nλ are
compact. ✷

In the subsequent lemmas, we study the structure inside of c̄λ. Define

Iλ := {p ∈ P | c̄λ ∩Mλ(p) �= ∅}.
By the preceding lemmas, we can show that Iλ �= ∅ for all λ ∈ [0, 1].
LEMMA 3.8. Let a sequence (xn, λn) ∈ c̄n converge to (x, λ) ∈ Mλ(p). If there exists
a sequence {kn} ⊂ Z≥0 such that (yn, µn) := F

kn
εn (xn, λn) → (y, λ) ∈ Mλ(p

′), then
p′ ≤λ p holds with the map defined order <λ. Here Fkn

εn stands for (Fεn)
kn .

Proof. The proof is by contradiction. Thus, suppose p′ �λ p. Define I := {q ∈ P |
q ≤λ p}. Then I is an attracting interval and p′ /∈ I . It follows from Proposition 2.3 that
(Mλ(I),Mλ(P \ I)) is an attractor–repeller decomposition for Sλ. We will show that for
any ε > 0 there exists an ε-chain from Mλ(p) to Mλ(p

′) contained in Sλ, a contradiction
with Proposition 2.2.

First we claim that for any ε > 0 there exists a positive integerK such that if n ≥ K then
the orbit {(xn, λn), Fεn(xn, λn), . . . , F kn

εn (xn, λn)} is contained in the ε/3-neighborhood
of Sλ. Suppose the contrary, then we can find ε > 0 such that for each n there exists
0 ≤ ln ≤ kn satisfying d(F

ln
εn (xn, λn), Sλ) ≥ ε/3. Let (zn, νn) := F

ln
εn (xn, λn). From the

form of gεn , we have µn ≤ νn ≤ λn. Since we assumed µn, λn → λ, we have νn → λ.
It follows from Lemma 3.1 that (zn, νn) → c̄, and therefore, (zn, νn) → c̄λ. However,
c̄λ ⊂ Sλ since c̄λ is fλ-invariant and hence (zn, νn) → Sλ, a contradiction with the fact
d(F

ln
εn (xn, λn), Sλ) ≥ ε/3.

Now we have a positive integer K that satisfies the condition stated above. EnlargingK
if needed, we assume that n ≥ K implies d(F0(w, ξ), Fεn (w, ξ)) < ε/3 for all (w, ξ) ∈
N × [0, 1]. Choose n ≥ K so that d((xn, λn),Mλ(p)) < ε/3 and d((yn, µn),Mλ(q)) <

ε/3 hold. By the definition of K , we can find si ∈ Sλ such that d(F i
εn
(xn, λn), si ) < ε/3

for i ≥ 0. Let s−1 ∈ Mλ be a point such that d(fλ(s−1), (xn, λn)) < ε. By a triangle
inequality similar to the one in the proof of Lemma 3.4, {s−1, s0, s1, s2, . . . , skn } turns out
to be an ε-chain from Mλ(p) to Mλ(p

′) contained in Sλ. ✷

LEMMA 3.9. For each λ ∈ [0, 1], the set (Iλ,<λ) is a totally ordered set.
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Proof. If λ = 0 or 1, this statement is trivial since (Iλ,<λ) has only one element. Suppose
λ ∈ (0, 1) and p,p′ ∈ Iλ. Let (x, λ) ∈ Mλ(p) ∩ c̄λ and (y, µ) ∈ Mλ(p

′) ∩ c̄λ.
Lemma 3.1 shows that there exist convergent sequences (xn, λn), (yn, µn) ∈ c̄n such that
(xn, λn) → (x, λ) and (yn, µn) → (y, µ). We may assume that (xn, λn), (yn, µn) ∈ cn

because all accumulation points of cn are contained in S0 ∪ S1. Since cn is an orbit
under Fεn , there exists kn ≥ 0 for each n such that either (xn, λn) = F

kn
εn (yn, µn) or

F
kn
εn (xn, λn) = (yn, µn) holds. Taking a suitable subsequence ni , we may assume one of

the preceding two formulas holds for all ni . By Lemma 3.8, in both cases, we have p ≤λ p
′

or p′ ≤λ p. ✷

Next, we consider how the structure inside of c̄λ depends on λ. Define

Ap := {λ ∈ [0, 1] | c̄λ ⊂ Mλ(p)}, Bp := {λ ∈ [0, 1] | c̄λ ∩Mλ(p) �= ∅}
for each p ∈ P . By definition, Ap ⊂ Bp.

LEMMA 3.10. For each p ∈ P , Ap is open in [0, 1] and Bp is compact.

Proof. Clearly

Bp = π7

(
c̄ ∩

⋃
λ∈[0,1]

Mλ(p)

)
.

Since
⋃

λ∈[0,1]Mλ(p) is an isolated invariant set with respect to F0|N×[0,1], it is compact,
hence so is Bp. We will show that

Ap = [0, 1]
∖( ⋃

p′ �=p
Bp′

)
.

