Probability in the Engineering and Informational Sciencé§ 2002 271-288 Printed in the US.A.

NONHOMOGENEOUS BIRTH
PROCESSES AND /.-SPHERICAL
DENSITIES, WITH APPLICATIONS

IN RELIABILITY THEORY

MOSHE SHAKED

Department of Mathematics
University of Arizona
Tucson, AZ 85721
E-mail: shaked@math.arizona.edu

FABIO SPIZzZICHINO

Department of Mathematics
University “La Sapienza”
00185 Rome, Italy
E-mail: spizzichino@uniroma 1.it

FLORENTINA SUTER

Department of Mathematics
University of Bucharest
70109 Bucharest, Romania
E-mail: florent@math.math.unibuc.ro

In this article we characterize,-spherical density functions by means of epoch
times of nonhomogeneous pure birth procesSesne further properties df,-
spherical densitiesuch as Schur-concavjtgositive dependencand stochastic
comparisonsare also givenThe relationships of,,-spherical densities to notions
of interest in reliability theory are highlighted

1. INTRODUCTION

Let f be an exchangeable density function®h (i.e., f(Xy, Xa,..., X5) = f(X5,
Xy -+ Xz,) fOr @any permutatiozy, 7,...,,) of (1,2,...,n)). Then the function
g, defined by
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N (Xq, Xpyeeay Xp)  0F X =X = -0 =X,

g(Xg, Xz, 00y Xn) = { (1.1)

0, otherwise

is a density function with support in tlredimensional congx; = x, =< --- =Xx,} (in
fact, gis the density function of the corresponding order statistiesnverselyf can
be expressed by means of the abgwaes follows

1
f(Xq, X2y.nny Xp) = o I(Xi s Xy oo en X ) M X S Xy = o0 =X, (1.2)

The purpose of this article is to study a special caseldf), namely the case
when a density functiog of a nonnegative random vectér= (X4, X,, ..., X,,) is of
the form

P(xy) FO=Sx =x=--- =X,
1.3
0 otherwise (1.3)

g(Xl’ X2"-~’Xn) = [
for some nonnegative functiaf(i.e., the value ofy(x4, X,, ..., X,,) does not depend
onthe actual values af;, X, ..., X,_1, butonly whether or not they satisky = x, =

<+ = Xn_1 = Xp). In the main result of Section 4 is shown that if( Xy, X,,..., X;,)
has a density of the forifi.3), thenXy, X,, ..., X,, must be the firsh epoch times of
some nonhomogeneous pure birth process

Densities of the form(1.3) arise naturally in the Bayesian statistical theory
of reliability as follows Let Z,,7Z,,...,Z, be n exchangeable lifetimes with a
Schur-constant density functipthat is suppose that the density functidyn of
(Z4,2Z5,...,Z,) is of the form

fZ(Zb 22,---,Zn) = lp(zl+ 22+ -t Zn)’ (219 ZZa""Zn) € er; (14)

see Spizziching22, Sects 1.4 and 43] for a discussion about the intuitive meaning
and the utilization of Schur-constant densities in the analysis of subjective proba-
bility models for lifetimes If we let

Xi=Z,+2Z,+ - +2Z, i=12,...n (1.5)

then (X4, X5, ..., X,) has a density of the formil.3). In the context of Bayesian
reliability theory theX;’s correspond to the sequential observation of failpndsen
only a single unit worksand immediate replacements occur at failure instances
From(1.4) and(1.5) it is seen that every property &’s with density(1.3) can be
translated into a property fa's with density(1.4).

As is indicated in(1.1) and (1.2), there corresponds to thgin (1.3) an ex-
changeable density functidngiven by

f(X17X27'--’Xn):d)(maxxi)’ (Xl’XZ"-'axn)Eer; (16)

1=i=n
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here

¢ = ¢/nl. (1.7)

Such densities are called spherical in thenorm and the functionp is called the
generatorof thel .-spherical densityOne useful property of such density functions
is that they are easy to identify and constrilRachev and Riischenddri5] ob-
tained some de Finetti-type theorems Fgrspherical densitiedglesias Pereira
and Tanakd9] analyzed them in some detaih particular they obtained some
properties of these that are useful in the statistical analysis of life Tla¢amain fact
that we prove in Section 4—thdthe ordered versions pfthese are the density
functions of the firsh epoch times of a nonhomogeneous pure birth process—gives
a useful meaning to such densities

The article is organized as followis Sections 2 and,3ve recall the definition
of nonhomogeneous pure birth process@sl we give some useful facts about them
and about the associated multivariate conditional hazard rate funclibasela-
tionship betweefthe ordered versions df . -spherical density functions and epoch
times of nonhomogeneous pure birth processes is derived in SectPos#ive
dependence propertieand stochastic comparisgnsf random vectors with..-
spherical density functions are given in Sectiotgparticular for random vectors
with such densitigswe describe in Sectio5 a relationship between the positive
aging properties of multivariate Polya frequency of ord@i2cussed in Shaked and
Shanthikumaf19]), and of Schur concave survival functiof@iscussed in Barlow
and Mende[1] and in Bassan and Spizzichif®]).

