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Capillary waves on fluid sheets are computed in the presence of a uniform electric field acting

horizontally with respect to the undisturbed configuration. The fluid is taken to be inviscid,

incompressible and nonconducting. In previous work (Papageorgiou & Vanden-Broeck [14])

symmetric travelling waves were investigated. In this paper we show that there are in addition

antisymmetric waves. These waves are calculated numerically for arbitrary amplitudes and

wavelengths and the effect of the electric field is studied. The numerical procedure is based

on a reformulation of the problem as a system of nonlinear integro–differential equations.

1 Introduction

Free liquid films arise in different physical and technological applications in chemical

and biomedical engineering, for example. The nonlinear phenomena associated with

large interfacial deflections and possible rupture, are of interest in the fundamental

understanding of such flows. Physical applications have been discussed by Maldarelli et al.

([12], Ruckenstein & Jain [15] and Scheludko [17], among others.

The linear stability of inviscid free liquid sheets to two-dimensional disturbances was

considered by Taylor [19] who derived dispersion relations for both symmetric (varicose)

and antisymmetric (sinuous) modes. Viscosity was included by Maldarelli et al. [12]

and Ruckenstein & Jain [15], and is found to damp the dispersive waves. In all these

studies gravity is absent and surface tension is present. In the case of a free surface

above an infinitely deep inviscid liquid, exact nonlinear traveling capillary waves were

found by Crapper [5]. These solutions were extended to layers of finite thickness by

Kinnersley [11], who constructed nonlinear symmetric waves (for inviscid flows these

also describe waves over a horizontal solid surface), as well as nonlinear antisymmetric

waves. Additional exact solutions were recently found by Crowdy [6] for waves on a fluid

annulus. Further solutions were obtained numerically by Blyth & Vanden-Broeck [1, 2].

For the related problem including gravity, gravity-capillary waves in irrotational fluids

have been computed numerically by (among others) Schwartz & Vanden-Broeck [18],

Chen & Saffman [4], Hogan [7] and Hunter & Vanden-Broeck [8]; calculations when

vorticity is present are reported in Kang & Vanden-Broeck [10].

https://doi.org/10.1017/S0956792504005790 Published online by Cambridge University Press

https://doi.org/10.1017/S0956792504005790


610 D. T. Papageorgiou and J.-M. Vanden-Broeck

The presence of horizontal electric fields acting on fluid layers has been considered

by Tilley et al. [20] and Savettaseranee et al. [16] who derive and study nonlinear

long wave models describing inviscid and viscous flows respectively. The long-wave

approximation was dropped by Papageorgiou & Vanden-Broeck [14], who use boundary

integral methods to construct nonlinear symmetric traveling waves. These authors also

present an alternative derivation of long-wave models and compare their solutions with the

numerically constructed ones. Agreement is found to be excellent and the results establish

the importance of traveling wave solutions of the model one-dimensional equations.

The calculation of antisymmetric solutions of the full problem when an electric field

acts, has not been studied. In the present work we make no approximations on the

competing length scales and address the problem of capillary waves driven by an electric

field parallel to the fluid layer. The internal and external electric fields are fully accounted

for, as is the incompressible irrotational fluid motion inside the layer. We use boundary

integral methods to construct antisymmetric traveling waves of arbitrary amplitudes and

periods and study the effects of the physical parameters on these waves.

The article is organized as follows: § 2 describes the governing equations and gives the

exact dimensionless problem. § 3 reformulates the problem in terms of integral equations

and § 4 describes our numerical methods. § 5 presents numerical solutions for a range of

physical parameters and § 6 is devoted to concluding remarks.

2 Governing equations

We consider a liquid layer of undisturbed thickness 2d which is bounded by free surfaces

at y = S(x, t) and y = S̄(x, t) (see Figure 1). We include the effect of the surface tension

σ at the interfaces but we neglect gravity (the latter assumption holds if the Bond

number, (ρgd2)/σ � 1). We also assume that a applied uniform electric field given by

E0 = −(V0/2L)i, is acting, where Vo is the characteristic voltage drop over a characteristic

distance L. We introduce the dimensional fluid and voltage potentials φ and V (1,2),

respectively. These potentials satisfy Laplace’s equation

∇2φ(x, y; t) = 0, (2.1)

∇2V (1,2)(x, y; t) = 0, (2.2)

where in what follows superscripts 1, 2 denote the regions bounded by and outside of

the moving interfaces (see Figure 1). The electric fields are E(1,2) = −∇V (1,2). As |y| → ∞,
∂V (2)

∂x
→ Vo/(2L).

