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Abstract. 1 provide a proof of the existence of absolutely continuous invariant measures
(and study their statistical properties) for multidimensional piecewise expanding systems
with not necessarily bounded derivative or distortion. The proof uses basic properties of
multidimensional BV functions (the space of functions of bounded variations).

1. Introduction

Lately, several authors attempted to treat billiards directly by transfer operator methods.
While the first attempts can be traced, at least, as far back as 19951, most of the
related work is quite recent and is motivated by the anisotropic Banach space approach
started in [8]. Such an approach has been very successful in the smooth case [2, 6, 7, 9,
19, 20, 29-31] but its extension to the piecewise smooth case is still unsatisfactory in spite
of encouraging recent progress, see [3-5, 15]. The hopes motivating such a program are to
obtain simpler, stronger and more flexible proofs for, e.g., decay of correlations, statistical
stability and limit laws.

Given such a situation, it is natural to reconsider the piecewise expanding case. The
payoff of this revisitation is twofold. On the one hand, I generalize the existing results to
the case in which the derivative of the map is unbounded and there may be countably many
domains of smoothness. On the other hand, I obtain a more streamlined and elementary
proof. Hence, this paper both contains new results and is a useful warm up for the
hyperbolic setting.

More precisely, I show that the blow up of the derivative can be, at least in some cases,
easily handled without resorting to the ‘homogeneity strips’ strategy usually employed
in billiards. The method presented here is the higher dimensional analogue of the one
introduced in [34]. I work in the piecewise C setting. One could extend the theory to the
C'*¢ case, but would have to use a generalization of BV spaces that would considerably
cloud the argument (but see [36] for a possible alternative).

+ See [27], which was in fact applicable to billiards by introducing the usual homogeneity strips strategy, even
though such an extension was not present in the published version.
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I use the space of functions of bounded variation (unlike some more unconventional
spaces as in [35]) and very little of the theory of bounded variation functions (e.g. no
computations based on the traces of a BV function are used, contrary to most of the
literature starting from [17, 22] to the more recent [13, 14]).

2. The class of maps

Let us consider classes of maps 7' : Q2 — Q,.Q= Qc [0, l]d , satisfying specified subsets

of the following conditionsf. Let m be the Lebesgue measure.

(0) Foreachn e N,m(T7"9Q) =0.

(1) There exists a countable collection of disjoint connected open sets {2}, |, Q2 =
Q%, such that T is €2, with C! inverse, when restricted to each Q.

(2) ForallkeN, T|g, and (DT)™! |e, have a continuous extension to Qus.

(3) Foreachje(l,...,d},xz; eRITandkeN,

Qe N {(xj, Vyer = U{x;éj} X g (X)),
¢

where the [ ¢(x+;) C R are, possibly countably many, disjoint open intervals||. In
addition, there exist § > 0 and A > 1 such thatxx*

sup sup > 101 ey OUDT) T, Mo <271
X€[011 T (k0L —8,x+81N Ik 0 (x )70}

where 1 4 stands for the indicator function of the set A.
(4) Foreachk eN, let

Qp = {x € @ 1 dist(x, 9Q2) > ¢} and  0°Q = 2\ Q2.

Then, foreach j € {1, ..., d},

1
lim sup Z /0 ||3x,~[(DT)_1](X;ej, MlooLaeq, (£, ¥) dy =0.
%

80 xy;
(5) Foreachi, j,ke{l,...,d},(DT)[(DT)" ' € LY (2, m).

T If a given T does not satisfy the conditions below, they may still hold for some power of 7'.

i Note that, with the present definition, €2 is necessarily disconnected unless {€2} consists of a single element.
Moreover, one can check that Uk 02 = 0Q2.

§ I will use the notation (D7)~ or [(DT)_l 1(x) for the inverse of the matrix DT computed at the point x.

q From now on, the notation X£j stands for the vector (xq, ..., Xjls Xjhls e oo xgq) and (x#-, y) stands for
(XLs e s X1 Vs Xjp s - o X))

| Note that, for some x_ ;, the set {j ¢ (xx;)} may be empty.