In this article “increasing” means “nondecreasing” and “decreasing” means
“nonincreasing

2. NONHOMOGENEOUS PURE BIRTH PROCESSES

A counting proces® = {N(t), t = 0} is said to be amonhomogeneous pure birth
processwith intensity(or rate functionsr; = 0 if

{N(t), t = 0} has the Markov property (2.1)
P{N(t+ At) =i +1[N(t) =i} =r,(t) At + o(At), i=1, (2.2)
P{N(t+At) >i+1|N(t)=i}=o0(At), i=1 (2.3)

When all of ther;’s are identicala nonhomogeneous pure birth process reduces to
a nonhomogeneous Poisson proc¥gs assume throughout that eaglsatisfies

f ri(uydu=oco forallt=0; (2.4)
t

this ensures thatvith probability 1 the process has a jump after any time point
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LetT, =T, = --- =T, be the firsth epoch times of the point procelk The
density functiorf of (T;, T,,..., T,) can be written by means of the intensity func-
tions as follows

f(xl,xz,...,xn)=[f[r(x, }exp{ Ef r(u)du}

0=X; =X = -+ =X, (2.5)

wherex, = 0; see for example Snyder{21, p. 248]. Converselywe have the fol-
lowing result

ProprosITION 2.1: Let T, =T, = ... =T, be the first n epoch times of a nonhomo-
geneous pure birth process with intensity functions+ 1,2,...,n, and let f be the
density function ofT;, T, ..., T,). Then, the intensity functions can be expressed by

means of f as follows:
J f(le'”)Xjfl)tvuj#»ly"-?un) dun"‘dUJ+1
un

/Il,lj+1 t =Un-1

f f f f(Xgy oo X0, Uj, Ujy g, .0, Up) AU, - - duy 4 duy
=tJu

Up=Un_g
wheneveD=x; = --- =x_;=tj=12,...,n

j+1= U

(2.6)

Proor: By plugging(2.5) into the numerator of the right-hand side(&f6) we get

J,...

j+1=t

J/ f(xlw"’Xjfl’t7uj+1""7un) dun”'duj+l
Un

=Un-1

fu fu i 1[Hr(x)}exp{ 2f r(u)du}r(t)[lﬁlri(ui)]

xexp{ f rj(u)du—f " Fi+1(u) du— > I ri(u)du} dup---du

G- 1 t i=j+2 Ju_,

1=t

Similarly, the denominator of the right-hand side(@f6) is

f f F(Xyeoy X1, Ui, Ujq, - oo, Up) AU - - dU g AUy
u=t Up=Up_1

j—1 j—1 Xi n
J [H ri(Xi)]eXp{_E j ri(u) du} rj(uj)|:H ri(ui):|
Up=Up_q | i i=1 Jx_q i=j+1

xexp{f’ rj(u)du—f Crawdu- S | ri(u)du} du,---dy 2 dy.

Y=Y
u=tJuj =y

-1 j i=j+2 Ju_y
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Thus the right-hand side of2.6) is equa) after some simplificatiojto

rj(t)( f liﬂrlri(Ui)]

U=t n=Un—1

x exp{— f Cawdu— S
t

Ui

ri(u) du} dun---du,-+1>

i=j+2 Ju_q
([ ] i)
U=t U = Up=Up_q1 | i=]
uj n u; -1
xexp{—f r(uydu— > ri(u)du] dun---duj+1duj> . (2.7)
t i=j+1 Ju_,

A straightforward computation now shows that both expressions enclosed in large
parentheses if2.7) are equal to 1 u

Note that the right-hand side @¢2.6) does not depend on the actual values
X1, X2,..., Xj_1, but only on whether or not they satisty = x, --- = X;_; = .
Consider now a nonhomogeneous pure birth pro@sdefined in2.1)—(2.3),
with intensity functions 4, r,,..., r, that satisfy(2.4). With every intensity function
ri, associate a survival functids;, and a density functioh;, defined by