In previous work, we considered symmetric solutions about the centerline y = 0. This

yields S̄(x, t) = −S(x, t). In this paper we construct antisymmetric solutions for which

S̄(x, t) = −S

(
λ

2
+ x, t

)
(2.3)

φ(x, S̄ , t) = φ

(
λ

2
+ x, S, t

)
(2.4)

V (1,2)(x, S̄ , t) = V (1,2)

(
λ

2
+ x, S, t

)
(2.5)
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Figure 1. Schematic of the problem. The undisturbed layer has thickness 2d and region 2

extends to infinity.

Here λ is the wavelength of the wave. Relation (2.3) shows that the lower profile of the

wave is obtained by reflecting y = S(x, t) into the line y = 0 and shifting it by λ/2.

The boundary conditions at the free surfaces y = S and y = S̄ are the kinematic

condition, continuity of normal stresses, and the continuity of the normal component of

the displacement field (εE) and tangential components of the electric field (we note that

for nonconducting inviscid fluids the tangential stress balance is satisfied automatically).

These are at y = S(x, t):

St + φxSx − φy = 0 (2.6)

[n · T · n]12 = σdivn (2.7)

[εE · n]12 = 0 (2.8)

[E · t]12 = 0, (2.9)

where [·]12 denotes the jump in the quantity as the interface is crossed from the fluid

region, the vectors n, t are the outward pointing normal and tangent to the interface

respectively, and the stress tensor T is given by

Tij = −pδij + Eij ,

Eij = ε

(
EiEj − 1

2
|E|2δij

)
. (2.10)
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The first term in (2.10) is the inviscid hydrodynamic contribution and the second term

arises from interfacial electric field stresses given by the Maxwell stress tensor (see

Jackson [9, Chap. 6]). The parameters ε1, ε2 are the dielectric constants in regions 1 and

2 respectively. The same boundary conditions (with S(x, t) replaced by S̄(x, t)) hold at

y = S̄(x, t). We do not write the boundary conditions at y = S̄(x, t) because they will not

be used explicitly in the numerical procedure.

The Euler equations can be integrated to yield a Bernoulli equation at the interface.

The pressure in region 2 is ambient and equal to a constant and on elimination of

the pressure jump across the interface from (2.7), we arrive at the following Bernoulli

boundary condition:

ρ1

(
φt +

1

2
|∇φ|2

)
+

1

1 + S2
x

{
S2
x [E11]

1
2 − 2Sx [E12]

1
2 + [E22]

1
2

}
=

σSxx(
1 + S2

x

)3/2
+ Kp. (2.11)

The Maxwell stresses appearing in (2.11) are given by

E11 =
ε

2

(
V 2
x − V 2

y

)
, E12 = εVxVy, E22 =

ε

2

(
V 2
y − V 2

x

)
, (2.12)

and superscripts 1 and 2 are implied where appropriate in (2.12). For the undisturbed state

(φ = 0, S = d), the constant Kp =
V 2

0

8
(ε2 − ε1). This constant is related to the polarization

pressure induced on fluid interfaces by the electric field (see Melcher & Schwarz [13]),

and can be eliminated by differentiation of (2.11) with respect to x, for example. In what

follows we denote the ratio of inside to outside permittivities by εp = ε1

ε2
.