If this holds, Ap is open since Bp′ closed. First, suppose λ ∈ Ap, then c̄λ ∩Mλ(p
′) = ∅

for p �= p′. It follows that Ap ∩ ⋃
p′ �=p Bp′ = ∅, therefore λ ∈ [0, 1] \ (⋃

p′ �=p Bp′
)
.

Conversely, suppose λ ∈ 7 \ (⋃
p′ �=p Bp′

)
. This implies c̄λ ∩ ⋃

p′ �=p Mλ(p
′) = ∅.

By Lemma 3.7, c̄λ is F0-invariant, and therefore each point of c̄λ has its complete orbit
and its α and ω-limit sets contained in c̄λ. Then if c̄λ �⊂ Mλ(p), we have c̄λ ∩Mλ(p

′) �= ∅
for some p′ �= p, a contradiction. Hence we have c̄λ ⊂ Mλ(p), which implies λ ∈ Ap. ✷

LEMMA 3.11. Suppose λ ∈ (0, 1). If p = inf Iλ and p′ = sup Iλ, there exists an ε > 0
such that (λ− ε, λ) ⊂ Ap and (λ, λ + ε) ⊂ Ap′ hold.

Proof. Suppose (λ− ε, λ) �⊂ Ap for each ε > 0. Then there exists a monotone increasing
sequence λm → λ such that for each m there exists rm ∈ P \ p satisfying λm ∈ Brm .
Choosing a suitable subsequence, we may assume rm = q for all m. We have λ ∈ Bq since
Bq is closed by Lemma 3.10. Let (x, λ) ∈ Mλ(p) ∩ c̄λ, and (ym, λm) ∈ Mλm(q) ∩ c̄λm .
Lemma 3.1 shows that there exist (xi, µi), (ymi , ν

m
i ) ∈ c̄i such that limi→∞(xi, µi) =

(x, λ) and limi→∞(ymi , ν
m
i ) = (ym, λm) hold. Since limi→∞(ymi , ν

m
i ) ∈ Mλm(q) and

λm < λ, we can find a subsequence {im} that satisfies the following: im < im+1;
d((ymim, ν

m
im
),Mλm(q)) < 1/m; νmim < µim . The sequence {(ymim, νmim)} is contained in the

compact set
⋃

λ∈[0,1]Mλ(q), therefore, it has a convergent subsequence. Relabeling the
sequence, we assume (ymim, ν

m
im
) → (y, ν). It follows from limm→∞ λm = λ that ν = λ,

and therefore we have (y, ν) ∈ Mλ(q). As in the proof of Lemma 3.9, it follows from
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λ ∈ (0, 1) that (xim, µim), (y
m
im
, νmim) ⊂ cim . Because cim is an orbit and νmim < µim , there

exists a sequence km ≥ 0 such that Fkm
εim

(xim, µim) = (ymim, ν
m
im
). Thus, Lemma 3.8 shows

that q ≤λ p, and it follows that q <λ p since we have assumed that q �= p. Now we have
(y, ν) = limm→∞(ymim, ν

m
im
) ∈ c̄λ by Lemma 3.1, hence q ∈ Iλ. This contradicts the fact

p = inf Iλ. The proof for Ap′ is similar. ✷

As a conclusion of the preceding lemmas, we have the following.

THEOREM 3.12. If C(M1(q),M0(p) ; Ŝεn) �= ∅ for all n, then there exist 1 > λ1 > λ2 >

· · ·λk > 0 and {q = r1, r2, . . . , rk+1 = p} ⊂ P such that ri+1 <i ri where <i is the
map-defined order with respect to fλi .

Proof. Define K := [0, 1] \⋃
p∈P Ap. Then K is closed by Lemma 3.10, hence compact.

Lemma 3.11 shows that for each λ ∈ [0, 1] there exists ε > 0 such that (λ− ε, λ)∩K = ∅
and (λ, λ + ε) ∩ K = ∅. It follows that K is discrete in [0, 1] and hence finite. We have
K ⊂ (0, 1) because 0 ∈ Ap and 1 ∈ Aq . Define λ1 > · · · > λk to be the elements of K
and define λ0 = 1. For each i = 1, 2, . . . , k, we can find ri such that (λi, λi−1) ⊂ Ari

because {Ap} are mutually disjoint. By Lemma 3.11, sup Iλi = ri and inf Iλi = ri+1.
Hence ri+1 <i ri by the definition of Iλ. Since {Ap} are open and mutually disjoint, we
have (λ1, 1) ⊂ Ar1 and 1 ∈ Aq . This implies Aq = Ar1 , and therefore q = r1. The same
argument shows p = rk+1. ✷

4. Singular transition matrix pair
If we want to apply Theorem 3.12 to detect the bifurcations of connecting orbits, we must
show the existence of the connecting orbit in X ×7 for all n ≥ 0. The connection matrix
pair discussed in §2.3 can be used for this purpose.

