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We study a heterogeneous dam supplied by two reservoirs, for which we propose a new

formulation based on the stream function. Without any monotonicity assumption on the

permeability matrix, we prove that the free boundary is a continuous curve of the form

x = φ(y). We also prove the uniqueness of the solution.

Introduction

The dam problem consists of studying the filtration of a fluid through a porous medium

Ω subject to Darcy’s law and to some boundary conditions. We look for the saturated

region S (see Figure 1) and the fluid pressure p inside Ω. The interface Γ = ∂[p > 0] ∩ Ω
which separates the wet and dry regions is called a free boundary.

This problem has been studied by many authors. First, Baiocchi [5] solved the case

of a homogeneous rectangular dam supplied by two reservoirs of water, by using the

theory of variational inequalities. He also proved that Γ is an analytic curve of the form

y = Φ(x). Benci [6] extended Baiocchi’s results to rectangular heterogeneous dams with

permeability of the form k1(x)k2(y)I2, where I2 is the 2-by-2 unit matrix. In particular,

he proved that Γ is a continuous decreasing curve y = Φ(x) if k′
2(y) � 0. Caffarelli &

Friedman [8] proved that Γ is a curve of the form x = Ψ (y) if k1(x) = 1 and k2(y) is a

non-increasing step function.

Unfortunately, the variational inequalities approach is not possible for dams with general

geometry. Later, Alt [1] and Brezis et al. [7] introduced a new approach. Moreover, for the

homogeneous dam Alt [2] proved that the free boundary is an analytic curve y = Φ(x).

Uniqueness of the S3-connected solution was proved by Carrillo & Chipot [9] and also

by Alt & Gilardi [4].

Friedman & Huang [12] and Stavre & Vernescu [15] showed that if the permeability

matrix is given by a(X) = k(x, y)I2 with ∂k/∂y � 0 in D′(Ω), then Γ is a continuous

curve y = Φ(x) and the S3−connected solution is unique. These results were generalized

by Lyaghfouri [14] to the case where the permeability matrix a(X) = (aij(X)) is such that

a12(X) ≡ 0 and ∂a22/∂y � 0 in D′(Ω). Recently, the authors have considered the case

where a12, a22 ∈ C1 and div(a12, a22) � 0. They proved, via a change of variables, that Γ

is locally represented by continuous curves.

In this paper, we consider a heterogeneous dam supplied by two reservoirs each

containing the same fluid. Our main objective is to study the free boundary, and to
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establish some of its properties without assuming any kind of monotonicity on the

permeability. This is done by introducing a new formulation using the stream function

instead of the classical one based on the pressure. In this formulation the total flux

through the left-hand side of the dam is prescribed instead of prescribing the height of

the left reservoir and the pressure on the contact zone between the reservoir and the dam.

Note that a similar formulation has been introduced [3] to study a homogenous dam

supplied by two reservoirs each containing two immiscible fluids.

We first prove a monotonicity result for the function characterizing the wet region. This

allows us to define the free boundary as a curve of the form x = φ(y). Then we prove the

continuity of φ and the uniqueness of the solution.

1 Statement of the problem

Throughout this paper, we will denote by X the point of coordinates (x, y). Sometimes

we will also use the notation (xP , yP ) to denote the coordinates of the point P . We will

denote by χ(E) the characteristic function of the set E.

We consider a dam which is a porous medium represented by a bounded domain Ω of

�2 with boundary ∂Ω =
�

AB ∪
�

BT ∪
�

TA. We assume that

�

TA= {(a0(y), y), y ∈ [0, yT ]} with y �→ a0(y) an increasing C1 function
�

BT= {(b0(y), y), y ∈ [yB, yT ]} with y �→ b0(y) a decreasing C1 function
�

AB= {(x, c(x)), x ∈ [xA, xB]} with x �→ c(x) a decreasing C1 function.

The dam is supplied by two reservoirs of water (see Figure 1). To the left, we assume that

the total entering flux through
�

A1A is equal to the constant Q > 0 and the fluid in the

reservoir is at the level H(Q) = yA1
depending on Q, while to the right it is at the level

h = yB1
independent on Q, with H > h > 0.

We assume that the flow in Ω has reached a steady state and we denote by S the

saturated region of the porous medium. The boundary ∂S of S is divided into four parts

(see Figure 1): the impervious part
�

AB, the free boundary Γ ,
�

BB1 and
�

A1A representing

the part in contact with the reservoirs and, finally,
�

B1O1, the part where the fluid flows

out of Ω and not directly into a reservoir.

The flow is governed by the following Darcy law:

v = −a(X)∇(p+ y) (1.1)

where v is the fluid velocity, p is its pressure, and a : Ω̄ −→ IR2×2 is the permeability

matrix satisfying i) a ∈ C0,α(Ω), max
i,j

|ai,j |0,Ω � M

ii) a(X)ξ.ξ � m|ξ|2 for all ξ ∈ IR2, X ∈ Ω,
(1.2)

for some m,M > 0 and α ∈ (0, 1) and where |.|0,Ω is the L∞ norm.
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Figure 1. Problem statement illustration.

Since
�

AB is assumed to be impervious, we have

v.ν = 0 on
�

AB, (1.3)

where ν is the exterior unit normal vector to ∂S .