2.1 Dimensionless equations

The equations and boundary conditions are made dimensionless using an outer length

scale L to measure distances:

x = Lx′, y = Ly′, S = LS ′, t =

√
ρ1L3

σ
t′, φ =

√
σL

ρ1
φ′, V = V0V

′. (2.13)

We substitute (2.13) into the governing equations (2.1)–(2.2) and interfacial conditions

(2.6)–(2.9), and drop the primes. With this choice of reference scales the undisturbed

interface is located at y = d
L

= δ. In the numerical construction of traveling waves

of arbitrary amplitude, we fix δ = 1, that is the wave amplitude and wavelength are

comparable. The fluid and voltage potentials satisfy the Laplace equations

φxx + φyy = 0, (2.14)

V (1,2)
xx + V (1,2)

yy = 0. (2.15)

The kinematic, Bernoulli and continuity of the normal displacement field and tangential

electric field boundary conditions, evaluated at y = S(x, t) become

St + φxSx − φy = 0, (2.16)

φt +
1

2

(
φ2
x + φ2

y

)
+

Eb

1 + S2
x

{
1

2
S2
x [M11]

1
2 − 2Sx[M12]

1
2 +

1

2
[M22]

1
2

}
=

Sxx(
1 + S2

x

)3/2
+ K̄p.

(2.17)
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εp
(
V (1)
y − SxV

(1)
x

)
= V (2)

y − SxV
(2)
x (2.18)

V (1)
x + SxV

(1)
y = V (2)

x + SxV
(2)
y , (2.19)

where the parameter Eb = (ε2V
2
o )/(σL) is the ratio of the electrically induced pressure

compared to capillary forces; we call this an electric capillary number. For the undisturbed

state, K̄p = Eb

8
(1 − εp). The stress components in (2.17) are given by

M(1,2)
11 =

{
ε

ε2

[
V 2
x − V 2

y

]}(1,2)

, (2.20)

M(1,2)
12 =

{
ε

ε2
VxVy

}(1,2)

, (2.21)

M(1,2)
22 =

{
ε

ε2

[
−V 2

x + V 2
y

]}(1,2)

. (2.22)

2.2 Linear theory

An exact trivial solution of the dimensionless problem is S = δ, S̄ = −δ, u = 0 and

V (1,2) = x/2. We linearize the system (2.14)–(2.19). The antisymmetry conditions (2.3)–

(2.5) give

φ(x,−δ, t) = φ

(
λ

2
+ x, δ, t

)
, (2.23)

V 1,2(x,−δ, t) = V 1,2

(
λ

2
+ x, δ, t

)
. (2.24)

We choose the origin x = 0 so that the equation of the free surface profile can be written

as

S(x, t) = δ + δ′D cos(kx − ωt), (2.25)

where D is a constant, δ′ is the linearisation parameter, k = 2π/λ is the wavenumber and

ω the frequency. Since kλ/2 = π, the antisymmetry condition (2.3) is satisfied. Solving

(2.14) by separation of variables and using the linearised kinematic boundary condition

ηt = φy on y = δ yields

φ(x, y, t) = δ′[C sinh(ky) + E cosh(ky)] sin(kx − ωt) (2.26)

where C and E are constants. Relation (2.23) is satisfied by choosing E = 0. Similarly we

find by solution of (2.15) that

V (1)(x, y, t) = δ′A sinh(ky) sin(kx − ωt), (2.27)

V (2)(x, y, t) = δ′B exp(−|ky|) sin(kx − ωt)sgn(y), (2.28)

where A and B are constants. Using these solutions into the linearized kinematic,

Bernoulli and electric field boundary conditions at the undisturbed level S = δ, gives four
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homogeneous equations for the constants A,B, C, D. This leads to the eigenrelation

ω2 =
Eb(1 − εp)

2

4

k3cothkδ

εpkcothkδ + |k| + k3cothkδ. (2.29)

In the absence of an electric field, Eb = 0, we recover the linear dispersion relation for

capillary waves on a fluid layer (Taylor [19]).

3 Reformulation as integral equations

We consider a train of waves of wavelength λ travelling at a constant velocity c in a

two-fluid system. Precise definitions of c and of the thickness will be given later. We choose

a frame of reference in which the flow is steady and we introduce cartesian coordinates

with the x-axis parallel to the centreline of the undisturbed uniform layer and the origin

at the centerline. We describe the free surface parametrically by x = X(s) and y = Y (s)

where s is the arclength. Therefore

X ′2(s) + Y ′2(s) = 1 (3.1)

We choose x = s = 0 at a crest and we express X(s) and Y (s) in terms of X ′(s) and Y ′(s)

as

X(s) =

∫ s

0

X ′(r) dr (3.2)

Y (s) = α +

∫ s

0

Y ′(r) dr (3.3)

Here α is the ordinate of the crests.