+* The following could be replaced by a weaker condition in which one takes an inf on all the possible
orthonormal bases. This is due to the fact that in the definition (2.1) below there appears the divergence,
which is rotationally invariant. I avoid this generalization to favor readability. In particular, to implement
such a strategy I would be forced to use a rotation-invariant norm, such as the Euclidean one, instead of
lo)lloo = maxieq1,....ay l¢i (1. 1AW lloo =max; Y ; AG);, ;1. ll@llzoo = sup, @)oo and Allzc0 =
sup, [|A(x)|loo, which I find more convenient here.
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(6) There exist C >0, ¢ € (0, 1] and a > 1 such that, for each x € Q and ¢ > 0,
we havef

m(U asszk> <C%% ||V det(DyT)|loo < Cd(x, 32)7°.
k

Remark 2.1. The above conditions are not all independent; I introduced some partial
repetitions to make them more transparent. The zeroth condition simply ensures that the
dynamics is well-defined Lebesgue almost surely. In the case d = 1, the first two conditions
reduce to the usual definition of piecewise expanding maps. Condition three reduces, in
one dimension and when the partition is finite, to the standard condition that the expansion
be larger than twof. In higher dimensions, for a finite partition, condition three is implied
by the condition that the boundaries of the €2 are transversal to the coordinate axes and
that the maximal number of the Q) covering a point is strictly bounded by the minimal
expansion (|(DT)~! ||Zolo). In one dimension, condition four simply says that the inverse
of the derivative must be locally in w1 (i.e. its derivative must be in L'); this is essentially
Rychlik’s condition [34]. In higher dimensions, assuming a finite partition with transversal
boundaries, condition four is implied by a uniform integrability condition for the functions
[|0x; [(DT)~! 1(x+£j, )leo$. Condition five trivializes in one dimension and is fairly weak
in any dimension. Finally, the last condition is not needed if d = 1 (see Theorem 1).

As in the one-dimensional case, we will work with the BV and the L' norms, but BV
needs a word of explanation. For each h € L! (Rd, m), define]

Vil gy @ == sup / h-div . @1
peCl (R RY) JR?
lgllpoo<1
As usual,
BVRY) ={he L'®RY, m): ||kl gy ) < 00}.
Next,

IhllBv () == ||]l§2h||BV(Rd) (2.2)

and BV (Q) ={h € BV(R?): supp i C 2}. From now on, I will use BV to designate
BV (K2), if no confusion arises||. For the reader’s convenience, I collect in Appendix A the
relevant properties of BV functions.

F One could even allow an exponential blow up at singularities, provided the rate is taken small enough. It suffices
to truncate the restricted transfer operators (defined in §4) at a polynomial distance from the singularity rather
than at an exponential distance. I choose not to pursue this generalization because on the one hand it is obvious
and on the other hand it would only make the argument less transparent.

I In fact, it is slightly weaker insofar as it requires that the sum of the inverse of the minimal expansion of any
two consecutive intervals is less than one. At any rate, in one dimension the larger than two condition can always
be satisfied, for some power of 7', provided the expansion is larger than one. This is not true in higher dimensions
(see [11, 37]) although it can be achieved in special cases (see [10, 12, 38]).

§ I doubt that having only the inverse of the derivative locally in w1 suffices to prove Theorem 1.

q By C6, I mean the vector space of r-times differentiable functions with compact support. Here and in the
following I will not specify the variable of integration if no confusion arises. In any case, all the integrations are
with respect to the Lebesgue measure unless otherwise stated.

|| Note that BV (£2) is a closed vector space under the B V(Rd) norm and that (2.2) is a norm in BV (£2). Also, for
h e LY(2, m), 1 will often write 1 € BV () to mean 1oh € BV(2), i.e. the functions are extended to be zero
on Q€.
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Remark 2.2. Note that the alternative to define the norm in (2.2) for each h € L'()
directly by (2.1) with the sup restricted to the ¢ with support contained in €2 would not
work (in particular, Lemma 3.1 may fail; see [33] for a counterexample).

We are now ready to state precisely the result proved in this paper.

