Ergod. Th. & Dynam. Sys. (2004), 24, 55-87 © 2004 Cambridge University Press
DOI: 10.1017/S0143385703000191 Printed in the United Kingdom

Centralizers of partially hyperbolic
diffeomorphisms

LIZZIE BURSLEM

University of Michigan, Ann Arbor, MI 48109-1109, USA
(e-mail: burslem@umich.edu)

(Received 20 December 2002 and accepted in revised form 10 May 2003)

Abstract. It has been conjectured that a generic diffeomorphism on a compact manifold
will have trivial centralizer. In this paper we show that the conjecture is true within certain
classes of partially hyperbolic diffeomorphisms.

1. Introduction
Let f € Diff" (M) be a C” diffeomorphism of a compact manifold M. The centralizer
of f, denoted C(f), is the set of all C" diffeomorphisms that commute with f:

C(f) ={g € Diff (M) : fg =gf}.

C(f) will contain all integer powers of f. If f can be embedded as the time-1 map of a
flow, then the centralizer will also contain all time-f maps of the flow. If f has a square
root (a diffeomorphism whose composition with itself gives the map f) then this is in
the centralizer as well. C(f) is closed under the operation of composition, and forms a
topological group in the C” topology. So we can ask questions about the structure of this
group: Is it discrete? Is it finitely generated? We say that the centralizer of f is trivial if f
commutes only with its integer powers. This paper addresses the following conjecture.

CONJECTURE 1.1. (Smale [18]) Given a compact manifold M, there is an open, dense set
of diffeomorphisms on M whose elements all have trivial centralizer.

Recall that a subset of a metric space X is residual if it contains a countable intersection
of open, dense sets. In a complete metric space, every residual subset is dense (but not
necessarily open). We say that a property is generic in X if it holds for a residual subset
of X.

Kopell has shown that the conjecture is true when M is a circle; in the set of all
C" diffeomorphisms of a circle (with 2 < r < o0), there is a C l-open, C"-dense
subset with trivial centralizer [9]. On higher-dimensional manifolds, the conjecture has
been proved for certain classes of diffeomorphisms. Palis and Yoccoz showed that
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the generic C* structurally stable diffeomorphism has trivial centralizer (in the C*°
topology) [12]. They have also shown that there is an open, dense subset of the C*° Anosov
diffeomorphisms on a torus with trivial centralizers (again using the C* topology) [11].
This stronger result has been proved only for Anosov diffeomorphisms on tori, but it was
conjectured in [11] that similar techniques could be used to prove the same result for
Anosov diffeomorphisms on an infranilmanifold. Katok has studied centralizers of surface
diffeomorphisms that preserve an ergodic measure [8]. Others have studied centralizers of
flows [17, 7].

In this paper we study the conjecture in the case of partially hyperbolic
diffeomorphisms. Our main results are as follows.

THEOREM 1.2. In the set of C" partially hyperbolic diffeomorphisms of a compact
manifold M (r > 1), there is a C 1—Open and C'-dense subset whose elements all have
discrete centralizer.

Moreover, we show that under some rather general assumptions, a partially hyperbolic
diffeomorphism with a one-dimensional center will generically have trivial centralizer
(see Theorem 3.2). This result has the following corollaries.

THEOREM 1.3. Let A denote the set of all volume preserving Anosov flows on a compact
manifold, M. (In particular, A contains the geodesic flow on the tangent space of any
manifold with constant negative curvature.) Let ¢ be any flow in A, and let ¢; denote the
time-t map of ¢. Then there is a neighborhood U C Diff> (M) of ¢; such that the set of
diffeomorphisms with trivial centralizer is C* residual in U.

The time-¢ map of an Anosov flow will never have trivial centralizer (the centralizer of
¢, will always contain the set {¢s : s € R}, so is not even discrete). But Theorem 1.3
tells us that the generic C°° perturbation of a volume preserving Anosov flow gives a
diffeomorphism with trivial centralizer. Moreover, we can show that in most cases the
centralizer of the time-r map of a volume preserving Anosov flow is exactly the set
{¢s : s € R}.

PROPOSITION 1.4. There is a residual subset A’ C A (in the C" topology, r > 1) with
the following property. For any flow ¢ € A', there is a residual subset Ty C R such that if
t € Ty then C(¢;) = {¢s : s € R}

A second corollary of Theorem 3.2 is within the class of partially hyperbolic skew
products and their perturbations (see §2 for definitions).

THEOREM 1.5. Let f : T" — T" be an Anosov diffeomorphism, and let fy : T" x st —
T" x S' be a C* partially hyperbolic skew product that covers f, such that the leaves
of the center foliation are the fibers {{p} x S' : p € T"}. Then there is a neighborhood
U C Diff>*(T" x S!) of fo such that the set of diffeomorphisms with trivial centralizer is
C®° residual in U.

These results (and others) are described in greater generality in §3.
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2. Background
2.1.  Partial hyperbolicity. A diffeomorphism f of a compact manifold M is partially
hyperbolic if the tangent bundle to M splits into a continuous direct sum

TM=E"®E‘Q®E’,

where at least two of the subbundles are non-zero, and with the following properties.
The subbundles are invariant under the tangent map 7' f, and there is a constant m > 1
such that

ITf"esll <5 and (L")t < 4,
ITF™ s T )" < 5 and (1T gD IITF™ £ < 5.

Some examples of partially hyperbolic diffeomorphisms. A discussion of the following
examples can be found in [4, Ch. 1].
(1) Anosov diffeomorphisms. By definition, an Anosov diffeomorphism is a partially
hyperbolic diffeomorphism with E€ = 0.
(2)  The time-t map of an Anosov flow. A flow ¢, : M — M is Anosov if T M splits into
a T ¢-invariant sum
TM=E"®E“®E"®,

where E€ is the tangent bundle to the foliation by orbits of the flow, and there are
constants C > 0 and 0 < A < 1 such that

1T ()|l < CAllv]l if v € E*

and
TP (v)|| < CA|v|| if v € E*.

Every time-f map of an Anosov flow is a partially hyperbolic diffeomorphism, with
a one-dimensional center bundle. (In particular, the time- map of an Anosov flow
is not an Anosov diffeomorphism.) The main examples of Anosov flows are the
suspension flow of an Anosov diffeomorphism, and the geodesic flow on the unit
tangent bundle of a manifold with negative sectional curvature.

(3)  Partially hyperbolic skew products. Let f be a C” Anosov diffeomorphism on T",
and let ¢ : T" — Diff' (M) be a C" map that assigns to each x € T" a C”
diffeomorphism, ¢, of a compact manifold M. Then we can define a C" skew
product on T" x M by

Jo(x,y) = (f(x), o (¥)).
The skew product f; is partially hyperbolic if there is a T fy-invariant splitting:

T(T'"xM)=E“®TM® E°,

where E“ @ E* projects to the hyperbolic splitting for 7' f on T”, and the inequalities
for || T f4 |l given above are satisfied.

(4)  Perturbations. Partial hyperbolicity is a C'-open property. So small C! perturbations
of the above examples are also partially hyperbolic.
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2.2. Foliations. A foliation F of a compact manifold M is a partition of M into a

disjoint union of k-dimensional leaves, satisfying the following properties.

(1) Each leaf is an injectively immersed, k-dimensional submanifold of M. Let F(q)
denote the leaf containing the point g.

(2) Atevery point p on the manifold, there is a foliation chart, that is, a homeomorphism

¢:Dx D" F >y,

where D! is the open, i-dimensional disk, n is the dimension of M, V is a
neighborhood of p = ¢ (0, 0), and such that

¢ (D* x {y}) C F(q),

where g = ¢ (0, y). The set ¢ (D* x {y}) is called a plaque of F.
We say that F is a C" foliation if we can choose C” charts for F. The foliation is
invariant under a diffeomorphism g if

8(F(q)) = F(g(q)

for every leaf F(q) of F. We will be interested in foliations that are tangent to the bundles
E®, E€ and E".

Definitions. A vector field E is integrable if there exists a foliation F such that TF = E.
We say that T F is uniquely integrable if every differentiable curve tangent to 7 F lies in a
single leaf of F.

Remarks.

o It follows from the definition that if £ = T is uniquely integrable, then F is the
unique foliation tangent to £. However, the converse may not be true. An example
is given in [15, p. 544] of a foliation F with two-dimensional leaves, with the
property that any 2-disk tangent to 7 is contained in a single leaf of F (so F
is the unique foliation tangent to T F). However, there is a differentiable curve,
everywhere tangent to 7' F, that does not lie wholly in any one leaf.

o It is not hard to show that if F is a C! foliation, then 7' F will be uniquely integrable.

If f is a partially hyperbolic diffeomorphism, then the unstable and stable bundles,
E" and E®, are uniquely integrable. Their tangent foliations are the unstable and stable
foliations, denoted W* and WW¥. (The proof of this fact is essentially the same as the proof
of the Stable Manifold Theorem. See for example [16, Theorem 10.1].) However, the
center bundle, E¢, might not be integrable, and if it is, the tangent foliation might
(in theory) not be unique. There are examples of partially hyperbolic diffeomorphisms
with non-integrable center foliations (see [20]). But there is no known example of a
partially hyperbolic diffeomorphism whose center bundle is integrable but not uniquely
integrable.

THEOREM 2.1. (From [6, Theorem 6.8]) If f is partially hyperbolic, then the leaves of
W are C! submanifolds of M.
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Remarks.

° If in addition f is plaque expansive, then the C! smoothness of the leaves of W¢
persists under perturbations. A precise statement of this result and the definition of
plaque expansiveness are given below.

o If f is plaque expansive and E€ is uniquely integrable, then any f sufficiently
C'-close to f will also have a uniquely integrable center bundle. See Lemma 8.4.

° If W€ is a C! foliation (the foliation charts are C!) then the leaves of WW¢ will be C'!
submanifolds. However, the converse is not necessarily true. In particular, partial
hyperbolicity does not imply that the center foliation is C'.

Recall that a sequence {x;};cz 1s an e-pseudo-orbit for f if, for every i,
d(f(xi),xi+1) < €. We say that the e-pseudo-orbit {x;};c7 respects a foliation F if,
for every i, f(x;) and x;41 lie in the same plaque of F.

A map f is expansive if there is some € > 0 such that if d(f'(x), f'(y)) < € for every
integer i, then x = y. For example, the map f(x) = 2x is expansive on R. Any Anosov
diffeomorphism is easily seen to be expansive. Plaque expansiveness is a generalization of
the notion of expansiveness.

