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1. Introduction

The original motivation for the introduction by Frobenius of group characters for
non-abelian groups was the problem of the factorization of the group determinant
corresponding to a finite group ¢. The original papers are [5] and [6] and a good
historical survey of the work is given in [7] and [8]. If G is of order », the group matriz
X is defined to be the n x » matrix {z, ,} where z, , = x,,-1 for g, he G. Here the z,,
g€, represent variables. The group determinant O is defined to be det (X), and is
thus a polynomial of degree n in the z,. This determinant is the same, up to sign, as
that of the matrix obtained from the unbordered multiplication table of G by
replacing each element g by x,. If there is no ambiguity O, will be written as ©.

The group determinant was subsequently relegated to a minor role by the
discovery that the theory of matrix representations, and later that of algebras and
modules, could be used to obtain proofs of Frobenius’ results which were more
accessible. Since then, of course, the theory of group representations and characters
has become an important tool, but nevertheless there remain many aspects of the
theory which are not fully understood (for example consider the many questions
raised by Brauer in [1]). This paper takes a new look at one of the major sources of
group representation theory, assuming the point of view that this could give a
greater insight into its uses and limitations, as well as offering the prospect of
additional tools.

A question which naturally springs to mind is the following: if the determinants
of G and H are the same, does this imply that ¢ and H are isomorphic ? This may be
compared to the group ring problem (see [11]). The theory of algebras with a norm
form is relevant (see [9]). Although results are obtained here on the consequences for
a pair of groups that they have the same determinant (for example they must form
a Brauer pair), it is unknown whether such a pair must be isomorphic (but see the
note added in proof at the end). One result given here is that if a group ¢ has a
representation of degree 2 there exists an algorithm which starting from the
corresponding irreducible factor of the group determinant constructs an explicit
matrix representation. Thus in the case where G' has a faithful representation of
degree 2 a single factor of the group determinant determines G completely.

In his original paper [6], Frobenius introduced functions from G* to C, which for
k=1 are ordinary characters and which are called here k-characters. Similar
functions have also appeared recently in the theory of matrix invariants. Given a
representation p of degree f, the corresponding irreducible factor of the group
determinant can be constructed from the f-character which corresponds to p. Even
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for the case k£ = 2 these characters give much more information about the group than
the ordinary characters; for example it is well known that the dihedral and
quaternion groups of order 8 have the same ordinary character tables whereas their
unique non-trivial 2-characters are distinct. (Some care is needed to describe
precisely the meaning of ‘distinct’. See Section 2.) Moreover the k-characters
corresponding to distinct irreducible characters y;, x; are orthogonal in the sense that

Z x@xPg =0
gec®
This leads to the construction of orthogonal arrays which may be thought of as
higher analogues of group character tables. The columns of these tables are indexed
by the orbits of the permutation group on G* generated by G (acting by
conjugation) and the symmetric group S, (acting by permuting factors) and the rows
consist of the values of the k-characters together with ‘degenerate’ rows arising from
lower characters. Examples are given of such tables.
A more modern view of this work is afforded by regarding the variable x, as
a probability on G, i.e. one supposes that x is a function from G to [0, 1] with
decxg = 1. The matrix X then becomes the Fourier transform & of x with respect
to the regular representation of ¢ (see [3], p. 7), and the irreducible factors of © are
the Fourier transforms of the irreducible representations of G. It is well known that
for any representation of ¢ the Fourier transform satisfies

xxy = .9, (r-1)

where (*) denotes convolution. In fact the determinant contains enough information
to carry out the process of Fourier inversion described in [3].

The discussion here assumes that the field over which factorization takes place is
C. The paper is set out as follows. In Section 2 a summary of Frobenius’ results is
given. The k-characters are discussed, the orthogonality results are presented and a
more detailed discussion of the 2-character table is given with examples. Section 3
contains the theorem on factors of degree 2. The results obtained on the information
contained in an irreducible determinant factor of arbitrary degree are set out in
Section 4 and in Section 5 there are given some problems and suggestions for further
work.