H(x) = exp{— fxri(u) du}, x =0, (2.8)

h; (x) = ri(x)exp{— fxri(u) du}, x=0. (2.9)

With this notationf in (2.5) can be rewrittepafter some substitution and simplifi-
cation as

hi(Xp)ha(X2) -+ hn_1(Xn-1)
Ha(X1)Ha(X2) - - Ho(Xn-1)
0=X=X= -+ = X,. (2.10)

f(Xl’ X27-~"Xn) = hn(Xn)’

Nonhomogeneous pure birth processes are named “relevation counting pro-
cesses” in Pellereghakedand Zinn[14], in BelzuncelLillo, Ruiz, and Shakef3],
and in Belzunce and Shakéd]. Some applications in reliability theory are de-
scribed in the cited referenceéother interpretation of these processes in reliabil-
ity theory, by means of load sharinég described in the following remark

Remark 2.2:The firstn epoch times of a nonhomogeneous pure birth process have
a useful interpretation in reliability theory as followSonsider a system afiden-

tical components in parallel that are subjected to a nonnegative time-dependent load
L.(-). The load is initially shared equally among theomponents in the sense that

the failure rate of each component at titngiven that all the components are alive

https://doi.org/10.1017/50269964802163017 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964802163017

276 M. Shaked, F. Spizzichino, and F. Suter

then is L4(t)/n. After the first failure of a componenthe survivingn — 1 compo-
nents are subjected tq possibly differentnonnegative time-dependent loagl -),
and this load is shared equally among thesel components in the sense that the
failure rate of each component at timygiven thatn — 1 components are alive then
is L»(t)/(n — 1). In general given thati — 1 components have failed alreadlye
survivingn — i + 1 components are subjected to a nonnegative time-dependent load
Li(-), and this load is equally shared among thesei + 1 components in the sense
that the failure rate of each component at tiggiven thatn — i + 1 components are
alive thenisL;(t)/(n—i+1),i=12,...,n

Note that the failure intensity of the first failurem§L(-)/n] = L4(-), and in
generalthe failure intensity of théth failure is(n—i +1)[L;(-)/(n—i +1)]=L;(-),
i=12,...,n. Thus then failure times of the components are the fingpoch times
of a nonhomogeneous pure birth process with intensity functioghs = L;(-),
i=12,...,n.Inother wordsstudying the firsh epoch times of a nonhomogeneous
pure birth process is equivalent to studying the lifetimes odmponents of a load-
sharing systepas above

If Li(-) =L,(-) = --- =Ly(+), then we get a variation of the load-sharing model
with the linear breakdown rujelescribed in Schechngk7]; in this case thefailure
times of the components are the firsepoch times of a nonhomogeneous Poisson
process with intensity functiob,(-). If the L;’s are constant functionghen we get
a special case of the model discussed in Frd@hffor n= 2], in Rosg 16], and in
Norros[13].

Itis worthwhile to mention that sequential order statis@ssdescribed in Cramer
and Kampg6,7], can be seeffrom the discussion if6, p. 305] or [7, p. 308]) to
have the same distribution as the first epoch times of a nonhomogeneous pure birth
process

3. MULTIVARIATE CONDITIONAL HAZARD RATE FUNCTIONS OF
ORDERED VARIABLES

Let X4, Xs,..., X, be nonnegative random variables with an absolutely continuous
distribution function The multivariate conditional hazard rate functions that are
associated with these random variables are defifmdexample in Shaked and
Shanthikumaf18]. When the random variables are almost surely ordered as

X, =Xo= - =X, (3.1)

then the corresponding multivariate conditional hazard rate functions simplify con-
siderably In this section we describe these simplified functicasd we point out
some facts about them

The first hazard rate function, (which is actually the initial unconditional
hazard rate function of;) is given by

PIX,=t+A|X; > t]
A b

Aqi(t) = lim t=0.
Alo
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For 2= j = n, the conditional hazard rate function Xf, given thatX; = x;, X, =
Xoyeun,s Xj,]_ = Xj-1, denoted by\] 11,2 j*l(' ‘ X1, X2, 00ty Xj,]_), is defined by

.....

Ajnz,..., jfl(t|X17X2,-~-an71)
. P[XJ'St+A|X1:Xl,XZZX2,...,Xj,1:Xj,1,x]'>t]
= lim , t=x_,
alo A

(by (3.1) we may assume that the’s above satisfyx; = X, = .- = X;_1). The
density functionf of (X4, X5,..., X,) can be written by means of the multivariate
conditional hazard rate functions as follaws

n Xi
XeXp[_ZI Aijva,... i1(U|X1,X2,--~,Xi1)dU},
i-1

Xji—1

0=X =X = -+ =X, (3.2)

wherexq = 0; see for example Snyder[21, p. 248]. We also have the following
conversgwhich is an analog of Proposition12.

