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Existing high-order variational drift kinetic theories contain unphysical rapidly varying
modes that are not seen at low orders. These unphysical modes, which may be rapidly
oscillating, damped or growing, are ushered in by a failure of conventional high-order
drift kinetic theory to preserve the structure of its parent model’s initial value problem.
In short, the (infinite dimensional) system phase space is unphysically enlarged
in conventional high-order variational drift kinetic theory. I present an alternative,
‘renormalized’ variational approach to drift kinetic theory that manifestly respects the
parent model’s initial value problem. The basic philosophy underlying this alternate
approach is that high-order drift kinetic theory ought to be derived by truncating
the all-orders system phase-space Lagrangian instead of the usual ‘field+particle’
Lagrangian. For the sake of clarity, this story is told first through the lens of a
finite-dimensional toy model of high-order variational drift kinetics; the analogous
full-on drift kinetic story is discussed subsequently. The renormalized drift kinetic
system, while variational and just as formally accurate as conventional formulations,
does not support the troublesome rapidly varying modes.

1. Introduction

The Lagrangian approach to deriving drift kinetic and gyrokinetic theories (Brizard
2000; Sugama 2000; Brizard & Hahm 2007) has proven to be successful at producing
strongly magnetized kinetic plasma models with exact energy and momentum
conservation laws (Scott & Smirnov 2010). The philosophy underlying this approach
requires all approximations to be implemented at the level of a system Lagrangian. As
a result, exact conservation laws are unavoidable, and expressions for the conserved
quantities follow systematically from Noether’s theorem.

Conservation laws are not everything, however. Another fundamental attribute of a
physical model is its phase space (Lee & Wald 1990). Phase space, P, is defined to
be any space in which the model is equivalent to a dynamical law for points p € P of
the form dp/dt=V(p, t), where V is a time-dependent vector field on P. Before any
mention can be made of a dynamical system’s conservation laws, the ‘arena’ where
the dynamics take place must be identified; phase space is precisely this arena. So
while it is natural to demand that kinetic plasma models have correct conservation
laws, it is equally natural to require that these models have correct phase spaces.

1 Email address for correspondence: Joshua.Burby @cims.nyu.edu

https://doi.org/10.1017/50022377816000532 Published online by Cambridge University Press


mailto:Joshua.Burby@cims.nyu.edu
https://doi.org/10.1017/S0022377816000532

2 J. W. Burby

The question I will investigate in this paper concerns the fate of phase space in
Lagrangian drift kinetic and gyrokinetic theories. While the Lagrangian method gets
the conservation laws right, does it produce a model with the correct phase space?
Equivalently, do these theories require too many, too few, or just the right number of
initial conditions?

Perhaps surprisingly, the answer to this question depends on the order of accuracy
(in € = p/L) of the gyrokinetic Lagrangian. At very low orders, the question is
not interesting; the answer is ‘just the right number.” In high-flow drift kinetics,
‘very low’ means retaining terms in the guiding centre Hamiltonian that are zeroth
order in magnetic non-uniformity. In low-flow drift kinetics and gyrokinetics, ‘very
low’ means retaining terms in the Hamiltonian that are second order in magnetic
non-uniformity. On the other hand, at higher orders than these specified, the question
is much more interesting. In particular, high-flow drift kinetics with a first-order (in
magnetic nonuniformity) guiding centre Hamiltonian requires special attention.

In §3, I will show that Miyato et al. (2009)’s variational high-flow first-order
electrostatic drift kinetics, which I will refer to as MSST drift kinetics (the acronym
corresponds to the names of the authors of (Miyato et al. 2009)), has an unphysically
large phase space. Where one should only have to specify F at t =0 to determine
the subsequent evolution of the drift kinetic system, this theory requires ¢ to be
supplied independently at t =0 as well'. This problem is caused by the appearance
of a time derivative of the electrostatic potential in the drift kinetic Poisson equation
and guiding centre equations of motion. As a consequence, the drift kinetic system
exhibits certain malignant features. I argue using linearized equations that MSST drift
kinetics supports unphysical rapidly varying modes, akin to the ‘runaway’ solutions
allowed by the Lorentz—Abraham-Dirac equation describing radiation reaction. These
modes are rapidly varying in the sense that their frequency increases as € decreases.
Moreover, their presence is entirely a consequence of requiring too many initial
conditions; in lower-order drift kinetics, where the size of phase space is correct, the
modes do not appear.

Fortunately, there is a way to rescue the Lagrangian drift kinetic method from
these doldrums. In §4, I present a systematic ‘renormalized’ Lagrangian approach
to MSST drift kinetics that manifestly retains the physical phase space. The basic
idea underlying this reformulation (and slight modification) of MSST drift kinetics
is that the system phase-space Lagrangian for all-orders drift kinetics is a better
starting point for performing asymptotics than the ‘particle phase-space Lagrangian
+ electromagnetic Lagrangian,” which is the starting point in all previous treatments
of variational drift kinetics and gyrokinetics. This perspective enables the formulation
of a variational version of the following basic procedure for eliminating extra time
derivatives of the potential. Take a time derivative of the drift kinetic Poisson equation
to find an approximate expression for the time derivative of the potential in terms of
the distribution function and the potential. Then substitute this expression back into
the drift kinetic Poisson equation and guiding centre equations of motion.

One great benefit of formulating a variational version of this procedure is that
all exact conservation laws of the drift kinetic system are preserved automatically,
which would likely not happen if the non-variational version of the technique were
applied to solve for the time derivatives. Another is that the numerous specialized

It is important to realize that in Miyato et al. (2009) a subsidiary expansion is invoked in order to
eliminate the time derivative of the potential that ultimately leads to this bad behaviour. The MSST drift
kinetic system studied in this article is the drift kinetic system presented in Miyato et al. (2009) before the
subsidiary ordering is introduced.

https://doi.org/10.1017/50022377816000532 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377816000532

The initial value problem in Lagrangian drift kinetic theory 3

tools developed for the analysis of infinite dimensional Lagrangian and Hamiltonian
systems may be applied to renormalized MSST drift kinetic theory; see Morrison &
Kotschenreuther (1990) for free energy principles, Craig & Wayne (1994) for existence
of periodic solutions, Vanneste & Wirosoetisno (2006) for adiabatic invariant theory,
Wayne (1990) for KAM theory, and Bourgain (1996) for statistical mechanics of
Hamiltonian systems. In short, the method is structure-preserving.

Because the derivation of the renormalized Lagrangian involves some relatively
advanced techniques from the calculus of variations, I have devoted §2 to a
description of the necessary manipulations in the context of a finite-dimensional
toy model of drift kinetics. This toy model illustrates why standard Lagrangian
drift kinetics does violence to the drift kinetic phase space without introducing the
infinite-dimensional machinery used in drift kinetic field theory. As such, § 2 can be
viewed as a simplified version of the entire article.

While this article focuses on a particular drift kinetic model, the ideas it introduces
and the techniques it employs are important in a broader context. Most practically,
the difficulties introduced by extra time derivatives of the electromagnetic field,
and the method to circumvent these difficulties within the Lagrangian framework,
are also highly relevant to low-flow gyrokinetic models. This point is driven home
by the recent toroidal momentum transport controversy. See Krommes & Hammett
(2013) for a summary and critical assessment of the different sides of the debate,
and Parra & Catto (2008) for the paper that initiated the discussion. In Parra et al.
(2012), the authors argue that certain high-order terms in the gyrocentre Hamiltonian
(the O(p**T,) terms) should be retained in a full-f gyrokinetic approach in order
to accurately model the transport of toroidal momentum in the low-flow regime
on transport time scales. These high-order terms include time derivatives of the
electromagnetic field. Therefore, whenever the high-order terms highlighted in Parra
et al. (2012) are included in a gyrokinetic model (presumably when doing low-flow
modelling in the core), the results in the present article will be essential to understand.
Moreover, it is worth mentioning that without the method proposed here for dealing
with the extra time derivatives of the electromagnetic field, the mathematical and
physical soundness of the variational gyrokinetic and drift kinetic approximation
would be in question. If the behaviour of high-order gyrokinetics differed significantly
from that of low-order gyrokinetics (for instance, due to the presence of unphysical
rapidly varying modes), a dark shadow would be cast on the results predicted by the
low-order theory.

Speaking more generally than gyrokinetic and drift kinetic models, the methods
used in this article will likely prove useful for developing reduced variational models
for a wide variety of plasma systems. It is not uncommon to encounter plasma models
with high-order time derivatives multiplied by small parameters. The highest-order
time derivative tends to set the number of required initial conditions in a model,
and a small parameter multiplying this derivative generally indicates the presence
of rapidly varying dynamical behaviour. While in the drift kinetic and gyrokinetic
systems considered here, the rapidly varying dynamical behaviour is unphysical, this
is not always the case. For instance, the Vlasov—Maxwell system can be expressed
as the Vlasov—Darwin system plus small higher-order time derivatives. Nevertheless,
it is always interesting to study any possible slow dynamical behaviour that such
a singularly perturbed plasma model might allow for. In general, slow dynamics
will occur when initial conditions are sampled from the so-called slow manifold
(Jones 1995). The methods employed in this article can be used to find a variational
formulation for dynamics on any Lagrangian system’s slow manifold. I am currently
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using them to identify a variational formulation of dynamics on a slow manifold
contained in the Vlasov—Maxwell system. Another interesting application would be
identifying a variational principle for the generalized reduced MHD system presented
in Kruger, Hegna & Callen (1998).