We assume that there is no flux through the free boundary and that p agrees with the

atmospheric pressure normalized at zero. So we have

p = 0 and v.ν = 0 on Γ . (1.4)

On the part of ∂Ω in contact with the reservoirs, we assume that the pressure is given by

the exterior fluid pressure, i.e. we have

p = h− y on
�

BB1, p = H − y on
�

A1A . (1.5)

Finally, on
�

B1O1, p coincides with the atmospheric pressure and the water is free to exit

the porous medium. Thus, we have

p = 0 and v.ν � 0 on
�

B1O1 . (1.6)

We assume the flow to be incompressible, i.e. div(v) = 0 in S . Then there exists a stream

function ψ such that

v = −Rotψ = −
(

−∂ψ

∂y
,

∂ψ

∂x

)
= −a(X)∇(p+ y) in S. (1.7)

Let ζ ∈ D(S). We have by (1.1) and (1.7)

0 =

∫
S

∇(p+ y).Rotζ =

∫
S

a−1(X)Rotψ.Rotζ =

∫
S

b(X)∇ψ.∇ζ (1.8)

where b(X) =
ta(X)

det(a(X))
, det(a(X)) is the determinant of the matrix a(X) and ta(X) is its

transpose. Note that we deduce from (1.2) the existence of λ, Λ > 0 such that{
i) b ∈ C0,α(Ω), max

i,j
|bi,j |0,Ω � Λ

ii) b(X)ξ.ξ � λ|ξ|2 for all ξ ∈ IR2, X ∈ Ω.
(1.9)
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We obtain from (1.8)

div(b(X)∇ψ) = 0 in D′(S). (1.10)

Let us set ν = (νx, νy) and denote the tangent vector by τ = (−νy, νx). Then

v.ν = −Rotψ.ν =
∂ψ

∂τ
. (1.11)

Moreover, one can verify that

b(X)∇ψ.ν =
∂(p+ y)

∂τ
. (1.12)

It follows from (1.3) and (1.11) that ψ is constant along
�

AB. So there exists a constant c1
such that

ψ = c1 on
�

AB . (1.13)

In the same way, ψ is constant along Γ . So there exists a constant c2 such that

ψ = c2 on Γ . (1.14)

Now, since p = 0 on Γ , we obtain from (1.12)

b(X)∇ψ.ν = νx on Γ . (1.15)

By (1.5), p+ y is constant along
�

A1A and
�

BB1. It follows then by (1.12)

b(X)∇ψ.ν = 0 on
�

A1A ∪
�

BB1 . (1.16)

Finally, we deduce from (1.6) and (1.11)–(1.12) that

b(X)∇ψ.ν = νx and
∂ψ

∂τ
� 0 on

�

B1O1 . (1.17)

We choose c1 = 0 and we are going to prove, in a formal way, that c2 > 0. First we

claim that c2 � 0. Indeed, suppose that c2 < 0 (see Figure 2).

To begin with, since h < H , we expect that the point O1 is located above B1, and in

particular
�

O1B1� ∅. Next, since by (1.17) ψ increases from B1 to O1, it takes its minimum

value on
�

A1A or on
�

BB1. Suppose there exists m0 ∈
�

BB1 at which ψ achieves its minimum

value. Then ∂ψ
∂τ

(m0) = 0, and consequently, we have 0 = b(m0)∇ψ.ν(m0) = ∂ψ
∂ν

(m0)b(m0)ν.ν.

From (1.9)ii) we deduce that ∂ψ
∂ν

(m0) = 0, which contradicts the Hopf maximum principle.

Similarly, we get a contradiction if ψ achieves its minimum on
�

A1A.

Now, we assert that c2 > 0. Indeed if c2 = 0, then we cannot have as before, a minimum

neither on
�

A1A nor on
�

BB1. So the minimum is achieved on
�

O1A1 ∪
�

AB ∪
�

B1O1. But

since ∂ψ
∂τ

� 0 on
�

B1O1 and ψ = 0 on
�

O1A1 ∪
�

AB, the minimum will be achieved at a point

m0 ∈
�

B1O1. We necessarily have, as before, ∂ψ
∂τ

(m0) = 0, which leads to (b(m0)ν.ν)
∂ψ
∂ν

(m0) =
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ψ = 0

A1

b(X)∇ψ.ν = 0

−B1

div(b(X)∇ψ) = 0

A

B

b(X)∇ψ.ν = 0

O1
∂ψ

∂τ
� 0

�

ψ = c2

Figure 2. Strong formulation of the problem.

νx > 0. Hence by (1.9)ii) ∂ψ
∂ν

(m0) > 0 and we get a contradiction to the Hopf maximum

principle.

Remark 1.1 (i) We have c2 = Q is the total flux through
�

A1A. Indeed we have by (1.11)

Q =

∫ A1

A

−v.ν =

∫ A1

A

−∂ψ

∂τ
= ψ(A1) − ψ(A) = c2 − 0 = c2.

Moreover, by the strong maximum principle we have 0 < ψ < Q in S .

(ii) Since b(X)∇ψ.ν = νx and ψ = Q on Γ , one has ∂ψ
∂ν
b(X)ν.ν = νx on Γ . Moreover by the

maximum principle and the positivity of b(X), we deduce that νx � 0 on Γ . This means

that Γ is a curve x = φ(y). This will be justified more rigourously in § 2.