THEOREM 1. Any map satisfying assumptions (0)—(5) has (at most finitely many) invariant
measures absolutely continuous with respect to Lebesgue. Such measures have densities
that belong to BV and their supports yield the ergodic decomposition of the Lebesgue
measuret. If there exists only one absolutely continuous invariant measure W, with
density hy, then the following alternative holds: either the dynamical system (2, T, ()
is not mixing or there exist o € (A~', 1) and C > 0 such that, for all h € BV () and
feld@, my,

/foT"h—/h-/h*f‘fcllhllellfllLdU"-
Q o Ja
N

If the first alternative holds true, then there exist N € N and disjoint sets {5 J'}/:l’
Q= Uj S~2j Lebesgue almost surely, such that T?Zj = S~2j+1 for j < N and T§N =Q.
Moreover, for each j < N, (TV, ﬁj, W) is an exponentially mixing dynamical system.

Finally, if d = 1 or if the map satisfies also assumption (6), then there exists &, > 0 such
that for each absolutely continuous invariant measure the associated density is uniformly
positive in an open ball of size ¢,. In particular, the ergodic components of the Lebesgue
measure are open (mod 0).

Remark 2.3. Note that the above theorem is constructive since &, can be computed by
looking at the proof and keeping track of the various constants§. This provides a bound
on the number of ergodic components. One can then prove that there is only one ergodic
component by finding an ¢,-dense orbit. Moreover, if there is only one invariant measure
and two periodic orbits (away from 0€2) that have coprime periods, then the measure is
mixing.

Remark 2.4. Tt is important to remark that many other results can be obtained once
Theorem 1 (or rather the spectral picture, based on Lemma 3.1, from which the theorem
follows) is established. For example, approximation results (extending the ones in [32])
follow by applying the theorems in [25, 26]. Also, various limit theorems (in particular
the central limit theorem as in [28]) can be obtained by using, e.g., the results in [18].
Finally, the interested reader can easily extend the present arguments to more general
transfer operators by imposing appropriate conditions on the potentials, in the spirit of [34].

2.1. Anexample. Here is an example (chosen more or less at random). Let 2 C (0, 1)?
be given by the smoothness domains of the map

T(x,y) = (av/x, by + /x) — [(av/x, by + /X)],

T That is, all the indecomposable invariant sets (mod 0) of positive Lebesgue measure.

1 To be precise, f o T" is defined only on ﬂneN T7"Q C 2, which differs from Q for a zero measure set by
hypothesis (0). Since it is irrelevant, I will not comment on this any further.

§ I choose not to do this in favor of readability.
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where a, b > 6 and |c] is the integer part of c. Then

2Vx

0

(o) t=| ¢
11
ab b

It is easy to check that the above map satisfies all the conditions of Theorem 1.

Proof of Theorem 1. As usual, one first defines the transfer operator and then proves a
Lasota—Yorke inequality. More precisely, for each x € €2,

Lh(x):= Y |det DyT|'h(y). (2.3)
yeT~1(x)

Then, for each & € L' (R?, m) and ¢ € L*®(R?, m), we havet

/h-gooT:/g&-Eh. (2.4)
Q Q

Hence, 1oLh = L(1gh) almost surely. The Lasota—Yorke inequality is proven in
Lemma 3.1. It follows that £ is a bounded operator from L'(2, m), and from BV (),
to itself.

Using standard arguments (see [1] for a general discussion, here I use Hennion’s
theorem in [21]), Lemma 3.1 implies that £ is a quasi-compact operator with spectral
radius one and essential spectral radius bounded by A~!. In addition, one is an eigenvalue
since [ h= [ Lh, for each h € L', implying that one belongs to the spectrum of the
dual operator £'. Thus, there exists a spectral gap between the eigenvalues of modulus
one and the rest of the spectrum. Accordingly, we can write £ =TI1 + R, where Il is a
finite-rank operator with spectrum contained in {z € C: |z| = 1} U {0}, while the spectral
radius of R is strictly smaller than one and [TR = RIT = 0. In addition, the second of the
inequalities (3.1) below shows that IT must be power bounded, hence it cannot contain
Jordan blocks. Thus, we can further decompose IT = Zj et ng, ng g, =8k ngi. By
the spectral gap,

1= My, if6=6;,
lim — Y e ifhgk =} BT 2.5)
) 0 otherwise,

where the limit is in the strong operator topology in L(BV, BV). Again, the second of
the inequalities (3.1) below implies that the Iy, are bounded operators from L'to BV.In
particular, ITopl € BV is the density of an invariant measure. On the other hand, if w is an
absolutely continuous invariant measure with density /4, (2.5) implies that 4 = I1ph, hence
h € BV. That is, all the invariant densities belong to the finite-dimensional range of ITj.