2. Two-oscillator drift kinetic theory
2.1. Introducing the all-orders theory

In this section I will analyse the initial value problem for a toy model 1 will call
two-oscillator drift kinetics. The motivation for studying this relatively simple model
is that its initial value problem is structurally very similar to that of drift kinetics. In
this first subsection I will give a derivation of the all-orders version of the model,
which starts from the following system of two coupled one-dimensional oscillators,

§=—wiq—2gq¢ 2.1)
¢ =—wyp—8q (2.2)

I will refer to the dynamical system defined by (2.1) and (2.2) as two-oscillator
kinetics. The quantities g, ¢ € R are the oscillator positions. As the notation suggests,
g-space should be thought of as an analogue of the single-particle configuration
space. Similarly, ¢ should be thought of as the electromagnetic field. The parameters
g, w1, w, represent the coupling constant, the characteristic frequency for particles and
the characteristic frequency for the fields, respectively. This system can be derived
from the Lagrangian

L(g,p, 9, q,p, ¢) =L,(q, p, q, D) + Lin(q, ¢) + L (¢, @), (2.3)
where
L=pi— (3 + boid) 4
L= 1¢" — lwle? (2.5)
Lin=—84"9, (2.6)

and p denotes the particle canonical momentum. Note that the free particle Lagrangian
L, is a so-called ‘phase-space Lagrangian. In place of L,, the ‘configuration-space
Lagrangian,” L, = ¢*/2 — w?q*/2, could have been substituted, but the phase-space
Lagrangian allows greater freedom in applying coordinate transformations to the
particle variables. It is for this same reason that derivations of drift kinetics necessarily
employ a phase-space Lagrangian for particles. The equations of motion corresponding
to this system Lagrangian are found by varying the action S = f: Ldt while holding
the values of ¢, p, and ¢ fixed at #; and #,. In particular, extremizing the action leads
to the Euler-Lagrange equations,

oL doaL
————=0 2.7
dqg drag
oL doaL
————=0 (2.8)
ap drap
oL doL
— ———=0, 2.9)
dp drdg

which are readily seen to reproduce (2.1) and (2.2).
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All-orders two-oscillator drift kinetics is obtained from this ‘particle-space’ model
by passing from particle coordinates (g, p) to ‘guiding centre coordinates’ (Q, P). Just
as in drift kinetic theory, the guiding centre coordinates are related to the particle
coordinates by a transformation of the particle phase space that depends parametrically
on the first N time derivatives of the field ¢, where N is some positive integer. Let
Jjo=(p,d¢,...,3"¢) and T), : R* - R? be the gyrocentre coordinate transformation.
By definition,

(0, P)=T,(q,p) =T(q, p: jp). (2.10)

Note that this transformation can be thought of as passing into a moving frame on
the particle phase space; the frame moves as the field ¢ evolves.
For the sake of concreteness and simplicity, assume T, is given by

Ti,(q,p) = (q+€,p), 2.11)

where € is a constant with dimensions of inverse frequency squared. The inverse of
T;, is therefore

T,'(Q, P)=(Q — ¢, P). (2.12)

Using these explicit expressions for the guiding centre transformation, I will now
determine the differential equations governing all-orders two-oscillator drift kinetics.

Suppose that g, p, ¢ satisfy the dynamical equations of two-oscillator kinetics. I will
find differential equations governing the quantities Q =¢g+ €@, P=p and ¢. Using the
field equation for two-oscillator kinetics, it is straightforward to see that Q is related
to g and ¢ by

0=q—egq’ — ewyp, (2.13)

which also gives a relationship between the time derivatives of Q, g, and ¢ according
to

0= (1 —2egq)q — €. (2.14)

Therefore whenever g < 1/2¢g,

1
g = 2es (1 — \/1 —46gQ—462a)%g<p>
= 0+¢€@Q* +w39) +0(e?)
=3-(Q.9), 215
and whenever g > 1/2¢g,
1 2,2
g = E 1—|—\/1—4egQ—4e w58
1 2 2 2
= %—Q—E(gQ + wy¢) + O(€7)
= 3.(Q. ). (2.16)
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Now consider an interval of time when g < 1/2€g. Using the previous expressions,
P=p and g=p, it is straightforward to verify that Q and P are given by

P=—(0] +289)4-(Q, ¢) 2.17)
0= (1—2€g3-(Q, 9))P — ewspp (2.18)
¢ =—w0— 84" (0, p). (2.19)

This system of equations governs all-orders two-oscillator drift kinetics when g <
1/2eg. When g > 1/2¢g, the governing equations are instead

P=—(w] +28¢)3+(0Q, ¢) (2.20)
0= (1—2€g3,(Q, 9))P — ewspp (2.21)
¢ =—wrp —84:(Q, ¢). (2.22)

Perplexingly, the preceding analysis has identified two sets of evolution equations
for all-orders two-oscillator drift kinetics. Equivalently, the analysis produced a
multi-valued vector field on (P, Q, ¢, ¢)-space. This multi-valuedness does not signal
a breakdown of determinism. Instead it indicates that (P, Q, ¢, ¢)-space is two-sheeted,
which is in stark contrast to the single-sheeted (p, g, ¢, ¢)-space. The cut in the sheet
occurs along the line in the (Q, ¢)-plane given by

D=1—4egQ —4e*wigp =0. (2.23)

On the ‘top’ sheet g, is used in the equations of motion, while on the ‘bottom’
sheet g_ is used. When the system reaches the cut, one of two things happens. If
P=p=¢g>0, then the subsequent evolution of the system occurs on the top sheet. If
P <0, then the subsequent evolution of the system occurs on the bottom sheet. With
this knowledge of the sheet structure of (P, Q, ¢, ¢)-space together with our multi-
valued dynamical vector field, the evolution equations for all-orders two-oscillator drift
kinetics are completely specified.

I will conclude this subsection by presenting the Lagrangian formulation of the all-
orders two-oscillator drift kinetic system. The Lagrangian is found by substituting the
guiding centre transformation into the two-oscillator kinetics Lagrangian, which gives

LQ,P,¢,Q,P, ¢, 4, %) = LQ, P, ¢, 0, P, ¢) + €(Q3(2gp + »}) — PP)

2
€,
- Egaz(zgga + w?). (2.24)

Because this Lagrangian depends on the third time derivative of ¢, its associated
Euler-Lagrange equations are given by

oL d oL

— - — =0 (2.25)
0Q dtaQ

oL d oL (2.26)
oP  droP '

oL doL  d*oL d’ 3L

—_————t—— — ——==0. 2.27
dgp d18¢+dt28g'0' de 9y (22D
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It is straightforward to verify that these equations reduce to

—P—(Q—€§)(2gp + ) =0 (2.28)
—P+Q—€@# =0 (2.29)

—§ — @3p — g0° + €(P +4g0¢ + 4g0¢ + 0289 + )
—e2(9'(2gp + w?) +3g@* +4gp®) =0. (2.30)

Using (2.28), P can be expressed in terms of Q, ¢ and time derivatives of ¢. When
this expression is substituted into (2.30), all third- and fourth-time derivatives of ¢
exactly cancel, leaving a quadratic equation for ¢. The two roots of this quadratic
equation correspond to the two sheets identified earlier, and each expresses ¢ in terms
of O and ¢. When either of the expressions for ¢ are substituted into (2.28) and
(2.29), evolution equations for P and Q emerge. The resulting system of equations
is equivalent to the equations just derived by manipulating the two-oscillator kinetic
equations directly.

2.2. Initial value problem for the all-orders model

Because I was able to write the differential equations governing all-orders two-
oscillator drift kinetics explicitly, it is not difficult to see that the phase space for
all-orders two-oscillator drift kinetics has the same dimension as the underlying
particle-space theory, two-oscillator kinetics. In each case, four numbers must be
specified at t =0 in order to uniquely determine a solution. Interestingly, in passing
from particle-space to guiding centre phase space, the phase space for the field-particle
system becomes folded, i.e. multi-sheeted.

While it is not simple to gain a complete understanding of the dynamical behaviour
predicted by all-orders two-oscillator drift kinetics, it is straightforward to determine
the characteristic frequencies of oscillations about the bottom-sheet equilibrium
(Q, P, ¢, ¢) =0. Linearizing equations (2.17)—(2.19) about this equilibrium gives

d
il —07(8Q + €w389) (2.31)
d

&SQ =8P — €w3d¢) (2.32)
da =8¢ (2.33)

0P =00 :
ds p=—w?s (2.34)

¥ = T '

which can be written as z=Az, where z= (8P, 8Q, §¢, §¢) and A is a 4 x 4 matrix.
The spectrum of A is given by {iw;, —iw;, iw>, —iw,}. This indicates that the normal
modes of all-orders two-oscillator drift kinetics linearized about the origin are purely
oscillatory.

2.3. Two oscillator drift kinetics and its initial value problem

Because I did not make any approximations in passing from the underlying particle-
space model to the guiding centre model, all-orders two-oscillator drift kinetics is
an exact theory. The same cannot be said of ordinary drift kinetic theory. In that
theory, the coordinate transformation that relates guiding centre coordinates to particle
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coordinates is only known as an asymptotic series in € = p/L. As a result, the system
Lagrangian for ordinary drift kinetics is not known exactly, but only asymptotically.
In particular, the drift kinetic Lagrangian is always expanded in powers of € and then
truncated at some order.

