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Abstract. For p ≥ 1, one can define a generalisation of the unknotting number tup

called the pth untwisting number, which counts the number of null-homologous twists on
at most 2p strands required to convert the knot to the unknot. We show that for any p ≥ 2
the difference between the consecutive untwisting numbers tup−1 and tup can be arbitrarily
large. We also show that torus knots exhibit arbitrarily large gaps between tu1 and tu2.
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1. Introduction. Given a knot K in S3, we perform a null-homologous twist by tak-
ing an unknotted curve C disjoint from K with lk (C, K) = 0 and performing +1-surgery or
−1-surgery on C. If C bounds an embedded disk intersecting K transversely in 2p points,
then we call this a null-homologous twist on 2p strands. Such a twist can always be per-
formed locally by adding a full twist on 2p parallel strands with appropriate orientations.
An example of a null-homologous twist on four strands is shown in Figure 1.

Ince used null-homologous twisting operations to define an infinite sequence of gener-
alisations to the unknotting number [6]. For a knot K, the pth untwisting number, denoted
tup(K), is the minimum number of null-homologous twists on at most 2p strands required
to convert K to the unknot. Since a null-homologous twist on two strands is equivalent to
a standard crossing change, tu1 coincides with the classical unknotting number. One may
also define the untwisting number by tu(K) = min tup(K). Clearly, the untwisting numbers
form a decreasing sequence:

u(K) = tu1(K) ≥ tu2(K) ≥ · · · ≥ tup−1(K) ≥ tup(K) ≥ · · · ≥ tu(K).

The main purpose of this article is to show that the difference between consecutive pairs of
untwisting numbers can be arbitrarily large.

THEOREM 1. For any pair of positive integers p ≥ 2 and m ≥ 1, there is a knot K such
that

tup−1(K) − tup(K) ≥ m.

The gaps between untwisting numbers have previously been studied by Ince, who
showed that the gap between tu1 and tu2 can be arbitrarily large [6]. Ince also consid-
ered the separation between higher untwisting numbers, showing, for example, that for any
p ≥ 1 the gap between tup and tu can be arbitrarily large (cf. [7, Example 6.5]). Our exam-
ples are similar to those studied by Ince; however, we are able to establish stronger results
through better lower bounds on tup. These lower bounds are provided by relating tup and
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Figure 1. A null-homologous twist on four strands.

the smooth slice genus g4(K):

tup(K) ≥ g4(K)

p
. (1)

Here, g4(K) denotes smooth slice genus of K. For fixed p, the lower bound in (1) turns out
to be optimal as the knots used to prove Theorem 1 will be knots attaining equality in (1).

While (1) shows that the tup admit lower bounds based on the smooth slice genus,
these lower bounds do not yield any information about tu. It turns out that one can obtain
lower bounds on tu using the topological slice genus:

tu(K) ≥ gtop
4 (K). (2)

This can be seen from the results of Ince [6], who used the work of Borodzik and Friedl
[2, 3] to show that tu(K) ≥ ualg(K). Alternatively, one can establish (2) using the concept
of algebraic genus [8].

Given that the unknotting numbers of torus knots were notoriously hard to compute, it
is natural to wonder what one can say about the behaviour of untwisting numbers for torus
knots. For torus knots with braid index at least four, the untwisting number, tu2, is strictly
smaller than the unknotting number.

THEOREM 2. If min{p, q} ≥ 4, then tu2(Tp,q) < u(Tp,q). Furthermore, for any p,

q > 1, we have

tu2(Tp,q) ≤ 3

8
pq. (3)

Since the unknotting number satisfies u(Tp,q) = 1
2 (p − 1)(q − 1), it follows that for

torus knots the difference between tu1 and tu2 grows arbitrarily large as the braid index
increases. For torus knots with braid index two, that is, those of the form K = Tp,2, we
have tu(K) = u(K) = 1

2 |σ(K)|. This follows from the fact that the classical knot signature

provides a lower bound for gtop
4 (K) and hence for tu(K). The same reasoning shows that

tu(T3,4) = u(T3,4) = 3 and tu(T3,5) = u(T3,5) = 4. For all other positive torus knots of braid
index three, Baader, Banfield and Lewark have shown that tu2(K) < u(K) [1]1. Thus, the
situation for torus knots can be summarised as follows.

