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We study a heterogeneous dam supplied by two reservoirs, for which we propose a new
formulation based on the stream function. Without any monotonicity assumption on the
permeability matrix, we prove that the free boundary is a continuous curve of the form
x = ¢(y). We also prove the uniqueness of the solution.

Introduction

The dam problem consists of studying the filtration of a fluid through a porous medium
Q subject to Darcy’s law and to some boundary conditions. We look for the saturated
region S (see Figure 1) and the fluid pressure p inside Q. The interface I' = 0[p > 0] N Q
which separates the wet and dry regions is called a free boundary.

This problem has been studied by many authors. First, Baiocchi [5] solved the case
of a homogeneous rectangular dam supplied by two reservoirs of water, by using the
theory of variational inequalities. He also proved that I' is an analytic curve of the form
y = @(x). Benci [6] extended Baiocchi’s results to rectangular heterogencous dams with
permeability of the form ky(x)ky(y)I;, where I, is the 2-by-2 unit matrix. In particular,
he proved that I' is a continuous decreasing curve y = @(x) if ki(y) = 0. Caffarelli &
Friedman [8] proved that I' is a curve of the form x = ¥ (y) if k;(x) = 1 and ky(y) is a
non-increasing step function.

Unfortunately, the variational inequalities approach is not possible for dams with general
geometry. Later, Alt [1] and Brezis et al. [7] introduced a new approach. Moreover, for the
homogeneous dam Alt [2] proved that the free boundary is an analytic curve y = &(x).
Uniqueness of the S3-connected solution was proved by Carrillo & Chipot [9] and also
by Alt & Gilardi [4].

Friedman & Huang [12] and Stavre & Vernescu [15] showed that if the permeability
matrix is given by a(X) = k(x, y)l, with 0k/0y = 0 in 2'(Q), then I' is a continuous
curve y = @(x) and the S;—connected solution is unique. These results were generalized
by Lyaghfouri [14] to the case where the permeability matrix a(X) = (a;;(X)) is such that
ap2(X) = 0 and 0ay/0y = 0 in Z'(Q). Recently, the authors have considered the case
where ayy,ay» € C' and div(ay,,ay) = 0. They proved, via a change of variables, that I"
is locally represented by continuous curves.

In this paper, we consider a heterogeneous dam supplied by two reservoirs each
containing the same fluid. Our main objective is to study the free boundary, and to
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establish some of its properties without assuming any kind of monotonicity on the
permeability. This is done by introducing a new formulation using the stream function
instead of the classical one based on the pressure. In this formulation the total flux
through the left-hand side of the dam is prescribed instead of prescribing the height of
the left reservoir and the pressure on the contact zone between the reservoir and the dam.
Note that a similar formulation has been introduced [3] to study a homogenous dam
supplied by two reservoirs each containing two immiscible fluids.

We first prove a monotonicity result for the function characterizing the wet region. This
allows us to define the free boundary as a curve of the form x = ¢(y). Then we prove the
continuity of ¢ and the uniqueness of the solution.

1 Statement of the problem

Throughout this paper, we will denote by X the point of coordinates (x,y). Sometimes
we will also use the notation (xp, yp) to denote the coordinates of the point P. We will
denote by y(E) the characteristic function of the set E.

We consider a dam which is a porous medium represented by a bounded domain Q of

IR? with boundary 0Q =AB U BT U T A. We assume that

TA= {(ao(»),y), ¥y € [0,yr]} with y— ag(y) an increasing C' function
BT= {(bo(y), ), ¥ € yg.yr]}  with y— bo(y) a decreasing C' function

AB= {(x,¢(x)), x € [x4,x5]} with x — ¢(x) a decreasing C! function.

The dam is supplied by two reservoirs of water (see Figure 1). To the left, we assume that

the total entering flux through 414 is equal to the constant Q > 0 and the fluid in the
reservoir is at the level H(Q) = y4, depending on Q, while to the right it is at the level
h = yp, independent on Q, with H > h > 0.