ProprosITION 3.1: Let X, X,,..., X, be nrandom variables which satisfy ¥ X, =

- = X, almost surely. Then the multivariate conditional hazard rate functions
A (<) of (Xg, Xa,..., X,) can be expressed by means of the density function f of
(X4, X5,..., X,) as follows:

Ajinz, o j—1(t[ X, Xy o0y X21)
oo

[e'e)
te f f(X17~--7 Xjfla t7 uj+17~'-7un) dun"'duj+l
Un=Un—1

Ujpq=t
= b
oo oo o]
f f f F(Xg,. v o5 Xj—1,Uj, Ujgegs oo, Up) AUg- - - dUy 4 Ay
U=t uj =y Up=U,_1

(3.3)
wheneveD=x, = --- =x_;=tj=12,...,n
The proof of Proposition.3 is similar to the proof of Proposition®2 We omit
the details
4. EPOCH TIMES OF NONHOMOGENEOUS PURE BIRTH PROCESSES
AND /.-SPHERICAL DENSITIES

LetT,=T,= ... =T, be the firsth epoch times of a nonhomogeneous pure birth
process as described in Sectiofr®m(2.1)—(2.3) and the definitions ok .|.(|-) in
Section 3it is immediately seen that the multivariate conditional hazard rate func-
tions of theseT’s are A1(-) = r1(-) and Ajj1o, . j—1(-[ Xy, X2, ..., Xj—1) = 1;(+),
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j=2,3,...,n,where the;’s are the intensity functions of the nonhomogeneous pure
birth processThus it is seen that3.2) and(3.3) are generalizations dR.5) and
(2.6), respectivelyln fact, we have the following observation

ProprosiTION 4.1: Let X, X,,..., X, be nrandom variables which satisfy X X, =

.- = Xpalmost surely. If the multivariate conditional hazard rate functians(- | -)

of (Xg, Xp,..., Xp) are such thai\jj, 5 j-1(t|Xg, Xa, ..., X|—1) does not depend on
the actual values of xx,,..., X|—1, except, of course, that they satisfy= x, =

- =Xj-1,] =2,3,...,n, then there exists a nonhomogeneous pure birth process N
{N(t), t = 0} whose first n epoch timeg £ T, = ... = T, satisfy

(T, Ty, Tn) =6t (X, X5, .00y X))
Furthermore, the intensity functionsaf N are given by
ri(t) = Aq(t), t=0,
() = Az -1 (U Xg, Xy o0 Xj21), t=0,j=2,3,...,n,

where, in the latter equation, the'x are selected such that;x= x; =< -+ =
Xj—1 =t.
j—1

Proor: Note that under the stated conditions on the(-|-)’s, (3.2) simplifies to
(2.5); that is (T4, Ty, ..., Ty) and(Xq, X,, ..., X,,) have the same density functions
[ ]

Of particular interest for ysn this article is the case in whighfor any arbi-
trary x, > O, the densityf of T, = T, = ... = T, given in (2.5), is such that
f (X4, X2, ..., Xn_1, Xn) does not depend on the particular valugsxs, ..., X,_1, but
only on whether or not they satiskf < x, = --- = X,_1 = X,. In other words of
particular interest for us is the case in whithf (2.5) is of the form(1.3) for
some generatag. In this sectionwe focus our attention on this special case,and
in particular provide some characterizations of Hirst, we state and prove the
following basic result

THEOREM 4.2: Let X, X,,..., X, be nrandom variables suchthat X X, = ... =
Xnalmost surely. If the density function g(€, X,, ..., X,) is of the form (1.3), then
there exists a nonhomogeneous pure birth process{N(t), t = 0} whose first n
epochtimes =T, = ... =T, satisfy

(Tlv T2’ cee 7Tn) st (Xl’ XZ’ ey Xn)

Proor: Let the multivariate conditional hazard rate functionsXef X, ..., X,, be
denoted by .|.(-|-). Substituting(1.3) into (3.3), we see that

foo
Uj =t

f ¢ (Un) dug---duj g

h=Un-1

f f f (U, du,---duyy ., dy
U=t

Uj+1=Y; Un=Un—1

j—l(t|X17 X2yeues Xj—l) =

,,,,,
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whenever 0= x; = --- = X1 =t,j =12,...,n. We thus see that the multivariate
conditional hazard rate functions ¥f, X,..., X, satisfy the conditions of Propo-
sition 4.1, and the stated result follows |

