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Genus two stable maps, local equations and

modular resolutions

YiHu, JunLi and Jingchen Niu

ABSTRACT

We provide a geometric construction of a sequence of modular blowups of the Artin
stack parameterizing pre-stable pairs consisting of a genus 2 nodal curve and a smooth
divisor. The resulting stack locally diagonalizes the tautological derived objects asso-
ciated with the moduli of stable maps from genus 2 curves to projective space. As a
consequence, the singularities of the main component of the moduli space of stable
maps are resolved, and the entire space admits only normal crossing singularities. Our
approach is expected to generalize to higher genera.
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1. Introduction

Moduli problems are of central importance in algebraic geometry. Among them, the moduli
spaces ngk(P", d) of genus g degree d stable maps into projective space with k& marked points
are particularly important. For example, the Gromov-Witten theory is an intersection theory
on these fundamental moduli spaces (introduced and constructed in [Kon95, Ale94, FP96]).
This article focuses on the deep geometry of the moduli space Mgk(IP’”, d). By Murphy’s
law of Vakil ([Vak06]), the moduli space M, x(P", d) is arbitrarily singular: every singularity of
finite type over Z appears for some n, g, and d. The resolution of singularity is arguably one
of the hardest problems in algebraic geometry ([Hir64a, Hir64b, dJ96, ATW20, McQ20], etc.).
Several moduli problems offer platforms for geometric solutions, and ngk(IP’”, d) is one of these
(and this is the pivotal motivation for one of us to study the moduli M, (P, d)). A canonical
resolution of Mg (P",d) is also desirable for applications computing Gromov—Witten (GW)
invariants, even though these invariants can be introduced without using any resolution ([BF97]
and [LT98]). When the genus g is 0, the moduli space M (P", d) is smooth. For g=1, the
moduli space M (P, d) is singular and the resolution of the main component of My j(P", d)
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was constructed by Vakil and Zinger in [VZ08]. This was followed by an algebraic approach to
the entire moduli space M (P", d) (without marked points) by Hu and Li [HL10].

Our current article begins to treat the more difficult cases of general genera. We start with the
moduli space Mo (P", d); for conciseness and without loss of generality in terms of singularity, we
still work with curves without marked points. The goal of this paper is to geometrically describe
a canonical sequence of blowups of My (P, d) such that the resulting stack admits only normal
crossing singularities and each of its irreducible components is smooth. This is the best that one
can hope for as far as smoothness is concerned.

In previous works [HL11, HN21], the first and third named authors proved that the blowup
stacks constructed in both [HL10] and the present article admit modular interpretations: they
parameterize certain geometric objects. This perspective has the advantage of being more
amenable to generalization to higher genus.

Although not a primary motivation of this series of works, the smooth blowup of Mo (P", d)
obtained in this paper can be used, for instance, to prove the ‘hyperplane’ property of the GW
invariants of quintic Calabi—Yau threefolds conjectured in [LZ09] (along with other possible
calculations). Further, the method provided in this paper may be helpful for the resolution of
other singular moduli used in the recent papers describing progress in mirror symmetry.

To state our main results, consider the smooth Artin stack 9M$"V (written as Do in [HN21])
consisting of pre-stable pairs (C, D) where C are connected genus 2 nodal curves and D C C' are
simple divisors away from the nodes of C. A pair (C, D) is pre-stable if any smooth rational
component of C' missing the divisor D has at least three nodes.

To resolve Ms(P", d), we construct a sequence of smooth blowups of imgiv, then pull back
this sequence to Mo (P", d). The process would be more straightforward if there existed a natural
global morphism from M3 (P", d) to 941V, Fortunately, although such a global morphism is not
available, a rich supply of local morphisms suffices for our purpose.

For every [C,u] € M2(P", d), we have (C,u"'(H)) € MY for a generic hyperplane H C P".
Let ]f””zGr(n,n%— 1) be the space of the hyperplanes of P™. Then, for every neighborhood
U C M2(P",d) of [C,u], we set

Hy :={HeP": (¢, ()" Y(H)) emiVVv[C' ) eU}, (1.1)
which is nonempty as long as U is small. Each H € Hy gives rise to a morphism
fom: U—MIV,  [C,u]— (C,u" (H)). (1.2)
We denote by
7. X — Mo(P",d), f:X—P" (1.3)

the universal family of the moduli M2 (P™, d). The main technical goal of this article is to locally
diagonalize the derived objects Rm.f*Opn(k), k> 1, in the sense of Definition 2.7.

THEOREM 1.1. There exist a sequence of blowups ﬁgiv — fmgi", a Deligne-Mumford stack
Ms(P", d), and a morphism Ms(P™, d) —s My(PP",d) such that for every small open U C
Mo(P", d) and every H € Hy, there exists a commutative diagram

U fo<H§9:ngiv Sﬁgiv — U ng[P"‘d) MQ(]P)nC d)

L
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where the horizontal arrow is an isomorphism (of stacks over U ), and the other two arrows are
natural morphisms. s

Moreover, the pullback of the derived object Rm.f*Opn(1) to Ma(P™, d) becomes locally
diagonalizable. For every integer k> 1, the pullback of the derived object Rm.f*Opn(k) to the
main component M, (P™, d)™ of M, (P™, d) is also locally diagonalizable.

Here, the main components
My(P", d)™ C Mo(P",d) and My(P", d)™ C My(P", d)

are, respectively, the irreducible components whose general points are stable maps with smooth
domain curves. s
The stack M(P",d) is obtained by gluing U Xy, . onaiv MY for all small open U and

H € Hy. For the precise construction of ]\72(1?’", d), see Corollary 5.3.
The case of Theorem 1.1 when k=1 leads to the following conclusion.

COROLLARY 1.2. MQ(P", d) has smooth irreducible components and, at worst, normal crossing
singularities. For d > 2, the main component is of the expected dimension d(n+ 1) —n + 3.

Theorem 1.1 and Corollary 1.2 are proved in Section 5; see Corollary 5.3, Proposition 5.5,
and Theorem 5.4. Theorem 1.1 also gives rise to the following statement on the desingularization
of the sheaves m.f*Opn (k). This is proved in Corollary 5.6.

COROLLARY 1.3. Let (7™¢,72¢) be the pullback to My(P™, d)™¢ of the universal family (7).

Then the direct image sheaf (7™¢),(f™¢)*Op~ (k) is locally free for all k> 1. It is of rank kd — 1
if d>2.

As a by-product of the construction of ﬁgiv, in Proposition 5.7 we construct a Deligne—
Mumford stack MQ(P", d; k) for every integer k > 1 in a manner similar to M, (P™, d). The stacks
]\72 (P™, d; k), although they are less smooth than MQ (P™, d), behave more nicely as far as the local
diagonalizability of the pullback of the derived object Rm.f*Op- (k) is concerned. The following

statement is a recapitulation of Proposition 5.7.

THEOREM 1.4. For every integer k> 1, the pullback of Rm.f*Op~ (k) to Mg(]P’”, d; k) becomes
locally diagonalizable. Moreover, for every irreducible component N of Msy(P", d; k), with
(7N, fn) denoting the pullback to N of the universal family (1.3), the direct image sheaf

(7mn)«(fN)*Opn (k) is locally free. It is of rank kd —1 if d>2 and the general points of N
have smooth domain curves.

Our approach to ﬁ%i" /MY improves the technique of [HL10] and combines with the idea
of the derived modular. To explain this, notice that the stack 9.7(%“’ is equipped with a universal
curve p:C — E)ﬁ%iv as well as a universal divisor D C C. We study the parallel diagonalization
problem of the derived object p.@¢(D). Locally over a smooth chart V of imgi", the object
p«Oc(D)|y can be represented by a two-term structural homomorphism

Y ﬁ%mﬂ — O%?, (1.4)

where m is the degree of D. Throughout this article, m can be any positive integer; it corresponds
to the case of m.f*Opn(k) when m = kd.

We provide a detailed analysis of this homomorphism in terms of local modular parameters
in Section 2 (and later in Section 4). The analysis of ¢, summarized in Proposition 2.22, guides
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FIGURE 1. The first round (r1) of the modular blowups.

our construction of the modular blowups in Section 3. The goal is to find global smooth blowups
of Dﬁgi" such that all the pullback of (1.4) can be diagonalized everywhere, locally. As proved in
Section 5, this implies Theorem 1.1 as well as Corollaries 1.2 and 1.3. The procedure involves
three rounds, the first and the last of which contain several phases. When the degree d is fixed,
each round or phase consists of finitely many steps. For conciseness, we hereafter write

i, Pj, Se (1.5)
respectively, for the ith round, the jth phase, and the ¢th step, whenever applicable.

We point out here that, in order to locally diagonalize R, f*Op~ (k) with k> 2, (rips) and
(rsps4) can be omitted; to locally diagonalize R, f*Op- (k) with k>3, (r3p3) can be omitted as
well.

Many sequences of our blowups are performed in the Artin stack MY* of stable weighted
curves of genus 2 (i.e. genus 2 nodal curves whose irreducible components are decorated by
weights in Z>, satisfying a certain stability condition; cf. Section 2.1), which comes equipped
with the morphisms

M — My, (C, D)~ (C,e1(D)),
0: My(P",d) — MYt [C,u] — (C, er(u*Opn (1)), (1.6)

Wherfifor every small open U C Mo(P", d) and H € Hy;, the composition of the natural inclusion
U — My(P", d) and the latter morphism factors through (1.2) and the former morphism. Each

blowup 9 — 9Ny determines the blowup MGV X gy M of M.

1.1 The first round of blowups (r1)

We first blow up 9" successively along the proper transforms of the substacks that are illus-
trated in Figure 1 and precisely described in Section 3.1. This round consists of five phases of
sequential blowups: the phases are classified by the types of the cores of curves (i.e. the smallest
subcurve of genus 2; cf. Definition 2.1) in the corresponding centers as well as the distribution of
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weights (see Figure 1). Within each given phase, the blowup centers are classified by the number
of rational tails attached to the cores (also see Figure 1).

Here, we comment that in (rips), we treat the case when the core of a curve has weight 1,
even though this does not correspond to any point on the main component My (P, d)™¢. The
reason is twofold. First, the structural homomorphism (1.4) is not diagonalized near the corre-
sponding points of imgi". Since we have reduced the problem of resolving Ms(P", d) to locally
diagonalizing (1.4), we shall not specify which points of 91" miss the image of M2 (P", d) or its
main component under (1.2). Second, the underlying weighted curves of the blowup center of
(r1ps) correspond to some boundary components of Ms(P", d). As presented in Corollary 1.2, we
aim to resolve the entire moduli so that all the components are smooth and meet transversely.

When (r;) terminates, we denote the final stack by 9M™. Every point of MY* has a
neighborhood V such that the pullback @™ of the structural homomorphism ¢ of (1.4) to
Y=y X oyt M has one row that contains an element that divides all other entries of Q"
in that row (in such a case, we say that this row is locally ‘diagonalized’). However, @™ P ay
not be locally diagonalizable (cf. Definition 2.6) because of the existence of (1) some distinctive
directions in the exceptional divisors obtained in (rq); and/or (2) the Weierstrass and conjugate
points on the smallest subcurves of genus 2.

The second round of blowups, (r2), solves the former case; the third round of blowups, (rs),
solves the latter.

1.2 The second round of blowups (r2)

After the first round is done, one of the two rows, say, the first row, of the structural homo-
morphism ¢ can be locally ‘diagonalized’, as explained above. We then turn our attention to
the second row. In the second row, on any affine chart, some terms of the proper transform of
 may acquire exceptional parameters. Note that locally, the blowup centers in the first round
are always some intersections of the (local) divisors corresponding to the loci where nodes are
not smoothed (we may call them nodal divisors). The blowup centers in the second round are
similar in the sense that, locally, they are always some intersections of the proper transforms of
the exceptional divisors created in (rip1) as well as the proper transforms of nodal divisors. In
particular, the blowup centers X; ; in the second round are always contained in the exceptional
divisors of (rip1), as illustrated in Figure 2. However, locally, the process in (ry) is parallel to
that in (r1); the difference is just that some exceptional parameters in (ry) will take the roles of
node-smoothing parameters in (r1). In this narrow sense, we may say that the second round of
blowups is in essence totally analogous to the first round. The blowup centers X; ; in (rp) are
defined in Section 3.2, specifically in (3.17).

On ﬁ“, let & be the proper transform of the exceptional divisor created in the kth step of
(r1p1), which may meet the proper transforms of some nodal divisors. Locally, each connected
component of Xy ;s is the intersection of & with (the proper transforms of) some &’ — 1 many
nodal divisors. Then

M= — M
decomposes as the sequential blowups along the proper transforms of {X}, 5}, with respect to

the lexicographic order on (k, k") so that the order on £’ is the usual order of natural numbers,
whereas that on k is the reverse order of natural numbers; cf. Figure 2.

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

DESINGULARIZATION OF MODULI OF GENUS 2 STABLE MAPS
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FIGURE 2. The second round (rz) of the modular blowups.

After the second round, (r2), the only obstacle to the pullback of ¢ being locally diagonalizable
is the existence of the Weierstrass and conjugate points. These will be dealt with in the next
(i.e. the last) round of blowups.

1.3 The third round of blowups (rs)

There are four phases of sequential blowups in this round.

The blowup centers in the first phase (r3p;) locally lie in the proper transforms of intersections
of exceptional divisors of (rip1) and some nodal divisors. Each of such intersections, after (ra),
gives rise to two distinctive directions in the corresponding exceptional divisor of (rip1). For the
underlying curve of a general point of the blowup center of any step in (r3p;), its core is of weight
zero, and there are two rational tails attached to conjugate points of the core that correspond
to the two aforementioned distinctive directions.

The blowup centers in the second phase (r3pz2) locally lie in the proper transforms of inter-
sections of exceptional divisors of (r2) and some nodal divisors. Each of such intersections gives
rise to a distinctive direction in the corresponding exceptional divisor of (rz). For the underlying
curve of a general point of the blowup center of any step in (r3ps), its core is of weight zero,
and there is a rational tail attached to a Weierstrass point of the core that corresponds to the
aforementioned distinctive direction.

All the previous blowups are performed over the base stack 9t5t. The remaining blowups are
to be performed over the base stack Smgi".

The general points of the blowup centers in the third phase (r3ps) are related to the pairs
(C, D) such that the core F' of each C is smooth and satisfies the condition that D N F consists
of two conjugate points. More precisely, let Hy (k> 0) be the closed substack of 9)?‘23“" whose
general points are the pairs (C, D) such that there are k rational tails attached to the smooth
core I, satisfying the condition that D N F consists of two conjugate points. We blow up the
stack S)ﬁgi" Xopyt IMP2 along the proper transforms of Ho Xgpye M=P2, ... Hy Xopye M=P2

and obtain ‘33%“3 Ps
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The blowup centers in the fourth phase (rsps) locally lie in the proper transforms of inter-
sections of exceptional divisors of (rips) and some nodal divisors. Each of such intersections
gives rise to a distinctive direction in the corresponding exceptional divisor of (rips). For the
underlying point (C, D) of a general point of the blowup center of any step in (rsps), its core F
contains exactly one point of D, and this point is conjugate to a point of the core where a ratio-
nal tail is attached; this tail corresponds to the distinctive direction of the exceptional divisor
mentioned above. We remark that (rzpy) solely treats the boundary components of Mo(P", d),
just as in (r1ps).

A set of examples that illustrate the above blowups is given in Section 3.6.

The key fact to verify is that the pullback of ¢ becomes locally diagonalizable when (r3)
terminates; see Proposition 4.1. To this end, it is crucial to understand how each round or phase
of (the globally defined) modular blowups affects the moduli space locally, so as to study the
local behavior of the structural homomorphism ¢ in Section 4.

Once Proposition 4.1 is established in Section 4, we apply the techniques in [HL10] and
[HN21] to obtain the local structure of MQ(PTL, d) in Section 5.

Throughout the paper, we work over C.

1.4 Related works

Using logarithmic geometry and Gorenstein curves, Battistella and Carocci in [BCGT18],
construct a desingularization of the main component of Mo (P", d). Related work on desingular-
izations of sheaves and reduced GW invariants can be found in [RMM*26] by Rabano, Mann,
Manolache, and Picciotto. In [LLO24], Lee, Li, and Oh construct the analogous desingularization
and prove the quantum Lefschetz property for the moduli genus 2 stable quasimaps.

2. Local defining equations of M2 (P", d)

In this section, we study in detail the local defining equations of My(P", d). Our resolution
process is guided by these local defining equations. Some crucial examples will be provided to
illustrate the simple ideas before introducing the heavy machinery.

As explained in [HL10], the local structure of Mo (P™, d), or indeed of M ,(P", d) for any g, is
governed by the derived object R, f*@p«(1). Our aim of this section is twofold: (1) to describe
R.f* Opn (k) as explicitly as possible; and (2) to explain how to locally diagonalize (in the sense
of Definition 2.7) the object Rm.f*Opn (k), the k =1 case of which will imply a desingularization
of Mo(P", d), as desired.

The local defining equations of Ms(P", d) are summarized in Proposition 2.22.

2.1 Basic setup

For the aforesaid purpose, we consider two stacks throughout this paper: 9y and smgiV.

First, let MY be the Artin stack of stable pairs (C, w) of genus 2 nodal curves C' with non-
negative weights w € H?(C, Z), meaning that w(X) >0 for all irreducible components ¥ of C.
Here (C,w) is said to be stable if every rational irreducible component of weight 0 contains at
least three nodal points; cf. [HL10, Section 2.1]. The stability requirement guarantees that each
connected component of MMY*, determined by the total weight on the curve, is of finite type.

Next, let M"Y be the Artin stack of stable pairs (C, D) where C' are genus 2 nodal curves
and D C C are simple and effective divisors on C' away from nodes. Here (C, D) is said to
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be pre-stable if every rational irreducible component disjoint from D contains at least three
nodal points; cf. [HL10, Section 2.3]. The stability requirement guarantees that each connected
component of MIV, determined by the degree of D, is also of finite type.

Between the above two stacks, there is a morphism

MV — Myt (C, D)~ (C,c1(D)). (2.1)

We point out that this is a smooth morphism.

In studying Mo(P", d) (along with 7.f* O (k)), we cover it by sufficiently small étale opens
{U — M3(P", d)} such that for each U € {U}, the set Hy as in (1.1) is nonempty. We pick an
affine étale {V — M3V} such that for each U € {U} and H € Hy, the morphism

fU,H U —>9ﬁgiva [07 u] = (Ca u_l(H))

introduced in (1.2) factors through U — V for some V € {V}. This way, we cover M(P",d) by
the charts {U/V}.

Using the (local) morphism (1.2), it suffices to study a parallel problem on 94V, That is, for
a fixed (C, D) € MY"™ lying over (C, w) € MY with deg D =m for some positive integer m, we
pick an affine smooth chart V — imgi" containing (C, D). Here, m can be any positive integer;
it corresponds to the case of Rm.f*Opn (k) when m = dk.

Let p:C—V and D CC be the universal family on V. We find disjoint sections A1, Az, B of
C/V, disjoint from D, called the auxiliary divisors. We list this package as

p:C—=V(—=mi), DcC; plus A=A+ Ay, BCC. (2.2)
Let
L=0c(D), M=0c(A-DB), and O4(A)=0v(A)®g. O.
Note that A A — B) = .#(D). We consider the two-term complex
P« L A) — pxOa(A) (2.3)

via the evaluation homomorphism. These data will be fixed throughout the paper.

DEFINITION 2.1. Let C be a nodal curve. We call a node g (respectively, an irreducible component
C") of C separating if C'\ g (respectively, C\C") is disconnected. We call other nodes (respectively,
irreducible components) of C' non-separating. A curve C is said to be separable (respectively,
inseparable) if it contains at least one separating node (respectively, contains no separating
node). A genus 1 inseparable component of C' is a subcurve of C' that is itself an inseparable
curve of (arithmetic) genus 1. If C is of positive (arithmetic) genus g, we call the smallest
connected genus ¢ subcurve F' of C the core of C. Removing F' from C results in disjoint
connected trees of rational curves, called the tails of C'. Each tail is attached to the core F at a
separating node, called a pivotal node.

We remark that it is possible that a non-separating node of C is a separating node of a
subcurve of C, and hence for a genus 1 inseparable component C’ of C, its nodes must be non-
separating in C’. It may also be worth pointing out here that an inseparable F' can be reducible:
an example is a smooth rational curve attached to two distinct points of a smooth genus 1 curve.

ASSUMPTION 2.2. Possibly after an étale base change and shrinking V, we assume:

(A) ai=A;NC and b=BNC lie in the core F of C and are in general position; if F is
separable, then a1 and ao lie on different genus 1 inseparable components of F,
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(B) D=Dy+ -+ D, is a union of m disjoint sections D; of C —V; and
(C) assumptions (A) and (B) hold for all fibers of C — V.

We emphasize that the general position requirement in Assumption (A) implies that none of
a1, az, and b are Weierstrass points in the sense of Definition 2.12, and that any two of these
three points are not conjugate in the sense of Definition 2.11. In particular, a1, as, and b cannot
be on any non-separating bridge (should one exist; see Definition 2.9 for terminology), because
by Proposition 2.19(4) (in Section 2.5), any point on a non-separating bridge is a Weierstrass
point.

The lemma below follows from direct verification.

LEMMA 2.3. Under Assumption 2.2, we have R'p, A A) =0, p..AA) is locally free, and Rp,.&
is quasi-isomorphic to the complex (2.3).

2.2 The first reduction

The standard inclusion ¢ C O¢(D) determines the obvious section 1€ I'(p..%). For other
sections, let .# = O¢(A — B) and consider the inclusion

M(D;) = Op(D; + A— B) = .#(D) = O¢(D+ A—B),
and the induced inclusions
Because of Assumption 2.2, the above terms are locally free. By the Riemann—Roch Theorem,
p«#(D;) is invertible and p,.#(D) has rank m. Let
©: pe(D) — pO4(A) and  ;: pudl(D;) — p O A(A) (2.4)

be the evaluation homomorphisms; then ¢; = ¢ on;. We denote their sum by

(1) : ®i21 putl(D;) — ps (D),

(i) : ®L1pel(Di) — px Oa(A).
LEMMA 2.4. We have: (1). p.L= 0y ® pA—B); (2). p—B)=kerp; (3). (1) is an
isomorphism; and (4). (i) =@ o (1;).

Consequently,

pxL= Oy @ ker{(¢;)}.

Proof. The proofs of (1) and (2) are the same as for the genus 1 case, [HL10, Lemma 4.10];
we omit the details. The proof of (3) is also similar. We now give details on it. Since both
p«(D;) and p..#(D) are locally free, we only need to show that for any closed z €V,
& p«(D;)| > = p«M(D)|, is an isomorphism. By base change, it suffices to show that the
tautological homomorphism

m m

P ni(z) : P H(Gc.(D; + A - B)) — H(6c (D + A - B))

i=1 i=1
is an isomorphism. Because both sides are of the same dimension, it suffices to show that it is
injective. For this, we look at the composite of @n;(z) with the restriction

¢j(2): H°(C,, Oc.(D+ A—B)) — H(C. N Dj, Oc.cp,(D + A — B)).

10
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For any i, when i=j, ¢;(2)on;(z) is an isomorphism for all the points z €V, and when
i#j, ¢j(2) oni(2) =0 holds for a general point z € V and hence also holds for all the points.
Thus, if (@77, 75(2))(©01) = 7 1:(2) (01) = 0 where v; € HO(Gc, (Di + A— B)), then &%, (2) o
ni(2)(v;) = ¢j(2) onj(2)(vj) =0. Hence, v; =0 for all 1 <j<m. This shows that ®*,n;(2) is

1=
injective. Item (4) is a tautology. This proves the lemma. O

This proves that the homomorphism ¢ in (2.4) is equivalent to the homomorphism (¢;), via
the isomorphism (7).
We will call either ¢ or (¢;) a structural homomorphism. Note that each ¢; has the form

pi=0; © P} putl(Dy) — peOa, (A1)  peOa,(Asz). (2.5)

These homomorphisms will be our focus in this section.

2.3 Local open immersions

To obtain local equations of Ma(P", d), we consider the case of .§*@p. (1), and let m = d. Then,
as in Section 2.1, we cover Mo(P™, d) by charts {U/V}. Let & be the total space of the vector
bundle p,AA)®" and let

p:&y—V
be the projection. We also set

pu( LA 4) = pu(LLA) T 4,) © pu (LA )

Then the tautological restriction homomorphism
vest : po A" — p. (LA ) (2.6)
lifts to a section
P e T(&, p"pu((AA)"|4))- (2.7)

By choosing a suitable trivialization, the homomorphism ‘rest’ of (2.6) can be identified with
the homomorphism

0@ )" : (Oy @ pudl(D))™" — (p: Oa(A)", (2.8)

where ¢ is the structural homomorphism in (2.4). Then, the section ® of (2.7) is the lift of
(08 )P in (2.8).

THEOREM 2.5. Let U =V Xgpaiv.y, , U. Then there is a canonical open immersion
UuU— (‘I’:O) C &p. (2.9)

Proof. This theorem is the natural extension of [HL10, Theorem 2.17]; the proof is also
parallel. 0

In what follows, we will focus on the structures of the objects
¢ psA(D) — p O a(A).

We begin with the notion of locally diagonalizable derived objects, as introduced in [HL10]. This
is key to this article.

11
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2.4 Locally diagonalizable homomorphisms

Let ¢:& — & be a homomorphism of locally free sheaves of &p-modules on a Deligne-
Mumford (DM) stack U.

DEFINITION 2.6. We say ¢ is diagonalizable if there are integers r, [; and ls € Z>¢, p; € I'(Oy)
such that the ideals (p;) D (pi+1), and isomorphisms & = & @ ﬁ;‘?li such that

o= dinglpy, ... p,) ©0: 0% & OF" — 6% @ 05",

where diag[p1, ..., p;]: ﬁ??r — ﬁ?;r is the diagonal homomorphism and 0 : ﬁ%?ll — ﬁ%?l? is the zero
homomorphism. We say ¢ is locally diagonalizable if there is an étale cover U, of U such that
@ is diagonalizable over U,.

DEFINITION 2.7. Let E be a perfect derived object on a DM stack M. We say E is locally
diagonalizable if there is an étale cover {U} of M such that E|;; is quasi-isomorphic to [p: & —
&s], where & and & are locally free sheaves and ¢ is diagonalizable.

Using [HL10, Proposition 3.2] (the universality of diagonalization), one can check directly
that the definition does not depend on the local representation of the object E. Here it is
worth pointing out that in Definition 2.6, if the requirement (p;+1) C (p;) is removed, then the
‘diagonalization’ thus defined is not a property of the derived object but merely a property of a
presentation of the object E.

The following result is a conclusion of [HLL10, Corollary 4.4]. It is needed to deduce Corollary
1.3 from Theorem 1.1 in Section 1.

ProposITION 2.8 [HL10]. Let M and M be two DM stacks and E be a perfect derived object
on M. Assume there is a birational morphism ) : M — M such that the pullback of E is locally
diagonalizable in the sense of Definition 2.6. Then, for any irreducible component N of M
endowed with the reduced stack structure, 2 (Ly*E|y) is locally free.

As local diagonalization is functorial, a local diagonalization of Rp.0¢(D) will imply a res-
olution of My(PP", d). The remainder of Section 2 is devoted to a detailed analysis of the local
structures of the object Rp.0¢(D).

2.5 Notation on nodal curves and the initial forms of structural homomorphisms

By the deformation theory of nodal curves, for each node ¢ € C' there is a regular function
¢q € '(Oy) such that {¢; =0} is the locus where the node ¢ is not smoothed; the divisor (¢, =0)
is smooth. We will refer to ¢, as a modular parameter or a node-smoothing parameter.

To proceed, we follow the notation and terminology of nodal curves in Definition 2.1. Let C
be a nodal curve of genus 2. We denote by N(C') the set of the nodes of C. A node g€ N(C)
is called a core node if it is a node (i.e. a singular point) of the core F' of C; in particular, any
pivotal node cannot be a core node.

We say a separating node ¢ separates (or lies between) two smooth points § and ¢’ of C' if §
and ¢’ lie in different connected components of C'\{q}. If we replace ¢’ by a connected subcurve
C’ of C, we say q lies between § and C’ if 6" and C"\{q} lie in different connected components
of C\{¢}. We denote by

Nissq  (vespectively Nis o)

12
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the set of the separating nodes lying between § and &’ (respectively, C'). In particular, for ¢/ = F,
we write

N[(g] = N[(S,F]'
Below, we introduce an important type of rational subcurve of the core F of C.

DEFINITION 2.9. If F'is a union of two connected subcurves, B of arithmetic genus 0 and F; of
arithmetic genus 1, such that B and F; do not share any common irreducible component, then
we call B a non-separating bridge of C. In other words, B is a non-separating bridge if there
exist two non-separating core nodes p and q such that

F:BUFb BﬂFl:{paq}a pa(B):Oa pa(Fl):la

where p, denotes the arithmetic genus.

If F' is a union of three connected subcurves, B of arithmetic genus 0, and F} and F5 both
of arithmetic genus 1, such that any two of B, F} and F5 do not share any common irreducible
component, then we call B a separating bridge of C. In other words, B is a separating bridge if
there exist two separating core nodes p and ¢ such that

F=BUFUF, BnF={p}, BNnF={q}, p.B)=0, pa(F1)=pi(F2)=1

(which implies F; N F» = ) because p,(F) = 2).

A bridge, non-separating or separating, is maximal if it is not a strict subset of any other
bridge.

When we need to, we denote a bridge B by Blp, q] to emphasize the two nodes.

It is straightforward to show that all the core nodes meeting a non-separating (respectively,
separating) bridge Blp, q], including p and g, are non-separating (respectively, separating). By
the topology of nodal curves, a genus 2 nodal curve C' may contain at most three non-separating
bridges, or at most one separating bridge. Indeed, if C' contains three non-separating bridges,
then it cannot have any separating bridge; if C' contains a separating bridge, then it may contain
at most two non-separating bridges.

For example, the shaded component of the leftmost picture in the third row (respectively,
the second row) of Figure 1 is a non-separating bridge (respectively, a separating bridge).

If there exists a non-separating bridge B = Blp, q] on F, then for every smooth point ¢ € B,
we define

Nisp)  (vespectively Nis 1) (2.10)

to be set of all the core nodes of B between ¢ and p (respectively, ), including p (respectively, q).
We emphasize that both N5, and Nis are nonempty as long as B exists, because p € Nis
and qe N[57q].

If T is a tail and 4,6’ € T, then among all the nodes of N5 N Nigi, i.e. all the common nodes
lying between § and F as well as between &’ and F, we denote by § A §’ the one that is the
farthest from F. In other words, d A ¢’ is the node satisfying

N[(;/\(;/] = N[(;] N N[(;/]; (2.11)

in particular, 6 A 0’ cannot be any core node. If § and ¢’ are on different tails, or at least one of
them is on the core, we define Njs55):= 0, which is in accordance with (2.11). However, 6 A ' is
not defined in these cases.

13
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Next, consider the family C —V with C =C xy 0 the central fiber mentioned before. For
1<i<mand 1<s<2, let
6=D,NC and a;=A;NC.
For smooth points ¢, 8’ € C, we define
Gon= I] ¢ and (o= ] ¢ (2.12)
qE€N5,57) q€Ns)

If there exists a non-separating bridge B =BI[p,q] on F, then for every smooth point 6 € B,
we set

C[CS»P]: H C‘J and C[6,q]: H Cq- (2.13)
qEN[s,p] qEN5,q)

In the case that N5, (respectively, N5, N5y, Nisp)) is empty, we set (5, (respectively, ([s),
Ci5,p]» Cls,q)) to be 1. Similarly, if 6 A 8" does not exist (i.e. Nisas)=10), we set {sn57 = 1.

The above notation on nodal curves is illustrated in Figure 3.

We fix the trivializations

px (D) = Oy, pOa,(As)=0y; 1<i<m, 1<s<2, (2.14)
and the induced trivialization p, & 4(A) = ﬁ%ﬂ, throughout this section, unless stated otherwise.
PROPOSITION 2.10. After fixing (2.14), the evaluation homomorphism

Psi : pxM(Di) — pxOa,(As) (2.15)
is given by the multiplication
Psi = Csi * C[(;“as] 1Oy — Oy, cs €(0Y)).
Proof. The proof is parallel to that of [HKK ™03, Proposition 4.13] and is thus omitted. O

By abuse of notation, we still denote by ¢ the 2 x m matrix (cg; - C[(ghas]) with entries as in
(2.15) and still call it the structural homomorphism when the context is clear.

2.6 Conjugate and Weierstrass loci

In the genus 1 case, the analogue of Proposition 2.10 contains all the necessary data for locally
diagonalizing the structural homomorphism in the sense of Definition 2.6. In the genus 2 case,
however, Proposition 2.10 alone is not sufficient for studying the 2 x 2 minors of ¢, which is
crucial in diagonalizing ¢. To this end, we need to first study the loci of 9$Y consisting of
(C, D) when some points of D are in the special positions of C. For conciseness, in this subsection
we deal with the loci of |_|e>0 ﬂu rather than Smgi", because locally neither the order of the
marked points nor the subtle difference in the stability conditions of the two stacks affects the
local equations of the conjugate or Weierstrass loci; see Remark 2.21 for more detail.

DEFINITION 2.11. T'wo distinct points 1 and ds on a smooth genus 2 curve C are said to be
conjugate if
hO(C, Oc (8, +02)) =2 (or equivalently, h°(C,we (=01 — d2)) =1).

We denote by K the locus of smooth genus 2 curves with a pair of conjugate marked points and
by K the closure of K in Mso. For every two-marked stable curve (C,d1,d2) € K, we say the
marked points §; and d2 are conjugate.

14
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DEFINITION 2.12. A point § on a smooth genus 2 curve C' is called a Weierstrass point if
RO(C, 0c(26)) =2, (or equivalently, h°(C, wc(—26)) =1).

We denote by W C Ma 1 the locus of smooth genus 2 curves with one marked Weierstrass point
and by W the closure of W in Mo 1. For every one-marked stable curve (C, ) € W, we call the
marked point § a Weierstrass point.

When more marked points are involved, we define conjugacy and Weierstrassness via
pullbacks with respect to the forgetful morphisms.

Concretely, for 1 <4, 7 < /¢ with ¢ # j, we set Kg;i,j C ﬂg,g to be the pullback of K in ngz via
the forgetful morphism that forgets all but the ith and jth marked points. If x = (C, 61, ...,d¢) €
Kgm-, we say that §; and §; are conjugate.

Similarly, for 1 <7</, let Wy; C May be the pullback of W in My, via the forgetful mor-
phism that forgets all but the ith marked point. If x = (C, 1, ..., ) € Wy, we say that §; is
Weierstrass.

The main goal of Section 2.6 is to study the local equations of Kg;i,j and Wg;i. We begin with
K and W.

2.6.1 Local equations of K and W. Recall that the Hodge bundle QM 4 is a rank 2 vector
bundle over My, whose fiber over every (C, 1, ...,d;) € Mgy consists of holomorphic Abelian
differentials 1 on C. Following [BC23], K and W can be interpreted as the incidence variety
compactifications of certain strata of the projectivized Hodge bundles PQM; 2 and PQM3 1,
respectively.

More precisely, let QM3 2(1,1) be the stratum of QM o consisting of all (C, é1, 92, n) satis-
fying the condition that n has simple zeros at ¢; and d2. Similarly, let QM5 1(2) be the stratum
of QM3 1 consisting of all (C, 01, n) satisfying the condition that n has a zero of order 2 at ¢;.
Then, by forgetting the differentials, it is straightforward that PQMs2(1,1) and PQMo ;(2)
are isomorphic to K and W, respectively. Let ]P’Qﬂgjg(l, 1) and IP’Qﬂlzn;@) be the incidence
variety compactifications of PQMs o(1, 1) and PQM3 1(2), respectively, in the sense of [BC23,
Theorem 1.3]. Then, by [BC23, Corollary 1.4], the projections by forgetting the differentials
induce surjections

POMy5(1,1) — K and PQM;1(2) — W, (2.16)
respectively. These surjections lead to the following lemmas on the possible locations of conjugate
and Weierstrass points on a genus 2 stable curve with marked points.

For convenience, for every point § € C, hereafter we write

J, if ¢ is on the core of C,
(0) = {

2.17
the pivotal node of the tail containing §, if J is on a tail of C,; ( )
see Figure 3 for an illustration.

LEMMA 2.13. Given (C,d) € My, if § is on a non-separating bridge, then (C, ) € W; if § is
on a separating bridge, then (C,6) ¢ W.

Proof. The statements follow directly from the proof of [BC23, Proposition 3.12], where the
boundary components of PQM;HE (2) are described explicitly. O

LEMMA 2.14. Given (C, 61, 82) € Ma 2, we have the following:

15
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core nodes: s,p,d, g,q Nisg,p] ={p,d, g}

separating nodes: s, c, f, h, 1,7, k, £ Nisg,q1 =1at

non-separating nodes: p,d, g, q (61y="{62)=h

S1Ad2=k ©sy=f

d1ndg=j (06, =06

51 A(57=(51a’\(58=h N[z_(gs-__,p]z{pzd}

C[o1nd3) =1 N5 a =10, 9}

Nis,1=1h.J, k} Nizgsg001 = 1P ds 9}
B[p, q) (C,D =61+ + &) Nisy 651 =1k, d, k, 5, f} Niz s, 501 = 10}

FIGURE 3. An example of the notation on nodal curves.

« Assume 07 is on a tail, which implies 5 is on the same tail by stability. Then (C, 81, 62) € K
if and only if (01) (= (d2)) is a Welerstrass point of the core F' of C.

« Assume 67 is on the core F', which implies d, € F' by stability.

— Assume in addition that ¢ is on a maximal non-separating bridge B. Then (C,61,02) €
IC if and only if d2 € B.
— Assume in addition that §; is not on any non-separating bridge.

«If &1 is a Weierstrass point, then (C, d1,d2) ¢ K.

«If 01 is not a Welerstrass point, then there exists a unique smooth point 6, € C' such
that (C,d1,82) € K if and only if 6o =6). Moreover, if &, is on a genus 1 inseparable
component C' of C, then do € C" as well; if 0, is on a separating bridge (of F'), then
61 and 99 are on the same smooth rational subcurve.

Proof. Consider the first case when d; and 9 are on a tail R, which implies that R is smooth. In
this case, we further assume that F' is smooth; the sub-case when F' is singular follows from the
closedness of L and W. By (2.16), we see that (C, d1, d2) € K if and only if there exists a pointed
stable differential of type (1, 1) over (C, d1, d2) satisfying the conditions in [BC23, Theorem 1.3].
Notice that on R, to scaling, there uniquely exists a (non-zero) meromorphic differential with
simple zeros at 01 and d2, as well as a pole at ¢ := (d1) whose order and residue are, respectively,
—4 and 0. Analyzing the five conditions of [BC23, Definitions 1.1 & 1.2], we conclude that
(C, 61, 82) € K if and only if there exists a (non-zero) holomorphic differential on F with a zero
of order 2 at ¢ (because F is assumed to be smooth), i.e. h%(F, K — 2q) = 1, which is equivalent
to (F,q) € W.

Consider the second case when 61 € F' is a on a maximal non-separating bridge B = Blp, q].
Let T be the (connected) genus 1 subcurve of F' that meets B at p and q.

« If 35 € B, to show (C, 41, §2) € K, we only need to consider the situation when B and T are
smooth (because of the closedness of K); see Graph (a) of Figure 4 for illustration. In this
situation, notice that there exists a (non-zero) meromorphic differential on B with simple
zeros at 01 and 0z as well as poles of order 2 at p and g, whose total residue on B is 0. Also
notice that every (non-zero) holomorphic differential on 7" has no zeros. Then, by [BC23,
Theorem 1.3], we have (C, 61, d2) € K.

o« If 02 ¢ B, let 77 be the (unique) genus 1 inseparable subcurve of T. Notice that every
element of H(C,wc(—d1)), which is of rank 1, vanishes identically on C'\T". In addition,
observe that for every level graph I' (in the sense of [BC23, Section 1.5]) whose maxima

16
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p
CO = CDO)
(5 - (O
5o : 52

(a) (c) (e)

01 01
q 3 2 q
(b) (d) (f)

FIGURE 4. (5, ;5\1, 32) € K whose marked points are on a non-separating bridge.

are the irreducible components of 17", every twisted differential  compatible with T' (in the
sense of [BC23, Definitions 1.1 & 1.2]) that has a simple zero at §; must have another simple
zero on B. This implies 7(d2) # 0, so by [BC23, Theorem 1.3], we have (C, 1, d2) ¢ K.

The statements when d; € F' is not on any non-separating bridge can be proved by applying
[BC23, Theorem 1.3] analogously (on a case-by-case basis). We omit further details. O

It is well known that W is a smooth Cartier divisor of My 1; see [Cuk89, Proposition 3.2.1],
for example. In addition, the restriction to K of the forgetful morphism My — My that
forgets the second marked point is an isomorphism to My 1 \W, so K is a smooth Cartier divisor
of M3 2. Below, we show that the same result holds for Kc ﬂzg and W C ﬂgg as well.

PROPOSITION 2.15. K is a smooth Cartier divisor of ﬂgg.

Proof. Let Z C K be the substack consisting of (C,d1,d2) € K so that there exists a non-
separating bridge of (the core of) C containing (6;) and (d). Similarly, let Z’ CW be the
substack consisting of (C, §1) € W so that §; is on a non-separating bridge. Then, by Lemmas 2.13
and 2.14,

Z~Migx Moa and Z'~ Mg x Mo,

so both Z and Z' are closed.