We assume that the flow in Q has reached a steady state and we denote by S the
saturated region of the porous medlum The boundary 0S of S 1s d1V1ded into four parts

(see Figure 1): the impervious part AB the free boundary r, 331 and A1A representing

the part in contact with the reservoirs and, finally, B101, the part where the fluid flows
out of 2 and not directly into a reservoir.
The flow is governed by the following Darcy law:

v=—a(X)V(p+y) (L1)

where v is the fluid velocity, p is its pressure, and a : @ — IR*? is the permeability
matrix satisfying

i) a e C™Q), max |a;jloo <M
i

(1.2)
i) a(X)éEE=mE)P  forall e R:, X eQ,

for some m, M > 0 and o € (0,1) and where |.|oq is the L* norm.
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T

FIGURE 1. Problem statement illustration.

Since AB is assumed to be impervious, we have
vw =0 on AB, (1.3)

where v is the exterior unit normal vector to 0S.
We assume that there is no flux through the free boundary and that p agrees with the
atmospheric pressure normalized at zero. So we have

p=0 and vv=0 on I. (1.4)

On the part of 0Q in contact with the reservoirs, we assume that the pressure is given by
the exterior fluid pressure, i.e. we have

p=h—y on B%l, p=H—y on ATA. (1.5)

Finally, on B0, p coincides with the atmospheric pressure and the water is free to exit
the porous medium. Thus, we have

p=0 and vv=0 on BO,. (1.6)

We assume the flow to be incompressible, i.e. div(v) = 0 in S. Then there exists a stream
function p such that

oy 0O .
v = —Roty = —(—%, %) =—a(X)V(p+y) in S. (1.7)

Let { € 2(S). We have by (1.1) and (1.7)

0= /S V(p + y).Rot{ = /S a '(X)Roty.Rot{ = /S b(X)Vp.V( (1.8)

where b(X) = %, det(a(X)) is the determinant of the matrix a(X) and ‘a(X) is its
transpose. Note that we deduce from (1.2) the existence of 4, 4 > 0 such that

. b 0,00 Q i < A
{z) € Co(Q),  max|bijlog (1.9)

iy bX)EE=NEP  forall e R, X €Q.
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We obtain from (1.8)

div(h(X)Vp) =0  in Z'(S). (1.10)

Let us set v = (v, v,) and denote the tangent vector by t = (—v,,v,). Then

v.v = —Rotyp.v = a—w (1.11)
ot
Moreover, one can verify that
0
b(X)Vipy = 2P a+ V) (1.12)
T

It follows from (1.3) and (1.11) that y is constant along AB. So there exists a constant 1
such that

Y=c oOn A/}B. (1.13)
In the same way, vy is constant along I". So there exists a constant ¢, such that
w=c¢ onl. (1.14)
Now, since p =0 on I', we obtain from (1.12)
b(X)Vyp.v =v, on I. (1.15)
y (1.5), p+ y is constant along A;A and BB;. It follows then by (1.12)
b(X)Vypv =0 on 4,4 U BB . (1.16)

Finally, we deduce from (1.6) and (1.11)—(1.12) that

oy

>0 on BO,. (1.17)
ot =

b(X)Vyp.v =v, and

We choose ¢; = 0 and we are going to prove, in a formal way, that ¢; > 0. First we
claim that ¢, > 0. Indeed, suppose that ¢, < 0 (see Figure 2).

To begin with, since h < H, we expect that the point O; is located above By, and in
particular O:Blzk 0. Next, since by (1.17) y increases from B; to Oy, it takes its minimum
value on ATA or on B%l. Suppose there exists my EBE?I at which y achieves its minimum
value. Then O” “(mo) = 0, and consequently, we have 0 = b(mo)Vy.v(mg) = %11’ (mo)b(mg)v.v.
From (1. 9)11) we deduce that %(mo) = 0, which contradicts the Hopf maximum principle.

Similarly, we get a contradiction if 1 achieves its minimum on ATA.

Now, we assert that ¢, > 0. Indeed if ¢, = 0, then we cannot have as before a minimum
nelther on A1A nor on B31 So the mlnlmum is achieved on 01A1 U AB U 3101 But
since 2 > 0 on B101 and y =0 on 01A1 U AB the minimum will be achieved at a point

my EB101. We necessarily have, as before, a—f(mo) = 0, which leads to (b(mo)v.v)a”’ (mg) =
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FIGURE 2. Strong formulation of the problem.

vy > 0. Hence by (1.9)ii) %(mo) > 0 and we get a contradiction to the Hopf maximum
principle.