The setting is same as in §3, so there exists a Morse decomposition M(P " P,!)

for Ŝε . For simplicity, we regard P " P as {p0 ∈ P | p ∈ P} " {p1 ∈ P | p ∈ P} with
M(p1) := M1(p) and M(p0) := M0(p).

Theorem 2.13 assures that there exists a connection matrix pair (5ε, aε) for the Morse
decomposition M(P " P,!) with respect to Fε . Since p0 ! q1 holds for each pair
p, q ∈ P , the two lower triangular matrices

5ε, aε :
⊕
p∈P

CH∗(M(p0), Fε)
⊕
p∈P

CH∗(M(p1), Fε) 



take the form

5ε =
(
50 0
Tε 51

)
, aε =

(
a0 0
Aε a1

)
.

Here the subscript ε for 5i and ai are omitted. Now we have two submatrices

Tε,Aε :
⊕
p∈P

CH∗(M(p0))→
⊕
p∈P

CH∗(M(p1)).

The discussion in §3 leads to the following definition.

Definition. A pair of matrices (T ,A) is a singular transition matrix pair if there exists a
sequence εn → 0 such that T = Tεn and A = Aεn for any n ≥ 0. The set of singular
transition matrix pairs is denoted by T0,1.
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Remark. If the cohomology Conley index has coefficients in a finite field and the
cohomology Conley index of each Morse set are of finite type, then the cardinality of
possible connection matrix pairs for M(P"P,!) is finite. Hence, it immediately follows
that T0,1 �= ∅ in this case.

For each I ∈ I(P " P,!), denote by a∗(I) the map induced on H5(M) by the
cochain map a(I) and by <i the map-defined order on P with respect to fλi .

THEOREM 4.1. Suppose (T ,A) ∈ T0,1 and (p0, q1) ∈ I2(P "P,!). If either Tq1p0 �= 0
or a∗(p0) ⊕ a∗(q1) � a∗(p0 ∪ q1), then there exists 1 > λ1 > λ2 > · · · > λk > 0 and
{q = r1, r2, . . . , rk+1 = p} ⊂ P such that ri+1 <i ri holds.

Proof. By definition, there exists a sequence εn → 0 such that T = Tεn and A = Aεn

for all n. Thus, (T ,A) is a submatrix pair of the connection matrix pair for the Morse
decomposition M(P " P,!) of Ŝεn . Since (M(p0),M(q1)) is an attractor–repeller
decomposition of M(q1 ∪ p0), Theorem 2.5 shows that there exists a long exact sequence

· · · δ∗−→ Conk(M(q1), Fε) −→ Conk(M(q1 ∪ p0), Fε) −→ Conk(M(p0), Fε)
δ∗−→ · · · .

It follows that ((
0 0

Tq1p0 0

)
,

(
Ap0p0 0
Aq1p0 Aq1q1

))

is a connection matrix pair for this attractor–repeller decomposition. Thus, by definition
we have

δ∗ ∼= Tq1p0, χ∗(M(q1)) ∼= a∗(q1),

χ∗(M(p0)) ∼= a∗(p0), χ∗(M(q1 ∪ p0)) ∼= a∗(q1 ∪ p0).

Therefore, Tq1p0 �= 0 implies δ∗ �= 0, and a∗(p0) ⊕ a∗(q1) � a∗(p0 ∪ q1) implies
χ∗(M(q1 ∪ p0)) � χ∗(M(q1)) ⊕ χ∗(M(p0)). By Corollary 2.6, it follows that
C(M(q1),M(p0); Ŝεn) �= ∅ for all n. To finish the proof, apply Lemma 3.12. ✷

This theorem shows that the transition matrix pair has some information about
bifurcations of connecting orbits. However, the theorem says nothing about the
computation of the transition matrix pairs. So, we hope to know the algebraic relations
between the transition matrix pairs and the connection matrix pairs for S0 and S1, which
can be computed from the filtrations.

Suppose

5ε =
(
50 0
Tε 51

)
, aε =

(
a0 0
Aε a1

)

is a connection matrix pair for Ŝε . Identifying Ŝε∩Ni with Si , it follows from the definition
of the connection matrix pairs that (50, a0) and (51, a1) are connection matrix pairs for
M(P,!, S0, Fε) and M(P,!, S1, Fε), respectively. The following proposition relates
CM(M(P,!, Si, Fε)) and CM(M(P,<i, Si , fi)).

PROPOSITION 4.2. Let i be 0 or 1. Suppose (5i, ai) ∈ CM(M(P,!, Si, Fε)). Then
there exist (5̃i, ãi) ∈ CM(M(P,<i, Si , fi)) and a graded module braid isomorphism
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θi of degree −i such that (51, a1) is conjugate to (5̃1, ã1) by θi , namely, the following
diagram commutes:

⊕
p∈P

CH∗(M(pi), Fε) 5i (or ai) ��

θi

��

⊕
p∈P

CH∗(M(pi), Fε)

θi

��⊕
p∈P

CH∗(Mi(p), fi ) 5̃i (or ãi ) ��
⊕
p∈P

CH∗(Mi(p), fi ).