We now proceed to characterizg-spherical densities of the for(i.3). In light
of Theorem £ one may wonder whether there existgpartia) converse to it
namely given a nonhomogeneous pure birth processler what conditions on the
intensity functions; do we have that the joint density function of the finstpoch
times is of the form(1.3)? We answer this question in the next theoyarhere we
give the simple-to-check necessary and sufficient condiddl). Recalling defini-
tions (2.8) and(2.9), let m; denote the mean associated with provided it exists
thatis m; = " H;(x) dx i = 1,2,...,n. The following result follows at once from
(2.10.

THEOREM 4.3: The density function f (given in (2.5)) of the epoch times T, =
- = T, of a nonhomogeneous pure birth process with intensity functigns r
i=12,...,n,is of the form (1.3) if and only if

hI(X) = |—_|i+l(x)/mi+1, XEO, I :152,'--’n_15 (41)

where handH; are defined in (2.8) and (2.9). In such a case, the genewgaini(1.3)
satisfies) = h,,/(mymz---m,).

Theorem 43 suggests a procedure for constructing nonhomogeneous pure birth
processes with epoch times having a joint density of the fdr8). One can start
with an arbitrary survival functiomd,, and then derive the othét;’s recursively
using(4.1). (Example 44 illustrates this idea when = 2.) Alternatively one can
start from a density; and derive the othdr;’s recursively The latter procedure is
more complexIn the latter procedutén; cannot be arbitrary—it must be decreas-
ing, boundedand its derivatives must satisfy various monotonicity properfias
example h, may be chosen to be any function that is the derivative of a completely
monotone function with bounded derivatives of order up.tdve omit the details
The intensity functions of the resulting process can then be computee-dy /H;,
i=12,...,n

Example 4.4:Let H, be the Weibull survival function given bis(x) = exp{—x“},

X = 0, wherea > 0 is some constanThe corresponding meantis, =I'(1+ « 1)
and the corresponding hazard rate and density functions are give(dy= ax* 1
andh,(x) = ax® *exp{—x*}, x = 0. Following (4.1), define now the density func-
tion hy by h;(x) = Ha(x)/m, = exp{—x¢}/T (1 + a~1), x = 0. The corresponding
survival function is given byHi(x) = [°h;(u) du, x = 0, and the corresponding
hazard rate function is given y(x) = h;(x)/H(x), x= 0. From Theorem 8, we
see that the first two epoch times of the nonhomogeneous pure birth process with the
firsttwo intensity functions being, andr,, as aboveghave ajoint density of the form
(1.3) with generatoy given by (x) = hy(x)/m, = ax* texp{—x*}/T(1+ a™1),
x=0.
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There are other examples of nonhomogeneous pure birth processes for which
(4.1) holds(see Examples.8—4.8). Before we describe these exampiés worth-
while to give an alternative formulation of Theoren34Let us denote

Ri(x)Ef ri(u) du, x=0,i=212,...,n
0

From (2.5) we see that the density functidnof the firstn epoch timesl;, = T, =
- = T, of a nonhomogeneous pure birth process with intensity functigns
i=12,...,n, can be rewritten as

f(X1, Xz,.05 %) = exp{i logr;(x) — 2 Ri(x) + i Ri+1(xi)}’

i=1

0=X =X = =X,. (4.2)

Taking this into accountve can give Theorem.d a different but useful formula-
tion. This is done in the following resylivhere we give the simple-to-check neces-
sary and sufficient conditio¥.3).

THEOREM 4.5: Let T, = T, = ... = T,, be the first n epoch times of a nonhomo-
geneous pure birth process with intensity functions + 1,2,...,n. If

logri(x) — R(X) + Ri11(x) = ki, x=0,i=12,...,n—1, (4.3)

where the Ks are some constants, then the joint densityfT,, ..., T,) is of the
form (1.3). In this case the generatgrin (1.3) satisfies

P (X) oc rp(x)exp{—Ra(X)}, x=0. (4.4)
Proor: If (4.3) holds then(4.2) reduces td1.3) with a generatog satisfying(4.4).
|

Example 4.@Poisson Procegs Consider the pure birth process with intensity func-
tions given by

nt)y=6, t=0,i=12,...,

wherefd > 0 is a constanti.e., a Poisson processThen theh, andH; in (2.8) and
(2.9) are given byh;(x) = fe~ andH;(x) = e ® x =0, andm; = [ H;(x) dx=
1/6,i =1,2,.... Obviously (4.1) holds Note also that

Ri(x):J ri(u) du= 6x, X=0,
(0]

and thug4.3) holds Indeed the density functiomof T;, T,, ..., T,—the firstn epoch
times ofN—is given by

f(X1, X250, Xn) = 0" eXp{—0X ),  O=X =X = - =X,
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agreeing with(4.4); that is f is of the form(1.3) with generatoi} given by (x) =
0" exp{—6x}, x = 0.