Remark 1.1 (i) We have ¢, = Q is the total flux through ATA. Indeed we have by (1.11)

Al A1 alp
Q=/ —v.v=/ —L =y -y = —0=c
A A T

Moreover, by the strong maximum principle we have 0 < v < Q in S.

(ii) Since b(X)Vy.v = v, and y = Q on I', one has %b(X)v.v = v, on I'. Moreover by the
maximum principle and the positivity of b(X), we deduce that v, > 0 on I'. This means
that I' is a curve x = ¢(y). This will be justified more rigourously in § 2.

To derive a weak formulation for our problem, we first extend p by Q to 2\ S. Next

we choose a test function { € H'(Q) with { = 0 on AB. Taking into account (1.10),
(1.15)—(1.17), we obtain, in a formal way,

Ve — Vi = V= L. 11
/Q b(X)Vp.VC /S b(X)Vip.V /asbmw W /r R (L18)

Assuming I' smooth enough, we have

/Qx<[w=Q]>cx=/anvx—/achx=/OTTUT:1[ vxc—/rvxg

which leads to

L= — 0))0. 11
/rv,c /quw ) +/07m741v5 (1.19)
Comparing (1.18) and (1.19), we get

/Q BX)V.VE + /Q 2y = 01y = /T i /B xe (1.20)
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Since we are assuming that v = Q above the level y = H, we can rewrite (1.20) as

‘/@MWw+MW=@kJW—/;MW=@W$=/Awa
Q TA

BT

where e, = (0,1). Hence we are led to the following weak formulation:

Find (ip,7,7) € H'(Q) x L*(Q) x L*(TA) such that :
([ Goowy+re) v = [ gue= [ u

|T
Y e H(Q), {=0on AB

(i) yeHy—0) aein®Q, FeHy—0) aein T4
(iii) py=0 on AB,

where H is the heaviside graph.

Remark 1.2 As mentioned in Alt et al. [4], in the case of two fluids, the new formulation
is given in terms of prescribed flux Q instead of prescribed height of the left reservoir.
Indeed in the formulation (P) one is given Q as well as By, but not A4;.

The existence of a solution of (P) can be obtained by arguing as in Alt [1] or Brézis
et al. [7]. In §2, we give some properties of the solutions. In particular we prove the
continuity of y. Then we show a monotonicity result of y with respect to x. This allows
us to define the free boundary as a curve x = ¢(y). We also prove that the dam is wet
below the line y = h. In §3, we establish the continuity of ¢ and obtain the expression
of y as a characteristic function of the dry part of the dam. Finally, in §4, we prove the
uniqueness of the solution.

2 Some properties of the solutions

Throughout this section we denote a solution of (P) by (v, y,7). First we have the following
proposition.

Proposition 2.1

div(b(X)Vy) = —y« in  2'(Q). (2.1

Proof It suffices to take { € 2(Q) as a test function in (P)i). O
Proposition 2.2

0<yp<Q in Q. (2.2)
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Proof (i) Using ™~ as a test function in (P)i), we obtain since [ < 0] < [y < Q],y =0
ae. in [y <Qland y=0ae. in TA N[y < Q],

/ b(X)Vy~.Vy~ = —/A P vy <0 since vy = 0 on BlAT .
Q BT

By (1.9)ii), we deduce that Vyp~ =0 a.e. in Q. Then ¢~ is constant in Q. Since p =0 on
AB we obtain v > 0 in Q.

(ii) Taking (y — Q)" as a test function in (P)i), we obtain since y = 1 a.e. in [p > 0],
v=1ae. in TAN[y > Q], and v, =0 on BB,

_ 01V +_ +
/Q BXOV(p — 0)* V(p — 0) / (p—O)F / (p — 0)F v
+/ (p—0)'v = 0)r <0
BT

BB,
It follows that (p — Q)™ is constant in Q. Since p = 0 on AB we obtain p < Qin Q. []

Proposition 2.3
(RS C,%Z(ﬁ\ {A,B,T}) for some o € (0,1).

Proof First, since y € L*(Q), and b € L*(Q) and is strictly elliptic, we deduce from (2.1)
and the regularity theory for elliptic equations (see Gllbarg & Trudinger [13, Theorem

8.22, p. 200; Theorem 8.29, p- 205] that L € CO“(Q U Int(AB)) for some a € (0, 1).