To derive a weak formulation for our problem, we first extend ψ by Q to Ω \ S . Next

we choose a test function ζ ∈ H1(Ω) with ζ = 0 on
�

AB. Taking into account (1.10),

(1.15)–(1.17), we obtain, in a formal way,∫
Ω

b(X)∇ψ.∇ζ =

∫
S

b(X)∇ψ.∇ζ =

∫
∂S

b(X)∇ψ.νζ =

∫
Γ∪

�

B1O1

νxζ. (1.18)

Assuming Γ smooth enough, we have∫
Ω

χ([ψ = Q])ζx =

∫
∂Ω

ζνx −
∫

∂S

ζνx =

∫
�

O1T∪
�

TA1

νxζ −
∫
Γ

νxζ

which leads to ∫
Γ

νxζ = −
∫
Ω

χ([ψ = Q])ζx +

∫
�

O1T∪
�

TA1

νxζ. (1.19)

Comparing (1.18) and (1.19), we get∫
Ω

b(X)∇ψ.∇ζ +

∫
Ω

χ([ψ = Q])ζx =

∫
�

TA1

νxζ +

∫
�

B1T

νxζ. (1.20)
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Since we are assuming that ψ = Q above the level y = H , we can rewrite (1.20) as∫
Ω

(
b(X)∇ψ + χ([ψ = Q])ex

)
.∇ζ −

∫
�

TA

χ([ψ = Q])νxζ =

∫
�

B1T

νxζ,

where ex = (0, 1). Hence we are led to the following weak formulation:

(P )



Find (ψ, γ, γ̃) ∈ H1(Ω) × L∞(Ω) × L∞(
�

TA) such that :

(i)

∫
Ω

(
b(X)∇ψ + γex

)
.∇ζ −

∫
�

TA

γ̃νxζ =

∫
�

B1T

νxζ

∀ζ ∈ H1(Ω), ζ = 0 on
�

AB

(ii) γ ∈ H(ψ − Q) a.e. in Ω, γ̃ ∈ H(ψ − Q) a.e. in
�

TA

(iii) ψ = 0 on
�

AB,

where H is the heaviside graph.

Remark 1.2 As mentioned in Alt et al. [4], in the case of two fluids, the new formulation

is given in terms of prescribed flux Q instead of prescribed height of the left reservoir.

Indeed in the formulation (P ) one is given Q as well as B1, but not A1.

The existence of a solution of (P ) can be obtained by arguing as in Alt [1] or Brézis

et al. [7]. In § 2, we give some properties of the solutions. In particular we prove the

continuity of ψ. Then we show a monotonicity result of γ with respect to x. This allows

us to define the free boundary as a curve x = φ(y). We also prove that the dam is wet

below the line y = h. In § 3, we establish the continuity of φ and obtain the expression

of γ as a characteristic function of the dry part of the dam. Finally, in § 4, we prove the

uniqueness of the solution.

2 Some properties of the solutions

Throughout this section we denote a solution of (P ) by (ψ, γ, γ̃). First we have the following

proposition.

Proposition 2.1

div
(
b(X)∇ψ

)
= −γx in D′(Ω). (2.1)

Proof It suffices to take ζ ∈ D(Ω) as a test function in (P )i). �

Proposition 2.2

0 � ψ � Q in Ω. (2.2)
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Proof (i) Using ψ− as a test function in (P )i), we obtain since [ψ � 0] ⊂ [ψ < Q], γ = 0

a.e. in [ψ < Q] and γ̃ = 0 a.e. in
�

TA ∩[ψ < Q],∫
Ω

b(X)∇ψ−.∇ψ− = −
∫

�

B1T

ψ−νx � 0 since νx � 0 on
�

B1T .

By (1.9)ii), we deduce that ∇ψ− = 0 a.e. in Ω. Then ψ− is constant in Ω. Since ψ = 0 on
�

AB, we obtain ψ � 0 in Ω.

(ii) Taking (ψ − Q)+ as a test function in (P )i), we obtain since γ = 1 a.e. in [ψ > Q],

γ̃ = 1 a.e. in
�

TA ∩[ψ > Q], and νx � 0 on
�

BB1∫
Ω

b(X)∇(ψ − Q)+.∇(ψ − Q)+ = −
∫
Ω

(ψ − Q)+x +

∫
�

TA

(ψ − Q)+νx

+

∫
�

B1T

(ψ − Q)+νx = −
∫

�

BB1

(ψ − Q)+νx � 0.

It follows that (ψ−Q)+ is constant in Ω. Since ψ = 0 on
�

AB, we obtain ψ � Q in Ω. �

Proposition 2.3

ψ ∈ C
0,α
loc (Ω \ {A,B, T }) for some α ∈ (0, 1).

Proof First, since γ ∈ L∞(Ω), and b ∈ L∞(Ω) and is strictly elliptic, we deduce from (2.1)

and the regularity theory for elliptic equations (see Gilbarg & Trudinger [13, Theorem

8.22, p. 200; Theorem 8.29, p. 205] that ψ ∈ C
0,α
loc (Ω ∪ Int(

�

AB)) for some α ∈ (0, 1).

For the regularity on Int(
�

BT ) ∪ Int(
�

TA), we use the reflection method. We will give the

proof only for Int(
�

TA), as it is the same for Int(
�

BT ).

Let X0 = (x0, y0) = (a0(y0), y0) ∈ Int(
�

TA), δ > 0 and consider the set

Z = {(x, y) / a0(y) − δ < x < a0(y) + δ and y0 − δ < y < y0 + δ}.