2. The results of Frobenius and higher orthogonalities
Let 7" be the right regular representation of ¢ on C@, i.e.
TG} (X aph) = X a,hy.
heG heG
As is pointed out in [7], if a(g) is the matrix representation of 7'(g) with respect to
the basis {g7!,...,¢5'} of C@G, then
X =, 0(9)+2,,0(9)+...+2, 0(g,).

The standard theory of semi-simple algebras leads to the decomposition of C@ into
irreducible G-modules and this is equivalent to the reduction of X, to a block
diagonal matrix, which is again equivalent to the splitting of O into irreducible
factors.

The following is a summary of the relevant results of Frobenius.
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(1) The number of irreducible factors of © is equal to the number of conjugacy
classes of G.

(2) To each irreducible factor ¢ of © there is associated an irreducible character y,
of G': x4(e) is f, the degree of ¢, and y4(g) is the coefficient of x/ "'z, in ¢ for g + e.

(3) Let y be an irreducible character of G. Define the k-character ¥*(g,,92,-- -, 9))
recursively by

xX19) = x(9), X192 - 96) = X(1) X*¥ (92, 955 - -, G)
—X* Gy 95,950 - G)— - —XE (G0, G - T Gi)- (2°1)

If no ambiguity arises the superscript on y* will be omitted. Then if f is the degree
of x, the corresponding irreducible factor ¢, of Q¢ is given by

¢X = (l/f l) Z X(gh g23 e gf) xgl xg2 v ng: (22)
where the summation runs over all f-tuples of elements of G.

(4) If ¢ is an irreducible factor of © then the highest power of ¢ which divides 6
is f, the degree of ¢.

(5) If a matrix representation p of (¢ with character y is given then ¢, is the
determinant of the Fourier transform Ege(}' pg) x,.

(1) is a consequence of the fact that CG is a direct sum of matrix algebras, and that
its centre has the class sums as a basis. (2) can be most easily derived using (5), which
appeared later in Frobenius’ development. (5) follows from the decomposition of CG
into irreducible G-modules. The proof of (4), which Frobenius initially regarded as
the main result of the theory, can be reduced to standard character theory.

There is an alternative way of defining x(g,,¢s., - - -, ;) which has appeared in the
theory of matrix invariants. The formulation below comes from [4]. Let o be an
element of S,. Write o as a product of disjoint cycles

o=(ay...ap)(by...b)(C,- . ¢) -,
where 1-cycles are included. Define the trace function 7.: (M, (C))® —C by
Ty X) = Ty Ky ) TXy o Xy ) T K)o (23)

- Xay,
where T is the usual trace. Now let p be a representation of G which corresponds to
X; and let X, = p(g,), for ¢ = 1,...,n. Then (2-3) becomes

T( X, Xg,) = X(ga, - ..gakl) X9y, - g,,kz))((gc1 . ..gcka) cees
and X(gla -"7glc) = E Sign (0') qu(Xgla ~"7ng)' (24)

oeS,
In [4] it is stated that all relations among traces of f x f matrices are consequences of
the relation ] '
E Slgn (0-) qu(Xl:'--’Xf-f-l) = O (25)
geSpy,
An equivalent definition of x(g,,...,g,) is given in [6], where it is also pointed
out that if x is an irreducible character of degree f, then x(g,,...,gs,) =0 for all
gy>--1Gs4 In G
A further interpretation of y(g,,.:.,g,) is as the value obtained by inserting the
probability x, = 1, x, = 0 for g % e into
_ %
0z, 0z, ...0x,,
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The result on orthogonality follows.