For the regulanty onl nt(B T)ul nt(TA) we use the reflection method. We will give the
proof only for Int( TA) as it is the same for Int(B T).

Let Xo = (x0, ¥0) = (ao(y0), yo) € Int(fA), 0 > 0 and consider the set

Z ={(x,y)/ao(y) =6 <x <ao(y)+6 and yo—3d <y <yo+9j.

We assume that 6 > 0 is small enough so that {(ao(y),y)/yo—0 <y < yo+ 95} <TA and
(see Figure 3)

ZNQ={(x,y)/ao(y) <x <ap(y)+9d and yo—9d<y<yo+9}.

Then we define the following functions in Z:

_ p(x,y) if(x,y)eZnQ - b(x,y) if(x,y)eZNQ
P(x,y) = =

. and  b(x,y) = .
p(2ag(y) — x,y) otherwise c¢(2ap(y) — x,y) otherwise;

where
c11 = biy +4ai(y)bxn — 2ah(y)(b1a + bar)
ci2 = 2ag(y)bay — bia, ca1 = 2ay(y)ba — bay, ¢ = by.
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y=yo+9o

Xo ZNQO
Z\Q

[

ap(y) — 9o ao(y) ap(y) + 0

FIGURE 3. C%* regularity upto Int(TAA).

Let f =7x(Z \ Q)+ (27(y) — 7)u(Z N Q), where 7(x,y) = y(2a0(y) — x,y) if (x,y) € Z \ Q.
Then we have

div(b(x,y)Vyp) = fy in Z'(Z). (2.3)

Indeed we have, for { € 2(Z) and {(x,y) = {(2a0(y) — X, y),
/ ¢(ag(y) — x, y)Vip.V{ = / c(x, y)Vip(2ao(y) — x, y)V{(2ao(y) — X, y)
7\Q ZnQ
— [ bV Ve ) (24)
ZnQ
Using (2.4) and the fact that { 4+ ( is a test function for (P), we get
[ Beeyweve = [ bavpve+D)
z ZnQ
—— [ e+ [ 5o+
ZnQ

ZNTA

- /Z\Q et /m(ﬁ(y) — 7= /Zfo.

Now it is clear that the coefficients of b(x,y) and f are uniformly bounded in Z.
Moreover we claim that b(x, y) is strictly elliptic in Z. Indeed it is enough to verify that
c(x,y) is strictly elliptic in Z N Q. Let ¢*(x,y) be the matrix defined by c¢;; = ¢; and

c;“j = —¢;; for i # j. Then we have for each & = (£,&,) € R?

e(x,y).6.8 = 11 + (e + ea)éiér + enés = (%, 9).E.¢",  with & = (¢, —&).

Since [£] = |&7|, it is clear that it is enough to show the strict ellipticity of ¢*(x,y). For
this purpose we remark that ¢*(x,y) =" d(x, y)b(x, y)d(x,y), where d(x,y) = (djj(x,y)) is
the matrix defined by di1(x,y) = dn(x,y) = 1, dia(x,y) = 0, and dr(x, y) = —2ap(y). Then
we have by (1.9)ii) for ¢ = (&1, &) € R?

¢*(x,y)E.& =" d(x, y)b(x, y)d(x, y)E.& = b(x, y)(d(x, )E)(d(x, y)E) = Ald(x, y)EI.

Since |d(x, y)E|? = (1 + 4ag(y))E — 4d'(y)éi1ér + &3, it is enough to choose i such that
0 <7 < min(3 ), to get [d(x,y)E|* = n|&|*.

2 P 2
27 16maxy)—s<y<yy+s 4 (V)
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Now using (2.3) and taking into account the fact that f € L*(Z), b € L*(Z), and the
strict ellipticity of h(x, y), we conclude (see Gilbarg & Trudiger [13, Theorem 8.22, p. 200])

that 7 € C2%(Z) for some o € (0,1). Thus y € CLX(Q U Int(T A)). O
The following monotonicity result plays a major role later.