To prove this proposition, we need the following lemma.

LEMMA 4.3. Let H and H̃ be graded module braids with endomorphisms, and let 3 =
{φ∗ : H(I) → H̃ (I) | I ∈ I} be a graded module braid isomorphism. If (5,A) is a
connection matrix pair for H then

5̃pq := φ∗(p) ◦5pq ◦ φ∗(q)−1
, ãpq := φ∗(p) ◦ apq ◦ φ∗(q)−1

form a connection matrix pair (5̃, ã) for H̃.

Proof. It is evident that 5̃ is a strictly upper triangular coboundary operator and ã is a
cochain map with respect to 5̃. By the definition of the connection matrix pair, we have
H ∼= H5, and by our assumption H ∼= H̃. Therefore, if we can show that H5 ∼= H̃5̃, it
will follow that H̃ ∼= H̃5̃, which implies this lemma. Thus, we will make a graded module
braid isomorphism from H5 to H̃5̃. By definition, for each I ∈ I we have the following
commutative diagram:

⊕
p∈I

H (p) 5(I) (or a(I )) ��

⊕φ∗(p)
��

⊕
p∈I

H (p)

⊕φ∗(p)
��⊕

p∈I
H̃ (p) 5̃(I ) (or ã(I )) ��

⊕
p∈I

H̃ (p).

Therefore, for each (I, J ) ∈ I2, the following diagram of End(δV) commutes:

0 ��
⊕
p∈J

H(p) ��

⊕φ∗(p)
��

⊕
p∈IJ

H(p) ��

⊕φ∗(p)
��

⊕
p∈I

H (p) ��

⊕φ∗(p)
��

0

0 ��
⊕
p∈J

H̃ (p) ��
⊕
p∈IJ

H̃ (p) ��
⊕
p∈I

H̃ (p) �� 0.

Here we denote
((⊕

p∈I H (p),5(I)
)
, a(I)

)
simply by

⊕
p∈I H (p), etc. Thus the

family of maps 3 = {φ∗(I) : C5 → C̃5̃ | I ∈ I} is a cochain complex braid
endomorphism. Moreover, 3 is an isomorphism since each φ∗(p) is an isomorphism.
Taking cohomology, it induces the isomorphism from H5 to H̃5̃. ✷

https://doi.org/10.1017/S0143385702000536 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000536


Tangencies and the Conley index 989

Proof of Proposition 4.2. First, we consider the case i = 0. Let N (P,<0, S0, f0) =
{N(I) | I ∈ A} be a stable filtration for M(P,<0, S0, f0). Denote by H(M0) the graded
module braid with endomorphism induced by N (P,<0, S0, f0). Because N (P,<0,

S0, f0) is stable, it can be shown that {N̂(I) := N(I) × [−ε, ε] | I ∈ A} will serve as a
filtration for M(P,!, S0, Fε) for sufficiently small ε. We denote by H(M̂0) the graded
module braid with endomorphism induced by {N̂(I) | I ∈ A}. By Lemma 4.3, it will
suffice to find a graded module braid isomorphism {θ∗0 (I) | I ∈ I} : H(M̂0)→ H(M0).
Let (I, J ) ∈ I2 and define

QI := {p ∈ P \ I | there exists q ∈ I, p < q}.

Then there exists a commutative diagram

(N(QI I),N(QI )) ��

��

(N(QIJ IJ),N(QIJ)) ��

��

(N(QIJ IJ),N(QIJI))

��
(N̂(QI I), N̂(QI ))

�� (N̂(QIJ IJ), N̂(QIJ))
�� (N̂(QIJ IJ), N̂(QIJI))

where all arrows are the inclusion maps. Applying the cohomology functor, we obtain the
isomorphism {θ∗0 (I) | I ∈ I} since all vertical arrows are homotopy equivalence.

Next, we prove the case i = 1. As in the case i = 0, let N (P,<1, S1, f1) = {N(I) |
I ∈ A} be a stable filtration for M(P,<1, S1, f1) and denote by H(M1) the graded
module braid with endomorphism induced from N (P,<1). Let

N̂(I) := (N(I) × [1− ε, 1+ ε]) ∪ (N(P)× ([1− ε, 1− ε′] ∪ [1+ ε′, 1+ ε])).

It can be shown that if we choose 0 < ε′ < ε suitably, then {N̂(I) | I ∈ A} serves
as a filtration for M(P,!, S0, Fε). Denote by Ĥ(M1) the graded module braid with
endomorphism induced from {N̂(I) | I ∈ A}. Suppose I ∈ I and let (K,L) :=
(N(QI I),N(QI )) and (K̂, L̂) := (N̂(QI I), N̂(QI )). Define

K− := {K × [1− ε, 1+ ε′)} ∪ {N(P)× [1− ε, 1− ε′]},
K+ := {K × (1− ε′, 1 + ε]} ∪ {N(P)× [1+ ε′, 1+ ε]},
L− := {L× [1− ε, 1+ ε′)} ∪ {N(P)× [1− ε, 1− ε′]},
L+ := {L× (1− ε′, 1+ ε]} ∪ {N(P)× [1+ ε′, 1+ ε]}.