THEOREM 2:1. Let x and yr be distinct vrreducible characters of G. Then

Z X(k) g) 1/,(k) (2'6)

gEG( )
Proof. Suppose that y and ¥ are irreducible characters of . Using the formula (2-4)
for (g, ,...,g;,) the sum (2'6) becomes

Y [( X sgn (o)X, - Ga, ) XGb, 95, ) X(Ge, -G, ) - -)

(9{1, ---,ﬂtk)GG(k) oS,

(X sgn () V(Ga; - Gay) V0o, G0y ) ¥(9; - 9,) ),

T€Sy
where
o=(a,...ap)(by...b)(c;--.¢).... and 7=(aj...ap)(by... b)) (cy...cpp).
The theorem holds if it can be shown that

% [(X(Ga, - 9a, ) X(G, -G, ) X{Ge, -+ 9e, ) - )

(gtl. ..-,ggk)EG(k)

(%(ga; cee ga;c;) lﬁ(gb; N gb;c;) 1)[—,(gcl gc,c ] =0, (2:7)

where the sum corresponds to the cycle structure of ¢ and 7 as described above.
Without loss of generality it may be assumed that g, = g,; = ¢;. Then the sum in
(2'7) may be rearranged as

[(x(gs,--- 95, ) X Gc, - 90, ) --)

P Go; - Goi ) V@i 94.) ) I X(94,9a,--9a, ) ¥ (91, 90; - Gai)]-

g, €G
(2:7) will follow if it can be shown that

ZG X(9:,90, 90, ) V191,90, - Gai) = 0. (2:8)
9i, €
But (2-8) is equivalent to

3 x(h) (k) =0, (2'9)

heG

where y and ¥ are distinct and irreducible, and this is a standard character theory
identity (cf. [2], p. 219, (31:6)). The theorem is proved.

We now describe in detail the 2-character table of a group G. There are three types
of rows. Let y,, ..., ¥, be the irreducible ordinary characters of G.

(@) For each y; of degree > 1 the 2-character as described above. Explicitly

Xi(9: k) = x:(@) x:(k) = x:(gh)-
(b) For each y, define y{** as follows:

X2 P(g, h) = x,(9) x:(h) + x:(gh).
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Table 1

The 2-character table for S,
Let @ = (123) and b = (12). The ordinary character table is

Class order i 2 3
Representative e a b
X t 1 1
X2 1 1 -1
X3 2 -1 0
The 2-character table is
Class order 1 2 2 4 3 6 6 12
Representative (e, e) (a,a?) (a,a) (e,a) (b,b) (e, d) (b, ab) (a,b)
Character Norm
Yo 36 1 t 1 1 1 1 1 1
¥ X 72 2 2 2 2 -2 0 -2 0
Y Xs 72 4 -2 -2 1 0 2 0 -1
yE 36 1 i 1 1 1 —1 1 -1
X2 Xs 72 4 -2 -2 1 0 —1 0 1
X 108 6 3 0 -3 2 0 2 0
x: 36 2 —1 2 —1 -2 0 1 0
Orthogonal 54 0 3 -3 0 -2 0 1 0

complement

(c) For any pair y;, x; of distinct irreducible characters define y; 0 x, by
X0 X5(9, R) = xi(g) x; (k) + xs(R) X,(9).

The functions described in (a), (b} and (c) will be called extended 2-characters.

ProrosiTioN 2:2. The extended 2-characters are patrwise orthogonal, with respect to
the inner product described in (2-6) with k = 2.

Proof. The cases not covered by Theorem 2-1 proceed similarly and are left to the
reader. |

Prorosition 2:3. If Y is any extended 2-character then

(i) ¥(g, k) = Y(a gz, x7ha) for any z in G, and
(ii) ¥(g.h) = Y(h,g).

Proof. This follows directly from the definitions above. I

Define the 2-classes of G to be the orbits of the action of {(G,0) on GxG by
x(g, h) = (@ gz, x 7 hax) for 2,9,k in G and o(g, k) = (k,g). In view of Proposition 2-3
it is natural to index the columns of the 2-character table of ¢ by these classes.

Examples are given in Tables 1 and 2 of the 2-character tables for S, and the
dihedral group of order 8.

