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Abstract A set S C R is almost Erdds if, for every € > 0, there exists a set E C R of positive Lebesgue
measure such that {x € S: axz+b ¢ E} is nonempty for all |a| > & and b € R. In this note, we show that
any decreasing null sequence (z,) with decay rate greater than 1/2 is an almost Erdé&s set.
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1. Introduction

The lower decay rate p of a decreasing null sequence (z,,) is given by

p=limint Tnil (1)
n—oo I

Evidently, p € [0,1]. When p € (0,1], we say that (z,,) has a positive lower decay rate.
It was proved independently by Eigen and Falconer [2, 4] that if p = 1, then there exists
a set E of positive Lebesgue measure such that {n € N : azx,, + b ¢ E} is nonempty for
any a # 0 and b € R. This relates to the well-known question posed by Erdés [3]:

Given an infinite set S of real numbers, is there a set £ C R of positive Lebesgue
measure such that {x € S:ax +b ¢ E} is nonempty for all a,b € R?

This is known as the Erdds similarity problem. Erdés was motivated by a classical result
of Steinhaus [10] for finite sets, to which the answer to the above question is negative.
In [11], the term Erdds set was coined for any set S for which the answer to the above
question is positive. A set that is not Erdés is known as a universal set; see, e.g., [6, 9].
Steinhaus’ result implies that finite sets are not Erdds. Any unbounded or dense set S
is Erdés, since one may take E to be a Cantor-type set of positive Lebesgue measure.
It is still unknown whether there exists an infinite set that is not Erdés (equivalently,
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universal). An analogue of the problem in topological spaces is considered by [5], while
a more recent result involving the construction of special Cantor-type sets can be found
in [7].

In the spirit of this problem, we introduce the following notion: a set S C R is almost
Erdés if, for every € > 0, there exists a set £ C R of positive Lebesgue measure such
that {x € S : ax +b ¢ E} is nonempty for all |a| > € and b € R. If S is almost Erdés,
then so is any S’ containing S; the closure of an almost Erdds set is still almost Erdés,
and any affine translation of an almost Erdés set is again almost Erd&s. Consequently, it
suffices to restrict attention to decreasing null sequences. Building on Falconer’s work [4],
we show that whenever p > 1/2, the sequence (z,) is an almost Erdés set (Theorem 1).
The argument may also be extended to sequences (z,,) with positive decay rate p < 1/2;
however, in this case, we are only able to construct compact sets £, and E_ of positive
measure with the property that E misses any copy of (z,,) whenever b, |a| > &, while
E_ misses any copy of (z,) whenever —b, |a] > & (Theorem 2).

Moreover, we show that if (z,)nen is a decreasing null sequence with p > 1/2, then
there exists a set E of positive Hausdorft dimension such that {n € N : az, +b ¢ E}
is infinite for all @ # 0 and b € R (Theorem 3). We conclude with some corollaries
concerning translates of sequences (z,) by a real number b.

2. Almost Erdos sequences

Theorem 1 Let (x,)nen be a decreasing null sequence with p > 1/2. Then, for every
€ > 0, there exists a set E C R of positive measure such that {n € N : ax,, + b ¢ E} is
nonempty for all |a| > ¢ and b € R. Moreover, the measure of E is uniformly bounded
away from zero.

Proof. Let p > 1/2. Then there exists N € N, N > 3, such that

11
PN

Let () be a decreasing null sequence such that r; < 1/2 is sufficiently small. Then, for
every k € N and b € [0, 7], we have

N +b N 1 1 1 1 .
re/N+b _ i/ +rk_7+*<*+*<p—m<x+1

_ for all n > ng. (2
b = et 2N 2N 2 L, oralln>me (2)

The inequalities in (2) imply that, for b € [0, rg], the intervals

1
(re/N +0b, 1, +b) and

T Tn41

(’I“k/N +0b, rp + b)

overlap for all n > ny. Consequently, the interval (ry/N +b,00)/x,, is entirely contained
in the complement of the set