Next we rewrite (2.17) in the new frame of reference as

1

2

(
φ2
x + φ2

y

)
+

Eb

1 + S2
x

{
1

2
S2
x [M11]

1
2 − 2Sx[M12]

1
2 +

1

2
[M22]

1
2

}

= Y ′′(s)X ′(s) − X ′′(s)Y ′(s) + B (3.4)

where B is a constant to be found as part of the solution.

The horizontal and vertical components, u and v of the velocity in the fluid 1 are given by

u =
∂φ

∂x
, (3.5)

v =
∂φ

∂y
. (3.6)

We define the depth as the ordinate of the mean level of the interface. Therefore, we

impose ∫ b

0

Y (s)X ′(s) ds = δ. (3.7)

Here b is the length of the interface in one wavelength.

We also define the velocity c by the formula (see Papageorgiou & Vanden-Broeck [14])

c =
1

λ

∫ b

0

(uX ′(s) + vY ′(s)) ds. (3.8)
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As y → ∞, V (2)
x approaches 1/2. Since V (2) satisfies Laplace’s equation, we have

∫ b

0

(
V (2)
x X ′(s) + V (2)

y Y ′(s)
)
ds =

∫ λ

0

V (2)
x dx (3.9)

where the integral on the right hand side is taken at a level y constant. Taking the limit

as this constant approaches infinity we obtain

1

2
=

1

λ

∫ b

0

(
V (2)
x X ′(s) + V (2)

y Y ′(s)
)
ds (3.10)

To solve the problem we need to address the three Laplace equations (2.14)–(2.15)

subject to the nonlinear boundary conditions (2.16)–(2.19). An efficient way to handle this

problem is to cast the three Laplace equations into integral equations on the interface.

These equations together with the boundary conditions are solved numerically as described

in § 4. The obvious advantage of this formulation is that mesh points are required only

on the interface. Further more, using periodicity and symmetry of solutions, enables us to

discretize only half a wavelength.

We map the fluid in region 1 within −λ/2 < x < λ/2 from the z = x + iy-plane into

the interior of an annular region of the ζ-plane by the transformation

ζ = e− 2iπz
λ . (3.11)

We seek the complex velocity W = u− iv as an analytic function of ζ. Since W is periodic

in x with period λ, it gives rise to a single valued analytic function of ζ. The boundaries

of the annular region consist of the upper and lower free interfaces. We apply Cauchy’s

integral equation formula to the function W = u− iv in the annular region of the ζ-plane.

This yields

W (ζ) = − 1

πi

∮
Co

W (µ)

µ − ζ
dµ, (3.12)

where ζ is on the free surface and Co denotes the boundaries of the annular region. The

integral in (3.12) is a Cauchy-principal value.

Let β = 2π
λ
, V1 = u(s)X ′(s) + v (s)Y ′(s), V2 = u(s)Y ′(s) − v (s)X ′(s), Ṽ1 = u( b

2
− s)X ′( b

2
−

s) + v ( b
2

− s)Y ′( b
2

− s), Ṽ2 = u( b
2

− s)Y ′( b
2

− s) − v ( b
2

− s)X ′( b
2

− s), Y± = Y (r) ± Y (s),

X± = X(r) ± X(s), Ỹ± = Y (r) ± Y ( b
2

− s) and X̃± = X(r) ± [ λ
2

− X( b
2

− s)]. Then taking

the real part of (3.12) yields after some algebra

λ

2
u(r) =

∫ b
2

0

V1(1 − eβY− cos(βX+)) − V2(e
βY− sin(βX+))

1 + e2βY− − 2eβY− cos(βX+)
ds

+

∫ b
2

0

V1(1 − eβY− cos(βX−)) + V2(e
βY− sin(βX−))