For the sake of examining the consequences of this incomplete knowledge of the
system Lagrangian in drift kinetic theory, let us now expand the two-oscillator drift
kinetic Lagrangian in powers of € and then drop terms that are O(e¢?) or higher, and
then re-do the initial value analysis. I will refer to the dynamical system defined
by the truncated Lagrangian simply as two-oscillator drift kinetics. The truncated
Lagrangian is given by

LQ,P,¢,Q,P,¢,$)=L(Q, P, ¢, Q, P, §) + €(Q4(2gp + ?) — PY),  (2.35)

which again depends on the third time derivative of ¢. The Euler-Lagrange equations

are now
—P—(Q—€$)2gp +@?) =0 (2.36)
—P+Q—€9=0 (2.37)
—§ — w30 — g0° + €(P +4g0¢ + 4g0¢ + 0(28¢ + w?)) =0. (2.38)

As before, (2.36) can be used to derive an expression for P that can be substituted
into (2.38) in order to relate Q, ¢ and the time derivatives of ¢. In contrast to the all-
orders theory, the third- and fourth-derivatives of ¢ do not cancel, and the following
evolution equations for two-oscillator drift kinetics emerge:

P=—(Q—€§)(2gp + w}) (2.39)
O=P+¢e@ (2.40)

...:7 .. 2 2 _2 .._2 2 ..2 2-"' . 2.41
¢ 62(2&0%_w%)(wﬂgQ + w3y — 26809 — 2e°g(9° +2¢99)) (2.41)

Evidently the phase space for two-oscillator drift kinetic theory is (P, Q, ¢, @, ¢, ¢)-
space. This is clearly in disagreement with the all-orders theory, which has a
four-dimensional two-sheeted phase space. The Lagrangian approximation method
has failed in a qualitative manner! This failure can also be detected by examining
the behaviour of two-oscillator drift kinetics linearized about the equilibrium
(P, Q,¢,¢,$, »)=0. The linearized equations are given by

d
&513 = —w}(8Q — €8%) (2.42)
d
&3Q=5P+ea<p (2.43)
d(s =8¢ (2.44)
=209 :
da'—a" (2.45)
0P =09 :
da"—a'qb' (2.46)
= '
da'cb‘ ! (8¢ + w389) (2.47)
—0p =—— w ) .
dt 2w} ¢ T o
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which can be written as 7= Az, where z= (6P, 80, 8¢, 8¢, 84,8%) and A is a 6 X 6
matrix. The spectrum of A is given by {iw;, —iw,, i®», —i@,, Yx, —Yx}, Where

@ =w, (1 - tojwe’) + 0(e’) (2.48)

Yo = (14 j0iwre?) + 0(e). (2.49)
EWq
In contrast to the all-orders theory, linearized two-oscillator drift kinetics therefore has
rapidly growing normal modes with growth rate y,. The reason for the presence of
these troublesome modes is the increased dimensionality of the two-oscillator drift
kinetic phase space; it has nothing to do with the sheet structure of this space.

As I will show in more detail in the next section, conventional Lagrangian drift
kinetic theory suffers from problems similar to those that I have highlighted in the
context of two-oscillator drift kinetics. In both systems, the root cause of the trouble
is the combination of (1) employing a coordinate change on the single-particle phase
space that depends on time derivatives of the electromagnetic fields and (2) truncating
a ‘field+particle’ system Lagrangian.

2.4. Rescuing phase space

This article is not meant to paint a depressing picture of Lagrangian drift kinetics.
While the flaw with the conventional Lagrangian approach identified in the previous
subsection is important to be aware of, it is equally important to know that the flaw
is curable. In this subsection I will describe the cure in the context of two-oscillator
drift kinetics.

In order to avoid the possibility of destroying the physical structure of phase
space without resorting to the all-orders theory, I advocate truncating the phase-space
Lagrangian for the entire two-oscillator drift kinetic system. See appendix A for
a discussion of the precise meaning of the term ‘phase-space Lagrangian. I will
explain why this is preferable to the Lagrangian approach described in the previous
subsection by first showing that it works and then giving a brief abstract discussion.

First I will derive the phase-space Lagrangian for all-orders two-oscillator drift
kinetics. See appendix A, which is a partial generalization of a discussion found
in Marsden, Patrick & Shkoller (1998), for a rigorous justification of the procedure
I will use to do this. In the derivation I will restrict attention to the bottom sheet
(corresponding to g_); the top sheet can be treated in the same manner. Consider
the free-endpoint variation of the all-orders two-oscillator drift kinetic Lagrangian. A

simple calculation shows
L d oL
— — —— | 60dr

12_ 15
5/ Ldtz/
n n 8Q dtaQ
/oL daL
+/ (—.)SPdt
. \9P dtdP

+/’2 oL d8L+d28Z d* oL So.di
. \op diag " drop droag )Y

+[0060 + V,00 + D,6¢0 + 194)-8(;)]“, (2.50)
where
oL
o= @51)
20
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oL d oL d* dL

Pp=— ———+ ——= 2.52
T dta¢+dt28¢ (252)
ﬂ_az d oL (2.53)
YT ¢ drog '
oL
4 a(p

There is not a contribution in the boundary term on the last line of (2.50) proportional
to 8P because L does not depend on any time derivatives of P. I will refer to the
1-form on (Q, P, Q, P, ¢, ¢, §, @)-space given by

9 =0y dQ + 9, dp + 0, dg + 0 d (2.55)

as the bare all-orders Lagrange 1-form. As described in Marsden et al. (1998), if
the Lagrangian L for all-orders two-oscillator drift kinetics were non-degenerate,
then 9 would glve the ‘symplectic part’ of the system phase space Lagrangian on
O, P, O, P, ¢, ¢, §, ¥)- space. However, because all hlgher time derivatives of ¢
than ¢ cancel out of the Euler-Lagrange equations, L is degenerate, and I cannot
deduce the phase-space Lagrangian so easily. Moreover, it is a good thing that this
technique does not work to determine the symplectlc part of the system phase-space
Lagrangian because (Q, P, Q P, ©, ¢, §, $)-space is not the correct phase space for
all-orders two-oscillator drift kinetics! The correct symplectic part of the phase-space
Lagrangian is given by the dressed Lagrange 1-form 9. Here ‘dressing’ means using
the all-orders two-oscillator drift kinetic equations of motion, (2.17)—(2.19), to write
the bare Lagrange 1-form in terms of only the true phase-space variables (Q, P, ¢, ¢).

This calculation proceeds as follows. Formally, the dressed Lagrange 1-form is
given by

5% =0, d0 + 9, dp + 9, dg + ;5 d@, (2.56)

where the presence of a tilde indicates a dressed quantity. Because the differentials
dQ, d¢, d¢ are already expressed as l-forms on (Q, P, ¢, ¢)-space, dressing does
nothing to them, i.e.

do=dQ (2.57)
dg =dg (2.58)
dg = dg. (2.59)

On the other hand, the differential d¢ does not live on (Q, P, ¢, ¢)-space, and so
applying the dressing operation to it is non-trivial. By (2.19), the dressed differential

of § can be expressed as

dp = —widp —2g4 dg_

264
= —wdp— %(dg +ea? dy)

) 1-+D 1-+/D
:—w2<1+ N3 )d(p— /D

) 1—-+/D
_ O g, 1=vD 2.60
bY@ (2:60

do
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which is a 1-form on (Q, P, ¢, ¢) space, as required. Here I have used the identity
2¢gg_ =1 —+/D. To dress the components of ¥, the equations of motion must be
used in an analogous fashion. Two of the components require no use of the equations
of motion whatsoever, namely

Bo=P (2.61)
D; = —€P. (2.62)

¢

Dressing the remaining two components is greatly simplified by making use of the
identity

Q—§_=€@, (2.63)
which follows from a second useful identity,
1 —4egQ —4€’wigp =D =1—4degq +4€’g* ¢, (2.64)
and (2.19). Applying these identities to 15(,, gives

5 _ 0L doL N d* oL
Y 8¢ drag  draw
. d . d .
= ¢ — (€080 + W) — €P(289 + ) + 3P
. d 2 2. 2 d 2
=¢— $(6Q(2g<p + o)) — € 9289 + ) + &(eq7(2g<p + )

d
= ¢— L (Q—G —e@)e(2gp + ?))
= 9. (2.65)

Similarly, ¥, is given by

© T 8¢ drag
= (€089 + »}) — €4(2g¢ + w})) — (—€P)
= (Q—§- —€§)egp + o))
= 0. (2.66)

It follows that the dressed Lagrange 1-form is given by

VD ev/'D

1—+D . €Pw}
=P<1+ 7D )dQ+(¢+@)d¢
P

cw?P
= —dO + '+2)d. 2.67
/D0, (‘p JD0. o) ¢ 07

2 1-D
3% = PdQ + ¢dg +0dg + P (%d¢+fdQ>
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The phase-space action for all-orders two-oscillator drift kinetics is therefore

S(y) = / 5 / ) d, (2.68)
Y I3t

where y is the curve in (Q, P, ¢, ¢)-space parameterized by the time interval [¢, 1]

and H® is the dressed Hamiltonian. The dressed Hamiltonian is obtained from the
usual ‘bare’ Hamiltonian,

oL oL ... (ai dai)
¢

.. oL . .
H 3P7 ’P7 ’.7",g0 - — +7.P+ﬁ¢+ —_— = — —=
@rebeeed) aQQ P B¢ 3¢ droy

N L d dL N d* oL\ . i 2.69)
9g diog drag)? T '
by using the all-orders two-oscillator drift kinetic equations of motion (2.20)—-(2.22) to

express the bare Hamiltonian in terms of the true phase-space variables (Q, P, ¢, ¢).

A straightforward calculation, similar to the calculation of f’“’, shows that the dressed
Hamiltonian is given by

H®(Q,P, ¢, ¢)=1¢" + 1P + 1039 + 132 (0, ¢) (0] + 2g0). (2.70)

By applying fixed-endpoint variations to the phase-space action, it is possible,
yet tedious, to verify directly that all-orders two-oscillator drift kinetics admits
this alternative variational principle. Indeed, for a general dressed Hamiltonian the
Euler-Lagrange equations give

4, _ 2.71
P P 2o @70
d OH™
—P=-D—— (2.72)
dr 90
d 9H>
o=t (2.73)
der Rl
PSR Ll (2.74)
dt(p_ P €W, 20 " .

When the physical dressed Hamiltonian given in (2.70) is substituted into this last
equation set, the dynamical equations defining all-orders two-oscillator drift kinetics
(on the bottom sheet) are recovered.