The norm column refers to the sum 2, ;.|¥(x)|2. As may be noted the extended
2-characters do not span the space of 2-class functions. In the case of S, the
‘complementary’ row is given below the table. In the dihedral case the
complementary space is two-dimensional with basis vectors having zero entries
except in columns 4-9,

The table for @, the quaternion group of order 8 is obtained from Table 2 by
reversing the signs in the entries of the last two rows in columns 6-9. Before
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explaining how the tables for Dy and @, are not equivalent it is necessary to define
the appropriate concept. Let G' be a group. A permutation 7 on the set ¢ naturally
induces a permutation 7‘® on the elements of G® by 7n'®((g, k)) = (7(g), m(k)). In
general the image of a 2-class will not be a 2-class. An admissible permutation of the
columns of the 2-character table of @ is defined to be any #®® which permutes the 2-
classes of ¢ among themselves, i.e. for which the image of a 2-class is always a 2-class.
Note that not all column permutations of the 2-character table are admissible since
a ‘diagonal’ 2-class of the form {(a,a)}, where a runs through a conjugacy class of ¢
must be taken by an admissible permutation into another diagonal 2-class. Then the
2-character tables of groups G and H are equivalent if and only if an admissible
permutation of the 2-classes of H acting on the columns of the table for H and any
permutation of the rows of the table for H produces a table which is identical to that
of G. In this sense the tables for Dy and @, are not equivalent, although one may be
obtained from the other by a non-admissible permutation of the columns. In
particular the unique 2-characters which are represented by the last row of each table
remain distinct under admissible permutations, as mentioned in the introduction.

3. Factors of low degree

Let G be a finite group and suppose that ¢ is an irreducible factor of O of
degree 2.

THEOREM 3-1. Given ¢, an explicit 2-dimensional matrix representation of G can be
constructed with character y,.

Proof. By result (5) of Frobenius ¢ = det (X plg)z,), for some irreducible
representation p. Without loss of generality it may be assumed that there is an
element g such that p(g) has distinct eigenvalues « and v, for otherwise all p(g) would
be scalar multiples of the identity matrix and p and hence ¢ would be reducible.
Again without loss of generality it may be assumed that for the particular ¢ in
question p(g) is diagonal.

Such an element g can be determined from ¢. For the coefficients a of z,z, and g
of o} in ¢ are the same as in det (Ix,+p(g)x,), and hence these coefficients are
respectively «+v and uv. Now w = v if and only if a® = 44, and a suitable g may be
determined by a direct search. From now on it is assumed that ¢ is a fixed element
of G and that p(g) = diag (u, v).

LEyMMa 3:2. At least one element h of G can be found so that p(h) has both off-diagonal
elements non-zero.

Proof. If all p(h), he @, are upper triangular, then p is reducible. Hence if no & with
the property in the statement of the lemma can be found there are two elements k,

and k, such that
pk) = ( b and p(k,) = 1
! 0 ¢ (k.) q 7

with bg + 0. But then

ap+bg br
cr)’

plky ky) = (
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If either ¢ or r is 0, the corresponding representing matrices have zero determinant,
so h = k, k, satisfies the conditions of the lemma.
It may thus be supposed that there exists he G with

_(P g
p(h)—(r 8),

with gr # 0. The coefficients of ¢ which involve only the variables z,, x, and z, are the
same coefficients as in det (Iz,+p(g) z, + p(h) x,). This is

det (xe +ux,+ pa, qx, ) .
TI, T, vz, + sz,

Let vy, 6 and € be respectively the coefficients of z,2,, x,x, and z} in ¢. Thus
y=p+s, J=us+vp and €= ps—qr.

Since u and v are assumed to be known it follows that p and s can be found from the
first two equations and hence gr can be calculated from the third. Hence a suitable
h may be found by search on the coefficients of ¢.