For simplicity, we denote

K ′ := K ∪ f1(L), L′ := L ∪ f1(L),

K̂ ′ := K̂ ∪ Fε(L̂), L̂′ := L̂ ∪ Fε(L̂),

and

K ′± := K± ∪ Fε(K±), L′± := L± ∪ Fε(L±).

Note that the definition of K ′± is different from that of K ′ and K̂ ′. Now we consider the
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Meyer–Vietoris sequence. First, we have the following commutative diagram:

0 �� C4(K̂, L̂) �� C4(K−, L−)⊕ C4(K+, L+) �� C4(K+ ∩K−, L+ ∩ L−) �� 0

0 �� C4(K̂ ′, L̂′) ��

F
4
ε

��

j4

��

C4(K ′−, L′−)⊕ C4(K ′+, L′+) ��

F
4
ε⊕F4

ε

��

i4⊕i4
��

C4(K ′+ ∩K ′−, L′+ ∩ L′−) ��

F
4
ε

��

i4

��

0

0 �� C4(K̂, L̂) �� C4(K−, L−)⊕ C4(K+, L+) �� C4(K+ ∩K−, L+ ∩ L−) �� 0,

where i and j are inclusions. It can be shown that K± is homotopic to L± in K±, hence
H ∗(K±, L±) = 0. In addition, it can be shown that

(H ∗(K ′+ ∩K ′−, L′+ ∩ L′−), F ∗ε ◦ (i∗)−1) ∼= (H ∗(K,L), f ∗1 ◦ (i∗)−1)

as objects of Aut(GV). Therefore, the following long exact sequence with the connecting
homomorphism δ∗ commutes:

· · · �� 0 �� Hk(K,L)
δk ��

f ∗1 ◦(i∗)−1

��

Hk+1(K̂, L̂) ��

F ∗ε ◦(j∗)−1

��

0 �� · · ·

· · · �� 0 �� Hk(K,L)
δk �� Hk+1(K̂, L̂) �� 0 �� · · · .

Since lim−→ commutes with H ∗, we have an isomorphism

θ(I) : CH∗(M1(I), Fε)→ CH∗(M1(I), f1).

We claim that the family {θ(I) | I ∈ I} is a graded module braid isomorphism. Indeed,
for any (I, J ) ∈ I2 and inclusions

(N(QI I),N(QI ))
ι→ (N(QIJ IJ),N(QIJ))

ρ→ (N(QIJ IJ),N(QIJI)),

(N̂(QI I), N̂(QI ))
ι̂→ (N̂(QIJIJ), N̂(QIJ))

ρ̂→ (N̂(QIJIJ), N̂(QIJI)),

we can show that θ(I) ◦ ι∗ = ι̂∗ ◦ θ(IJ) and θ(IJ) ◦ ρ∗ = ρ̂∗ ◦ θ(I). Therefore, we have

· · · δk−1
�� Conk(M(J )) ��

θk(J )

��

Conk(M(IJ)) ��

θk(IJ)
��

Conk(M(I))
δk ��

θk(I )

��

· · ·

· · · δk−1
�� Conk(M̂(J )) �� Conk(M̂(IJ)) �� Conk(M̂(I))

δk �� · · ·
and the claim follows. Finally, θ1(I) := θ(I)−1 is the map we wanted. ✷

We will prove some lemmas which are useful to compute the transition matrix.

LEMMA 4.4. If (T ,A) ∈ T0,1, then T a0 +51A = A50 + a1T .

Proof. By definition,(
50 0
T 51

) (
a0 0
A a1

)
=

(
a0 0
A a1

) (
50 0
T 51

)
.

The bottom left entry of this formula is this lemma. ✷
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LEMMA 4.5. Let (A,R) be an attractor–repeller decomposition for an isolated invariant
set S. If Con∗(S) = 0 then δ∗ : Con∗(A) → Con∗(R) defined in Theorem 2.5 is an
isomorphism.

Proof. Exactness of the long sequence in Theorem 2.5 implies the assertion. ✷

LEMMA 4.6. Let K ⊂ N be an isolating neighborhood. If Inv(K, fλ) = Mλ(p) and
K ∩ fλ(N \K) = ∅ holds for all λ ∈ 7, then Tp1p0 is an isomorphism.