With this phase-space action principle for all-orders two-oscillator drift kinetics in
hand, I will now use it to construct an alternative truncated theory that I will refer
to as renormalized two-oscillator drift kinetics (I will explain the use of the term
‘renormalized’ shortly). Renormalized two-oscillator drift kinetics is defined simply by
replacing 9> and H> in (2.68) with the corresponding first-order Taylor expansions
in €, 9 and H, where

§ =P(1 +€2gQ) dQ + (¢ + ePw?) dy (2.75)
H =3¢’ + 1P’ + 030" + 5 (0] + 289) 0
+ (@] 3 0p + 28w30¢” + 2879 + gwi10Y). (2.76)
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Thus the phase-space action for renormalized two-oscillator drift kinetics is given by

5]
s =[5 [ oo, @)
14 n
and the associated equations of motion are
d 1 dH dH
—Q0=——— | — —€cwy— (2.78)
dr 14+2egQ \ 0P 1Y)
d 1 0H
—P=——— (2.79)
dr 1+2eg0Q 00
d  9H 2.80)
= ¢ '
d OH 2 oH
Ry R By 2.81)
dr dp  142egQ 00

It is simple to check that the dynamical vector field for renormalized two-oscillator
drift kinetics agrees with the ‘bottom sheet’ dynamical vector field for all-orders two-
oscillator drift kinetics with O(e) accuracy. Moreover, renormalized two-oscillator drift
kinetics is superior to two-oscillator drift kinetics because it is defined on the correct
phase space. This last point is illustrated clearly by considering the linearization of
renormalized two-oscillator drift kinetics about the equilibrium (Q, P, ¢, ¢) =0. The
linearized equations are given by

d
&SQ =38P — e8¢ (2.82)
d 2 2
dt8P =—w (80 + ew369) (2.83)
d
— 8¢ =8¢ 2.84
0P =0¢ (2.84)
d
&‘Sd) =—w;(1 — €wlw)dg, (2.85)

which can be written as z= Az, where z= (50, 3P, 3¢, 6¢) and A is a 4 x 4 matrix.
The spectrum of A is given by {iw;, —iw, iw:y/1 — 2wiw3, —iwy\/1 — 2wiw3},
which implies that all normal modes of linearized renormalized two-oscillator drift
kinetics are oscillatory, just as in the all-orders theory. Moreover, the normal mode
frequencies of the renormalized theory are close to those of the all-orders theory.
How did this modified Lagrangian procedure succeed in preserving the correct
phase space? The answer is that by implementing approximations at the level of
the system phase-space Lagrangian it is impossible for the phase space of all-orders
two-oscillator drift kinetics to be modified (modulo non-perturbative modifications of
the phase-space sheet structure). As long as the 1-form appearing in the phase-space
action has a non-degenerate exterior derivative, the Euler—Lagrange equations that
follow from the phase-space action principle are guaranteed to define a first-order
ordinary differential equation (ODE) on the space where the 1-form is defined. This
non-degeneracy condition is morally guaranteed by the fact that the transformation
between the particle coordinates and the guiding centre coordinates is near-identity.
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In what sense is renormalized two-oscillator drift kinetics a ‘renormalized’ theory?
While I do not believe the renormalization group is playing any role here, the
procedure described in this subsection bears a strong resemblance to the procedure
used to extract sensible results from perturbative quantum field theories. I began with
a system with a nonsensical phase space, namely two-oscillator drift kinetics. In a
loose sense, this system contained an unphysical infinity. To eliminate the absurd
features of this model, I regularized it by passing to all-orders two-oscillator drift
kinetics. This step can be thought of as inserting a ‘cutoff’; I inserted higher-order
e-dependent terms into the two-oscillator drift kinetic Lagrangian that guaranteed the
dimension of phase space was sensible. Finally, I devised a method to vary the cutoff
(i.e. change which higher-order terms were in the theory) that would not alter the
value of the dimension of phase space. This step is analogous to tailoring the values
of the coupling constants in a perturbative quantum field theory (Wentzel 1949) in
order to render the propagator cutoff-independent.

3. Conventional Lagrangian electrostatic drift kinetics and its flaws

In passing from two-oscillator kinetics to two-oscillator drift kinetics, the size of
phase space was increased for unphysical reasons. In this section I will argue that
the same phenomenon occurs in a variant of first-order high-flow electrostatic drift
kinetics that I will refer to as MSST drift kinetics. MSST drift kinetics is defined by
the system Lagrangian

. . €o 2 33
L(F. V.9, ¢>=Z/zs(z, Vi(2); 0, go)Fsdfzs+2/|Vgo| &’X, 3.1)

where the guiding centre phase-space Lagrangian £ is the one given in equation (45)
of Miyato et al. (2009),

~ M . s . .
bz, 2 0, 9) = <qu +msv b — qMW) X+ %Mé‘ —h(z;9,E,E), (3.2)

with
hy(z; ¢, E, E) = g, + K,(E, E), (3.3)

and K,(E, E) = K,,(E) + K\,(E, E) is given by

Ky(E) = %msvﬁ + uB — %m‘vué 3.4
KBy = 7 (0 ™Y oy

s (&, = -— -V xu
! 24\ 28 £

mgv Tmg

——ur-VXxug+—-——ulbxug)-VinB
2wCS 6 qS
msuévu msvﬁ/« . qs .
T+ bxug-k 2uE-E. 3.5

Wes Wes 2

Here F is the (multi-species) distribution function; V is the Eulerian phase-space
fluid velocity; ¢ is the dynamical electrostatic potential; z = (X, vy, i, ¢) is a point
in the guiding centre phase space consisting of the guiding centre position, parallel
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velocity, magnetic moment and gyrophase; A is the background vector potential; b is
the unit vector along the background magnetic field; Tt =5V x b and « =b - Vb;
W= (Vey)-e,+ th/2, where ¢;, e, are unit vectors perpendicular to the background

magnetic field; E = —Vg is the electric field; uy = E x l;/B is the E x B velocity;
the Liouville volume element d2, = J,d’X dvydud¢; and J;, = Bj,/m,, where

lls
B =V x A+ msv”i)/qs — myuW/q?). The authors of (Miyato er al. 2009) drop
a number of terms from K;, by invoking some often-relevant subsidiary orderings
(relative to the usual € = p/L ordering). Here, I will not invoke these subsidiary
orderings, and will therefore keep all of the terms in Kj;.

The equations of motion corresponding to this system Lagrangian may be obtained
by varying ¢, F and V in the action integral S = ftT Ldt subject to the constraints

SV, =& +Ly&, (3.6)
6F, = _}Sdiv(jf‘;ﬂ)’ 3.7

where & is an arbitrary time-dependent (multi-species) vector field on the guiding
centre phase space and Ly, denotes the Lie derivative along the vector field V. A
thorough understanding of the rationale behind using these constrained variations
can be obtained from a reading of the original article on Euler—Poincaré variational
principles, namely Holm, Marsden & Ratiu (1998), and the first articles to present
Euler—Poincaré formulations of the Vlasov—Maxwell system (Cendra et al. 1998) and
an electrostatic gyrokinetic system (Squire et al. 2013). Varying ¢ gives the Poisson
equation,

V.|eE %4—3% —Z N (3.8)
O (SE ZSE - - Qs Rl .

where K =K(F, E, E) is given by
K(F.E.E)=>" / K,(E, E)F,d, (3.9)

NAI/FA‘_ZdU“ dﬂdg, (310)

and w.; = q,B/m;. Varying V and F gives the guiding centre equations of motion

Vi ={Z', hy}¥, 3.11)
where {-, -}¥¢ denotes the guiding centre Poisson bracket associated with the guiding
centre phase-space Lagrangian {,. Explicitly,

. B* dh, bx Vh,
X, =2 + (3.12)
mXB‘Ts 8v|| qSBﬁs

B -Vh,

*
lls

(3.13)

Vs = —
my
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The distribution function F therefore satisfies

oF, 1. . 19 . B
5+ 7V T + 2 @FT) =0 (3.14)

The dynamical system specified by (3.8) and (3.14) is meant to approximate the
Vlasov—Poisson system in a strong background magnetic field when the time and
length scales of the electrostatic potential are long compared with the gyrofrequency
and gyroradius, respectively. In particular, because the electrostatic potential in the
Vlasov—Poisson system is a functional of the distribution function, (3.8) and (3.14)
are supposed to approximate a system of equations whose phase space is the space
of F’s. Moreover, I will argue in the next section that when high-flow electrostatic
gyrokinetics is carried to all orders in magnetic non-uniformity, the phase space is
indeed the space of F’s. It is therefore reasonable to hope that (3.8) and (3.14) are
equivalent to a first-order ODE on the space of F’s.