COROLLARY 3. The only positive torus knots for which u(K) = tu(K) are those of the
form K = T2,p, T3,4 or T3,5. For all other positive torus knots, we have tu2(K) < u(K).

1The reader should note that the authors of [1] do not explicitly discuss tu2. However, one can easily verify that
their method for untwisting torus knots of braid index three uses only twists on at most four strands.
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Figure 2. Two oriented band moves convert a full twist on 2p strands into a full twist on 2p − 2
strands with two parallel strands.

2. Unbounded gaps. First we prove the following proposition, which implies (1).

PROPOSITION 4. If K and K ′ are knots related by a null-homologous twist on 2p strands,
then

|g4(K) − g4(K
′)| ≤ p.

Proof. We observe that a null-homologous twist on 2p strands can be accomplished by
2p oriented band moves. This can be proven by induction on p. Consider a full twist on 2p
strands with p strands oriented up and p strands oriented down. Such a twist can be arranged
as a full twist on 2p − 2 strands with two more strands, one oriented up and the other
down, ‘wrapping around’ the full twist as in the left-hand side of Figure 2. As illustrated
in Figure 2, one can perform two oriented band moves and isotopies to produce a full twist
on 2p − 2 strands with two parallel strands alongside. Thus, proceeding inductively, we see
that the full twist on 2p strands can be converted to 2p parallel strands by 2p oriented band
moves.

Thus, if K and K ′ are related by a null-homologous twist on 2p strands, then there is
a sequence of 2p oriented band moves and isotopies that convert K into K ′. These moves
allow one to construct a smoothly embedded surface F of genus p properly embedded in
S3 × [0, 1] so that ∂F = K × {0} ∪ K ′ × {1}. Thus

|g4(K) − g4(K
′)| ≤ p,

as required.

Next, we note how twisting operations transform under satellite operations.

LEMMA 5. Let K and K ′ be knots related by a null-homologous twist on 2p strands.
then for any pattern P ⊆ S1 × D2 with geometric winding number w, the satellites P(K)

and P(K ′) are related by a null-homologous twist on 2pw strands.

Proof. Let XP denote the complement XP = S1 × D2 \ νP which comes with a dis-
tinguished meridian μ and longitude λ in ∂(S1 × D2). The knot complement S3 \ νP(K)
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is obtained by gluing XP to S3 \ νK so that μ and λ are glued to the meridian and null-
homologous longitude of K, respectively. We can construct S3 \ νP(K ′) similarly by gluing
XP to S3 \ νK ′.

Since K and K ′ are related by a null-homologous twist, there is a null-homologous
curve C ⊂ S3 \ νK which can be surgered to obtain S3 \ νK ′. Since C is null-homologous in
S3 \ νK, surgering C takes the meridian and null-homologous longitude of K to the merid-
ian and null-homologous longitude of K ′. We can consider C as a curve in S3 \ νP(K) =
S3 \ νK ∪ XP. Moreover, surgering C will produce S3 \ νP(K ′) = S3 \ νK ′ ∪ XP. Since C is
null-homologous in S3 \ νK, it is null-homologous in S3 \ νP(K). Moreover, if C bounds
a disk in S3 intersecting K in 2p points and P has geometric winding number w, then C
bounds a disk intersecting P(K) in 2pw points. Thus, P(K) and P(K ′) are related by a
null-homologous twist on 2pw strands, as required.

It immediately follows from Lemma 5 that given a pattern P with geometric winding
number w, we have the following inequality:

tupw(P(K)) ≤ tup(K) + tupw(P(U)). (4)

Notice that Lemma 5 also implies the following result.

COROLLARY 6. For any knot K and pattern P, we have

tu(P(K)) ≤ tu(K) + tu(P(U)).

Although we would not use Corollary 6 at any point in this paper, we include it for
comparison with an analogous inequality that exists for the algebraic genus [4, 8].

Now we construct our examples. We will use Ozsváth and Szabó’s τ -invariant [9] to
obtain lower bounds on g4(K).

THEOREM 1. For any pair of positive integers p ≥ 2 and m ≥ 1, there is a knot K such
that

tup−1(K) − tup(K) ≥ m.