Proposition 2.4

w=0  in Q) (2.5)

Proof Let { € 2(Q),{ =>0. Fore >0, ¢ = min(wa,C) is a test function for (P)i). Using

€

the fact that ¢ =0 on [p = Q] and y =0 on [p < @], we get

1
/ BXIV(Q — ) VE = — / BXIV(Q — )0 — 1) < 0.
2N[Q—yp=e] € Jan[o—y<el]
Letting € — 0 and using (2.1), we get the desired result. O

As a consequence of Propositions 2.1, 2.2 and (2.4), we obtain the following proposition.

Proposition 2.5

>0 in Q. (2.6)

Proof Indeed, using (2.1) and (2.5), we deduce that div(b(X)Vy) < 0. Since moreover
p = 0 1in Q, we obtain by the strong maximum principle that either p =0 in Q or p >0

in Q. If we have p =0 in @, then y =0 a.e. in Q and 7y = 0 a.e. in TA. It follows from
(P)i)
/A fve=0 V{eHYQ), {=0on AB
BT
which is impossible. Hence p > 0 in Q. |

As a consequence of the continuity of y and the monotonicity of y, we deduce the
following key proposition.

Proposition 2.6 Let (xg, o) € Q. Then we have

(i) If w(xo,y0) =Q then w(x,y0)=Q forall x = xo.
(ii) If  w(xo,y0) < Q then there exists € > 0 such that

p(x,y)<Q  V(x,y) €D, = (Be(xo,yo) U ((—o0,x0) X (yo — €, ¥0 + 6))) nQ.
Proof It suffices to prove (ii). Let (xo, yo) € 2 be such that y(xo, o) < Q. By continuity,

there exists € > 0 such that p < Q in B(xo, o). Then y = 0 a.e. in B.(xo, yo). Since y, = 0
in 2'(Q) and 0 < y < 1, we obtain y = 0 a.e. in D.. This leads by (2.1) to div(b(X)Vy) =0
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in D.. Finally, given that y < Q in Q and y < Q in B.(xo, yo), we deduce by the strong
maximum principle that p < Q in D.. O

The following theorem shows that the dam is wet under the level y = h.

Theorem 2.1 We have
y=0 aein QN[y<h]l=2Q and p<Q in Q.

Proof Let u=Q —1wy and y =1—1y. Then we have y =1 ae. in [u > 0] and y € [0,1] a.c.
in [u = 0]. Moreover for each { € H'(Qy), { = 0 on dQ\ BBj, we have

/ (b(X)Vu + yex)V{ = / (=b(X)Vyp + (1 —p)ex) VC
Q Qo

—— [ eeovp+re)ves [ L= [ o
Q

Qo BB

Let xo € (x4,xp) and y1,y2 € (yp, h) such that y; < y, < hand Z = ((x, +o0) X (y1,y2)) N
Q < Qo. Let n € Z(y1,y2) and { = (x — xo)T#5. Then for € > 0 and H.(s) = min(%, 1), we

have (H.(u) — 1){ € H'(Q) and (H.(u) — 1) = 0 on 0Qy\ B%l. It follows that

/Z (b(X)Vu + 7e2) V((H.(u) — 1)0) = / (How)— D

0ZNBB,
which we can rewrite as
/(1 —ex.V{ = /(1 — H.(u))b(X)Vu.V{ —/ H.(u){b(X)Vu.Vu
z z z
+ [ evi— [ ey @O+ [ (- 10,
z z 0ZNBB;
Since H.(t) = 0, b(X) is positive, and yV(H.(u){) = V(H.(u){) a.e. in Z, we get
[a=neve< [ (- H@poowave
z z
Letting e — 0, we obtain [,(1 —y)n(y) =0. So y =1 a.e. in Z. This holds for all such
sub-domains Z of Qy. Hence y =1 a.e. in Q) and y =0 a.e. in Q.

Now, we deduce from (2.1) that div(b(X)Vy) = 0 in Qy. Moreover, since p < Q in Qy,
we obtain by the strong maximum principle that either p < Q in Qy or p = Q in Q. The
last situation cannot happen since p € C%(Qy U Int AB) and p = 0 on AB. ]

We end this section with a series of properties of the set [y = Q].

Proposition 2.7 Let B = (a(h),h), E € Int(TB}) and Iy = QN [y = ygl.