We assume that δ > 0 is small enough so that {(a0(y), y) / y0 − δ < y < y0 + δ} ⊂
�

TA and

(see Figure 3)

Z ∩ Ω = {(x, y) / a0(y) < x < a0(y) + δ and y0 − δ < y < y0 + δ}.

Then we define the following functions in Z:

ψ(x, y) =

{
ψ(x, y) if (x, y) ∈ Z ∩ Ω
ψ(2a0(y) − x, y) otherwise

and b(x, y) =

{
b(x, y) if (x, y) ∈ Z ∩ Ω
c(2a0(y) − x, y) otherwise;

where {
c11 = b11 + 4a′2

0 (y)b22 − 2a′
0(y)(b12 + b21)

c12 = 2a′
0(y)b22 − b12, c21 = 2a′

0(y)b22 − b21, c22 = b22.
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y = y0 − δ

y = y0 + δ

a0(y) a0(y) + δa0(y) − δ

•X0
Z ∩ Ω

Z \ Ω

Figure 3. C0,α regularity upto Int(
�

TA).

Let f = γχ(Z \Ω) + (2γ̃(y) − γ)χ(Z ∩Ω), where γ(x, y) = γ(2a0(y) − x, y) if (x, y) ∈ Z \Ω.

Then we have

div(b(x, y)∇ψ) = fx in D′(Z). (2.3)

Indeed we have, for ζ ∈ D(Z) and ζ(x, y) = ζ(2a0(y) − x, y),∫
Z\Ω

c(2a0(y) − x, y)∇ψ.∇ζ =

∫
Z∩Ω

c(x, y)∇ψ(2a0(y) − x, y)∇ζ(2a0(y) − x, y)

=

∫
Z∩Ω

b(x, y)∇ψ(x, y).∇ζ(x, y). (2.4)

Using (2.4) and the fact that ζ + ζ is a test function for (P ), we get∫
Z

b(x, y)∇ψ.∇ζ =

∫
Z∩Ω

b(x, y)∇ψ.∇(ζ + ζ)

= −
∫
Z∩Ω

γ(ζ + ζ)x +

∫
Z∩

�

TA

γ̃(y)(ζ + ζ)νx

=

∫
Z\Ω

γζx +

∫
Z∩Ω

(2γ̃(y) − γ)ζx =

∫
Z

fζx.

Now it is clear that the coefficients of b(x, y) and f are uniformly bounded in Z .

Moreover we claim that b(x, y) is strictly elliptic in Z . Indeed it is enough to verify that

c(x, y) is strictly elliptic in Z ∩ Ω. Let c∗(x, y) be the matrix defined by c∗
ii = cii and

c∗
ij = −cij for i� j. Then we have for each ξ = (ξ1, ξ2) ∈ �2

c(x, y).ξ.ξ = c11ξ
2
1 + (c12 + c21)ξ1ξ2 + c22ξ

2
2 = c∗(x, y).ξ∗.ξ∗, with ξ∗ = (ξ1,−ξ2).

Since |ξ| = |ξ∗|, it is clear that it is enough to show the strict ellipticity of c∗(x, y). For

this purpose we remark that c∗(x, y) =t d(x, y)b(x, y)d(x, y), where d(x, y) = (dij(x, y)) is

the matrix defined by d11(x, y) = d22(x, y) = 1, d12(x, y) = 0, and d21(x, y) = −2a′
0(y). Then

we have by (1.9)ii) for ξ = (ξ1, ξ2) ∈ �2

c∗(x, y)ξ.ξ =t d(x, y)b(x, y)d(x, y)ξ.ξ = b(x, y)(d(x, y)ξ).(d(x, y)ξ) � λ|d(x, y)ξ|2.

Since |d(x, y)ξ|2 = (1 + 4a′2
0 (y))ξ2

1 − 4a′(y)ξ1ξ2 + ξ2
2 , it is enough to choose η such that

0 < η < min( 1
2
, 1

16maxy0−δ�y�y0+δ a
′2
0 (y)

), to get |d(x, y)ξ|2 � η|ξ|2.
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Now using (2.3) and taking into account the fact that f ∈ L∞(Z), b ∈ L∞(Z), and the

strict ellipticity of b(x, y), we conclude (see Gilbarg & Trudiger [13, Theorem 8.22, p. 200])

that ψ ∈ C
0,α
loc(Z) for some α ∈ (0, 1). Thus ψ ∈ C

0,α
loc (Ω ∪ Int(

�

TA)). �

The following monotonicity result plays a major role later.

Proposition 2.4

γx � 0 in D′(Ω). (2.5)

Proof Let ζ ∈ D(Ω), ζ � 0. For ε > 0, ξ = min(Q−ψ
ε
, ζ) is a test function for (P )i). Using

the fact that ξ = 0 on [ψ = Q] and γ = 0 on [ψ < Q], we get∫
Ω∩[Q−ψ�εζ]

b(X)∇(Q− ψ).∇ζ = −1

ε

∫
Ω∩[Q−ψ<εζ]

b(X)∇(Q− ψ).∇(Q− ψ) � 0.

Letting ε → 0 and using (2.1), we get the desired result. �

As a consequence of Propositions 2.1, 2.2 and (2.4), we obtain the following proposition.