Proof. Set n = m(p − 1) and take K to be any knot with τ(K) = u(K) = n. For exam-
ple, the torus knot K = T2,2n+1. Let Kp be the (p, 1)-cable of K. Since the (p, 1)-cable of
the unknot is itself unknotted, it follows from (4) that

tup(Kp) ≤ tu1(K) = n. (5)

Now we compute the τ -invariant of Kp using the work of Hom [5]. The value of τ(Kp)

depends on an auxiliary invariant ε(K) which takes values in {−1, 0, 1}. Since τ(K) =
u(K), we have that τ(K) = g4(K). By [5, Corollary 4], this implies that ε(K) = 1. Thus,
the relevant formula for τ in [5, Theorem 1] shows that

τ(Kp) = pτ(K) = pn.

Thus, by (5) and (1), we have

τ(Kp) = pn ≤ g4(Kp) ≤ ptup(Kp) ≤ pn.

Hence, tup(Kp) = n and g4(Kp) = np. So by applying (1) to tup−1(Kp), we have that

tup−1(Kp) ≥ np

p − 1
= n + n

p − 1
= n + m.
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Figure 3. Performing four crossing changes with three null-homologous twists.

Figure 4. Using square changes to undo a full twist.

Thus, we have

tup−1(Kp) − tup(Kp) ≥ m,

which is the required bound.

3. Untwisting torus knots. Now we consider the untwisting numbers of torus
knots.

THEOREM 2. If min{p, q} ≥ 4, then tu2(Tp,q) < u(Tp,q). Furthermore, for any p,

q > 1, we have

tu2(Tp,q) ≤ 3

8
pq. (6)

Proof. Figure 3 shows how a null-homologous twist on four strands followed by two
crossing changes can be used to convert a square of four positive crossings into a square
of negative crossings. We will refer to this operation as a ‘square change’. Suppose that we
have a full twist on k strands with the strands oriented in the same direction so that all the
crossings are positive. We will assume first that k is even. As shown in the right-hand side
of Figure 4, we can view this full twist as a full twist on k − 2 strands with two more strands
wrapping round this full twist. As shown in Figure 4, we can convert this full twist into two
parallel strands and a full twist on k − 2 strands by taking the two strands and passing them
through the other full twist on k − 2 strands using k−2

2 square changes and performing a
crossing change. This can be achieved by 3 k−2

2 + 1 = 3k
2 − 2 null-homologous twists on
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at most four strands. Thus, the full twist on k strands can be converted into k parallel
strands by

k
2∑

i=1

(3i − 2) = 3k2 − 2k

8
,

null-homologous twists on at most four strands.
Now suppose that k is odd. By performing k − 1 crossing changes, we can convert this

to a full twist on k − 1 strands with a single parallel strand alongside. The full twist on
k − 1 strands can then be undone as before; this shows that a full twist on k strands can be
converted into k parallel strands by

k − 1 + 3(k − 1)2 − 2(k − 1)

8
= 3k2 − 3

8
,

null-homologous twists on at most four strands. Thus, we see that for torus knots tu2

satisfies the recursive upper bound

tu2(Tp,q) ≤ tu2(Tp−q,q) +
⎧⎨
⎩

(3q2−2q)

8 q even

(3q2−3)

8 q odd,
(7)

where p > q ≥ 2. For comparison, the unknotting number satisfies the recursion

u(Tp,q) = q(q − 1)

2
+ u(Tp−q,q).

Thus, we see that

u(Tp,q) − tu2(Tp,q) ≥ u(Tp−q,q) − tu2(Tp−q,q) + q(q − 1)

2
−

⎧⎨
⎩

(3q2−2q)

8 q even

(3q2−3)

8 q odd

≥
⎧⎨
⎩

(q2−2q)

8 q even

(q2−4q+3)

8 q odd

= 1

2

⌊q

2

⌋ (⌊q

2

⌋
− 1

)
.

Since this final line is at least one whenever q ≥ 4, this shows that u(Tp,q) > tu2(Tp,q)

whenever min{p, q} ≥ 4.
Now we prove the upper bound (6) by induction on min{p, q}. Since min{p, q} = 1

implies that Tp,q is unknotted, (6) is vacuously true. Without loss of generality, suppose that
p > q > 1 and that we can write p = nq + r where 1 ≤ r < q and n ≥ 1. Suppose inductively
that tu2(Tq,r) ≤ 3qr

8 . By applying (7) n times, we see that

tu2(Tp,q) <
3nq2

8
+ tu2(Tq,r)

≤ 3nq2

8
+ 3rq

8
= 3pq

8
,

as required.
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