Definition. Let f be partially hyperbolic. Then f is plaque expansive if there is some
€ > 0 such that if

(1)  {xi}iez and {y;};c7 are two e-pseudo-orbits that respect VW€, and

(2) d(xi,yi) < € for every integer i,

then x; and y; lie in the same leaf of W¢ (for every i € Z).

Remarks.

° For example, we can think of an Anosov diffeomorphism as a partially hyperbolic
diffeomorphism with trivial center bundle — each leaf of the center foliation consists
of a single point. In this case, plaque expansiveness is equivalent to expansiveness.

° If f:T" — T" is an Anosov diffeomorphism,and fy : T" x M — T" x M is a
partially hyperbolic skew product over f, then fy is plaque expansive (as it projects
to an expansive map on T").

° It WJCC is a C! foliation, then f will be stably plaque expansive; if f is a C!
diffeomorphism close to f, then f is partially hyperbolic and plaque expansive
[6, Theorems 7.2 and 7.3]. (But W} might not be a C! foliation.)

) So our other main examples, the time-7 map of an Anosov flow and its perturbations,
are also plaque expansive diffeomorphisms.

Definitions. Let F and F be diffeomorphisms with invariant foliations F and F.

Then (F, F) is leaf conjugate to (ﬁ a ) if there is a homeomorphism £ that carries leaves

of F to leaves of f and for every leaf L € F, Fh(L) =hF(L).

A partially hyperbolic diffeomorphism F' is structurally stable relative to the foliation

WY, if F has a neighborhood U such that for every FeU, E% is integrable, and (F, W§,)

is leaf conjugate to (F, W%).

THEOREM 2.2. (From [6, Theorems 6.8 and 7.1]) Let f be partially hyperbolic and
plaque expansive. Then given a small enough § > 0, there is a constant € = €(5, f) > 0
such that if f is a C' diffeomorphism within C' distance 8 of f, then:
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(1) £ is partially hyperbolic;
(2)  the foliations W; and W} are leaf conjugate, via a homeomorphism h : W; —
C .
w F2
(3) forevery point p, d(p, h(p)) < €.

3. Statement of results

3.1. Discrete centralizers. Let PH" C Diff" (M) denote the set of C" partially
hyperbolic diffeomorphisms on a compact manifold M. We say that the centralizer of
a diffeomorphism is discrete if there is some € > 0 such that if two diffeomorphisms, g;
and gy, are in C(f) and are e-close (in the C” topology), then g; = g».

THEOREM 3.1. Foreachr > 1, thereis a Cl-open and dense subset YV of PH" such that
every f € V has discrete centralizer. In particular, f € V does not embed in a C' flow.

3.2. Trivial centralizers. The question of trivial centralizers is not answered in such
generality. But there is a large class of partially hyperbolic diffeomorphisms with trivial
centralizer. The proof of the following theorem and its corollaries is given in §6.

THEOREM 3.2. Let U C PH™ be any C®-open set of C* partially hyperbolic
diffeomorphisms with the following properties. For each f € U:

(1)  the center bundle is integrable, and WW° is one-dimensional;

(2) there is a closed, invariant center leaf for f, W€ (p1);

3) W (p1) and W (p1) are both dense in M (where p1 is as in property 3);

@ W=D = Ugewep) W @).

Then the set of diffeomorphisms with trivial centralizer is C* residual in U.

Such sets exist (see §6.1). In particular, the set U contains the following examples, and
their perturbations.

° If ¢ is an Anosov flow on M, and if the non-wandering set N W (¢) for ¢ is all
of M, then U contains all time-¢# maps, ¢;. (See Proposition 6.1.) For example, if
¢ is the geodesic flow on the tangent space of a manifold with everywhere negative
curvature, then ¢ is an Anosov flow with NW(¢) = M, so any time-t map of ¢ is
in U. If ¢ is any volume preserving Anosov flow then NW(¢) = M.

° U contains all C* partially hyperbolic skew products on T” x S! that cover an
Anosov diffeomorphism of T”, and such that the leaves of the center foliation are
the fibres {{p} x S' : p € T"}. (See Proposition 6.2.)

So Theorems 1.3 and 1.5 are corollaries of Theorem 3.2. Moreover, we can fix
any Anosov diffeomorphism f on T" and consider the set of all partially hyperbolic
diffeomorphisms on T" x S! that project to f. All perturbations needed to give a trivial
centralizer can be made in the fiber direction. So another corollary of the proof is the
following.

COROLLARY 3.3. Fix any Anosov diffeomorphism f on T". Let SP ¢ (T" x S denote
the set of C™ partially hyperbolic skew products on T" x S' over f such that for each
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p e T" Wp) = {p} x SL. Then the set of diffeomorphisms with trivial centralizer is
C® residual in SP y(T" x sh.

3.3. Anosov flows. If ¢, is the time-t map of a flow, then C(¢;) 2 {¢s : s € R}
We would expect to have equality here most of the time. Let 4 be the set of all volume
preserving Anosov flows on a compact manifold M. It is not difficult to show that for ¢ in
a C" residual subset of A, and for a residual set of 1 € R, C(¢p;) = {¢; : s € R}. This result
can also be stated in terms of the geodesic flow on the unit tangent bundle of a manifold
with negative sectional curvature. For completeness, the proof is given at the end of §6.

3.4. Skew products. We also consider other classes of skew products that do not fit
into the category defined in Theorem 3.2. All of the diffeomorphisms considered in
Theorem 3.2 are partially hyperbolic, and have a one-dimensional center bundle. In §§7
and 8 we consider skew products with higher-dimensional center bundle. In §9, we study
centralizers of skew products that are not partially hyperbolic. We will prove the following
results in later sections.

THEOREM 3.4. Let M be any compact manifold. For r > 2, let SP"(T" x M) denote
the set of C" partially hyperbolic skew products on T" x M that cover an Anosov
diffeomorphism on T", such that the leaves of the center foliation are the fibers {{p} x M :
p € T"} (see §2.1 for a definition). Then there is an open, dense subset T C SP"(T" x M)
(in the C' topology) with centralizers of the following form: if G commutes with foeT,
then G* = (f¢)j for some integers k and j.

If f is a skew product over T2, then this property holds generically under perturbations.

THEOREM 3.5. If fy € SP(T? x M), then there is a C' neighborhood U C Diff"
(T? x M) containing fo, and a subset V. C U, open and dense in U (in the C! topology)
such thatif F € V and G € C(F), then G = (F)jfor some i, j € Z.

Finally, in the case of skew products on T" x S!, it is possible to drop the hypothesis of
partial hyperbolicity. Let S (T" x S!) denote the set of skew products of the form

f¢7(-x1a) = (f(-x)v ¢X(a))1

where f is a C" Anosov diffeomorphism of T”, and ¢ : T" — Diff"(S') is a C” map that
assigns a C" circle diffeomorphism ¢, to each x € T" (for r > 2). (Note that we are not
assuming that fy is partially hyperbolic.)

THEOREM 3.6. The set T = {fy € S"(T" x shy - fo has trivial centralizer} is C"
residual in S"(T" x SY) (forr > 2).

4. Some basic lemmas
In this section, we state (largely without proof) some basic lemmas that will be used
throughout.
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Notation. Let W*(p) denote the leaf of the stable foliation W* containing a point p € M.
The stable leaves can be defined asymptotically: there is a constant 0 < A < 1 such that

WS (p) =1{q € M : forsome C,d(f"(p), f*(g)) < CA" foralln > 0}.
For a periodic point p, let W¥(p) denote the stable manifold for p:
Wi(p) ={g € M: lim d(f"(p), f"(g)) = O}.

If fisa C” diffeomorphism, then W*(p) is a C” submanifold of M (and W*(p) is a C!
submanifold—see Theorem 2.1).

The unstable manifold W*(p) and unstable leaf W*(p) are defined similarly. A priori,
the sets W*(p) and W*(p) can differ. The stable manifold may be a union of stable leaves.

LEMMA 4.1. If p is periodic, then W*(p) is subfoliated by leaves of V.

Proof. The lemma follows directly from the definitions: if ¢ € W¥(p), then W*¥(gq) C
Wi (p). O

LEMMA 4.2. Suppose f is C!, partially hyperbolic, and commutes with a
homeomorphism g. Then the following hold.
(1) g permutes the points ofFixk(f), the fixed points for f*:

g(Fix"(f)) = Fix* ().
(2) g preserves stable and unstable manifolds:

g(W"(p)) = W"(g(p)) and g(W'(p)) = W(g(p)),

for any f-periodic point p.
(3) If g is Lipschitz, then g preserves the stable and unstable foliations, W* and YW":

gV (p)) =W"(g(p)) and gOV*(p)) =W (g(p)).

4) Ifgisa C" diffeomorphism, then Tg preserves the partially hyperbolic splitting for
Tf:
Tg(E“(p)) = E*(p), fora =u,c,s.
(5) Ifg isa C' diffeomorphism and the center bundle, E€, is uniquely integrable, then
WE is g-invariant:
gV (p)) = Wi (g(p)).

As stated in Lemma 4.2, every g € C(f) permutes f-invariant orbits. The following
lemma shows that for f in a residual set of C! diffeomorphisms, any g € C(f) fixes the
f-periodic orbits.

LEMMA 4.3. [12, Section 4.2] Let Diff' (N) be the set of all C' diffeomorphisms of a
compact manifold N. For any k > 0, the set

(f:ifg € C(f)and f(p) = p, then g(p) = f"(p) for some n € 7}

is open and dense in Diff' (N) (in the C" topology).
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Proof of Lemma 4.3. By the Kupka—Smale theorem, it is an open, dense property that
Fix*( f), the set of fixed points for £, is finite. It is easy to see that g permutes the points
in Fix*( f). We may perturb f so that if p; and p» are both in Fixk( f), then the linear
maps T, f k and T, f k do not have the same eigenvalues unless p» = f"(p;) for some
n € Z. In particular, T), f* and Ty, £ are not conjugate matrices unless p; = f*(p1).
This is an open property. Now suppose that f has this property and commutes with g.
Let p be in Fix*(f). We will show that g(p) = f"(p) for some n € Z.

By commutativity,

F () = g(f*py,
and by the chain rule,
Tg(p)fk‘Tpg = Tpg‘Tpfk‘

So the linear maps Tg(p)fk and T), fk are conjugate. Then by assumption, g(p) = f"*(p)
for some n € Z. O

5. Discrete centralizers
In this section we prove Theorem 3.1. Using Pugh’s Closing lemma and the recent paper of
Dolgopyat and Wilkinson [5], Theorem 3.1 is a direct corollary of the following theorem.

THEOREM 5.1. Let f € U" and suppose that:

(I) for some k > 1, the set Fixk(f) of fixed points for f* is non-empty and finite;
(I)  f is accessible (see below for a definition).