Graph (a) of Figure 4 shows a general point of Z. When one of the marked points approaches
a node or the other marked point, we obtain Graph (b) or Graph (c) of Figure 4. In addition,
the genus 1 subcurve T in the first row of Figure 4 may be nodal; in particular, T" may even
contain a separating node, as shown in the second row of Figure 4.

By Lemma 2.14, the restriction to K of the forgetful morphism My — My that forgets
the second marked point, still denoted by

ﬁf : E — ﬂg,h
restricts to an isomorphism of the open substacks
K\Z — Ma1\Z'.

Hence K\ Z is smooth and of codimension 1 in Ma 2\ Z. Therefore, to establish Proposition 2.15,
it suffices to fix an arbitrary point

A~ o~ o~

§2(0,51,52)€Z

17
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as well as a small affine smooth chart V — ﬂgg of x, and show that IC NV is a smooth Cartier
divisor of V.
Below, we prove this by analyzing x € I'(0)) with

KNy ={x=0}. (2.18)

To this end, we denote by Blp, q] the maximal non-separating bridge of C containing <31> and
(02), and by T the genus 1 connected subcurve of C' meeting Blp, q] at p and q; see Figure 4.
Observe that

ZNY={¢ =¢ =0}
This implies that £ =0 whenever (, = (; =0, so there exist f, g € I'(0y) such that

K= FG+ 96 (2.19)

We aim to show that both f and g are invertible. By symmetry, we only need to show that either
of them is invertible. The proof of this is divided into six cases as per Figure 4.

Case (a). In this case, we assume that = is given by Graph (a) of Figure 4, where T may
have (up to two) non-separating nodes. Recall that the Hodge bundle Q2Msj 2 extends over
ﬂQ,z as a rank 2 vector bundle Qﬂm, whose fiber over every (C, d1,d02) € ﬂgg parameterizes
meromorphic differentials n of C' that have, at worst, simple poles at the nodes of C' with opposite
residues on the two branches of each node (i.e. the fiber is H°(C, w¢)).

Since the chart V containing Z is assumed to be small, the marked points are not on a tail or
a separating bridge for any point of V. Therefore, for every point (C, §1, 62) € V, {n € H°(C,w¢) :
nls, =0} is always of rank 1. In other words,

£1/V:={(C,61,62,m) € QMa32/V: 15, =0}

is a line bundle. We choose a nowhere vanishing section by of £;/V. In addition, let Ly/Ma 2 be
the universal tangent line bundle at the second marked point. We choose a nowhere vanishing
section hy of La/V. They together give rise to a regular function v € I'(0y) as follows:

v(C, 01, 62) =b1(C, 41, 62)|s, ® ha(C, 61, 62) VY (C,d1,62) € V. (2.20)
Here, T§ C'® T5,C is canonically identified with C.
With  as in (2.19), we claim that
v/k €T (Oy). (2.21)
Indeed, for every
z=(C,d1,02) €KNW\{G - G =0}),

by Definition 2.11, we have b (z)|5, =0, so v/ is regular on V\{(, - (g = 0}. Moreover, shrinking
V if necessary, we have

Eﬂvm({glﬂ #O»CqZO}U{Cq 7£Oa<p20}):@a
for otherwise, without loss of generality we suppose that there exists a sequence of elements
of KN{¢, #0, ¢y =0} approaching to Z. Then, by [BC23, Theorem 1.3], H(T, w4) must have
a nonzero element vanishing at p. As this is impossible, we see that 7/k is regular on the
complement of the codimension 2 substack ZNV, and hence on the entire V by Hartogs’
Lemma.

18
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Next, we construct a morphism of a small disk D — V whose image contains =, and analyze
the vanishing order of the pullback of « at the center of D. More precisely, we write

7t =01(@) (€ H(C,wz)\{0}).

Then 7" vanishes identically 0 on BJ[p, q], which in Case (a) is a smooth rational subcurve of C,

A~

denoted by R. On the genus 1 inseparable component T', the restriction of " is holomorphic,
hence does not have any zero. Next, we choose another

fe Ho(é,w@) st. HO(C, wg) = span{7 ", (SA}

Then,/\g does not have any zero on R. Moreover, EA has simple poles at p and ¢, such that on
both T and R, the residues of ¢ sum up to 0. Finally, there exists a unique

NTEH (R, Kp+2p) st. (§ +8l; =0.
Notice that (= + E )|z does not have any other zero on ]/%, because its only poles are p (of order 2)
and q (of order 1). Consequently, we have

M~ +&)l5, #0. (2.22)
Next, we smooth out p while keeping the node g, and apply [BC23, Theorem 4.5 (Higher-order
Plumbing)|. Concretely, we take D to be a small disk. By taking

~

nt =0t i€, n =t@" +§), teD,
in [BC23, Theorem 4.5], we obtain a family of stable curves with two marked points
xt = (C4, 014, 02¢), te€D
satisfying:
. (the central fiber): zo=7% (= (C, 51, 25\2));
« (the nodes): (p(x¢) # 0 for all t € D\{0}, and (q(x¢) =0 for all t € D; and
o (the vanishing order of ~(x¢)): there exists u € I'(0p) such that for every t € D,

V(@) =t-u(t) (7~ +8&)l5, ® ha(2)).

Thus, on the one hand, by (2.22), v(z)/t is invertible on D. On the other hand, shrinking D if
necessary, we see there exist unique integers 7 > 1 and m > 0 such that C,(z;)/t" and f(z;)/t™
are both invertible on D, where f is as in (2.19). Taking (4(z;) =0 for all t € D into consideration,
we conclude from (2.19) and (2.21) that

Y(@e) /T = (V@) /(@) - (f () /17 - (Go(e) /£7) € T(Op).
Therefore, n =1 and m =0. In particular, we have f(z)#0, i.e. f is invertible on the small
chart V. This completes the proof in Case (a).

Case (b). In this case, we assume that Z is given by Graph (b) of Figure 4, where T is
separable and may have (at most) one non-separating node. The stability of  implies that
the separating node of T is unique, and we denote this by s. Let 7/ and 7" be the two genus
1 inseparable components of C satisfying

’f/ N f’l = {5} and ;5\1, 3\2 S f”.
Then T" consists of two smooth rational subcurves R and R, such that

R= Blp,q] and se€ R..

19

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

Y1 Hu, Jun L1 AND JINGCHEN Niu

The construction of the line bundle £1/V of Case (a) is still valid in Case (b), so we define
v €T'(0y) in the same way as in (2.20). Notice that for every x = (C, 1, d2) € {¢(s =0}, hi(x)
vanishes identically on the genus 1 inseparable component of C' that contains d; and ds, and
hence v vanishes along {(; =0}, i.e.

v/Cs €T(Oy).

Moreover, with x as in (2.19), we claim that

7/(Cs - k) €L (Oy). (2.23)

Indeed, Case (a) implies that v/((sx) is regular on V\{(s =0}. Moreover, for a general point
y € {(s =0}, the two marked points of y are not conjugate, by Lemma 2.14, hence x(y) # 0, which
means that v/((sk) is also regular near every general point of {(; =0}. By Hartogs’ Lemma, we
obtain (2.23).

Next, we choose the meromorphic differentials 7", E, and 77~ in the same way as in Case (a).
In particular, (2.22) still holds. In Case (b), T vanishes identically on Rs. We choose

ﬁs € Ho(ﬁsy K}’{)s =+ 25)\{0}>

which is unique up to scaling.
Next, we smooth out s and p while keeping the node ¢, and apply the Higher-order Plumbing
theorem of [BC23| as in Case (a). Let D be a small disk. In [BC23, Theorem 4.5], we take

0 =0t 0y =t + ), teD
for the node s, and
05 =t +16), n; =t*{+E), teD

for the node p. Then, [BC23, Theorem 4.5] gives rise to a family of stable curves with two marked
points

ry = (Cy, 014, 62,¢), t€D
over a small disk D, satisfying:
« (the central fiber): =% (= (C, o1, 5\2));
o (the nodes): (s(x¢) #0 and (p(x¢) #0 for all t € D\{0}, and (4(z¢) =0 for all t € D; and
o (the vanishing order of ~v(x¢)): there exists u € I'(0) such that for every t € D,
Yae) =12 ul(t) - (17 +E)l5, ® ha(2))-

Thus, on the one hand, by (2.22), v(x¢)/t? is invertible on D. On the other hand, shrinking

D if necessary, we see there exist unique integers k>1,7>1, and M >0 such that (s(z) /tk
Cp(w)/t7, and f(z;)/t™ are all invertible on D, where f is as in (2.19). Taking into consideration
that (q(x¢) =0 for all ¢t € D, we conclude from (2.19) and (2.23) that

(o) [ = (y (1) [ (o) (1)) - (Golae) /) - (f () /E7) - (Gol2) /1) € T(Op).

Therefore, k=n=1and M =0. As in Case (a), this implies that f is invertible on the small
chart V and completes the proof of Case (b).

20
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Cases (c) and (d). In Case (c) (respectively, Case (d)), we assume that 7 is given by Graph
(c) (respectively, Graph (d)) of Figure 4, where 7" may contain non-separating nodes (respec-
tively, T is separable and may have a non-separating node). The proof of Case (c) (respectively,
Case (d)) is indeed parallel to that of Case (a) (respectively, Case (b)), except that B[p, q] con-
sists of two rational subcurves ﬁl and ]/%2 respectively containing 31 and 5\2. Without loss of
generality we assume p € ﬁl and q € }A%g. R

In either case, we copy the construction of the line bundle £; and the 1-forms 7+ and &
verbatim, and define 77~ likewise on R;. In addition, in Case (d), we choose 7, on R as in
Case (b). Then, in Case (c) (respectively, Case (d)), we still have (2.22), and hence [BC23,
Theorem 4.5] still gives rise to a family {x;} CV satisfying the same properties as in Case (a)
(respectively, Case (b)). Hence the argument in Case (a) (respectively, Case (b)) still applies to
Case (c) (respectively, Case (d)).

Case (e). In this case, we assume that 7 is glven by Graph (e) of Flgure 4, where T may
have non-separating nodes. In particular, (51 and 52 are on a smooth tail R that attaches to
R:=B]p, q] at the node .

On the small chart V containing T,

ll/V = {(C, 01, 02, 17) S Qﬂgg’v : 77‘<51> = 0}

is a line bundle, on which we choose a nowhere vanishing section b. Let Lo/V still be the uni-
versal tangent line bundle at the second marked point, on which we choose a nowhere vanishing
section hs.

Consider the regular function v/ € I'(0y,) given by

v'(C, 81, 02) =h1(C, 01, 02) s, ® ha(C, 81, 82) ¥V (C,61,02) € V.
First, we claim that

v:i=7"/¢ eT(6), (2.24)

where (, is a node-smoothing parameter corresponding to the node t. To see this, we denote by
A1 C My the (divisorial) boundary component of My when §; and 2 are on the same tail.
Locally, we have Aj2 NV = {(: =0}. Note that

Lo~ ﬁf;L &® ﬁ(—Alg),

where pry: Ma s — Ma denotes the forgetful morphism that forgets the first marked point,
and L/May is the universal tangent line bundle at the unique marked point. Taking into con-
sideration the fact that b (C,d1,2)(5,) vanishes on ANV (which follows immediately from
the definition of £)), we see that the vanishing order of 7/ along A2 NV is at least 2, and thus
we obtain (2.24).

Next, we claim that this defined v vanishes on K; in other words, with  as in (2.19), we
have

V' /(¢ - k) €T(Oy). (2.25)

To see this, first observe that Case (a) implies that v/k is regular on V\Aj2. In addition, for
a general point y € Aj3 NV, the node t is not a Weierstrass point on the core of F. Hence, by
Lemma 2.14, k(y)# 0, which means that -/ is regular near every general point of Aja N V.
Once again by Hartogs’ Lemma, we obtain (2.25).

21
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Parallel to Case (a), we set
N=01(@) (€ HC,we)\{0})

and take Eand 7~ in the same way as in Case (a). In addition, we take 7. to be a (unique up
to scaling) nonzero meromorphic differential on R, whose only pole and zero are an order 3 pole
at v and a simple zero at 01, respectively. In particular,

el #0. (2.26)

Next, we smooth out p and v while keeping the node ¢, and apply the Higher-order Plumbing
theorem of [BC23] again. Let D be a small disk. In [BC23, Theorem 4.5], we take

mo=0 4t n =t +¢), teD
for the node p, and
0 =t0" +¢),

for the node t. Then, [BC23, Theorem 4.5] gives rise to a family of stable curves with two marked
points

ny =t3n., teD

Iy = (Ctv(sl;t;(SZ;t)a teD
over a small disk D, satisfying:

o (the central fiber): xo =7 (= (6, 51, 5\2));
« (the nodes): (p(x) # 0 and (c(z¢) # 0 for all ¢t € D\{0}, and (4(x¢) =0 for all t € D; and
« (the vanishing order of ~'(x)): there exists u € I'(07) such that for every t € D,

7 (@) = u(t) - (7els, © ha(T)).

Thus, on the one hand, by (2.26), v/(z¢)/t® is invertible on D. On the other hand, shrinking
D if necessary, we see there exist unique integers n>1, k> 1, and m >0 such that (,(z;) /7,

Cely)/ tE, and f(x¢)/t™ are all invertible on D, where f is as in (2.19). Taking into consideration
that (q(z¢) =0 for all t € D, we conclude from (2.19) and (2.25) that

3 ()[R = (3 () [ () (1)) - (Gele) /)2 - (F () J47) - (G (w0)/£7) € T(Op).

Therefore, k=n=1and M =0. As in Case (a), this implies that f is invertible on the small
chart V and completes the proof of Case (e).

Case (f). In this case, we assume that T is given by Graph (f) of Figure 4, where T is
separable and may have a non-separating node.

The proof of this case simply combines the arguments used in Cases (b) and (e). Specifically,
we construct the line bundle £]/V and the regular function v’ as in Case (e), and observe that

v /(GE G- w) €T(O),
where s denotes the separating node of the core and t denotes the pivotal node where the tail
attaches to the core. Then, we choose the meromorphic differentials 7, £, 7~ and 7); as in Case
(e), as well as 7; as in Case (b). Once again, we smooth out s, p and v while keeping the node
q, and apply [BC23, Theorem 4.5] to obtain a family {x;} C V with xo =7 such that ~/(z;)/t*
is invertible, which implies that f(z;) is invertible. We omit further details. O

COROLLARY 2.16. W is a smooth Cartier divisor of ﬂgvl.

22

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

DESINGULARIZATION OF MODULI OF GENUS 2 STABLE MAPS

Proof. Observe that the first statement of Lemma 2.14 implies an inclusion

W ~ W X M(Lg — K
by identifying the unique marked point of W with the first marked point of My 3. Given z =
(C,61) €W, we denote by 7= (C,d1,09) its image in K, and by t the node where the unique tail

attaches to the core F. On a small affine smooth chart ¥V — Ms 2 containing 7, the image of
W under the above inclusion can be written as

[Ge=r=0}, (2.27)

where & is the local parameter satisfying KNV = {k = 0}.

Let Z C K be the closed substack of K as in the beginning of the proof of Proposition 2.15.

If 7€ K\Z, then t is a Weierstrass point of F' away from any separating or non-separating
bridge, and hence is a branch point of the hyperelliptic admissible cover. Therefore, at 7, the
normal direction to {x =0} is given by changing the position of v on F, which is transverse to
the smoothing of the nodes of C. Hence {x} U{(,:q € N(C)} forms a subset of a system of local
parameters on V. This implies that (2.27) is _smooth on V.

If 7 € Z, let p and q be the core nodes of C' determining the (maximal) non-separating bridge
containing t. By (2.19), k = f(, + g(q for some units f and g on V. Since the node-smoothing
parameters (p, (q and ¢ form a subset of a system of local parameters on )V, we conclude that
(2.27) is smooth on V. O

B 2.6.2 Localﬁuations of Kg;m' and W@;i. We are ready to present the local equations of
’Cﬁ;i,j and and Wf;i-

PROPOSITION 2.17. Let 1<4,j <{ withi#j, 2= (C,01,...,00) € May, and ¥V — Ma, be a
sufficiently small smooth chart containing x. Let {(;:q€ N(C)} be a set of node-smoothing
parameters (corresponding to all the nodes of C) onV as in Section 2.5, and (0;) € F' be as in
(2.17) for all i. Then we have the following statements.

(i) There exists k € I'(0) such that
Kg;i,j ny = (H = 0)

In other words, Kg;i’j is a Cartier divisor of Mag.

(ii) If x € Ky j and (6;) and (6;) do not lie on any non-separating bridge, then Ky, ; is smooth
at x. In this case, {k}U{(;:q€ N(C)} forms a subset of a system of local parameters
on V.

(iii) If (&;) lies on a maximal non-separating bridge Blp, q], then z € Ky, j if and only if (J;)
lies on Blp, q]. Moreover, if (d;), (0;) € Blp, q, then by taking two arbitrary smooth points

2(5.)s 2(5,) € Blp, q] that are sufficiently close to (d;) and (J;), respectively, there then exist
f,g €T (0}) such that

k=f- H G +9- H Cq-

QENL= 5,y 91Nz 5 0] GENE= 5, a1 WLz 5 0]

We remark that in the above identity, the indices of the products of the (, only involve the
core nodes on Blp, q]; see (2.10) for the definition and Figure 3 for an illustration. We further
point out that the reason for using z.,) instead of (4;) in N,y p) a0d Nip oo g1 is to make it
clear that ((5,) does not divide either of the products when (J;) is a pivotal node.
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When (4;) and (d;) lie on a maximal non-separating bridge Blp, q], Proposition 2.17 implies
that Egm ; is singular unless there exists a smooth rational subcurve of Blp, q] containing at least
one of (0;) and (J;), as well as at least one of p and q. For instance, assume the maximal non-
separating bridge B[p, q] consists of one smooth rational subcurve. Then there exist f, g € I'(073))
such that

Keij NV ={f¢ + 9¢q =0},

which implies that Kgmj is smooth at . Consider another example. Assume that B[p, q] consists
of three smooth rational subcurves R,, R, and R, with p € Ry, q € R, and (d;), (6;) € Rp. We
write g, = R, N Ry and g, = Ry N R.. Then, there exist f, g € I'(0},) such that

E@;i,j Ny = {quan + ngqu = O}

Hence, in this case, E&i,j is singular at x.
To prove Proposition 2.17, we need the following local property of the forgetful maps.
Consider the forgetful map pr :Mgz —>./\/lgg 1 that forgets the last marked point. Given

7=(C, 051, .. ., 0¢), we write pr (%) = (C', (5 . 5Z 1)- Since pr can be identified with the uni-
versal curve Cg g1 — Mo 1, the (- marked curve T can be identified with a palr (pr (2), 5\2),
where (5’ can be either a smooth point or a node of C'. We take smooth charts i/ — /\/lg ¢ and
V— M, —1 centered at = and pr (Z), respectively.

LEMMA 2.18. Shrinking U and V if necessary, we have the following.

o If gz is a smooth point of C’ , every subset S of a system of local parameters on % pulls
back to a subset of a system of local parameters on U via pr.

o If gz is a node q of C , then gg is the marked point on a smooth rational component of C
that contains exactly two nodal points ¢ and qo. With ¢, denoting the node-smoothing
parameter of the node q, if SU{(,} is a subset of a system of local parameters on 17, then

Su {Cq1» ¢y, } forms a subset of a system of local parameters of U, where S is the pullback
of S via pr. In addition, ¢, pulls back to (4,(g, up to a unit.

The statements of Lemma 2.18 are standard in the deformation theory of nodal curves with
marked points, and hence the proof is omitted.

Proof of Proposition 2.17. Part (i) holds because K is a Cartier divisor of My by
Proposition 2.15.

To verify part (ii), we denote by = (C, 6;,9;) € K the image of = by forgetting all but the
ith and jth marked points. Let V C My be a small affine smooth chart centered at Z. By the
smoothness of K (proved in Proposition 2.15), there exists a local parameter % on V such that

KNV ={r=0}.

If 6; (hence §;) is on the core and not on any non-separating bridge, then by Lemma 2.14,
for every (C', 61, 05) € {K =0}, the location of d; on C” is determined by &;. Therefore, at 7, the
normal direction to {K =0} is given by changing the position of ¢; on C, which is transverse to
the smoothing of the nodes of C. Consequently, {%} U {{,: ¢ € N(C)} forms a subset of a system

of local parameters on V. Applying Lemma 2.18 inductively, we see that % pulls back to a local
parameter x on V), satisfying

Kg;i’j NY={k=0}.
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In addition, Lemma 2.18 implies that {x} U{{;:¢€ N(C)} is a subset of a system of local
parameters on V.

If §; and Ej are on the same tail R that meets the core F of C at a pivotal node t, and t is not on
any non-separating bridge, then, as shown in the proof of Corollary 2.16, {k} LI {(;: g€ N(C)}
still forms a subset of a system of local parameters on V, and hence the argument from the
previous paragraph applies to this case verbatim.

To verify part (iii), we denote by Z=(C, d;,8;) € Ma the image of = by forgetting all but
the ¢th and jth marked points. Let Vc Mo 1 be a small affine smooth chart centered at .
Assume that (9;) is on a maximal non-separating bridge B[p, q] of C. Then by Lemmas 2.14 and
2.13, we see that T € K if and only if <3j> € B[p, q]. Moreover, let (5 and (3 be node-smoothing
parameters on V corresponding to p and @, respectively. Then, by the proof of Proposition 2.15
(cf. (2.19)), there exist invertible functions f and g on V such that

R =[G+ 9G-
Applying Lemma 2.18 inductively, we see that ¢z and (g pull back to

H ¢, and H o

qEN[zwi),p]ﬂN[z(éj),p] qu[z<67~,>"‘]mN[z

(83
respectively, each up to a unit. This completes part (iii). O
PROPOSITION 2.19. Let 1<i</{, z=(C,d1,...,0;) € Moy, and ¥V — May be a sufficiently

small smooth chart containing x. Let {(;:q€ N(C)} be a set of node-smoothing parameters
(corresponding to all the nodes of C) on V as in Section 2.5. Then we have the following.

(1) There exists k € I'(0y) such that
Wes OV = (5= 0).
In other words, Wg;i is a Cartier divisor of ﬂu.

(2) If é; is on a separating bridge of the core of C, then x € Wy.;. In other words, a Weierstrass
marked point cannot be on any separating bridge (of the core).

(3) Assume that x € We.i, and (&;) as in (2.17) does not lie on any non-separating bridge.
Then, Wy,; is smooth at x. In this case, {k} U {(;:q€ N(C)} forms a subset of a system
of local parameters on V.

(4) If (&;) lies on a maximal non-separating bridge Blp, q], then © € Wy,;. In this case, with
2(s,) denoting a smooth point on Blp, q] that is sufficiently close to (0;), there exist f, g €
I'(0%,) such that

k= fg[zwiw p] + gC[Zosi), q]:

Proof. Part (2) follows from Lemma 2.13. The proof of the remaining statements of
Proposition 2.19 is parallel to that of Proposition 2.17, and hence is omitted. O

We conclude this subsection with a relation between the Wg;i and the Kgmj.

LEMMA 2.20. Let 1<i,j </, i#j, and v =(C,81,...,0;) € May. If 6;,6; are on the same
(rational) tail, then

€Ky, = zeEWp << xeW.

Proof. The statements follow from the first statement of Lemma 2.14 via pullback. O
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Remark 2.21. As mentioned at the beginning of this subsection, all the statements for Wg;i and
Kg;i,j can be applied to Emgi" verbatim.

More precisely, a point (C, D) €9 is allowed to have smooth (tail) rational subcurves
that each contain exactly one nodal point of C' and exactly one element of D and hence may
not be stable curves with marked points. By writing D = {d1,..., 0} (recall that D is simple
and effective), without loss of generality we assume that there exists ¢ <m such that each d;,
1 <i</, is on a smooth rational subcurve R; that contains exactly one nodal point ¢; of C' and
satisfies D N R; = {&;}. We denote by (C, D= {d1,...,0y}) the image of (C, D) in Ma,, after
applying stabilization. Then the aforementioned subcurves R; are all contracted in (C, D).

For distinct 1 < j, k <m, we say that J; is Weierstrass (respectively, d; and J;, are conjugate)
if 3j is too (respectively, Sj and & are too). It is straightforward that Propositions 2.17 and 2.19
and Lemma 2.20 still hold for i)ﬁczh"; cf. the proof of [HN21, Lemma 4.2] for details.

In the remainder of this paper, when a property for the Weierstrass or conjugate loci on
MG is presented (e.g. in Corollary 2.31 or Proposition 2.22 (SH3)), it suffices to prove the same
property on Mg,m.

2.7 Structural homomorphisms: general results

At this stage, we are ready to present the general results on the structural homomorphism
@ : pt(D) (= pxOc(D+A—B)) — psOa(A)

in Proposition 2.22. This key proposition, along with Proposition 2.17, contains everything we
need for diagonalizing ¢ (considered as a 2 x m matrix): its entries, 2 X 2 minors, and the
relations between them.

We continue with the notation from previous subsections of Section 2. We still fix an arbitrary
point of zmgiv and an affine smooth chart containing it:

20=(C, D=01 4+ 3,) €V CMI".

We always assume that V is sufficiently small. Recall that the zero locus of ;; € I'(0)) consists
of z€V with D;(z) and Dj(z) being a pair of conjugate points on C,. Also recall that d; A d;
refers to the node in (2.12), which intuitively is a node between the core F' of C' and both §; and
d0;, and is the ‘farthest away’ from the core among all such nodes. Finally, for each d;, recall that
(0;) is the ‘projection’ of §; onto the core F' of C, as in (2.17).

PRrRoOPOSITION 2.22. With notation as above, we have the following.
(SH1) Under a suitable trivialization of p,.#(D) and p,04(A), ¢ takes the form

_ [Cllc[cguaﬂ 612<[52701] U cliC[éi,al]
0214[517112} 022g[527a2} T CQiC[&-,aﬂ
(SHg) For any distinct 1 <1i,j <m, there exists u € I'(03,) such that the determinant 6;; :=

Cli C14 )
det | 7Y V| satisfies
Co; C2j

Oij = Kij - C[s5,n5,]-

(SH3) For any pairwise distinct 1 <1, j, k <m, there exist veI'(03,) and weI'(0Oy) such
that

Rik = U * Rij +w,

and the following holds.
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o If (0;), (6;) and (dy) all lie on a maximal non-separating bridge Blp, q] of the core of C,
let x; and x; be smooth points on the core F' that are sufficiently close to (6;) and (6;),
respectively. Then, there exist f,g € I'(0Y,) and f', ¢’ € I'(0y) such that

wij=f- 11 G + 9 I1 Cas

4E€N; 1NNz p) 4€Nz;, 1NNz, a1
/ / X
w=f"- H G +9g- H %
qEN(s; 1N N5y, p] q€N(s;,q1N N5, a)

fr
moreover, det e el(0y)).
« Otherwise, there exists u' € T'(0Y,) such that w =’ (j5,r5,]-

Here, (SH;) is a restatement of Proposition 2.10. To establish (SHy) and (SHj3), we shall first
analyze the entries and 2 x 2 minors of ¢ along a maximal chain of smooth rational subcurves on a
given tail in Sections 2.8 and 2.9, respectively; we will then complete the proof of Proposition 2.22
in Section 2.10.

Before delving into the technical proofs in Sections 2.8-2.10, we present a simple application
of Proposition 2.22 in this subsection, which reveals where Mo (P", d) is smooth. We follow the
notation in Section 2.3.

PROPOSITION 2.23. Assume (C, D) € MY satisfies one of the following:

« the core F' of C is inseparable and D N F' contains a pair of non-conjugate points; or

« F is separable, and hence contains two genus 1 inseparable components F; and F» (see
Definition 2.1), and DN F; #() for i =1, 2.

Then by shrinking V if necessary, we see that U =V Xgnav U Is smooth. In particular, the main
component of Mo(P", d) is generically smooth. When d > 2, the main component is also of the
expected dimension.

Proof. We can trivialize p,.Z(D) and p.0 4(A) so that
&=V x (AT,
Let w;- €Al forall 1 <i<nand0<j<d. Recall that by (2.8), the homomorphism ‘rest’ of (2.6)
can be identified with the homomorphism
0@ )" : (Oy & pudl(D))™" — (p: Oa(A)".

Suppose F' is inseparable and D NF contains a pair of non-conjugate points. By
Proposition 2.22 (SH;) and (SHa), we can trivialize p,.Z(D) and p. 0 4(.A) differently if necessary
so that 0 & ¢ can be represented by

0@ @=[0,I5,0---,0].

Suppose F' contains two genus 1 inseparable components F| and Fb, and DN F; # () for
1 =1, 2. Without loss of generality we assume

01, a1 € F1, 02, ag € Fy.

Therefore, (5, q,] = ([5,,a,) = 1 (see the sentence below (2.12)), whereas ([s, 4,] and (s, q,] vanish
at (C, D). By Proposition 2.22 (SH;), 0@ ¢ can thus be represented by

0®p=1[0,15,0---,0].
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Hence, in either case, the equation ® =0 is equivalent to the following equations
wi=wy=0 forall1<i<n, (2.28)
which obviously implies that ¢ is isomorphic to an open subset of V x (A9~1)". Note that

dim(V x (A1) =3 +d+ (d—1)n=d(n+1) —n+3, which is the expected dimension of
Mo (P, d) when d > 2. The assertion then follows. O

All the sequential blowups in Section 3 will be performed over the loci of MY* or 93?‘211" outside
the images of the loci described in Proposition 2.23 under the morphism Mo (P", d) — MNY* as
in (1.6) and the local morphisms Mo (P", d) D U — IM$Y as in (1.2).

2.8 Structural homomorhpisms: applying semi-stabilization

In this subsection, we aim to extract information about the matrix (2.15) of the homomorphism
¢. The main result of this subsection, Proposition 2.27, provides a strengthened form (compared
with Proposition 2.10) of each row of the restriction <, of the homomorphism ¢. This is the
first step towards the proof of Proposition 2.22.

We fix (C, D) € M$"Y and an affine smooth chart ¥ — 9MM$V containing (C, D). We also fix
a rational tail T of C'. We focus on a maximal chain R C T of smooth rational subcurves

R=RiU---URy

of C' attached to a smooth point of the core F'C C'. Recall that a bridge is always a part of the
core F' of C, whilst a rational tail meets the core F' only at one point (indeed a pivotal node) as
in the definition. In particular, the chain R is not contained in any bridge.

We fix some notation. First, we index the irreducible components of R so that R; is attached
to F', and R, 1 is attached to R,. Let

q=FNRy, qM+1:RumRu+1 Vi<u<h-1 (2.29)

In particular, the node ¢ is a pivotal node.
Next, recall that D is simple and effective. We fix a sub-divisor of D (i.e. a subset of D):

{61,...,0,} CD.
Since deg D =m, we have 1 <r <m. Throughout this subsection, we assume that
{01,...,0,} CR,
{61,...,0, } C Ry, A{0r,41s---y0p4r,} CRoy ...,
{0 btrn 1415+ v o s Opypoetrp 1, = O} C Rp. (2.30)

This implies that r =1y 4 - - - + ;. We emphasize that every r, is possibly zero. Intuitively, the
assumption (2.30) means that {01, ...,d,} is a subset of DN R, and the larger the index of an
element of this subset is, the ‘farther away’ it is from the core F.

Let
e:{l,...,r} —{1,...,h} (2.31)
e(i)=p if 6;€ R, for some 1 <pu<h, V1<i<r.
Thus,
0 € Ry V1<i<r and e(i)<e(j) VI<i<j<rm (2.32)
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We denote by
b @ putlD) — p.04(A) (233)
1<i<r

the restriction homomorphism.

Remark 2.24. To avoid possible confusion, we mention firmly here that we typically index a
member of D or D by an integer 1 <i (or j) <m, e.g. §; or Dj;; we typically index a member of
the nodes on R or its corresponding smooth rational component by an integer 1 < <h, e.g. q,
or R,.

Recall that the modular parameter associated with the node g, is denoted by (,, for all
1< p < h. Since g, is separating,

C xy (CqM =0) =0uUR>y

is a union of two families of nodal curves over ((,, = 0) intersecting at (i.e. glued along) a section
of nodes

EM:ngRZM with EMHC:qM, 'RZMOCDRMU”'URh.

In other words, G, N C and R>, N C are the two components obtained by normalizing C' at the
node ¢, and R>, is the component that, before the normalization, is contained in the tail T".

Let 93 ¢ be the Artin stack of semi-stable genus 2 nodal curves. (A nodal curve is semi-stable
if its smooth rational subcurves contain at least two nodes of the nodal curve.) By (successively)
contracting rational subcurves that contain only one node of the ambient curves, we obtain a
semi-stabilization 93?‘23“" — My ss. Possibly after shrinking and base changing V', we can assume
that there is a smooth chart ¥V — 9y ¢ with V — V its universal family so that the composite
V- Dﬁgi" — My ¢ factors through a morphism g: V — YV together with a semi-stable contraction
g as shown in (2.34).

Vg
lg l , 5:C—>E=)2XZV. (2.34)
y —— m2,SS

Note that g contracts all rational tails of the curves in the family C —V. Let D; = g(D;), which
is a family of smooth divisors of C — V), and let

Let p:C=)Y xpV —V be the projection to the second component. By construction, the
divisors R>1, ..., R> are contracted under the morphism g, and
e(d)
g '(Di) = Z R>, + D,
pn=1

where e is the index function (2.31).
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Recall that each 7, >0 is the number of points in R, N D, and satisfies 22:1 ry=r. For
convenience, we set
Tl i=T1+ 47y Vi<u<h, 7o) := 0.
For every 1 <j <r, let
j €@ e()

Ry =2 Rou=Y_ (G —rjpu—1) R (2.35)

i=1 p=1 p=1

As a particular case, we write
h
R =Ry (: (rp+- "+7"h)R>u>~

pn=1

Then, one calculates that for each 1 <i <7,
7" 0¢(Dyy+ A= B) = Oc(Ryy + D + A — B). (2.36)
Thus, we have
psOc(Djy + A—B) - p.Oc(Ry + Dy + A — B) = 5,.05(Dy; + A — B). (2.37)
Here the identity follows from combining (2.36) and the identities
P+ Op(Dpy) + A— B) = p19+g* O (D) + A — B) = p.O(Dyy + A — B),
where the last equality holds since both C and C are smooth and §:C — C is a proper divisorial

contraction.
For convenience, we denote

M, : =T (p.0c(Dyjj+ A—B)) € My :=T(p.0z(Dyjj+A—B)), V1<j<r. (2.38)

In particular, we write
M=M, M=M,.
As before, we write as = F N As, a=a1 + az, and b= F N B. Since they are in general position
(see Assumption 2.2), we have
HYOp(S1+--+06;+a—0))=0 and HY(Op(jg1+a—0)=0 V1<j<r,

where ¢ is as in (2.29). Thus, for every 1 <j <r, M, and M; are both free I'(0),)-module of
rank j.

The main goal of Section 2.8 is to find a basis of M as in Lemma 2.26 below. To this end,
we begin with a basis of M. We start with the point (C, D) € V. Since a and b are in general
positions, by a simple vanishing argument, we see that H%(Or(a —b)) = H'(Or(a —b))=0.
Hence, the restriction homomorphism

HO(ﬁF(qu—i-a—b)) —>H0(ﬁp(’l‘ql)‘rql) (239)

is an isomorphism. Moreover, for every 1< j <r, since H(Op(jq1 +a— b)) =0, we have the
short exact sequence

0= HY(Op(jq1 +a—b)) = H(Op(rqi + a—0b)) = H (Op(rgr + a = b)| () — 0. (2.40)
This determines a complete flag

0=H’Op(a—1b)) C H(Or(q1 +a—1b)) C H(Or(2q1 +a—b)) C---C H*(Or(rq; + a —b)).
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By choosing
s; € H(Op(iqy +a—b)\H(Op((i—1)g1 +a—b)) V1<i<r,
it is routine to show they form a basis
S1y +-ny Sy
of the vector space H*(Or(rq; +a — b)), satisfying, for every 1 <j <r:
« sj, as an element of H(Op(rq; + a — b)), has vanishing order (r — j) at ¢1; and
. S1,...,s; forms a basis of H*(Op(jq1 +a —b)).

Remark 2.25. Notice that for every 1<i<j<r, s;, as an element of H°(Or(jq1 + a — b)), has
vanishing order (j — i) at ¢;. Therefore, when studying the vanishing order of a given element
(e.g. 5;), we need to specify the module (e.g. H(Op(jq1 +a—b)) versus H*(Op(rq1 + a —b)))
containing it. The same remark applies to the extensions of sy, ..., s, to V as follows.

Next, for any 1 < pu<h, let H,, = (¢, =0)CV and H = UZ:l M. Let
PH :EH ::€XV/H—)/H

be the projection and iu =g(2,), where ¥, =G, N'R>,. For the same reason as earlier, My =
T((py)«(Og,, Dy + A= B))) is a free T'(03)-module and has a basis Swa,- .-, Su, extending
the basis s1, ..., s, satisfying, for every 1 <j <r:

« Su.j, as an element of My, has vanishing order (r — j) along %, for all 1 < u <e(j); and

e Su1,...,S%  forms a basis of L((pn)«(Og,, (D + A—B))).

By shrinking V if necessary, we can extendfg%i to S; € M so that each M; of (2.38), as a free
I'(Oy)-module, is generated freely by S, . .., S;. Thus, by (2.37), this implies that g*S1, ..., g*S;
freely generate the free I'(0y)-module I'(p«Oc(R(;) + Dpj) + A — B)) for all 1 <j <r.

LEMMA 2.26. Let

(s = H o Si=Csg - 9°S, 1<i<r
=1

Then, each M of (2.38) is a free I'(0y)-module of rank j generated by S, ..., S;. In particular,
M (=M,) is a free I'(Oy)-module of rank r generated by Si,...,S,.

Proof. Throughout this proof, we fix an arbitrary 1 <j <r.
Since M; is a free I'(0y)-module of rank j, it suffices to prove:

(1) Si,...,S; lie in Mj; and
(2) M, is generated by Si,...,S;.

(1) For every 1 <1i < j, we show S; € M. Since M, is naturally included in My, it suffices to
show that S; € M;. By (2.37), this is equivalent to showing

Si|7g[i] =0eT(p« ﬁR[i] (R[i] + Dm +A-DB)). (2.41)

To establish (2.41), recall that, for every 1 <p <e(i), (5, = H}Zl (s, and 7,1 = Z’If;i Ty
(which is 0 if p=1). Thus, p*(j5,); has vanishing order

#{1<l<ize()>pu}=i—rp_q alongR>,. (2.42)
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In addition, by Remark 2.25 and our choice of the vanishing order of S; along ¥, we see
that ¢g*S;, as an element of I'(p, Oc(Ry) + Dy + A — B)), has vanishing order 0 along R>,, for
all 1< p<e(i). Therefore, S; = (|i5,]] - 9" Si, as an element of I'(p.0c(Ry;) + Dpj + A — B)), has
vanishing order (i —r(,_y]) along R>, for all 1 <y <e(i). Taking (2.35) into consideration, we
obtain (2.41).

(2) We now prove that M; is generated by Si,...,S;. Take an arbitrary S’ € M;, which is
identified with its image in I'(p.Oc(R(j + D|;) + A — B)) via the inclusion in (2.37). Using the
identity in (2.37) and the fact that M; is a free I'(0))-module freely generated by Si,...,S;,
S’ can be uniquely expressed as a linear combination

S'=f-gS1+--+f;-3S;,  fieT(Ov). (2.43)
(Here, some f; are allowed to be zero.) Since .S; = (5] - g*S; for every 1<i<j, part (2) will
follow from Claim A below.
Claim A. For every 1 <i¢ <7, fi/q[(gi” s regular over V.

To establish Claim A, notice that for every 1 <i < j, (|5, only vanishes along Uz(i)l H,, and
hence we analyze the vanishing order of f; along these H,,. The goal is to show that the vanishing
order of p*f; along each R>, is at least ¢ —r[,_j, which is the vanishing order of p*(js,) along
R>u (see (2.42)). As the analysis is local, we will localize C at R>,, (respectively, V at H,,) for
each 1 < <e(7). Below are some necessary setups.

For every 1 <pu <h, let U, CC be an affine open subset that contains the generic point &,
of R>,. Let u, € I'(Oy,) be such that R>, NU, = (u, =0) CU,. Since R>, — H,, is a family of
rational curves and has general fibers isomorphic to P!, we can find a rational function v, on
U, N'R>, so that v, restricted to general fibers of R>, N, — H, are birational maps to AL,
We next let &), be the generic point of ¥, Since g(&,) = .» the field K, = O, contains K, = O,
as its subfield. Because of our choice of v, we have K, = K], (v,).

Let 5’% be the formal completion of 0y, along &,. Then é’uu = K,[[t,]], where 1, is the
image of u, in 5},,“. For any feT'(0y), we denote by f its image in ﬁu“ via the pullback
Oy — Oy, and the completion map. In this way, we obtain

L(Oy)— Oy,, [ .

We next pick an open Z/{l; C C that contains the generic point g,g of £,. By shrinking U, if
necessary, we can assume g(Uy,) CU,,.