1 + e2βY− − 2eβY− cos(βX−)
ds

−
∫ b

2

0

Ṽ1(1 − eβỸ+ cos(βX̃−)) − Ṽ2(e
βỸ+ sin(βX̃−))

1 + e2βỸ+ − 2eβỸ+ cos(βX̃−)
ds

−
∫ b

2

0

Ṽ1(1 − eβỸ+ cos(βX̃+)) + Ṽ2(e
βỸ+ sin(βX̃+))

1 + e2βỸ+ − 2eβỸ+ cos(βX̃+)
ds. (3.13)
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Figure 2. A typical antisymmetric traveling wave for λ = 3, Eb = 3, h = 0.5 and εp = 0.5.

Similarly we derive

λ

2
V (1)
x (r) =

∫ b
2

0

A1(1 − eβY− cos(βX+)) − A2(e
βY− sin(βX+))

1 + e2βY− − 2eβY− cos(βX+)
ds

+

∫ b
2

0

A1(1 − eβY− cos(βX−)) + A2(e
βY− sin(βX−))

1 + e2βY− − 2eβY− cos(βX−)
ds

−
∫ b

2

0

Ã1(1 − eβỸ+ cos(βX̃−)) − Ã2(e
βỸ+ sin(βX̃−))

1 + e2βỸ+ − 2eβỸ+ cos(βX̃−)
ds

−
∫ b

2

0

Ã1(1 − eβỸ+ cos(βX̃+)) + A2(e
βỸ+ sin(βX̃+))

1 + e2βỸ+ − 2eβỸ+ cos(βX̃+)
ds. (3.14)

Here A1 = V (1)
x (s)X ′(s) + V (1)

y (s)Y ′(s), A2 = V (1)
x (s)Y ′(s) − V (1)

y (s)X ′(s), Ã1 = V (1)
x ( b

2
−

s)X ′( b
2

− s) + V (1)
y ( b

2
− s)Y ′( b

2
− s) and Ã2 = V (1)

x ( b
2

− s)Y ′( b
2

− s) − V (1)
y ( b

2
− s)X ′( b

2
− s).

Next we map the fluid in the region 2 within a wavelength −λ/2 < x < λ/2 from the

z-plane into the interior of the unit circle by the transformation

ζ = e
2iπz
λ . (3.15)
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Figure 3. Antisymmetric traveling waves for different values of the permittivity; λ = 3, Eb = 3,

h = 0.3. Solid curve εp = 1; dotted εp = 1.3; dashed εp = 0.7.

Applying the Cauchy integral formula to the function V (2)
x − iV (2)

y in the ζ-plane we obtain

V (2)
x (t) =

2

λ
Im

∫ b
2

0

[V (2)
x (s) − iV (2)

y (s)][iX ′(s) − Y ′(s)]

1 − exp
(

2iπ
λ

(X(t) − X(s)) − 2π
λ
(Y (t) − Y (s))

)ds
+

2

λ
Im

∫ b
2

0

[V (2)
x (s) + iV (2)

y (s)][iX ′(s) + Y ′(s)]

1 − exp( 2iπ
λ

(X(t) + X(s)) − 2π
λ
(Y (t) − Y (s)))

ds, (3.16)

where Im denotes the imaginary part.

We now use (2.18) and (2.19) and the relation Sx = Y ′(s)
X ′(s) to express V (1)

x and V (1)
y in

terms of V (2)
x and V (2)

y as

V (1)
x =

1

1 + (Y ′/X ′)2

[
V (2)
y

Y ′

X ′

(
1 − 1

εp

)
+ V (2)

x

(
1 +

Y ′2

X ′2εp

)]
, (3.17)

V (1)
y =

1

1 + (Y ′/X ′)2

[
V (2)
y

(
Y ′2

X ′2 +
1

εp

)
+ V (2)

x

Y ′

X ′

(
1 − 1

εp

)]
. (3.18)

Finally the kinematic boundary condition on the interface gives

uY ′(s) − vX ′(s) = 0. (3.19)
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Figure 4. Symmetric traveling waves for different values of the permittivity; λ = 2π/5, Eb = 155,

h = 0.5. Solid curve εp = 1; dotted εp = 4; dashed εp = 0.2.