Then f has discrete centralizer.

Definition. A partially hyperbolic diffeomorphism f : M — M is accessible if given any
two points p and ¢ in M, there is a path y : [0, 1] — M such that:
M v =p,y1) =gq;
(2) y is a finite union of arcs, each of which lies completely inside either a leaf of W*
or a leaf of W*.
The path y is called a u, s-path.

Proof of Theorem 3.1 from Theorem 5.1. Let V be the set of f € U" satisfying the

following.

(I')  For some k > 1, the set Fix( f) of fixed points for f¥ is non-empty and finite, and
the fixed points for f* are transverse.

(IT')  f is stably accessible.

(I) and (IT) are easily seen to be C! -open. () is Cl-dense in Diff" (M) by Pugh’s Closing

lemma and the Kupka—Smale theorem, and (II) was shown in [5] to be Cl-denseinU". O

Proof of Theorem 5.1. Suppose f € U' satisfies (I) and (II). Let TM = E* @ E€ & E*
be the partially hyperbolic splitting for f, and let WW* and W* be the unstable and stable
foliations for f, respectively.

LEMMA 5.2. There is a constant € > 0 such that:

i) ifp,q¢e Fixk(f) satisfy d(p, q) < €, then p = q; and

(ii) forevery p € M and g € W*(p) UW"(p), if d(f"(p), f"(q)) < € foralln € Z,
then p = q.
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Proof of Lemma 5.2. 1t is possible to satisfy (i) because Fixk( f) is a finite set.
Let d,, denote the distance along a leaf of YW“. There is a constant > > 1 such that if
q € W"(p), then for everyn € Z,

du(f"(p), f"(@)) > X"du(p, @) (.1

Given p € M and ¢ € W"(p), there is some N such that if n > N, then f~"(p)
and f7"(g) lie in the same plaque of WW*. By compactness of M, we can assume that
each plaque has diameter at least p (for some p > 0). As the plaques of W* are C*°
submanifolds, there is a constant C > 1 such that

1
Edu(p/’ q) <d(p'.q") < Cdu(p'.q") (5.2)

whenever p’ and ¢’ lie in the same plaque of W". By (5.1) and (5.2), given § < p and
q € W"(p), we can find n > N such that

§<du(fT"(p), 7M@) < Cd(f"(p), [T (@)).

Let € = §/C. The constant € is independent of p and ¢, and if p € M, g € W*(p), and
d(f"(p), f"(g)) < eforalln € Z, then p = gq.

Similarly, there is a constant €’ such that for every p € M and ¢ € W*(p), if
d(f"(p), f"(q)) < € foralln € Z, then p = q. o

We now return to the proof of the theorem. Let € > 0 satisfying Lemma 5.2 be given,
and suppose that fg = gf. We show that g is isolated in C(f); in fact, we prove that there
is a C%-open neighborhood A of g in Diff' (M) such that NN C(f) = {g}. Suppose that
g’ is also in C(f) and that dro(g, &) < €. We now show that g = g’. Leth = g~ 'g’.
Then £ is in C(f) and d-o(h, id) < €. The proof is reduced to showing that & = id.

We have seen (Lemma 4.2) that & preserves the stable and unstable foliations:

hOWV*(p)) = W*(h(p)) and  hOV’(p)) = W’ (h(p)).

(In fact we really only needed / Lipschitz here.)
Let po € Fix*(f). Since h commutes with f¥, it permutes the points of Fixk (f).
Since dqo(h,1d) < €, it follows from (ii) that £(pg) = po.

LEMMA 5.3. Ifh(q) = q, then h(x) = x for all x € W"(q) UW*(q).

Proof. Let x € W"(q) U W?*(q); without loss of generality, assume that x € W“(g).
Then h(x) € h((WV"(q)) = W*(h(q)) = W*(q) = W*(x), since h(q) = g. On the other
hand, the points x, i (x) satisfy

d(f" ), f1(h(x) = d(f"(x), h(f"(x))) < dco(h,id) <€,

for all n € Z. By property (ii), it follows that #(x) = x, which completes the proof of the
lemma. =

It now follows from (I) that 2z = id. For any y € M, there is a u, s-path from pg to y;
by Lemma 5.3, & fixes all of the points along this path, and so 4(y) = y. This completes
the proof of Theorem 5.1. a

https://doi.org/10.1017/50143385703000191 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000191

Centralizers of partially hyperbolic diffeomorphisms 65

Remarks. In fact, we have shown that if f € U! satisfies (I) and (II), then the group
of Lipschitz homeomorphisms (in the uniform topology) commuting with f is discrete.
In particular, f does not embed in a Lipschitz flow.

In the subclass U] of U" for which W€ is one-dimensional and contains a compact
periodic leaf, the hypotheses (I) and (II) are in fact C"-dense [10]. Hence there is a C"-open
and dense subset of /] with discrete centralizers.

If we remove either hypothesis (I) or (II), the conclusion of Theorem 5.1 does not
hold. If f is the time-r map of any mixing Anosov flow, then f satisfies (II) but not
(D) and clearly the centralizer of f is not discrete. On the other hand, if f is the
product of an Anosov diffeomorphism with the time- map of any Morse—Smale flow
(for ¢ sufficiently small), then f satisfies (I) but not (I), and again the centralizer is not
discrete.

6. Proof of Theorem 3.2

We will first show that open sets with the properties listed in Theorem 3.2 exist. The proof
of Theorem 3.2 is given in §§6.2, 6.3 and 6.4. Section 6.5 contains a result about
centralizers of time-f maps of Anosov flows.

6.1. Examples.

PROPOSITION 6.1. Let f = ¢; be the time-t map of an Anosov flow on a compact
manifold M, and suppose that NW (f) = M. Then there is a neighborhood U C PH>®
of f satisfying the hypotheses of Theorem 3.2.

Proof of Proposition 6.1. The set of periodic orbits for an Anosov flow ¢ is dense in the
non-wandering set for ¢ [2]. And if NW(¢;) = M and W€ (p1) is a closed, ¢;-invariant
leaf, then W€ (p1) and W€ (p) are dense in M [13, Theorem 1.3]. W (p1) is subfoliated
by leaves of W€, each of which is mapped to itself by ¢,. The center-stable leaf W (p1) is
a cylinder, and each W¢(g) C W (p1) wraps around this cylinder, spiralling towards the
invariant leaf WW¢(p1). Along each W€(q), ¢; acts as a translation: there exists a constant
¢ > 0 such that for every ¢ € W (p1), the distance between g and ¢;(q), measured
along W¢(q), is greater than c.

There is an open set V. C W (p;) containing WW¢(p) that is subfoliated by leaves
of W¥, each of which intersects W€(py) transversely. Given any g € W€ (py), there is
some n > 0 such that (¢;)"(g) € V. So (¢:)"*(g) € W*(p) for some p € W°(p1), and
therefore g € W (f ™" p) C U penep) W (P)- SOW (p1) = U pepyep) W' (P)-

By [6], this situation persists under perturbations. If f is a partially hyperbolic
diffeomorphism C!-close to ¢, then there are dense leaves W}S( p1) and W}“ (p1),
homeomorphic to W< (p;) and W (p;) (see Theorem 2.2). The center-stable leaf,
W;f (p1), is a cylinder, subfoliated by a center foliation homeomorphic to W;t.

Restricted to W}(q) - W}S (p1), f is very close to a translation. Each ¢ € Wj;s(ﬁl)

is attracted under iterates of f towards a neighborhood V of W<(p1) which is subfoliated
by leaves of W} So as above, W;ls (p1) = Upew_‘fl(ﬁl) W}(P)~ d
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PROPOSITION 6.2. Let fy be a partially hyperbolic skew product on T" x S! that covers
an Anosov diffeomorphism f on T", and such that the leaves of W€ are the fibers
{{p} x S' : p € T"). Then there is a neighborhood U C PH> of fo satisfying the
hypotheses of Theorem 3.2.

Proof of Proposition 6.2. Every Anosov diffeomorphism on T" has a fixed point. So if fy
is a partially hyperbolic skew product on T" x S that covers an Anosov diffeomorphism
f on T", then there is a closed, invariant center leaf for f, YW°(p), where p projects to
a fixed point for f. The center-stable leaf, W (p), is dense in T” x § ! and foliated by
center leaves which are all circles, and these circles are contracted towards W¢(p) under
iterates of fy. In particular, W (p) = | 7EWe(p) W?*(q). Similarly, W (p) is dense in
T x S!, foliated by center leaves which are all circles, and these circles are contracted
towards W€ (p) under iterates of ( f¢)_1.

If FisaC® diffeomorphism C _close to fo, then the center foliation for F is leaf
conjugate to the center foliation for f; (see Theorem 2.2). In particular, there is an invariant
center leaf, W%(ﬁ), for F, close to W¢€(p). Both WI%S (p) and W%” (p) are densein T" x S!.
The center-stable leaf is subfoliated by leaves of W%, each of which is attracted towards
W%( p) under iterates of F. Since there is a neighborhood V C W%"( p) of W%( p) thatis
subfoliated by leaves of W‘F W%‘ (p) = quW%(ﬁ) W‘F (q)- ]

6.2. Some generic properties of diffeomorphisms in U. Let U be the set defined in
the statement of Theorem 3.2. In this section, we give some generic properties of
diffeomorphisms in /. In the following section, we show that a diffeomorphism with
the properties listed will have a trivial centralizer.

Notation. Let W*(p), W¢(p) and W*(p) denote the leaves of the stable, center and
unstable foliations containing p. If p is periodic, then W¥(p) and W (p) will denote
the stable and unstable manifolds for p. See §4 for definitions.

The following properties are generic in U.

Property 1. The intersection of the center stable and center unstable leaves at pi,
W (p1) N W (py1), is dense in the center stable leaf, W (py).

Let p be any point in W (p1), and let V be a small neighborhood of p. We will show
that W (p1) intersects W (p1) inside the neighborhood V. We can assume that V is a
small enough neighborhood so that there is a foliation chart for the foliation YW on V.
As E" is transverse to the bundle E“*, each leaf of YW that intersects V also intersects
the center stable leaf WW**(p;). Finally, as we have assumed that the center unstable leaf
We (p1) is dense in M, W€ (p1) NV # @, so W(py) intersects W (p1) inside the
neighborhood V. Hence W€ (p1) N W€ (p1) is dense in W (p1). This property holds
for every diffeomorphismin U.

Property Il. f|yye(p,) has periodic points and they are all hyperbolic.