For every 1 <i<j and 1<pu<e(i), fix a trivialization ﬁu,; (ﬁ[i} +A— E) i ﬁuﬁ, and form
the induced trivialization

Oy, (R[l] + D[i] +A-B)=g" ﬁu; (5[1] +A— B) =0y,. (2.44)
Using this trivialization, we can identify any section in I'(&y, (Ry; + D) + A — B)) with a regular
function in I'(0y, ), thus obtaining its image in 5%. Thus, this process provides
T(Ou, (R + Dy + A= B) — Oy, (Ryy + Dy + A= B) ®q,, Ou, = Oy,, S+ 1S].

For 1 <i<jand 1<pu<e(i) as above, by Remark 2.25 and our choice of the vanishing order of
S; along ¥, we see that g*S;|U,, as an element of I'(p. Oy, (R(; + Dy;) + A — B)), has vanishing

order (j — i) along R>,. So, there exists (nonzero) \; € é’u“ = K, [[4,]] such that
[G°Si] =N (4,)?™" and 4y, |\ (2.45)
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Now back to (2.43). Since S’ € M, 8’|z, =0. In particular, (u,)’ "4 divides S|y, for all
1<p<e(j). To establish Claim A, we need the following claim.

Claim B. For every 1<i<j, every 1 <pu<e(i), and every positive integer c, uy, divides
S'|u, if and only if (p*fi)lu, has vanishing order at least max(0, a — (j —i)) along R>.

The ‘if’ direction of Claim B holds because each f;-g*S;, as an element of I'(p. Oc(Ryj +
Djj + A — B)), has vanishing order

max (0, = (j—i))+(—i)za-(—-i)+(j—i) =0
along R>, for any 1 <pu <e(i).
Next, we prove the ‘only if’ part of Claim B. Taking their respective images in Oy, uj,
dividing 5’|y, implies that
(@) divides [S]=fi-[g°S1] +- -+ f; - [7°9)] € Kpu[[a,]. (2.46)

By replacing v, by v;l if necessary, we can assurneAthat CqM = Cuﬁuvul where (,, € ['(Oy) is the
modular parameter corresponding to the node g, (4, is its image in 0y, , and ¢, #0 € K ;L Let
a; be the order by which f; is divisible by (,,; in other words,

fil¢gr €T(Oy) and  fi/(ot ¢ T(0y).

Then, f; = c;-(fq“)o"i, where ¢ #0 € K,,. (The case f; =0 is trivially true and is ignored.)
By (2.45), we see that (2.46) translates to the statement that (4,)* divides

J J

Z fi-[g"5i] = E ci(culpvp)™ - Ni(, ) ™" = Z Uﬁ Z (C;(Cu)k)\i)(au)kﬂ_z

i=1 i=1 k>0 1<i<js.t.a;=k
in K, [[0,]] = K, (v)[[@]]. As @, does not divide ci(c,)*N;, this divisibility holds if and only if
(@,)* divides each individual vfj(ﬂu)kﬂ —*, which holds if and only if o < ; + 7 — 1 for each i
where f; # 0. This completes the ‘only if’ part, so Claim B is proved.

We continue to prove Claim A. For every 1 <i < jand 1 < pu <e(i), recall that we have shown
that (u, )’ "1 divides Sy, - By applying Claim B to o= j — r[,_y), we conclude that
@i > (J—rp-1y) — (G —i) =i— 71y

This shows that f;/(5,)), which is a meromorphic function on V), is regular over an open subset

of V containing the generic point of H,, for any 1 <u<e(i). Since f;/(j5,)) is regular over

V- U P 1 H,, and regular at the generic point of H, for all 1 <p <e(i), by Hartogs’ Lemma it
is regular over V. This proves Claim A, hence completes part (2) and thus the entire proof of
Lemma 2.26. O

We are ready to present a strengthened form of the restriction homomorphism
1<i<r
given in (2.33). By Proposition 2.10, possibly under basis changes of M and (2.14), we see that
<, takes the form
A= [0115[51@11 126[65,01)  C180[5g,n] T (2.47)
0214[51,02] C22<[52u¢12] 623C[53,UL2]
with Cij € F(ﬁ;})
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PROPOSITION 2.27. Assume 0y, . .., 0, are on R and ordered according to (2.30). After choosing
a suitable trivialization

P p D)= 65" and p.Oa(A)= 0y, s=1.2,

1<i<r

the restriction homomorphism <, also takes the form

c1151,a1]  €12€51,01)C65)  C13€[51,a1]C[021C[0s] T
r= ) ’ ’ 3 248

= |:621<51,a2] ©22Q[5,,05)C[55)  €23€[61,a2]C[021C[6s] """ (2.48)
where €11 = ci1, Co1 = c21 € I'(0Y), and ¢;; € T'(Oy),Vj > 1.

Proof. We follow the notation of Lemma 2.26. Let
bij = Sj| 4, €T(p« O, (A)) =T (Ov).
Then under {S1,---,S,} and (2.14), ¢® takes the form

B (011G D126 0, D1sCs G0 | (2.49)
b21G1s,] b22C16,1C5,)  023C75,16[6,]6[65]
Therefore, B = A(u;;) for a matrix (u;;) € GL(r, Oy).

Moreover, the choices of the sections S;, 1 <4 <r, in Lemma 2.26 imply that () is upper
triangular, because with o1, . . ., 0, denoting a basis of M that gives rise to the matrix A (i.e. each
o; is a nonzero element of I'(p.Oc(D; + A — B))), we conclude from Lemma 2.26 that for each
1<j<r,bothoy,...,05and Si,...,S; are bases of M; =I'(p.0c(Dy;) +.A — B)). Multiplying
each b;; by a unit if necessary, we may further assume that the entries on the diagonal of (1)
are all 1.

Let x4, € F' be a smooth point of the curve C that is sufficiently close to the node ¢;. Since
(lzg, ,an] divides the first row of (2.47), it divides the first row of (2.49) as well. Since ([, q,] I
coprime with (5 ) for all 1 <j <r, we conclude that (j;, ,,) divides b;, thus by; = Eququ ,a,] for
some ¢y; € I'(0Y)).

Similar arguments can be applied to the second row, so we obtain

bsj :/C\sjg[qu Qs Vs=1, 2, 1<5<r. (250)
Note that (s, 4.] = Cz,, ,a.]¢[s;)- This brings both rows of (2.49) to the desired form.

It remains to check €11 and ¢z;. Let (v45) = (uij)*l. Then (v;5) is also upper triangular with
all diagonal entries equal to 1, and for s =1,2 and 1 <14 <r, we have

CsiCl5i.a.) = V1iCs1[or a.) F V2iCs2([5, 0, (o) + -+ + T ViiCsiCls,a.1C06.] - Clo.)- (2.51)
Hence for s =1, 2, we have c51 =11 - €51 = C51 and ¢51 € T'(07)). O

2.9 Structural homomorphisms: 2 X 2 minors

We continue with the notation of Section 2.8. For conciseness, we let
2= (C,D) eV cmg

and always assume that V is sufficiently small. In this subsection, we still focus on ¢;, 1 <i <r,
that are on a maximal chain of tail rational subcurves R, attached to the core F' of C at the
node q;.

Below we analyze the 2 x 2 minors of ¢p<,, which is the second step towards the proof of
Proposition 2.22.
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For s=1,2 and 1 <i<r, let ¢5; and ¢, be as in (2.47) and (2.48), respectively. For 1 <i <
j<r, we set

o C1i  Clj o Cli Ciy
0;; = det in @j], 0;; = det [Ezi E2j] el(Oy). (2.52)

For distinct 1 <4, j <r, let IC;; C NGV be the locus of points z such that D;(z) (=D; NC,)
and Dj(z) (=D;NC,) are a pair of conjugate points. By Proposition 2.17, KC;; is a Cartier
divisor locally given by k;; =0 for some r;; € I'(0y). All possible expressions of «;; are listed in
Proposition 2.17.

ProposiTION 2.28. With notation as above, we have:
(R1) there exists u € I'(03,) such that
b12=Cp5,) 012 and Oz =u- Ko
(R2) there exists v € I'(0y) such that
ths = C[51]§[52]§13 +v-012;
(R3) if q1 is not on any non-separating bridge of C, then

ci1 Ci2 Ci3
rank [ 7 7 (20) =2,
C21 C22 C23

or equivalently, 513 is invertible along Kis; and

(R4) if ¢ is on a maximal non-separating bridge Blp, q] of C, with z, € F' denoting a
smooth point of the core F' that is sufficiently close to the node g1, then there exist
f2, 92 € (0Y)) and f3, g3 € I'(Oy) such that

512 = fQC[qu,p] + gQC[qu,q}a 513 = f3<.[£¢11 p] + g3C[Iql Ja)» det |:§z §§:| = F(ﬁ!{))

To establish Proposition 2.28, we need the following lemma.
LEmMA 2.29. With notation as in Proposition 2.28, we have the following.

(1) If the core F of the curve C contains at most one node and that node, if it exists, is
non-separating, then:
(L.a) 512(20) =0 if and only if ¢; is Weierstrass, or equivalently, if and only if §; and J-
are conjugate;
c11 C12 €13
1.b) rank | 072 Z0) = 2.
(Lb) [021 €22 023] (0)
or any z €V such that C, contains at most one node an at node, if it exists, is
2) F 1% h that C tai t t d d that node, if it exists, i
non-separating:
(2.a) 612(z) =0if and only if z € K12 NV, that is, D1(z) and Ds(z) are a pair of conjugate
points;
(2.b) rank [CH c12 013] (z) =2.
C21 €22 €23
(3) 612 vanishes to the first order along K12 NV.

35

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

Y1 Hu, Jun L1 AND JINGCHEN Niu

(4) For any z €V such that C, consists of two smooth genus 1 subcurves attached at a
(separating) node:

(4&) if z € ,C12, then 912(2’) 7é 0;
(4b> if z € K19, then 913(2) 75 0.

Proof. We continue to use the notation of Section 2.8.

(1.a) Since s1, 52 € H(Op(rqi +a — b)) have vanishing order r — 1 and r — 2 respectively
at qi, one verifies directly that the image of H°(0r(2q1 + a — b)) in HY(Op(rq1 + a — b)) (via the
inclusion) is the subspace spanned by s; and s3. By identifying the image of H*(0r(2q1 + a — b))
with this subspace, we obtain a homomorphism

HY(Op(2q1 +a—b)) 25Kk where
819 = [81(01) 82((11)] _ [211 012} (20)-

si(az) s2(a2)] [ca1 C22
The last equality above holds because F' is assumed to be inseparable. Thus, the matrix
[gn 212] (20) is of rank 1 if and only if h°(0p(2¢1 — b)) =1. Since b is a general point, the
21 €22
evaluation homomorphism at the point b, HY(0r(2q1)) — k, is surjective. By the exact sequence

0— Ho(ﬁp(qu — b)) — Ho(ﬁp(qu)) —k—0,

hO(Or(2q1 — b)) = 1 is equivalent to h®(Or(2q1)) = 2, which is further equivalent to the fact that
q1 is a Weierstrass point because F' is either smooth or has exactly one self-intersection and no
other nodes; see the proof of [BC23, Proposition 3.12] for the details of the latter case. Thus,
512(;:0) =0 if and only if ¢; is Weierstrass, which by Lemma 2.20 is equivalent to §; and ds being
conjugate. This proves part (1.a).

(1.b) Likewise, one sees that the natural image of H*(0r(3q1 +a — b)) in H*(Or(rq1 + a — b))
is the subspace spanned by si,s2 and s3. Assume rank [g; gz %2] (z0) <1. By arguments
similar to the ones used in (l.a), we obtain that h%(0r(3¢1 —b))>2, and consequently
h(OFr(3q1)) > 3, which is impossible by Riemann-Roch because F' is either smooth or has exactly
one self-intersection and no other nodes. This completes the proof of part (1.b).

(2) Let z € V be such that the curve C, is either smooth or has exactly one self-intersection

and no other nodes. Then, the evaluation homomorphisms are given by
@12 z
H°(Oc (D1(2) + Da(2) + A(2) — B(2))) Oua(2), K2,
@13 z
HO(6.(D1(2) +Da(z) + Ds(2) + Az) - B(2))) 22 12,

where  ©1a(2) = [Zﬁ gz] (=), Oz)= [21 2 23] (=)
respectively. Thus,
012(2) =0 <= rank®s(z)=1
e h(0c.(Di(2) + Da(2) — B(2))) = 1;
rank ©13(2) <1 <=  h(Oc (Di(2) + Da(2) + Ds(2) — B(2))) > 2.

Since B(z) is a general point on the curve C., the evaluation homomorphism at the point
B(z), H*(O¢.(D1(2) + Da(2))) — k, is surjective. By the exact sequence

0— H%(Op (Dy1(2) + Da(z) — B(2))) = HY(O¢. (D1(2) + Da(2))) = k — 0,
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we see that h0(0c_(D;(z2) + De(z) — B(2))) = 1 if and only if h°(0¢_(D1(2) + Da(2)) = 2, which
is equivalent to the statement that D;(z) and Da(z) are a pair of conjugate points, for the same
reason as in the proof of part (1.a).

Similarly, h°(0¢,(D1(2) + Da(2) + D3(2) — B(2))) > 2 if and only if h°(0¢, (D1(2) + Da(2) +
Ds(z)) > 3, which is impossible for the same reason as in the proof of part (1.b). This proves
part (2).

(3) By part (2), 612/k12 is regular on the open subset of V consisting of z € V such that C, is
smooth. Notice that Proposition 2.17 implies that k19 is irreducible and coprime to any node-
smoothing parameter, so 612/k12 is regular on the entire V. To show part (3), it thus suffices
to prove that 612 vanishes at the point z to the first order for any z € K12 NV such that C, is
smooth.

Let A CV be a small curve through z, meeting K15 NV transversely at z. Let CA =C xyp A,
Dpi=DixyAfor i=1,2, A =AxypA, and Bo =B xyp A. Then, we obtain the evaluation
homomorphism

O12]a
p«0cy(Dag+Dag+ Aa — Ba) Oula, PxOA,(Ar),

C C
where @12|A == 1 12
€21 C22

A
By long exact sequence of cohomology and Riemann—Roch, the co-kernel of ©12|a is a skyscraper
sheaf with one-dimensional stalk at z. This implies that 612|a vanishes at the point z to the first
order, hence 015 vanishes along ICq2 to the first order.

(4) The proofs of (4.a) and (4.b) are both similar to that of part (3). Given z €V such
that C, consists of two smooth genus 1 subcurves attached at a node ¢(z), The node-smoothing
parameter on V corresponding to ¢(z) is denoted by (.

(4.a) Assume that z & K12. Let A CV be a small curve through z and disjoint from /Cqo,
meeting ((; =0) transversely at z. Mimicking the proof of part (3), we define Ca, Da 1, Da 2,
Aa, and Ba likewise. Then, we obtain the evaluation homomorphism

612 A
p+0cy(Dag +Dag+ Aa — Ba) Ouela, P05 (An),

~ c c
where ©O19|a = 1 12
c21Cq  €22Gq

A’
see Proposition 2.10 for the factor ¢, in the second row of 612\ A- By long exact sequence of
cohomology and Riemann-Roch, the co-kernel of @)12| A is still a skyscraper sheaf with one-
dimensional stalk at z. This implies that det ©12|a vanishes at the point z to the first order,
and hence det ©12 vanishes along ({; =0) to the first order. Notice that det ©12 = (4012, which
implies that 012 is invertible on a neighborhood of z.

(4.b) Assume that z € K12. Since ¢(z) is the only node of C,, we see from Proposition 2.17
that near z the locus K12 is a smooth Cartier divisor, meeting (¢, =0) transversely at z. We
can thus take A C KCy2 to be a small curve through z, meeting ({, =0) transversely at z. Let
Ca, Da 1, Dag, Dag, A, and Ba be analogous to part (4.a). Then, we obtain the evaluation
homomorphism

6,
px0cy(Da1+Das+Das+ Ax — Ba) Ouola, P+ Ou,(An),

cii ci2 ci3
21(y €22¢; €23

where ©13|a = :
A
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once again see Proposition 2.10 for the factor ¢, in the second row of é13| A- By long exact
sequence of cohomology and Riemann—Roch, the co-kernel of (:)13| A is still a skyscraper sheaf
with one-dimensional stalk at z.

Meanwhile, note that after an elementary row operation, élg\A can be rewritten as

c11 cio 013}
0 bi2¢y O13Cq] | A

By part (3) and the assumption that A C K12, we have that 02| is identically zero. Taking into
account that cq1 is invertible, we conclude that the entry #13(,|a vanishes at the point z to the
first order, and hence 6;3(, vanishes along ((; =0) to the first order, which implies that 6;3 is
invertible on a neighborhood of z. [l

Proof of Proposition 2.28. (Ry) Taking i =2 in (2.51), we have

C52([5,,0.] = V12Cs1€[5,,a.] T Cs2€[5,,a.]C[5:] = V12C51[5,,a.] T C52€[5s,a.]C[64]-

The last equality holds because (s, q,] = ([s5,,a5)C[5:,6,] @04 ([s,] = ([6,1€[5.,5,]- Consequently, we
have
V12

(161,65

The last equality holds because ¢y = ¢s1, s =1, 2, by Proposition 2.27. Then, by computing 012
using the above, we obtain 612 = (s, 1012

To show 512/14;12 e I'(0}), we observe that Lemma 2.29 (3) implies that 612/k12 is regular

~

V12

Cs2 = ([5,]Cs2 + Cs1 = ([5,)Cs2 + cs1, s=1,2.

C[61,8]

on V. In other words, (5,012 /K12 is regular on V. However, ([s,) and k12 are coprime, and hence

we can write 12 =u - k12 for some u € I'(Oy).

To show that u € I'(0Y,), we fix z € V. If C, contains at most one node and that node, if it
exists, is non-separating, then Lemma 2.29 (2) implies that u(z) =0 can possibly be true only if
z € K12. If C, contains one separating node ¢(z) and no other nodes, there are two possibilities:
either the core F, of C, is smooth, or C, consists of two smooth genus 1 subcurves attached
at ¢(z). By Lemma 2.29 (1.a) and (4.a), we always conclude that u(z) can possibly be 0 only if
z € Kia.

In sum, let Z C V consist of all z € V satisfying the requirement that C, contains at least two
nodes. The above paragraph ensures that

U(Z) 75 0 Vze V\(Klz U Z)
Since Z is of codimension 2 and k15 is irreducible, we have that §12 =u- /1{2 for some u € I'(0%))

and £ € Z~o. By Lemma 2.29 (3), we then see that £ =1. This completes the proof of part (R;).
(Rg) Taking i =1, 2,3 in (2.51) and considering (2.32), we see that

~ V23C[61}A V13
Cs :C 1< 2 Cs + Cs + Cg
PR s T o
~ 193¢ 1]~ v
:C[51]C[52}Cs3+ [Mcsg+ 1B cs1, S§=1,2.

C[62,6] C[61,65]

The last equality above holds because ¢11 = ¢11 and ¢11 = ¢11; cf. Proposition 2.27. Therefore,

V23C[51] N n V23
612 = ([s,1€[5.1013 +

C[6,6] [1]510] C[62,6]

The last equality above follows from part (Ry).

013 = Cl5,)C[5 013 + b12.
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Note that ([s,k12, which equals 612 up to a unit by part (R1), and (s, s5,] are coprime, hence
23/([5,,6,] € T'(OV). This proves part (Ra).
(R3) To see that the two statements of (R3) are equivalent, just observe that

11 Ci2 11 Ci2 €13
rank |1 2 T (2) = rank ~7 S0 (2)
Co1 C22 €23 0 612 013

o~

Cc11 Ci2 €13
=rank [ 0 iy 513} (2).
The last equality above follows from part (R;).

When ¢ is not on any non-separating bridge of C', we conclude from Proposition 2.17 that
K12 NV is a smooth Cartier divisor of V (recall that V is assumed to be sufficiently small). Our
goal is to show that 513(2) #£0 for all z € 12NV, Below we fix z € K12 N V.

If C, is either smooth or contains exactly one node and that node is non-separating, we
consider the evaluation homomorphism of HY(0¢_(D1(z) + Da2(z) + D3(2) + A(z) — B(2))) to k2.
Following an argument parallel to the proof of Lemma 2.29(1.b), we conclude that

c11 ci2 €13 11 c2 Ci3
rank z) =rank z)=2.
[621 C22 623] =) [0 012 913] )

Since k12(z) =0, we have 012(z) =0 and thus 613(z) # 0. Taking part (Rz) into account, we see
that 513(2) 75 0.

If C, contains exactly one node ¢(z) and that node is separating, once again there are two
possibilities: either the core F, of C, § smooth, or C, consists of two smooth genus 1 subcurves
attached at ¢(z). In the former case, 013(z) # 0 because of Lemma 2.29 (1.b). In the latter case,
Lemma 2.29 (4.b) implies that #13(z) # 0, which by part (Rz) further implies 513(2) # 0.

In sum, let Z C V consist of all z €V such that C, contains at least two nodes. The previous
two paragraphs ensure that

513(2) 75 0 Vze Klg\Z.

Since k19 is COErime to any node-smoothing parameter, we see that Z N Ky9 is of codimension 2
in K12, hence 613 is invertible on Kj2. This establishes part (Rs).

(R4) Assume ¢; is on a maximal non-separating bridge Blp, q]. By part (R;), there exists
u e I'(0Y)) such that 512 =wu- K1g. Since (01) = (d2) = ¢ in this case, we choose a smooth point
x4, € Blp, q] near ¢; and conclude from Proposition 2.17(iii) that there exist fa, g2 € I'(6073,) such
that

012 = 2z, 0l T 92C(2,, ) (2:53)
Below, we show the remaining statements of part (R4) in the following steps.

(R4.a) We first show that (Ry4) can be reduced to the case when Blp, q] is smooth.

(R4.b) Under the assumption that B[p, q] is smooth, we then show that HAlg = u’§12 + /¢, for
some u' € I'(0},) and v’ € T'(0y).
(R4.c) Finally, we show that v" in (Ry4.b) is invertible.
The above three steps together imply (R4).
(Ry4.a) Let Cy C BJp, q] be the irreducible component containing g;. Reordering the points

of D=4, 4+ 0y, if necessary, we assume that dpi1,...,dpy, for some r < £ <m, are all the
points of D such that either they themselves or the pivotal nodes of the rational tails containing
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them lie on Blp, q]\C1. If m =/, then the stability of (C, D) implies that B[p, q] = C1, so we
assume m > ¢ below.

Shrinking V if necessary, we can find a small chart V of 93" (m — 1), the connected compo-
nent of MG whose divisors are of degree m — 1, such that the forgetful morphism w:V —V
that forgets the last marked point (corresponding to 6,,) is well defined. With p: C — V denoting
the universal family, and D C C denoting the tautological divisor, the forgetful morphism  leads
to a contraction @ : C —= C so that the following diagram commutes.

CL

C
lp lﬁ (2.54)
y

y ——2

By writing D; =w(D;) for all 1 <7</, the tautological divisor D CC can then be written as
D=Di+---+D,.
Since none of Dy, ..., D,, A, or B meets the contracted locus of @, we have

o YD) =D; V1<i<r, @ YA)=A, and @ }(B)=B8.
Hence
@ Oz(Di+ A—B)=0c(Di+ A—B) V1<i<r, @ Oz(A)=04A).
Therefore,

pOc(Di+ A—B) = p*&*ﬁg(fi +A— E) = w*ﬁ*ﬁg(ﬁi +X—E),

pxOA(A) = ps@" Oz(A) = @ p,041(A),
where the last equality of each line follows from direct computation (for instance, see [SS16,
Theorem 4.4]) since p and p are both separated and locally proper. Consequently, the restriction
homomorphism on the target

P<: P 7.0:(Di+ A-B)— 5,04(A)
1<i<r

exactly pulls back to the restriction homomorphism on the source

p<r: @D peOc(Di+ A= B) — p.Oa(A).
1<i<r
Then, we apply the above forgetful morphism inductively so as to drop all the marked
points labeled by ¢+ 1,...,m (corresponding to dp11,...,dy), so, in particular, Blp, q]\C; is
contracted. Slightly abusing the notation, we still denote by ¥, the resulting restriction homo-
morphism. If the statements of part (R4) hold for .., then by applying Lemma 2.18 inductively,
we see that the statements of part (R4) hold for the original @<, .
(R4.b) Assume Blp, q] is smooth. Then (2.53) can be rewritten as

012 = falp + g2Cq- (2.55)

With ¢; as in (2.4), we consider ¢1 @ 3. On the one hand, the determinant ;3 remains
unchanged because the cg; are determined by Proposition 2.10 (hence independent of the choice
of the S; in Lemma 2.26); on the other hand, by applying part (R;) of Proposition 2.28 to
1 @ @3, we observe that 613 should take the same form as 612 does in p<,, so, in particular,
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it contains k13 as a factor. Thus by Proposition 2.17, one can write

013=f'Cp +9'¢q (2.56)
for some f’, ¢’ € T'(0y). Then, by (Rg) and the fact that the node-smoothing parameters are
independent, we have

013 = f3Cp + 93Cq
for some f3, g3 € ['(Oy). By setting

,_ f3 93
7= det [f2 92}’

we can further write 513 as
013 = ECp + 9*3512- (2.57)
92 92
(Ry4.c) It suffices to show that 7(zp) # 0 because V is assumed small. Consider the locus
Z = (qu :0, /612:0) CV,

which is smooth and contains zp. Indeed, we claim that 7|z is nowhere zero.

To establish the above claim, consider the sub-locus Z’ C Z consisting of z € Z such that
the core F, of C, contains at most one node. Then, F, does not have any non-separating
bridge (so without loss of generality we assume (,(2) # 0), and the marked points corresponding
to d1,...,0, are on a rational tail whose pivotal node (corresponding to ¢1) is a Weierstrass
point on F,. By (Rs) and (2.57), we have n(z) # 0. Therefore, n|z is nowhere zero outside the
codimension 2 subset Z\Z’, hence is nowhere zero. O

We conclude this subsection with the following implications for the relations between k12, K13
and ka3, provided {01, d2, 03} is on a chain R of tail rational subcurves of the center zy = (C, D)
of V, ordered according to (2.30).

LEMMA 2.30. With notation as in Proposition 2.28, there exist v € I'(0},) and w € I'(0y) such
that

K13 =V K12 + W,
and the following hold.

(a) If g1 does not lie on any non-separating bridge of the core of C, then there exists
u € I'(0Y,) such that w=u- (s,

(b) If ¢ lies on a maximal non-separating bridge B[p, q] of the core F of C, let x4 € F
be an arbitrary smooth point that is sufficiently close to the node q1. Then, there exist
f,9€T(0y) and f', ¢ €T'(Oy) so that

K12 = fCay ol T 9leg a)y W =1 H G + 9 H o

GEN(s,,p] qEN(s,,q]

rr
moreover, det 0 el'(oy).
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Proof. Without loss of generality we assume that (4, 4, divides (j, 4, evenly in this proof.
Moreover, we assume that zp € K12 and consequently zp € K13 (i.e. k12(20) = K13(20) =0), for
otherwise we may shrink V if necessary so that k12 and ki3 are both units on V, thus all
statements of the corollary trivially hold.

We first fix the trivialization p,0 ., (As) = Oy, s=1,2. Taking r =2 in Proposition 2.28 and
choosing a suitable trivialization p,M(D;) ® p.M(Dg) = ﬁ%Q so that the first component of ﬁ%Q
corresponds to psM(D;), we have

_ [e11sy,a0) 0 } 9 M(D
=|C ) ! Ds D p M(Dg) — p,. O 4(A).
- LMM oo |0 M(P1) @ 9. M(D2) — p.0a(4)

Similarly, by applying Proposition 2.28 to {01, 03} (i.e. dropping o and all §; with j > 3) and
choosing a suitable trivialization p, M (D;) ® p M (D3) = ﬁ%Q so that the first component of 6’%}92
corresponds to p,M(D;), we can write the restriction of the structural homomorphism as

G 0
013 = [E“C[(Sh 1l } L peM(D1) & puM(D3) — p O a(A).
C21([5,,a2]  #13C[51,a2]C[55]

We emphasize that the coefficients ¢1; and €1 in ¢ 3 are the same as those in p<3. Therefore,
one can choose a suitable trivialization @>_, p.M(D;) = 057 and p,O4(A) = 0} so that

51 D pM(Di) — p.O4(A),

1<i<3
oy — [5114[51,a1] 0 0 ] .
= 0 K12€[6,,a5)C62]  K13C[51,a5)C[6s]

Alternatively, we can take r=2 in Proposition 2.28 and choose a suitable trivialization

B2, pM(D;) = 0? and p*ﬁA(A) ~ 05? so that

1<i<3
B FnC[al,al] 0 0 ]
¥<3 = ) .
0 K12€[5,,a210[62]  913C[5,,02)C[62]C[65]
The above two expressions of p<3 together imply that there exist v’ € I'(0y) and u' € I'(0y))

such that

K136 aa] oo =V 5126, a01Cl6n] + 1+ 013051 0] 516

By Proposition 2.17, k12 is coprime with ¢, for any g € N5, s, regardless of the position of the
pivotal node ¢;. Taking into account that the node-smoothing parameters are independent, we

conclude that
!

vi= el(0y) and kKiz=v-kio+u - 513C[52]- (2.58)

C[62,04]

If g1 does not lie on any non- separatmg brldge then part (R3) of Proposition 2.28 implies that
813 is invertible. Hence by writing u=1u’- 015 € ['(0},), we have k13 =v - K12 + u - ([5,]- Moreover,
Proposition 2.17 implies k12 and k13, as well as their pullbacks under any forgetful morphism,
are always smooth local parameters, hence v must be invertible. This completes the proof of

part (a).
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If ¢; is on a maximal non-separating bridge Bl[p, q], then part (R3) of Proposition 2.28 implies
that

K12 = f ’ C[qu ¥l +g- C[qu ,a]s 513 = f/ ’ C[IQ17p] + g/ ’ C[xquq]’
det [f f} cT(O%).
g g/ 1%
Hence, by (2.58), we have
F13 =0 I oy p) T 9 Qo) U o) 07 9 o)y
fou-f
det [g g el'(0y).

Finally, by applying Proposition 2.17 to k13, we see that v must be invertible. This completes
the proof of part (b). O

Lemma 2.30 reveals the relation between k19 and kj3, provided {d1,d2,d3} is on a chain R
of tail rational subcurves, ordered according to (2.30). Indeed, analogous relations between 12
and ko3 and between k13 and ka3 also hold. These relations are summarized below.

Recall that for any smooth points ¢; and ¢; on R, §; A §; refers to the node in (2.12); intuitively
it is a node between the core and both §; and §;, and is the ‘farthest away’ from the core among
all such nodes.

COROLLARY 2.31. With notation as in Proposition 2.28, let (i, j, k) be an arbitrary permutation
of {1,2,3}. There then exist v e I'(0y,) and g € I'(0y) so that
Kik =V Kjj + W,
and the following holds.
« If ¢1 does not lie on any non-separating bridge of the core of C, then there exists u € I'(0%))
such that w=1u - ([5,ps,]-

« If ¢1 lies on a maximal non-separating bridge B[p,q| of the core F of C, let x4 € F
be an arbitrary smooth point that is sufficiently close to the node q;. Then, there exist
f,9€(0y) and f', ¢ €T'(Oy) so that

kij=r I & +9 I

4Nz, ,p] 4€ Nz, ,q]
_ g / )
w=f"- H G +9g- H Sai
qEN(s ;01N N5, p] qE€N(s;,a1NN1s), a1

fr
moreover, det 9 el'(oy).

Proof. Since k;; = kj; for all 1 <4, j <r, it suffices to show Corollary 2.31 for the permutations
(1,2,3), (2,3,1) and (3,1, 2). In addition, the (i, j, k) = (1, 2, 3) case is covered in Lemma 2.30.
If (4,7, k)= (2,3,1) (i.e. to find the relations between k12 and ke3), notice that by applying
Proposition 2.28 to {d2,d3} (i.e. dropping 0; and all 6; with j>3) and choosing a suitable
trivialization p,M(D2) & p.M(D3) = 05 so that the first component of 653% corresponds to
p«M(D3), we can write the restriction of the structural homomorphism as
0

_ | €126[6:,01) o M(D
= Cps @ peM(Ds) — p.O4(A).
P23 oyl R23Cis 0ol " (D2) ® pxM(D3) — p«O4(A)
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The coefficients ci12 and c12 in ¢ 3 are the same as in Proposition 2.10. Therefore, one can choose
a suitable trivialization @?:1 peM(D;) = ﬁi‘?:}’ and p,O4(A) = ﬁ%ﬂ so that

p<3: @ p+M(Di) — p.O4(A),

1<i<3
oy — [EuC[&l,al] 0 0 '
= 0 K12€[6,,a5)C[62]  K23C[62,a)C[6]

Parallel to (2.58), we can find v € I'(0y) and v’ € T'(0%)) so that
Ko3=v- K1z +u - 513([51]-

The remainder of the proof of the (i, j, k) = (2, 3, 1) case is analogous to the proof of Lemma 2.30
after (2.58), hence is omitted.

If (4,7, k) = (3,1, 2) (i.e. to find the relations between r13 and ka3), we observe that it suffices
to verify the statements after forgetting all the marked points except d1, d2 and 3. (Recall that
locally we identify V with a smooth chart of Mg’m.) Then the fact that the x;; are defined via
pullbacks and Lemma 2.18 lead to the statements for the (i, j, k) = (3, 1, 2) case.

To show the (3,7, k) = (3,1, 2) case after forgetting all the marked points except d1, d2 and
03, just notice that under the forgetful map, either the images of §1, d2 and d3 are on a smooth
rational subcurve C’, or the images of d2 and d3 are on a smooth rational subcurve C’, which
attaches to another smooth rational subcurve C” that contains the image of §; and attaches to
the core at a pivotal node. In either case, however, the symmetry between do and ds, as well
as the statements for k12 and ka3 that have already been established, give rise to the relations
between k13 and kogz. O

2.10 Proof of Proposition 2.22
In this subsection, we complete the proof of Proposition 2.22 using Propositions 2.27 and 2.28
and Corollary 2.31.

(SH;) is a restatement of Proposition 2.10.

To show (SHs), we divide the arguments into three cases, depending on the location of J;
and 9.

Case (2.a): 0; and J; belong to a chain of tail rational subcurves. This case simply follows
from replacing d; and d2 by J; and d; in Proposition 2.28 (Ry).

Case (2.b): 0; and J; belong to the same tail, but lie on different mazimal chains of tail
rational subcurves.
We write the maximal chains as
R':=R{U---UR, and R:=RjU---UR],
respectively, with their rational subcurves being ordered in the same way as in Section 2.8.
Obviously, R, = R]. Let
fir=max{p € Zso: 1 <p<min{h;, b}, R, =R}}, q=q;= qjﬁ,

where the nodes ql% and q% are as in (2.29). It is straightforward that gz = d; A ;.
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Next, we apply an argument parallel to the proof of Proposition 2.28 (R4). Without loss of
generality we assume that

DN (RGURL, U+ URj, ) =0;+ (641 + 42+ - - + 6m)

for some ¢ satisfying max{i, j} <¢<m. We then forget the marked points dspi1, ..., dn, take
stabilization, and define the points (C(z), D(z)) € MJ", the universal family p:C — V), the tau-
tological divisor D C C, the forgetful map w: ) — V, and the contraction @ : C — C analogously
so that (2.54) commutes.

In the current scenario, notice that we still have

w Y Dy) =Dy V1<k<l w (A=A and = '(B)=B.

As in the proof of Proposition 2.28 (R4), we conclude that @, pulls back to ¢<,. In particular,
éij pulls back to 0;;.

Meanwhile, observe that on C(zp), the rational subcurves of the maximal chain R’/ are not
contracted by @, and the images d; and §; of §; and J; both belong to this chain. So by replacing
¢<r, 01, and d2 in Proposition 2.28 with P, 0;, and Ej’ respectively, we have

Qij =Uu- C[gl] “Rij = - C[qg] - Kij with we F(ﬁ%)
Since ([} and %;; pull back to (5,55, and x5, respectively, Case (2.b) of (SHz) is thus established.

Case (2.c): either §; and 0; belong to different tails, or at least one of them is on the core
of C. In this case, notice that ([5s,] is set to be 1 (see the sentence below (2.11)). Also notice
that the statements (2.a), (3), and (4.a) of Lemma 2.29 remain valid by replacing ¢, and §; with
d; and d;, whereas (1.a) can be replaced by the following: 6;;(20) =0 if and only if ; and J; are
conjugate. Mimicking the proof of Proposition 2.28(R1), we then observe that 6;; still takes the
form u - k;; for some u € I'(0y), and such w is still nowhere vanishing on V except possibly on a
codimension 2 subset, hence u is invertible. This completes the proof of (SHa).

To establish the statements in (SH3), first observe that if one of x;; and k;; is invertible
on V, then (d;), (0;), and (d;) cannot be on a common non-separating bridge, so one can always
choose invertible functions v and u’ on V such that

Kik =0 Kij + U - (5,0,
holds. So hereafter we assume
kik(20) = Kij(20) = 0. (2.59)

Moreover, since K;, and K;; are defined using pullbacks via the forgetful morphisms, it suffices
to justify (SHj3) by forgetting all the remaining elements of D (recall we consider D as a finite
set of points). In other words, we assume

D ={6;,9;, 01}

and treat (C, D) as a point in Ma 3.
Below we divide the argument into five cases.

Case (3.a): 0;, 6; and 6y belong to the same tail. Notice that in this scenario, there exists a
(unique) maximal chain of tail rational subcurves containing these three points. This case simply
follows from replacing 01, d2 and d3 by d;, 6; and dj, in Corollary 2.31.
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Case (3.b): 0y, is on the core F' of C, whereas 6; and 6; belong to the same tail. In this
scenario, we have

(Sk = <5k> and <5z> = <(S]> =:q;.

Let z; € F be a smooth point that is sufficiently close to the node ¢;. Notice that the assumption
(2.59) only holds when ¢; and J; are on a maximal non-separating bridge, denoted by Bip, q].
Notice that Blp, q] consists of either one or two (rational) subcurves.

If Blp, q] consists of two rational subcurves R, and R,, respectively containing p and ¢, we
denote by n the node R, N R;. Without loss of generality we assume 03 € R, and ¢; € Ry. Then
by Proposition 2.17, there exist f, g, f, g €I'(0y) such that

Kij = [alp + 9Cq, K = FCp + 3.
Therefore,
Kik = gl‘iij + f"+ ¢y, where f':= f_ %Cn_
Since f is invertible, ¢u(20) =0 and V is sufficiently small, we see that w= f"-C, +0- g, f' is
fr
g 0]

If B[p, q] consists of only one rational subcurve Ry (thus p, q, g; € Ro), there exist f, g, f.ge
I'(03) such that

invertible, and so is det [

Kij =[G+ 9Car Rk = [Cp + 3Cq-

Therefore,

Kik = %Hi]’ + f"+¢q, where f':=f— %.
It remains to show that f’ is invertible.

To this end, we mimic the last two paragraphs of the proof of Proposition 2.28 (R4). More
precisely, by Proposition 2.17, KC;; is still a smooth Cartier divisor of V, so we can take a small
curve A C K;; through zp, meeting ({q =0) (and hence ({, =0) because of the expression of £;;
above) transversely at zp so that the node ¢; is not smoothed out along A. Let Ca, Qa i, Dak,
Ap, and Ba be the analogues of those in the proof of Proposition 2.28 (Ry).

If the core F is inseparable, then we obtain the evaluation homomorphism

O,k
pi0c, (29 + Daj + An — Ba) =25 poOa, (An),

C1; /C\l i C
where ©; o= | " 1k
C2; C25 Cof

A
which after an elementary row operation can be rewritten as

|:Cll /0\12 613:|
0 0 félls

Following the argument in the penultimate paragraph of Proposition 2.28 (Ry4), we see that
f'Cqla vanishes at z to the first order, hence f’(z20) #0 and f’ is invertible on V (which is
assumed small).

If the core F' contains a separating node, we consider the locus Z := (¢4, = ki; =0), which is
smooth and contains zy. From the last paragraph we see that f/(z)#0 for all z € Z for which
the core of C, is inseparable. For any z € Z for which the core of C, contains only one node
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and that node is separating, Q;(z) is a Weierstrass point by Lemma 2.20, so Dg(z) cannot be
conjugate to D;(z). Thus, k;x(z) #0, so f'(z) #0. This implies that f’ is nowhere zero on Z
except possibly on a codimension 2 subset of Z, hence is invertible on Z and thus on V. This
completes the proof of Case (3.b).

Case (3.c): §; is on the core F of C, whereas §; and 6y, belong to the same tail. This case
is parallel to Case (3.b) because of the symmetry between d; and Jj, in the statements of (SHsz).