From now on it is assumed that % and ¢ are fixed elements of G with

_f(u O (P aq
p(g)—<0 v) and ;O(h)—(1 8)

where u # v. The set {u,v} can be found explicitly from the coefficients of x,x, and
x7 as above, and an arbitrary choice can be made as to the order in which they appear
on the diagonal. The assumption that » =1 may be made since otherwise the
similarity transformation D™'p(k)D may be applied to all the matrices p(k) where
D = diag(1,r). From the discussion in the previous paragraph, p, ¢ and s can be
completely determined from the coefficients y, § and ¢. Now take k to be an element
of G distinct from e, g and 4. Let

p(k) = (; 4]

LeMMA 3-3. The entries P and S may be determined explicitly from ¢, the element ¢
satisfies a quadratic equation which is determined by ¢ and a choice of @ determines a
unique value for R.

Proof. Suppose a,, a,, @, and a, are the respective coefficients of x,x;, x,x;, z, 2,
and 22 in ¢. The entries P and S can be found as above from «, and «,. The coefficients
o, and «, are the respective coefficients of z, z, and «% in

_ px,+Px, qz,+Qx,
det (p(h) 2, + p(k) ) = det( x,+ Rz, th'i'Sxk)'

Thus a; = pS+Ps—gR—@Q and a, = PS—QR. If p = pS+Ps—azand v = PS—a, it
is seen that @ satisfies the quadratic equation
x?—pxr+vg =0, ((31)

and that once a solution of (3-1) has been chosen R is determined uniquely. |
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It is not clear that it is possible to give a direct way of choosing appropriate
solutions of the equations of the form (3-1), but the finite subgroups of GL,(C) have
been classified up to conjugation, and this may be used. The following appears in
[10], but, as is indicated there, was originally a result of Klein.

ProrosiTiON 3-4. Any finite subgroup of GL,(C) has a conjugate which is one of the
Sollowing types.
(a) All elements are of the form

a 0 . 0 ¢
06 7 \ao
(dihedral type).

(b) The group is generated by matrices of the following types:
a 0) ¢t 0 0 1 and m(1—14) Im(i—1)
0 a/’\0 —i)’\—-1 0 Im(t+4) Im(l+3)
(tetrahedral type).
(¢) The group is generated by the matrixzes in (b) together with diag(nj,nj™")

(octahedral type).
(d) The group is generated by the following set:

a 0\ (6 O 0 1 A i
6 26 o) (o) = (o 5)
where 00 =1,A=1/(0*-07%) and p*+A*+1=0

(icosahedral type).

Essentially we will need only a small part of this characterization, namely that a
finite non-abelian subgroup of GL,(C) is conjugate to a subgroup containing elements
g and & where A has a special form.

LeEvMa 3-5. Let K be a finite non-abelian subgroup of GL,(C). Then a conjugate of K
contains elements h and g where

with u %+ v.

Proof. From Proposition 34 there is a conjugate of K containing an element of M

of the form
0 ¢
d 0/

D“MD=(O m)
m 0

If D = diag (1, (¢/d)?) then

where m = (cd)?. In all the cases of the proposition there exists a diagonal element
which does not commute with M (in case (a) the assumption that K is non-abelian
must be used). Choose g to be this element.
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The above algorithm may be modified by searching first for an element A with the
coefficient of z, z, equal to 0. The coefficient of 22 will be assumed to be —m?. Then
a search is made for an element g such that if ¢ is the coefficient of 7 the coefficient
of z,x, is —t—m?. If no such element g can be found then % is discarded and a new
search is made. Since Lemma 3-5 ensures that two such elements can be found the
search will eventually be successful.

Now assume that in the calculations preceding (3:1) the elements p(g) and p(k) are

respectively
u 0 0 m
( 0 v) and (m O) .