This property is C'-open and C*°-dense by the Kupka—Smale theorem, and because
W¢€(p1) is a circle. Let P = {p1, p2,..., pan} be the set of these periodic points.
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Note that if ¢ € W (p1), then ¢ € W*(q) for some g € W°(p1). Andq € W*(p;)
for some p; € P. So g € W*(p;) also. Therefore W (p;) is a (disjoint) union of stable
manifolds of points in P,

WS (p1) = Wi(ppu---u W (pan).

Notation. 1 will assume that the points P, = {pi1, p3,..., pan—1} are sources for

fiwepp, and Py = {p2, pa, ..., pan} are sinks for flyye,y. If W (pr) is
[-dimensional, then dim(W*(p;)) = [ for p; € Py, and dim(W*(p;)) =1 — 1 if p; € P,.
Moreover, Up,e??s WS (p;) is dense and open in W (py).

Property I1I. Let n be the least period of the periodic points P = {p1, p2,..., pan} C
W€(p1). Then for every p; € P, the eigenvalues of T, f" are distinct, and satisfy
Sternberg’s non-resonance condition. That is, if A, ..., A¢ are the eigenvalues for T, 1",
then for every 1 <[ <k,

k
RN
j=I

for any choice of m ; with Zl;zl mj > 2.
This is clearly a C'-open, C*°-dense property.
Property IV. If g € C(f) then forall p; € P, g(p;) = fk(pj) for some k € Z.
This property is C'-open and C*-dense in I/, by Lemma 4.3.
Property V. W*(p1) N W¥(p;) # @ for some p; € Py, and the intersection is transverse.

The center-stable leaf, W (p1), is dense in M, so comes arbitrarily close to the
unstable leaf, W*(p1). As W (p1) and W"(p;) are tangent to the foliations £ and
E* respectively, and these foliations are transverse, the leaves must intersect,

W (p1) "W (p1) # 0.

U DiEPs WS (p;) is dense and open in W (p1). So for a dense set of diffeomorphismsin I/,
W;( p1) N W} (pi) # ¥ for some p; € Ps. We need to show that this is an open property.
This is proved in Lemma 6.6.

Let p» be a periodic point with this property.

Property VI. If g commutes with f, then g|ws(p,) = f" for some m € Z (where p is the
periodic point from Property V). In other words, f'|ws(p,) has trivial centralizer.

It is non-trivial to show that this property is generic for diffeomorphisms in /. This is
proved in §6.4. First we show that a diffeomorphism with the six properties listed above
will have trivial centralizer.

Let 7 denote the set of diffeomorphisms in / that satisfy Properties I through V.
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6.3. If f € T, then the centralizer of f is trivial. Fix a diffeomorphism f € 7 and
suppose that g commutes with f. We first need to show that g preserves leaves of the
center foliation in W (p;) (this is not immediate, as we have not assumed that E€ is
uniquely integrable).

LEMMA 6.3. Forany g € W (p1), gOWV¢(q)) = W°(g(q)).

Proof. The center stable leaf W (p1) is a disjoint union of stable manifolds,
W (p1) = Wi (p1) U---U W (pan).

If g commutes with f, then g(W*(p;)) = W¥(g(p;)) = W“'(fk(pj)) = W*(p;) for
some [. The second equality holds by assumption (property IV), and the third holds
because the set {py, ..., poy} is f-invariant. So g maps W (py) to itself. Similarly, the
center unstable leaf W€ (p;) is g-invariant. So their intersection, W (p1) N W (py),
is g-invariant. These two leaves intersect along leaves of the center foliation, W°.
If W¥€(q) is a leaf in the intersection, then g(W*(q)) € W (p1) N W (p1) C W, so
gV (q)) = W*<(g(q)). The set of such leaves is dense in W (p1) (also by assumption—
Property I). By continuity this holds for all ¢ € W (py). m]

In particular, gOV¢(p1)) = W¥€(p1). We have assumed that W (p1) = W*(p1)u---U
WS (p2n), and that the points P, = {p1, p3,..., pan—1} are sources for Sflwe(py)> and
Ps ={p2, p4a ..., pan} are sinks for f|yye(p,). We have also assumed that g|ws(p,) = f™
for some m € Z, and therefore g(p;) = f™(p;) forevery p; € Py UP,. Leth = gf ™.
So hlws(py = id, and for each p; € Py UP,, f"(p;) = p; and h(p;) = p;.

Suppose that the circle W€ (p1) has been oriented, and that (p;, pi+1) N (pj, pj+1) =¥
forall i # j, where (p;, pi+1) denotes the open interval on W€(p1) between the points p;
and p; 1. Since h|ws(p,) = id, we know that £|[p,, p,) = id. The first step will be to prove
that A|yye(p,) = id. Then we will show that 2 = id on all of W (py). Since W (py) is
dense in M, this will imply that # = id on the entire manifold.

LEMMA 6.4. If hlip, ps1 = id, then h|{p;, p,) = id.
Proof. We can reduce this lemma to a linear algebra question using the following theorem.

THEOREM 6.5. [19, Theorem 1] Let F : R" — R”" be a C* diffeomorphism defined in
some neighborhood of the origin, such that F(0) = 0. Let A1, ..., A, be the eigenvalues
of ToF. Then if A; # )L'lnl < A" for every i and for all non-negative integers my, . . ., my
with Y " m; > 1, there is a neighborhood U of the origin and a C*° diffeomorphism o
defined on U such that a~' Fa = TyF.

W"(p3) is a C* submanifold of M. So by Theorem 6.5, there is a neighborhood
V C W*(p3) containing p3, and a C* diffeomorphism o : V — R/ such that

affal = A

where A = Tp, " |wu(p,) is linear. We can extend the conjugacy « to all of W*(p3) by
letting a(q) = f™Maf "M (q), where M is large enough so that f "M (q) € V.
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The center leaf W€ (p1) is C! [6, Theorem 6.8], and so the curve y = a((pa2, ps)) C R/
is C!, and y is A-invariant. Let y; = a((p2, p3]) and y» = a([p3, pa)). Soy = y1 U 2,
and y1 Ny2 = a(p3) = 0.

Let B = aha™'. Then B commutes with A. Kopell has shown that if C is a linear
contraction whose eigenvalues satisfy Sternberg’s non-resonance condition, and if D is a
C° diffeomorphism that commutes with C, then D is also linear [9, Theorem 6]. So the
diffeomorphism B is a linear map. Moreover, since h|(p,, p;] = id, B|,, = id. We need to
show that B|,, = id also.

Since T, f" |ws(ps) is diagonalizable (the eigenvalues are distinct), we can assume that
A has the form

Al

Y
ar b
-b1 a1

aj  bj
—bj aj

and that A is the eigenvalue corresponding to the weak unstable (or center) direction,
which lies along the x;-axis in R/. By commutativity with A, B will have the same block
diagonal form:

1
Ik

cr d
—d| ¢

cj d;
—dj «¢j

The curve y is a graph over the x1-axis. It passes through the origin, and is tangent to the
x1-axis at the origin. Let 7 (y1) denote the projection of y; to the xq-axis. Since B|,, = id
and B is linear, B|;(,,) = id also, and by linearity, B = id on the entire axis. So u; = 1.
(If y» lies along the x1-axis, then we are done.)

Suppose ¢ = (y1,...,y) € y2. We know that B(q) = (y1,21,...,2) € y. Buty
intersects the hyperplane {x; = y1} in just one point, since y is a graph over the x-axis.
So B(q) = q, and therefore h|[p;, p,] = id. |

We can make repeated applications of Lemma 6.4 to conclude that Z|yye(p,) = id.
Next we show that 7 = id on all of W (p1). We have seen that hlyye(, ) yuws(p,) 1S
the identity map, so in particular, h(WW*(y)) = W?*(y) for every y € W(p1), and
h(WV¢(x)) = W¢(x) for every x € W*(p2).
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Notation. Let W?(y, €) denote the local stable manifold through y of radius €. Similarly,
let W¢(x, €) denote the local center manifold through x.

Let V C W€ (p1) be a small neighborhood of W¢(p1) of the form

v=J wWo.e,
yeEWe(p1)

and such that if ¢ € V, then W¢(g) N W*®(p2) # @. Such a neighborhood exists because
W (p1) N W¥(p2) # @, and by continuity of the center foliation.

By continuity of &, there is a neighborhood U C V of W¢(py) such that if ¢ €
U N W?:(y,e) for some y € W(py1), then h(g) € W*(y,e). We will show that
hly = id. Since W (p1) = U, <o fi(U), and since h commutes with £, this will prove
that Alyyes(p,) = id. -

Pick any x € W¥(py) N U and let

Fy ={q e Wx)NU :h(g) =q}.

Since & is continuous, Fy is closed in W€¢(x) N U. To prove that h|y = id, it is enough
to show that F) is also open in W¢(x) N U. If Fy is open and closed in W€ (x) N U, then
Fy = W x)NU. As x was arbitrary, h|y = id.

So suppose that ¢ € Fy. Given any §; > 0, there is some dp < 41 such that
if ¢ € W¥¢q,8), then h(q’) € W¢(q,81). Choose §; > 0 small enough so that
for every y € W¢(p1), W¢<(q, 61) N W*(y, €) is either empty or a single point. If §
is chosen as above and if ¢/ € W¢°(q, 8) N W*(y, €) for some y € WC¢(p;), then
h(g") € W¢q,81) N W3(y,€). So h(q') = ¢, and therefore ¢’ € Fy. So F, is open
inWex)NU. O

6.4. T is a residual subset of U. We have yet to prove that property V is open in U,
and that property VI is residual in /. It follows from the following lemma that property V
isopenin U.

LEMMA 6.6. Suppose that f € U satisfies Property II:
W (p1) = Wi (pnu---uW(pan),

where P = {p1, ..., pan} is the set of (hyperbolic) periodic points for flye(p,). Then the

following are true.

(1)  The periodic points P = {p1(f), ..., pan(f)} persist under perturbations of f,
and vary continuously with f.

2) W}(pl) N W}S(m) is a countable set, {qo, 91, q2, . . . }.

(3) Each point q;(f) € W}‘f (p1) N W}S (p1) persists under perturbations of f, and
varies continuously with f.

4)  Suppose that q;(f) € W}(pl) N W}(pj)for some p;i(f) € Ps. Then there is a

neighborhood V; of f such thatiff € V;, then qi(f) € W’/‘;(pl) N W}(pj).