Case (3.d): §; is on the core F' of C, whereas 0; and i, belong to the same tail. In this case,
notice that
0i=(0;) and (0;) = (o) =:q;.
Let x; € F' be a smooth point sufficiently close to the node g;.
« If §; and g; are on a maximal non-separating bridge B[p, q], then by Proposition 2.17, there
exist f, g, f, g €T'(0}) such that
Kij = fC +9Cq  Kik = [Cp + 9Cq (2.60)
regardless of the number of irreducible components of B[p, q]. Mimicking the (4,7, k)=
(2,3,1) case of the proof of Corollary 2.31, we apply (SH2) and choose a suitable

trivialization of p M (D;) ® p M(D;) ® poM(Dy) and p.O4(A) so that the structural
homomorphism

¢ pM(D;) & pM(D;) & pM(Dy) — psO.a(A),

can be written as

p= |:clig[5i,a1] 0 0 :|

0 KijC6,a2)  KikCa; Clbkaz]
Alternatively, still by (SHz), we can choose a different trivialization so that ¢ takes the
form

0 KijQl5;as)  KikG[Se,as)

In addition, we have ([5, q,] = ([5,,a,]- Consequently, there exist v € T'(0y) and A € I'(07))
such that

Kik = A~ qu/ijk + V- Kij . (2.61)

By (2.60) and the fact that (, (20) =0, we see that v € I'(&Y;). Moreover, Case (3.b) above
implies there exist X',/ € I'(£7},) such that

Kk = X"‘%‘k + l//Cq.
Combining the above two equalities, we conclude that there exist v, ¢’ € I'(€7,) such that
Kik =+ Kij + §'Cq,Cq-

« If §; is not on any non-separating bridge, then the assumption (2.59) implies that g; is not
on any non-separating bridge either, which further implies %1 (20) # 0. Therefore, (2.61)
takes a simpler form:

fiik:)\‘qu_}'V‘/fij
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for some A €I'(0%,) and v € I'(0y). The symmetry between ¢; and J;, in Case (3.d) also
guarantees that v € I'(0Y)).

Case (3.e): 0;, §; and & are all on the core F' of C. In this scenario, we have
0 = (i), 0j=1(05), Or=(0k).

Once again the assumption (2.59) only holds when the three points are on a common maximal
non-separating bridge B[p, q]. Depending on the number of the smooth rational subcurve(s) of
Blp, q] and the distribution of d;, §; and 6, the proof of Case (3.e) is analogous to, but simpler
than, the proof of either Case (3.b) or Case (3.d). We omit further details.

3. Sequential modular blowups of i)ﬁ;’t and Elngi"

The key idea for resolving Ms(P", d) is to globally blow up i)ﬁgiv to obtain ﬁgiv so that the
derived object Rm.f*Op~ (k) becomes locally diagonalizable in the sense of Definition 2.7 upon
pulling back to any

’ L  omdiv
Z/[U,H =U XfU.,H;fmg“' DﬁZ .

The fact that these au u glue to form M, (P™, d)/My(PP", d) is relatively straightforward, and
this will be handled in Section 5. As soon as the global sequential blowups of 93?‘211" are rig-
orously described, the verification of the local diagonalizability of the object Rm.f*0p-(k), or,
equivalently, the diagonalizability of the structural homomorphisms ¢, is local.

As mentioned in the introduction, there are three rounds of sequential blowups, denoted
by (r1), (r2), and (r3). The first and third rounds each contain several phases, which are written
as (rip;).-

The first two rounds (r;) and (r2), as well as the first two phases (rsp;) and (r3pz) of the
third round, can be introduced and performed on 95, After (r3p2), we pull them back to G,
and then describe the remaining phases of the sequential blowups.

The global blowup process is guided by the desire to make the local structural homomorphism

o) 2poan) 0 CliClsa] | (3.1)
c21(5,,a5]  €22C55,as] " €2iC[5, a0

as in Proposition 2.22 (SH;) diagonalizable in the sense of Definition 2.6.

We focus first on one of the two rows of ¢, although any blowup will inevitably affect the
other row, but in any case, the purpose of the first round (r;) of blowups is to make one row,
say the first row, diagonalized. This is parallel to the blowups in [VZ08] and [HL10], although
the blowup centers are somewhat more involved. Then, the task in the remaining rounds of
the sequential blowups is to make the other (say, the second) row and hence the matrix (3.1)
diagonalized. -

More precisely, when (r;) terminates, we denote the final stack by 9" . Every point of Iy*
has a neighborhood V so that the pullback @™ of (3.1) to Y=y X oyt M has one row that
contains an element that divides all the other entries of ¢". However, ¢"[;,, may not be locally
diagonalizable (cf. Definition 2.6) because of the existence of (1) some distinctive directions in
the exceptional divisors obtained in (r1); and/or (2) the Weierstrass and conjugate points of
genus 2 curves.
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The second round, (r2), solves the former case; the third round, (r3), solves the latter. In the
following subsections, we precisely describe the three rounds of sequential blowups.

Remark 3.1. As mentioned in Section 1, throughout this paper, we fix an arbitrary positive
integer m. For any point (C, w) € 95, m corresponds to the total weight of (C, w); for any point
(C, D) € M3™, m = deg D. Further, when applying to R.f*Op~ (k) over Mo(P", d), m = kd.

In Section 3, we describe the global blowup centers of ﬁgi" / E)ﬁgiv phase by phase. Later in
Section 4, we will show that each step of each phase is a smooth blowup, on a case-by-case basis.

3.1 The first round (r1)

The blowup centers in (r1) are the closures of the following strata
My Mk M)y, Mk Mer), k€ ZLso, (3.2)
of MY*. Recall that we denote by F' the core of a curve C. For each k:

« (C,w) €My if F is a smooth genus 2 curve of weight 0 and the tails of C' are k smooth
rational curves of positive weights;

(C,w) €My if F consists of two smooth genus 1 curves of weight 0 and one smooth
rational curve of positive weight, and the tails of C are (k — 1) smooth rational curves of
positive weights;

« (C,w) €My if I consists of one smooth genus 1 curve of weight 0 and one smooth
rational curve of positive weight, and the tails of C' are (k — 1) smooth rational curves of
positive weights;

« (C,w) €My if F consists of one smooth genus 1 curve of weight 0 and one smooth genus

1 curve of positive weight, and the tails of C' are (k — 1) smooth rational curves of positive

weights; and

« (C,w) €M if F is a smooth genus 2 curve of weight 1 and the tails of C' are k smooth
rational curves of positive weights.

In Figure 1, we illustrate 9 ; ;) with £ <3. An unshaded irreducible component indicates
that the weight is 0.

The closure ﬁ@ k) of M; 1) in MY can be described as the images of natural node-identifying
surjective immersions from smooth domains. Given a finite set S, let Mg;s be the moduli space
of genus ¢ stable curves whose marked points are indexed by S. Let

My
be the Artin stack of stable pairs (C,w) of genus g nodal curves C' whose marked points are
indexed by S and weights w € H2(C;Z) satisfying w(X) >0 for all irreducible ¥ C C. Here
(C,w) is said to be stable if any smooth rational (respectively, genus 1) irreducible component
of weight 0 contains at least three (respectively, one) nodal and/or marked points. In particular,
Myt = 93?‘2’"% Each connected component
My s (£)
of zmgg is determined by the total weight ¢ of any element.
For conciseness, throughout this article, we write

(k] :=[1,k|NZ VkEZsy. (3.3)
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With the notation as above, we define

—

m( ) MQ]CXHWIO{Z},

=1
k PR PR
= (Ml,[e—uu{m} X My o2y X D ey X [ 90 {z}>
=1 i€[k]\{¢}
. E—1
M5y 1= Mik1 X MG g a1y X HQLRO{},
=1

. k—1
Qﬁ( Mlkxml {k}XHmo{Z},

=1
9)?(57;6) = X Hmo{ }

Here, each {i} is the set with ¢ as its unique element; it does not mean i unordered marked
points. For each (i, k) € [5] X Z~, there is a natural node-identifying immersion

L(4,k) :Dﬁ(i,k) Hﬁ(i,k) C Dﬁgt (3.4)
obtained by identifying the marked points that share the same index. Such ¢(; ) is surjective
onto ﬁ(i,k) and descends to the quotient

(k) M)/ Sy — Mgy C MY, (3.5)

where S(; ) is the symmetric group of the dual graph of ;). Notice that 7(; 1) is generally
not an isomorphism to its image; cf. [VZ08, Figure 3| with the genus 1 component replaced by
a genus 2 curve, as well as the example at the end of Example 4.11. Thus 9; ;) is generally not

smooth.
Let
M) == M), =05\ (Usm ),13254; mmn = \(Um@). (3.6)
k>1

In particular, U =M y). Notice that M; 5y N M ;) =0 whenever (4, £) > (i, k) (with respect
to the lexicographical order), so for each 1 <i <4, we have im?;;“ D |_|k21 M (; k). Then we obtain
a partition of JY*:

My = I L OG) L Oga) L s L
In particular, M5 )y C IM™" for all k> 1.

In (r1), we blow up 9MY*" along (the proper transforms of) ﬁ(i,k) with respect to the
lexicographical order and obtain

anr wt
M —s Myt

More concretely, we start with MriP1S0 — Y. Inductively, suppose that MIPis-1 i constructed
for some 7, k > 0; we then take

ﬁrl PiSk gnvftn PiSk—1
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to be the blowup of Mr1Pis—1 along the proper transform of ﬁ(i’k). We call DPise the resulting
blowup stack in Round 1 (r1), Phase i (p;), and Step k (si). Here, to reconcile the notation, for
1> 1, we set Mr1Piso o be the stack obtained when Phase i — 1 is complete.

Recall that the connected components of 9Y* are determined by the total weights of the
curves, thus the stability of MY* (cf. Section 2.1) implies that the process of sequential blowups
(r1) terminates after finitely many steps.

Remark 3.2 (The order of the blowups in (r)). The reason we choose the blowup centers of
(r1) to be the proper transforms of ﬁ@k) is based on the way the node-smoothing parameters
appear in the structural homomorphism (3.1). As mentioned earlier in this subsection, ﬁ(@k)
are generally not smooth in 9MY*. The order of the blowups is thus chosen so that, in each step,
we always have a smooth blowup on which the pullbacks of (3.1) can be systematically analyzed.

As mentioned at the beginning of Section 3, we will prove the smoothness of the blowups
of (r1) in Section 4. Here, we provide the general idea; see Example 3.4 below for a concrete
example.

Within each phase of (r), the order of the blowups resembles that in [VZ08] and [HL10].
The order among the phases of (r1) is based on the following observations.

« First, observe that
ﬁ(g) N ﬁ(g) C ﬁ(l), (3.7)
hence (rip1) should be performed before (rip2) and (rip3). When (rip1) terminates, the
proper transforms of M,y and M (3) are disjoint. It then makes no difference if we perform

(rips) prior to (ripz).
« Next, note that

ﬁ(g) C ﬁ(4) .

In particular, some singularities of ﬁ(@ are contained in ﬁ(g); for instance, ﬁ(&l) has a
normal crossing singularity at a general point of (5 1y, so (r1p2) should be carried out
prior to (ripa).

« Similarly, (r1ps) should be performed after (rip;). For instance, ﬁ(m) contains a general
point of My 9) whose tails are both of weight 1 as a normal crossing singularity.

o It is worth mentioning that it is feasible to put (rips) before (r1ps), which is indeed the
order chosen in [HN21], although the resulting resolution of My(P",d) will be different
from the one constructed in this paper. It is also possible to perform (rips) before any
(r1pi), 2 <1 <4, and obtain a different resolution of Mo(P", d).

Remark 3.3 (The reason for (rips)). As mentioned in the introduction, the last phase of the
first round, (rips), is solely to treat the boundary components of Mo (P™, d). As all the modular
blowups are performed on 9MMY" and MIY, more or less, we are forced to include the loci whose
general points have smooth core subcurves of weight 1, even though the images of the primary
component of Mo(P", d), under either the morphism Mo (P", d) — IMY* as in (1.6) or the local
morphisms Mo (P", d) DU — M$Y as in (1.2), miss such loci.

The following example suggests how the various ﬁ(i,k) intersect, and how the blowups of (ry)
affect them locally.
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@e
Qo = ,_w

FIGURE 5. An example of the intersection of various ﬁ(i,k)'

Ezample 3.4. Let = (C,w) € MY be as in Figure 5, where the shaded components are of
positive weight, and the unshaded ones are of weight 0. One can check directly that

T E ﬁ(lyg) N ﬁ(zyg) N ﬁ(g}g) N ﬁ(472) N ﬁ(473);

see Figure 1 for an illustration of the ﬁ(i’k) above. In fact, if any of the shaded components is
of weight 1, then z € M5 9) as well; for simplicity, we assume that no component is of weight 1
in this example.

Let ¥V — MY be a sufficiently small smooth chart containing x, and (., e=a, b, ¢, p, q, 1, s,
be the corresponding node-smoothing parameters. Then,

MazNV={C=0=C0=0}, Moz NV={=C=C=C(=0},

f~):n(3,?)) HVZ{CTZCs:CaZCb:O}a ﬁ(4,2) mv:{CpZCaZO}U{Cq:Cc:O}a

ﬁ(4,3) ﬂv:{Cq:Ca:CbZO}U{Cp:CbZCCZO}§
any other ﬁ(i,k) does not meet x, and hence is disjoint from V (because V is assumed small).
By direct computation, we obtain

(ﬁ(Z,S) ﬂﬁ(s,:s) ny)c (ﬁ(l,S) nVY), MpzNV)C(MyznV).
Moreover:

« after blowing up V along ﬁ(l,i’») NV, the proper transforms of ﬁ(g,g) NV and ﬁ(zg) ny
become disjoint;

« after blowing up V along ﬁ(l,?)) NV, then along the proper transform of ﬁ@’g) NV, the
proper transforms of the two irreducible components of 94 2) NV become disjoint, and
hence the proper transform of M4 2y NV becomes smooth; and

« after blowing up V along ﬁ(l,B) NV, the proper transforms of the two irreducible compo-
nents of ﬁ(4,3) NV become disjoint, and hence the proper transform of ﬁ(4,3) NV becomes
smooth.

3.2 The second round (rz2)

In this subsection, we describe the blowups of (rz), whose blowup centers lie in the proper
transforms of the exceptional divisors obtained in (rip;). Therefore, we start with analyzing
these exceptional divisors. The key observation is that in any step (ripisi) of (rip1), the blowup
center ﬁap,i; "~ which is the proper transform of ﬁ(l, k) in ﬁ“pls’“*l, has its normal bundle equal
to a direct sum of k line bundles, with each corresponding to the smoothing of the corresponding
node.

To proceed, we use the following terminology from [VZ08, Section 3.1]. For an arbitrary

stack 91, denote by TCOMN its tangent cone, which may be related to the intrinsic normal cone of
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Behrend and Fantechi [BF97]. If X is a smooth stack, a morphism ¢x : X — 90 is an immersion
if its differential

dix : TX — (5 TCON
is injective at every point of X. Let
Ny =5 TCM /Imdex

be the normal cone of tx in M. .
For k > 1, the normal cone of the immersion ¢(y x) : My p) — MY is the direct sum of k line
bundles:

k
Nicow =B oriLisi @ pr5,L) =P Lisi — M1y, (3.8)
i=1 =1

where L; and £ are, respectively, the universal tangent line bundle at the marked point of ./\/12 k
labeled by ¢ and the marked point of smo Ty and pr : ET.TI(M) — Mo, and pr 9 i)’ﬁ(l k) — 9)?0 Ty
1 <i <k, are the projections onto components.

The immersion z(; ;) in (3.5) induced by ¢(; ) is generally not an isomorphism to its image.
For j <k, the immersion ¢(; ;) induces an immersion and the corresponding quotient:

F1P1SJ . mrlpls m;lpl)S] c ﬁrlplsj
M )

L(1,k) (1K)
R A S0 — T P, (39

The domain ﬁzllp]i)sj is constructed by applying [VZ08, Lemma 3.3.(1)] repeatedly. It is analogous
to the smooth variety introduced in [VZ08, Section 2.3]. To be precise, for an arbitrary nonempty
finite set S, let My g.; C M s be comprised of marked curves that have exactly j special points
(pivotal nodes and/ or elements of S) on its core, and My g.; be its closure in My g. We blow
up ./\/1275 successively along the proper transforms of

MZ,S;L B >ﬂ275;|5|—1'
Let M;S be the blowup of My g after the jth step. For S=[k] and 1 <j <k —1, let

mtzll?kl:)sj = MQ k X H ﬁﬁo{ b (310)
=1

ripPi1So

which will turn out to be smooth by Lemma 4.10. For 5 =0, we set Lok = Lik):

The immersion L(ll';;)s’“ "in (3.9) is an embedding. This follows from [VZOS, Lemma 3.3.(2)]

repeatedly; cf. [VZ08, Section 4.3 (113)]. The normal cone of LEllp,i;’“’l is still a direct sum of k
line bundles:

k
Nogrgres =D Ly — MG" (31)
j=1

cf. [VZ08, Lemma 3.5]. Each line bundle Lj, above is the pullback of Ek;g twisted by some

exceptional divisors of the previous steps. The immersion LEllplii ¥~ induces an immersion
S F1P1Sk— oy )
PerPlSk 1 — 8(1 k) PNﬁrlplskilm({ kl) k—1 - mnplsk, (312)
bk ’
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which determines an isomorphism
2(817k) : PN’Z("IIYP]:)Sk—l — 5(17@. (313)

Notice that £y is exactly the exceptional divisor obtained in (r1pisg).
We are ready to describe the blowup centers of (ry), which lie in the proper transforms of
E1k)- Let m be as in Remark 3.1. Consider the index set

J1={(k,j,0): (k,j) EZXZ, 1<j<k,o0:{2,...,j} —ZN[2,+00)}.

Here, if j =1, then the domain of ¢ is empty. The subscript of J; indicates there is one special
direction, given by 1€ [k], in & k).
Fix p=(k,j,0) € J1. For every { € Z~, let

My 5.0 C MY (3.14)

be the closed subset whose general point consists of a smooth rational subcurve Cy of weight 0
that contains all the marked points, as well as ¢ positively weighted unmarked smooth rational
subcurves all attached to Cy. Then, we set

prQk-XSInO{l} XH EDTO{} X H mo{} Cm(17k)) (315)
=2 i=j+1
For p=(k, j, o) as above, with ﬁ(rll;l)s’“‘l as in (3.9), we denote by
a7} F1P1Sk—1 an r1P1Sk—1
MRt M
the proper transform of ﬁp in ﬁ(rll Zl)s’“‘l. Set
Xp::P(G?Lk;iNg/\ﬁ;}plskl C]P)./\/’L'éll',’iik—l, Xp:: Lfl,k)(XP) Cg(l,k)' (3.16)
1=

If j =1, then X'p is isomorphic to S/ftprlplsk“.
Intuitively, a general point of X, satisfies the following criteria:

o for j 4+ 1<1i <k, the ith component of the fibers of P,/\/'Lrlplsk_l is identically 0; and
(1.k)

« for 2 <1 <j, the ith tail of the underlying curve C consists of a smooth rational subcurve
C; of weight 0, attaching to the core of C, as well as (i) positively weighted smooth
rational subcurves attaching to C;.

Notice that ZLQ o(i) > (j — 1) for every (k, j,0) € J1. So, for every 1 <k <k, we set

J
j1(167 k,):{(kvja U)ejl ]_1 +ZU , 7 Xk,k/: U XP' (317)
=2 pejl(kvk,)
(In particular, each J;(k, k) consists of a unique element (k,1,0:0 —ZN[2,+00).) The proper
transforms of the above X}, ;» will be the blowup centers of (r2). Some of these loci are illustrated
r1P1Sk—1

in Figure 2, where, for conciseness, £ ) is written as &, and the proper transform zm is
abbreviated to im;,.

Remark 3.5. The reason for introducing the index sets J; and Jj(k, k'), and particularly the
map o, to describe blowup centers of (ry), comes solely from the expressions of the structural
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homomorphisms ¢. In Example 3.11 of Section 3.7, for instance, the second locus in (3.28)
corresponds to X, with p=(2,2,0(2) =2).

Next, we describe the order of the sequential blowups within (r2). Let the set
{(k,KYeZxZ:1<k<k}
be endowed with the following order:
(k,K')<(0,0) <= either k>¢ or k=( and Kk </. (3.18)

In other words, (3.18) is inherited from the lexicographic order on Z°P x Z, where Z°P is Z with
the opposite order.

We blow up 9™ along the proper transforms of Xy, 5, 1 <k <k, with respect to the order
(3.18). More precisely, for every p € J1(k, k'), notice that the total weight of any point of Mp is
at least k', and hence on the connected component of M whose underlying weighted curves are
of weight m, the relevant blowup centers of (ry) are indexed by 1 <k <k’ <m. For every (k, k')
with 1 <k <k’ <m, we denote by (k, k') — 1= (h, h’) its immediate predecessor with respect to
(3.18) that still satisfies 1 <h <h’ <m. The stack obtained after Step (k, k') —1 is written as
DTSk 1, Then, inductively, we blow up MT2Sk )1 along the proper transform of X 5 and
obtain 9025+ In this way, we obtain

M —s M.
These are the sequential blowups in (rz). This procedure is illustrated in Figure 2. The proper

transforms of X are not included in Figure 2 because Xi; is isomorphic to the proper
transform of 9(; 1), which is a Cartier divisor, while the remaining Xy are all empty.

Since on each connected component of ﬁ”, the blowups in (r) are indexed by a finite set
{(k,K"):1 <k <K <m}, we see that (ry) terminates after finitely many steps.

Remark 3.6. The reason for choosing the order (3.18) is twofold: to ensure the blowup centers of
(r2) are all smooth, and to make ¢ closer to the desired diagonalized form. For the former, notice
that for each fixed k, the blowup centers, i.e. the proper transforms of Xy, 5/, k' > k, intersect in
a way similar to those of (r;p1), so one naturally wonders whether the usual lexicographic order
(i.e. that inherited from Z x Z) is a good candidate for both goals. Example 3.13 of Section 3.7,
however, will show that the usual lexicographic order is unsuitable for diagonalizing . This
forces us to consider the seemingly unnatural order (3.18).

The following example shows how the X}, ;/, with various k', intersect, and how (rz) affects
them locally; see also Examples 3.11 and 3.12 in Section 3.7 for an example of X22MN X53. In
addition, Example 3.12 includes an example of X5 3N X33.

Ezample 3.7. Let x = (C,w) be as in Figure 6, where the weight of each shaded component is
no less than 2, while the unshaded components are of weight 0.

Let V — MY be a small affine chart containing x, and (., e = a, b, ¢, d, e, f, g, p, q, be, respec-
tively, the node-smoothing parameters. In (rip1), since ﬁ(l,k) NY =0 for k=1,2, we see that
(rip1s1) and (ripise) do not affect V', and the locus

M3 NV ={¢=4=(=0}

is blown up in (r1p1ss).
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FIGURE 6. The underlying curve C' in Example 3.7.

After (ripis3), consider a lift Z of z lying in a small chart V; on which
Ca=¢a, Cp=upta, C(c=¢ale,
where w is invertible, while (., the proper transform of (., is not invertible. Then, one sees that
the proper transforms of My 1) NV, k>4, as well as M; py NV, i >2, k> 1, are disjoint from
Vz, and hence that from (rip1s4) until the end of (r1), the chart V; is not blown up.
To see how Vi changes in (r2), observe that
reX, NX,,NX,, NX,, where
p1=(3,2,0(2)=2)€701(3,4), p2=(3,2,0(2)=3) €71(3,5),
p3=1(3,3,0(2)=2,0(3)=2)€71(3,5), pa=(3,3,0(2)=3,0(3)=2)€T:(3,6).
So,  lies in the intersection of X3, k' =4,5,6. The remaining X}, ;» do not contain z, hence

are disjoint from )75 (because 175 is assumed to be small).
Locally on V5, we have

5e{Etz:&c:Cd:Ce:Cf:Cg:Cp:Cq:O}7
Xp1 QVE:{Ea:éc:CdZCeZO}a szmvf:{ga:CVC:Cd:Cf:Cg:O}’
ngﬂVi:{&z:Cd:Ce:Cp:Cq:O}y Xp4mViz{5a:Cd:Cf:<g:Cp:Cq:0}-

The blowups of (rz) blow up V; first along X o N V:, then along the proper transform of (X,, U
X,,) N V5, and finally along the proper transform of X,, N'V;. By direct computation, we have

(Xp, N Xp, N ]75) C (X, N 95)7

and after blowing up 175 along X, N 135, the proper transforms of X, N )75 and X, N 175 become
disjoint from each other and are both smooth. One can also check directly that the proper
transform of X,, NVz is smooth after any of the above blowups.

After (ry) is complete, the only issue with achieving the diagonalizability of the structural
homomorphism lies on the second row, which involves the proper transforms of node-smoothing
and/or exceptional parameters and the local parameters for the proper transforms of Weierstrass
or conjugate loci: the latter are the proper transforms of x;; as characterized in Proposition 2.22
(see also Propositions 2.17, 2.19 and 2.28).
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There are four phases of sequential blowups in (r3), which we will describe separately in the
next four subsections.

3.3 The first phase of the third round (r3p1)
In (r3p1), we consider the index set
Here, if j =2, then the domain of ¢ is empty. The subscript of Js indicates there are two special
directions, given by 1,2 € [k], in & ).
For every p = (k, j, o) € Jg, recall that Em,g denotes the locus in ﬂg,k whose first two marked

points are conjugate. By Proposition 2.17, it is a Cartier divisor of My j. Also, for every £ € Z~
and every finite set S, recall that " 5,0 1s given in (3.14). We set

Ry =Ki 12><£mo{1}><9ﬁ0{2}><H MY itio(i) ¥ H My (C M)
1=3 i=j+1

With ﬁ(rll%sk‘l as in (3.9), we denote by
ﬁ;lplsk—l C ﬁ(rllﬁgl;k_l

ripiSk—1

the proper transform of ﬁ in sm( 0 . Let

j
K,:= IP’( @ L,m)
=1

Intuitively, a general point of K p satisfies the following criteria:

- P./\/‘Lzllljijk—l, K L(l k)( ) - 5(1 k)

APk —1
R

« for j+1<i<k, the ith component of the fibers of PN/ ey is identically 0;
(1)

« for 3 <1 <j, the ith tail of the underlying curve C consists of a smooth rational subcurve
C; of weight 0, attaching to the core of C, as well as (i) positively weighted smooth
rational subcurves attaching to C;; and

. the first two tails of the underlying curve C' are attached to the core of C' at conjugate
points.

Notice that 25:3 o(i) > (j —2) for every (k,j, o) € Ja, so for every 2 <k <k, we set

J
32(k7k,):{(k7j50)632: k_(]_Q)‘i‘ZO'(Z):k‘/}, Kk,k/: U Kp-
=3 p€T2(k,k")

In (r3p1), we blow up M successively along the proper transforms of Ky, 2 <k <k, with
respect to the order inherited from the usual lexicographic order on Z X Z, and obtain

M s M=,
For every p € Ja(k, k'), the total weight of every point of Kp is at least k', hence on the connected

component of M™ whose underlying weighted curves are of weight m, the relevant blowup centers
of (r3p1) are indexed by 2 < k <k’ <m, and hence (r3p1) terminates after finitely many steps on

each connected component of M.
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Remark 3.8. In (r3p1), it is also possible to use the order (3.18) instead of the usual lexicographic
order and obtain a different resolution of Ma(P™, d). The usual lexicographic orders in (rsp1),
and later in (r3p2) and (rsp4), are just practical choices.

3.4 The second phase of the third round (r3p2)
The blowup centers of (r3p2) are within the proper transforms of the exceptional divisors &,
1<k <K, obtained in (r2), so we begin by analyzing these & .
First, given p = (k, j, o) € J1, note that for every 2 <i < j, there is a natural immersion
o(i)

Mooty LT 9 amy — Mot
h=1
(where each {(i, h)} is the set containing the pair (7, k) as its unique element), given by identifying
the hth marked point of ﬂo,o(i)+1 with the unique marked point of Dﬁgt{(i )} forall 1 <h<o(i),

and then labeling the last marked point of ﬂoﬁa(i)ﬂ by the number i. Such immersions are
surjective. They together give rise to an immersion

j o(7) k
M, = Mo, x My < [ | (Mo,(r(im <11 im(vit{(z‘,h)}) <[] My — M, (3.19)
i=2 h=1 i=j+1

where ﬁp is as in (3.15). Mimicking (3.10), we replace M) with ﬂ?;fg) in the above

construction of 1\~/_[p to obtain 1\~/_[;1plsk71, along with the immersion
~ F1P1Sk—1 = _
M, —>9ﬁrplpls’° L (3.20)

With )2,, and X, as in (3.16), this gives rise to
X, %, (MHX,), (3.21)

where fip denotes the pullback of X p via (3.20), and v, is the natural morphism.
With notation as above, let

e € . e erplsk
Lp.—L(Lk)OI/p.Xp—>XpC9ﬁ y

Tp =154y 0 Vp: Xp/Gp—s X, CIM"PIS, (3.22)
where L?Lk) and Zka) are as in (3.12) anfl (3.13), respectively, and G, is the symmetry group
of the dual graph of a general point of M,. With the line bundles Ly, as in (3.11), for every
7 <k, let

J
Vi — P(EB Lk;i>

i=1
be the tautological line bundle. By (3.11), (3.16), and a local computation (cf. [VZ08, Lemma
3.5]), the normal cone of ¢, can be written explicitly as a sum of line bundles:

Jj o) k
N, =2V @D B Lyim @ P vi(w; @ Li), (3.23)
i=2 h=1 i=j+1
58

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

DESINGULARIZATION OF MODULI OF GENUS 2 STABLE MAPS

where each Ep;(z;h) is the line bundle corresponding to the smoothing of the node labeled by
(i, h); these line bundles are analogous to those in (3.8).

For every k <k’ <m, recall that (k, k") — 1 denotes the immediate predecessor of (k, k') with
respect to the order (3.18). For every p e Ji(k, k") (see (3.17) for notation), we observe that,
after (r2s(xx)—1), the immersion ¢, as in (3.22) induces the immersion

r2S(k,k/y—1 . r2S(k,k/y—1 r2S(k k/y—1 r2S(k, k') —1 ~r25(k.k’)—1
Lp X, — X, CEp C M3 ern—1)

where X DTS obtained by blowing up )N( successively along some smooth substacks, analo-

anr P1S;

gously to the construction of E).TI( 0 in (3.10). The key fact is that the normal cone of ¢, T2k, k")—1
is still a sum of line bundles:

j o) k
'/\/;;J2S(k,k’)—l = Lp;l D @ Lp;(i,h) ) @ Lp;i, (3.24)
i=2 h=1 i=j+1
where each line bundle is the pullback of the corresponding line bundle in (3.23) twisted by some
exceptional divisors of the previous steps. Furthermore, the immersion Lrp2s(k”“/)’l determines
er02s““k,)71 . X:S(k,kl)—l/Gﬂ _)ngs(k,k/)fl C %rzs(k)k/Fl’

which is isomorphic to its image. Thus, the immersion
Lf) : PNfzs(k,k/)_l — 5k,k’
tp
determines an isomorphism
Z; : ]P)./\/'Zr;s(k,k/),l — gk,k"

In sum, we obtain the desired form of & ;.

Next, we describe the blowup center of (r3p2) within the & j/. Recall that Wk;l denotes the
locus in Mlk whose first marked point is Weierstrass, which by Proposition 2.19 is a Cartier
divisor of Ms k. Notice that every p= (k, j, o) € J1(k, k') determines a set

N(p):={(j",,8):5 €{gy..., k}, a:{2,...,j} — Z>ps.t.a <o,
Bi{i,h):2<i<j, 1<h<a(@}U{j+1,...,5t —[2,+00)NZ}.
For every ¥ = (j', a, B) € X(p) and 2 <i < j, we set

a(i)
Wp,ﬂmefmou}XH<M001>+1><H9ﬁo{zh>}6<zh> H fmouh)})
1=2 = i)+1
x H MG Liy60) X H MG 1y < M,

1=j+1 1=j'+1

where Mp is as in (3.19). The components of a general point of Wpﬁ when p=(3,2,0(2)=3)
and ¥=(3,(2)=1,5(2,1) =3,5(3) =2) is illustrated in Figure 7, where the marked points
that are identified under (3.4) (respectively, (3.19)) are indicated by the dashed (respectively,

dotted) arrows. The proper transform of W v after (ripisg—1) is written as W;,lzlsk '

For the above p and ¥, with Xp as in (3.21), let

pr’ X |W"1P15k 13
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p=1(3,2,0(2)=3)

‘ ‘ 9=(3,a(2)=1,5(2,1) =3, B(3) =2)

(2, 1) t2 3)
w : Weierstrass point
: weight =0

: weight = 1

F1GURE 7. The components of a general point of Wpﬂg.

Sr2S(k,k’)—1

is denoted by X227 With the line bundles Ly and L, )

its proper transform in X, wip,d

as in (3.24), we set

vaﬂ = ( p;l ® @@LP (2,h) ® @ LPv >‘~r25(k B)—1 CP'/\/’L:?S(I“J“/)_“

1=2 h=1 i=7+1 w
Wyoi=1 (ng) ;( pg/G )Cgkk/. (3.25)

Notice that for every p= (k, j, o) € J1(k, k') and ¥ = (§', o, B) € X(p), we have

(33 s0m)+( 32 a0)

i=2 h=1 i=j+1

(\V4
N
'Mb,

=

~.
~

+

=N

|
=

Therefore, for every k" >k (> k>1), we set

Jw(k, K K" = {(p, 9): p€Ti(k, k'), ¥ EN(p),

J (i) J’
U EDY (U(i) —a(i)+)_ B, h)) + Y Bl)= k”},
=2 7

Wi o = U W,.9.
(p,9) €3 (k" )

The proper transforms of these Wy, i 1+ will be the blowup centers of (r3pa).

Remark 3.9. The reason for introducing the index set Jy(k, k', k") once again comes from the
expressions of the structural homomorphisms . In Example 3.12 of Section 3.7, for instance,
the second locus in (3.29) corresponds to W, g with (p=(2,1,0),9 = (2,0, 5(2) =2)) € Tw(2,2,3)
(where () refers to the empty map).

In (r3p2), we blow up MraP1 successively along the proper transforms of Wy, p, 1 <k <k’ <
k", with respect to the order inherited from the usual lexicographic order on Z x Z x Z, and
obtain

ﬁﬂ% P2 s ﬁ"s P1 .

On the connected component of MP1 whose underlying weighted curves are of weight m, the
relevant blowup centers of (r3ps) are indexed by the finite set 1 <k <k’ <k” <m, and hence the
process of the sequential blowups (r3p2) terminates after finitely many steps.
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3.5 The third phase of the third round (rsps3)
The blowup loci of (r3ps) lie in the stack MG over 9MY* instead of the stack MY® itself; see
Section 2.1 for the definition. Let

Hcmgy

be the closed substack consisting of all (C, D) € imgi" such that deg D =2 and the two points of
D are conjugate. In particular, § is a Cartier divisor of 9)?%“’ by Proposition 2.17.

For any k>0, let ‘Hi be the closed substack of i)ﬁgi" whose general points are pairs (C, D)
such that, with F' denoting the core of C, (F, DN F) € ) and C has k tails attached to F. After

(r3p2), let
ﬁﬁdiv,ram — S)ﬁgiv X onyt ﬁrwz’ lerCspz = PTgﬁdiv,,m (Hk), k>0, (3.26)

i.e. H;*® is the proper transform of Hy, in MAivrsp: for every k> 0. In (r3p3), we blow up the

stack div:repz successively along the proper transforms of H,';sz with k& > 0, starting from k=0,
and obtain

gppdivirsps _y gpdiviraps

The stability requirement of zmgiv implies that on each connected component of ﬁdiv’r3p2, the
process of the sequential blowups (r3p3) terminates after finitely many steps.

3.6 The fourth phase of the third round (rsp4)
The process of (rsps) is analogous to the round (rz), but the blowup loci lie in the proper
transforms of MY instead of MY*.

Notice that the main difference between 9011y and ﬁ%’;“ in (3.6) is the weight of the core
curve. Thus, the exceptional divisors obtained in the phases (rip1) and (rips) share similar
properties. In particular, we define

X, C&sp), p=(k j,0)€T,

to be parallel to X, in (3.16). For each p = (k, j, o) € J1 and every = € X, we denote by F; the
core of the underlying curve Cy, by ¢, the node labeled by 1, and by p, = (g;) the pivotal node
corresponding to ¢.. Let

Q,C iV ripssk . — omaiv X gt 5?'1"55’“, p=(k,j,0) €T,
be the closed substack of 9MiVrPssk whose general points are pairs (x, D) satisfying
veX,, (F, (DNE;)+p;)eSH,

where §) is as in Section 3.5.
In (r3ps), we blow up 94iV:rsPs successively along the proper transforms of

Qw=|J Qb (comivmes)  1<k<k, (3.27)
pejl(kvk,)
with respect to the order inherited from the usual lexicographic order on Z x Z, and obtain
ﬁglv = 55’/tdiV,l’3p4 — ﬁdiv,rgpg .

The stability of imgiv once again implies that on each connected component of ﬁdi"“p% (r3ps)
terminates after finitely many steps.
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qa ab
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F

FiGURE 8. The curve C' in Example 3.10.

3.7 Examples of modular blowups

We conclude Section 3 with a set of examples illustrating the sequential modular blowups.

Ezample 3.10. We begin with an example that appears simple enough yet still possibly involves
all three rounds of blowups.

Let 29 = (C, D) € M$Y be such that C consists of a smooth core F' and two smooth rational
subcurves R, and Rj attached to F at g, and g, respectively, and D satisfies

DﬂRaZ{(gl,...,(h,l}, DﬁRbZ{(gg,...,(gm}, DNF =0,

where 1 < ¢ <m. In particular, DN R, and D N Ry are both nonempty. An illustration of C is
provided in Figure 8, where we follow the convention of Figure 2 by shading the irreducible
components of C' that are positively weighted (i.e. whose intersections with D are nonempty).
The same convention applies to the remaining figures in Section 3.7.

By Proposition 2.22 (SH; ), locally on a small affine chart ¥ —s 94! containing the point z,
we have

_|enGe o oce-1Ca cueGyoccc cimGp
7 lenta c20-1Ca c20Gy - C2amGp]’
where (, and (; are the node-smoothing parameters (i.e. the modular parameters) corresponding
to q, and gy, respectively, and ¢;; are invertible functions on V.

In the above matrix of ¢, the commas in the subscriptions of ¢; ¢—1 and cp 1 are only for
separation. Hereafter, if necessary, we will use commas to separate the indices in subscriptions
should no ambiguity occur.

In (r1p1), V is blown up along the locus ({, = (, = 0). After (r1p1), up to switching the symbols
a and b, the pullback @"P* of ¢ locally takes the form

ci o Cle-1 CuGy e CimGh

13
ca1 c Cop—1 CuGy o ComGp)’

where ¢ is the local parameter corresponding to the exceptional divisor, and , is the proper
transform of (p. In other words, up to a multiplicative unit, {, (respectively, ;) pulls back to e
(respectively, £¢).

Recall that x;j, 1 <i < j <m, are the local parameters on V whose zero loci consist of z €V
such that D;(z) and D;(z) are conjugate points on C,. By Proposition 2.22 (SH»), one can apply
elementary row and column operations to the above matrix of ¢"P* and obtain

- 1 0 0 0 0 0 0
y . . oy %9 . %9
0 FRig-e FRiz-e -+ Rig—1-€ R G Foep1-€-CG - Rem-€-G|
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where &;; refers to the proper transform of «;;, which is equivalent to its pullback in this case.
Notice that, depending on the value of £ and m, some columns above may not exist.
Below, we analyze @"P! depending on the location of ¢, and ¢, on the core F' of C.

Case (A): qq is in general position. This means ¢, is neither Weierstrass nor conjugate to g.
Hence kq; with 2 <¢ </ are all invertible and so are their pullbacks. Therefore, the matrix of
©"Pafter further elementary column operations, can be rewritten as

8100-~-000---0
060 03¢ 0 - 0
If =2 (i.e. [DN R, =1), then the second column [0,&]?" does not exist and the matrix is
already diagonalized.
If >3 (i.e. IDNRy|>2), we observe that the remaining phases of (r;) do not affect this

chart, and the blowups in (r) that may affect this chart have the center Xs o (cf. Figure 2), which
locally is given by (e = (; =0). Therefore, after (r2), the pullback @™ of ¢ becomes diagonalized.

Case (B): q, and ¢ are a pair of conjugate points on the core F. Since F' is smooth, neither
gq NOT qp is a Welerstrass point of F', because of Lemma 2.14. Lemma 2.20 then implies that x;
with 2 <7</ —1 and kg with £+ 1 < k < m are all invertible and so are their proper transforms.
Therefore, the matrix of @"P1 after further elementary column operations, can be rewritten as

Loo--0 0 000
0 e 0 -+ 0 ikl 2 0 --- 0]

Ift=m=2 (ie. DN R, =|DNRp|=1), then only the first and the ¢th columns exist, and
the matrix takes the form
1 0
[0 fiw@] ’
which is already diagonalized.
If2=¢<m (i.e. 1=|DNR,| <|DN Ry|), then the second column [0, ]” does not exist and
the matrix takes the form
[E Q][l 0 Q 0 - 0}
0 5Cb 0 ng 5<b 0o --- of

The blowups in (r;p2) to (r1ps) do not affect the chart. In (r1ps), the locus ({, = 0) is blown up,
which does not yield anything new because the blowup center is a smooth Cartier divisor. The
blowups in (r2), (r3p2) and (r3ps) do not affect the chart either, whereas in (r3p1) and (r3py), the
blowup centers are locally given by

(Riy=e=0) and (fy=0_=0),

respectively. It is easy to check that after (rsps), the pullback @"P+ of ¢ becomes diagonalized.
If £>3 (i.e. DN R,| >2), then the second column [0, £]” exists and the matrix of P!, after
another column addition, takes the form

8100---0 o 0 ---0
0 0 O/%lngO---O'

The blowups in (r1p2) to (r1ps) and (r3p2) to (rsps) do not affect (the pullback of) the chart. In
(r2) and (rsp1), the blowup centers are locally given by

(6= =0) and PT(c=#ki=0),
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respectively, where PT refers to the proper transform. So after (rsp;), the pullback @™P* of ¢
becomes diagonalized.