Proposition 2.5

ψ > 0 in Ω. (2.6)

Proof Indeed, using (2.1) and (2.5), we deduce that div(b(X)∇ψ) � 0. Since moreover

ψ � 0 in Ω, we obtain by the strong maximum principle that either ψ ≡ 0 in Ω or ψ > 0

in Ω. If we have ψ ≡ 0 in Ω, then γ = 0 a.e. in Ω and γ̃ = 0 a.e. in
�

TA. It follows from

(P )i) ∫
�

B1T

ζνx = 0 ∀ζ ∈ H1(Ω), ζ = 0 on
�

AB

which is impossible. Hence ψ > 0 in Ω. �

As a consequence of the continuity of ψ and the monotonicity of γ, we deduce the

following key proposition.

Proposition 2.6 Let (x0, y0) ∈ Ω. Then we have

(i) If ψ(x0, y0) = Q then ψ(x, y0) = Q for all x � x0.

(ii) If ψ(x0, y0) < Q then there exists ε > 0 such that

ψ(x, y) < Q ∀(x, y) ∈ Dε =
(
Bε(x0, y0) ∪

(
(−∞, x0) × (y0 − ε, y0 + ε)

))
∩ Ω.

Proof It suffices to prove (ii). Let (x0, y0) ∈ Ω be such that ψ(x0, y0) < Q. By continuity,

there exists ε > 0 such that ψ < Q in Bε(x0, y0). Then γ = 0 a.e. in Bε(x0, y0). Since γx � 0

in D′(Ω) and 0 � γ � 1, we obtain γ = 0 a.e. in Dε. This leads by (2.1) to div(b(X)∇ψ) = 0
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in Dε. Finally, given that ψ � Q in Ω and ψ < Q in Bε(x0, y0), we deduce by the strong

maximum principle that ψ < Q in Dε. �

The following theorem shows that the dam is wet under the level y = h.

Theorem 2.1 We have

γ = 0 a.e. in Ω ∩ [y < h] = Ω0 and ψ < Q in Ω0.

Proof Let u = Q−ψ and χ = 1 − γ. Then we have χ = 1 a.e. in [u > 0] and χ ∈ [0, 1] a.e.

in [u = 0]. Moreover for each ζ ∈ H1(Ω0), ζ = 0 on ∂Ω0\
�

BB1, we have∫
Ω0

(
b(X)∇u+ χex

)
∇ζ =

∫
Ω0

(
−b(X)∇ψ + (1 − γ)ex

)
∇ζ

= −
∫
Ω0

(
b(X)∇ψ + γex

)
∇ζ +

∫
Ω0

ζx =

∫
�

BB1

ζνx.

Let x0 ∈ (xA, xB) and y1, y2 ∈ (yB, h) such that y1 < y2 < h and Z = ((x0,+∞) × (y1, y2)) ∩
Ω ⊂ Ω0. Let η ∈ D(y1, y2) and ζ = (x− x0)

+η. Then for ε > 0 and Hε(s) = min( s
+

ε
, 1), we

have (Hε(u) − 1)ζ ∈ H1(Ω0) and (Hε(u) − 1)ζ = 0 on ∂Ω0\
�

BB1. It follows that∫
Z

(
b(X)∇u+ χex

)
∇((Hε(u) − 1)ζ) =

∫
∂Z∩

�

BB1

(Hε(u) − 1)ζνx

which we can rewrite as∫
Z

(1 − χ)ex.∇ζ =

∫
Z

(1 −Hε(u))b(X)∇u.∇ζ −
∫
Z

H ′
ε(u)ζb(X)∇u.∇u

+

∫
Z

ex.∇ζ −
∫
Z

χex.∇(Hε(u)ζ) +

∫
∂Z∩

�

BB1

(Hε(u) − 1)ζνx.

Since H ′
ε(t) � 0, b(X) is positive, and χ∇(Hε(u)ζ) = ∇(Hε(u)ζ) a.e. in Z , we get∫

Z

(1 − χ)ex.∇ζ �

∫
Z

(1 −Hε(u))b(X)∇u.∇ζ.

Letting ε → 0, we obtain
∫
Z
(1 − χ)η(y) = 0. So χ = 1 a.e. in Z . This holds for all such

sub-domains Z of Ω0. Hence χ = 1 a.e. in Ω0 and γ = 0 a.e. in Ω0.

Now, we deduce from (2.1) that div(b(X)∇ψ) = 0 in Ω0. Moreover, since ψ � Q in Ω0,

we obtain by the strong maximum principle that either ψ < Q in Ω0 or ψ ≡ Q in Ω0. The

last situation cannot happen since ψ ∈ C0(Ω0 ∪ Int
�

AB) and ψ = 0 on
�

AB. �

We end this section with a series of properties of the set [ψ = Q].

Proposition 2.7 Let B∗
1 = (a(h), h), E ∈ Int(

�

TB∗
1) and lE = Ω ∩ [y = yE].

If ψ = Q on lE , then ψ ≡ Q in ΩE = Ω ∩ [y > yE].
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Proof Note that ζ = (Q − ψ)χ(ΩE) is a test function for (P ) since ζ ∈ H1(Ω) and ζ = 0

on
�

AB. Given that γ = 0 a.e. in [ψ < Q] and γ̃ = 0 a.e. in
�

TA ∩[ψ < Q], we have∫
ΩE

b(X)∇(Q− ψ).∇(Q− ψ) = −
∫

�

B1T

ζνx � 0.