Proof of Lemma 6.6. Part (1) follows immediately, as both periodic points are hyperbolic.
Parts (2) and (3) are true because the submanifolds W} (p1) and W;S (p1) intersect
transversely, and both vary continuously with f.
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If pj € Py, then dim(W*(p;)) = [ = dimOV*(p1)), and W*(p;) is open in
W (p1). Suppose that ¢;(f) € W}‘c(pl) N W}(pj). Since ¢;(f) and W}(pj) both
vary continuously with f, there is a neighborhood V; of f such that if f € V;, then
qi(f) € W;;(pl) N W;;(pj). So part (4) is true. o

Remark. We cannot expect to find a neighborhood V of f such that for every ¢;(f) €
W;(pl) N W}(pj) andevery f € V, qi(f) € W}‘;(pl) N W}(pj). The neighborhoods V;
from part (4) could get arbitrarily small.

Let 7 be the set of all f € U that satisfy Properties I through V of §6.2. We have seen
that 7 is an open, dense subset of U. We need to show that the set of diffeomorphisms
that also satisfy property VI are residual in T (in the C*° topology). This type of argument
was introduced in [12, §§4 and 5.4]. In those sections, Palis and Yoccoz consider the
case of structurally stable diffeomorphisms with a periodic point p and a countable set of
homoclinic points related to p. They show that, generically, if a diffeomorphism f satisfies
these conditions, then restricted to a neighborhood of the periodic point, f will have trivial
centralizer. Their method involves linearizing the diffeomorphism in a neighborhood of
p and constructing from the set of homoclinic points an invariant set for the linear map.
Any diffeomorphism g that commutes with f can be simultaneously linearized, and this
linear map must preserve the same invariant set. In the generic case, this condition is strong
enough to conclude that g must be a power of f. We adapt these arguments to the partially
hyperbolic setting. In the setting of Theorem 3.2, we cannot assume to have a periodic point
with homoclinic points. But there will be periodic points with heteroclinic intersections.
We will construct a linear map by linearizing in neighborhoods of these periodic points,
and we will construct an invariant set for this map from the set of heteroclinic points.
Some extra care must be taken in light of the remark following the proof of Lemma 6.6.

6.4.1. Localization. 1t is sufficient to prove that given any fy € 7T, property VI is
generic in a neighborhood of fy. Fix a diffeomorphism fy and let N' C 7 be a
neighborhood of fj such that if f € N then:
(1) foreveryl <i <2N, p;i(f) isclose to p;(fo), and has period n;
(2) forevery 1 <i < 2N, the stable manifold W} (pi(f)) has the same dimension as
W (pi (fo)):

(3) the unstable leaf W‘; (p1(f)) has the same dimension as W.L;O (p1(f0));
@ Wipi (O OWF(p1(f)) = {qo(f). q1(f). ... }.
We will also assume that go(fo) € W*(p1(fo)) N WS (pa(fo)) (Where pa(fo) is a sink for
folw_;.o(pl)), and that go(f) € Wi(p1(f)) N Wi (p2(f)) forevery f € N.

We will show that Property VI holds for a residual subset of V.

6.4.2. Linearization. In this subsection we assign a linear map A(f) and an A(f)-
invariant set J (f) to each f € N.

For every f € N, WH(py) is a C* submanifold of M. So by Theorem 6.5, there
is a neighborhood V C W;(pl) of pp such that f"|y is conjugate to the linear map
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Ty, (f" e pyy) = A1(f),

v =a ' Are,
where « : V — RK is C*. Moreover, « = a(f) depends continuously on f [1]. We can
extend « to all of W*(p1) by letting a(q) = A{”af_M(q), where M is large enough so
that fM(g) e V.

Similarly, f"|ws(p,) is conjugate to the linear map T, (f"|ws(py)) = A2(f) viaa C*
diffeomorphism g = B(f) : W*(p2) — R/,

Flws oy = B~ AzB.
Let

(A1) 0
A(f)_( 0 Az(f)>'

If g; € W*(p1) N W*(py), then we will identify ¢; with 7; = (a(q;). B(q;)) € RFF.

Let
J(N)=1q;(f) = (algj), B(gj) : qj € Wi(p1) N Wi(p2)}.
Remarks.
° J(f) is a countable subset of RF .
° Since both W*(p1) and W¥(p,) are invariant under f”, their intersection is also

f"-invariant. So the set J (f) is invariant under the linear map A(f).

° Every point in J (f) is isolated, because the submanifolds W*(p1) and W*(py) are
C® and intersect transversely.

° Every point q; (f) € J(f) varies continuously with f, since ¢;(f), a(f) and B(f)
are all continuous in f.

o Every point g € Rt/ corresponds to a pair of points, a~'(7) € W"(p1) and
B71(@) € W*(p2). For example, the origin in R¥* corresponds to the points p;
and ps. A point 7 is in J(f) if and only if =1 (q) = =1 (@) € W*(p1) N W (pa).

o If it is clear what diffeomorphism I am referring to, I will use A and g; to denote

A(f)and g;(f).

Notation. Let My ;(R) denote the set of (k + /) x (k 4+ [) matrices with entries in R.
If A € My (R) and J C R is an A-invariant subset, then let

Cj(A) ={B € My (R): AB=BA, and B(J) = J}.
Note that C;(A) is a group. It is closed under composition, and contains the subgroup
{A™ :m e Z}.
PROPOSITION 6.7. Suppose that f € N and g € C(f). Let A = A(f) and J = J(f).
IfCj(A) = (A" - m € Z}, then glws(py) = f for some m € Z.

Proof of Proposition 6.7. Suppose that f € N and C;(A) = {A™ : m € Z}, where
A = A(f)and J = J(f). If g € C(f), then by assumption, g(p;) = fk(py) for
some k, and g(p2) = f¥(p2) (property IV in the definition of 7). Soh = gf ¥ isa
diffeomorphism that commutes with f and fixes p; and p;. In particular,

hW*(p1)) = W*(p1),

(W (p2)) = W' (p2),
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and
ROV (p1) N W*(p2)) = W' (p1) N W (p2).

Let B = aha™! and B, = ,Bh,B’l. Then B; commutes with A} and B, commutes
with A>. As in the proof of Lemma 6.4, we can conclude that the diffeomorphisms By and
By are linear maps. Then

is a linear map that commutes with A and preserves the set J(f). B € Cj(A), so
B = AJ for some j € Z. It now follows that hlyyup ) uws(py) = f”j, and therefore

glws(py = [ = fm. 0

COROLLARY 6.8. Suppose that f € N, A = A(f) and J = J(f). IfCj(A) = {A™ :
meZ}, thenC(f)={f":meZ}.

Proof. By Proposition 6.7, if f € N and C;(A) = {A™ : m € Z}, then f satisfies property
VI in the definition of 7. So f € 7, and therefore by §6.3, C(f) = {f™ : m € Z}. O

6.4.3. Perturbations. We will need to make small perturbations to the sets J(f).
The following standard lemma describes the type of perturbation we will make.

LEMMA 6.9. [11, Section 5.4] Suppose that f € N and q;(f) € W;(Pl) N W}(pz).
Let U be a neighborhood of q;(f), small enough so that f™(q;(f)) ¢ U for m #0.
Then given any point q € W}(‘m) U W}(pz) sufficiently close to qj, there is a
diffeomorphism f € N with the following properties:

(D) g=4q;(f) eWLp) N Wi(p2);

2 f=fonM-U;

3) fisC®>®-closeto f.

COROLLARY 6.10. Suppose that f € N and q;(f) € J(f). Then given any finite subset
S =14, () qi,(f),---.4,;,(/)} T J(f) not containing A" (q ;(f)) for any m € Z, and
any point g € R sufficiently close to qj, there is a diffeomorphism f € N with the
following properties:

M g,H=a

@ q,,() =4q,,(f) forallg; (f) € S;

3) A =AU,

@) fisC®>-closeto f.

Proof. Recall that there are C* maps a(f) : W;i(pl) — RFand B(f) : W¥(p2) - R
such that ¢;(f) = (a(q;), B(g;)) for some g; € Wl’;p(pl) N W}(pz). Every point
g € R corresponds to a point a~'(7) € W}‘c(pl) and a point 87'(q) € W}(pz).
If g is close enough to g, (f), then we can make small perturbations as in Lemma 6.9
to give a diffeomorphism f € N satisfying Properties (1), (2) and (4). Moreover, these
perturbations will not affect 7),, f" or T, f", so A( f)=A). O
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COROLLARY 6.11. IfK C R¥ is a bounded, nowhere dense subset, then
Rg ={feN:KnJ(f) =0}
is open and dense in N

Proof. Any bounded region U C R¥*! corresponds to two bounded regions, «~'(U) C
W¥(p1) and B~1(U) c W*(p2). Since W¥(p1) and W*(p3) are C™ submanifolds
and intersect transversely, @~ (U) N B~1(U) contains at most a finite number of points.
So U N J(f) is finite, and this property persists under perturbations of f.

If K c R¥ is bounded and nowhere dense, then K is contained in some bounded
region U, and U N J(f) = {q;,(f),--.,q;,(f)} is a finite set. Moreover, there is a
neighborhood V. C N of f such thatif f € V, then U N J(f) = {g;, (f),....q;, ()}
By Corollary 6.10, Rk is dense and open in V.

6.4.4. The linear case. To complete the proof of Theorem 3.2, it remains to prove the
following proposition.

PROPOSITION 6.12. There is a residual subset R C N such that if f € R, A = A(f)
and J = J(f), then C;(A) = {A™ :m € Z}.

Proof of Theorem 3.2 from Proposition 6.12. To prove Theorem 3.2, it is enough to show
that the set of diffeomorphisms with trivial centralizer is C* residual in the set \V, defined
in §6.4.1. This follows immediately from Corollary 6.8 and Proposition 6.12. O

Notation. The periodic points P = {p1,..., pon} all have period n, so if g;(f) €
WH(p1) "W (py), then { " (q;) : m € Z} C W"(p1) N W¥(py). Fix arepresentative g ;;
for each f"-orbit. So W (p1) N W€ (p1) is a disjoint union of orbits,

W (p) NW=(p1) = || ("™ (q;;) : m € Z}.
i>0

Let g, be the representative of the orbit { /" (go) : m € Z}. Recall that we have assumed
that for every f € N, qo(f) € W;‘f(pl) N W}(pz) (see §6.4.1).

If gj;(f) € W'(p1) N W¥(p2), thenq ; (f) € J(f). Let O(q,) denote the A-orbit of
qji:

0@,) =(A"@;) :n € Z).
So
I1(H=|]oa,; .

where the union is taken over all g, (f) € W (p1) N W*(p2).

We will need the following result from linear algebra, which we state without proof.

LEMMA 6.13. IfA : R™ — R™ is an m x m matrix with m distinct, non-zero eigenvalues
M, -« .y Am, then there is an open and dense subset of vectors U C R™ such that ifv € U,
then {v, Av, ..., A"~} is a linearly independent set.