Case (C): g, is a Weierstrass point on the core F. Since F' is smooth, ¢, and ¢, cannot be
conjugate, by Lemma 2.14, and hence k1x, £ < k <m, are all invertible and so are their proper
transforms. Taking Proposition 2.22 (SH3) into consideration, we see that the matrix of @"P,
after further elementary column operations, can be rewritten as

000000 -0
0 Fige €2 0 -~ 0 & 0 --- Of

If =2 (i.e. [DN Ry|=1), then the second and third columns [0, #12¢]? and [0,£2]" do not
exist, so the matrix is already diagonalized.

If >3 (i.e. [DNR,|>2), notice that the blowups in (rip2) to (r1ps) and (rsps) to (rsps)
do not affect (the pullback of) the chart. The blowups in (ry) may affect the chart only when
(y is not invertible (otherwise the matrix is already diagonalized), in which case the relevant
blowup center is (¢ =, =0). After (ry), on the new chart given by {, =&’ and € =¢’¢ (where
¢’ =0 defines the exceptional divisor obtained in (ry)), the matrix becomes diagonalized. On the
new chart given by € =¢’ and {, =¢'(}, the matrix can be written as

£ 071t 0 00 000 -0
0 ()20 g € 0 -~ 0 & 0 - 0

We remark that the third column [0, /|7 of the right-hand matrix above does not exist if £ =3
(i.e. [IDN Ry =2).

The blowups in (rgp1) do not affect this new chart locally. In (rgp2) (and (rsps) if £=3), the
blowup center is locally given by

(Fla=¢'=(=0) (and PT(k1a=(,=0) if £=3),

where PT refers to the proper transform. So after (rsp2) ((rsps) if £=3), the pullback of ¢
becomes diagonalized.

Ezample 3.11. Let zp=(C, D), where C is made of a smooth core curve F' with weight zero
and two smooth rational tails 77 and 75 with positive weights, attached to F' at ¢, and ¢,
respectively. Further, let 77 be made of a single smooth rational curve R,, and T3 be made of
three rational curves Ry, R. and Ry such that R; is attached to F and R, and Ry are attached
to Ry at two distinct points g. and g4, respectively; see Figure 9.

We assume that ¢, and g are in general positions on F'. In other words, they are not conjugate
points, and neither is Weierstrass.

By Proposition 2.22 (SH;), locally on some affine chart V containing the point 2y, we have

:|:(111Ca c11GCe d11GpCa ]
a21Ga  216pCe  d21GpCa )

where (, (respectively, (p, (¢, (4) is the node-smoothing parameter for g, (respectively, gy, Gc, q4),
and a;j;, ¢;; and d;; are invertible functions on V. Each of the omitted entries can also be divided
by Ca, (Ce, Or (pCq- Moreover, by Proposition 2.22 (SHy), the vanishing orders of 2 x 2 minors
of ¢ can be higher: under the assumption of this example, we have

ail ci1 a1 din ci1 din
det , det el'(0y;), det e'(oy).
¢ |:(121 021} ¢ [am dzJ (60), de [021 d21:| /Cb ()
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FiGUrE 9. The curve C' in Example 3.11.

In addition, if R, has weight greater than one, the 2 x 2 minors corresponding to the points of
DN R, may need to be taken into consideration, and these contain (2 as a factor. Similarly, the
term (2¢? (respectively, (?¢%) may need to be taken into consideration if R. (respectively, Rq)
has weight greater than one.

Here, we point out the following. In (rip1), for any zo=(C,w)€ MY whose core is of
weight 0, the farther the separating nodes are away from the core, the later the correspond-
ing parameters appear in the local equations of (the proper transforms of) the blowup centers.
For instance, in the above example, for the nodes ¢, and g that are closest to the core, locally
at zg,

((a :Cb:())

defines the first blowup center ﬁ(m) N V. After this blowup, on the chart given by (, =¢;, and
Ca = €pCa, the locus

(Cva:CCZCd:O)

locally defines the next blowup center, the proper transform of ﬁ(l,g,). This generalizes to all
separating nodes that are farther from the core, if any.

Going back to the current example, the rooted tree of this example is identical to that of
[HL10, Example 5.17]. The calculation within each phase of (ry) is also similar to [HL10].

More precisely, assume that R,, R. and Ry all have weight one. Then, using similar calcula-
tions to those of [HL10, Example 5.17] and then applying Proposition 2.22, one finds that after
(r1), up to switching the symbols ¢ and d, the pullback @™ of ¢ may take one of the following

forms:
ea™ 0 1 0 0 ea™ 0 1 0 0
0 6:11p1621p5€£1[35 01 Cd ) 0 g(rllplggps 01 Cd )
Elr)lpletrllpl 0 1 0 9 €r1p1€r1p1 01 0 .
0 PPl 0 1 &) N P |

wpnp |01 0
Egpgzp |:Cva 0 5;’)1P1]a

or |:€£1P1€21P1 0 :| |:O 1 0 :|
ripi _rip: _rips s ripi|»
0 g, Ec Eg Ga 0 g

where the e are local parameters corresponding to the proper transforms of the exceptional
divisors, the superscripts of ¢ indicate the corresponding phases in (r1), and ¢, and (g are proper
transforms of {, and (g4, respectively. Among the above seven possibilities of ", five are already
diagonalized; in either of the remaining two cases, the only blowup center of (ry) that may affect

6;’)1!31621!31 0 01 0
0 621P1€21P1621P5 1 0 5li’)1p1<d I
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@™ is locally defined by
(glr)lpl — éa — 0)’
and hence the pullback of ¢ after (ry) becomes diagonalized.

Next, consider the case when at least one of R,, Ry and R., say R,, has weight greater
than one. In such a case, by Proposition 2.22 (SHs), entries containing ¢? may occur in ¢. For
instance, one finds that after (rip;) (hence after (r1)), on the chart given by (, = ¢, and {, = £4(p,
the pullback of ¢ takes the following form:

- 1 0 0 0 0
“10 ea Gl Gla O
The blowup in (r2) that may affect this chart has the centers locally defined by
(ea=C=0) and PT(g,=C(.=(3=0), (3.28)

where PT refers to the proper transform. Globally the two loci correspond to Xso and Xo 3,
respectively; see Figure 2. (The derived tree in this case is labeled (3) in Figure 18.) Then,
following similar calculations as in (r), one finds that after (rg), the pullback of ¢ becomes
diagonalized.

Similarly, one finds that after (ry), the pullback of ¢ becomes diagonalized on other charts.

Ezample 3.12. Let zp=(C,D) be the same as in Example 3.11 but with one difference:
we assume that ¢, is a Weierstrass point of the core F' of C. Since F is assumed to be
smooth, ¢, and ¢, cannot be conjugate. We further assume that DN R, ={01,...,d;} with
k> 3.

After (r1), on the chart given by ¢, =&, and (, = £4(p, the pullback of ¢ takes the following
form:

1 0 0 0 0 0
“10 kioga €2 Gl GCa O -]
where £19 is the proper transform of k12 as in Example 3.10. The blowup in (ry) that may affect
this chart still has the centers locally defined by

(ea=(=0) and PT(s,=(.=(i=0).

Following similar calculations as in Examples 3.10 and 3.11, one finds that after (r2), on the new
chart given by e, =¢’ and (, =¢€'(}, the pullback of ¢ takes the form

[5’ 0 ] [1 0 0 0 0 O

0 ()20 k2 & ¢ {0

The blowup in (rgpz) that may affect this chart has the centers locally defined by
(Rio=€"=C¢=0) and PT(kpp=¢ =C=C=0). (3.29)

Therefore, after (r3p2), the pullback of ¢ becomes diagonalized.

€

Ezample 3.13. Let zp=(C, D) be the same as in Example 3.11 but with one difference:
we assume that g, and ¢, are conjugate points on the core F' of C. Since F' is assumed to
be smooth, neither g, nor g, is Weierstrass. We further assume that |D N Re| >3 for e =a, ¢, d.
Moreover, we assume that 61 € Ry, d9 € Rp and d3 € R..

After (r1), on the chart given by

Ca=¢€162, (p=¢€1, C(e=¢€1€2¢, and (q=c¢1€2(q,
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(i.e. locally one first blows up along (¢ = (, =0), then on the chart given by ¢, =1 and (q = e1Ca,
one blows up along (Ca = (. =(q=0) and considers the new chart given by Co = €9, (o =e9C. and
Cq =€2(y,) the pullback of ¢ takes the following form:

1 0 0 0 0

0 e1e2 Riole F13Cg 0 ---| (3.30)

E1€2

where £;; is the pullback of k;; as in Example 3.10. Proposition 2.22 (SH3) implies that
ki3=f'r2+9'G, == Fiz=fRi2+ge,

where f’, ¢/, f and g are some units.
The blowup in (r2) that may affect this chart still has the centers locally defined by

(62 :éc:éd:()) and PT(El :Cvczgvd:()).

Globally, these two loci correspond to the substacks X33 and X3 of ﬁ”; see (3.17) for
the notation and Figure 2 for an illustration. (The derived tree in this case is labeled (1) in
Figure 18.)

Following the order (3.18), we first blow up along (62 =(.=(;=0).

On the chart given by eg =¢’, {, =¢ C’ and (g = E’Cd, the second row of the pullback of ¢ can
be rewritten as

e1(€)?[0 er Fmall Ry -] = ()P[0 e Rioll (fRiztgen)ly - )

The remaining blowups in (rz), as well as those in (rgp;), that may affect this chart have centers
locally given by

PT(e1=C(=0=0)=(1=(=(=0) and PT(e1=ki2=0),
respectively. Therefore, the pullback of <,0 is diagonalized after (r3p1).

On the chart given by (. =¢’, g9 =¢€’&5 and {; = 6’Cd, the second row of the pullback of ¢ can
be rewritten as

e1(€)’[0 e1&y Fiz F3(y -] = e1(€)[0 ede Rz ey o .

The proper transform of (1 = Ce=Cy= 0) does not affect this chart, whereas the relevant blowup
centers in (r3pp) are

(52:52121%12:0) and PT(€1:IV{12:O),

respectively. Therefore, the pullback of ¢ is diagonalized after (rspy).

The argument on the chart given by {4 =¢’, €9 =¢€’&y and (., = &'’ is parallel.

At the end of this example, we remark that in (r2), if the order (3.18) were replaced by the
usual lexicographic order on Z x Z, then after the entire three rounds of blowups terminate, the
pullback of ¢ would fail to be diagonalizable on some chart. To see this, we blow up X2 3 prior
to X33 in this example. Locally, this means that the locus (51 =(=C= ) is blown up before
(69 =C.=C4=0). Then, on the chart given by e; =¢’, (. =¢'(’ and {y=¢ (d, the second row of
the pullback of (3.30) can be rewritten as

e2()[0 g2 R12C (fRz+ge)y -+ ]

After blowing up PT(eg == (3 =0) = (ea =, =, =0), on the chart given by (. =¢", e2 =
&5 and (; =¢€"(//, the second row of the pullback of ¢ can be further rewritten as

82(6/5//) [0 €9 K12 E/ég ]
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qc
q

FiGURE 10. The curve C' in Example 3.15.

The problem is that the locus (€2 =&’ = 12 =0), which must be blown up so as to simplify the
matrix above, does not correspond to any blowup center in (r3). Indeed, such loci lie deeply in
the intersections of the exceptional divisors from the previous steps, so it seems formidable to
organize them in a systematic way should such blowups be included. However, by introducing
the order (3.18) in (rg), such issues can be avoided nicely.

Ezample 3.14. Let zo=(C, D) € i)ﬁgi" be such that the core F' of C' is comprised of a smooth
rational subcurve B and a smooth genus 1 subcurve Co, meeting at two points p and ¢, the tail
of C is a smooth rational subcurve C, attached to Cy at q,, and D satisfies

DﬂB:{él,dg,ég}, DNCy =0, DﬂCa#@.

In particular, B is a (maximal) non-separating bridge Bl[p, q]. Such (C, D) lies over a general
point in ﬁ(g’Z); see Figure 1 for an illustration.

By Proposition 2.22, under a suitable trivialization, ¢ on a chart V containing (C, D) can be
written as

[1 0 0 00 -
0 fGp+9G f'G+9C G 0 -]

where ¢, and (4 are node-smoothing parameters corresponding to p and ¢, and f, f’, g, and ¢’
are invertible functions on V satisfying

det B ch,/} eT(0%). (3.31)

In (rip3), locally the blowup center is given by ({, = (4 = (4 =0), corresponding to (the proper
transform of) M3 5). When (r1p3) terminates, let y be a fixed lift of .

On the chart given by (,=¢, (= 5(}. and (5= eéq, the pullback of ¢ is obviously
diagonalizable near y.

On the chart given by (, =¢, (4, = e, and Cq= 5&1, the pullback of ¢ can be rewritten as

[1 O] [1 0 0 0 0

0 ] [0 f+9¢ fl+g/<q Ga O

By (3.31), f+g{y and f'+ ¢'¢; cannot vanish simultaneously, and hence the pullback of ¢ is
diagonalizable near y.

Ezample 3.15. Let 29 = (C, D) be such that C'= F consists of a smooth genus 1 curve C’ having
weight zero and an inseparable bridge Blp, q] made of three smooth rational curves R,, Rj and
R, that are all positively weighted. We assume that R, is attached to the genus 1 curve at p
and R, is attached to the genus 1 curve at q. Further, we write ¢, = R, N Ry and q. = Rp N Ry;
see Figure 10.
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F1GURE 11. The curve C' in Example 3.16.

By Proposition 2.17, using a point from each of DN R,, D N R, and D N R, we have

1 0 0 e

[0 f2€p + QZCch f3<p + 93€q e ] ’
where (p, (4 and (. are, respectively, the node-smoothing parameters corresponding to p, q and
de, while fa, f3, g2 and g3 are all units. In (r;ps), this point lies in the blowup center locally
defined by ({, = (4 =0). Then, one calculates and finds that after (ryp3), the pullback of ¢ on
any chart takes one of the following two forms:

1 0]t o - 1 0]t 0 0 -
R e R e R A

where va is the proper transform of (,. The above calculations generalize to all cases of ﬁ(&l)
(cf. Figure 1). Only the two nodes p and q in the maximal bridge B[p, q] play deciding roles in
the process of the blowup; the remaining node-smoothing parameters, such as (, and (. in the
above example, do not play a decisive role, even though they may appear in .

Ezample 3.16. Let zo = (C, D) be such that the core F' of C is made of two smooth genus 1
curves F1 and Fp, each of which is of weight zero, and the tails of C' consists of two smooth
rational curves R, and Ry, positively weighted and attached to Fy and F5 at points g, and g,
respectively. We write g = F N Fy; see Figure 11.

In such a case, ¢, and g, cannot be conjugate. We assume that neither of them is Weierstrass.
Further, we assume that the weights of R, and R; are both greater than one.

Then, by Proposition 2.22, locally on some affine chart V containing the point zy, we have

_ |: c11€a 0 s dlquCb C‘ICI? .. :|
216Ca CC2 v dnGy 0 -

where (, is the node-smoothing parameter for the separating node ¢, (, (respectively, ;) is the
node-smoothing parameter for g, (respectively, g;), and ¢;; and d;; are some units.

After (r1), on any small affine chart over zp, either the pullback of ¢ is already diagonalized,
or else, up to switching the symbols a and b, the pullback of ¢ may take the form

gq O 10 0 ---
0 c4gq] |0 €0 G ---

where ¢, and ¢, are exceptional parameters from (r;p;) and (r1ps4) (corresponding to g, and gq),
respectively, and ¢, is the proper transform of .

As in Case (A) of Example 3.10, one sees that after (rg), the pullback of the above matrix
becomes diagonalizable on any small chart over zg.

Ezample 3.17. Let zp = (C, D) be such that C is made of a smooth core curve F satisfying

FND={01,d62} and one smooth rational curve R attached to F' at a point ¢ # d1,d2; see
Figure 12.
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P

FIGURE 12. The point (C, D) in Example 3.17.

When 4§y, d are not conjugate, zg is already a smooth point of MMJY, so we study the case
when d1, do are conjugate.
By Proposition 2.22, locally on some affine chart V containing the point zg, we have

B [011 ciz c13C - }
P e e eanC

where ¢ is the node-smoothing parameter for the node ¢q. By Proposition 2.22 (SHs), under a

suitable new basis, this matrix can be represented as

[1 0 0 ]
0 K12 C

where 112 =0 defines the locus where D;(z) and Dy(z) are conjugate points on the curve C,.
In (r3ps), 2o lies in the blowup center locally given by (k12 = =0), so after (r3ps), one sees
that the pullback of the above matrix becomes diagonalizable on any small chart over zg.

4. Local diagonalizability of the structural homomorphisms on i’))vtgi"

4.1 Main statement and the structure of its proof
Throughout Section 4, Dﬁgiv denotes the final stack after the three rounds of blowups and

T 93%3‘” — MIY the projection. The following commutative diagram shows the relation between
the relevant stacks, where the horizontal arrow is given by (2.1).

aydiv
I,

N

div
I,

wt
R6)

In this section, we investigate the pullback ¢ of the structural homomorphism ¢ of (2.4)
locally. The main statement is as follows.

PROPOSITION 4.1. For every T € f)ﬁgiV, there exists an affine smooth chart 175 — ﬁgiv containing
Z so that the pullback @ of ¢ to V5 takes the form

z0 0 --- 0
0 2 0 --- 0

where z; and zy are both products of some smooth parameters corresponding to (the proper

with 21|2’2 € F(ﬁgﬂ,

transforms of) the exceptional divisors of the sequential blowups ﬁgiv — imgiv. Consequently,
¢ is diagonalizable.

70

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

DESINGULARIZATION OF MODULI OF GENUS 2 STABLE MAPS

Recall that in (3.6), there is a partition of 95" into five disjoint substacks:
wt __ mn mn mn mn mn
Proposition 4.1 will be proved depending on which of the above substacks contains w(z). More
concretely, throughout Section 4, we fix an arbitrary = € S)ﬁ‘zh" and write

T=(C, D=6+ +6n)=7(@) MV, 2=(C,c1(D))=w(T)cMy".

Based on the topology of F' and the locations of the points in D, we divide the proof of
Proposition 4.1 into the following cases.

Case A. z €9M™", satisfying one of the following:

1. the core F' of C is separable;

2. F is inseparable and deg DN F' > 3;

3. F is inseparable, deg D N F =2, and the elements of D N F' are not conjugate to each
other;

4. F isinseparable, deg D N F' =2, and the elements of D N F' are conjugate to each other;

5. F'is inseparable and deg DN F =1.

Case B. z € im’(ﬂg‘, satisfying one of the following:

1. degDNF > 3;

2. deg DN F =2 and the elements of D N F' are not conjugate to each other;
3. deg DN F =2 and the elements of D N F' are conjugate to each other;

4. degDNF=1.

Case C. x € iml(g‘)l, satisfying one of the following:

1. F is inseparable and deg D N F' > 3;
2. F is inseparable and deg D N F' =2;
3. F is inseparable and deg DN F = 1;
4. F is separable.

Case D. z ¢ im?%‘)l

Case E. z¢€ imr(qgl
We remark that Case E is the most complicated case. We need to introduce certain notation
and terminology before dividing it into sub-cases, so we postpone this until Section 4.12.

Remark 4.2. Let M be the image of Ma(P", d) in MY* under the morphism (1.6). Then N is
neither open nor closed in 93", For instance, consider M; ;y C IMY* as in (3.2); see Figure 1 for
an illustration.

« Every x € My 1) with weight-1 core, which occurs in Case D, is contained in 91. However,
every open neighborhood V, of  contains points of M4 1) with weight-1 core, which occurs
in Case B.4 and is not contained in 91. Therefore, 91 is not open.

« Every x € My 3) with weight-1 core, which occurs in Case B.4, is not contained in 9, but
every open neighborhood V, of z contains points of 91 whose domain curves are smooth,
and hence MF\N is not open.

Likewise, the preimage MY of 9 is neither open nor closed in imgiv. Therefore, although in
Proposition 4.1, &, could be replaced by its restriction to VNN it would be difficult to
construct a blowup N4 — NIV and to analyze the pullbacks of the structural homomorphisms.
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This is why in Proposition 4.1 we choose the base stack to be the entire 9M$¥, which is smooth
and has local parameters that are suitable for describing the structural homomorphisms, even
though the points of MY* satisfying Case A.5, Case B.4, or Case C.3 are not contained in M.

In Sections 4.2 to 4.16, we will prove Proposition 4.1 case by case.

4.2 Proof of Cases A.1 to 3

We begin with the three simplest sub-cases of Case A above.
PROPOSITION 4.3. Proposition 4.1 holds in Case B.1, Case A.2, and Case A.3.

Proof. Let V — MMJY be a small affine smooth chart containing z.
In Case A.1, let F} and Fy be the two genus 1 inseparable components of F'. Without loss of
generality we assume that

51, a1€F1, 52, as € Fy.

Then, by (the proof of) Proposition 2.23, the structural homomorphism ¢ is diagonalizable
on V.

In Case A.2, observe that an inseparable F' can still be reducible, for example if it is a
smooth rational curve attached to two distinct points of a smooth genus 1 curve. Nonetheless,
there always exist 4,0’ € DN F that are not conjugate to each other, for otherwise all the ele-
ments of D N F would lie on a non-separating bridge of F', which would imply that z € 93?1(331 In
addition, F' being inseparable implies that (54}, ([s,0.] € T'(0},) for s =1, 2. Hence by (the proof
of) Proposition 2.23, ¢ is diagonalizable on V.

In Case A.3, the argument from the preceding paragraph still holds verbatim.

Finally, observe that z is away from the blowup centers of S /9MIV, hence we can take
T =2x and ]75 =YV, which is an affine smooth chart. O

In the remaining cases, ¢ is always not diagonalizable on any neighborhood of Z, so we will
study how each phase of the three rounds of blowups affect the pullback of ¢ on a case-by-case
basis.

4.3 Local parameters for blowups

We continue with the setup in Section 4.1 and fix a small affine smooth chart V — 9
containing 7.

In order to tackle Case A.4, when F' is inseparable and D N F' consists of two conjugate points,
which we without loss of generality assume to be d; and d2, we first observe that §; cannot be
conjugate to any 6 € D\ F, for otherwise §; and hence d2 would be on a non-separating bridge,
which would imply that x € zml(ggl Thus, by Proposition 2.22, after suitable elementary row and
column operations, ¢ can be written as

|10 o --- 0
P10 ki Gayy o el
(Recall that (k12 =0) CV defines the locus where D;(z) and Ds(z) are conjugate, and that (5,
is the product of the node-smoothing parameters (, for all the nodes between d; and F'.) Since

deg DN F' =2, the modular blowups, up to the end of (r3pz), do not affect V. We thus do not
distinguish V and its pullback V"P> when (r3p2) completes.

(4.1)
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Recall that N (C) denotes the set of the nodes of C. By Proposition 2.17, k12 and {;, g € N(C),
form a subset of a system of local parameters on V. In order to analyze the pullback of the second
row of (4.1), we need to study how k12 and the (, change in (rsp3).

To this end, we introduce certain notation and terminology, which will be assumed throughout
Section 4. s .

Given a stack 97T and a closed substack Z C 901, let 91 be the blowup of 9 along Z, 7 : M — M
be the projection, and £ be the exceptional divisor. For every 91 C 9, we denote its proper
transform and pullback in 9t by

N=PT(MN):=xL(M\Z) and N:=x Y(N),

respectively. Here, ~ denotes the closure.

Assume that 991 has an affine smooth chart ¥V — 91. In addition, assume that (1,...,(. is a
system of local parameters on V), and
ZﬂVI{Q:'“:CgZO}.

Then, by writing
Gi=Comel(Opapy) Vielr], (4.2)
we have that every closed point 7 € £ N7~ 1(V) is in the form
F=(0,...,0,Cor1, - G [un, ..., ug)),
where [u1, ..., uy] denotes the homogeneous coordinate of P11, Let
Az ={ke[l]:u,#0} C[/]. (4.3)
Obviously, Az # ().

LEMMA 4.4. With T as above, there exists an affine smooth chart Vi C 7~ Y(V) containing T
such that

Gl¢ and PT{¢=0}NVi={(/G=0} VieAz jell.

Moreover, if i€ Az and j € [(]\Az, then Z]/ZZ is a local parameter on )75, vanishing at x; if
i,j € Az, then (;/(; does not vanish at =, and (j/¢; — ((¢;/¢) (%)) is a local parameter on V;.

Proof. Every point in V; is in the form (51, oG [u, ..., up]), so that
Guj=Cu Vi, jel.

Shrinking 17@: if necessary, we may assume u; does not vanish on 175 for all i € Az. Thus,
¢j = (uj/u;)¢ for all j € [¢]. This leads to the two statements in the display. The last statement
follows from a direct check. O

Let 95 be as in Lemma 4.4. For each i € Az, the zero locus of ZZ on 175 is the same as €N ]75
We select an arbitrary ¢ € Az and set

e=Gly. €T(0.).

COROLLARY 4.5. Let 175 be the affine smooth chart in Lemma 4.4. Then,

€ éj - <€j(5)>a JEMN}; (=

3

G;

€ [(\Az  and  §p:= G, ke [r]\[(] (4.4)
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form a system of local parameters on 179; Moreover, € and all Cj, J € [(]\Az, vanish at T, whereas
(j/€ does not vanish at Z for any j € Az.

Proof. By Lemma 4.4, € and (j, j € [f]\Az can be considered as local parameters. In addition,
it follows from a direct check that on 7=1(V), ¢} is a local parameter satisfying

{C=0}=PT{¢=0} Vke[r\[4.
Therefore, every regular function in (4.4) is a local parameter. It is straightforward that these
local parameters are independent, i.e. they form a subset of a system of local parameters.
To see the last statement, notice the display above (4.3) shows that (;(z)=0 for the

chosen i € Az, i.e. ¢(x)=0. In addition, for every j € [f], the last statement follows from
Lemma 4.4. U

We point out that 175 contains other local parameters describing the positions of points in
(' eEnV;s: Az =AMz} CENV;.

We will always denote by Ej, j €r], the pullback of ¢; as in (4.2), and by fj, je€r]\Az, the
proper transform of ¢; as in (4.4).

4.4 Locally tree-compatible blowups

Once again we go back to Case A.4. In the second row of (4.1), observe that (|5, divides (s,
whenever Ni5,) C N5}, so we only need to study those N5, that are minimal with respect to
inclusion among all Ni5,j, 3<j <m. Also observe that in the dual graph (in the usual sense;
cf. [HN25, Section 23.4]) of T, after contracting (in the usual sense of graph theory) the edges
corresponding to the core nodes, we obtain a rooted tree 7/ whose root corresponds to the core
of C. After further contracting every edge ¢’ of 7/ that has a vertex carrying at least one marked
point and lying between e’ and the root, the resulting rooted tree T has the following property:
each path of 7 connecting the root and a leaf corresponds to some minimal Njs; as mentioned
above, and vice versa. Therefore, in this subsection, we introduce certain terminology about
rooted trees that is needed for the pullbacks of .

Recall that in the usual language of graph theory, a tree refers to a connected graph whose
first Betti number is 0, and a rooted tree is a tree along with a selected vertex known as the
root. On the set F of the edges of a rooted tree 7, consider the partial order < given by e < ¢’
if any path containing the root and e must contain € as well. We call < the tree order of 7.
Notice that any elements ¢ and e” of E are comparable if and only if there exists e € E such
that e <€’ and e < €” hold simultaneously.

Conversely, any partially ordered set (poset) (FE, <) satisfying the above property, up to
isomorphisms of posets, uniquely determines a rooted tree ™ whose set of edges is E, and the
corresponding tree order is <. The maximal and minimal elements of £ are connected to the
root and the leaves of 7, respectively.

The poset description turns out to be more convenient for the sequential blowups, and hence
we utilize the following definition of rooted trees throughout the paper, which is identical to that
used in [HN21].

DEFINITION 4.6. A rooted tree is a finite (possibly empty) poset
T=(F, =),
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7 = {a,b,c,d, f,g,z} satisfying b,c,d, f < a; z < g.
E(7) = {¢, 3,8, 9}, where € := {a, g}, §:= {a,2}, & :={b,c,d, f, g}, H:={b,c,d,f, 2},

satisfying § < §F < &; H < & < €.

FIGURE 13. A rooted tree 7.

satisfying, for any ¢/, ¢” € F,
(¢ and " are comparable) <= (Je€FE st. ex¢€ and exe”). (4.5)

We call the elements of E the edges of 7, and the order < the tree order of 7. When the context
is clear, we identify 7 with F and simply write e € 7 to refer to an edge of 7.

The set max(7) of the maximal elements of 7 is called the root of 7. Each minimal element
of 7 is called a leaf of 7. The set of the leaves of 7 is denoted by min(7).

A root-to-leaf path is a linearly ordered subset of 7 that is maximal with respect to inclusion.

The edge-less rooted tree (), —) is said to be trivial and is denoted by 7.

The set of all rooted trees is denoted by T.

Two rooted trees are said to be isomorphic if they are isomorphic as posets.

Remark 4.7. Although we consider the rooted trees as posets instead of graphs, it is convenient
to illustrate them in the usual sense of graph theory; cf. Figure 13. The root, as per Definition
4.6, is exactly the set of the incident edges of the root vertex, which is labeled o (if needed).
When the context is clear, the root vertex can also be called the root, for conciseness.

We emphasize that the trivial rooted tree 7o, when visualized as a graph, is the edge-less
graph that has exactly one vertex, instead of the empty graph.

For every E' C 7, let
(E"ER = U {eeT:eRe} with R=<, <, =, and =. (4.6)
e'ck’
For instance, (E’)~ consists of e € 7 satisfying e < ¢’ for some €’ € E' (not necessarily all ¢’ € E’).
In Figure 13, for example, {a, g}~ ={b, ¢, d, f, z} and {b, 2}~ = {a, b, g, z}.
The following notion plays a key role in the local equations of the blowup centers of any
phase.

DEFINITION 4.8. Let 7 € T. A nonempty subset € C 7 is called a transverse section of 7 if it
meets either of the following two equivalent conditions:

« ¢ meets every root-to-leaf path of 7 at exactly one edge;

. ¢ is a maximal subset of incomparable edges of 7, i.e. every pair of distinct edges of & are
incomparable, and every edge of 7 is comparable with an edge of €&.

The set of all the transverse sections of 7 is denoted by =(7).

The set Z(7) is always nonempty as long as 7 # 7o, because max(7) € Z(7) and min(7) € E(7)
always hold.

The tree order on 7 induces a partial order, still denoted by <, on Z(7) such that for every
¢ ¢ e=Z(n),

(E<¢) = (E#¢) and (€C(¢)3). (4.7)

If 7 # 7o, then the greatest and least elements of Z(7) are, respectively, max(7) and min(7).
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For example, in Figure 13, we have
E(r)=1{¢,5,6,9}, where
@ = {a7 9}7 g:: {CL, Z}? 6 = {b7 C, d7 f?g}v 57) = {b7 C, d7 f7 Z}'

The partial order (4.7) is given by $ < § < € and $ < & < € in this case.
Let 7 be a rooted tree and V be an affine smooth chart of a stack 9. If there exists a system
of local parameters on V as follows:

{C.eT(Oy): eeT) U{¢eD(O)): s€S'}, (4.8)
then {(. €I'(Oy):ee 7} is called a 7-labeled subset of local parameters on V. In this case,
we set

e = H G Veer. (4.9)
e'>e

Every E C 7 determines a closed locus XE in ¥V by
XY ={¢=0:ecE} CV.

When the context is clear, we may simply write this as Xg.
With the notation as above, let

M —M and (k) :ﬁ(k) — M (4.10)
be the blowup of 9 successively along the proper transforms of a sequence of closed substacks
Zy, Ly CM

and the same blowup of I after the kth step, respectively. We may call 7 a sequential blowup
to emphasize that it is comprised of a sequence of blowups.

DEFINITION 4.9. Let 7€ T and 7 : 90t — 9 be as in (4.10). Then, 7 is said to be 7-compatible
on V if there exists a partition of =(7):

[1]

(1) =[] 2,

k>1

and a 7-labeled subset of local parameters on V such that:
(Cl) for every k>1,
Znv= J X¢;

CeEk(T)

(C2) if ¢ €=y (r), ¢ €En(7), and ¢ = " then k' < k”.

As Z(7) is a finite set, there exist only finitely many k € Z>o with Z; NV #0.

Locally, the blowup centers are naturally given by the unions of some X g as in (C1). Example
4.11 below will demonstrate this point.

The condition (C2) has three immediate conclusions. First, a 7-compatible blowup of V must
begin with X, ax(r), unless 7 is trivial (i.e. edge-less). Second, in each Zj(7), distinct elements
are always not comparable. The final conclusion is the following lemma, which shows that every
T-compatible blowup on V is always a smooth blowup of V, although certain blowup centers
Zr NV may be singular a priori (in fact, Z; NV is singular whenever |Ej(7)|>2). This is a
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crucial observation that guarantees that the final stack ﬁgi" proposed in Theorem 1.1 is a
smooth stack.

LEMMA 4.10. Let 7: 90 — 9 be T-compatible on V as in Definition 4.9. Then for each k > 1,
the proper transforms of the irreducible components X g of Z; NV after the (k — 1)th step are
all smooth and pairwise disjoint. Therefore, the proper transform of Z NV after the (k — 1)th
step is smooth, and hence the pullback of V after each step is smooth.

Proof. For distinct €, ¢ € Zi(7), € and ¢ are not comparable by (C2). Let
F=max(€¢U¢),

which is nonempty because € and ¢’ are nonempty as transverse sections. Distinct elements of

§ are incomparable because they are maximal elements of € U ¢'. Finally, for every ¢’ € 7, there

exist e € € comparable with ¢/, as well as €” € max(€U ¢') satisfying e < e’ (because €U ¢ is

finite). Therefore, if ¢’ <e, then ¢ <¢e”; if €’ - e, then €’ and e” are still comparable because of

(4.5). In sum, § satisfies the latter criterion (hence both criteria) of Definition 4.8, and hence

§ € E(7). Indeed, § is the least common successor of € and ¢ with respect to the order (4.7).
Since § C €U ¢, we have

XeNXe=Xeue C Xg

(Here, we drop the superscript V of the X¢ for conciseness.) The restriction of the normal bundle
of Xz in V to X¢ N X¢ can be written as

< @ (ﬁV(XeNX@mXE,))@( @ (ﬁV(XENX@mX@,))EB( @ (ﬁV(XeNX@mX@))»

eeFNENE’ eeFN(E\ &) ee3N(e\¢)
where the leftmost direct sum is in the normal direction of both X¢ and X/, while the middle
(respectively, rightmost) sum is in the normal direction of X¢ (respectively, X¢/) and the tangent
direction of X¢ (respectively, X¢).

Let h > 1 be such that Xz C Z;,. By (C2), h < k. The last paragraph implies that the proper
transforms of X¢ and X¢ become disjoint after Xz is blown up in the Ath step. The smoothness
of the proper transforms of X¢ and X after step h follows from direct computation; see [VZ08,
Lemma 2.3] for more detail.

Since we have shown that the blowup center in each step is smooth, the last statement of

Lemma 4.10 holds immediately. [l
For each k> and €&Zi(7), the exceptional divisor obtained by blowing up X‘@) is

written as
Ee Cmiy (V). (4.11)

By Lemma 4.10, these ¢, € € Z¢(7), are disjoint. Moreover, by a direct check, we see that each
Ee is transverse to the proper transforms of XX for all ¢’ € Zy/(7), k' > k. Thus, the proper
transform of £g in 771(V) is the same as its pullback, i.e.

e=Ee (Cn Y (V) VeEecZ(r). (4.12)

Finally, we comment that the notions of E¢ and Eg are intrinsic to V and 7. They are independent
of the choice of the 7-compatible blowup on V.

Ezxample 4.11. An example of locally tree-compatible blowups is the the blowup 53\/?‘1’” of the
Artin stack MY in [HL10], which is performed successively along the proper transforms of the
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€q €b
o

FIGURE 14. Rooted trees.

closed loci O, k=1, 2,.... Here, a general point of each O consists of a weight-0 genus 1 core
and k positively weighted tails. In other words, the O are the genus 1 counterparts of the ﬁ(l,k)
in Figure 1.

For every z=(C, w) €M}, let 7 be its terminally weighted tree in the sense of [HL10,
Paragraph 3.16]. Then, there exists an affine smooth chart V — 9} containing = such that the
set of node-smoothing parameters {(.}ecr is a 7-labeled subset of local parameters on V. Each
©,, satisfies

O,NY= U XY, where Zp(1) = {€ € Z(7) : |€] = k}.

EecE(T)
The stability of 9" implies that for every €, €’ € Z(r) with € = &', we have [€] < |¢'|. One can
thus check directly that the blowup successively along the proper transforms of ©1, 0, - - is

T-compatible on V, hence that the sequential blowup in [HL10] is locally tree-compatible.

We point out it is because of the stability of DMty that the above partition of Z(1) by
the cardinals of the transverse sections actually leads to a locally T-compatible blowup on V.
Generally, given an arbitrary rooted tree 7/, there may exist €, & € Z(7') satisfying & > ¢ yet
|€| = |&'|; see the leftmost diagram of Figure 14.

For a concrete example, consider the tree 7 illustrated in the rightmost diagram of
Figure 14. The sequential blowup of 9" determines a partition

E(r)={€r={eq, e} } LU {E3={eq,€c, €q}, (’Eg ={ep, ef,eqt} U{Cs={er,eg,ec,eq}}  (4.13)
such that
0:NV=XY, O3NV=XY UXY, ONV=XY, €~ C;, ¢~ ¢y,

thus (C1) and (C2) in Definition 4.9 are satisfied. Notice that ©3NV = X¥ U Xg/s has normal
crossing singularities at X ]éa NnX & (= X}j ). Nonetheless, after blowing up along X 52, the proper
transforms of X gS and X gg are smooth and meet the exceptional divisor ¢, at the loci given by
{[tua, up) = [0, 1]} and {[uq, up] =[1, 0]}, respectively, hence they become disjoint. Here, [ug, up)
denotes the homogeneous coordinate on P! satisfying Zea up = gebua.

As this example reveals, given a blowup center Z; and a chart V, Z; NV is possibly a union
of X¥ for some &€ Z(7). This explains (C1) of Definition 4.9. Nonetheless, this example also
demonstrates that the proper transform of each blowup center Z; becomes smooth after the
(k — 1)th step, which is proved in Lemma 4.10.

Ezample 4.12. In Definition 4.9, (C1) implies that the partition of Z(7) is solely determined by
the sequence of the blowup centers Z, k> 1. As suggested by the following example, however,
the same blowup 9t/9% may be achieved by choosing a different sequence of blowup centers,
which may yield a different partition of Z(7).
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F1GURE 15. An example of grafting.

Let ¥V — MY and 7 be as in Example 4.11. In this example, we take the base stack 90 of
Definition 4.9 to be V instead of 9M}"*, and consider V/V, the restriction of the blowup ﬁﬁvt /Oy
to V. From Example 4.11, we already know that % /V can be achieved by blowing up V along the
proper transforms of ©2 NV, ©3NV, and ©, NV successively, which gives the partition (4.13)
of Z(7). On the other hand, notice that V/V can also be achieved by blowing up V successively
along the proper transforms of X &, X gg, X ggv and X ¥4, where the four transverse sections are
the same as in (4.13). This also determines a partition of Z(7) given by

E(r) ={&}u{estu{es} u{e,},
which is different from (4.13).
It is straightforward to show that the above two sequential blowups are both 7-compatible

on V, and indeed yield the same ]7/]) As €3 and €} are not comparable, this example, in
particular, shows that the converse of (C2) need not be true.

At the end of this subsection, we describe a sequential blowup induced from a 7-compatible
sequential blowup on V. This is related to the modular blowups in (r3) and is needed for proving
many cases of Proposition 4.1, including Case A.4.

For every rooted tree 7 = (E, <), let gr(7) be the rooted tree

gr(t) = (EU{eg}, 2),

where < is the relation on gr(7) given by the tree order on 7 as well as the following: every e € E
is not comparable with eg,. One can check directly that < is a tree order as per Definition 4.6,
and that ey is both maximal and minimal. The rooted tree gr(7) is uniquely determined by 7
(up to an isomorphism of rooted trees).

Intuitively, gr(7) is obtained from 7 by grafting a new vertex to the root via a new edge eg;.
An example is illustrated in Figure 15.

Assume 7: 90— 9 as in (4.10) is 7-compatible on V. A blowup

Tgr : Mgy —> M

successively along the proper transforms of closed substacks Zg, 1, k=1,2,..., of M is called a
grafted blowup with respect to m on V if there exists a local parameter (, such that {(.:e €
7} U {(er} is a subset of a system of local parameters on V, and

Zgkn V= |J X, YE>1
E€EL(T)

Observe that for each € € Z(7), we have € U {eg} € Z(gr(7)); conversely, every ¢ € =(gr(7))
must contain eg,, and ¢ \{eg} € Z(7). This leads immediately to the following statement.
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LEMMA 4.13. Let 7: 9 — 9 and Tgr ﬁgr — M be two sequential blowups, and V — 9 be a
small affine smooth chart. If m is T-compatible on V, and g, is a grafted blowup with respect
to m on V, then mg, is gr(7)-compatible on V.

4.5 Root-to-leaf sequences, dominant edges, and the proof of Case A.4

We continue with the notation from Section 4.4. Let 7 : 9t — 9 be the blowup in (4.10) and
7€ T. Assume that 7 is 7-compatible on V as per Definition 4.9. For every €€ Z(7), we still
use ¢ to denote the proper transform of the exceptional divisor g in (4.11), which, by (4.12),
is the same as the pullback of Eg.