Proof. By Lemma 3.2, we may assume that K × 7̄ is an isolating neighborhood.
Consider the homotopy Gt(x, λ) := (ftλ, gε(λ)) from G0 = f0 × gε to G1 = Fε .
Since K × 7̄ remains to be an isolating neighborhood through this homotopy, we have
Con∗(Inv(K × 7̄, Fε)) = Con∗(Inv(K × 7̄, f0 × gε)) from the continuity of the Conley
index. Similarly, consider an obvious homotopy from gε to g′, where g′(λ) is defined to be
λ−γ for a constant γ > 0. Again from the continuity of the Conley index, Con∗(Inv(K×
7̄, f0 × gε)) = Con∗(Inv(K × 7̄, f0 × g′)). Since Inv(K × 7̄, f0 × g′) = ∅, we have
Con∗(Inv(K, f0 × g′)) = 0, and hence it follows that Con∗(Inv(K,Fε)) = 0. Next we
will see that Inv(K,Fε) = M(p0 ∪ p1) = M(p0) ∪ M(p1) ∪ C(M(p1),M(p0); Ŝε).
By the definition of Fε , it follows that Inv(K,Fε) ⊂ M(p0 ∪ p1). By our assumption
it follows that a point outside of K × [0, 1] will never enter K × [0, 1], hence we have
C(M(p1),M(p0); Ŝεn) ⊂ Inv(K,Fε); therefore, M(p0 ∪ p1) ⊂ Inv(K,Fε). Finally,
applying Lemma 4.5, it follows that δ∗ ∼= Tp1p0 is an isomorphism. ✷

Example A. We consider a one-parameter family {fλ} of two-dimensional maps. Figures 1
and 2 illustrate the behavior of the maps f1 and f0 where Np, Nq and Nr are the three
rectangles from right to left.

Clearly, {Inv(Np, fi), Inv(Nq, fi), Inv(Nr, fi)} is a Morse decomposition of the
isolated invariant set Inv(Np ∪ Nq ∪ Nr, fi), for i = 0, 1. In fact, we can adapt the
order <1 defined by r <1 p, and the order <0 defined by r <0 p, r <0 q as the partial
orders for f1 and f0, respectively.

Suppose that {Inv(Np, fλ), Inv(Nq, fλ), Inv(Nr, fλ)} is a Morse decomposition
continuing over 7. Then we claim that for some λ ∈ (0, 1) there exists a connection
from Inv(Np, fλ) to Inv(Nq, fλ). To see this, we will compute the transition matrix pair.
Let Mλ(η) := Inv(Nη, fλ) where η = p, q, r .

First, we give filtrations with respect to f1 and f0. According to Figure 3, define

N(p ∪ q ∪ r) = Np ∪Nq ∪Nr, N(p) = Np ∪N(∅),
N(p ∪ r) = N(p) ∪N(r), N(r) = striped region ∪N(∅),
N(q ∪ r) = Nq ∪Nr ∪N(r), N(∅) = dotted region.

This family serves as a filtration for f1. Similarly, according to Figure 4, take

N(p ∪ q ∪ r) = Np ∪Nq ∪Nr, N(r) = striped region∪N(∅),
N(p ∪ r) = Np ∪N(r), N(∅) = dotted region,

N(q ∪ r) = Nq ∪Nr ∪N(r)

for a filtration for f0.
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f ( )1

f ( )1

f N( )1 r

Nr

Nq

Nq

Np

Np

FIGURE 1. f1.

0f ( )

f ( )

0f ( ) Np

Nq

Nr

0

FIGURE 2. f0.

For i = 0, 1,

Conk(Mi(p)) ∼= Conk(Mi(r)) ∼=
{
(F, 1) (k = 1),

(0, 0) (k �= 1),

Conk(Mi(q)) ∼=
{
(F, 1) (k = 2),

(0, 0) (k �= 2),

is computed from the filtrations above. Let (5i, ai) be a connection matrix pair for
λ = i = 0, 1. Taking F = Z2 we have

50 = 51 =

0 0 0

1 0 0
0 0 0



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FIGURE 3. Filtration for f1.

FIGURE 4. Filtration for f0.

because all entries are zero except the (r, q) entry since 5i is of degree +1 and strictly
lower triangular. Lemma 4.5 shows that the (r, q) entry is an isomorphism of Z2. Next, we
have

a0 =

1 0 0

0 1 0
1 0 1


 , a1 =


1 0 0

0 1 0
0 0 1


 ,

where we compute the (p, r) entries directly from the filtrations and all other entries from
a consideration similar to the case of 50 and 51. Let (T ,A) ∈ T0,1. These matrices are in
the form of

T =

tr1r0 0 tr1p0

0 tq1q0 0
tp1r0 0 tp1p0


 , A =


0 ar1q0 0

0 0 0
0 ap1q0 0


 ,

where 0 entries are determined by considering degrees. Applying Lemma 4.4, we have
tp1r0 + tp1p0 = ap1q0 + tp1r0 . It follows from Lemma 4.6 that ap1q0 = 1 �= 0. On the other
hand, ((

0 0
0 0

)
,

(
1 0

ap1q0 1

))
is a connection matrix pair for the attractor–repeller decomposition (M(q0),M(p1)). Since
the coboundary operator is zero, we have

a∗(p1 ∪ q0) =
(

1 0
1 1

)
�

(
1 0
0 1

)
= a∗(p1)⊕ a∗(q0),

and hence, our claim follows from Theorem 4.1.