COROLLARY 6.14. There is an open, dense subset Ry C N such that if f € Ro, then
O@Gj,(f) spans R,
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Proof. For any f € N, the eigenvalues of A(f) are non-zero and distinct. So by
Lemma 6.13, there is an open, dense set of points in R/ whose A(f)-orbits span R+
Let

Ro={f € N':O@;,(f)) spans RKF).

Then Ry is dense in N by Corollary 6.10, and open because the point g jo(f) varies
continuously with f. o

LEMMA 6.15. Suppose that f € Roand A = A(f). If B € My+1(R) and C € My1;(R),
and if both B and C commute with A, then:
(2) B =A"ifandonlyif B(q ;) = A"(q,)-

Proof. Foreveryn € Z,
B(A"(@3,,) = A"(B;,))
and
CA"@}) = A"(C@j,))-
So B(g;,) = C(qj,) if and only if B(A"(g;)) = C((A"(g},) for every n € Z.
But O@jo) spans Rt and B and C are linear, so B = C if and only if B(q ;) = C(gjy)-
Part (2) is a direct corollary of part (1). O

COROLLARY 6.16. If f € Ro, A = A(f) and J = J(f), then Cj(A) = {A" : m € Z}
if and only if for every B € C;(A), B(q,) € O(q ).
Proof. This is an immediate consequence of Lemma 6.15. O
Every B € C;(A) maps g j, into some O(qji) C J(f). Foreach g;; € W"(pp) N
W (p1) (where i # 0), let R; denote the set of all f € Ry such that:
1 q;(f)e W}(pk) for some pj € Ps; and
) ifg;(f) € Wi(p2), then for every B € Cy(pA(f), B@,,) ¢ OF,)-
In light of Corollary 6.16, to prove Proposition 6.12 it remains to prove the following
lemma.

LEMMA 6.17. Foreveryi > 0, the set R; contains an open and dense subset of Ro.

Proof of Proposition 6.12 from Lemma 6.17. Let
R=[\Ri.
i>0

By Corollary 6.14 and Lemma 6.17, R is a residual subset of N'. Suppose that f € R,
A= A(f)and J = J(f). If B € C;j(A), then B(q,) € O(q;,). So by Corollary 6.16,
Cj(A) ={A™ :m € Z}. a

The proof of Lemma 6.17 is given after the following lemma.

LEMMA 6.18. There is an open, dense subset Rp C Ryo such that if f € Rp and
B € Cjp)(A(f)), then B? = AX for some k € Z if and only if B = A™ for some
m € Z.
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Proof. Let
0 ={D(g;,) : D € Mi4/(R) and D* = [}

and
S ={D(g;,) : D € Mi;(R) and D* = A}.

The set Q is a bounded, nowhere dense subset of R¥*! (because if D> = I, then | D| = 1,
so Q is contained in a codimension 1 sphere centred at the origin). Since the eigenvalues
of A are distinct, the set S is a finite collection of points. By Corollary 6.11, the set

Rp={f €Ro:J()HN(QUS) = {7, }}

is open and dense in Ro.

Suppose that f € Rp and for some B € C;(r)(A(f)) and some k € Z, B? = Ak
Depending on whether k is even or odd, there is some 1 € Z such that either (BA™")? = I
or (BA™)? = A. So BA™"(g;,) € QU S, and BA™"(q;,) € J(f), because J(f) is A-
and B-invariant. By definition of Rp, BA™"(q;,) = g,, s0o by Lemma 6.15, B = A". O

Proof of Lemma 6.17. Fix some qj; (#q;,) € W*(p1) N W (p1). The set UpkePs W (pr)
is open and dense in W (py), and g, (f) varies continuously with f. So Property (1) in
the definition of R; is open and dense in Rg.

Let

Si={f €Rp :q;,(f) € Wi(p1) N Wi(p2)}.

If B e Cyj(A) and B(Ejo) € O@ji)’ then BA_k(jjO) =4qj for some k € Z and
BA™* ¢ Cj(A). So it is enough to show that for f in an open, dense subset of S;,
if B € Cj(A) then B(g;) # ¢j. By Lemma 6.15, there is a unique linear map
Bi € Mj+(R) that maps g to g, and commutes with A. Since the points g (f) and
qj;(f) are continuous in f, B; = B;(f) will also vary continuously with f. We will show
that for f in an open and dense subset of S;, B; (f) & Cy(r)(A(f)); Bi(f) will not preserve
the set J(f).

Suppose that f € S; and that B; (f) € J(f). Note that {B]" (g ;,) : m € Z} C J(f).

CLAIM. The three points q ;,, q ;, = Bi(q j,), and q; = Bi2 (q j,) lie in distinct A-orbits.

Proof of Claim. We have assumed that B;(q ;) = q; ¢ O(q;,), so Bi # A™ for any
m € Z. And as f € Rp, B,.2 # A for any k. So qr = B?(Ejo) ¢ O@jo)' It remains to
show that g, ¢ O(q,).

Since O(Ejo) spans R and B; is an invertible matrix, O(B; @) = O@j,-) also
spans Rt In particular, B; = A™ if and only if B;(7;) = A™(g},) (see Lemma 6.15).
But we have assumed that B; # A™. Sog; = B; (Ej’,) ¢ O(qji). O

By Corollary 6.10, we can perturb f to obtain a diffeomorphism f, C*®-close to f,
such that:
() A=A ) )
@ 7;,() =7;,().andg; (f) =7, (f), and therefore B; (f) = B;(f):
(3) there is a neighborhood U of Bi2 (gj,) such that U N J(f) = 0.
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Since B}(q;,) ¢ J(f). Bi(f) ¢ c,(f)(A(f)). Moreover, since B;(f), A(f) and J(f)
are continuous in f , this property will persist under perturbations. So the property that
Bi(f) ¢ Cy(r)(A(f)) holds for an open and dense subset of S;. This completes the proof
of Lemma 6.17. O

6.5. Anosov flows. Let A be the set of all volume preserving Anosov flows ¢ on a
compact manifold M.

PROPOSITION 6.19. There is a residual subset A" C A (in the C” topology, r > 1) with
the following property. For any flow ¢ € A, there is a residual subset Ty C R such that if
t € Ty then C(¢;) = {¢s : s € R}.

Remark. Proposition 6.19 can also be stated within the category of geodesic flows. Let
M be a compact manifold, and let R denote the set of all Riemannian metrics on M with
everywhere negative sectional curvature. For a metric g € R, let ¢ : T1(M) — T1(M)
denote the geodesic flow on the unit tangent bundle to (M, g), and let ¢; denote the time-¢
map of ¢. Then C(¢;) contains the subgroup {g; : s € R}.

PROPOSITION 6.20. There is a residual subset R' C R such that if g € R’ and ¢ is the
geodesic flow on (T1(M), g), then there is a residual subset T, C R with the following
property. If t € T, then C(¢;) = {¢s 1 s € R}

Proof of Proposition 6.19. The proposition will follow from the following theorem of
Jungreis and Hirsch [7].

THEOREM 6.21. [7]If¢ € Aand f : M — M is a homeomorphism such that
(1)  f sends each periodic orbit of ¢ to itself, and

(2)  f commutes with ¢; forallt € R,

then f = ¢s for some s € R.

If ¢ € A, then the set of periodic orbits is countable and dense in M. The residual
subset A" C A will be the set of volume preserving Anosov flows such that no two periodic
orbits have the same period. (In the geodesic flow case, R’ will be the set of Riemannian
metrics g such that no two periodic orbits of the geodesic flow on (77(M), g) have the
same period.)

Suppose that ¢ € A’. Let Sg = {s1, 52, ...} be the periods of the periodic orbits for ¢.
Let 75 C R be the set of all real numbers that are irrationally related to every s € S:

%:{tER:£¢QforeveryseS¢}.
s

Note that 7y is residual in R. Now suppose that t € 7 and f € C(¢;). We will show that:
(1)  f sends each periodic orbit of ¢ to itself;
(2) f commutes with ¢y, forall s € R.
Then it follows from Theorem 6.21 that f = ¢, for some s € R.

Let P; = {¢s(x) : 0 < s < s;} be a periodic orbit for ¢ with period s;. As ¢ is
irrationally related to s;, the set {¢,;(x) : n € Z} is dense in P;. By commutativity of f
with ¢, and by continuity of f and ¢:
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(a) f(P;)isaclosed curve;

() f(@ni(x)) = ¢ne(f (x)) for every integer n;

(¢) theset{f(pn(x)):n €Z}={pu(f(x)):n € Z}isdensein f(P;); so

(d)  f(P;) is invariant under the flow ¢;

(e) if we orient the circles P; and f(P;) in such a way that f preserves orientation, then
by continuity the points {¢,;(f(x)) : n € Z} C f(P;) are in the same order as their
preimages {¢,:(x) : n € Z} C P;; and therefore

()  f(P;) has the same period as P;.

So f(P;) is also a closed orbit for ¢, with the same period as P;. As every closed orbit
for ¢ has a different period, f(P;) = P;. This proves part (1).

The restriction of ¢, to any periodic orbit P; = {¢s(x) : 0 < s < s;} is (conjugate to)
an irrational circle rotation. It is not hard to show that the only homeomorphisms that
commute with irrational rotations on a circle are rotations. In particular, for any periodic
orbit P;, f|p, = ¢, for some t; € R. So the restriction of f to P; commutes with ¢y, for
any s € R. But the periodic orbits are dense in M, so for any s € R, f commutes with
¢s on a dense subset of M. By continuity, f commutes with ¢; on all of M, This proves
part (2). O

7. Partially hyperbolic skew products

Proof of Theorem 3.4. Let fy be a partially hyperbolic skew product on T" x M. The stable
and unstable bundles, E* and E*, are tangent to smooth foliations YW* and WW". Each leaf
W*(x, y) in W is the graph of a C” function over a stable leaf W} (x) for f on T" [3].
Similarly for the unstable leaves. The center bundle, E€, is C 1 and therefore uniquely
integrable. Each leaf W€ (x, y) in W€ is a copy of M.

Let SP(T" x M)k = { fo € SP"(T" x M) : fy has the accessibility property, and a
periodic point (xg, yo) with period k}.

Again using the C! Closing Lemma and [5], Theorem 3.4 is a corollary of the following
theorem.

THEOREM 7.1. There is a set T¥, Cl-open and C"-dense in SP" (T" x M)k, such that if
fp € T and G € C(fp), then G = (f4)*™ for some m € Z.