In this case a; = —m(Q@+R) and o, + PS = QR and both @ and R are solutions of
(3-1), so a choice of solution produces either a matrix M or MT. The calculation will
thus give for each group element k either a unique matrix in the case of equal roots
or a pair of matrices M and MT. Define U to be the set of all matrices which arise from
solutions of (3-1). Let the set U, = {V,, ..., N,} of matrices be defined by

N, =1, N;=plg), N;=p(h),

and the condition that U, contains all matrices of U corresponding uniquely to an
element of G and all pairs {M,,M]} which correspond to two elements of G. All
members of U, must be in a representing set of matrices for p where p(g) and p(h) are
as above. The remaining matrices in U are pairs {M,, M} where not both members
of the pair can lie in such a representing set. Suppose that U,={N,,,..., N}
where the set {¥,,..., N, } forms a representing set of matrices for p. It follows that
{N,,...,N,,NL,,...,N5} also forms a representing set and U = U, UU,U U] where
Ul ={M*:MeU,}. Now if M,eU, and M,e U7, then M, M, cannot lie in U. For if
M, M,=M, lies in U, UU, then M; = M;M")T lies in U, U U, which gives a
contradiction. On the other hand if M, lies in U7 it follows that MT = (M;')™M7 and
lies in U, U U,, which also gives a contradiction. This leads to the following way of
choosing U,. Let N, be chosen arbitrarily and then the remaining members of U, can
be selected by testing their product with ¥V, ,. The element is included precisely if this
product lies in U. A representing set of matrices for p is produced and the theorem
is proved. |

4. Factors of arbitrary degree

Assume now that G is a finite group, O is its determinant and that ¢ is an
arbitrary irreducible factor of @, corresponding to the representation p of degree f.
Note that p is necessarily irreducible.

LeMMA 4:1. For any element g of G the characteristic equation of p(g) is determined
by ¢.
Proof. The coefficients in ¢ involving only x, and z, are the coefficients in

Y(x,, x,) = det (Ix,+p(g) x,). Thus (2, —1) is the characteristic equation of p(g),
and is obtained from ¢ by the substitutions x, =2, x,=—1, z, =0 for &+ g.

The Molien series of a representation p of a group G is defined to be the series
M, (z) = Ea, ', where q, is the dimension of the space of invariants of degree ¢. See
[12] for a modern exposition of the theory.
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LeMMma 4-2. The Molien series for G is determined by ¢.
Proof. From a result of Molien
1
M (z) = (1/|Q —_—
It is readily seen using Lemma 4-1 that

1
¢(1,0,...,—z,0,...,0))’

where the summation is over all positions for the variable —z except the first. |

M) = (1/|G|>(1_/(1—z)f+2

ProrosrTiON 4:3. Assume that p(h) has distinct eigenvalues for some he G. If a matrix
representation g+ M(g) is in the equivalence class determined by p and M(h) is diagonal,
then the diagonal entries of M(g) can be determined from ¢ for each ge@G.

Proof. Suppose that M(k) = diag(4,,...,A;) where A; + A; for ¢ # j. Consider an
element ge @ where g % ¢, h. Let
M(g) = (gij)fxf'
The coefficients of ¢ involving z,, z, and z, are by (5) of Section 2 the same as the
coefficients in det (Iz,+M(h)x,+M(g)x,). Before discussing these in detail we
introduce the following notation. Let oy(z,,...,2,_,) denote the ¢th symmetric
function of the variables z,,...,z,_,, so that
oy =2 +2z+...%z_, and o, ,=2z2...2,.

Let A=(A,..,A) and A;=(A,..., A A, -, A)),
and let TA) =04 (Ass oo Ay, Agrs -5 Ap)
The following are the coefficients in ¢ of the monomials indicated:

o'z, Jutgeet .-t

x£_2xhxg: 0'1(/\1)911+-"+0'1(’\j)9ff

xl % Zy: 0p(A) gyt F0y(Af) gy

iz, OraA) g+ -+, (A) gy
It follows that g,,,...,g; can be determined from ¢ provided that

1 ... 1
a(Ay) ... oy(Ap)
0 1(A) ..oy (A)
is non-singular. However it is an easy calculation to show that the determinant of the
above matrix is Hk,(/\i—/\,).
The pair G, H of groups is said to be a Brauer pair if the two groups have the same
character table and if there is a 1:1 map between the conjugacy classes which

preserves the power map C'+~ C™ for every m, where C is an arbitrary conjugacy class
and C™ = {z™: 2 e (}.
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Lemma 44. If two groups have the same group determinant then they must form a
Brauer pair.