Unfortunately this hope is ill-founded. I will explain why in the context of
linearized MSST drift kinetics. For simplicity’s sake, let the background magnetic
field be uniform and z-directed. The equilibrium I will linearize about satisfies
¢p=¢=0 and

my \3/2 5
Fo=(5m)  Nos®) exp(—(uB +m,v?/2)/T), (3.15)

where T is the equilibrium temperature and N, is the equilibrium number density.
This type of equilibrium will exist if and only if

-V. VJ_ (Z qspszNos> == Z quos (316)

s

b-VN, =0, (3.17)

where p? = (1/2)((T/my)/@?,) is a typical squared gyroradius of a species-s particle.
Linearization of MSST drift kinetics about this type of equilibrium leads to the
dynamical equations

—6,A180=3 qN,+ V2 (Z §f>

+€,V1, x b+ V8 (3.18)

. A b V2§
SFY+U||b-V8FY+—B xV (qSSgo—i— le ¢> -VF,,
q

s wC_S‘

MViM) dF

b
—— .V (gs
(q ¢ + 2wcs aUH

s

=0, (3.19)

where the elliptic linear operators A, and V? are given by

2 oMigN g
Au=Au+V- (Z M#“”) (3.20)
Viu=V.Viu, (3.21)
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and the quantities M, t, are the perturbed perpendicular pressure,

B
SM, = / uoF,— dv dude, (3.22)
ny
and
QSN()S
.= . 3.23
K — €,w,B (3:23)

Instead of analysing these equations in their full generality, I will restrict attention to
proton—electron plasmas with equilibrium density given by

X
N, = (1 7) , 3.24
n(1+ I (3.24)

that are uniform along the z-axis. In this special case, the linearized MSST equations
can be reduced to a system of equations involving only the perturbed electrostatic

potential,
—€,4,8¢ — (yV] +aV31)d,8¢ + 0,8 =0, (3.25)
where
nT
= 3.26
* Z BwL (3.26)
msn
= 3.27
p Z Pl (3.27)
nT?
= _— 3.28
4 zJ: 2B*w3 Lm, (928)
2, 2
A8 =—Vi8¢p+——0,80, 3.29
1 (p 'Ui 1 §0+ UioL QD ( )
and
c? 2 p,msn
— = —_— 3.30
RPN 330
C it S (1+x) (3.31)
v v, L/’ '

A thorough analysis of (3.25), which is linear with non-constant coefficients, requires
specifying boundary conditions on §¢. However, in order to reveal the nature of modes
that vary rapidly in space and time, it is enough to find the dispersion relation in the
Wentzel-Kramers—Brillouin (WKB) approximation. Set ¢ = a exp(iS) where a is a
slowly varying amplitude and S is a rapidly varying phase function. Define w = 9,5
and k = VS. Upon substituting this ansatz into (3.25) and then dropping all terms
involving gradients of the amplitude a, the following dispersion relation emerges

2

2 kx
—Bk,w® +¢, %(kﬁ + k) + CT,— o+ (@ + k) + vy (ki +k)k,=0. (3.32)
Uy vy, IL

Ao
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Upon noting that a, 8 = O(¢) and that y = O(e?), it becomes clear that when k, < ky
the two branches of this dispersion relation are given to leading order in € as

vk,
Wy~ — (3.33)
1+ f + UAO
L 2
. T/m; x vl
ook (14T ) (3.34)

where v, = T/(¢;BL) = O(e) is the so-called diamagnetic drift velocity. The first
branch, w,, reproduces the well-known drift wave dispersion relation. The second
branch, w,, is unphysical because its frequency increases as ¢ — 0. This implies
that the wave violates the drift kinetic approximation, namely w < w., where w is
any characteristic frequency of interest. The unphysical branch is ushered into the
theory by the appearance of the second time derivative of §¢ in (3.25), which itself
appears as a consequence of the first time derivative of §¢ appearing in the linearized
drift kinetic Poisson equation, (3.18). In short, the presence of the unphysical mode
is a direct consequence of the impossibility of expressing MSST drift kinetics as a
first-order ODE in F-space. In fact we have seen that MSST drift kinetics reduces to a
first-order ODE in (¢, F)-space when linearized about the class of slab equilibria just
considered, which is larger than F-space in the sense that F-space is a proper subset
of (¢, F)-space. In the following section I will construct an alternative variational
drift kinetic theory that is just as accurate (in terms of €) as MSST drift kinetics,
but that does not suffer from an unphysically large phase space and its associated
unphysical rapidly varying modes.

4. Renormalized MSST drift kinetics
4.1. The all-orders phase-space Lagrangian

The all-orders version of MSST drift kinetics is derived as follows. The starting point
is the magnetized Vlasov—Poisson system expressed in a special coordinate system on
single-particle phase space,

ofs + V- (lug + wlfy) + Vi, - 0ef5) =0 4.1)

€A =—p(f) 4.2)

wsz—B,uE—uE-VuE—w-VuE+ﬁwXB, 4.3)
my

where p(f) = >, ¢, [ f,d®w, B is a static nowhere vanishing magnetic field, the
velocity-like variable w is related to the single-particle velocity v by v = ug + w,
and f is the distribution function on (x, w)-space. For simplicity, I will assume the
spatial domain is all of R® and that we seek square integrable electrostatic potentials
¢ with square integrable gradients. In this space of admissible ¢, the Laplacian A is
invertible, and I will denote its inverse G = A~!'. Using G, the magnetized Vlasov—
Poisson system can be expressed as the ODE on f-space,

Ufs ==V - () = Vi - 0 (N (4.4)
=/, (4.5)
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where
x(f) =up(f) +w (4.6)
Wi (f) = —ug(f) —ue(f) - Vue(f) —w- Vug(f) + %w x B, 4.7
and the vectors uz(f) =E(f) x b/B and it;(f) = EV (f) x b/B are determined by the
operators
1
E(f)= G—VG[p(f)] (4.8)
1
5Wﬂ=—;VGW-mAﬁMﬁ+JUm, (4.9)

with J(f) =Y, ¢, [ wf; d’w. Note that the magnetized Vlasov—Poisson equations imply
ap(f) ==V - @e(N)p(f) +J(f).

Next, a near-identity field-dependent phase-space coordinate transformation,
& (JE):P — P, is identified that decouples the rapid gyromotion from the slower
drift motion. Here jE = (E, 0,E, BZZE ,...) 1s an infinite sequence of vector fields, and
P is the six-dimensional position-velocity phase space. There are many possible ways
to choose this coordinate transformation, and MSST drift kinetics is defined by the
particular choice described in Miyato et al. (2009).

Using this coordinate transformation, the guiding centre distribution function F is
defined as

Fy = @,(JE).f;, (4.10)

where f; is the particle distribution function, and the subscripted * denotes the
pushforward. Assuming that E and f; satisfy the magnetized Vlasov—Poisson equations,
the right-hand-side of (4.10) can be expressed entirely in terms of f because

JE=(GEN =(EWL), EV (), EP(f),...), where

1
E(f)=_—VGlp(H] (4.11)
1
5Wﬂ=—ZVGW°WAﬂMﬂ+JUm (4.12)
EX(H=..., (4.13)

and the operators £™ for n> 1 are determined by expressing the nth time derivative
of E in terms of f using the magnetized Vlasov—Poisson equations. To be precise,

Fy, = ©,(JE())fs (4.14)
F . (4.15)

Note that F~' maps multi-species functions on P into multi-species functions on P;
formally F~': @, C*(P) — @®,C®(P), where @, denotes the species-sum of vector
spaces.

Because @ is near-identity, F,'(f) ~ f,. This implies that F~' has a unique
perturbatively defined inverse J that satisfies

Fy = ®,(JE(F (F)))F(F). (4.16)

https://doi.org/10.1017/50022377816000532 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377816000532

20 J. W. Burby

I will explain the procedure for obtaining an asymptotic expansion of JF in the next
subsection. Therefore,

3 F(F)=0f (4.17)
= DF[3,F1=1(f) (4.18)
= 8,F = DF '[f(F(F))]. (4.19)

Here DF denotes the Fréchet derivative of F. Assuming that @ is chosen according
to the prescription given in Miyato et al. (2009), (4.19) is the all-orders version of
MSST drift kinetics. Because this system is manifestly an ODE on F-space, the phase
space for all-orders MSST drift kinetics is F-space, which proves my earlier claim.
A variational principle for all-orders MSST drift kinetics can be derived by
transforming the following variational principle for the magnetized Vlasov—Poisson
system into guiding centre coordinates. The Vlasov—Poisson Lagrangian is given by

.00 D= [1e 000D+ [IVoPex, (4.20)

where the single-particle phase-space Lagrangian is
Iz, 2,0, E) = (mw +mur+qA) - x — Hy(z, ¢, E), (4.21)
the single-particle Hamiltonian is
H,(z, ¢, E) = 5m,(w +ur)’ + 4,9, (4.22)
the volume element dw = d*xd*w, and U is the Eulerian phase-space fluid velocity.

The equations of motion corresponding to this system Lagrangian may be obtained
by varying ¢, f and U in the action integral S = fttl’ Ldt subject to the constraints

SU, =&, + Ly, (4.23)
of, = —div(&fy), 4.24)

where £ is an arbitrary time-dependent vector field on the (multi-species) guiding
centre phase space and Ly, denotes the Lie derivative along the vector field U;.

Using the MSST prescription for choosing @, the transformed system Lagrangian
is given by

0 00 : € 2 33
L*(F,V, (p):Z/ES, (z, V(2), ¢, jE) Fsd.Qs—i—z/W(pl d’x, (4.25)
where the all-orders guiding centre phase-space Lagrangian is given by
. . 7 my o0
3@z 2, 0, JE) = (%A +myv b — qMW> X+ ;M {—hP (@ ¢, jE),  (4.26)

and the all-orders guiding centre Hamiltonian is of the form

h*(z, ¢, JE) = K (JE) + g5, (4.27)
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where K° =K, + K1, + Ky, +- -+ and K,,, K, are given in (3.4) and (3.5). Note that
the MSST method for finding the guiding centre transformation @ produces a guiding
centre phase-space Lagrangian with a simple time-independent ‘symplectic part’. The
symplectic part of £5°, £, is

6" (z,2) = £+ h

N my . P
= <qu + moyh — q‘uW) X+ i—m, (4.28)

and achieving this time-independence was one of the principal goals of Miyato
et al. (2009). The variational principle associated with L*™ is very similar to the one
introduced earlier for first-order MSST drift kinetics. The action §* = ff L>dr is
varied subject to the constraints given by

SV, =& + Ly &, (4.29)
SF, = —‘;div(‘zg,.Fs). (4.30)

Using this variational principle for all-orders MSST drift kinetics, the all-orders
system phase-space Lagrangian can finally be derived using the method described in
§ 2. The dressed Lagrange 1-form and the dressed Hamiltonian must each be found.