By the Closing lemma and [5], a C'-open, dense subset of SP”(T" x M) is contained
in | JSP"(T" x M)~

Proof of Theorem 7.1. Let G be a C" diffeomorphism that commutes with f € SP"
(T™ x M). We have seen (Lemma 4.2) that G preserves the stable, center and unstable
foliations for fs. So G is also a skew product on T x M; G = gg for some C”
diffeomorphism g : T" — T" and C" map g : T" — Diff"(M). And g commutes
with f.
Let T be the set of all foeSP(T"x M )¥ with the following properties.
(I) If G = gg commutes with fy, then g = f™ for some m € Z.
() If G commutes with fg, then G(xo, yo) = (fs)" (x0, yo) for some n € Z, where
(x0, yo) is the periodic point for f, with period k.

https://doi.org/10.1017/50143385703000191 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000191

Centralizers of partially hyperbolic diffeomorphisms 79

(I) is open and dense in SP" (T" x M ) (in the C” topology) by [11], and (II) is open
and dense by Lemma 4.3.

LEMMA 7.2. Suppose that H is a skew product on T" x M that commutes with fy and
projects to the identity on T". If H(x,y) = (x,y) for some (x,y) € T" x M, then
HIWS(X!),) =id and H|W“(x,y) =id.

Proof. By Lemma 4.2, HOW*(x,y)) = WS(H(x,y)) = W, y). Soif (w,z) €
WS (x,y), then H(w,z) = (w,Z) € W?*(x, y). But each stable leaf contains at most
one point in each fiber. So Z = z, and H |yys(x,y) = id. Similarly, H |yyu(, y) = id. O

Suppose that f € TFand G = gp commutes with fs, where g = f™. Let H =
Gfy ™. Then H is a skew product that commutes with fs and projects to the identity
on T". By definition of TX, G(xo, yo) = (fp)" (x0, yo) for some n. So H(xg, yo) =
(fe)" ™ (x0, y0), and H*(x0, yo) = (x0, y0). By the previous lemma, Hk|W5(x0,y0) =id
and H*|)yu(y,.y,) = id. Then using accessibility and the lemma, H* = id on all of M.
So GK = (fp)km. i

8. Perturbations of skew products

In this section, we give a proof of Theorem 3.5. This is a result about perturbations of
skew products over T2. The reason for assuming that the torus is two-dimensional is that
Lemma 8.1 is not true more generally [14].

Proof of Theorem 3.5.

LEMMA 8.1. Suppose that f : T> — T? is an Anosov diffeomorphism, and g : T> — T2
is a homeomorphism commuting with f. Then g' = f/ for some i, j € 7Z.

The proof of Lemma 8.1 will use the following results.

LEMMA 8.2. [11, Proposition 0] If A : T2 — T? is a linear Anosov diffeomorphism with
a fixed point p, and G is a homeomorphism that commutes with A and fixes p, then G is
also linear.

LEMMA 8.3. [14] Let A : T2 — T2 be a linear Anosov diffeomorphism. Then C(A) =
(G € Diff*(T?) : GA = AG}) is isomorphic to 7. ® F, where F is a finite commutative

group.

Proof of Lemma 8.1. If f : T> — T2 is an Anosov diffeomorphism, then f is conjugate
to a linear Anosov diffeomorphism A : T?> — T2 via a homeomorphism /:

A=hfh"".

If g is a homeomorphism that commutes with f, then G = hgh~! is a homeomorphism
that commutes with A. Every Anosov diffeomorphism has a finite number of fixed points,
and these fixed points are permuted by G. If p is a fixed point for A, then G"(p) = p for
somen € Z. Soby Lemma 8.2, G" is a linear map. In particular, G* € C(A), and therefore
G" = A"™F, where F* = id for some k € Z. Then G™ = A"k and so g"k = f’"k. O
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The center bundle for a partially hyperbolic skew product is uniquely integrable.
We will show that this property still holds for perturbations of a skew product. I would
like to thank Mike Shub for pointing out this argument.

LEMMA 8.4. Let F be a C' partially hyperbolic diﬁ”eomorphism of a compact manifold
such that E€(F) is uniquely mtegrable and Wi, is cl. IfF is another C! dlﬁ”eomorphlsm
sufficiently C'-close to F, then F is also partially hyperbolic, and E€ (F ) is uniquely
integrable.

Lemma 8.4 will follow from the following theorem [6]. (See §2.2 for definitions.)

THEOREM 8.5. (From [6, Theorems 6.8 and 7.1]) Let F be a plaque expansive, C!

partially hyperbolic diffeomorphism of a compact manifold N. There are constants
= 8(F) and € = €(F,8) such that given any two C' diffeomorphisms G| and G

within C' distance § of F:

(1) G and G, are partially hyperbolic;

(2) there are foliations Wf;l and Wf;z tangent to Egl and E‘G2

3) (G, Wf;l) and (Ga, Wgz) are leaf conjugate via a homeomorphism h Wf;l —

W&z;

(4)  forevery point p € N, d(p, h(p)) < €.

Moreover, W&l and W&z are the unique foliations tangent to E&l and EcG2 satisfying both

Properties (3) and (4).

Proof of Lemma 8.4 from Theorem 8.5. Let F be a C! partially hyperbolic diffeomorphism
such that E°(F) is uniquely integrable and WY, is C ! Then F is stably plaque expansive,
because the center foliation is C! ([6, Theorems 7.2 and 7.3], see §2.2). Let FbeaC!
diffeomorphism close to F (within C! distance §, given by Theorem 8.5, and so that Fis
plaque expansive at W%). Suppose that there are two foliations, ] and F>, both tangent
to E°(F).

Applying Theorem 8.5 to F, there is a foliation W), tangent to E€(F), such that
(F, W) is leaf conjugate to (f, F1) via a homeomorphism &1 : W) — Fj, such that
d(p,hi1(p)) < € for every p. Similarly, there is a foliation W, tangent to E(F'), such
that (F, W») is leaf conjugate to (1?, JF>) via a homeomorphism hy : Wy — F,, and
d(p, ha(p)) < € for every p. By unique integrability of E(F), W| = W = Wy

Now we have shown that the two foliations F; and F> both satisfy conditions (3) and
(4) of Theorem 8.5. By uniqueness, 71 = F>. a

Suppose that fy € SP"(T" x M). There is a neighborhood U C Diff(T" x M)
containing fy such thatif F € U then:
(1)  F is partially hyperbolic;
(2) EC(F) is uniquely integrable;
(3) (F,Wy;) is leaf conjugate to ( fy, W;¢).
Since every stable leaf of fy is the graph of a C" function over a stable leaf for f on T",
the skew product has the nice property that each center leaf intersects every stable leaf in at
most one point. This property persists under C! perturbations. Similarly for the unstable
leaves. Thus we can choose the following:
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(4) each leaf of Wy intersects every stable or unstable leaf for F' in at most one point.
Finally, we let V. C U be the set of all diffeomorphisms F € U such that:

(I)  F has the accessibility property;

(I)  F has a periodic point p, and if G € C(F), then G(p) = Fk(p) for some k € Z.

As discussed in §7, V contains an open, dense subset of U (in the C! topology).

So suppose that F € V and G € C(F). By assumption, (£, Wy,) is leaf conjugate
to (fo, W}d)). Let & be the homeomorphism that maps leaves of W}d) to leaves of Wg,.
If L € WY, then h(L) € Wi, and Fh(L) = hfy(L). So the map h™'Fh is a
homeomorphism of T" x M. It preserves the center foliation W.Ctb’ and projects along
leaves of W}(ﬁ to the diffeomorphism f on T".

If G € C(F), then h~'Gh commutes with h~'Fh. Note that h~'Gh is a
homeomorphism, but is not necessarily a diffeomorphism. G preserves leaves of Wy,
(by Lemma 4.2 and unique integrability of E€(F)). So h~!Gh preserves leaves of W;d),
and projects to a homeomorphism g on T”. By Lemma 8.1, g™ = f" for some m, n € Z.

Now let H = G™™F". Then h~'Hh is a homeomorphism on T" x M that projects
along leaves of W}d) to the identity on T", and H is a diffeomorphism that fixes leaves of

From here the argument follows as in the proof of Theorem 3.4. Let p be the periodic
point for F' guaranteed by Property (II). Then H(p) = F —mk+n(py and H'(p) = p for
some integer i. If g is a point on W (p), then Hi(g) € W;(H[(p)) = Wg(p). And H
fixes leaves of W¢,, so Hi(q) € W{.(q). But then Hi(q) = q, as Wi(p) N We(q)
contains just one point. So H' is the identity on W (p). Using the accessibility property
and repeating this argument, we see that H' is the identity map. So G = F™. a

9. Skew products that are not partially hyperbolic
In this section, we give a proof of Theorem 3.6.

Notation. Regarding T" x S' as a bundle with base T”, I will denote the fiber {x} x S'
by C,. To simplify notation, let

(]5)’:1(@) = ¢f’”’l(x) o ¢f’"*2(x) o--+0 ¢f(x) © ¢X(a)~

Then
(fo)" (x,a) = (f"(x), ¢ (a)).

Proof of Theorem 3.6. Let T be the set of all f € S"(T" x Sy with the following
properties.
(1)  All periodic points for f are hyperbolic.
(2) f:T" — T" has trivial centralizer.
(3) If f*(x) = x for some k, then:
° the circle diffeomorphism ( f¢)k |c, has trivial centralizer;
° C, contains fy-periodic points {(x, ar), ..., (x, am)};
° [T, [(¢%) (@)} # 1 where each j; =0 or 1and Y j; # O.

PROPOSITION 9.1. The set T is residual in S (T" x S').
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Proof. Let fy € S"(T" x S, and let Per(f) = {xo, x1, x2, ...} be the set of periodic

points for f : T" — T". As f is uniformly hyperbolic, Per( f) is a countable set, and each

x; = x;(f) persists under perturbations of f. There is a neighborhood ' ¢ S"(T" x S!)

containing fy such that if f: 3 € N, then:

° f is Anosov;

o Per(f) = {xo(f), x1(f), x2(f), ...}, where each x; () has period k;. O
We will show that 7 NN is a residual subset of N. As f, was arbitrary, this will prove

that 7 is residual in 8" (T" x S1).

CLAIM. For everyi > 0, there is an open and dense subset V; C N such that if fy € Vi,
then:

(@) all periodic points for fy are hyperbolic;

(b) f is Anosov;

(c) the circle diffeomorphism ( f¢)k’ lc satisfies the conditions given in (3).

x; ()

Proof of Claim. 1t follows from the Kupka—Smale theorem and [11] that Properties (a)
and (b) hold for an open and dense subset of A/. The circle diffeomorphism ( f¢)k" |fo( n
varies continuously with f, so by [9], property (c) also holds for an open and dense subset

of NV. m]

LetV = ﬂizo V;. Then V is a residual subset of N/, and V C 7. Proposition 9.1 is
proved. O

PROPOSITION 9.2. If fy € T, then fy has trivial centralizer.
Proof. Let G be a C” diffeomorphism that commutes with f € 7. O

LEMMA 9.3. The diffeomorphism G preserves the set of fibers; for every x € T" there is
ay such that G(Cy) = C,.