If pv=0Q on I, then pv=0 in Qg=Q0nN[y>ygl
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Proof Note that { = (Q — y)x(Qg) is a test function for (P) since { € H!(Q) and { =0
on AB. Given that y =0 ae. in [p < Q] and y =0 ae. in TA N[y < Q], we have

AbMW@—wV@—w=— <o,

BT

It follows that Q — vy is constant in Q. But since p = Q on Iz, we obtain p = Q in Q.

O

Proposition 2.8 Assume that E € Int( TAA), W(E) = Q, and that the interior sphere condi-
tion is satisfied at the point E. Then there exists a sequence E, € Q such that E, — E

and y(E,) = Q.

Proof We argue by contradiction and assume that there exists € > 0 such that p < Q in
By (E)N Q. Let Q. = B.(E)N Q. Then we obtain, by taking into account the fact that

y =0 ae. in Q. and v, < 0 on TA, that
/ b(X)Vyp.V{ = /ﬁ vy <0 V. € H'(BAE)), {=0,{=0 ondR.NQ. (2.7
Q. TA

Now we consider v defined by

veH(Q,), v=1p ondQ.NQ and

/ BXWoVE =0 Ve H'(Q), (=0 ondQ NQ. (2.8)
Q.

Since (v — Q)T is a test function for (2.8), one easily verifies that v < Q in Q.. Now by
taking { = (p —v)" as a test function in (2.7) and (2.8) and subtracting the two quantities
from each other, we obtain

/baww—wVW—m+<a
Q.

from which we deduce that (1 —v)™ is constant in Q.. But (p —v)* = 0 on 0Q. N Q leads
toy <vin Q. So v(E) = Q since Q = p(E) < v(E) < Q. Hence v takes its maximum
at the point E. By the strong maximum principle, we have either v = Q or v < Q in
Q.. The first assumption is impossible, since it leads to y = Q on 02, N Q which is in
contradiction with v < Q in Q,. o 02.N Q. Thus v < Q in Q. and we get a contradiction
with y(E) = Q and b(E)Vv.v = 0. O

Proposition 2.9 Assume that the interior sphere condition is satisfied at each point of BB
U B{A. Then we have

—~

p<Q on B/B]UBTA and 7=0 aein BiA.
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Proof First note that by Theorem 2.1 and Proposition 2.8, we have p < Q on B?A, which
leads to 7 = 0 a.e. in B?A.

Next let { € 2(QpU B731). Then { is a test function for (P) and we have by taking into
account Theorem 2.1 and the fact that { =0 on BTT U fA

B(X)Vip.VE = 0.
Q

It follows that yp < Q, div(b(X)Vy) = 0 in Qy, and b(X)Vyp.v = 0 on BE?I . Hence vy

cannot achieve its maximum value on BB; and therefore v < Q on BB;. O

Proposition 2.10 Assume that E € Int(TBj) and that the interior sphere condition is
satisfied at the point E.

If p(E)=0 then p=Q0 in QnN[y>ygl

Proof By Proposition 2.8, there exists a sequence E, € Q such that E, — E and
p(E,) = Q. By Proposition 2.6, it follows that y(x,yg,) = Q if x > xg,. Letting n — oo,
we get p(x,yg) = Q for x > xg, which means that v = Q on Ig. We deduce then from
Proposition 2.7 that p = Q in QN [y > ygl. O

3 Study of the free boundary

This section is devoted to the study of the free boundary which is, by Theorem 2.1, located
above the level y = h. Throughout the section we denote a solution of (P) by (y,7,7).
Proposition 2.6 allows us to define the function ¢ : (h,y7) — R by

sup{x € (a(y),b(y)) /y(x,y) < Q} if this set is not empty
P(y) = ‘
a(y) otherwise.

Then we have the following.
Theorem 3.1 ¢ is continuous on (h,yr).

Proof Let Q1 =QN[y>h], u=Q—vy, y =1—17. Arguing as in the beginning of the
proof of Theorem 2.1, one can verify that

/ (B(X)WVu+ 7e)V =0 Ve H'(Q)), (=0 ondQ\ BT
(P)q 7

u=>0 inQ;, y €& H(u)ae. in Q.

Problem (}A’) belongs to a class of problems studied in [11] where the continuity of the
free boundary was established in a more general framework. |
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As a consequence of Theorem 3.1, we obtain the following proposition.
Proposition 3.1 y = x([y = Q]) ae. in Q.