The first step toward finding the dressed Lagrange 1-form 9> is to identify the
bare Lagrange 1-form ©°°. This is done by examining the endpoint contributions to
free-endpoint variations of S*. A straightforward calculation shows that the first free-
endpoint variation of §* about a solution of all-orders MSST drift kinetics is given
by

88> =v>[¢, JOE]|?, (4.31)

where the bare Lagrange 1-form ¢ is given by

(g, GE] = UZ/E?”””(Z, £,(2)) F; d82,

k 1 K 3
Z/(aa 7E) - (( 3y~ aak:z) d*X, (4.32)

k=1 j=1

with K®(F, jE) = ), f K (JE) FydS2,. In deriving this expression, the all-orders
Euler—Lagrange equations,

Ve =1, By (4.33)
V.D = p(F) (4.34)
8/C°° -
D=¢E Z(— o SOE’ (4.35)

must be used to eliminate all contributions to 65> except for those that come from
the endpoints. The dressed Lagrange 1-form ¢ can now be obtained by expressing ¢
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in terms of F and & using the all-orders MSST drift kinetic system. All of the time
derivatives of E must be expressed in terms of F using the relationship

JE = jE(F(F)) =jE(F). (4.36)

Similarly, the variations of the time derivatives of E must be expressed in terms of &
using

IE=EFE)=E"F), (4.37)
which gives
58" E = —DE" [T div(TF&)]
= -y DE T AVTFE). (4.38)
Here D; denotes a partial Fréchet derivative with respect to the species-s distribution

function. When this dressing procedure is complete, the all-orders dressed Lagrange
I-form can be expressed as

i~E1=Y [ B @ P R, (4.39)

where
9P (z, 23 F) = 9™ (2, 2) + 902 (F), (4.40)
and the function aX°(F): P — R is given by

00 k

o (P==Y3 (Dsé””'”(—aa“ 2’;:) . (4.41)

k=1 j=1

Here, (—9,Y'(8KC/83FE) must be expressed in terms of F by evaluating the functional
derivative, applying the time derivative, and then using (4.36); and the adjoint
operation, which is indicated by -, is defined by the following identity,

/ SE - D& 7 [5F X = / p,&" " (sE18F, d22.. (4.42)

In terms of the dressed Lagrange 1-form, the dressed Hamiltonian is
H® = d°[V>] — L=, (4.43)

where V™ and Zfo are given by dressing equations (4.33) and (4.25) using (4.36).
More explicitly, H* is given by

HF) =) / (KX (GE(F)) + V050> (F)) F, 2,

1 & e 13 - k(SK:oo e 13
+2/608~£dx /(;( 3,) 575 >.gdx. (4.44)
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The all-orders system phase-space Lagrangian is therefore
LO(F, V) =0®[V] — H*(F). (4.45)

When varying this Lagrangian, the now-familiar constraints,

8V, =& + Ly, (4.46)
5F, = — }Sdiv(jsést), (4.47)

must be imposed.

4.2. The truncated system phase-space Lagrangian

As it has been presented so far, the all-orders system phase-space Lagrangian is a
purely formal result. However, I will now show that it can be exploited to build
an attractive alternative theory to conventional first-order MSST drift kinetics. This
alternative theory, which I will refer to as renormalized first-order MSST drift kinetics,
will have the following desirable features: (1) a system phase space with the correct
size, (2) first-order (in magnetic non-uniformity) accuracy, and (3) a Lagrangian
formulation.

The procedure I will use to derive renormalized MSST drift kinetics mirrors the one
I used earlier to derive renormalized two-oscillator drift kinetics. First the all-orders
system phase-space Lagrangian must be expanded in powers of € = p/L, which is
formally equivalent to expanding in powers of the inverse elementary charge, |e|
(note that g, = Z|e|, where Z; is some integer). For the sake of achieving first-order
accuracy, both the dressed Lagrange 1-form and the dressed Hamiltonian will be
expanded up to first order if |e|™ I

In order to calculate & and % Wlth the desired level of accuracy, it is necessary to
have explicit expression for some parts of the operator ]8 (F). To be precise, if € and

(V)
&£ are expanded in powers of € as

Ei+--- (4.48)
4o, (4.49)

where subscripts denote order in €, &£,, £€;, and Sil) must be known. One way to
calculate these quantities is to find the first few orders in the asymptotic expansion of
the operator F and then evaluate the composition j€ o F. However, the most direct
approach is to analyse the Poisson equation in the all-orders MSST Euler-Lagrange
equations, namely (4.34). It is straightforward to show that the dominant balance of
(4.34) is given by

V- (e, E,) = p(F), (4.50)
where the dyad € is given by
. c pmgN; A
E=1+ (Z B2> (1 — bb). (4.51)
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Because V x £, =0, this equation uniquely determines E,. Indeed, if
G =(A+4)", (4.52)

where the negative-definite elliptic operator A+ A, is given by (A+ A )=V - (¢
V), (4.50) prescribes £, as

~ 1
E,(F) = :VGL[IO(F)]- (4.53)

o

Note that because the operator G, depends on F through the N; in A, E’U is a
nonlinear functional of F. Similarly, a dominant balance of the time derivative of
(4.50) gives

~ 1
EV(F) = —— VG,V -Im(F)], (4.54)
€o
where

Im(F) = Z (q‘&'<Xos +XIS>A'NY

s

— V- (K N)(1 = Bh) - E, ) (4.55)
the angle brackets denote velocity-space averages, (Q), =N, [ QF,J,dv;du d¢; and

X, =vyb+ug, (4.56)

2
. 17) 2U ~ uEg ¢ V X uEU &
X1SZ<EDT+lelEo'K— b
a)L'S a)CS 20)65

+MBXVB+UﬁI;XK_l;XVM%O

" - o (4.57)

with ug, = EO(F) X ZAJB”, are the O(1) and O(e) contributions to the guiding
centre drift velocity, respectively. Next, £; is determined by the first sub-dominant
contribution to the all-orders Poisson equation, namely

V.(eé-&E)=-V-n,(F), (4.58)
where
7, (F) = ‘S—K#a 8K
YT USE T SE
qsN; . qs Ky ~ =
= - Z (2%% — ngsv - (<Xm>st)uEO) — <5 En &), (459

Ki=>", [ KiFsd$2,, and @ig, = gzl)(F) x bB~!. Therefore

~ 1
gl(F)=—:VGl[V-T[1(F)]. (4.60)

o
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Because doing so will lead to considerable simplifications of the renormalized drift
kinetic theory later on, it is also useful to introduce the ‘second-order electric field’

&E,(F), which is specified by the equation

V. (e,é-&E+m(F)—m(F)=0, 4.61)
where
(SICl o 8K Ly, 82K
F)= 4.62
n(F) (5 £ )+8E8E[£ 1+ 8F8E(8)[ “] (4.62)
and
=T 'V (T(Xs + X1)F) (4.63)
E=E,+& (4.64)
EV =DE[F. (4.65)

It is straightforward to verify that the difference m — m; = O(e?), which implies that
E,=0(e?).
-~ ~(1
With these expressions for £€,, £, and 82) in hand, the truncated system phase-
space Lagrangian can be found. The truncated dressed Lagrange 1-form is given by

ie1=Y" [ B s pFag. (4.66)

where
(7, 2 F) = 9™ (2, 2) + X - Va,, (4.67)

the function «; is given by

~ 10K
(Xs = _Dsgzi
OF
=~ mev % ~
= D,E, Z B £ b] , (4.68)
and K=K, + K=", [(K,s+Ki;)F,ds2,. The truncated dressed Hamiltonian is given

by
H(F) = / (K((F)F, + o F*) d$2, + = / EEPX + / P.EPX, (4.69)
where E’:éo +£'] +¢§2;

K (F) =K, (&) + me EMy; (4.70)
*=_D 6*—(8) (4.71)
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and the polarization density P is given by

. 8K,
P=-

(4.72)

Note that V . (eoé + I~’)~= p(F), which can be carefully applied to show that the
functional derivative of H is given by

§H
S8F;

. o
=H,+ Y _ nilFf1+ D&, [nl, (4.73)
where H, =g, + K,, —V§ = E, and n =Dso; —Dga‘j‘. The truncated system phase-
space Lagrangian is therefore
L(F,V)=3[V]—H. (4.74)

Upon applying the constrained variations

SVy=& + Ly, (4.75)
O0F, = —;diV(Js%’st) 4.76)

to this Lagrangian, the Euler—Lagrange equations that result are given by

~ \ gcC
4 . SH

vi={d,e, , 4.77)
‘ SF,

e, _Z(Da — Do) [T div( T VsF)]

where

= Zn.ﬁ[x—ldw%mn. (4.78)

Note that because ¢; depends on V, (4.77) is an implicit equation for V. In order to
solve for V, first note that

Z nsl{Fs, &5)8 + (Fs, 6H /S F:}¥]

Z Xssles + 8H /8F5]. (4.79)

Therefore,
Dle] = x[6H /SF), (4.80)

where the matrix of operators D is given by

(Dle)s =Y Dales] =D (s — xa)lesl. (4.81)
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In appendix B, I argue that D should be invertible as a mapping from multi-species
phase-space functions into itself when € is small. Thus,

e=D""x[§H/SF], (4.82)

which, in conjunction with (4.77), determines the Eulerian phase-space fluid velocity

V explicitly,
sH| s\ "
Vi — i’ D—l e i

~ N gC
_)ip¥
= {Z ,D Na . (4.83)

The time evolution equation for F in renormalized MSST drift kinetics is therefore

~ \ gC
5
aF=—F DL (4.84)
SF

which is manifestly a first-order ODE on F-space. Recall that the functional derivative
§F/SF is given in (4.73).