_ In this subsection, we fix 7 € XY CV (ie. ((z)=0 for all e€7) as well as a lift T of 2 in
V=n"1(V). If 7 =7,, which implies that Z(7) = (), then the blowup centers do not meet V, so
the blowup of V is equal to V.

If 7 # 7, then

E:={CcZ(r): T€&¢} (4.14)
is nonempty.
LEMMA 4.14. Assume T # 7,. Then we can order the elements of E so that E={€y,..., &},
satisfying
€ - =€y and | J & =¢ Vie[m)] (4.15)
i€[k]

Hereafter, we call E the root-to-leaf sequence (RLS) of #, and treat E both as a subset of
Z(7) and as a finite sequence of the elements of Z(7), should no ambiguity occur. The notion of
RLS can be generalized to the 7 = 7, case, in which we set m =0 and call () the RLS of 7.

Proof of Lemma 4.14. We will begin with an inductive construction of a sequence &y, ..., €y,
satisfying € (;cim Ee, as well as (4.15). We will then prove T ¢ g for any other & € Z(7).

First, notice that any T-compatible blowup on V must begin with the blowup V along XXlaX(T).
More precisely, in Definition 4.9, by setting k1 :=min{k > 1:Zx(7) # 0}, we see that =, (1)
contains the root max(7) as its unique element, because max(7) is the greatest element of Z(7).
By writing

i€[m

¢ = max(7),

we have ¢&; = Qfli. In addition, since z € XY C Xgl, we have T € 5}1, which is equivalent to 7 € E¢,
by (4.12).
Next, assume that we have constructed €; - - - - = € satisfying z € ;¢ €e, and U;epy € =

@% for some k> 1. We denote by hj the unique step of the sequential blowup such that & €
En, (7). Recall that ) : M, ) — M denotes the blowup after the hyth step. Let zx be the
image of = in M3, ). By the inductive hypothesis, we have zj € £¢,. We thus define
Af,k C @k
analogously to (4.3), with @ and [¢] in (4.3) replaced by zj and &, respectively.
o If Az, Nmin(7) # (), we simply set m =k and E={&y,..., €}.
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o If Az, Nmin(7) =0, then for every e € Az i, the set {e}~ (={e’ € 7: ¢’ <e}) is nonempty.
Let

Cpp1 = (€ \Az ) U |_| max ({e}7). (4.16)
GGAE,)C
We claim that this is the (k + 1)th term of the proposed sequence &, ..., &y,. Indeed, by
a direct check, we have
- - =
€1 €E(1), Cpp <€, and | & =€ UE =€
i€lk+1]

To see that x € g@k .., hotice that on a small neighborhood i}gk of X, the proper transform
X€k+1§(hk) of X¢,,, is given by

Xeporitne) N Vi, = {Cie =01 e € Ep1},

where the local parameters fk;e are analogous to (4.4). By the last statement of
Corollary 4.5, we have (. for all ee &, \Az; in addition, for every e€ Az, and
¢/ € max({e}~), we have ék;ef = &;e/ =0, where Ek;e’ is the pullback of (. to 17@ In sum,
we obtain Ty, € X€k+1;(hk), which implies = € g@kﬂ.

It remains to show that, for every & € Z(7)\E, we have T ¢ £¢. To see this, we claim that
there exists j € [m]| satisfying
¢ =€ and Az;NE#D. (4.17)
Indeed, the set {¢' € E: ¢ = ¢} is nonempty because ¢; =max(7) € E; we take €; to be the
least element (w.r.t. the order in (4.15)) of this set. Then, &; = € but €;;1 ¥ €.

« If j <m, then Az ; = €;\&; 1. So if Az ; N €=, then by (4.16), we would have &;; = €&,
contradicting the fact &, % €. Therefore, Az ; N € # (.

« If j =m, notice the inductive construction of &, ..., & implies that Az 5, N min(7) # 0.
For any €’ € Az, Nmin(7), we have €’ € € because €' is minimal and € < &;. Therefore,
Az iNEFED.

Now that (4.17) is established, consider the aforementioned lift z; of « and its neighborhood
Vz,- On Vg , the pullback of X g takes the form

{EjZO; fj;e:0Ve€(’3\A5,j} C {8]':0}:867.0]7@, (4.18)

where the local parameters ¢; and (vj;e are analogous to (4.4). Therefore, the proper trans-
form of XY is empty on Vz,, hence does not contain z;, the image of  on 9M;,). Therefore,

T¢Ee. O
The inductive construction of &y, ..., &, in the proof of Lemma 4.14 implies, in particular,
that

AzmNmin(7) #0 (= Em Nmin(7) #0).
DEFINITION 4.15. The edges in
Az = |_| Az; and Agﬁn = Az Nmin(7) (= Az m Nmin(7))

1€[m]

are called, respectively, the dominant edges and dominant leaves of .
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Here, recall that the leaves of a rooted tree refer to the minimal edges, as per Definition 4.6.

For every k € [m], the exceptional divisor £g, is the zero locus of a local parameter ¢ on an
affine smooth chart V;, containing xj. The proper transform Ee, is thus the zero locus of a local
parameter £ on an affine smooth chart V~ containing .

LEMMA 4.16. Let 7, V, and 7:9MM M be as in Lemma 4.10, e Y(XY), and E=
{€1,...,€m} be the RLS of z. Then:

(1) for each i€ [m], ¢; can be taken as the pullback Ce, EF(ﬁ’%i) of (e, € '(Oy) with an
arbitrary edge e; € Az ;;
(2) for each i€ [m], & can be taken as the pullback €; of &;;
(3) there is an affine smooth chart Vy C 7~ (V) containing ¥ such that
3 . Ce Ce -
e Hie[m} s.t.e€€; €i (Hie[m] s.t. e€€; & (w)), e€ha\len o em);
Cor €€Cm\Agm; C=C e€€ls (=( ses)
form a system of local parameters on )75, where (s, s € S, are as in (4.8); and

(4) &, i€ [m], and (., e € ((Em\Az.m) U €Z) all vanish at 7, whereas C/( [Licpmyst. e, €i)
does not vanish at T for any e € Az\{e1,...,em}.

Proof. The statements (1), (3), and (4) can be deduced from Corollary 4.5. The statement (2)
follows from (4.12). O

The next statement plays a crucial rule in analyzing the change of the structural homomor-
phism ¢ throughout Section 4. Let 7, V, w, =, E, and V; be as in Lemma 4.16. With the functions
(e as in (4.9), we write

C[e]_ﬂ- HC@’EF Op.) Veer.
e're

PROPOSITION 4.17. With the notation as above, there exist invertible functions u. € I'(0% ),
e € &, such that :
EM =Ue- &1 -Em, (respectively Z[e] =U. &1 Em - ée)
for every e € Az (respectively, e € €\ Az ). In particular, E[GH 5[6,] for all e € AR and €' €
min(r).
Proof. By (4.16), we have Az j, = €\ €1 for any k € [m — 1]. Along with the equality in (4.15),
this implies

ke[m]

Hence for every e € €5, by applying Lemma 4.16 and the middle equation in (4.4) repeatedly,
we obtain

= u,e HzG[m]st ece; & ifee I_lke[m] A%’]ﬁ
:'-3 Ce ) Hze [m]s.t. ec€; & ifee @m\Af7m;
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where ul, € ['(675; ). This gives rise to the formulae for all Z[e], e € €. The last statement then

follows from the fact that A £ (), O

Remark 4.18. The statements of Proposition 4.17 are consistent with the displayed formulae in
the paragraph after [HL10, (5.23)], but are more precise. In [HL10], it suffices to know the last
statement of Proposition 4.17.

Now, we are ready to prove Case A.4.
PROPOSITION 4.19. Proposition 4.1 holds in Case A.4.

Proof. At the beginning of Section 4.3, we already observed that the blowups in (r1p1) to (r3p2) do
not affect V, and hence we can identify V with its pullback VP2, The structural homomorphism
takes the form of (4.1), where k12 and (;, ¢ € N(C), form a subset of a system of local parameters
on V. Moreover, we only need to study the case when

m >3,

for otherwise (4.1) is already diagonalized, and (rsps) to (rsps) do not affect V either.

Next, we interpret the rooted tree of the first paragraph of Section 4.4 using the language of
Definition 4.6. Intuitively, the underlying set of the rooted tree is the union of those N5 with
0 € D satisfying the condition that ¢ is on a tail and there is no other ¢’ € D on the same tail
that is closer to the core F' than §. More precisely, we set

Dy :={6 € D\F : N is minimal w.r.t. inclusion among all Ni5j, §' € D\F'},
E:i=|J Ng (cN()). (4.19)
0€Dim
Here, the subscript of Dj_p, is short for ‘inclusion-minimal’; see Definition 4.20 below. The set E
is the underlying set of the proposed rooted tree.

Recall that we have assumed that DN F ={d1, 02} and m > 3. Since J3,...,d,, are all on
tails, we have N5 # () for any 3 <i <m, thus E # (). On the set E, consider the relation < given
by e < ¢’ if and only if any connected subcurve of C' containing F' and e must contain ¢’. The
fact that F' is of arithmetic genus 2 guarantees that < satisfies (4.5), i.e.

= (F,=x) (4.20)

is a rooted tree, whose root-to-leaf paths are exactly N5, 0 € Diy. In Figure 16, an example of
such a constructed 7o of a point T satisfying the hypothesis of Case A.4 is provided.
As described in Section 3.5, the blowup centers of (r3ps) locally are given by

HP VP =1, V= ) {k2=0; ¢ =0Veee}
@eEk(TQ)
where Zj(m) = {€ € E(n) : |€| = k}. (4.21)

One can thus check directly that, on V, (r3ps) is a grafted blowup with respect to a To-compatible
blowup of V, hence, by Lemma 4.13, (rsp3) is gr(m)-compatible on V, where the grafted edge
corresponds to k12. Then, by Proposition 4.17, after (r3p3), we have either:

o K19 divides all E[e], e € min(7y), hence divides all 5[51,], 3<i<m;or

« there exists e € A" (C min(72)) such that Z[e} divides K12 as well as all Z[e,], ¢’ € min(7z),

hence there exists 3 <i <m such that (s divides k12 as well as all (5,), 3<j <m.

In sum, the pullback of the matrix (4.1) becomes diagonalized after (rsp3) finishes.
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0 x : points of D

0 > conjugate

z=(C,D) T2

FI1GURE 16. An example of the rooted tree 7 in Case A.4.

Finally, by Lemma 4.10, we see that the pullback VraPs of V) is smooth. In addition, since the
blowup centers of (r3ps) lie in the exceptional divisors of (r1ps), and (rips) does not affect V, we
conclude that the pullback of V in E)ﬁd“’ is equal to V'3p3 hence is smooth. [l

We remark that in (4.19), the reason for choosing minimal sets N5 is the same as that for
introducing the terminally weighted trees in [HL10, Section 3| (except that here the core is of
weight 2 instead of 0): if Nj5) C N5, then (|5 divides ([5) in (4.1), hence C 5] divides C 5/]- In order
to distinguish the minimality with respect to inclusion from other types of minimality, e.g. with
respect to the tree order on a rooted tree, we introduce the following notion for later use.

DEFINITION 4.20. Given a set I of sets, we say that NV € I is inclusion-minimal if it is minimal
with respect to the inclusions of subsets among all N’ € I.

4.6 Proof of Case A.5, Part I

We continue with the setup in Section 4.1 and fix a small affine smooth chart V — imgi" containing
T =(C, D). Recall that the image of Z in 9MY* is denoted by =.

Now we aim to prove Case A.5 of Proposition 4.1, when F' is inseparable and D N F' consists
of one point, which without loss of generality is assumed to be d;. Such a point Z € 93?%“" is pos-
sibly the image of a point of the boundary of M(PP", d), e.g. when the core F of C consists of
three smooth rational subcurves C1, Cy and Cs, satisfying C1 N Cy ={eq, ea}, C3NCy ={es, eq},
€1, ...,eq are all distinct, DNC; =D NC5=0 (there are tails attached to C; and Cj5 by sta-
bility), and D N Cy = {d;}. As mentioned in Remark 3.3, such ¥ must be considered in order to
resolve the entire Ms(P", d).

By Proposition 2.22, the structural homomorphism can be written as

1 0 c. 0
0 H12C[52} T HlmC[(Sm]

Since x € M™" and deg D N F =1, the phases (r1p1) to (r1ps) do not affect V. Moreover, we only
need to study the case when

(4.22)

m > 3,

for otherwise (4.22) is already diagonalized, and (r1ps) to (rsps) do not affect V either.
By defining the subsets Di,, C D and EC N(C) in exactly the same way as (4.19), and
defining the relation < on E given by e < €’ if and only if any connected subcurve of C' containing
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x : points of D

z=(C,D) T1

F1GURE 17. An example of the rooted tree 7 in Case A.5.

F and e must contain ¢/, we see that

1 :=(FE, x) (4.23)
is a rooted tree, whose root-to-leaf paths are exactly N5, 6 € Dip. Although the constructions
of 71 here and 79 in (4.20) are analogous, we emphasize that Dj, C {d2,...,d¢} for 71, whereas
Dipy C{d3,...,00} for 7. An example of 7 is illustrated in Figure 17.

Mimicking the argument of the proof of Proposition 4.19, we see that (rips) is 7-
compatible on V, with the partition =(71) = ||, Zx(71) still given by Zp(11) ={€ € Z(1) : [€] =
k}. Lemma 4.10 then implies that the pullback Vrips of V is smooth.

After (rips), we fix an arbitrary lift y € VP> of 7, as well as a small neighborhood V), of y in
yres, By Definition 4.15, there exists ¢ > 2 such that N5 C Ay, i.e. every node lying between
d; and the core F' is dominant; such ¢; is naturally contained in Djp,. For convenience, hereafter
we write

D(A,):={6 € D\F: Nis) C Ay} (={deD:i>2, Nis,) C Ay}). (4.24)

If in addition, there exists §; € D(A,) that is not conjugate to d; (i.e. k1; is invertible as V' is
assumed small), then by Proposition 4.17, on V,, the ith entry of the pullback of the second row
of (4.22) divides the other entries of the second row, and hence the pullback of ¢ is diagonalized
after (r1ps). Moreover, (r2) to (rsp2) do not affect ¥V, because (rip1) does not affect V; and (r3p3)
to (raps) do not affect V, because d; is not conjugate to d;. Therefore, the pullback of V, in ﬁgi"
is equal to V,, hence is smooth. In sum, we have established the following.

PROPOSITION 4.21. Proposition 4.1 holds in Case A.5 if there exists 6 € D(A,) that is not
conjugate to the point DN F'.

If ¢; and ¢; are conjugate for all §; € D(A,), then (r3p3) is involved (and so is (rsp4) if such ¢
is unique). We shall deal with this situation in the following two subsections, which will complete
the proof of Case A.5.

4.7 First-order derived trees and the proof of Case A.5, Part II

We continue with the proof of Case A.5 under the setting of Section 4.6. Recall that we have
already assumed that DN F'= {01}, and fixed a lift y of = (C, D) as well as a small neigh-
borhood V, of y in V"*Ps. The RL-sequence of y is written as E={€y,..., €y}, and the set of
dominant edges of y is denoted by A,.

To complete the proof of Case A.5, it remains to handle the case when d; and §; are conju-
gate for all §; € D(A,). We will tackle the complicated |D(A,)| =1 sub-case in the succeeding
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subsection; in this subsection, we assume

[D(Ay)] = 2.
Without loss of generality we further assume D(Ay) = {02, ..., ¢} for some £> 3.
The above assumptions imply that there exists a unique tail T' containing &s, ..., dy, for

otherwise there would be multiple tails whose pivotal nodes are conjugate with 1, which could
only occur when these tails and d; are on a non-separating bridge of F', and hence the image of T
in MY would belong to fmgggl instead of 9™, contradicting the hypothesis of Case A. Therefore,

neither 6; nor the pivotal node p (= (9;) for all 2<i</{) of T is on any non-separating bridge

of F.
By Proposition 4.17, under a suitable trivialization, the pullback of (4.22) can be written as
e [ 1 0 1 0 --- 0 0 0
Yo er[m] Ex | |0 R - R Riea HeeN[éHl]\Ay Ce = FKim HeeN[ém]\Ay Ce |

Here, the & are the local parameters corresponding to the proper transforms Eg, of the
exceptional divisors obtained in (r1ps); see Lemma 4.16.

Recall that for every i € [m], Nis,ns, = Njs,) N N5, as in (2.11). Hence by Proposition 2.22
(SHj), there exist invertible u; and v such that

Fg =l - K1 + v, - H €k, where [m] BuA8,] = {k €[m]: Nisps, N EL # 0}. (4.25)

ke[m]mmi]

In addition, by (4.24), we have

N\, =0 V2<i<t. (4.26)
Therefore, after taking elementary column operations, we can rewrite the second row of
S“D’flps as
(H€k>[0 Fiz ny o 1 Whereng::( H ék>< H Cve>
k€[m] ke[m][52m,i] e€Ns; 1\ Ay

Since d9 is an arbitrary point of D(A,), there should be a way to rewrite the second row of
@"Ps g0 that the terms are independent of the choice of d9 (after suitable elementary column
operations). This follows from the lemma below.

LEMMA 4.22. There exists 3 < j < /{ such that

(Nap@ag =) [ N =Nis.na,)-
SeD(A,)

Proof. Notice that the left-hand side of the above equality is equal to ﬂf:g (Nis,) N Nig,p)- In
addition, notice that, given three smooth points 4, ¢, 8", one of Ni5 N Ni5) and N5 N N5 must
contain the other as a subset. Therefore, N :={Nj5,) N Ni5;) : 2 </} has a natural linear order
given by the inclusion of subsets. As NJ is a finite set, there exists 3 < j </ such that N (52] N Nis,)
is contained in any element of Nj. Then,

¢ ¢
() Nsg =] (Nis) 0 Nis)) = Nisi N Nig,] = Nigin, )
i=2 i=2
where the last equality follows from (2.11). O
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Let
m];\pea,y = {k € [m]: Njipa,) M€ #0},

[m][di/\D(Ay)} = {k‘ € [m] : N[&] ON[/\D(Ay)} N & 7'5 @} C [m][/\D(Ay)}, V2<i<m.

By Lemma 4.22 and (4.26), there exists 3 < j </ such that

= I &= 1] &

ke[m][Sj/\D(Ay)] ke[m}[/\D(Ay)]

Moreover, for every 3 <4 <m other than j, either:

* Nis,ns,) D Nis,ns,), which, by Lemma 4.22, implies that 7/[n;; or
* Nis,n6) & Nis,ns,], which, also by Lemma 4.22; implies that

(1 ) me)
k€[m], e€EN5,1\ Ay

5, AD(Ay)]

(4.27)

So, under suitable elementary column operations, we further rewrite the second row of

(5"1 Ps a5

k€[m] [6;AD(Ay)] e€N5; 1\ Ay

(H 5k> [0 12 73 -+ T ], whereni::<k€[m}H 5k>< 11 g) (4.28)

By Proposition 2.17 (ii) and Lemma 4.16(3), we see that &2, &, k € [m], and (., e € N5 \Ay,
3 <i <m, together form a subset of a system of local parameters on V,. Since |[D N F| >0 and
|D(Ay)| > 2, we conclude that (rz) to (r3ps) do not affect V,. Like we did for Case A.4, we
aim to construct a rooted tree o, whose root-to-leaf paths are exactly those inclusion-minimal
M5 apa,) U (Ve \Ay) among all 3<i<m, and to show that (rsps) is gr(ey)-compatible

on Vy.
We begin with g,. In a similar way to (4.19), we set

Dy :={6 € D\F: [m]i5, pa,y U (Vi5]\Ay) is inclusion-minimal among all
[m]i5 apa,) U (Vs \Ay), 2<i<mj}.
It is straightforward that D, ;. C Dip. So by writing

By = U (m]isapea,y U (Vs \Ay)),
5€Dy,i.m

we see that the subset Ey\[m];, pa yj is also a subset of the underlying set of the rooted tree 7;

of (4.23). On Ey, consider the partial order =<, determined by:

« for every k, k" € [m](, p(n ) k <y K" if and only if & > &';

« for every e, e’ € Usep, . (Ni5j\Ay), e =y € if and only if any connected subcurve of C

containing F' and e must contain €’; and

. fOI‘ every k/' € [m] [/\D(Ay)} and ec UéeDy,i-xn (N[(S}\Ay), e {y k lf and Only lf ec (N[/\D(Ay)] N

€p) " in 7.

One can check directly that <, is a tree order on E, as per (4.5). We call the rooted tree

oy = (Ey, 2y)
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possible gy

| 9 1 1 " ! I !
€c €d | I | [ €c €d 1, | | 2 €d |
| e ! | e [ [ ! I !
€q €p 1 €d | 1 €d , 1 €p 1, €a 1 , €a 1 1
o . T 4 s i U |
-
e e (&
2 €d 1 €d 2 €d 1 €a
0y,2 Oy,1 0y,2 Qy,1

FiGurke 18. First-order derived trees in Example 4.23.

the first-order derived tree at y. Notice that restriction of the tree order <, to Ey\[m],p )
is consistent with the restriction of the tree order of (4.23). Also notice that the root-to-leaf
paths of g, are exactly those inclusion-minimal [m] :AD(A,)] U (N5, \Ay) among all 2 <i <m;
in particular, [m];, (A ) is a root-to-leaf path of gy.

In the following example, we provide an illustration of the notion of first-order derived trees.
The rooted trees labeled as 9,1 and g, 2 in Figure 18 are irrelevant here; they will be introduced
in Section 4.14.1.

Ezxample 4.23. Let 7 be the rooted tree given by the leftmost graph in Figure 18, whose root
is {eq, ep} (i.e. the root vertex o is the lowest one). As in Example 4.11, 7 has two transverse
sections:

@1 - {6a7 eb} >~ e2 = {ea; € ed}-
Given 2 € XY as well as y lifting Z, we analyze oy for all possible RLS E and A, of y.

(1) If Ay={eq, e} and E={€, €}, then g, is given by Graph (1) of Figure 18.

If Ay={eq,ep} and E={&}, then g, is given by Graph (2) of Figure 18.

If Ay={e,} and E= {&;}, then p, is given by Graph (3) of Figure 18.

If Ay={ep, ec,eq} and E={&, E}, then g, is given by Graph (4) of Figure 18.

If Ay={ep,e.} and E={&, €} then g, is given by Graph (5) of Figure 18. The case
when A, = {ep, eq} and E = {€, €} is parallel.

(6) In all other cases (e.g. Ay = {eq,ep, ec} and E={€&;, E2}), o =Te because Niapa,) =9

In order to show that (rsps) is gr(oy,)-compatible on V,, first notice that each transverse
section € of p, contains a unique element k¢ € [m)] AD(A,)]? and determines a transverse section

¢V = (€\{ke}) U (Njap(a,) N Cke)

of the rooted tree 71. Since (€\{ke}) C (11\A,), we have €” < €, , hence |€] = |€Y[ > [&, .
For every 1 <h <h/, with Qp as in (3.27), we denote by Qp 5 its proper transform after
(r1ps). Then, one can check directly that

OQppw NV = U {R12=0; &xe = 0; {c =0V e € €\{ke}}. (4.30)
€eZ(0,) .t | € |=h, |€]=H/
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This gives rise to a partition of Z(p,), hence of Z(gr(o,)). Observe that for every &, & € =(o,)
with & - ¢, either we have k¢ >, ke/, i.e. ke < ke’, hence | €, | < |€,, |; or we have kg = ke and
¢V = (€)Y in E(71), hence |€| =|&Y| < |(¢")V| = |€'|. Therefore, the above partition of Z(gr(oy))
satisfies Definition 4.9, i.e. (r3ps) is gr(oy)-compatible on V.

So after (rsp4), Proposition 4.17 implies that either the pullback of &j2 or the pullback of
some 17;, 3 <i < m, divides the other terms of the second row of the pullback @"P+ of o"Ps i.e.
©"P is diagonalized. Moreover, Lemma 4.10 ensures that the pullback of V, is smooth after
(rsps). To summarize, in this subsection, we have established the following.

PROPOSITION 4.24. Proposition 4.1 holds in Case A.5 if |D(A,)| > 2 and every point of D(A,)
is conjugate to the point DN F.

4.8 Proper transforms of blowups and the proof of Case A.5, Part II1

4.8.1 Proof of Case A.5, Part III, up to (r3p3). We continue with the proof of Case A.5
under the setting of Sections 4.6 and 4.7. In particular, recall that we have assumed that D N F =
{61}, and fixed a lift y of = (C, D) as well as a small neighborhood V, of y in VP>, The RL-
sequence of y is written as E={€,..., &y}, and the set of dominant edges of y is denoted
by A,.

In this subsection, we aim to show the only sub-case of Case A.5 that has not been established,
namely when |D(A,)|=1 and the point of D(A,) is conjugate to §;. Without loss of generality
we further assume that D(A,) = {d2}.

Under the above assumptions, the pullback @"Ps of the structural homomorphism ¢ is
analogous to that in Section4.7, but simpler:

- 1 0 1 0 0 --- 0
rps . . , 4.31
v [0 [Tkem] Ek] [0 Riz M3 - ﬁm} (4.31)
where 7n;:= ( H Ek > ( H ée ) .
ké[m][@msi] eEN(s;1\ Ay

The blowups of (rz) to (r3p2) do not affect V, because |D N F| >0, so we identify V, with
its pullback in Mi"P2. The hypotheses |[DNF|=1, |[D(Ay)| =1, and 6; and J» are conjugate

together imply that y lies in the intersection of certain H;fpz as in (3.26), as well as the proper

transforms Qh,h/ of certain Qp 5 as in (3.27).
More precisely, consider the following two rooted trees: one is 79 as in (4.20), with Dj, of
(4.19) replaced by

{0i € D: Ni51\A, is inclusion-minimal among all 3 <4 <m};
the other is the first order derived tree g, as in (4.29). Notice that g, is still well defined when
|D(Ay)| =1; in this case
N[AD(Ay)] = N[62}7 [m] [AD(A)] — [m], [m] [6:AD(A)] — [m] [62A68:]"
One can then check directly that (4.21) and (4.30) remain valid on V.. Therefore, (r3p3) is gr(m)-

compatible on V,, and, in particular, the pullback ]7{,3'33 C Mdivrsps of Vy is smooth. Moreover,
the sequential blowup

({)\ﬁdiv,rspz;)/ N ﬁdiV,rapz (432)
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successively (w.r.t. the usual lexicographic order) along the proper transforms of Qjp in
omdivirsP2 - which serves as the ‘prototype’ of (r3py), is gr(oy)-compatible on V,.

After (rsps), fix an arbitrary lift z € MAVirsPs of ¢ which determines A, C gr(m) as in
Definition 4.15. Let V, C V™ be a small neighborhood of z.

rsps

LEMMA 4.25. For every € € =(gr(o,)) satistying € N A, # (), the proper transform (on 173/ ) of
the vanishing locus X 2,;” is disjoint from V,.

Proof. The statement holds because the pullback to V, of ng is contained in the proper
transform of some exceptional divisor of V. /V,; this is similar to (4.18). O

By Lemma 4.25, on V,, the proper transforms of Qp 5 of (3.27) on V,, which are exactly
the blowup centers (rsps), are all unions of the proper transforms of X 1@4, with € e =(gr(oy))
satisfying € N A, =(). We thus expect such transverse sections of gr(g,) to form a new rooted
tree, with which (r3p4) is compatible on V,.

4.8.2 Proper transforms of blowups and rooted trees. In order to study the rooted tree with
which (rgp4) is compatible on V,, we take a detour and introduce the following notions under a
more general setting.

DEFINITION 4.26. Let 7: 9t — 9 and 7' : 9 — 9N, respectively, be the sequential blowups of
a stack 9 successively along the proper transforms of the closed substacks Z1, Z, ... C 9 and
Zy, 7y, .. .COM. Let Z}, Zb, ... C 9 be the proper transforms of Z}, Z5, . . ., respectively. We call
the sequential blowup of m successively along the proper transforms of Z{, Zé, ... the proper
transform of 7’ (with respect to «), and denote it by
PT,(r'): M’ —s M.

For example, (r3pys) is the proper transform of the sequential blowup (4.32) with respect
to (rsps).

With notation as above, assume there exists an affine smooth chart V of 9, two rooted trees
7 and 7/, and a 7 U 7/-labeled subset of a system of local parameters on V as per (4.8), such that
7 and 7’ are, respectively, 7- and 7'-compatible. Here in 7 U7, 7 and 7’ are considered as sets
instead of posets. The intersection 7N 7’ may or may not be empty.

Fix a point y € XY N XY, as well as a lift z € M of y (i.e. 7(2) =%). By Lemma 4.16, {{, : e €
7\A,} forms a subset of a system of local parameters on a neighborhood V, C M of . Below,

we construct the rooted tree with which PT,(#’) is compatible on V,.
Let

=i () ={€eE(): enA. =0}, E= ] ¢ (c(F\A)cr). (4.33)
ee=0(r)

We denote by =<’ the tree order of 7/, whose restriction to the subset E’ is also written as <’. It

is straightforward that

PT,(7)=PT,.(7):=(F, <)

is a rooted tree, called the proper transform of 7’ (with respect to 7) at z. (Indeed, every subposet
of a rooted tree is naturally a rooted tree; cf. [HN21, Definition 2.10].)
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An example of the proper transform of a rooted tree is provided in Example 4.32 at the end
of Section 4.8.

LEMMA 4.27. With notation as above, we have Z(PT, (7)) = Z¢().

=z
Proof. Without loss of generality we assume that ZE(7') # 0, which is equivalent to PT,(7") # 7.

Given € € 28(7/), any two edges of & are incomparable in 7/, hence in PT, (7). Moreover,
since PT,(7') C 7/ as sets, we see that every edge of PT,(7') is an edge of 7/, hence is comparable
with some edge of €. The second criterion of Definition 4.8 then implies that € € Z(PT, (7)), so
=C(+") c2(PT.(7")).

Conversely, given € € E(PT,(7')), any two edges of € are incomparable in PT,(7’), hence
in 7/. Tt remains to show that for every e’ € 7/, there exists e € € comparable with ¢’. Let ¢’ be
an arbitrary root-to-leaf path of 7/ that contains €¢’. By the first criterion of Definition 4.8, each
¢’ € Z8(7') meets ¢’ at a unique edge ee . Since ', along with the restriction of <, is a linear
set, we denote by eg the least element of the set {eg }, which is comparable with ¢’. In addition,
observe that @' NPT,(7') is a root-to-leaf path of PT,(7’), so it meets € at a unique edge e.
Then, eg ='e.

o If &/ <’ ep, then €' <'e.
o If ¢ > e, then (4.5) implies that ¢’ and e are comparable.
In sum, we find e€ & comparable with ¢. By the second criterion of Definition 4.8,

we thus have €eZ(7/). Taking €€ E' C7/\A, into consideration, we conclude that
E(PT.()) c E8(r). O

COROLLARY 4.28. PT,(n’) is PT,(7')-compatible on V,.

Proof. Let Z(7") = | |;>, Ex(7’) be the partition determined by 7’ as per Definition 4.9. It induces
a partition of Z(PT,(7)):
E(PT.(r) =Z5(r") = | | 22,(+), where 25, (7)) :={€ €Ek(7): €NA, =0}
k>1
The first identity above follows from Lemma 4.27. By the analogue of Lemma 4.25 in the current
setting, we see that each Zj, is the union of X]éz, ¢e EE (7), which justifies (C1) of Definition 4.9

for PT.(n"). Since (C2) naturally holds for PT,(n’), the statement of the corollary is
established. g

PROPOSITION 4.29. Every root-to-leaf path of PT,(7") is an inclusion-minimal element of
S = {p\A,: ¢ isaroot-to-leaf path of 7'},
and vice versa.

We remark that each root-to-leaf path of PT,(7'), as a subposet of PT,(7'), is naturally a
subposet of 7/, because so is PT, (7).

Proof of Proposition 4.29. If A, contains a root-to-leaf path of 7/, then, on the one hand, we
have () € S’, hence the only inclusion-minimal element of S’ is (); on the other hand, we have
=C(7') =0 by Definition 4.8, so PT, (') is trivial, thus the only root-to-leaf path is the trivial
poset. So Proposition 4.29 is true when A, contains a root-to-leaf path of 7.

Below, we assume that A, does not contain any root-to-leaf path of 7/ (which implies that
7/ is not trivial).
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(a) We begin by showing that every inclusion-minimal element of S’ is a root-to-leaf path of
PT.(7).
« To this end, we first show that every inclusion-minimal element p\A, of S’ is contained

in PT,(7"). Notice that each element of S’ is nonempty and thus has a unique least
element (w.r.t. the tree order), hence

¢ :={min(¢’) : ¢’ is an inclusion-minimal element of S’}
is a well-defined nonempty subset of 7"\ A,. We claim that
¢ e E().
In fact, for every root-to-leaf path @’ of 7/, there exists a root-to-leaf path ©” of 7/ such
that

©"\A, is an inclusion-minimal element of S’ and (p"\A,) C (p'\A.,).
With e” denoting the least element of "\ A, we have
" e (&N (p"\A2) C (€N (p\A2)) C (€ Ng).

Suppose & N’ contains another edge € distinct from €”. Then, either € = ¢” or e < €”,
because €’ and € belong to the linearly ordered set ¢'. However, € € ¢ implies that
there exists a root-to-leaf path { of 7/ such that P\A, is inclusion-minimal in S’ and €
is the least element of P\A,. Consequently, one of p”’\A, and P\A, must contain the
other as a strict subset, hence is not inclusion-minimal. This contradiction shows that
€’ is the only element of & N g’, which by Definition 4.8 implies that ¢’ € Z(7'). Now,
consider an arbitrary inclusion-minimal element E\A, of S’, where ¢ is a root-to-leaf
path of 7/. For every € € p\A., we claim that

ce® eZ(r'), where ¢ :=max (¢ U{e}). (4.34)

~ The reason that ¢ € E(7') is as follows. Notice that distinct maximal elements of
¢’ U {e} are incomparable. In addition, for every e € 7/, there exist ¢’ € & comparable
with e, because €' € Z(7'), as well as ¢’ € @ satisfying ¢” = €. If ¢/ = e, then ¢” = e; if
¢’ <e, then, by (4.5), e and €” are comparable. In sum, we have ¢ € Z(7/).

— Suppose ¢ ¢ @ then there would exist & € & comparable with €. From the definition
of & in (4.34), we conclude that € <€ and & € &. However, the least element & of
O\A is contained in ¢ satisfying & <e~<¢, which contradicts the fact that distinct
elements of the transverse section € are incomparable. Therefore, € € @

The above two paragraphs then give rise to (4.34). Taking ¢ N A, =0 and €¢ A, into
consideration, we obtain

ce e=b(r),
hence €€ PT.(7'). In other words, the inclusion-minimal element E\A, of S’ is
contained in PT, (7).
« We then show that the above P\A, is a root-to-leaf path of PT,(7'), i.e. a linearly
ordered subset of PT.(7’) that is maximal with respect to inclusion. Indeed, it is

linearly ordered because so is @. Suppose it is not maximal with respect to inclusion,
then there exists a root-to-leaf path o of PT,(7) containing p\A, as a strict subset.
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Take e € p that is not in p\A,. By (4.33), there exists € € Z(7’) that is disjoint from
A, and contains e. Since @ is a root-to-leaf path of 7/, it meets & at a unique edge eg.

—If eg € A,, then eg € (ENA,), contradicting the fact that € is disjoint from A,.
—Ifeg € (P\A.), then ey # e because e ¢ (p\A,). However, by the choice of p, we have
eg € p. Since g is linearly ordered, eg and e are comparable, contradicting the fact
that they are distinct elements of the transverse section €.
The above contradictions indicate that g\A, is a root-to-leaf path of PT,(7’). This
completes the proof of part (a).

(b) We next show that every root-to-leaf path o of PT,(7') is an inclusion-minimal element
of S’. To see this, notice that g is a priori a linearly ordered subset of 7/. Therefore, there
exists a maximal linearly ordered subset @' of 7/, i.e. a root-to-leaf path of 7/ such that
p C ©'. Since the underlying set of PT,(7’) is contained in 7"\ A, we have p C (p'\A,).
Then, there exists a root-to-leaf path p” of 7/ such that

©"\A, is an inclusion-minimal element of S’ and (p”\A,) C (p'\A.,).

We will show o= (p"\A.,).

Recall that, by part (a), p”\A, is a root-to-leaf path of PT,(7’). Therefore, in order
to show that p = (p"\A.), it suffices to show that p C (p"\A.). Indeed, for every e € p
(CPT. (7)), by (4.33), there exists & € E(7’) containing e. As a transverse section of 7/,
¢ meets ” at a unique edge €¢”. Since €N A, =0, we have

ecpC(P\A,), €' e(p"\A,)C(p\A,).
This implies that e and €” both belong to @' N &, which is a singleton by Definition 4.8.
Therefore, e = ¢”, and thus p C (p”"\A.). O

4.8.3 Proof of Case A.5, Part III, (rsps). We apply the results of Section 4.8.2 to the fixed
lift z € MAVrapa of 4y € MAVPs. By Corollary 4.28, (rsps) is PT,(gr(oy))-compatible on V;, so
after (rsps) the pullback of V, is smooth.

It remains to verify that the pullback of (4.31) is diagonalized after (rzpa4).

« If A, contains the grafted edge (corresponding to the parameter /12) of gr(7), then the
pullback of (4.31) to V, is already diagonalized.

« If A, does not contain the grafted edge of gr(72), then the second row of the pullback of
(4.31) takes the form

(H z‘fk)( H &:};3p3>[0 /%12 773 ﬁm], Where
ke

k€[m)] [m'3Pr3]

77i2=< H 5k>< H @)
ke[ml] e€EN, \(AyUA:)

5o A8;]

Here, the superscript r3ps indicates the parameters corresponding to the exceptional

divisors obtained in (rsps). Notice that for each 3 <i<m with N[(gi]\AyCAz, the

corresponding 7; = er[m][d . €. So by Proposition 4.29, the inclusion-minimal elements
2/A0;
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of the set
e} {5,y U (Vs V(A UAL))  3< i < m}

are exactly the root-to-leaf paths of PT.(gr(oy)). Hence by Proposition 4.17, on the
pullback of V., the pullback of (4.31) is diagonalized.

To summarize, in this subsection, we have established the following.

PROPOSITION 4.30. Proposition 4.1 holds in Case A.5 if |D(Ay)| > 1 and the point of D(Ay)
is conjugate to the point DN F.

Propositions 4.21, 4.24 and 4.30 together give rise to the following.
PRrROPOSITION 4.31. Proposition 4.1 holds in Case A.5.

We conclude Section 4.8 with an example that demonstrates the idea of proper transforms
of blowups as well as the structure of the proof of Part III of Case A.5.

Ezample 4.32. Let 7= (C, D) € MJY be such that C is the same rooted tree as in Figure 9, but
the distribution of the elements of D is different:

DﬂF:{(Sl}, Dme:{(SQ}, DﬂCGB{ég}, Dﬂ009{54}, DﬂCd9{55}.

Moreover, we assume that §; and Jo are conjugate. This implies that d; and d3 cannot be
conjugate, and nor can d3 be conjugate to d4 or Js.

By Proposition 2.22, under a suitable trivialization, ¢ on a chart V containing (C, D) can be
written as

1 0 0 0 0 0
0 ki12lp Ca Pl (PCa O

As shown in Section 4.6, (rips) is compatible with 71 (4.23) near . Here, 71 is given by the
set {qa, v} along with the trivial order.
After (r1ps), we take a lift y of  whose RLS and dominant edges are, respectively, given by

E:{{Q(qu}}v Ay:{%}
Locally near y, the pullback (4.31) of ¢ can be further simplified as

1 0 1 0 0 0 0 0
0 E;lps 0 filg Ca ETPSCC Eilp‘r’Cd 0

Here, £7'® corresponds to the exceptional divisor after blowing up along (¢, = (, =0).

Let 75 be the rooted tree given by the set {qq, qc, g4} along with the trivial order, which is
the analogue of (4.20) in this situation. In addition, let g, be the first-order derived tree at y as
in (4.23), which is given by the set {1, ¢,} along with the trivial order.

As shown in the beginning of Section 4.8.1, (r3ps) is compatible with gr(72) near y, where
the grafted edge corresponds to &12. After (r3ps), we fix a lift z of y. As shown in Section 4.8.3,
(r3ps) is compatible with PT(gr(oy)) near z, where the grafted edge corresponds to &12.

If either &1 or g, is contained in A, then, on the one hand, we immediately see that the pull-
back of ¢ becomes diagonalized near any lift of z. On the other hand, we have PT,(gr(o,)) = 7o
because the only transverse section of gr(oy,) is {€gr, 1, ¢ }; in other words, (r3ps) does not affect
a neighborhood of z.

1Ps
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If neither K19 nor ¢, is contained in A, then at least one of ¢. and ¢q, say ¢., is in A,. On
the one hand, near z, the pullback of ¢ can be rewritten as

1 0 1 0 0 0 O
0 8;1P5€;3P3 0 /%12 Ca Eilps 0

Here, £7' corresponds to the exceptional divisor after blowing up along ((a=C.=(3=0). (By

abuse of notation, we still write the proper transform of €}'P* as £]'"*.) On the other hand,

we have PT(gr(oy)) =gr(oy) because the only transverse section {eg, 1, .} of gr(o,) does not
r

contain ¢ or gg4. In (r3ps), the locus (K12 =£'?* = (o =0) is blown up, hence the pullback of ¢
becomes diagonalized near any lift of z.