Proof Indeed, we have Q = QU Q; U [y = h] and we know from Theorem 2.1 and the
definition of ¢, that y =0 a.e. in Qy U (21 N [x < ¢(¥)]).

Now let (xo,v0) € [x > ¢(y)]. By continuity, there exists B,(xo,y0) < [x > ¢(y)] such
that v = Q in B,. This leads to v = Q in Z = B, U (((x¢,+0) X (yo — 1, y0 + 1)) N Q).
From (2.1), we deduce that y = y(y) a.e. in Z. Now if we take { € H'(Z) in (P)i) such
that { =0 on 0Z N Q2, we obtain

= —

/V(y)Cx =/A y()ve = [ _ v = y=1 ae inZ.
z BT BT

Hence y =1 a.e. in [x > ¢(y)]. Now, since the sets [y = h] and [x = ¢(y)] are of Lebesgue
measure zero, we get the result. O

Proposition 3.2 We have p<Q on [y=hnNeQ.

Proof Assume that there exists xo € (xp:,xp,) such that y(xo,hn) = Q. Then y(x,h) = Q
for all x = xo. We claim that there exists a sequence of points (x,, y,), converging to
(x0, h) and satisfying

Vn=1 x,=2x0, yn>h and W(xu, yn) = 0.

Indeed, otherwise we would have p < Q above the segment (xg,xp,) X {h}. Then if we
consider a small ball B < Q centred at a point of this segment, we get y = 0 a.e. in B
since we have also p < Q in [y < h]. So div(b(X)Vy) = 0 in B and we get a contradiction
to the maximum principle.

Using Proposition 2.6, we have y(x, y,) = Q for all x = x,,.

Arguing as in the proof of the continuity of ¢ [11], one can prove that for some 1 > 0
small enough and some n large enough, we have

pv=0 in ((xy+n,400) x (h,ys) N Q.

Consider now a small ball B centred at a point of the segment (x, + #n,xp,) X {h} and
such that BN [y > h] < ((x, + 1, +00) X (h,y,)) N Q. Since y = 0 a.e. in BN [y < h] and
y=1ae. in BN [y > h], we have y, = 0 in £'(B). Using (2.1), we obtain div(b(X)Vyp) =0
in '(B) and we get a contradiction to the maximum principle. Hence we have v < Q on
[y=hNQ. O

Proposition 3.3 Assume that the interior sphere condition is satisfied at each point of TBj.
Then the set [y < Q] is connected by arcs.

Proof Since Q N[y < h] < [y < Q] is connected, it is enough to show that each point of
[y < Q] N[y > h] can be connected to a point of the line segment lg, = [y = h] N Q.
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Let (x0,y0) € [w < Q] N[y > h]. By Proposition 2.6, we have yp(x,y0) < @ Vx < Xo.
Moreover by Proposition 2.10, one has y(ag(y),y) < Q Vy € [h, yo]. By continuity of p,
there exists € > 0 small enough such that p(x,y) < Q Vy € [h, yo] and Vx € [a(y), a(y)+€].
Therefore (xo,y0) is connected by the piecewise smooth curve [ag(yo) + €, x0] X {yo} U
{(ao(y) +€,y) : vy € [hyol} to the point (ao(h) + €,h) of Ip,. O

Proposition 3.4 limy_,;+ ¢(y) = xp, = bo(h).
Proof Let e > 0. Since y(xp, —€,h) < Q, there exists, by continuity of p, n; > 0 such that
p(xp —€y)<Q Vye[hh+m]

By definition of ¢, we obtain ¢(y) > xp, —e Vy € [h,h+n1].

On the other hand, we get from the continuity of by(y) at h, the existence of 7, > 0

such that bo(y) < xp, +€ Vy € [h,h + nz]. Therefore

xp, —€ < P(y) < bo(y) < xp, +€  Vy€ [hh+min(n,n)]

4 Uniqueness of the solution

In this section we establish the uniqueness of the solution by techniques similar to those
in Carrillo et al. [9] and Lyaghfouri [14].

Theorem 4.1 The solution of the problem (P) is unique.
To prove Theorem 4.1, we need two lemmas.