It is worthwhile to mention that from Theorem&it follows that the only non-
homogeneous Poisson process with the firspoch times having a joint density of
the form(1.3) is the homogeneous Poisson proc&$ss can be seen by noting that
the nonhomogeneous Poisson process is a special case of the nonhomogeneous pure
birth process for which thB;’s in (4.3) do not depend on In this casewe see from
(4.3) that ther;'s (which do not depend on must all be equal to the same constant

Example 4.7 Polya Process Let N = {N(t), t = 0} be a nonhomogeneous pure
birth process with intensity functionsgiven by

A+ ,
nx) =_-—-, x=0,i=12,...,
1+x
where\ = 0 is some constanThis process is a special case of the more general
Polya processsee for example Chiang[5, p. 222]. Straightforward computations

give
Ri(x)=f ri(u)du= (A +i)log(1+ x), x=0,i=12,...,
0
Hi(X)ZeXP{—Ri(X)}=m, x=0,i=12,...,
d _ A+ )
hi (x) = E(Hi(x): (1—+X)’\+i+1’ x=0,i=12,...,
and
° 1 .
m, =f H(x) dx= ——, i=12,....
o A+i—1

It is now easy to verify that4.1) holds (or that(4.3) holds withk; = log(A + i),
i =1,2,...). Thus from Theorem &b, we see that the joint density function of
(T4, Ty,...,Ty)—the vector of the firsh epoch times—is of the fornil.3) with
generatoi) such that

A+n

A+n
—(A+ +X)} = = 0.
T+ x exp{—(A + n)log(1 + x)} Arxr o x=0

P (X) o

The same conclusion can be obtained as well from Theot8m 4

Example 4.8:An example related to the previous one is obtained by lettirg, a
positive integgrand

| +i
B+X

ri(x) = x=0,i=12,...,
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wherep > 0 is some constanThen

Ri(X):Lxri(U)dU:(|+i)|Og<’8’%(>, x=0,i=12,...,

I-_|i(x)=exp{—Ri(x)}=< A >I+i, x=0,i=12,...,

B+ X
_E_ 3 (|+i)IBI+1 _ o
hi(x)_dxHi(X)_—(ﬁ+x)'+”1’ x=0,i=12,...,
and
_ (T B o
m —fo Hi(x)dx_l+i—1’ i=212,....

Itis now easy to verify tha4.1) holds(or that(4.3) holds withk; = log((l +i)/8),

i =1,2,...). Thus from Theorem 4, we see that the joint density function of
(Ty, Ty, ..., T,)—the vector of the firsh epoch times—is of the forr(il.3) with the
generatoi) given by

(4t _
P (x) = |!(B+X)I+n+17 x=0.

We remark thattechnically conditions(4.1) and(4.3) can be viewed as means
to generate joint densities of the fofth3). We recall from(1.4) and(1.5) that every
Schur-constant density gives rise to a density of the fdr8). It can be easily seen
that a useful procedure for generating Schur-constant densities is to define

P(s) = fowan exp{—60s}(0) de, s=0,

wherer is a probability density oved0, o0) and to let the resulting be the generator
in (1.4) (see e.g., Theorem 144 of Spizzichind22]); that is a large class of den-
sitiesg of the form(1.3) is defined by letting

J 0" exp{—6x,}m(0)do fO=x,=X,=..- =X,
9(X1, Xo,..., Xn) = 1 Jo

0 otherwise

In fact, the density in Example.Z is obtained by letting the abowebe defined as

7(0) = 0~ 1 exp{—6}, =0,

r(A)
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and the density in Example&is obtained by letting the abovebe defined as

I+1

7 (0) = 0" exp{— B0}, #=0.