Ps

4.9 Proof of Case B

In this subsection, we prove Proposition 4.1 in Case B.
Let ¥V — OMJY be a small affine smooth chart containing 7 = (C, D). In Case B, we assume
that z, the image of 7 in IMY*, lies in imr(ig‘ This implies that the core F of 7 can be written as

F=F,UBU F3,

where F7 and F> are both genus 1 inseparable components, and B is either a separating bridge
or a node, such that any two among Fj, F> and B do not share any common irreducible
component. Without loss of generality we assume that

a1 € F1, as€F,, and DﬂFZ{&l,...,(Sg}CFlLJB

for some £ € [m)].
Notice that D N F cannot be entirely contained in B, for otherwise x would be in im?;)l Hence
D has an element, say d1, such that

51 S Fl, i.e. N[517a1] = @ (4.35)
So by Proposition 2.22, after suitable elementary row and column operations, ¢ can be
written as
1 0 . 0
= . 4.36
|:0 ﬁ12c[627a2} e ﬂlmc[émyaﬂ ( )

Also notice that D N F' cannot belong to any non-separating bridge of F} (should there be one),
for otherwise z would be in M5} Therefore, (r1p1) to (rip3) do not affect V.
Mimicking (4.19), we set

Dy :={6 € D: Nps4,) is inclusion-minimal among all Nis ,,), §' € D},

E:= |J Npay (CN(©)).
0€Di

On the set F, we define the relation < such that e <€’ if and only if any connected subcurve of
C containing F» and e must contain ¢/, which once again satisfies (4.5), i.e. the poset

=(E, =) (4.37)

is a rooted tree. The root-to-leaf paths of 71 are exactly Nis5.a5]5 0 € Dim.
An example of 71 is provided in Figure 19.

LEMMA 4.33. Given 6 € D\F, let (0) € F be as in (2.17). If (0) € Fi, then § ¢ Dj.p,.

95

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

Y1 Hu, Jun L1 AND JINGCHEN Niu

NOJ® »
xz(C,D) © ot

FIGURE 19. An example of 71.

Proof. 1f § ¢ F and (0) € Fy, then Ni5 # () and Nis 4,1 = Ni5) U Nig, p,]- Since §1 € DN F, we have
N[51,a2] C N[az,Fﬂ - N[57a2], thus ¢ ¢ Di. O

As described in Section 3.1, the blowup centers of (r1p4) are locally given by

MumNV=|J {C=0:ec€}, where Zx(r")={EcE(r"):|€¢|=Fk}.
EeE,(rt)
From the same argument as in the proof of Proposition 4.19, we conclude that (rips) is
ri-compatible on V. Lemma 4.10 then implies that the pullback VriPs of V) is smooth.
After (ripy), we fix an arbitrary lift y € Vs of z, as well as a small neighborhood V; of y
in VP, The RL sequence of y is denoted by E= {&1,..., €y} as before. By Definition 4.15,
there exists i € [m] such that N, o, C Ay; such d; is naturally contained in Dj,. Mimicking the
notation of (4.24), we write

D(Ay):={0€D: Niq,) CAy} (={6€ Dim: Nisa,) CAy}).

« If D(Ay) ¢ F, there exists ¢ > ¢ such that §; € D(Ay) C Diyy. Lemma 4.33 then implies
that (6;) ¢ F1. From (4.35) and Lemma 2.14, we conclude that §; and J; are not conjugate,
i.e. the proper transform of kj; (which is equal to the pullback in this case) does not
vanish at y, hence is invertible on the small neighborhood V,. So by Proposition 4.17,
the pullback of £1,([5, q,] divides all the other terms of the second row of (4.36). That is,
after suitable elementary column operations, (4.36) becomes diagonalized. Moreover, it is

straightforward that (rips) to (rsps) do not affect V,, so the pullback of V, to ﬁgﬁ" is
smooth.

« If D(Ay) C F, then all the separating nodes of F are in A,, hence
N[éi,ag]\Ay = N[(;J\Ay Vi€ [m]

Therefore, the pullback of (4.36) to V,, after suitable elementary column operations, can
be written as

[1 0 } [1 0 e 0 (4.38)

0 er[m} ék 0 K12 HeGN[52]\Ay Ce to le HeEN[sm]\Ay Ce ’

where &, are the local parameters on V, corresponding to the exceptional divisors obtained
in (rips); cf. Lemma 4.16. Without loss of generality we assume that there exists h € [/]
such that

D(Ay) = {(5}” Ce ,54} (C F)
Then, we have

Il éercey,) vh<i<e (4.39)
e€N5; 1\ Ay
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— In Case B.1, recall that D N F' cannot belong to any non-separating bridge of F} (should
there be one), for otherwise x would be in iml(g‘)l Therefore, there exists h < j < /¢ such
that d; is not conjugate to 01, i.e. K15 is invertible on V,. Along with (4.39), this implies
that in the second row of (4.38), the jth entry divides the other entries, hence (4.38) is
diagonalized on V. Moreover, it is straightforward that (rips) to (r3ps4) do not affect V,,

so the pullback of Vy to 5)’13” is smooth.
— In Case B.2, the same argument as above can be applied verbatim.

— In Case B.3, we have h =1, £ =2, and £12 vanishes at y. Once again, every d;, ¢ > 3, is not
conjugate to 01 because d; and o are not on any non-separating bridge. Taking (4.39)
into consideration, we can rewrite (4.38) as

1 0 1 0 0 e 0
- . x x|, 4.40
[0 er[m} glj [O K12 HeGN[égJ\Ay Ce o HGGN[5m1\Ay Ce (440)

In this situation, it is straightforward to show that (rips) to (r3p2) do not affect V. Let
be the rooted tree as in (4.20) whose root-to-leaf paths are those inclusion-minimal N5,
among all 3 <i<m. Then, by Corollary 4.28 and the proof of Proposition 4.19, we see
that (rsps) is PTy(gr(m))-compatible on Vy, so the pullback of V, to Mdivrsps - denoted
by 17?;3’)3, is smooth. In addition, by Propositions 4.29 and 4.17, the pullback of (4.40) is
diagonalized on ]7;”’3. Moreover, it is straightforward to show that (rsps) does not affect
1753')3 because (rips) does not affect V,; therefore, the pullback of V, to 971(211" is smooth.

— In Case B.4, we have h =¢=1. In this situation, let 71 be the rooted tree as in (4.23).
Then, by the proof of Proposition 4.31, we see that (rips) is PT,(71)-compatible on
Vy. Consequently, the three cases of the proof of Proposition 4.31, namely those of
Propositions 4.21, 4.24, and 4.30, can be applied to show that the pullback of V, to

ﬁgi" is smooth, on which the pullback of (4.38) is diagonalized.

To summarize, we have shown the following.

PROPOSITION 4.34. Proposition 4.1 holds in Case B.

4.10 Proof of Case C

In this subsection, we prove Proposition 4.1 in Case C.

Let ¥V — 9MJY be a small affine smooth chart containing = (C, D). In Case C, we assume
that z, the image of Z in MY*, lies in Engl)l This implies that the core F' of x contains a maximal
non-separating bridge B = BJp, q] such that

DNB=DNF.
Without loss of generality we assume that there exist 1 < h </ <m such that
DNF={01,...,0n}, {0e€D:(6)eB}={01,...,0¢},
where (d) are as in (2.17). Furthermore, we assume that
Nis,p) C Nig.p Vi€ [B].
In addition, if |[DN F|>2 (i.e. h > 2), then we assume
Nis,q) € Nis.qp Vi€ [h].
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Let F} be the subcurve of F', as in Definition 2.9, determined by BUF} =F and BN F} =
{p, q}. The subcurve F contains a unique genus 1 inseparable component, denoted by T7. Notice
that Ty is strictly smaller than F} if and only if F' is separable.

By Part (A) of Assumption 2.2, if F' is inseparable, then a; and ag are both on Ty (= Fy); if
F' is separable, without loss of generality we assume that a; and B belong to the same genus 1
inseparable component, whereas ag € T1. In either case, we have Nis, ,) = (), hence after suitable
row and column operations, the structural homomorphism ¢ still takes the form of (4.36);

that is,
1 0 .. 0
= . 4.41
@ 0 HIQC[JQ,aﬂ I KlmC[tsm,aﬂ ( )
Moreover, in either case,
N[ﬁi,az} = N[al,aQ} Vi€ [h] (4.42)

For the proof of Case C, we delve more deeply into (4.41). Notice that
IiliEF(ﬁ;}) V€<i§m, /112'(/.%'\):0 VZG[@]

More precisely, for i € [(], we have the following. Recall that for every J € D, z(5) is a smooth
point on B that is sufficiently close to (J); see Propositions 2.17 and 2.19.

« When h > 2, by Proposition 2.22 (SH3), we have
k12 = fols, o] + 9286s,q)  Kli = Vik12 + 9iCs,.q, 2<i<h,
C[z<5i>,p] if [2(51')’ p] g [617 p]a

K1; = UViR12 + gzlﬂi, h <1 S E, where 51 = C[Zwi)’q] if [2'(51_), q] g_ [52, q], (4.43)
C[83,q] otherwise,

and f2, g2, v; and g, are invertible functions on V. Taking (4.42) into consideration, we
can apply suitable column operations to (4.41) and obtain the following.

— If h >3, then the structural homomorphism ¢ can be rewritten as

[1 0 0 0 cos 0 0 o0 (1
0 #12Ca1,as] Cona)Clarias) Brt1Coninias) ~ BeClonas) Cioesnnas) " Cfomaas) 0]
(4.44)

where 0 denotes the zero matrix of size 1 x (h — 3).
— If h=2, then ¢ can be rewritten as
1 0 0 e 0 0 e 0
= . 4.45
[0 K12C(as,as] Bh1C6nsr,as) " BeClsmas) Cloesrias] C[ém,aQJ (4.45)

« When h =1, the points of D\{d;} are all on tails, so before applying blowups, there is no
obvious choice of d3 € D\{d1} such that k1;, ¢ > 3, should be compared with x15. In this
case, we postpone the comparison of the x1; until (r1ps) is complete.

We are ready to analyze the effects of the sequential blowups on V. Since D N F' belongs to
a non-separating bridge of F', (rip1) and (rip2) do not affect V. Next, we construct the rooted
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O O b r\ $ b /a
(Co)=> o
z=(C,D) ©ot © ot

s

FIGURE 20. An example of 7.

tree 7+ with which (r1p3) is compatible on V. Let

Sh = {Nig} ?f@ ¢ B, seD; S:=J s
{N1g] U N5y, Nisp U Ny 1} i(0) €B, 55D

In particular, we observe that Ns, ,j and N, 4 are inclusion-minimal in S"if h > 2, while N, [61,p]
and Nis, q are inclusion-minimal in S"if h=1.

We take the underlying set E of the proposed rooted tree 7% to be the union of the inclusion-
minimal elements of S’, i.e.

E= U N (CcN(C)).
inclusion-minimal N’€.S’

Let Cy be the maximal (w.r.t. inclusion) connected genus 1 subcurve of C' that is disjoint from
DN F. Then E C C;. We define the relation < on F so that e < ¢ if and only if every connected
subcurve C’ of C containing e and F; must contain €. Intuitively, the two criteria above indicate
that ¢’ is ‘closer’ to F; than e on N’, which shares the idea in the constructions of 71, 75 and ol
in Sections 4.5, 4.6 and 4.9, respectively. The relation =< satisfies (4.5), thus the poset

= (E, <) (4.46)

is a rooted tree. The root-to-leaf paths of 7¢ are exactly the inclusion-minimal elements of S’
An example of 7¢ is provided in Figure 20. Notice that 71 as in (4.37) is also defined in this
case, and is involved in the proof of Section 4.10.4.
As described in Section 3.1, the blowup centers of (r1p3) are locally given by

MupmnNV=|J {(c=0:ece}, where Ep(rH)={EcE(r}):|€¢|=k+1}, k>1.
CeEp(7h)
By the stability of 94!, we conclude that (r1p3) is 7F-compatible on V. Lemma 4.10 then implies
that the pullback V"P3 of V is smooth. B
After (r1p3), we fix an arbitrary lift y € VP of Z, as well as a small neighborhood V, of y in

VriPs The RL sequence of y is denoted by E={¢1,..., &y} as before.
By Definition 4.15, there exists at least one inclusion-minimal N’ €S’ such that N’ C A,
hence there exists 6 € D such that N’ € S§. Mimicking (4.24), we set

S'(Ay)={N'eS": N cA,}, DAy):={deD: S5nS(A,)#0}.

4.10.1 Case C.1. In this sub-case, we assume that h > 3 and F’ is inseparable, so we have
Nigya:) =0 (= Claga0) = 1)-

Moreover, h >3 implies that (rips) to (rzps) do not affect V,, hence the pullback of V, to the
final stack is smooth.
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It remains to show that the pullback of (4.41) is diagonalized after after (rips). We divide
the proof into three sub-cases as follows.

(1) If D(Ay) C F, then there exists i € [h] such that at least one of N5, ,j and N, g, say
N5, ), is contained in A,. By the assumption on 41, we then have that N, ,j CA,.
Along with (4.43) and Proposition 4.17, this implies that, on V,, the pullbacks of x12
and (s, q respectively take the form

K12 = ( H ék) -(ﬁ+§25[52,q}), E[(sm] = ( H €k> ’5[62,q],
]

ke[m k€ [m]

where fg and g are invertible functions and QZ[(;M] denotes the proper transform of (s, q-
Since V), is assumed small, we conclude that either 5[527‘1} or (]?2 + 525[527q]) is invertible.
Moreover, for each h < i </, notice that

Nizsy 01 Y Niseaal = Niod U Nz 01 €55 Nzgsa H Nisaa) = N U Nz,

hence by (4.43) and Proposition 4.17, we see that []; ¢, €x divides the pullback of
BiCls, a)- Similarly, for each ¢ > ¢, notice that N5, ., = Nj5,) € S’, hence er[m] € divides

al € s,

the pullback of (js, 4,)- To summarize, we conclude that either k12 or (s, q divides all
the entries of the second row of the pullback of (4.44), and hence the pullback of ¢ is
diagonalized after (rips).

(2) If D(Ay) ¢ F,and (6) € B for all § € D(A,)), then without loss of generality we assume
5h+1 € D(Ay) and N[Z<5h+1>7p} -'C‘- N[617p}7
which implies that
N[ ] U N[Z<5h+1>7p} € S/(Ay)

Notice that N[thH),m |_|N[5h+1,a2] :N[z |_|N[5h+1]. So by (4.43), we see that the
pullback of 8,11(s, ., ,,q4,) takes the form

6h+l

<5h+1>7p]

ghﬂg[am,az] = Upy1 - ( H €k>, where up1 €T(0Y,)).

ke€[m)]

Meanwhile, since

N[él ,P} ’ N[627q] ? N[Z(5i> P

N[Zwi)#ﬂ U N[(Sz‘,az] = N[
are all in S’, we conclude from Proposition 4.17 that er[m} €k, and consequently
E]—H_lZ[(jh +1,a5]» divides all the entries of the second row of the pullback of (4.44), hence the
pullback of ¢ is diagonalized after (r1ps).

(3) Otherwise, there exists 6 € D(A,) such that (§) ¢ B (which implies 6 ¢ F'). Without loss
of generality we assume

]I—lN[(&,az]:N[z(éi),p]I—lN[c&]’ h<i</{,
q]l_lN[(;i], h<i</{, and N[6j,a2]:N[5j}7 {<j<m

2(8;)

de+1 € D(Ay).

Since N5, a,] = Nis,,.]> the pullback of ] takes the form

5e+17a2

Z[(;Hhaz] =Upy] - < H ék>, where up;1 € F(ﬁ{}y).

k€[m]
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The same argument as in part (2) once again implies that the pullback of ¢ is diagonalized
after (rips).

In sum, the proof of Case C.1 is complete.

4.10.2 Case C.2. In this sub-case, we assume that h =2 and F is inseparable, so we still
have

N[al,ag] = @ ( = C[ahaz] - 1)

Moreover, one can check directly that (rips) to (rsp2) and (rsps) do not affect V.

Below, we divide the proof of Case C.2 into three sub-cases in the same way as in Case C.1.
First, observe that the arguments of parts (2) and (3) of Case C.1 apply to Case C.2 verbatim,
so after (rips), Vy is smooth, on which the pullback of ¢ is already diagonalized. In addition,
under the assumption of part (2) or (3), there exists i > 3 such that N5, C Ay, so (r3p3) does not
affect V), either, so the pullback of V, to the final stack is isomorphic to itself, hence is smooth.

It remains to show Case C.2 when D(A,) C F. Without loss of generality we assume

N[61 P - AZ’J :

By (4.43) and parts (3) and (4) of Lemma 4.16, we can write the pullback ki2 and the proper
transform &1z of k12 on V), as

Elz—( H ék) - R12,

k€[m)]

’%12:fé'< H (1+Ce£e)>+gé'< H (l‘i'cege))'( H CV€>’
Ay

€E N[5y ,p] eEN[s,,q1N e€N[55,q1\ Ay

where f} and g4 are invertible functions, the & are independent local parameters on V, vanishing
at y, and the c. are constants satisfying c. =0 if and only if e € {e1, ..., em}, where e, € Ay 1
are as in part (1) of Lemma 4.16. So in particular, by taking e; to be the unique element of
Nis, p) N E€Em and es to be the unique element of N, 62,q] (1 €m, we conclude that c., and c., cannot
be zero simultaneously.

o If R12(y) #0, then ;2 is invertible on V, because V, is small. Therefore, parallel to part
(1) of Case C.1, we conclude that, on V,, among all the entries of of second row of the
pullback of (4.45), the second entry divides the remaining entries, hence the pullback of
¢ is still diagonalized after (rip3). Moreover, £12 being invertible on V, implies that the
proper transforms of the blowup centers of (r3p3) are disjoint from V,, hence (r3p3) does
not affect V, either. In this way, we see that the pullback of V, to the final stack is smooth.

« Assume &12(y) = 0. Then, the above equation of %12 implies that N[(;M] C Ay, hence K12 is

a local parameter on V, that vanishes at y; moreover, K12 and (e, e€ N (C)\A, together
form a subset of a system of local parameters on V,. To study the effect of (r3p3) on V),
consider the sequential blowup of

7T/ . (m(éliv)/ N m(zzliv

along the proper transforms of Z1, Zj, .. ., where Z; is the closed substack of MY whose
general points are pairs (C, D) such that C' has j tails attached to its core F', and
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|D N F|=2. Recall that 72 is the rooted tree of (4.20) whose root-to-leaf paths are those
inclusion-minimal Njs; among all 3 <4 <m. One can then check directly that 7 € XTV2 and
7’ is Ty-compatible on V. Corollary 4.28 thus implies that PT,(7') is PT,(72)-compatible
on V.

We emphasize that, with Hj C zmgiv as in Section 3.5, the sequential blowup along the
proper transforms of Hy, k> 1, which serves as the ‘prototype’ of (rsps), is not gr(re)-
compatible on V, because k12, as a sum of two products of local parameters in (4.43),
is not always a local parameter on V. Nonetheless, the assumptions of Case C.2, as well
as D(A,) C F imply that y lies in the blowup centers of PT, (7). Taking #12(y) =0 into
consideration, we conclude that

v,
Y € Xar(pr, (7))

where the grafted edge corresponds to #12. Moreover, notice that for every j > 1, with ZJ'

denoting the proper transform of ZJ’-, and 7—[;3')2 C Mdivirap denoting the proper transform
of H; as in (3.26), we have

{k12=0}NZ; NV, =HP NV,

Therefore, (r3pz) is gr(PT,(m2))-compatible on V,, and hence the pullback of V, to

{)Jv?div"3p3, hence to the final stack, is smooth. Finally, we check that the pullback of (4.45)
is diagonalized on the pullback of V. In fact, on V,, the pullback of (4.45) takes the

form
1 0 1 0 0 - 0
) ) ] . (4.47)
0 er[m] eki 0 KR12 HeEN[53]\Ay C(i o HCGN[(sm]\Ay C(i

By Proposition 4.29, we see that the root-to-leaf paths of PT,(7y) are exactly the
inclusion-minimal elements of { N5, \A, : 3 <i <m}. Taking into consideration that (r3ps)
is gr(PT,(m2))-compatible on V,, we conclude that the pullback of (4.47) is diagonalized
after (r3ps).

In sum, the proof of Case C.2 is complete.

4.10.3 Case C.3. In this sub-case, we assume that h=1 (i.e. DN F ={6;}) and that F is
inseparable, so we still have

N[lll,(lg] =0 ( — C[al,ag] = 1)
Moreover, one can check directly that (rips) and (r2) to (r3pz) do not affect V.

(a) If there exists § € D(A,) such that (§) ¢ B, then the argument of part (3) of Case C.1
still applies to this situation verbatim.

(b) If (6) e Bforall § € D(Ay), and D(A,) ¢ F, then without loss of generality we assume
09 € D(Ay)\F and N[z<52>,p} - N[51,]J]>
which implies that

Nis g UN 0 €5 (By), K12= f5C00,, 51 + 95C5,,q)  forsome f3, gy € T(O),
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and (rips) to (r3p2) and (r3ps) do not affect (the pullback of) V,. Here, the expression
for k12 above follows from Proposition 2.22 (SH3). As d2 € D(A,) and F is inseparable,
the pullback of the second entry of the second row of (4.41), i.e. Elgz[(;z’az], can be
written as

Eug[&z,az] :%125[52] =ug - < H 5k> ' <f§’+g§/-g[52]- ( H Ce>>7

ke€[m] e€N(s;,q1\Ay

where ug, fy, and g5 are invertible functions on V,. Notice that 02 is on a tail, so 5[52]
vanishes at y. Taking into consideration that f; is invertible and V, is small, we see
that EUZ[(;MQ} is equal to er[m] € up to a unit. In particular, this implies that %o is
invertible on V,, hence (r3ps) does not affect V,. Meanwhile, since

Nizisy ol U N a2) = Nz o) U Ny 2<i< ¢,

Nizgspyal U Vs aa) = Nizes,yal U Ngips 2<i<l,and - Nig, o) = Nigyp,  £<j<m

(55
are all in S, we conclude from Proposition 4.17 that er[m} €k, and consequently

’/%125[527%], divides all the entries of the second row of the pullback of (4.41), and hence
the pullback of ¢ is diagonalized after (rips).

(c) If D(Ay)CF,ie D(Ay)={d1}, then (4.41) pulls back to

[1 0 ] {1 0 - o
0 er[m] €k] |0 A2 HGEN[52]\Ay Ce =++ Fim HBGN[sm]\Ay Ce]’

where N5 \Ay, i > 2, are all nonempty. Observe that (r1ps) does not affect V; because
F' is assumed to be inseparable. In addition, (rips) is PT,(71)-compatible on V,, where
71 is as in (4.23). By Proposition 4.29, the inclusion-minimal elements of N5 \A,, i > 2,
are exactly the root-to-leaf paths of PT, (7). Comparing the above pullback of ¢ with
(4.22), we conclude that the argument for Case A.5, i.e. the proof of Proposition 4.31,
applies to the D(A,) C F' sub-case, as long as we can show that the functions &y;, i > 2,
behave in the same way as r1;, ¢ > 2, do in Case A.5. In fact, since D(A,) = {01}, without
loss of generality we assume

N[élvp} C A?J'
Mimicking the argument that %12 is a local parameter in Section 4.10.2, we conclude
from Proposition 2.22 (SH3) that

« for every 2 <i<m, the proper transform k1; of x1; is either a unit or a local parameter
on Vy;

« K1i(y) and F1;(y) cannot be simultaneously zero whenever (d;) # (0;); and

« if R1i(y) = F1;(y) =0, then there exist invertible functions v;; and u;; on V, such that

> > / x
Rij = vijf1j + w; H Ces
eEN[sj/\sk]\Ay
where N5 zs,) is as in (2.11).

Consequently, the functions &1;, ¢ > 2, behave in the same way as k1;, i > 2, do in Case A.5, thus
the D(A,) C F sub-case follows from the argument for Case A.5.
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4.10.4 Case C.4. In this sub-case, the underlying curve C of T is separable, and after (r1p3),
on V,, (4.41) pulls back to

~r1p3_[1 0 ] [1 0 R 0 §
v 0 er[m} ék O k12 HeeNléz-ﬂz]\A’y Ce T le HeEN[ ]\Ay Ce '

Sm a2

Recall that throughout Section 4.9, T refers to the genus 1 inseparable component that is
disjoint from the non-separating bridge B, hence disjoint from D N F'. If there exists §; € D(A,)
such that (d;) € T1, then Nis, 4,]\Ay = Ni5,)\A, = 0. Moreover, by Proposition 2.17, we have that
k1; is invertible on V. Therefore, £1; [ | €N, aa\A, 66 is a unit on V,, hence " is diagonalized.
In addition, (rips) to (rzps) do not affect V.

It remains to verify the situation when (§) € F\T; for every 6 € D(A,). In such a situation, we
observe that Nis, ,]\A, is nonempty for every i € [m], and that (r1ps) is PT,(r1)-compatible on
Vy, where the rooted tree 71 is as in (4.37). Moreover, by Proposition 4.29, the inclusion-minimal
elements of Nis, 4,]\Ay, @ € [m], are exactly the root-to-leaf paths of PT,(7T). Furthermore,
mimicking the argument used in the D(A,) C F' sub-case of the proof of Case C.3, we see that
for every ¢§; satisfying the condition that N5, 4,)\Ay is inclusion-minimal among all 2 <i<m,
k1; behaves in the same way as k1; does in Case B. Comparing the above ¢"Ps with (4.36), we
thus conclude that the argument for Case B, i.e. the proof of Proposition 4.34, applies to the
current situation.

To summarize, we have shown the following in Section 4.10.

PRrROPOSITION 4.35. Proposition 4.1 holds in Case C.

4.11 Proof of Case D

In this subsection, we prove Proposition 4.1 in Case D.
Let ¥V — MY be a small affine smooth chart containing z = (C, D). In Case D, we assume
that z, the image of Z in MY, lies in ml(gr)l This implies that the core F' of & contains two genus

1 inseparable components 77 and T, as well as a (maximal) separating bridge B such that
DNB=DNF#0.
Without loss of generality we assume that a1 € 11, as € To, and there exists 1 < h < m such that
DNF={d,...,0n}
Furthermore, we assume
Nis, a1 € Nisiyay) Vi€ [R].
In addition, if [D N F|>2 (i.e. h>2), then we assume
Nisya5) € Nisiyas) Vi€ [R].

Since DN F #(, (r1p1) does not affect V.
Next, we construct the rooted tree 7o with which (ryp2) is compatible on V. Let

§" = U {Ns,a105 Nisaz] }-
6eD

In particular, if h > 2, then N5, ,,; and Nis, 4,] are inclusion-minimal; if h =1, then N5, ,,; and
Nis, 4, are inclusion-minimal.

104

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

DESINGULARIZATION OF MODULI OF GENUS 2 STABLE MAPS

T @
A=, oo ¥

FI1GURE 21. An example of 7x.

We take the underlying set F of the proposed rooted tree 74 to be the union of the inclusion-
minimal elements of S”, i.e.

E= U N"  (Cc N(C)).
inclusion-minimal N’ €S

One can check directly that £ decomposes into two disjoint nonempty subsets:
E=F UE,,

such that for s € [2], e € E if and only if there exists i € [m] such that e € Nj5, ,.) C E.

For s € [2], we define the relation <5 on E; such that e <s€’ if and only if any connected
subcurve of C' containing Ty and e must contain €/, which once again satisfies (4.5). In other
words,

(E1,=1), (B2,=X2)€T.

The tree orders <; and <5 together determine a tree order < on E: e <€’ if and only if either
e =1 ¢ or e <9 €. In other words,

Th=(E, <) eT. (4.48)

The root-to-leaf paths of 74 are exactly the inclusion-minimal elements of S”.
An example of 7, is provided in Figure 21.
As described in Section 3.1, the blowup centers of (rip2) are locally given by

MomNV=|J {C=0:ec€}, whereZy(rn)={E€Z(ra):|¢|=k+1}, k>1.
EE€EL(TA)
By the stability of imgiv, we conclude that (ryp2) is TAo-compatible on V. Lemma 4.10 then implies
that the pullback VP2 of V is smooth. B
After (rip2), we fix an arbitrary lift y € V"'P> of Z, as well as a small neighborhood V, of y

in VP2 The RL sequence of y is denoted by E = {&1, ..., €y} as before. The pullback @"P2 of
the structural homomorphism ¢ to V), can be written as

/ p2 / p<
( 11 ék) ' [CH Heenws, na, G oo am Heens, na, 6 (4.49)

/ / )
k€[m] “1 HeeN[f‘Lﬂz]\Ay Ce Com HeeN[Jmﬁe]\Ay Ce

C1i C1j| . y x .
where det | V| is equal to Fij [[.cn \A Ce up to a unit.
C2i €25 97351\ Z

By Definition 4.15, there exists at least one inclusion-minimal N” € S” such that N” C A,.
We set

S"(Ay)={N"€S8": N"C Ay}, D(Ay):={6€D: {Npsa,, Nsa} N 5" (Ay) # 0},

which are both nonempty.
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» If there exist distinct ¢ and j such that N, 4,) C Ay, N5, 4, C Ay, and §; is not conjugate
to d; (i.e. ki is invertible on V), then (r1p3) to (r3ps) do not affect 1V, and the entries of the
ith and jth columns of (4.49), as well as the corresponding 2 x 2 minor, are all invertible,
hence ¢"P? is diagonalizable on V.

« If there exist distinct ¢ and j such that N5, o,) C Ay and N, 4,) C Ay, and §; is conjugate
to d; whenever N5 .1 C Ay and Nis, 4,) C Ay, then by Lemma 2.14, §; and J; must be
on the same irreducible component of the separating bridge B, and there are no other
points of D lying on F'. From the assumptions on D NB in the proof of Case D as well as
Proposition 2.17, we conclude that D(A,) = {d1, 02} = DN B, and k12 is a local parameter
on V that vanishes at . Consequently, after suitable row and column operations, (4.49)
can be rewritten as

H g [1 0 0 0
k|- v x e
kE[m] 0 12 HeEN[sz]\Ay Ce o HeeN[ém]\Ay Ce

Notice that (rip3) to (rzp2) and (rsps) do not affect (the pullback of) V,, and (rzp3) is
gr(PTy(72))-compatible on V,, where 7 is the rooted tree given by (4.20). Therefore, the
pullback of V, after (r3p3) is smooth, hence the pullback of V, after the entire blowup is
smooth, on which the pullback of @"P2 is diagonalized.

« If there exists a unique § = D such that Nj5,,1 C Ay and Nis4,) C Ay, then DN B = {§}, so
h=1and § = J;. By Lemma 2.14, we further have that 1; is invertible on V for every i > 2
with Nis, 4,) C E or Nis, 4,] C E. Consequently, after suitable row and column operations,
(4.49) can be rewritten as

H § [1 0 . 0
€k |- -« X . x| .
k€[m] 0 Fi2lleensna, G Fim [leeny, A, G
Notice that in this situation, (r;p3) and (rips4) do not affect V,, whereas (rips) is PTy(71)-
compatible on V,, where 7 is as in (4.23). Moreover, &1;, i >2, behave in the same
way as Ki;, ¢ > 2, in Case A.5, and hence the argument for Case A.5 (i.e. the proof of
Proposition 4.31) applies to this situation.

« If one of E; and Es, say Ei, satisfies N” C E; for all N” € §”(A,), then re-labeling §; if
necessary, after taking suitable row and column operations, we can rewrite (4.49) as

H § [1 0 e 0
k|- - x . .
k€ [m] 0 A HeEN[‘S%aQ]\Ay Ce T Rim HGGN[ém,%]\Ay Ce

We observe that N5, 4,]\Ay is nonempty for every i € [m], and that (r1ps) is PTy(E2, <2)-
compatible on V,. Moreover, the inclusion-minimal elements of N5, ,,]\Ay, i € [m], are
exactly the root-to-leaf paths of PT,(E3, <2). Furthermore, mimicking the argument used
in the D(A,) C F sub-case of the proof of Case C.3, we see that for every ¢§; satisfying
the condition that N5, 4,1\A, is inclusion-minimal among all 2 <7 <m, &1; behaves in the
same way as k1; in Case B. Comparing the above ¢"P2 with (4.36), we thus conclude that
the argument for Case B, i.e. the proof of Proposition 4.34, applies to the current situation.

To summarize, we have shown the following in Section 4.11.

PRrROPOSITION 4.36. Proposition 4.1 holds in Case D.
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4.12 Proof of Case E, Part I

In this subsection, we prove Proposition 4.1 in Case E, when the image of Z in IMY* belongs to
S)ﬁ( D This implies that

DNF =0,

i.e. all the points of D are on tails.

Let V — 9M$"Y be a small affine smooth chart containing Z = (C, D). By defining the subsets
Diy CD and EC N(C) in exactly the same way as (4.19), and defining the relation < on E
as e < ¢ if and only if any connected subcurve of C' containing F' and e must contain €', we see
that

=(E, =) (4.50)

is a rooted tree whose root-to-leaf paths are exactly Nigj, 6 € Dim. Although the construction
of 79 here is parallel to that of 7 in (4.20) and 7y in (4.23), we emphasize that the sets D\F
containing Djp, are different for 7y, 71, and 79. In Figure 16, if the two points of D on the core
are removed, then 7 is equal to the rooted tree of Figure 16 (whereas 7 is not defined in this

situation).
As described in Section 3.1, the blowup centers of (r;p;) locally are given by
MapmnV= ] {(=0Vec€}, where Zi(n)={€EcZ(n):|€[=Fk}. (4.51)

GGEk (T(])

One can thus check directly that (rip1) is 7o-compatible on V.

After (rip1), we denote by VPt the pullback of V, and fix an arbitrary lift yEV“pl
of , as well as a small neighborhood V, of y in VriPe The RL sequence of y is denoted by
E={¢,..., &y} as before. Parallel to (4.24), we set

D(Ay):={6eD: N C AV (4.52)
which determines a subset of the core F' of C:

(Ay):={(6): 6€ D(Ay)}.
Based on the topological type of F' as well as the locations of the points of D(A,), we divide
the proof of Case E into the following sub-cases:

1. there does not exist any genus 1 inseparable component of F' that is disjoint from (A,),
and one of the following holds:

a. F is separable;

F is inseparable, and |
F' is inseparable, [(A,)
F' is inseparable, [(A,
F' is inseparable, [(A,
or

f. F'is inseparable, [(A,)| =1, and the element of (A,) is a Weierstrass point of F’;

(Ay)| =35

| =2, and the elements of (A,) are not conjugate to each other;
)| =2, and the elements of (A,) are conjugate to each other;

)| =1, and the element of (A,) is not a Weierstrass point of F';

SIS T

2. there exists a unique genus 1 inseparable component of F' that is disjoint from (A,), and
there does not exist any (non-separating) bridge of F' that contains (A,) as a subset;

3. there exists a unique non-separating bridge of F' that contains (A,) as a subset; and

there exists a unique separating bridge of F' that contains (A,) as a subset.
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The proof of Case E.l.a-c is parallel to that of Proposition 4.3. More precisely,

« in Case E.l.a, there exist two points of D(A,), say 1 and do, such that for s=1,2, ()
and as belong to the same genus 1 inseparable component of F'; and

« in Case E.1.b and c, there exist two points of D(A,), say d; and d2, such that (4;) and

(02) are distinct and not conjugate to each other.

In either of the situations above, by Proposition 2.22 (SH;) (and (SHz) in the latter situation)
as well as Proposition 4.17, the pullback of the structural homomorphism ¢ takes the following

form on Vy:
H A 100 ---0
ITlo1 0 - 0]
k€[m)]
i.e. it is diagonalized after (ripi). Moreover, the blowups starting from (rip2) do not affect V,,
and hence the pullback of V, in the final stack is smooth.
The remaining sub-cases of Case E are more complicated. We will verify them in later

subsections.

4.13 First-order doubly-derived trees and the proof of Case E, Part I1

In this subsection, we aim to show Case E.1.d, when there are two tails C, and Cj of C, whose
pivotal nodes are p and ¢, respectively, such that

D(Ay) cCpuCy,  Dp(Ay):=D(Ay)NCp#0,  De(Ay):=D(Ay) N Cq#0,

and p is conjugate to ¢ on F. Without loss of generality we assume that there exist 1 <h </ <
s <t <m such that

D(Ay) ={61,.. ., 0n} U{br41,..., 05}, (d1)=---=(0)=p, (Oe41)=""-=(d) =0¢.
Moreover, we observe that the assumptions of Case E.1.d imply that (rip2) to (r2) do not
affect V.

Since p and ¢ are not on any non-separating bridge, by Proposition 2.22 (SH3), we have
k1, isalocal parameter V{<j<t, ry;€l(0),) V1<i<dl.

Hence by Proposition 2.22 (SHs), after suitable elementary row and column operations, the
pullback ¢"Pt of the structural homomorphism ¢ takes the following form on V:

( Hgk)[o My 0 Mo Rieel Mes2 ot M Mesl N
ke[m] ¥ ¥
DNE if ¢=1 DNE if t=(+1

where

(ITrkemmls, ns,) E0) (Teens a0, ) ifl<i<y,
1= 4 (Tlkem), er)( HeeN[ai]\Ay Ce) fl+1<i<t, [m]g,pg,) are asin (4.25).

Se41704l
HeeN[m\Ay Ce ift <1,
In a parallel to Lemma 4.22, we see that there exist 1 <j <h and £+ 1 <r < s such that
Npp,an= (1 Ng=Nors) Napay= 1 Ng=Npns)  (453)
6€D,(Ay) d€D,(Ay)
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Let
[m] [MaD(A,)] "= {k€m]: Niap,(a,) NE# 0, Niap,(a,) N €k # 0},
50,08,y = k€ Mlpa,): Nog NV Nap,a,) NE#0} ifl+1<i<t, (4.54)
1] ft+1<i<m.

Here, the subscript 2 of Ay indicates that D(A,) splits into two subsets D,(A,) and Dy(A,),
and ‘A’ is taken within each of the two subsets. Then, we obtain the following analogue of (4.28):
under suitable elementary column operations, the second row of ©"P* can be written as

(l_[gk)[o My cr Mo Rieel Mek2 M Mesl N (4.55)
ke[m] L —; —_—— .
DNE if £=1 DNE if t=(+1
where
m:=< M - )( 0 c)
ke[m}[ai/\QD(Ay)] e€N5, 1\ Ay

Below, we divide the proof into two sub-cases, depending on the cardinal of D(A,).

4.13.1 |D(Ay)| > 3. In this situation, we have h + (s — £) > 3, i.e. {01, ¢41} is a strict subset
of D(Ay). Then (4.53) implies that there exists ig € [t]\{1, ¢+ 1} such that
(5., np(a,0) = M nea, )1
The corresponding term 7;, in (4.55) can thus be written as 7;, = er[mh . k-
To see how (r3p1) affects V,, we mimic the construction of the first-order derived tree g, as
in (4.29) and set

Dyjm:={6€D: [m]js .\, pa, U (N5 \Ay) is inclusion-minimal among all i € [m]},
Ey = U (Im] 50, pea, ) Y (Vs \Ay))-
5€D, im
On FE,, consider the partial order <, determined by
« for every k, k' € [m][AzD(Ay)]’ k <, k' if and only if k > £/,

« for every e, e’ € Jsc Dy i (Ni5\Ay), e =y ¢’ if and only if every connected subcurve of C'
containing F' and e must contain ¢’; and

« for every k € [m],, p( y and e € U66Dy‘i_m (N \Ay) (C 7o),
e<yk <= e€(Nup,a,)NE) " UDNup,a,) N €)™ in 7.
One can check directly that <, is a tree order on E, as per (4.5). We call the rooted tree
vy 1= (Ey, 2y) (4.56)

a first-order doubly-derived tree.
In Figure 22, we provide an illustration of the notion of first-order doubly-derived trees. Here,

7 is the same rooted tree as in Figure 18. Given Z € X, consider two lifts y and z of , sharing
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€aq ey 1 1I

T Vy Uy

FiGure 22. First-order doubly-derived trees.

the same RLS E = {{eq, ey}, {€q, €c, €4} } and satisfying
Ay = {em €b, ec}a A, = {€a7 €p, €c, ed}-

The corresponding doubly-derived trees v, and v, are respectively illustrated in Figure 22.
Notice that the root-to-leaf paths of vy are those [m]5,, p(a,y U (N5 \Ay) with 6 € Dy im. In
particular, [m] ) gives a root-to-leaf path of vy; in other words, every transverse section
§ of vy contains a unique element of [m];, 4 ), denoted by k.
Recall that (the prototypes of) the blowup centers Ky 5, 2 <k <k, of (r3p1) are described
in Section 3.3. One can then check directly that

Kpp NV, = U {F1o41=0; &; =0; (=0VeeF\{kz}}, 2<k<K.
FEE(vy) 8.t [€xg |=k, |F|=k'—1

Following the same argument as for (4.30), we see that the above equation gives a partition of
=(vy), hence of Z(gr(vy)), satisfying Definition 4.9. In other words, (rsp1) is gr(vy)-compatible
on Vy, where the grafted edge corresponds to the local parameter %1 ¢41. Comparing the root-to-
leaf paths of gr(v,) and the terms of (4.55), we conclude from Proposition 4.17 that the pullback
of @"Pt is diagonalized after (rzpi). Moreover, by Lemma 4.10, the pullback of V, is smooth.
Finally, notice that (r3p2) to (rsps) do not affect the pullback of V,, and hence the proof for the
h+ (s — £) > 3 situation is complete.