1
ﬂ — (Ex +b), where Ey, = U [i7k, jri + 15 /N] for all k € N, (3)

X
n>ng JEZ
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and therefore

N L (B b) C (—o0, 1o/ + 8]/, (4)

n
n>ng

On the other hand, for b € [0, r] we have

Tk—b < Tk
27 —Tk/N—b = 2r —’I"k/N
1 1 1 Tn41
_ o1 for all n >
1N S2 Tan SPTTRS T oraln =

implying that the intervals

1
- (=2rp +7/N +b, —rp +b) and (=2rp +7i/N +b, —ri +b)

n $n+l

overlap for all n > ny. Therefore, the interval (—oo, —ry + b)/x,, is entirely contained
in the complement of the set (3), and so

M - (B +5) € [r b, 00) . (5)

Together with (4), we obtain

1
ﬂ . (B +b) C[—rk, 2rg)/zyn, forall k € N. (6)

n
n>ng

By periodicity of Ey, (6) holds for all b € R.
Now let & > 0. We may choose (ry) so that (ry/z,,) is itself a null sequence. Then
there exists k. € N such that r, < ex,, /2 for every k > k.. Consequently,

N L (Betb) Cloc, e forallk> k.. (7)

€T
n>ng "

This implies that, for any |a| > €, there exists n > ny such that az,, — b ¢ Ej whenever
k > k.. Taking k = k. and letting E = E},_ yields the candidate set. Finally, we estimate
the measure of E. Let A denote the Lebesgue measure on R. Then

Tk 1 Tk 1 1 1 1
E) = \Ey.) > \E 1) > —= | — Y25 "% on
AE) = MEr.) = MEx, N[0,1]) > L,%J> N(m )_N N~ 2N’

since r; < 1/2. Thus, the set F has a measure uniformly bounded away from zero. O

https://doi.org/10.1017/50013091526101370 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091526101370

Almost Erdds sets 935

Theorem 2 Let (x,)nen be a decreasing null sequence with p > 0. If p < 1/2, then,
for every e > 0, there exist sets E1, B3 C R of positive measure such that

{n € N:ax, + b ¢ E;}is nonempty for all b > ¢, |a|] > &,
and
{n e€N:ax, +b¢ Ey}is nonempty for all b < —e, |a| > e.

Moreover, the measures of the sets E1 and Es are uniformly bounded away from zero.

Proof. Let p < 1/2. Then there exists N > 3, N € N, such that

i< <L
NSPENZT
W.l.o.g., take (rj) such that r, < Np —1 for all kK € N. For every k € N and b € [0, r],
we have
(Np—=1—rp)ri+b _ Np—rg Tk Tnal
< <p- for all n > ny,.
Nre+b SNy SPTNFL S Ty, OrAn

Consequently, for b € [0, 7], the intervals

1
—((Np—1—rg)rg +b, Nrp,+b) and
In Tn+1

(Np—1—rg)ry +b, Nri, +b)

overlap for all n > ny. Thus, the interval (Np — 1 — ri)ry + b, 00)/x,, is contained in
the complement of the set

1 1
n E (Ek + b),
n>ng

where

E; =[0,(Np—1—rp)rg] U U 17k, j7 + (Np —1 —rp)rg], forallkeN. (8)
J>N

Because inf E{ = 0 for all k¥ € N, together with the inclusion

M = (BL+5) C (00, (Np— 1 = rg)rg + b/,

n
n>ng

it follows that

1
ﬂ - (EL+b) C [0, (Np—1—rg)ri+b]/zn, C[0,(Np—ri)ri]/Tp,, forall ke N (9)

n
n>ng

for all b € [0,74].
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Now let b > Nry. Then, from (8), it follows that E,% +bC E,i +E, where b = b mod Tk.
Consequently, in view of (9), we have

1
ﬂ — (B} +0b) C[0,(Np—r)ri]/xn,, forallkeN, (10)

n
n>ng

for all b € [0, 74] U [Nrg, 00).