Example B. Here we consider the three-dimensional analogue of Example A, namely the
one-parameter family {gλ} illustrated in Figures 5 and 6, where Np, Nq and Nr are the
three cubes from right to left.
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FIGURE 5. g1.

g ( )

g ( )

g N( )

N

0 Np

q

r0

0

FIGURE 6. g0.

We can find that the product of a closed interval and the filtrations given in Example A
serve as filtrations. Therefore, the Conley indices and connection matrix pairs are exactly
the same as those of Example A. So, the argument in Example A also shows that if
{Inv(Np, gλ), Inv(Nq, gλ), Inv(Nr, gλ)} is a Morse decomposition continuing over7, then
for some λ ∈ (0, 1) there exists a connecting orbit from Inv(Np, gλ) to Inv(Nq, gλ).

Remark. If we make the isolated invariant sets in Example B hyperbolic fixed points, then
the argument above would imply the occurrence of a heterodimensional cycle (see Diaz
and Rocha [1]).
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5. Homoclinic and heteroclinic tangencies
Let M be an m-dimensional manifold and f a diffeomorphism on M . We denote by TM
the tangent bundle of M and df the differential of f .

Let us construct the projectivization Pf : PM → PM of f : M → M . The space PM is
defined by

PM =
∐
x∈M

PxM :=
∐
x∈M

{one-dimensional subspace V ⊂ TxM}.

We denote by Pf the induced map on PM. Namely, Pf ([v]) := [df (v)], where v �= 0 is an
element of TM and [v] is the subspace spanned by v. If we identify M with the image of
the zero section from M to TM, then the following diagram with the projections p and p′
commutes:

TM \M df |TM\M ��

p

��

TM \M
p

��
PM

Pf ��

p′
��

PM

p′
��

M
f �� M.

The topology of PM is induced by p. Then, the following proposition is evident.

PROPOSITION 5.1. If M is of class Cr and f is of class Cs where s ≤ r , then PM is a
fiber bundle of class Cr−1 and Pf is a diffeomorphism of class Cs−1.

This proposition shows that PM becomes a locally compact metric space and hence we can
apply our transition matrix pair for Pf : PM → PM. Indeed, if r > 1, obviously PM is a
metric space with the Riemannian metric; in the case r = 1, it follows from the fact that a
locally compact Hausdorff space satisfying the second countable axiom is metrizable.

Let x ∈ M be a hyperbolic fixed point of f and TxM = Ẽs
x ⊕ Ẽu

x the corresponding
splitting. Define Es

x := p(Ẽs
x \ {0}) and Eu

x := p(Ẽu
x \ {0}).

PROPOSITION 5.2. The spaces Es
x , Eu

x are isolated invariant sets with respect to Pf :
PM → PM.

Proof. Let L ⊂ M be an isolating neighborhood of {x} with respect to f : M → M such
that PU ∼= U × RPm−1 if p′(U) ⊂ L. Since Es

x and Eu
x are disjoint compact sets in PM,

there exist disjoint compact neighborhoodsU and U ′ of Es
x and Eu

x , respectively, such that
p′(U), p′(U ′) ⊂ L. We will show that Inv(U,Pf ) = Es

x and Inv(U ′,Pf ) = Eu
x . Choose

z = (y, p(v)) ∈ U , where 0 �= v ∈ TyM . If y �= x, then clearly z /∈ Inv(U,Pf ). Assume
y = x and let v = (vs , vu) where vs ∈ Ẽs

x and vu ∈ Ẽu
x . Then we have

Pf n(z) = (f n(x), p(df n(v))) = (x, p(df n(vs)+ df n(vu))).

If z /∈ Es
x , then vu �= 0 and thereforep(df n(v))will be arbitrary close to Eu

x when n→∞.
It follows that Pf n(z) exits U for some positive n. Thus, U is an isolating neighborhood
and Inv(U,Pf ) = Es

x . The proof for Eu
x is the same. ✷
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00f ( )Kff ( )L1 1

FIGURE 7. fλ.

Let us denote the stable and unstable manifolds of a hyperbolic fixed point p by Ws(p)

and Wu(p), respectively.

PROPOSITION 5.3. Let p, q be hyperbolic fixed points of f , and assume that
dimWu(p) + dimWs(q) ≤ n. If there exists a compact set S ⊂ PM such that
C(Eu

p,E
s
q; S) �= ∅, then Wu(p) and Ws(q) have a non-transverse intersection.

Proof. Suppose z ∈ C(Eu
p,E

s
q; S) and x = p′(z). It follows from (Pf )n(z) ∈ Pf n(x)M

that ω(x) = q and α(x) = p. Furthermore, limn→∞ f n(x) = q and limn→−∞ f n(x) =
p, since each complete orbit of x is bounded in the compact set S. Thus, x ∈ Wu(p) ∩
Ws(q).