4.13.2 |D(Ay)|=2. In this situation, we have h+ (s—{)=2, ie. Dy(A,)={d} and
Dy(Ay) ={6¢41}. Then the above construction of the first-order doubly-derived tree v, still
applies to this situation verbatim, and (rsp1) is still gr(v,)-compatible on V,, so the pullback
of V, is still smooth. However, on the one hand, [m][/\2D(Ay)] is a root-to-leaf path of v,; on
the other hand, for every i € [m]\{1, £+ 1}, the term #; in (4.55) contains factors that are not
labeled by [m] (naD(A,)] Pecause Nis,\Ay is nonempty. Thus, the pullback of ¢"P* is possibly not
diagonalized after (rspy).

More precisely, let z be an arbitrary lift of y after (r3pi). From (4.55), we see that the
pullback of @"P is not diagonalized if and only if [m] neD(A,) C Az and (N5, \Ay) £ A, for any
ie[m]\{1,¢+1}.

Nonetheless, since |[D(Ay)| =2 and k1 ¢41(Z) =0, we define the rooted tree 7 in a parallel
way to (4.20), but with two modifications:

« each N5 should be replaced by Nis\A,, and
« 02 should be replaced by dpy1.

One can then check directly that (r3p2) does not affect the pullback of V,,, whereas the prototype

of (rzp3), i.e. the blowup of MV X oyt M successively along the proper transforms of Hy,
k>0, is gr(m)-compatible on V,. Hence by Corollary 4.28, (r3p3) is PT,(gr(m2))-compatible,
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or equivalently gr(PT,(72))-compatible, on a small (smooth) neighborhood V, of z. In particular,
this implies that V, is smooth. Moreover, the root-to-leaf paths of 75 are those inclusion-minimal
N5 \(Ay UA,), along with the grafted edge corresponding to %1 ¢11. Therefore, the pullback of
©"P1 becomes diagonalized on V,. Finally, notice that (r3ps) does not affect V., so the proof of
the h + (s — ¢) = 2 situation is complete.

4.14 Proof of Case E, Part III

In this subsection, we aim to show Case E.1.e, when D(A,) is contained in a unique tail whose
pivotal node is not a Weierstrass point. Without loss of generality we assume there exist 1 < h <
¢ <m such that

D(A) = {01, .00}, (B)=(0) VI<i<l (5)#() Vi<i<m,

Since (61) is not a Weierstrass point of F', by Proposition 2.22 (SH2) and the argument for
(4.28), after suitable elementary row and column operations, the pullback ¢"P* of the structural
homomorphism ¢ takes the following form on V,:

1 0 --- 0 0 0
Hrlpl R = s
[ 0 m2 =+ M Rigs1Me+1 *+ KimTim ] (4.57)
e —
DNE if =1

where

anl = H ék, ni ‘= < H ék ) ( H ée ),
k€[m] k€[mls, an(ay) eEN5;\Ay

and the [m](5,np(a,) are as in (4.27). Moreover, when h > 2, there exists 2 <ig <h such that
[m]5, AD(a,)) = M][AD(A,)-

The assumption of Case E.l.e implies that (rip2) to (rips) and (rgp2) do not affect V,.
Depending on whether D(A,) is a singleton (i.e. whether h=1), (rips), (r3p3), and (r3ps) may
or may not be relevant, so we divide the proof of Case E.l.e into two sub-cases as follows.

4.14.1 |D(Ay)| > 2. In this situation, (rips), (r3p3), and (rzps) do not affect V.
To see how (ry) affects V,,, we break it into ‘phases’. More precisely, for each j > 1, we denote

by 7r;- the blowup of imgi" X oyt M successively along the proper transforms of
X =M Xy Xjjoo =4, 5+1, .
As mentioned in Section 3.2, the stability of 9%* implies that there exists a finite number jo > 1
such that (r2) is equivalent to exerting 7 to V), then exerting PTr (7} _;) (see Definition 4.26)
to the pullback of V,, and so forth. Below, we find the rooted trees with which these 779 are
compatible on V.
Consider the first-order derived tree g, given in (4.29), which can be defined verbatim in the

current situation. (Notice that D\F = D here, while D\F = D\{d;} in (4.29).) The root-to-leaf
paths of g, are exactly the inclusion-minimal elements of

{m]i5.apa,) Y (N5 \Ay) @ i € [m]}.
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For each k € [m] (AD(A,)]; We denote by o, x the subposet of g, determined by

Oy,k = U § C Oy-

F€=(0y) s.t. kEF
It is straightforward that each o, is a rooted tree as per Definition 4.6 containing the singleton

{k} as a root-to-leaf path. Below, we show that 7T|/€k‘ is oy k-compatible on V.

In fact, one can check directly that for each j > 1, the following holds.

o If there exists k € [m]j,p(a,) such that |€;|=j (recall that € € E is a transverse section
of 79), then the stability of OY* implies that this & is unique. We denote it by k;. In this
situation, the proper transform of Xﬁij‘,’ takes the following form on V:

o-di ,rip1 x LA
XSy, = U (&, =0; { =0V e e F\{k;}}.
FEE(0y.k;) 8-t |FI=5"
Here, recall that {&;, =0} is the exceptional divisor on V, determined by & ; see (4.11)
and (4.12). Once again, by the stability of 95, 7T§- is 0y k,-compatible on V.
« Otherwise, we have
vdiv,rip1 _
X50mPny, =0,
hence 7 does not affect V.
By Lemma 4.10, the pullback of V, becomes smooth after (r2).

Next, we study the pullback ™ of ¢ after (rz). For each k€ [m]\p(a,), we fix a lift yy

of y after exerting the proper transform of 77" e satisfying the condition that the image of yy

under the proper transform of 7['|/€k| is Y4 1; here, when k =max ([m]{\p(a,)), We set yry1:=y.
In particular,

Y1 € {thgiv.
The RLS of each y;, is denoted by E;, = {€k1,. .., €rm, }- It is noteworthy that some my, can
be 0; i.e. the proper transform of 7r" el does not affect a neighborhood of yi. Near the final lift

y1, the local parameters corresponding to the exceptional divisors obtained in (rz) are denoted
by Ekk ke [m][/\D(Ay)], k' ¢ [mk] Let

m =[] II éw (4.58)
ke[mliapa,) k' €[my]
The construction of g, ; implies that
Ele)= ||  Eloyn) (4.59)
ke[m]iancay)

So, the intersection of every root-to-leaf path of g, and every & ;- is a singleton. Therefore, for
every 2 < i <m, the pullback 7;* of 7; after (rp) satisfies

II"| 1;* on a neighborhood of y;. (4.60)
Along with Lemma 4.27, (4.59) also implies the existence of a root-to-leaf path p of g, satisfying

pcAz:= || Ay, (4.61)

k€[m]iap(a,)
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where the A, are as in Definition 4.15. In other words, there exists 2 <i; <m such that

n;> /I is invertible on a neighborhood of y;. (4.62)

« If there exists a root-to-leaf path p of g, satisfying (4.61) as well as p N [m] # (), then the
index i1 above can be taken in [¢], i.e. (0;,) = (d1). So, by (4.57), (4.60) and (4.62), @" is
diagonalized after (r2).

o If every root-to-leaf path p of g, satisfying (4.61) is disjoint from [m], then we set
D(A;zl) = {511 : 2 <iqp <m, i satisfies (462)} (463)
For every d;, € D(A}2), we have (d;,) # (61). We have the following two possibilities.
— If there exists 6 € D(AJ?) such that (dp) is not conjugate to (d1) on F', then &y 4 is
invertible on V,. By (4.57), (4.60) and (4.62), ¢"™ is diagonalized after (ra).
— If (6¢) is conjugate to (1) on F for all 6, € D(A}2 ), then the assumption of Case E.1
implies that these dy are on the same tail C”" whose pivotal node is distinct from and

conjugate to (d1); in addition, & ¢41 is a local parameter vanishing at y;. Notice that
we can rewrite the notion [m]j, p(A y of (4.54) in the following equivalent way:

( U N[5])ﬂ€k:2},

seD(A,)
which gives rise to the same partition D(A,) = D,(A,) U Dg(Ay). Then, we can define
[m] A D(A,)]) & € [m], likewise. Applying the same idea to the current situation, we set

( U N > nex
deD(A,)UD(AY

and define [m]5 1 p(a, Az, @ € [m], analogously. Then, by Proposition 2.22 (SHs),

Y1

under suitable elementary column operations, the second row of "™ can be written as

], pea,) = {’f € [m]:

[m] [AaD(A,,A2)] = {k‘ € [m]: = 2}, (4.64)

Hr1p1.Hr2.[0 Mo - Mo Fler1 Tes2 o ﬁm],

where 1); := < H Ek ) ( H Cve )
kE[m][ GEN[si]\(AyUAﬁ)

;
3iAaD(Ay, AR )]

Comparing the above expression of @™ with (4.55), we see that the construction of
Section 4.13.1 can be applied in a parallel manner, which implies that the pullback of ("
becomes diagonalized, and the pullback of a neighborhood of y; is smooth, after (r3p1).

4.14.2 |D(Ay)|=1. In this situation, (rips) is involved. By defining the subsets Di.y, , C D
and E, C N(C) in exactly the same way as Dj., and F in (4.19), and defining the relation <, on
E, given by e <, €' if and only if any connected subcurve of C' containing F' and e must contain
e/, we see that

Ly = (Ey, =y)
is a rooted tree, whose root-to-leaf paths are exactly Ni5\Ay, § € Diyy. One can then check

directly that (rips) is 71,,-compatible on V,. After (rips), we fix a lift z of y in MrPs and define
D(A,) to be the analogue of (4.24).
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o If there exists 6 € D(A,) such that (0) # (1), then the proof of Case A.5 can be applied
to this situation in a parallel way; cf. Sections 4.6-4.8.

o If (6) = (01) for all 6 € D(A,), then the argument in Section 4.14.1 can be applied to this
situation in a parallel way.

4.15 Second-order derived trees and the proof of Case E, Part IV

In this subsection, we aim to show Case E.1.f, when D(A,) is contained in a unique tail whose
pivotal node is a Weierstrass point. Without loss of generality we assume that there exists
1 </ <m such that

D(Ay)C{51,,5g}, <5z>:<51> VlSZSE, <(51>7£<(51> V€<Z§m

Since (01) is a Weierstrass point of F, we have k1;(x)=0 for all i€ [{], whereas ki,
¢ < j <m, are all invertible. By Proposition 2.22 (SHy) and the argument for (4.28), after suit-
able elementary row and column operations, the pullback @"P* of the structural homomorphism
¢ takes the following form on V:

@rlplzﬂrlpll[l 0 sss () 0w 0}’

~ ! = ! ! !
0 Rigmy =+ RiuMp Mpeqr 0 "m

DNE if £=1

(4.65)

where

e T o n;::(kdn (e

k€[m] m][51/\51] GGN[Ji]\Ay
and the [m](5 55, are as in (4.25).
The assumption of Case E.1.f implies that (rip2) to (rips) do not affect V,. Depending on

the cardinal of D(A,), (rips), (r2), (r3p1), (rsps), and (r3p4) may or may not be relevant, so we
divide the proof of Case E.1.f into the following sub-cases.

4.15.1 |D(Ay)| >2. In this situation, we have h>2, and hence (rips) and (rsps) do not
affect V.

As shown in Section 4.15.1, the pullback of V, is smooth after (r2). In addition, we obtain a
sequence yi, k € [m] AD(A,)]’ of the lifts of y, with y; € MYV, For II"? as in (4.58), the analogue

of (4.60) is still valid in the current case, with each 7;* replaced with the pullback of n;. Let Aj2
and D(A7) be as in (4.61) and (4.63), respectively, and [m];, pa a2y be as in (4.64).
« If there exists £ < j <m such that d; € D(A}2), then the pullback of 7] is equal to II" (up
to a unit) locally near y;. Therefore, ¢ is diagonalized.
o If D(A}2) C{d1,...,0d¢}, then the following analogue of Lemma 4.22 holds: there exists
2 <1i<h, say ¢t =2, such that
Nowg=  [1 N
d€D(Ay)UD(AY)

Applying Proposition 2.22 (SH3), we see that, after suitable elementary row and column
operations, the second row of the pullback ¢" of (4.65) takes the following form near y;:
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€c €d 2 eq
€a ep €q 1 M (1M
o
T Qy Vy1

(2)
Qy;

FiGure 23. First-order doubly-derived and second-order derived trees.

1P . I . [0 k12 77;/7,/ 7747/1}7 where

;= < H H 5k,k/> ( H 5k> ( H Ce ),
ke[m][diAD(Ay,Azfl)] k'€ [my] ke[m], eENGs \(Ay LAY,

572D (Ay, A7)
_ 1},

(m]5. A p(a, A2y are analogous to (4.54), and my, are as in Section 4.14.1.

where

(A7)

seD(A,)UD

To see how (r3p1) and (r3pe) affect a neighborhood of y;, we first observe that the inclusion-
minimal elements of the following set

(0 p(a, ) U (N \(Ay UAZ)) 3 <7 <m)
are exactly the root-to-leaf paths of the rooted tree wv,,, and that (rzpi) is gr(vy,)-
compatible near y;, where the grafted edge corresponds to the local parameter %q2. Next,
we mimic the first-order derived tree g, of (4.29) and construct the second-order derived
tree gg(ﬁ) at y1. More precisely, let EZ’/1 be the union of the inclusion-minimal elements of
the following set

{{(k,K) k€[5 pga, az ) K € M} U (N \(A,UAR)) : 3<i<m).  (4.66)

This is the analogue of FE, in (4.29). Then, we endow E; with the partial order <] such
that:

~ for every (k, k'), (h, ') € B,
k=h and k' > h/;

— for every e, e’ € Ej N N(C), we have e <, ¢’ if and only if any connected subcurve of
C' containing F and e must contain €’; and

— for every (k, k') and e in Ej , e=<; (k, k') if and only if e € ([my] N Crr) " in 0y k,
where g, is as in Section 4.14.1.

One can check directly that <j is a tree order as per (4.5). Then, we set

QZ(/%) = (Ellll’ _<;/1 )

we have (k, k') <) (h,h') if and only if either k > h, or

In Figure 23, we provide an example illustrating both first-order doubly-derived and
second-order derived trees. Here, T is the same rooted tree as in Figure 18. Given 7 € XY,
consider a lift y of  after (r;p1), whose RLS and dominant edges are given by satisfying

E={{ea, e}, {€asec, €a}}, Ay ={ep, ec}.
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The first-order derived tree g, is the same as Graph (5) of Figure 18. Let y; be a lift of y
after (rq), satisfying

A;fl = {ed, 1}
(2)

The corresponding doubly-derived tree v,, and second-order derived tree g;,” are illustrated
in Figure 23. Observe that the root-to-leaf paths of g(y?) are exactly the inclusion-minimal
elements of (4.66). In addition, recall that in Section 3.4, (the prototypes of) the blowup
centers of (r3pz) are denoted by Wi, 1 <k <k’ <E”. One can also check directly that,

near yi, the proper transform of each Wy, ;s ;v takes the form

U {F12=0; g1 =0; =0V e e F\{(kz, k)}}, 1<k<K <K
FEE(0R) st |Crg =k, []=k"

Following the same argument as for (4.30), we see that the above equation gives a partition
of Z(g;?), hence of Z(gr(g}?)), satisfying Definition 4.9. In other words, the prototype
of (rsp2) is gr(gzrfl)—compatible near y1, where the grafted edge corresponds to the local
parameter £12. Consequently, for any lift z of y; after (r3p1), Corollary 4.28 ensures that
(r3p2) is PT.(gr(o;? ))-compatible near z. From the above two paragraphs, we see that
the pullback of a neighborhood of y; is smooth after (rsps). Taking into consideration the
above equations for 1/, we conclude that the pullback of o™ is diagonalized after (r3ps).

4.15.2 |[D(Ay)|=1. In this situation, (rips), which is locally 7, i-compatible on V,, is
involved. Here, 7, is the analogue of 71 in (4.23), with Njs) replaced by Ni5\A,. After (rips),
we fix an arbitrary lift z of y and define D(A,) in the same way as (4.24).

If there exists £+ 1<i<m such that ¢; € D(A,), then from (4.65) we conclude that the
pullback of ¢ is diagonalized on a neighborhood V, of z, and the blowups starting from (r2) do
not affect V,.

Otherwise, the points of D(A) are all on the tail that contains {1} (= D(A)). The argument
is then parallel to Section 4.15.1. We omit further details.

4.16 Proof of Case E, Part V

In this subsection, we aim to show Case E.2, Case E.3, and Case E.4.

4.16.1 Proof of Case E.2. 1In this case, we write
F=FLUBUF

as in the beginning of Section 4.9, and assume that a; € F1, as € F», and the pivotal nodes of
the tails containing points of D(A,) are on F; UB. One can check directly that (rip2) and (rip3)
do not affect Vy, but (rips), which is locally TJ—compatible on V,, is involved. Here, TJ is the
analogue of 71 in (4.37), with Nis,a,) Teplaced by Nisq,1\Ay. After (r1ps), we fix an arbitrary lift
z of y and define D(A,) in the same way as in Section 4.9.

If there exists 0 € D(A,) such that the pivotal node of the tail containing J is on Fj, then we
can mimic the argument of Section 4.9 and conclude that the pullback of ¢ is diagonalized on a
neighborhood V, of z, and that the blowups starting from (r1ps) do not affect V,.

Otherwise, the pivotal nodes of the tails containing points of D(A,) are on F; UB as well.
The argument is then parallel to the proof of Case E.1. We omit further details.
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4.16.2 Proof of Case E.3. In this case, we write
F=FUB

as in the beginning of Section 4.10, and assume that the pivotal nodes of the tails containing

points of D(A,) are on B. One can check directly that (rip2) does not affect V,, but (rips),

which is locally Tg—compatible on Vy, is involved. Here, 7'5“ is the analogue of 7% in (4.46), with

N’ replaced by N'\A,. After (r1p3), we fix an arbitrary lift z of y and define D(A) in the same
way as in Section 4.10.
Depending on the position of the points of D(A,), we have one of the following:

« the pullback of ¢ is diagonalized on a neighborhood V, of z, and the blowups starting from
(r1ps) do not affect V,; or
« the argument is parallel to the proof of Case E.2; or

« the argument is parallel to the proof of Case E.1.

We omit further details.

4.16.3 Proof of Case E.J. In this case, we write
F=T1UBUT,
as in the beginning of Section 4.11, and assume that a; € F1, as € F», and the pivotal nodes of
the tails containing points of D(A,) are on B. One can check directly that (r;p3) does not affect
Vy, but (r1p2), which is locally 7, \-compatible on V,, is involved. Here, 7, o is the analogue of
Ta in (4.48), with N” replaced by N”"\A,. After (r;p2), we fix an arbitrary lift z of y and define

D(A.,) in the same way as in Section 4.10.
Depending on the position of the points of D(A,), we have one of the following:

« the pullback of ¢ is diagonalized on a neighborhood V., of z, and the blowups starting from
(r1p3) do not affect V,; or

« the argument is parallel to the proof of Case E.2; or

« the argument is parallel to the proof of Case E.1.

We omit further details.
To summarize, in Sections 4.12 to 4.16 we have shown the following.

PRrROPOSITION 4.37. Proposition 4.1 holds in Case E.

5. Resolutions of M (P", d)

In this section, we construct the stacks MQ(P”, d) and MQ(P", d; k), k > 2, that are proposed in
Section 1, and prove Theorems 1.1 and 1.4 as well as Corollaries 1.2 and 1.3 of Section 1.

5.1 The construction of Ms (P™, d)

We continue with the notation as in Section 2.1 and the previous sections. Let V =V X onaiv DAJ/tgiV.
Then

é‘)ﬁ:égvXVf}
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is the total space of the pullback bundle 8*p,. A A)®", where 3: V =V denotes the projection.
The tautological restriction homomorphism ‘rest’ of (2.6) pulls back to give rise to

rest : 57 p A" — B pu (AA)*" ). (5.1)
The section ® of (2.7) pulls back to give rise to
b eT(&, 78 pu(AA) ")), (5.2)

where p: & —V denotes the projection. Given small open U C Mo(P", d) and H € Hy as in
(1.1), the morphism fy g : U — V (— MIY) determines

U=Uy =V Xy, U. (5.3)
The immersion U — &) of Theorem 2.5 then naturally induces an open immersion

i{v—)(&)ZO)ng.

LEMMA 5.1. With notation as above, U has smooth irreducible components and normal crossing
singularities.

Proof. We trivialize 5*p..#(D) and *p,0 4(.A) so that
&=V x (A",
By Proposition 4.1, V can be covered by {17’} so that on each V' C 17, the homomorphism
B p: B*ps (D) — B px O4(A)
can be diagonalized as

z17 0 0 --- 0

0 20 0 - 0 with ZﬂZQEF(ﬁv,),

where z; and zy are both products of some smooth parameters corresponding to (the proper
transforms of ) the exceptional divisors. B

Let wé e Al for all 1<i<n and 0 <j<d. The equation ® =0 is then equivalent to the
following equations

2wl =0, zwh=0, 1<i<n. (5.4)

Thus, U has normal crossing singularities.
Since the main component of ®~1(0)N )’ consists of general points with non-vanishing 2
and zy, we conclude from (5.4) that the main component is defined by

wi=wh=0, 1<i<n.

Thus, the main component of ®~(0) NV’ is smooth.

Each of the remaining irreducible components X of EIV>_1(O) NV’ is contained in the proper
transform of an exceptional divisor, so locally there exists a unique local parameter £ (whose
zero locus locally defines the proper transform of the given exceptional divisor) such that X C
{£=0}(C &). This  is either a factor of 21 (hence 23), or a factor of 23 but not z;. In the former
case, (5.4) implies that X is simply given by & = 0; there are no constraints on w{ or w}. In the
latter case, (5.4) also implies that X is given by

E=wi=0, 1<i<n.

Either way, X is smooth. O
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Next, we show that all the ﬁU7 g as in (5.3) glue to form the desired My(P™, d). Consider
arbitrary small open Uy /Vy, s =1, 2, of Mo(P", d), along with the morphism fy, g, : Us = Vs, as
in Section 2.1, satisfying Uy N Uz # 0. For each step £ :=r;p;s; of the sequential blowup of i)ﬁ%i",
we denote by £+ 1 the step immediately after ¢, and by i)ﬁ;hv’[ the corresponding blowup stack.
Let V! =V, xgpan My, s=1,2. In addition, we set MG~ := M and V0 := V.

LEMMA 5.2. With notation as above, there exists an isomorphism
OV Vs, (UL NT2))/ (UL NU2) — (V5 X140, 0, (U1 0 02)) /(U 0 U)
between the above two blowups of Uy N Us.

The statement of Lemma 5.2 would be trivial if there existed H € P" lying in the common
intersection of Hy (cf. (1.1)) for all small U C Mo(P", d), which would give rise to a natural
global morphism from M3 (P", d) to M. Since such H does not exist, we introduce Lemma 5.2
to ensure that Z]U, g glue.

Proof of Lemma 5.2. For conciseness, in this proof, we write
Y=UiNUz, Yo=YV xvip,u T fs=Jv,m.
In addition, we denote by

pS:Tf;—>T and ff:T£—>)7£, s=1,2,

v T —V,, s=12.

the natural morphisms. We aim to show by induction over ¢ that there exist isomorphisms
¢4 1 T4 — Y5 and ¢, : T§ — YT, fitting in the Cartesian diagram:

~ Fe_ ¢ T A TR — P
Vo To=Woxwyp T 22255222 Ti=Vixyn T —— W
1t 2,1 N1
l Px‘ /’1 l
Vs f2 T f > Vi

The base case (¢ =0) is when no blowup is exerted on U, which is trivial.
Assume the above diagram holds for the unique isomorphisms gf)gl and ¢§2 after the fth step.
For s=1,2

Zs C ﬁf and qg: Tﬁ“ = ?f; X e )NJfH — Ti
be the center of the blowup )NJf‘H / )7f and the natural morphism, respectively.
Notice that for every node e of C, the node-smoothing parameters ¢¥* and (> satisfy
Jofi=0 <= (Pofa=0 onT. (5.5)

In other words, ¢¥* o f1 and (Y2 o f, differ by a (multiplicative) unit on T.

Moreover, if the (£4-1)th step is in (r3), and the blowups VL VE s =1,2, are not trivial,
then for every z; € T4 whose image in V! is contained in Z, by writing (C, u) = ps(zs), we have
deg(u|r) <2, where F' denotes the core of C. Let

Y :={(C,u)€Y: deg(u|lp) <2} CT.
This implies
(F) 71 (Z) cpH(Y), s=1.2.

119

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 17:59:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/52949764726100265


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S2949764726100265
https://www.cambridge.org/core

Y1 Hu, Jun L1 AND JINGCHEN Niu

Note that for every (C,u) € Y and irreducible component ¥ of C, the divisors u~!(H;) N Y and
u~1(H3) N'Y are linearly equivalent, hence
Kij ofi=0 <= Kij ofo=0 on Y. (56)
In other words, k;; o f1 and k;; o fo differ by a (multiplicative) unit on Y”.
Given (C,u) €Y, let 71 and Ty be its images in 9MIY under f; and fo, respectively; i.e.
71 = (C,u ' (Hy)) and Ty = (C,u"'(Hz)). As shown in Section 4, near the respective pullbacks
of 71 and Ty, the blowup centers of any step ' of the sequential blowups are locally given by
the same equations
{’}’g/;iZOZZ’EIg/}, (57)
where Iy is an index set and each 7;; is a quotient of monomials of the pullbacks of ¢Ys and/or
rkij. Hence by (5.5) and (5.6), we have

(flodfs)  (Z1) = (f5) M (Z). (5.8)

For s=1,2, let Ng be the union of all the irreducible components of Tﬁ whose images in ﬁf
under f¢ are contained in Z,, and M{ be the union of the remaining irreducible components of
TL. Then, we have
We then set

~ (+1 _ ~0+1 _
M, =q;'(M)), N, =q;(NL).

S

By (5.8), we have
(ffodhy0qe) ' (Z1) = (5 0a2) " (Za).
~/ ~ (+1
Observe that the intersection of (f4 o q2)™'(Z2) and M;l is a Cartier divisor of M2+ , because the
pullback of Z5 to Vé“ is the exceptional divisor, and the image of every irreducible component of
_ ~ (+1
M$ under f4 is not contained in Zs. Therefore, the intersection of (f{ o gbe oqz) 1(Z1) and M;

. . . . ~l+1 . . . . . .
is a Cartier divisor of M, . The universality of blowing up thus induces a unique morphism
e+1 pttt S+1
13 My,  — Vit (5.9)
rrs .. ~l+1 .
lifting the restriction to My ~ of the morphism f{ o gbfz o qs.

To extend ffgl to the entire T§+17 note that

041

Ny :Né X[, ngrl? s=1,2,

where ££+1 denotes the exceptional divisor of V! /VE. Therefore, (5.5), (5.6), and the sentence
containing (5.7) naturally induce an isomorphism

¢1B;N3N2 —N;
. . V. +1 /+1 ~ (+1 ~/+1
satisfying the condition that f;™" o ¢y, matches (5.9) on My, NN, . In other words, we

obtain
l+1 ., Ar0+1 1 0+1
1,2 - T * V1

: .. ~0+1
extending (5.9), whose restriction to N,  equals ff“ o qﬁ?;N,
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Then, the universality of pullbacks induces a unique morphism
I+1 ., Ar0+1 Y O+1
1y Xy — T
that ffjgl and qﬁfQ o g9 respectively factor through. By symmetry, we analogously obtain a unique
morphism

041, Anl+1 l+1
¢2f1 YT — ST
that qbgl oq factors through. In sum, we have the following commutative diagram:

P

- 041 Y
TH+1 Nl4+1 _ T+1
123 Yo =Vy Xy T <=3 1)

l Jes oo |

Vg £t Tg = VS XVyifa T %,1 Ti{= Vf Xyip T £ Vf
P2 P1

l 1‘2\‘ / h l

Vo T Vi

Notice that the composition qbgfll oqblf;l restricts to the identity morphism on 1\~/I§+1\( fzeo
ds)1(Z3), which is open and dense in 1\7[§+1, hence

¢€,2|1\7[§+1 and ¢1§],1\1\7[f+1
are inverse to each other. As

¢€,2|ﬁ§+1 and ¢g,1\ﬁ’i+l

are, respectively, qﬁli 5.y and its inverse, we conclude that (]5?2 and gbgl are inverse to each other.
This completes the induction. O

Lemma 5.2 implies that we can glue L~{U7 g for all small open U C My(P", d) and all H € Hy
together. The resulting Deligne-Mumford stack is denoted by

My(P", d).
The corollary below follows directly from Lemma 5.2.

COROLLARY 5.3. For every small open U C Mo(P" d) and every H € Hy, there exists a
commutative diagram

Uyr —— U Xqg,pn gy Ma(P", d)
U
where the horizontal arrow is an isomorphism of stacks over U, and the other two arrows are

natural morphisms.

The stack MQ(Pn,d) enjoys the following properties. Recall that the main component of
My(P™, d) is denoted by My (P™, d)™c.

THEOREM 5.4. Mg (P™, d) has smooth irreducible components and normal crossing singularities.
Moreover, for d> 2, My(P™, d)™ is of the expected dimension.
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Proof. The first statement follows from Lemma 5.1. As for the dimension, note that dim &5; =
3+ d+ (d+ 1)n. Hence the dimension of the main component of U is

3+d+(d+1)n—2n=dn+1)—n+3
which is the virtual dimension of My (P", d). O

When d =2, the interior of MQ (P™, 2)™¢ consists of stable maps that are double covers of
smooth rational curves, which are smooth and of dimension 2n + 4. Since the virtual dimension
of Mo(P",2) is n+ 5, the main component is of the wrong dimension unless n = 1. The entire
moduli can be treated by hand.

5.2 The desingularization of m.f* Op~ (k)

In this subsection, we study the pullback of the derived object Rm.§*Opx (k) to MQ(P”, d). Recall
that (7, f) is the universal family of Ms(P", d); see (1.3).

PROPOSITION 5.5. For every k € Z~q, the pullback of Rm.f*Opn(k) to MQ(PTL, d)™c is locally
diagonalizable. Moreover, for k=1, the pullback of Rm.f*Opr(1) to the entire My(P", d) is
locally diagonalizable.

Proof. Given k€ Zso and 2z = [Co, uo] € My(P",d), we can choose a sufficiently small open
U C My(P", d) containing z, a hyperplane H € P", and a degree k morphism v : P" — P"
such that

(Co,ug o (H)) € Mg,

Given a small chart Vyq — Sﬁgi" containing the above point, since U is assumed to be sufficiently
small, we see that

fi= foap, U —Via,  [Coul= (Cou™ oy (H)), (5.10)
is well defined.

By Proposition 4.1 and Lemma 2.4, we see that the pullback of Rp.0c(D) to the
blowup Vigq of Vig is locally diagonalizable. Therefore, the pullback of R, f*Op. (k) is locally
diagonalizable on

Uka :=U X ¢,.v,, Via- (5.11)

When k=1, by settlng 11)1 to be the identity morphism, we see that f is equal to fy g of
(1.2), and hence that L{d—L{UH is an open neighborhood of the preimage of z in Mg(]P’” d).
Since z is arbitrary, we obtain the latter statement of Proposition 5.5.

To justify the former statement of Proposition 5.5, we assume k > 2. Following the notation in
the proof of Lemma, 5.2, for each step £ :=r;p;s; of the sequential blowups of S)ﬁ‘zh", we denote by
£ — 1 the step immediately before ¢, and by smdw ¢ the corresponding blowup stack. In addition,
we set

M0 = MGV, Vi = Via xomaw My, Uty :=U X0, Via.
) k3 Vea Ykd

Similarly, by writing ¢=r; (respectively, {=r;p;), we consider ¢ as the last step of (r;)
(respectively, (r;p;)) that affects the local chart. Moreover, we denote by

u€ mc - de

the main component of Zjﬁd, i.e. the irreducible component whose general points have smooth
domain curves. Since the interior of the main components remains unchanged during the
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sequential blowups, we have

pi—l,é (Z’/‘{’ﬁ,dmC) C Z’/‘iﬁ;l,mc (512)
for any step £, where pi_l’e :L?,fd — L?ﬁ;l is the natural morphism.

For every step £ in (rip1)-(r1ps), we claim there exists an isomorphism qﬁﬁ :Z/lg —>Z/{£d, fitting
in the following Cartesian diagram:

¢ ¢ Ve Ve
vy Ug=UXfiv Vg 777" > Upg=UX f1:000 Via 1t Vid
1
l p& /Jﬁ l
v, f1 U fk Vid

where f, pf, f,f , and pﬁ are, respectively, the natural morphisms.

The above claim follows from an inductive argument (over ¢) similar to the proof of
Lemma 5.2. The key point is as follows. For every [C,u] € U, let (C, Dyq) and (C, Dg) be its
images in 9M$YY under f, and fi, respectively. On the one hand, the difference between Dy4 and
Dy is that on each irreducible component 3 of C, we have

|Dkdﬂ2‘:k|DdﬂZ|. (513)

On the other hand, notice that the blowup centers in (rip1) to (rips) are all determined by
whether the weight of an irreducible component of a curve is zero or positive, regardless of the
precise value of the weight. Therefore, for each step £ in (rip1) to (r1ps), the pullbacks of the
blowup centers via, respectively, f,ffl o gbf;*l and fffl are identical on Z/{ffl. The remainder of
the inductive argument utilizes the universalities of blowups and pullbacks, which is parallel to
the proof of Lemma 5.2, hence is omitted. B
Depending on the location of z € My(P",d), the blowups in (rips) may affect U™, but

they cannot affect ﬁ,;;m because of (5.13). Although this still leads to a morphism L?;ll 5 /U —
L?,;iips /U, the blowup centers of (r2) do not always match, so there may not exist any morphism
of Zj{:f/ U to Zj{,;fj /U. Nonetheless, we will show that (r;ps) does not affect the main component
of &;"4, as follows.

For every
Ze U™,
we denote by y™P/, 1 < 5 <4, its images in ]7;””, respectively. If y"P4 lies in some blowup centers

of (r1ps), then there are only two possibilities:

« either the core F' of C' does not contain any point of Dy, and there exists a unique point of
Dg, say 61, such that D(Ayne ) as in (4.52) is equal to {41}, and for every 6 € Dg\{d1},

N[(s] ¢ Ayl’lpl Ll Ayl’lpz Ll Ayrlpg l_l Ayr1P4; (514)

« or DyN F is a singleton, whose unique element, denoted by d;, belongs to a separating
bridge of F', and (5.14) holds for every § € Dg\{d1}.

In either situation, the homomorphism ¢, given by the 2 x d matrix [CsiC[éi,as]] <o 1<icg &
in Proposition 2.10, pulls back to the following form on 17; Pa.

[51 0] [511 gi2 - gid

0 &) [ca1 922 - 924]’
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where ¢4 are invertible, & are the products of certain local parameters corresponding to (the
proper transforms of) the exceptional divisors obtained prior to (rips), and gs are regular
functions satisfying

gsi(y™P) = 0. (5.15)

Here, (5.15) follows from (5.14) and the fact that (s, 4,) is divisible by (5,
As in the proof of Lemma 5.1, the pullbacks of p..#(D;), 1 <i<d, as well as p,04(A) can
be trivialized so that

Yr1P4 ~v YsM1P d+1
(oﬁyd Xy, le 4 :le * X (A )n

The main component Z:{V:ll P4 of Z/N{Grllp“ satisfies the following local equations:
d
Caw? + > gaw) =0, 1<s<2, 1<h<n, (5.16)
i=2
where each wl}-‘ € Al is a free variable corresponding to the trivialization of the pullback of
px (D).
Suppose z €U,
(5.16), z satisfies

I'1 Pa4,mc

, while y"P4 lies in some blowup centers of (r1ps). Then, by (5.15) and

w%:w%:---:wlnzo.

However, the above equalities imply that the restriction of u to the irreducible component ¥ C C
containing d; is constant, because 3 does not contain any other point of Dy4. This contradicts the
fact that deg(uls) =1 (because Dg N = {é;}). Therefore, the image of U'P*™ in V}'P* misses
the blowup centers of (r1ps), i.e. UyP*™ /U is isomorphic to UyP*™ /U.

Since U; P> /U is isomorphic to U; '™ /U, the isomorphism ¢;'** induces an isomorphism
r1p5,mC , 7 P, 7/r1ps,mc
o) Uy JU — U, JU.

Moreover, just like in the first four phases of (r1), the blowups of (r2) to (r3p2) have the same
effect on UTP*™ and U™ because of (5.13). Taking (5.12) into consideration, we obtain an
1s0m0rph1sm

P [P 7 [P

Finally, note that (r3p3) does not affect Ur3p2’mc, for otherwise k=2, and Z];Bp%mc contains

{r1Pame belong to some blowup centers of (rips), which we have shown

points whose images in U,
is impossible. In addition, (rsps) does not affect Z/{r3p2’mc either, because we have shown that
(r1ps) does not affect 2], In other words, UP*™ /U is isomorphic to U P*™C /U. After all the

sequential blowups termlnate we thus obtam a morphism
O (U X7, (e gy Ma(P", d)™) /U — Uya /U,

given by the composition of the following:

~ ~

(U XM (IP” d) MQ(P”, d)m(:) ur3P47mC ufspmmc ; uf3P27mC ur3p4,mc c_)ukd’

in which the first isomorphism is as in Corollary 5.3, and the second isomorphism is (br&pQ’mC As

shown in the sentence containing (5 11), the pullback of R, f*Op- (k) is locally diagonalizable
on Uyg, hence is on U X+ Mo (P d) Mg(]P’” d)™¢. Since U is arbitrary, the proof of Proposition 5.5
is complete. [l
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COROLLARY 5.6. Let (7™¢, 1) be the pullback to My(P", d)™ of the universal family (m, ).

Then the direct image sheaf (7™°).(f)* Opn (k) is locally free for all k > 1. It is of rank kd — 1
if d> 2.

Proof. Given small open U/V of Ms(P" d) and H € Hy, let Zj:ZJU,H be as in (5.3). Recall
that X /U is the universal family over U, (C, D) is the universal family over V, and A C C is the
auxiliary divisor as in (2.2). We set

X/ZXXUZ;?:CXVZ], 5/:DXUL7:DXVL7,

where the second equality in each set of identities follows from the universality of ISV, Let

A =AxyU and Z =0,(D).

The same argument as is used in the proof of [HL10, Theorem 2.11], particularly the sentence
containing [HL10, (5.22)], applies to the current situation verbatim. More precisely, the Cartesian
diagram

B

I
X ——

|l
0 -2y
along with the cohomology and base change theorem, gives the following Cartesian diagram.

#PA —2 %;ﬁ;‘., (A"

| |
B*pel(A) 55 B*p,04(A)

In the diagram above, the two vertical arrows are isomorphisms, and ¢ is the evaluation homo-
morphism. Thus, investigating @ is equivalent to investigating the pullback of ¢ to U. Therefore,

in order to show that (7™¢),(f™°)*Op~ (k) is locally free, it suffices to show that the pullback
of m.f*Op- (k) to MQ(P”, d)™¢ is locally free, which follows immediately from Propositions 5.5
and 2.8.

As for the rank, when d > 2, notice that near a general point of Mo(P", d)™¢, the matrix

of ¢, whose size is 2 x kd, is of rank 2. Thus, ker ¢ is of rank kd — 2. So, by Lemma 2.4, %ij is
of rank kd — 1. O

5.3 The construction of Ma (P™, d; k)

For every k € Z~, following the same argument as in Lemma 5.2, we observe that the pullbacks
Upq as in (5.11) can also be glued together to form a Deligne-Mumford stack, denoted by

My(P™, d; k).

For k > 1, MQ(P”, d; k) is generally not as smooth as MQ(PTL, d; 1) = ]\72(]?”, d); nonetheless, as
far as the local diagonalization of R, f*0p- (k) is concerned, My (PP, d; k) behaves more nicely
than My (P", d).
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PROPOSITION 5.7. For every k € Z~, there exist a Deligne-Mumford stack ]\72([?”, d; k) and
a morphism MQ(P”, d; k) — M(P™, d) such that for every small open U C My(P",d), H € P,
and degree k morphism 1)y, : P" — P™ satisfying the condition that fy i, as in (5.10) is well
defined, we have the following commutative diagram.

Nd. = It X
U x gy MY ——— U X7, pn gy Ma(P", d; k)

\U/

In the diagram above, the horizontal arrow is an isomorphism (of stacks over U ), and the other
two arrows are natural morphisms. -

Moreover, the pullback of the derived object Rm.f*Op- (k) to Ma(P", d; k) becomes locally
diagonalizable. . N

Furthermore, for every irreducible component N of My (P, d; k), with (Tn, fn) denoting the

pullback to N of the universal family (1.3), the direct image sheaf (7n).(fn)*Opn (k) is locally
free. It is of rank kd — 1 if d > 2 and the general points of N have smooth domain curves.

fU7H,1;‘)

Proof. The existence of Mg([P’",d; k) follows from a line-by-line repetition of the proof of
Lemma 5.2, and hence we omit the detail. The local diagonalizability of the pullback of
R7.f*Opn (k) to Ma(P™, d; k) follows directly from Proposition 4.1. The proof of the remaining
statements is parallel to the proof of Corollary 5.6, and hence is omitted. O
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