There are different ways to define the amplitude h. One way is to define it as the height

between crests and troughs, i.e.

h = Y (0) − Y

(
b

2

)
. (3.20)

Another way is to define it as the L2 norm of Y − δ, i.e.

h =

[∫ b

0

[Y (s) − δ]2X ′(s)ds

] 1
2

. (3.21)

The first one is used in the description of the results.

This completes the reformulation of the problem as a system of integro-differential

equations. We seek six functions X ′(s), Y ′(s), u, v, V (2)
x , V (2)

y and 3 parameters α, B and

b satisfying (3.2), (3.3), (3.4), (3.13), (3.14), (3.16), (3.17), (3.18) (3.19), (3.20) (or (3.21)).

These equations are solved numerically in the following Section.

4 Numerical method

In this section we outline the numerical method used to solve the system of integro–

differential equations derived in the § 3.
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Figure 5. Variation of the wave speed c with applied electric field Eb. Results for λ = 3, h = 0.3,

εp = 0.7 (dashed), εp = 1.0 (dotted) and εp = 1.3 (solid).

We define equally spaced mesh points over the interval [0, b
2
] by the formulae

sI =
b

2(N − 1)
(I − 1), I = 1, . . . , N (4.1)

sI+ 1
2

=
(sI+1 + sI )

2
, I = 1, . . . , N − 1 (4.2)

We also introduce the 6N unknowns X ′
I = X ′(sI ), Y

′
I = Y ′(sI ), uI = u(sI ), vI = v(sI ),

VI
x = V (2)

x (sI ) and VI
y = V (2)

y (sI ).

We satisfy (3.1), (3.4) and (3.19) at the mesh points (4.1). This leads to 3N equations.

2N−4 equations are obtained by satisfying (3.13) at the mesh points (4.2) , I = 1, . . . , N−2

and (3.14) at the mesh points (4.2) , I = 2, . . . , N −1 . The integrals in (3.13) and (3.14) are

approximated by the trapezoidal rule with a summation over the mesh points (4.1). The

symmetry of the quadrature and of the discretisation enable us to evaluate the Cauchy

principal vales as if they were ordinary integrals. Similarly we satisfy (3.14) at the mesh

points (4.1), I = 1, . . . , N − 2 with a summation over the mesh points (4.2). Seven more

equations are obtained by setting v1 = vN = V 1
y = VN

y = 0, X(N) = 0.5λ and by imposing

(3.10) and (3.7). One more equation is given by (3.20) or (3.21) with h prescribed.

The last equation expresses VN
y in terms of VI

y , I = N − 4, . . . , N − 1 by a four point

extrapolation formula. This gives a system of 6N + 3 nonlinear algebraic equations for
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Figure 6. Variation of the wave speed c with the relative permittivity εp; results for fixed λ = 3,

h = 0.3 and Eb = 3 (solid), Eb = 5 (dotted).

the 6N + 3 unknowns B, c, α and X ′
I , Y

′
I , uI , vI , V

I
x , V

I
y , I = 1, . . . , N. This system is solved

by Newton’s method.

5 Discussion of the results

We computed solutions for various values of λ, h, εp and Eb by using the numerical

scheme of § 4. The results presented were obtained with N = 200. We repeated the

calculations with larger and smaller values of N and checked that all the results presented

are independent of N within graphical accuracy.

A typical wave for λ = 3, Eb = 3, h = 0.5 and εp = 0.5 is presented in Figure 2. We

have shown several wavelengths of the wave. The profiles are nonlinear with broad crests

(sharp crests) and sharp troughs (broad troughs) on the upper (lower) free surface.

When εp = 1, the last term on the left hand side of (2.17) vanishes and the flow reduces

to the capillary waves without electric fields of Kinnersey [11]. A profile for h = 0.3,

Eb = 3 and λ = 3, obtained by using our numerical scheme, is shown in Figure 3 (solid

curve). Here only one half of a wavelength of the top free surface is shown. The complete

free surface profiles can be obtained by using (2.3). The profile is again nonlinear with

a sharp trough and a rounded crest. As the amplitude is further increased the profile

approaches a limiting configuration with a trapped bubble at its through (not shown

here). The other profiles in Figure 3 show the influence of the relative permittivity of the

fluid on waves produced for a fixed applied electric field. Here Eb = 3 and h = 0.3.
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Figure 7. Variation of the wave speed with wave amplitude h; here εp = 0.5, λ = 3 and Eb = 3.