It follows that Q − ψ is constant in ΩE . But since ψ = Q on lE , we obtain ψ = Q in ΩE .

�

Proposition 2.8 Assume that E ∈ Int(
�

TA), ψ(E) = Q, and that the interior sphere condi-

tion is satisfied at the point E. Then there exists a sequence En ∈ Ω such that En −→ E

and ψ(En) = Q.

Proof We argue by contradiction and assume that there exists ε > 0 such that ψ < Q in

B2ε(E) ∩ Ω. Let Ωε = Bε(E) ∩ Ω. Then we obtain, by taking into account the fact that

γ = 0 a.e. in Ωε and γ̃νx � 0 on
�

TA, that∫
Ωε

b(X)∇ψ.∇ζ =

∫
�

TA

γ̃ζνx � 0 ∀ζ ∈ H1(Bε(E)), ζ � 0, ζ = 0 on ∂Ωε ∩ Ω. (2.7)

Now we consider v defined byv ∈ H1(Ωε), v = ψ on ∂Ωε ∩ Ω and∫
Ωε

b(X)∇v.∇ζ = 0 ∀ζ ∈ H1(Ωε), ζ = 0 on ∂Ωε ∩ Ω. (2.8)

Since (v − Q)+ is a test function for (2.8), one easily verifies that v � Q in Ωε. Now by

taking ζ = (ψ− v)+ as a test function in (2.7) and (2.8) and subtracting the two quantities

from each other, we obtain ∫
Ωε

b(X)∇(ψ − v).∇(ψ − v)+ � 0,

from which we deduce that (ψ− v)+ is constant in Ωε. But (ψ− v)+ = 0 on ∂Ωε ∩Ω leads

to ψ � v in Ωε. So v(E) = Q since Q = ψ(E) � v(E) � Q. Hence v takes its maximum

at the point E. By the strong maximum principle, we have either v ≡ Q or v < Q in

Ωε. The first assumption is impossible, since it leads to ψ = Q on ∂Ωε ∩ Ω which is in

contradiction with ψ < Q in Ω2ε ⊃ ∂Ωε ∩Ω. Thus v < Q in Ωε and we get a contradiction

with ψ(E) = Q and b(E)∇v.ν = 0. �

Proposition 2.9 Assume that the interior sphere condition is satisfied at each point of
�

BB1

∪
�

B∗
1A. Then we have

ψ < Q on
�

BB1 ∪
�

B∗
1A and γ̃ = 0 a.e. in

�

B∗
1A .
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Proof First note that by Theorem 2.1 and Proposition 2.8, we have ψ < Q on
�

B∗
1A, which

leads to γ̃ = 0 a.e. in
�

B∗
1A.

Next let ζ ∈ D(Ω0∪
�

BB1). Then ζ is a test function for (P ) and we have by taking into

account Theorem 2.1 and the fact that ζ = 0 on
�

B1T ∪
�

TA∫
Ω0

b(X)∇ψ.∇ζ = 0.

It follows that ψ < Q, div(b(X)∇ψ) = 0 in Ω0, and b(X)∇ψ.ν = 0 on
�

BB1 . Hence ψ

cannot achieve its maximum value on
�

BB1 and therefore ψ < Q on
�

BB1. �

Proposition 2.10 Assume that E ∈ Int(
�

TB∗
1) and that the interior sphere condition is

satisfied at the point E.

If ψ(E) = Q then ψ ≡ Q in Ω ∩ [y > yE].

Proof By Proposition 2.8, there exists a sequence En ∈ Ω such that En −→ E and

ψ(En) = Q. By Proposition 2.6, it follows that ψ(x, yEn ) = Q if x � xEn . Letting n → ∞,

we get ψ(x, yE) = Q for x � xE , which means that ψ = Q on lE . We deduce then from

Proposition 2.7 that ψ = Q in Ω ∩ [y > yE]. �

3 Study of the free boundary

This section is devoted to the study of the free boundary which is, by Theorem 2.1, located

above the level y = h. Throughout the section we denote a solution of (P ) by (ψ, γ, γ̃).

Proposition 2.6 allows us to define the function φ : (h, yT ) −→ � by

φ(y) =

{
sup{x ∈ (a(y), b(y)) /ψ(x, y) < Q} if this set is not empty

a(y) otherwise.

Then we have the following.

Theorem 3.1 φ is continuous on (h, yT ).

Proof Let Ω1 = Ω ∩ [y > h], u = Q − ψ, χ = 1 − γ. Arguing as in the beginning of the

proof of Theorem 2.1, one can verify that

(P̂ )


∫
Ω1

(b(X)∇u+ χex)∇ζ = 0 ∀ζ ∈ H1(Ω1), ζ = 0 on ∂Ω1\
�

B1T

u � 0 in Ω1, χ ∈ H(u) a.e. in Ω1.

Problem (P̂ ) belongs to a class of problems studied in [11] where the continuity of the

free boundary was established in a more general framework. �
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As a consequence of Theorem 3.1, we obtain the following proposition.

Proposition 3.1 γ = χ([ψ = Q]) a.e. in Ω.

Proof Indeed, we have Ω = Ω0 ∪ Ω1 ∪ [y = h] and we know from Theorem 2.1 and the

definition of φ, that γ = 0 a.e. in Ω0 ∪ (Ω1 ∩ [x < φ(y)]).