Now let € > 0. Again, we may choose (7x) so that (rx/xy, ) is itself a null sequence.
Then, there exists k. € N such that Nr, < ex,, for every k > k.. Hence, for all
b>e>exp, > Nry, we have”

1
N ;4Eﬁ+mgm¢L for all k > k..

n
n>ng

This implies that, for any |a| > ¢, there exists n > ny, such that az,, —b ¢ Ej, whenever
k > k.. Denote E; = E,is. Then, similar calculations show that

MEr) = MEy,) 2 MEy, 1[0,1])

1—Nr
Z(Nplrhﬁm{7%@J

=

>MM—1—mXLﬂMN+1»>%MM—U,

by letting 1 < (Np—1)/(N +1).
Now we show the existence of Fs. Note that, for all b € [0, 7], the inequalities

-1, +b —Tk

< T7k< Ln41
—2Nr,+ (Np—1—ri)rp+b = =2Nry+ (Np—1—1i)r

N Ty

<1 ’I“k<
N N OF

hold for all n > ny.
Therefore, for b € [0, 7], the intervals

1
—(=2Nr+(Np—1—rg)ri+b, —rp+b) and
Tn Tn+1

(=2Nry+(Np—1—rg)rg+b, —ri+b)

overlap for all n > nj. Consequently, the interval (—oo, =1y + b)/xy, is contained in the
complement of the set

1
n>ng n

where

E? = [~ry, —rip+(Np—1—rp)r;]U U ik, jre+(Np—1—rg)rg], for all k € N. (11)
j<—2N

* Since (zr) is a decreasing null sequence, we may normalize it so that z, < 1 for all n € N.
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Because sup E7 < 0 for all k € N, together with the inclusion

1
ﬂ - (El% + b) c [_Tk + b,OO)/JZ‘nk,

n
n>ng

it follows that

1
ﬂ — (B} +b) C [~7% +b,0]/2p, C[~7k,0]/2p,, forallkeN, (12)

n
n>ng

for all b € [0, 74].
Now, let b < —2Nry,. Then, from (11), it follows that E? +b C E? + b, where b = b
mod (—r). In view of (12), we obtain

1
ﬂ — (E} +b) C [-rg,0]/2p,, forallkeN, (13)

n
n>ng

for all b € [0, 74] U (=00, —2N7g].
Avoiding repetitions, for any £ > 0, there exists k. € N such that, for b < —&, we have

ﬂ i(E,?er)g[fs,()}, for all k > k..

n
n>ng

Thus, for any |a| > ¢, there exists n > ny such that ax, — b ¢ Ej whenever k > k..
Denote Es = E,%E. Then, similarly as for £, we have

MEz) = MER) = M(E;, 0 [-1,0])

1—2N
> (Np—1—rp)rk. {WJ

Tks

> (Np—1-m)(1=r(2N +1)) > 2(Np—1),

by letting 1 < (Np—1)/(2N + 1).
In particular, the sets F; and E; have measures uniformly bounded away from
Zero. g

3. A set of positive Hausdorff dimension avoiding copies of a null sequence

Theorem 3 Let (zy,)nen be a decreasing null sequence with p > 1/2. Then, there exists
a set E C R of positive Hausdorff dimension such that

{n € N: ax, + b ¢ E}is infinite for all a # Oand b € R.

Proof. The inequalities in (2) still hold for all n > n,,, for any fixed m, that is, by
replacing r with r,, in p — ri. This gives us the freedom to choose any null sequence
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(rr), independent of whether (ry/x,, ) is a null sequence or not. Then, inclusion (6) still
holds with z,,, replaced by z,,,, .