Lemma 4.1 Let (y1,71,71), (W2,72,72) be two solutions of (P). Then we have
T(0) = /Q(b(X)V(lm —2)" + (71 —72)Te) VI < /JC(¢2(Y),Y)dy

Ve H'(Q)NC®), (=0 with J={yehyr): ¢i(y)<d(y)}.
Proof Let { € HY(Q)N C(Q), { > 0. For € > 0 small enough, take & = min(%,()
as a test function in (P)i) for (yi,y1,71) and for (y,,72,72). By subtracting the obtained

equations, we get, since (p; — v2)(y1 —72) = 0 ae. in Q, (y; —y2)(y1 —72) =0 and v, <O

a.e.on TA,

/ B(X V(1 — 12) "V + / (31— 72) e Ve
QN[(p1—p2)t=el] Q

1 - -
- ! / BOXOV(p1 — wa)* Vs — ) + / =) v <.
QN[(p1—y2)*t<el]

€ TA
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Since & = { — ({ — W=y we obtain

/ BOOV(p1 — 1) VL + / (1 —72) eV
QN[(p1—p2)+=el] Q

< [=nr(c- vy, (4.)

€ X

Using Proposition 3.1, we have

— +\ +
L= / (C—(Q ¥2) )
[x<da(IN[x=b1 ()] €

_ /J ( /¢ d’(y(j) (g_w)jdx)dm /J Lbaly).y)dy.

The lemma follows by letting € — 0 in (4.1). O

X

Lemma 4.2 Let (yy,71,71), (W2,72,72) be two solutions of (P). Then we have
T =0 V{eH\(Q).

Proof Let { € C!(Q), { > 0. For 6 > 0 small enough, we consider

d(X, U)>+, with U = [y < Q] = [x < 1(»)]-

15(X) = (1= 55

We have 7 ({) = 7 (¢5{) + 7 ((1 — as){) and by Lemma 4.1
T0) < [ o) a5y

But for y € J, ¢a(y) > ¢1(y) and then (¢2(y),y) ¢ U = [x<¢i(y)] ¥y € J. So
d((¢2(y),y), U) > 0 and lims_005(p2(y), y) = 0. We deduce that limsup;_,7 (x5{) < 0.
Next, we have for o = min(y1, 2), yo = min(y1,72),

T((1—2)0) = /Q (BOOV(p1 — 190) + (1 — 70)ex)- V(1 — 25))
- / BV + 1160V — 7))
T

- / (BX)Vio + 70ex).V(1 — 7)0).
o\U
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Note that on [x > ¢1(y)] = Q\ U, we have p; = Q, y1 = 1, po = v, and yy = 7.

Moreover, (1 — a;)( is a test function for (P) since ABc< U. Then we obtain

T((1—2)0) = /

Q

- /a NUEEG /fA'y“z(l ) v — /B -
=/ﬁ (1= F2)(1 — ) vy <O
TA

(1= o) )s — /Q (B(X)Vips + 72e0) V(1 — 2,)0)

since 05 = 1 on AB U BBy. Hence 7({) <0 V(e CY(Q), {>0.

Now let { € C!(Q2) and M = supp|{|. Note that we have M +{ € C'(Q) and M+{ >0
in Q. It follows that 7 (M + () < 0 and therefore 7 ({) =0 V{ € CY(Q). Finally, since
C(Q) is dense in H'(Q), Lemma 4.2 follows. O

Proof of Theorem 4.1 Starting from Lemma 4.2, we establish as in Lyaghfouri [14] that

Y1 =1y in [y <QlN[yp2 < Q] = [y <Q]=[y2<Ql]

Therefore, i = , in Q and by Proposition 3.1, we obtain y; = y, a.e. in Q. Finally, let

{ € H(Q), { =0 on 0Q\ TA. Writing the equations satisfied by the two solutions and
subtracting them from each other, we obtain fTAA(% —72){v, = 0 which leads to 71 =7,

a.e. in 7:\A.

5 Conclusion

To the best of our knowledge, no regularity result for the free boundary has been obtained
from the classical formulation in the absence of monotonicity of the permeability. This
is the main motivation for this work in which we established, without any monotonicity
of the permeability, that the free boundary is a curve of a continuous function x = ¢(y).
Finally, it would be quite interesting to study the equivalence of the two formulations.
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