Now let (x0, y0) ∈ [x > φ(y)]. By continuity, there exists Br(x0, y0) ⊂ [x > φ(y)] such

that ψ = Q in Br . This leads to ψ = Q in Z = Br ∪ (((x0,+∞) × (y0 − r, y0 + r)) ∩ Ω).

From (2.1), we deduce that γ = γ(y) a.e. in Z . Now if we take ζ ∈ H1(Z) in (P )i) such

that ζ = 0 on ∂Z ∩ Ω, we obtain∫
Z

γ(y)ζx =

∫
�

B1T

γ(y)ζνx =

∫
�

B1T

ζνx ⇒ γ = 1 a.e. in Z.

Hence γ = 1 a.e. in [x > φ(y)]. Now, since the sets [y = h] and [x = φ(y)] are of Lebesgue

measure zero, we get the result. �

Proposition 3.2 We have ψ < Q on [y = h] ∩ Ω.

Proof Assume that there exists x0 ∈ (xB∗
1
, xB1

) such that ψ(x0, h) = Q. Then ψ(x, h) = Q

for all x � x0. We claim that there exists a sequence of points (xn, yn)n converging to

(x0, h) and satisfying

∀n � 1 xn � x0, yn > h and ψ(xn, yn) = Q.

Indeed, otherwise we would have ψ < Q above the segment (x0, xB1
) × {h}. Then if we

consider a small ball B ⊂ Ω centred at a point of this segment, we get γ = 0 a.e. in B

since we have also ψ < Q in [y < h]. So div(b(X)∇ψ) = 0 in B and we get a contradiction

to the maximum principle.

Using Proposition 2.6, we have ψ(x, yn) = Q for all x � xn.

Arguing as in the proof of the continuity of φ [11], one can prove that for some η > 0

small enough and some n large enough, we have

ψ ≡ Q in
(
(xn + η,+∞) × (h, yn)

)
∩ Ω.

Consider now a small ball B centred at a point of the segment (xn + η, xB1
) × {h} and

such that B ∩ [y > h] ⊂ ((xn + η,+∞) × (h, yn)) ∩ Ω. Since γ = 0 a.e. in B ∩ [y < h] and

γ = 1 a.e. in B ∩ [y > h], we have γx = 0 in D′(B). Using (2.1), we obtain div(b(X)∇ψ) = 0

in D′(B) and we get a contradiction to the maximum principle. Hence we have ψ < Q on

[y = h] ∩ Ω. �

Proposition 3.3 Assume that the interior sphere condition is satisfied at each point of
�

TB∗
1.

Then the set [ψ < Q] is connected by arcs.

Proof Since Ω ∩ [y � h] ⊂ [ψ < Q] is connected, it is enough to show that each point of

[ψ < Q] ∩ [y > h] can be connected to a point of the line segment lB1
= [y = h] ∩ Ω.
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Let (x0, y0) ∈ [ψ < Q] ∩ [y > h]. By Proposition 2.6, we have ψ(x, y0) < Q ∀x � x0.

Moreover by Proposition 2.10, one has ψ(a0(y), y) < Q ∀y ∈ [h, y0]. By continuity of ψ,

there exists ε > 0 small enough such that ψ(x, y) < Q ∀y ∈ [h, y0] and ∀x ∈ [a(y), a(y)+ε].

Therefore (x0, y0) is connected by the piecewise smooth curve [a0(y0) + ε, x0] × {y0} ∪
{(a0(y) + ε, y) : y ∈ [h, y0]} to the point (a0(h) + ε, h) of lB1

. �

Proposition 3.4 limy→h+ φ(y) = xB1
= b0(h).

Proof Let ε > 0. Since ψ(xB1
− ε, h) < Q, there exists, by continuity of ψ, η1 > 0 such that

ψ(xB1
− ε, y) < Q ∀y ∈ [h, h+ η1].

By definition of φ, we obtain φ(y) > xB1
− ε ∀y ∈ [h, h+ η1].

On the other hand, we get from the continuity of b0(y) at h, the existence of η2 > 0

such that b0(y) < xB1
+ ε ∀y ∈ [h, h+ η2]. Therefore

xB1
− ε < φ(y) � b0(y) < xB1

+ ε ∀y ∈ [h, h+ min(η1, η2)].

�

4 Uniqueness of the solution

In this section we establish the uniqueness of the solution by techniques similar to those

in Carrillo et al. [9] and Lyaghfouri [14].

Theorem 4.1 The solution of the problem (P ) is unique.

To prove Theorem 4.1, we need two lemmas.

Lemma 4.1 Let (ψ1, γ1, γ̃1), (ψ2, γ2, γ̃2) be two solutions of (P ). Then we have

T(ζ) =

∫
Ω

(b(X)∇(ψ1 − ψ2)
+ + (γ1 − γ2)

+ex).∇ζ �

∫
J

ζ(φ2(y), y)dy

∀ζ ∈ H1(Ω) ∩ C(Ω), ζ � 0 with J = { y ∈ (h, yT ) : φ1(y) < φ2(y) }.