5. SOME PROPERTIES OF /.-SPHERICAL DENSITIES

In Theorems £, 4.3, and 45 we obtained some useful properties of random vari-
ables with support in{x; = x, = --- = x,}, that have a joint density of the form
(1.3). In this section we obtain some properties of exchangeable random variables
Y., Ys,...,Y, that have an_-spherical joint densitythat is a density of the form
(1.6). Of course the relationshig1.7) enables one to translate any result involv-
ing densities of the forn1.3) into a result involvingl..-spherical densitiesand
vice versaBefore stating and proving the first result in this sectiore need to
recall some definitions

For any vector(Xy, X,...,Xn) € R", let Xq) = X = --- = X denote the
corresponding ordered elemen®ecall(e.g., from Marshall and Olkif12]) that
Y= (Y1, Y2,...,Yn) IS said tomajorizex = (X, Xp,..., Xn) (denotedk < y) if

k k n n
EX(i)ZEy(i), k=1,2,...,n_1, and Ex(i)zsz)-
i=1 i=1 i=1 i=1

An n-dimensional functio® is calledSchur-convetSchur-concavaf it is increas-
ing (decreasingwith respect to the majorization ordén the sequel we will be
concerned with density functions that are Schur functidlwmge that such densities
as Schur functionsmust be exchangeabléndeed any | -spherical density is
exchangeable

A simple characterization of Schur-concavity flor-spherical densities was
already mentioned in Iglesias et @] without a proof In the following resultwe
detail the proof and we also prove the equivalence between this condition and a very
strong condition of positive dependencamely the multivariate total positivity of
order 2 We recall that am-dimensional random vectet(not necessarily exchange-
able is calledmultivariate totally positive of orde2 (MTP,) if its density function
f satisfies

f(x)f(y) =f(xOy)f(xOy), X,y € R" (5.1)

wherex Oy = (X1 Oy, Xo OYs, ..., Xy Oy,) andx Oy = (x; Oy, Xo OYo,..., X, OYn);
see Karlin and Rinoft10].

THEOREM 5.1: LetY = (Y4, Y,,...,Y,) be a vector of random variables of the form
(1.6) with generatokp. Then the following three properties are equivalent:

() ¢ is a decreasing function.
(i) Yis MTP..
(iii) Y has a Schur-concave density function.
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PrROOF: Let(Xy, Xy,..., %) @and(ys, Yo,..., Yn) be two arbitrary vector3 hen trivially,

max( 0y = (m2x6 ) O maxy) &2
and
max( 0y = (maxx ) O maxy,). &)

Letf be given by(1.6). If ¢ is decreasingthen
f(X2 Oy1, Xo OYo,.en, X0 OYa) F(Xe Oy, X OYa, .0, X0 OYn)
= ¢( max(x Oy) ) ( max(x Oy,))

= ((maxn) O(maxs))o((maxx) O( maxn))
~o(maxx) o maxs)

1=i=n 1=i=n

= f(xl,X2,~~-,Xn)f(yl,YZ,~-~,Yn),

where the inequality follows bys.2) and(5.3). So(i) = (ii).
Converselysuppose thati) holds Then by (5.1), we have

¢( max(x Oy,) )¢ ( max(x Oy,))
= ¢< m_axxi>¢< maxy)

1=i=n 1=i=n

= o((maxx) 0 maxy ) o((maxx) O maxy))
From¢ = 0 and(5.2) we get

#( max(x 0y = o ( maxx ) O maxy, ).
Lett” = t’ = 0 be arbitrary Substituting(xy, X,,...,X,) = (t/,t",...,t”) and
(Y1, Y2,..., ¥n) = (1", 1),...,t") in the above inequalifyve obtaing (t') = ¢(t"”); that
is, (i) = (i).

Next, note that max.i<n X; = X(n) is Schur-convex itixy, Xz, ..., X,). Therefore
if ¢ is decreasinghen¢(max.—i—,X;) is Schur-concave x4, X, ..., X,); that is
(i) = (iii).

Finally, suppose tha# (X)) is Schur-concavelLett” = t’ = 0 be arbitrary
Select two vectorsxy, Xa, . ..., Xn) < (Y1, Y2, ..., ¥n) sSUch thak,, = t’ andy, = t".
It follows that (t') = ¢(t”); that is (iii ) = (i). u

Remark 5.2: Theorem 5l gives a very simple way to obtain that bpspherical
density function is Schur-concav@chur-concavity of a density function implies the
Schur-concavity of the associated distribution and survival functiess Marshall
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and Olkin[11, p. 1193]. Marshall and Olkir{11] provide useful bounds on Schur-
concave distribution and survival functiofsirthermoreSchur-concavity of a sur-
vival function can be seen as a condition of positive “aging” in a subjective probability
approachsee Barlow and Mendgl] and Bassan and Spizzichifi]. Thus Theo-

rem 51 is useful in identifying distribution and survival functions to which the
above bounds and aging notion apply