I will conclude this section by analysing the linearization of renormalized MSST
drift kinetics about the same type of slab equilibria used in § 3. Again I will assume
the background magnetic field is uniform and z-directed. It is straightforward to show

that when F, is given by (3.15) with Ny, = n(1 + x/L), &, = &, = &, = 0, the
functional derivatives 87:[/5FS =(1 /2)msvﬁ + uB, and X_Y;[87:[/6F§] = 0. Therefore the
equilibria from § 3 are indeed equilibria of renormalized MSST drift kinetics. When
renormalized MSST drift kinetics is linearized about this type of equilibrium, the
dynamical equations governing z-independent fluctuations reduce to the following pair

of linear integro-differential equations,

. o
—€(A+ A0)8¢ =5 V10,8¢+y V10,08 (4.85)
—e,(A+ A1), = %viay&pg, (4.86)

where ¢, and ¢, are the Oth and 1st order contributions to the electrostatic potential,

and
B G G
8 =8¢, + 8¢ + 7/3 : V] : (81 +8¢2)

o G\’
- < L) V2 02(50, + 8¢, — b 4.87)
Spp =8¢, + 8¢ — ¢y (4.88)

G 2

S = _? ( L) V30280, (4.89)
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Applying the same WKB analysis to this system of equations as in §3 shows that
there are two normal modes with k, =0. The two branches of the dispersion relation
are given by

k.
W= ———2 4 O(e?) (4.90)
1 + X + UAU
L
_ 0(6 ). 4.91)

The first branch, w,, recovers the usual drift wave (with a slightly modified
frequency), while the second branch represents an artificial very low-frequency
wave. The renormalization procedure has therefore managed to eliminate the
artificial high-frequency wave, w,, from MSST drift kinetics and replace it with the
artificial low-frequency wave, w,;. From a computational point of view, an artificial
low-frequency wave may be preferable to an artificial high-frequency wave. For
instance, in an explicit integration scheme, the time-step restriction imposed by a
high frequency wave would be more severe than the time-step restriction imposed by
a low-frequency wave.

5. Discussion

One approach to dealing with higher-order time derivatives of the electrostatic
potential that appear in the equations defining higher-order drift kinetic and
gyrokinetic theories would be to first neglect the terms involving the time derivatives,
solve for the potential, then use this approximate potential to evaluate the neglected
time derivative. Such a manipulation, which can be conceptualized as identifying the
so-called slow manifold (Jones 1995), is not obviously consistent with energy and
momentum conservation. One way of interpreting the results of this paper is that
they show how this ‘bootstrapping’ technique for dealing with higher time derivatives
of the potential can be modified to be fully consistent with Lagrangian mechanics,
and therefore energy and momentum conservation. Another approach to dealing with
extra time derivatives of the electromagnetic field has been developed in the context
of a drift kinetic formalism that makes use of neither near-identity phase-space
transformations nor Lagrangian mechanics (Ramos 2008). There the time derivatives
of the electromagnetic field are eliminated through the use of exact momentum
conservation relations. In the end, the technique in Ramos (2008) produces a hybrid
fluid-drift kinetic system with exact conservation laws for energy and momentum, and
without an apparent variational principle. It would be interesting to learn whether or
not this hybrid system could be cast in the framework of Hamiltonian (Tronci 2010)
or Lagrangian (Holm & Tronci 2012) hybrid models.

While I have been stressing the fact that renormalized MSST drift kinetics satisfies a
variational principle, renormalized MSST drift kinetics is also an infinite-dimensional
Hamiltonian system. The Hamiltonian functional is given by 7/ and the field-theoretic
Poisson bracket is given by

_ _,6G
[F,Q’]—/{D SF D 5F} Fdf2

gc gc
+ /n [{F D—'g} } {F, D—'ii} de, (5.1)
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where F, G are arbitrary functions of the multi-species distribution function, and the
skew-symmetric operator 7 is defined in (4.78). This Poisson bracket can be deduced
directly from the phase-space Lagrangian for renormalized MSST drift kinetics
following the example set in Burby (2015), and therefore automatically satisfies the
Jacobi identity. This means that, aside from eliminating unphysical rapidly varying
modes, an additional benefit of employing renormalized MSST drift kinetics instead
of conventional MSST drift kinetics is that the dynamically accessible stability method
(Morrison & Pfirsch 1989; Burby ef al. 2015) can be applied to the renormalized
theory in order to assess the stability of equilibria. In contrast, conventional MSST
drift kinetics has no known Hamiltonian structure. Note that this is consistent with
the existence of a Hamiltonian formulation for the low-order electrostatic gyrokinetic
system given in Squire et al. (2013).

The appearance of higher time derivatives of ¢ in MSST drift kinetics can be
traced back to the appearance of higher time derivatives in the conventional drift
kinetic system Lagrangian. In the theory of Lagrangian systems with non-degenerate
Lagrangians, higher time derivatives in the Lagrangian necessarily indicate the
presence of the so-called Ostrogradsky instability (Ostrogradsky 1850; Motohashi
& Suyama 2015). In light of this well-known phenomenon, it is perhaps not entirely
surprising that there are unphysical modes present in MSST drift kinetics. However,
because the MSST system Lagrangian is degenerate, it is not completely justified
to invoke Ostrogradsky’s theorem as an a priori explanation of the unphysical
modes in MSST drift kinetics. It would nevertheless be interesting to attempt to
extend Ostrogradsky’s theorem to allow for Lagrangians with the particular type of
degeneracy inherent in the MSST system Lagrangian.

Looking ahead, two important extensions of the work presented here are (1) incorpo-
rating electromagnetic effects into the renormalization procedure, and (2) identifying
a collision operator with exact conservation properties for renormalized MSST drift
kinetics. The second task may prove to be especially challenging because it seems
likely that, due to the use of the ‘bootstrapping’ technique, collisional renormalized
MSST drift kinetics will contain the collision operator in both the kinetic equation
and the drift kinetic Poisson equation. Nevertheless, it would be interesting to know
if results akin to those given in Burby & Brizard (2015) exist for renormalized MSST
drift kinetics.

Finally, it is worth remarking on the relevance of the methods of this paper to
gyrokinetic modelling in the tokamak edge. Due to the particular orderings relevant in
the edge (Scott 2016), the time derivatives that appear in the gyrocentre Hamiltonian
are likely to be too small to be dynamically relevant. Therefore, the results in this
paper are unlikely to be important to gyrokinetic modelling of the edge.
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Appendix A. Why does ‘dressing’ work?

At two points in the main text I applied a dressing procedure to derive a
phase-space Lagrangian for a Lagrangian system. The purpose of this appendix
is to give a precise definition of the term ‘phase space Lagrangian,” and provide a
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rigorous justification for using the ‘dressing’ procedure to find a Lagrangian system’s
phase-space Lagrangian. For the sake of making the discussion accessible, I will
strive to convey these general ideas by way of a specific example, namely all-orders
two-oscillator drift kinetics. For a similar discussion in the context of variational
kinetic theories, see Burby (2015). For a discussion of phase-space Lagrangians in
the context of magnetic field line flow, see Cary & Littlejohn (1983).

Suppose P is a linear space with coordinates 7' and that X is a vector field on P.
The equation z = X(z), where z € P, specifies an autonomous system on P that will
be referred to as X. The phase space for the system X is the space P. X admits a
phase-space Lagrangian if there is a 1-form on P, ¥ = ¥dZ, and a function on P, h,
such that

Lxd'l} =—dh == (l?,'J — l?j’,')Xj = —I’l’,'. (A 1)

The 1-form ¥ and the function i are X’s Lagrange 1-form and Hamiltonian function,
respectively. Given an X that admits a phase-space Lagrangian, X’s phase-space
Lagrangian, ¢, is the function on P x P given by

0z, 2) = ;)7 — h(2). (A2)

The justification for this terminology is the following. Given an X that admits a phase-
space Lagrangian, ¢, define the functional S:B(P) — R, where SB(P) is the space of
paths, y, through P parameterized by the fixed interval [f, #,], using the formula

S(y) = /ﬁ—/'hw»dr
Y n

= / £y (), y () dr. (A3)
I

If y is an integral curve of X, i.e. y(f) = X(y(¢)) for each ¢ € [1, t,], then the first
fixed-endpoint variation of S is zero at y. Thus, the autonomous system X satisfies
a variational principle, and £ serves as the corresponding Lagrangian function. The
modifier ‘phase space’ in ‘phase-space Lagrangian’ corresponds to the fact that the
functional S takes as its argument a path in phase space; the most familiar variational
principle, namely Hamilton’s principle, is phrased in terms of a functional whose
argument is a path in configuration space.

A natural class of systems that admit a phase-space Lagrangian consists of all
systems that satisfy variational principles. I will illustrate this point in the context of
all-orders two-oscillator drift kinetics. In this case, P is (Q, P, ¢, ¢)-space, and the
vector field X is given by

XC=(1—-2€g4-(Q, )P — €wygp (A4)
X' =—(o] +289)7-(Q. ¢) (A5)
X¢=¢ (A6)

X/ =—w9p — 8" (0. ). (A7)

This system admits the following variational principle. Let the set @ be (Q, P, ¢)-
space and let PB(Q) be the corresponding space of paths, ¢ = (Q, P, ¢), through Q
parameterized by [#1, f,]. Define the functional S, :(Q) — R using the formula

SU(C)Z/ L(c(n), &), ¢, ¢ (1)) dt, (A8)

n
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where L is given in (2.24). If the first fixed-endpoint variation of S, vanishes at
c=(Q, P, ¢), then, as described in §2, y = (Q, P, ¢, ¢) is an integral curve of X.
Conversely, if y =(Q, P, ¢, ¢) is an integral curve of X, then the first fixed-endpoint
variation of S, vanishes at ¢ = (Q, P, ¢). Note that L is not a phase-space Lagrangian,
i.e. it is not of the form expressed in (A 2). Nevertheless, X does admit a phase-space
Lagrangian. To see this, first let F,: P — P be the flow map of the vector field X;
F, is the unique one-parameter family of maps P — P that satisfies F(z) =z and
0,F;(z) = X(Fy(z)) for each z € P. Using F,, it is possible to construct a mapping
sol : P — P(P) according to the formula

s0l(2)(t) = Fi—;, (2). (A9)

Note that sol(z) is the unique path through P that (1) is an integral curve of the vector
field X and (2) passes through the point z at t=1,. Because any path y =(Q, P, ¢, ¢)
through P determines a corresponding path, n(y) = (Q, P, ¢), through O, sol and
S, can be used to construct the function on phase space S=S,o0mwosol: P —R. §
may be thought of as the action S, regarded as a function of initial conditions. The
phase-space Lagrangian for all-orders two-oscillator drift kinetics can be derived by
analysing the derivatives of S with respect to z and #,. (S depends on 7, because the
upper limit of the time integral in the definition of S, is #,.)