Proof of Lemma 9.3. Suppose that pg and p; are periodic points for f, both contained in
some periodic fiber Cy. I will assume for simplicity that x is fixed for f, and pg and p;
are fixed for fy. Orient the circle, and suppose that the interval [pg, p1] C C, contains
no other fixed points, and that if ¢ € [po, p1], then (f¢)i(q) — po as i — 0o, and
(f$)' (@) = prasi — —oo.

G(po) and G(p1) are also fixed points for fs, and G maps the interval [po, p1] to
some continuous path between G (pg) and G (p1). Suppose that this path is not completely
contained in a single fiber.

If ¢ € [po, pil, then (f3)'(G(q)) = G(fj(g) — G(po) as i — oo, and
(f¢)i(G (¢)) — G(p1) asi — —oo. Consider the projection of G[pg, p1]to T". The fixed
points G(po) and G(p1) project to some fixed points xp and x; (possibly not the same).
The interval [G (po), G(p1)] projects to a continuous path (or loop) between these points.
Every point on this path is a heteroclinic point, which approaches x¢ in forwards time and
x1 in backwards time. But the set of heteroclinic points for f on T" is countable, so this is
impossible. So G must map the whole interval [ po, p1] to a single fiber. And G must map
the whole fiber C, to the same fiber.
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If po and p; are periodic points for fy in some periodic fiber Cy, then pg and p; are
fixed points for (fy)" for some n. The same argument shows that G(C,) = C, for some y.
As periodic points are dense on T”, G preserves all fibers. a

Note. We did not need partial hyperbolicity to prove this lemma. The same argument will
not necessarily work for skew products on T x M for a manifold M # S'. We needed an
open, dense set of heteroclinic points in the fiber, and a countable set of heteroclinic points
in the base.

COROLLARY 9.4. The map G is a skew product over f™ for some m € Z.

Proof. The diffeomorphism G preserves fibers, so it projects to a C” diffeomorphism g
on T". The map g commutes with f, so g = f™ for some m. a

Let H = G(fp)™". Then H is a skew product over the identity map, and H commutes
with fy:

H(x,a) = (x, Bx(a)),

for some C” map B : T" — Diff'(S'). If x is periodic for f with period k, then
( f¢,)k|cx and H|c, are commuting diffeomorphisms of C,. By definition of the set 7,
Hlc, = (fp)X|c, for some i € Z.

So if x is any periodic point for f, with period k, then there is some i = i(x) such that

H(x,a) = (x, Br(@) = (fp)M (x,a) = (x, ¢ (a))

for any (x, a) € Cx.

We will show that H is the identity map. Suppose not. Since f-periodic points are dense
in T", there is an f-periodic point xg such that H |c,, is not the identity map. There are 2m
fixed points for (f¢)J on Cy,, for some m > 1 and J > 1. We assume that / = 1 (if not,
replace fy with f, ¢] ). We also assume that m = 1; there are exactly two fixed points for f
on Cy,, (xp, a1) and (xg, az). These are also the fixed points of H on Cy,. The case m > 1
is similar, and is discussed at the end of this section.

By definition of 7, ¢)’Co(a1) # 1, ¢)’Co(a2) # 1, and ¢;0(a1).¢)’60(a2) # 1. We assume
that

Py, (@) < 1,¢; (a2) > 1 and ¢ (a1).¢y (a2) < 1.
Let U C T" be a neighborhood of xq such that the following hold.
(1) Foreach x € U, there are exactly two fixed points for H on Cy, (x, ay) and (x, a;),

close to the fixed points (xg, a1) and (xg, az).
(2) There are constants 0 < o < 1 < v such that for every x € U,

0<@i(aj) <a, l<¢(@)<v and av<y <1 forsomey. (9.1)

(3) Ifx e Uand f(x) € U, then fy(x,a’) = (f(x),a! ) fori =1,2.
Such a neighborhood exists because the maps g : T" — Diff' (S') and ¢ : T" —
Diff" (S!) are C!, and because fo permutes the fixed points of H.
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LEMMA 9.5. Let xq be a fixed point of f and let U be any neighborhood of x¢. Then given
any A > 0, the set

A
{x : fk(x) = x for some k > A, and at least <T) k of the points

{fj(x)30§j<k}areinU}

is dense in T".

Proof of Lemma 9.5. Let V C T" be any open set. V contains a homoclinic point z for xg.
For some J, if j > J then f/(z) € U and f~/(z) € U. By the shadowing lemma, given
any € > 0 there is an integer N such that if K > N then the pseudo-orbit { f/ (z)}f:_ K
is e-shadowed by a periodic point for f with period 2K . Choosing € small enough and K

very large, there is a periodic point for f in V that spends (A — 1)/A of its orbitin U. O

To complete the proof of Theorem 3.6, we will choose a large A and show that if
fk(x) = x for some k > A, and if [(A — 1)/A]k of the points {fj(x) 10 <j <k}
are in the neighborhood U defined above, then H|c, = id. As these points are dense
in T", this will complete the proof that H = id, and G = (fs)". The idea is that if a
neighborhood U has been chosen as above, and if x € U, then either most of the orbit of
(x, af ) is spent near (xg, aj), or most of the orbit of (x, af ) is spent in neighborhoods of
(x0, a1) and (xg, a2) (with equal time in each). Either way, if H|c, is a very high power
of fy, then under H there will be very strong contraction in the fibre direction at (x, af).
But since H is a diffeomorphism, such contraction must be bounded, so we will obtain a
contradiction.

Both f and H are cl,

(T 0 ([ T.f 0
T("’”H‘(aﬁx(a)/ax ﬂ;(a)) and T“"‘)f‘*‘(aqsx(a)/ax ¢>;<a>>'

By compactness of T" x st Bi.(a) and ¢/ (a) are bounded. There are constants N and
M > 1 such that

% < (By) (@) <N and % < (¢x)/(a) <M 9.2)

forall (x,a) € T" x S!.

Choose A very large (to be determined later), and let x € U be a periodic point
for f with period k > A. Suppose also that at least [(A — 1)/A]k of the points
{fj(x) :0 < j <k}arein U. So there are constants 0 < p < g < k such that:

(1) f/(x)eUif0<j<pandifqg <j<k
2 p+k—q) =[(A-1/Alk.

Since fy and H commute, f, permutes the fixed points of H. So ( f¢)k(x, ay) =
(x,ay) or (x, a}), and therefore (x, ay) and (x, a3) have fs-period k or 2k. Suppose they
have period k. So (f)*(x, al) = (x, a}).

Recall that by definition of U,

e ah) = @).al’™) for0<j<pandforg <j<k.
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In particular,
p—1 )
J
@0 @) =[] )@ ) <a?
j=0

(by (9.1)), and
_ q _
@l @) < ok,
So

(qbl;)’(af) < aP M1 Pgk—a

< a(Afl)k/AM(l/A)k
_ (aA—lM)k/A
But H(x,af) = (x, Be(a])) = (fp)X (x,a}) = (x, p* (a})) for some i > 0. So
(Bo) (@}) = @5 (a)) < (@)

If we assume that A has been chosen large enough so that «A~'M < 1/N, then this
contradicts (9.2) unless i = 0. Therefore 8y = id, and H|c, = id.

Now suppose that the fi-period of (x, ay) and (x, a;) is 2k. So (f¢)k(x, ay) = (x,ay),
and H|c, = (f¢)2ki for some i > 0. As before, f/(x) € Uif0 < j < p and if
q < j <k,where p+ (k—¢q) > [(A—1)/Alk. And since (f¢)k(x, ay) = (x,a;) and
(f)* (x,al) = (x, a),

flaah) = @),al’™) for0<j<pandk+q<j<?2k
and .
; ; J
flad) = (ff),af @) forg <j<k+p.
Therefore,
(qb)%k)/(af) < aP Ma7P kP —a ppa—p k=g
< a(Afl)k/A'u‘(Afl)k/AM(z/A)k

— (pAI M)A

where y = o < 1 and B, = ¢§k" for some i > 0. If A has been chosen large enough
so that yA=1M? < 1/N, then (By) (a]) < (1/N)!, which contradicts (9.2) unless i = 0.
Soi =0, 8, =idand H|c, =id.

Note. If we had started with (xq, a1) and (xg, ap) fixed for ( f¢,)] for some J > 2, then this
argument would show that H” |¢, is the identity map, for x in a dense subset of f-periodic
points in T”. But if x is f-periodic with period k, then f¥ |c, is Morse—Smale and not a
root of the identity map (by definition of 7), and H|c, = ( f¢)ki forsomei > 0. So H’ lc,
is the identity map if and only if H|c, is the identity map.

If there are 2m fixed points for H on Cy, for some m > 1, {(xo, a1), ..., (x0, a2m)},
then let U C T" be a neighborhood of xg such that:

https://doi.org/10.1017/50143385703000191 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000191

86 L. Burslem

(1) for every x € U, there are exactly 2m fixed points for H on C,,
{(x,a)), ..., (x,a5,)};
(2) ifxeUand f(x) € U, then fy(x.a¥) = (f(x),al™) for | < j <2m.

If x € U is periodic for f with period k, then ( f¢)k permutes the points
{(x,a)),...,(x,a3,)}. We can assume without loss of generality that (f¢)k(x, a;f) =
(x,af, ) for 1 < j < 2m, and that (fp)*(x,a3,) = (x,a}). So Hlc, = (fyp)*"* for
some i > 0, and therefore By = qb)%mk". Since ]_[3’2 1
that the neighborhood U has been chosen so that:
(3) there are constants o, ..., a2, such that for every x € U, qb)’C (ajf) < aj for all

[(¢x,) (@i)] # 1, we may also assume

1<j< 2m,and]_[3’ilotj < y for some y < 1.
Let A be very large, and suppose that x € U has period k > A, and that at least
[(A — 1)/A]k of the points {ff(x) :1 <j <k}arein U. Then

2m
(qb)%mk)/(a)f) < H(aj)(Afl)k/AMk/A
j=1

< (MZmVA—l)k/A_

Since By (a}) = ¢k (af) for some i > 0,

(B2) (aF) < (MPmy A=l k/DE

If A is large enough so that M>"yA~1 < 1/N, then this contradicts (9.1) unless i = 0.
So it follows from Lemma 9.5 that H = id. o
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