Remark 5.3:As is mentioned in Remark® Schur-concavity of a survival function

is a notion of positive aging\nother notion of positive aging is the notion of MPF
(multivariate Polya frequency of orde) #iscussed in Shaked and Shanthikumar
[19]. These two notions are of different spirit and are motivated by different points
of view. In generalit is not clear what the relationship between these two multivar-
iate aging notions iHowever Theorem 51 throws some light on this relationship
Shaked and Shanthikumgt9, Remark § showed that the MPFproperty implies

the positive dependence property of MiTPherefore by Theorem 8L, for nonneg-
ative random vectors with, -spherical densitieshe MPF property is stronger than
the property of having a Schur-concave survival function

We now proceed to a result that compares random vectorslwitpherical
densities in a fairly strong stochastic ordeecall(seg e.g., Shaked and Shanthi-
kumar[20, Sect 4.E]) that ann-dimensional random vectdt with a density func-
tion f is said to be smaller than andimensional random vectof with a density
functiong in the multivariate likelihood ratio ordefdenoted aX =, Y) if

f(x)g(y) =f(xOx)g(yOdy), X,yER"

Let X andY havel-spherical densitieandg, respectivelygiven by

f(Xg, Xy v vy Xn) = d>1(lngig>§xi), (X, X5, Xn) € RY,
and
g(X17 X27~--7Xn) = ¢2(]I;T<-‘Ia<)r(1X|>, (Xl7 X27"'7Xn) e Rlly

for some generatois; andeg,. For simplicity we assume tha¢ andY have the same
supporf that is that{x: ¢1(x) > 0} = {x: ¢,(x) > 0}.

THEOREM 5.4: Let X andY have |-spherical densities f and g as above with the
same support. TheX =,, Y if and only if

¢, is decreasing and, /¢, is increasing on their common support (5.4)

For the proof of Theorem.8, we need the following lemma
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LeEmMma 5.5: Let¢ be a function which is decreasing on its support. Then

¢(maxy, ) ¢( max(x Oy,))

1=i=n

¢<{Qg§(xiﬂyi))s ¢( maxx)

1=i=n
for all x; and y in the support otp, i =1,2,...,n.
Proor: Note that max.;—,(X; 0y;) must be equal either to max_,x; or to
max,.—i=n Y;. In either case the above inequality follows from the stated monotonic-

ity of ¢. u

ProoF oF THEOREM 5.4: First, assume that5.4) holds Let two pointsx; andy; be
in the common support @p, andeg,, i =1,2,...,n. Then

¢2<1r2i2(1yi> ¢2<m_axyi) ¢1<maxy|>

1=i=n 1=i=n

¢1<1rrswgg(xi Dyi)) maxy.) ¢1< max (x Dy.))

1=i=n

¢1

\/\3

x(x Ovi > ¢>1<maxx>

=I=n

&
¢2(r2SX(X. 0y)) ¢ ( max(x Dy))
(m

¢z

\AB

x(x Oy, )

q51< maxxi> ’

1=i=n

where the inequality follows from LemmaSand the monotonicity ob,/¢1; that

is, f(x)g(y) = f(x Oy)g(x Oy).
Converselysuppose thaX =, Y; that is

1 maxx, )bz maxy;) = ¢y ( max(x 0y)) b ( max(x 0y,)).  (5.5)
Lett” =t’ = 0 be arbitrarySubstitutingx = (t',t",...,t"”) andy = (t",t,...,t") in
(5.5), we obtaing(t") p,(t") = ¢1(t') Pp,(t"); that is ¢, is decreasingSubstitut-
ing x = (t,t”,...,t") andy = (t,t,...,t") in (5.5), we obtaing,(t")¢,(t") =
P1(t')po(1"); thatis ¢/, is increasing [ ]

Example 5.6:Pairs of generators that satigfy4) are easy to find and identiffFor
exampleinspired by Example .8, we note that5.4) holds if
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b1(X) = %exp{—@lx} and ¢,(x) = n—llexp{—azx}, X =0,

with 0 = 0, = 0,. These generators have also been considered in Exanjtleof
Spizziching[22]. Inspired by Example Z, we also note tha.4) holds if

A +n g A, +n
nl(1+ x)retnt+t and  a(X) o ni(1+ x)*e*ntt’

b1(X) o

X =0,

with 0 = A, = A4. Finally, inspired by Example .8, we note that5.4) holds if

1,1(By + x)latn+1 and ¢,(x) = LB, + x)'2 1+

h1(X) =

x=0,
with 0= B8, = B, and integers G= |, = | ;.
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