In order to calculate the derivatives of S, it will be convenient to introduce the
curves ¥, = sol(z + €v) = (Qe, P, ¢c, ¢c), cc =T(¥e), I, and T, where € is a small
positive real number, v € P is an arbitrary four-component vector, and

dQ. dP. dg. d*¢. de.
)= 0.0),P.0), p. (1), —, —=, 2= — I A10
0] <Q() (@), (1), 4 4 dr dr (A'10)
dQ. dP. d’°P. dp. d’¢. d’.
Y. = 0.0), P.(t), o.(t T ar 4 an ) All
) (Q() @), (1), T 42 4 dr de (A1l

Note that because y. is an integral curve of X for each ¢, it must be true that

do.
au = X°(y.(1) (A12)
t
dpP, P
1 =X"(y.(1) (A13)
t
@ = (X93,X" + X43,X") (y. (1)) (A 14)
a2 — 0 o JVe
de.
o =X?(y.(1)) (A15)
dzgoé do. .
= — :X<,0 ¢ t A 16
5 =g =X ) (A 16)
Coe _ (X20,X? + X?9,X?) (. (1)) (A17)
s~ 0 ol NV
The directional derivative of S at z along v is given by
_ dl -
ds.(v) = —| S(z+e€v)
de |,
d
= — S,(co), (A18)
de |,
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which is equal to a certain free-endpoint variation of S, at a curve (c=cy) that satisfies
the Euler—Lagrange equations. Applying integration by parts several times and making
use of the fact that ¢, satisfies the Euler-Lagrange equations gives

ds.(v) = [9o(Vo(1)8Q(0) + D, (Vo (1) (1) + 9, (Yo ())3¢ (1) + 95 (Yo())SH ()],

(A 19)
where
d
8Q() = 1 (1) (A 20)
€ 1o
d
dp(1) = i @ (1) (A21)
€ lo
Sp(n) = d| do. (A22)
0= e, ar
53 = 3 o (A23)
PO= 4|, 4
Bo(Z) = oL (A 24)
0 aQ
oL  9*L . 9L . 9°L.. 3L .
0 (2)=— — -0 — 0 ——9+ ——=P (A25)
d¢ 0Q0¢ RILI0) 0¢? oPyY
04(2) = aL L P (A26)
 9PI¢
V;(2) = oL (A27)
FA

and all partial derivatives are evaluated at Z=(Q, P, ¢, O, P, P, ¢, ¢, ¥). The 1-form
on Z-space O =0odQ+V,dp +9,dp +U;d¢ is the bare Lagrange 1-form introduced
in §2. In terms of the bare Lagrange 1-form, the directional derivative of § is

dS.(v) = [9r,0) (8 To(1))]7. (A28)

This expression can be simplified further by noting that, according to (A 12)—(A 17),
Yo(t) = J(y(t)) and §7y(¢) = DJVO(,)[ay(t)] where J maps phase space, P, into Z-

space according to J = (Qy, Py, ¢y, QJ, PJ, PJ, @7, D1, §0J) with

0;,2=0 (A29)

Py(z) =P (A 30)

p@)=¢ (A31)

0;(2) =X%(2) (A32)

Pi(2) =X"(2) (A33)

Py(z) = (X%0oX" + X?9,X")(2) (A34)
@1(2) =X (2) (A35)

$1(2) =X’ (2) (A 36)

Py(2) = (X29pX? + X*9,X%)(2). (A37)
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Thus,
Dy (8T0(0) = Ty (DI o0 [8y (D)
= ("' @y @)
= 9%, 8y (1), (A 38)

where 9 = J*9 denotes the pullback of the 1-form, ¥, on Z-space to phase space
along the mapping J, and

A5 (v) = [Byy) By (1. (A39)

A straightforward application of the definition of pullback (Abraham & Marsden 2008)
shows that J*9 is precisely the dressed Lagrange 1-form introduced in §2. Finally,
using the fact that

d
& OFt—tl(Z+6v)

= (DF,—,):[v], (A 40)

3y ()

and applying the definition of pullback once more, the directional derivative of S can
be expressed as

ds.(v) = (F_, 9™ — %),(v), (A41)
ie. dS=F:_ 0> — D>

In order to find the #, derivative of S, first note that

S@=/ﬁmmm

Al
5]
= / G7L) (vo (1) dt
1112 ]
- [ D@ @ (A4)
A
where the mapping j = (Qy, Py, ¢y, QJ, Py, ¢5, 47, @). Therefore,
d - s
d—[zS(z) =F;_, G*D)(). (A43)

When (A41) is combined with (A43), a straightforward application of exterior
calculus identities given in Abraham & Marsden (2008) shows that X admits a
phase-space Lagrangian. Indeed,

dﬁ = i(F*_ D® — 9%)
d, dr, 7
=F;_, ('L)=F;_, (Lx®™)
= —d(0®°X) —jL) = 1ydd™, (A44)

which is precisely the condition given in (A 1). X’s Lagrange 1-form is given by B,
while its Hamiltonian is given by h = 9¥°°(X) —j*L. Moreover, a careful analysis of

the definitions of 9> and h shows the dressing procedure described in § 2 correctly
identifies the phase-space Lagrangian for all-orders two-oscillator drift kinetics.

https://doi.org/10.1017/50022377816000532 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377816000532

34 J. W. Burby

Appendix B. Why is the operator D invertible?

The linear operator D, which maps multi-species phase-space functions into multi-
species phase-space functions, is defined by the expression

Dgles] = (85 — xs5)lesl, B1)
where the operator xg; is given by

Xs§[8§] = nss[{Fs’ 8S}gc]

i 82
= 2D,E, r — D& [{F;, &5)5]
SESE

_+ 82K 2T
+ | D&, ——— — - D;E, | [{Fs, &5 1. (B2)
SFSE  SF.OE
Here,
o 1 1 c? L ,mz8 Ny
D;E,[8F;]= —VG,[q:6N;] — —VG, |V - TVLGL[:O(F)] B3)
0 €,
DE ul=-LG,[V.u- ¢ g, V.GV -ul (B4)
8K m,N,
_[SE] = b x S8E B5
SESE T = Z 2Bw,, (B5)
82K
_[8F;]= — b x &,8N; (B 6)
SFSE 2B oo
2K * s s
- BE]= —% % &,-E. (B7)
SFOE 2B%w,q

Consider the problem of inverting the operator D, i.e. solving the equation

> Dgles] = x (B8)

for & given x. I will argue that this can be done provided |e|™! is small enough and
p(F)=>", q:N;=0(1) (the latter condition being necessary in high-flow drift kinetics
in order to guarantee up = O(1)).

As a first step toward solving for €, I will solve for the quantity (6¢) as a function
of (§x), where

(86), = / (F,. £, Tidvy du dg (B9)
(5x)s = / (Fys 0} T duy dpude. (B 10)

Note that, according to (B 2), (1) the quantity n[§F] only depends on §F through the
velocity-space integral f 8F,Jydvydpde and (2) n[6F] has no velocity dependence.
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Therefore, there is a unique operator, (n), mapping functions on configuration space
into itself that satisfies

nsl8F:1 = (n)s [/ 8F;J; dvy du dg} . (B11)
The equation (B 8) can therefore be expressed as
&= D_tmsl(de)] =, (B 12)
which implies
> (D)sltde)s] = (805, (B 13)
where
<I»ﬁ[wsx]:=&@w>s—t/kfg<n>ﬁusekn$tndvdud;. (B 14)

I will now argue that the operator (D) is invertible as a mapping from functions on
configuration space into itself. The general principal I will apply asserts that operators
sufficiently close to invertible operators are also invertible. The operator (D) can be
decomposed as (D) = (D), + (D), where (D), is the leading-order (in € = |e|™})
contribution to (D) and (D); = O(e). (D) is invertible because (D), is invertible and
e-close to (D). To see that (D), is invertible, first note that

[; Vv oss 8 K
(D)ossl(8e)5] =65(0)s = V - < . <n>é[< 8>‘]Ns> ; (B 15)
qs
where
GL mgNa ~ GL
(n>()s§[<88>§] - _2('13 c, V. (; ZBzwmb xV e [%(58)3])]
= qAlgs(8¢)sl, (B 16)
and A is an O(e) linear operator. Now consider solving the equation,
D (Dhosl(8e):] =i, (B 17)

s

for (5¢) given j. In terms of the operator A, this equation can be written

N .
quws)s] B) =i, (B 18)

which implies that the quantity A=) . g;(d¢); satisfies

(8e),—V - (z? x VA

A+ L= gy, (B 19)
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where L is the O(e) operator given by

~ p(F)
L[A]l=-V.(bx VAM]T . (B20)
Because L = O(¢), the operator (1 4+ L) is invertible for € small enough. Thus, 4 =
(14 L)"'[>_. gvs), and, according to (B 18),

N N,
se)y=ji+V-[bxVA|Q1+D"' wio || = | s B21
(8e), =i+ x <+)Zajq1 - (B21)
which shows that (D), is invertible for small enough €, as claimed. For reasons
already mentioned, it follows that (D) is invertible for small enough €. Therefore, by
(B 13), (8&) = (D)~'[{8x)]. When this result is substituted into (B 12), an expression
for ¢ and a function of y emerges,

e=x + (D)), (B22)

which shows that D is invertible.
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