As εp deviates from 1 the profiles become steeper. This trend appears to produce

waves similar to the Kinnersley ones which approach trapped bubbles; the question of

trapped bubble formation, however, remains open since we have not computed these due

to the complications of having to solve the Laplace equation for the voltage potential in

region 2. The same steepening property is found for the symmetric waves calculated by

Papageorgiou & Vanden-Broeck [14]; we include sample results in this case in Figure 4.

This Figure is included here for comparison and to update some of the results of Figure

2 of [14] which were computed for wrong values of the parameters.

In Figure 5, we present computed values of c versus Eb for λ = 3, εp = 0.7, εp = 1 and

εp = 1.3. The value of the amplitude of the traveling waves is taken to be h = 0.3. When

εp = 1, there are no electrical effects and the values of c do not depend on Eb. For εp < 1

or εp > 1, the curves are above of the horizontal line εp = 1. This suggests that for given

values of Eb and h, the velocity c of the wave is not a monotonic function of εp. This is

confirmed in Figure 6, where we show values of c as a function of εp for h = 0.3, Eb = 3

and Eb = 5. This behavior can also be seen from the linear dispersion relation for a fixed

wavelength. Note that this also holds for the symmetric waves studied in Papageorgiou

& Vanden-Broeck [14].

Finally, we show in Figure 7 values of c versus h for εp = 0.5, λ = 3 and Eb = 3. As can

be expected for nonlinear dispersive waves, c is a function of h. As h → 0 the values of c

approach the linear value (2.29) predicted by writing ω = kc in (2.29) and solving for c.
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6 Conclusions

In this article, we have studied nonlinear antisymmetric interfacial waves of arbitrary

amplitude and wavelength on electrified liquid layers. The electric field acts in a direction

parallel to the undisturbed layer and we have included the effects of surface tension.

Traveling waves have been computed using boundary integral techniques.

Our results show that the electric field has a significant effect on the shapes and speeds

of nonlinear traveling waves. When the relative permittivity εp is different from unity, the

waves become steeper relative to the non-electrifed case. The wave speed also increases

when an electric field is present (see Figures 5 and 6).

We have also studied the variation of the wave speed as a function of the relative

permittivity at different values of Eb (experimentally Eb can be increased by increasing

the applied voltage drop). As can be seen in Figure 6, the wave speed increases when an

electric field is applied irrespective of the value of εp. Larger values of Eb yield larger

speeds. This non-monotonic behaviour as εp crosses the unit value, as well as the increase

of the speed with Eb, can be clearly seen from the linear dispersion relation (2.29) where

the electric field contribution is proportional to Eb(1 − εp)
2. Our results show that this

trend holds into the nonlinear regime also.

The variation of the wave speed with wave amplitude has also been studied (see

Figure 7). We find that the speed is a monotonic decreasing function of the wave

amplitude with an upper bound provided by linear theory as the wave amplitude tends

to zero.

In experiments, the scenario predicted for εp > 1 is probably the most appropriate for

our problem. Values of dielectric constants have been given in the microgravity liquid

bridge experiments of Burcham & Saville [3]. The surrounding phase is a gas (sulphur

hexafluoride) and the fluid is a certain oil (see Table 1 of Burcham & Saville). In all those

systems, the value of εp ranges from 2.74 for the highest viscosity fluid (a silicon oil 12 M)

to 5.24 for the lowest viscosity fluid (castor oil/Eugenol). Two-phase liquid-liquid systems

were also used that have values of εp < 1 (for example Silicon Oil 1 M surrounded by

a less viscous Castor Oil/Eugenol – see Table 1 of Burcham & Saville [3]) which gives

εp = 0.53. Our theory needs to be modified in this case, however, to take into account the

fluid dynamics of the surrounding phase. This is the subject of future research.
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