Proof. Suppose that ¢, and G, are groups such that there is a 1:1 map «x:G,~ G,
which induces the identity from O to O . Since the coefficient of @'z, in an
irreducible factor ¢ of ©; is x,lg) it follows that there is an induced 1:1
correspondence p+ kp between the irreducible representations of ¢; and G,, such
that x,(9) = x,,(xg). Suppose further that for 1 < ¢ < k the elements g* and (kg)* lie
in corresponding conjugacy classes. Let ¢ be an arbitrary irreducible factor of @ .

LeMMA 4'5. The coefficient of xf %z in ¢ can be expressed in the form ((—1)¥'/k)
x(g*)+ P, where P involves sums of products of terms of the form x(g') where t < k.

Proof. It is a result of Frobenius that y(e,g,,...,9,) = (f—») x(gs, ---.9,) ([6],
equation 23). Iterating this result it follows that

x(e,e,...,e,g,g,. ’g f_'k)'X(g g’:g)
where e occurs f—k times on the left and g occurs & times on each side. From (2:2)
the coefficient of x{~*x in ¢ is
r
N IVEC]
(k occurrences of g). By Equation (24) no term of x(g,9g,...,g) involves y(¢g¥) apart

from those arising from the (k—1)!k-cycles, which each have sign (—1)*71. This
proves Lemma 4-5.

A =R x(g.9.....9)

Applying Lemma 45 it follows that for any irreducible representation p of G, we
have yx,(g*) = x,,((xg)*) for arbitrary ge G,, since the coefficients of 2{*z} in ¢, and
of x[~*xf in ¢, are equal for all g and k. Now if G, and G, do not form a Brauer pair
there is some element % in G, and there is an integer j such that »/ and (xk) do not
lie in corresponding conjugacy classes. But, by standard representation theory, given
any pair (C,, C,) of distinct conjugacy classes of G, there is at least one irreducible
representation ¥ of G, such that if reC, and seC, then x,(r) # x,(s). This implies
that such a  can be found so that y, (b) + Xﬂ{,((Kh)j ), which leads to a contradiction.
hence G, and GG, must form a Brauer pair and lemma 4-4 is proved. |

5. Conclusions and comments

It is hoped that the results here will persuade others that a revival of work on the
group determinant can provide a new perspective regarding group representation
theory. One of the many questions raised in [1] is that of how much information is
necessary in addition to that of the character table in order to determine a group.
This may be extended as follows.

Problem 1. To what extent does the knowledge of the k-characters determine a
group ?

Even in the case of 2-characters the following problem appears to be unsolved.

Problem 2. Find a pair of non-isomorphic groups whose 2-character tables are the
same.
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Many other similar problems can be formulated.

Since the representation theory of the symmetric groups has had such a fruitful
interaction with combinatorics, a natural question is whether there is a ‘generic’ way
of constructing the factors of their determinants from the standard combinatorial
tools. In this context it may be appropriate to note that the factor of an arbitrary
group determinant corresponding to any representation p is a semi-invariant; more

precisely
(s - 2p) = et (P(C)) B (@yer - > Tne) = det (P(C™)) B(Tegs - - Ton)s
where (g, ..., k) is an f-tuple of elements of G and ¢ is an arbitrary element of G, f being

the degree of p (see [13], section 52).

The results in Section 3 suggest that it would be worthwhile to examine the
irreducible factors of degree 3 of © and also factors which arise from irreducible
monomial representations with a view to constructing the corresponding matrix
representations.

The author would like to thank Ed Formanek and Surinder Sehgal for helpful
conversations, and the former also for supplying offprints and preprints of work on
matrix invariant theory. Some of the work was financed by a research initiation
grant from The Pennsylvania State University while the author was on an
interchange program at University Park, Pennsylvania.

Added in proof. Formanek and Sibley have recently proved that groups with the
same determinant must be isomorphic. Hoehnke has told the author that results of
his imply that the k-characters for k£ < 3 completely determine a group.
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