If dimWu(p) + dimWs(q) < n, then the assertion is immediate, since Wu(p) ∩
Ws(q) �= ∅ implies non-transversality. Next, we consider the case dimWu(p) +
dimWs(q) = n. First we claim that if Wu(p) is transverse to Ws(q), then, for each n, a
tangent vector of Wu(p) at f n(x) spans the one-dimensional space (Pf )n(z) ⊂ Tf n(x)M .
If this is false, then (Pf )n(z) is transverse to Wu(p), thus the λ-lemma implies that
limn→−∞(Pf )n(z) = Es

p. However, since Eu
p and Es

p are disjoint closed sets, this
contradicts α(z) ⊂ Eu

p. Therefore, a tangent vector of Wu(p) spans (Pf )n(z). Since
we assumed that Wu(p) is transverse to Ws(q), we can apply the λ-lemma again, and we
obtain limn→∞(Pf )n = Eu

q . This contradicts ω(z) ⊂ Es
q . ✷

If dimWu(p) + dimWs(q) = n, then the converse of the preceding proposition is
partially true, namely we have the following.

PROPOSITION 5.4. If Wu(p) and Ws(q) have a non-transverse intersection and
dimWu(p)+ dimWs(q) ≥ n, then C(Eu

p,E
s
q;PM) �= ∅.

Proof. By assumption, there exists x ∈ Wu(p) ∩ Ws(q) such that Tx(W
u(p)) ⊕

Tx(W
s(q)) �= TxM . If Tx(Wu(p)) ∩ Tx(W

s(q)) = ∅, then dimWu(p)+ dimWs(q) ≥ n

implies Tx(Wu(p)) + Tx(W
s(q)) = TxM . This contradicts the assumption. Thus, we

can find a v ∈ Tx(W
u(p)) ∩ Tx(W

s(q)). It follows that limn→∞ Pf n([v]) = Es
q and

limn→−∞ Pf n([v]) = Eu
p, which imply C(Eu

p,E
s
q ;PM) �= ∅. ✷

The following theorem is immediate from Theorem 4.1 and Proposition 5.3.
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FIGURE 8. Isolating neighborhoods for Pf λ.

Pf ( )
0

u
pN Pf ( )

1
u

pN

FIGURE 9. Pf λ.

THEOREM 5.5. Let (T ,A) ∈ T0,1. Suppose (p0, q1) ∈ I2(P " P,!) and (q, p) ∈
I2(P,<λ) for any λ ∈ [0, 1]. If either Tq1p0 �= 0 or a∗(p0)⊕ a∗(q1) � a∗(p0 ∪ q1) holds,
then there exists λ ∈ (0, 1) such that Wu(p(λ)) and Ws(q(λ)) have a non-transverse
intersection.

Example C. We consider a family {fλ} of two-dimensional diffeomorphisms as illustrated
in Figure 7. The map f0 is a broken horseshoe shown in [12]. Suppose that p = p(λ) :=
Inv(K, fλ) and q = q(λ) := Inv(L, fλ) are hyperbolic saddles for all λ ∈ 7. Then we
have a Morse decomposition in PM illustrated in Figure 8, where Inv(Nu

p,Pf λ) = Eu
p,

Inv(Ns
q ,Pf λ) = Es

q , Inv(Nu
q ,Pf λ) = Eu

q . The images of N1 under Pf 1 and Pf 0 are
shown in Figure 9. We claim that if the Morse decomposition {Eu

p,E
s
q ,E

s
q} continues

over 7, then there exists λ ∈ (0, 1) such that Wu(p(λ)) and Ws(q(λ)) have a non-
transverse intersection with respect to fλ. Namely, fλ has a heteroclinic tangency. Since
this family of Morse decompositions is topologically the same as that of Example B, we
apply Theorem 5.5 and the claim follows.

Example D. We consider a family {gλ} of two-dimensional diffeomorphisms as illustrated
in Figure 10. As in the case of Example C, suppose p, q are hyperbolic fixed points for all
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Tangencies and the Conley index 999

λ ∈ 7 and consider the Morse decomposition {Eu
p, Es

p, Ess
q } in PM, where Ess

q stands for
the strong stable direction of q . In Figure 11, Inv(Nu

p,Pgλ) = Eu
p, Inv(Ns

p,Pgλ) = Es
p

and Inv(Nss
q ,Pgλ) = Ess

q are shown. The images of Nu
p under Pg0 and Pg1 are shown

in Figure 12. We claim that if the Morse decomposition {Eu
p,E

s
p,E

ss
q } continues over 7,

then there exists λ ∈ (0, 1) such that p has a non-transverse homoclinic point with respect
to gλ. Namely, gλ has a homoclinic tangency. Since this family of Morse decompositions
is also topologically the same as that of Example B, we apply Theorem 5.5 and the claim
follows.
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