Considering F, restricted to the interval [0, 1] and taking the intersection with respect
to k > 1 yields

1
—(E+0b) C here E = Ey.
N 5B+ i) where £= () E,

n>nm
Consequently, for every a # 0 and b € R, there exists n > n,, such that
ar, —b¢ E.
By moving along the subsequence {n,,}, we obtain that

ax, —b¢ E infinitely often.

For n > 1, let
D, = () Ex.
k<n

Then E C D, for every n > 1, so any cover (open or closed) for D, is also a cover for E.
Now, choose the null sequence 7, = N/(N + 1)* for k € N with N € N, N > 3. The
set D,, consists of disjoint closed intervals of length 1/(N + 1)™, and there are

etz () 0 () =

such intervals.
Given a set U C R, let |U| = sup{|z — y| : z,y € U}. For s,t > 0 and V C R, denote

HE(V) = inf{z Ual* U <8, V E Un}.

n>1 n>1

Then

)

<0022 (3) = (k)"

For the choice s = log2/log(N + 1), we obtain

H*(F):= lim H: (E) <1.

T
n— 00 "

Next, we show that H*(F) > 0. It suffices to show that, for some a > 0, it holds

Z |Un|° > «, for any cover {U, }of E.

n>1
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W.l.o.g., we may assume that each U, is a closed interval. Because F is compact, we may
assume the cover {U,} is finite. For each U, let k € N be such that

1 _ Tk+1 Tk _ 1
(N + 1)kt1 N —7"ON S (N+ 1R

Then U, intersects Dy, in at most one of its subintervals, since the intervals are of width
ri/N and are separated by a distance of r(1—1/N). Next, U,, intersects Dy, in at most
two intervals, since each subinterval of Dy contains at most two subintervals of Dy .
Inductively, for every j > k, the interval U,, intersects D; in at most 2/~% subintervals.
Note that

217k = 29(N 4+ 1)7*F < 29(N + 1)*|U,|*.

We take j large enough so that (N + 1)~U+Y < |U,| for all U,. Any interval I of D;
contains a nested sequence of subintervals

I2L 21,2

where I, is a subinterval of D;,, inside I. Since 7, — 0, the lengths shrink to zero, so
N, Im is nonempty and contained in E. Therefore, any cover {U, } must intersect all 27
intervals of D;; otherwise, it would miss a point in .

We write j = j, + k, for each U,, then

27 <Y " 2in =3 " 2I R <N (N +1)* U7,
implying

) 1
ZW' N+1) )

Remark 4. The set E in Theorem 3 has positive Hausdorff dimension

_ log 2
~ log(N +1)

and Hausdorff measure at least 1/2.

4. Some corollaries

Corollary 5. Let (zp)nen be a decreasing null sequence with p > 1/2. Then there exists
a set E C R of positive measure such that, for allb € R, the set x, +b ¢ E is nonempty.

Proof. This follows from Theorem 1 by taking ¢ < 1 and a = 1. g
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An analogous corollary holds as well for decreasing null sequences with 0 < p < 1/2.

Corollary 6. Let (x,)nen be a decreasing null sequence with 0 < p < 1/2. Then, for
every € € (0,1), there exist sets E1, Es C R of positive measure such that

and

Zn +b ¢ Eqis nonempty for all b > ¢,

Zn + b ¢ Eqis nonempty for all b < —e.

Proof. This follows from Theorem 2 by taking ¢ < 1 and a = 1. g

Corollary 5 relates to [1, Theorem 1(ii), Borwein-Ditor]. Borwein and Ditor showed
that there exists a set E of positive measure and a null sequence (x,,) such that, for each
b€ R, z,+b ¢ FE infinitely often. Corollary 5 also relates to [8, Theorem 3, P. Komjéth],
where it is proved that for any null sequence (z,,) and € > 0, there exists a set F C [0, 1]
of measure A\(E) > 1 — ¢ such that, if b € [0, 1], then x,, + b ¢ E infinitely often.
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