Proof Let ζ ∈ H1(Ω) ∩ C(Ω), ζ � 0. For ε > 0 small enough, take ξ = min( (ψ1−ψ2)
+

ε
, ζ)

as a test function in (P )i) for (ψ1, γ1, γ̃1) and for (ψ2, γ2, γ̃2). By subtracting the obtained

equations, we get, since (ψ1 −ψ2)(γ1 − γ2) � 0 a.e. in Ω, (ψ1 −ψ2)(γ̃1 − γ̃2) � 0 and νx � 0

a.e. on
�

TA,∫
Ω∩[(ψ1−ψ2)+�εζ]

b(X)∇(ψ1 − ψ2)
+.∇ζ +

∫
Ω

(γ1 − γ2)
+ex.∇ξ

= −1

ε

∫
Ω∩[(ψ1−ψ2)+<εζ]

b(X)∇(ψ1 − ψ2)
+.∇(ψ1 − ψ2)

+ +

∫
�

TA

(γ̃1 − γ̃2)
+ξνx � 0.
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Since ξ = ζ − (ζ − (ψ1−ψ2)
+

ε
)+, we obtain

∫
Ω∩[(ψ1−ψ2)+�εζ]

b(X)∇(ψ1 − ψ2)
+.∇ζ +

∫
Ω

(γ1 − γ2)
+ex.∇ζ

�

∫
Ω

(γ1 − γ2)
+
(
ζ − (ψ1 − ψ2)

+

ε

)+

x
= Iε. (4.1)

Using Proposition 3.1, we have

Iε =

∫
[x<φ2(y)]∩[x�φ1(y)]

(
ζ − (Q− ψ2)

+

ε

)+

x

=

∫
J

( ∫ φ2(y)

φ1(y)

(
ζ − (Q− ψ2)

+

ε

)+

x
dx

)
dy �

∫
J

ζ(φ2(y), y)dy.

The lemma follows by letting ε → 0 in (4.1). �

Lemma 4.2 Let (ψ1, γ1, γ̃1), (ψ2, γ2, γ̃2) be two solutions of (P ). Then we have

T(ζ) = 0 ∀ζ ∈ H1(Ω).

Proof Let ζ ∈ C1(Ω̄), ζ � 0. For δ > 0 small enough, we consider

αδ(X) =
(
1 − d(X,U)

δ

)+

, with U = [ψ1 < Q] = [x < φ1(y)].

We have T(ζ) = T(αδζ) + T((1 − αδ)ζ) and by Lemma 4.1

T(αδζ) �

∫
J

αδ(φ2(y), y)ζ(φ2(y), y)dy.

But for y ∈ J , φ2(y) > φ1(y) and then (φ2(y), y) � U = [x < φ1(y)] ∀y ∈ J . So

d((φ2(y), y), U) > 0 and limδ→0αδ(φ2(y), y) = 0. We deduce that lim supδ→0T(αδζ) � 0.

Next, we have for ψ0 = min(ψ1, ψ2), γ0 = min(γ1, γ2),

T((1 − αδ)ζ) =

∫
Ω

(b(X)∇(ψ1 − ψ0) + (γ1 − γ0)ex).∇((1 − αδ)ζ)

=

∫
Ω\U

(b(X)∇ψ1 + γ1ex).∇((1 − αδ)ζ)

−
∫
Ω\U

(b(X)∇ψ0 + γ0ex).∇((1 − αδ)ζ).
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Note that on [x > φ1(y)] = Ω \ U, we have ψ1 = Q, γ1 = 1, ψ0 = ψ2 and γ0 = γ2.

Moreover, (1 − αδ)ζ is a test function for (P ) since
�

AB⊂ U. Then we obtain

T((1 − αδ)ζ) =

∫
Ω

((1 − αδ)ζ)x −
∫
Ω

(b(X)∇ψ2 + γ2ex).∇((1 − αδ)ζ)

=

∫
∂Ω

(1 − αδ)ζνx −
∫

�

TA

γ̃2(1 − αδ)ζνx −
∫

�

B1T

(1 − αδ)ζνx

=

∫
�

TA

(1 − γ̃2)(1 − αδ)ζνx � 0

since αδ = 1 on
�

AB ∪
�

BB1. Hence T(ζ) � 0 ∀ζ ∈ C1(Ω̄), ζ � 0.

Now let ζ ∈ C1(Ω̄) and M = supΩ̄ |ζ|. Note that we have M± ζ ∈ C1(Ω̄) and M± ζ � 0

in Ω. It follows that T(M ± ζ) � 0 and therefore T(ζ) = 0 ∀ζ ∈ C1(Ω̄). Finally, since

C1(Ω̄) is dense in H1(Ω), Lemma 4.2 follows. �

Proof of Theorem 4.1 Starting from Lemma 4.2, we establish as in Lyaghfouri [14] that

ψ1 = ψ2 in [ψ1 < Q] ∩ [ψ2 < Q] = [ψ1 < Q] = [ψ2 < Q].

Therefore, ψ1 = ψ2 in Ω and by Proposition 3.1, we obtain γ1 = γ2 a.e. in Ω. Finally, let

ζ ∈ H1(Ω), ζ = 0 on ∂Ω\
�

TA. Writing the equations satisfied by the two solutions and

subtracting them from each other, we obtain
∫

�

TA
(γ̃1 − γ̃2)ζνx = 0 which leads to γ̃1 = γ̃2

a.e. in
�

TA.

5 Conclusion

To the best of our knowledge, no regularity result for the free boundary has been obtained

from the classical formulation in the absence of monotonicity of the permeability. This

is the main motivation for this work in which we established, without any monotonicity

of the permeability, that the free boundary is a curve of a continuous function x = φ(y).

Finally, it would be quite interesting to study the equivalence of the two formulations.
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