1 In fact, (2.4) is often taken as the definition of £. Formula (2.3) follows then by changing variables,
remembering hypothesis (0) and using the Lebesgue monotone convergence theorem to prove almost sure
convergence of the right-hand side.

# Note that one should complexify BV. I do not give details, as they are standard.
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Next, observe that Iy, (g) = >, €;«(8)h;j«, where hj, € BV and £;, € (L'Y and
Lj(hrs)=08j,8¢s. That is, there exists p;, € L™ such that £;,(g) =fQ Pjx -8
for all g € L'. Moreover, Iy, := I is a positive projector and [ Mph = f h, hence
> m(ho)po =1, which implies that o . =]lAKm(h0,,()_1, where the {A,} are
disjoint indecomposable invariant setst and must therefore correspond to the ergodic
decomposition of Lebesgue. In addition, for all g € LY

i(0; 406"
/pj,lcpj',x’»cg = /(pj,f(pj’,fc’) ol -g= el( I / PjxPj k&>

/ﬁj,xﬁg:eiiai‘/ﬁj,xé’-

Hence, e % € 0(L') = o(L) and either Pjxpj i =0 or ¢'%i*0) € 5(L). That is, the
peripheral eigenvalues form finitely many cyclic groups, each related to a different ergodic
component (see [1] for details).

If the peripheral spectrum consists of one as a simple eigenvalue, then IT is a rank-one
operator and, setting s, = I11 foreachh € BV and f € L% holds (remembering (A.1)),

/foT"h=/ fc"h=/ fh*~/ B+ O f L IRy Tl 5v),
Q Q Q Q

which gives the announced exponential decay of correlations. Similar arguments work for
(TN, Q;, w) in the general case.

The only thing left to prove is the openness of the ergodic components. If d = 1, then
it follows from the fact that, in one dimension only, BV functions are strictly positive
over some ball (i.e. interval) and by the standard argument in the last paragraph of the
proof of Lemma 4.1. If d > 1, then the result follows from hypothesis (6) and is proven in
Lemma 4.1. O

Remark 2.5. In the following, we will use Cy to designate a generic constant, depending
only on the map 7 and the constants appearing in the hypotheses (0)—(6), which values
can change from line to line. On the contrary, we will use Cy 5, ... for a generic constant
depending on the parameters a, b, c, . . ..

3. Lasota—Yorke inequality
LEMMA 3.1. For each map T satisfying hypotheses (0)~(5) and for each o € (A~ 1),
there exists B > 0 such that, for alln € N and h € BV, we have

||£nh||L1(Qym) = ”h”L'(Q,m)’

3.1)
1Ll V(@) < o"hllBv) + Bllhl L1 @.m)-

+ Remember that, by construction, ﬁl'lg]. = 1'[9].£ g ng., which implies that £'€g , =¥€p . and thus

p0.x © T = po almost surely. In turn, this means that pg , can take only one value (besides zero), otherwise

we could construct new invariant sets, and hence invariant measures, which we know do not exist. For the same
AQONS <t ha — 2

reasons, we must have po 00, j = 8k j P -
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Proof. Foreach h € L'(2, m) and QE LOO(R”’, m), we have

/ ch.¢=/ hegoT <Al el
Q Q

Thus, [ hll,1 < 1Al 1+
To prove the second of the inequalities (3.1), let h € BV and ¢ € Cé (R4, RY) with
lellre <1,

d d
/ch.Zax,.@:/ hZ(ax,-(Pi)OTZZ/ h(dypi) o T
Q i=1 & Lk

/ hos (L(DT) ™ 1jilgs o T1)
ik,j 2%

f hlgi o T1a, [(DTY"1;; (32)
ik,j Q4

To proceed, we need to recreate proper test functions. To this end, remember from
hypothesis (3) that for each j € {1,...,d} and x4; € R?-! we have defined intervals
Ik,g(x?gj) = (ak,g(x?gj), bk’[(.x?gj)). Let us define Jk()C¢j) = U/é Ik’g()C¢j) and, for each
x € RY%,

d
W) =Y [(D:T) i - i 0 T(x) - Lpasy (X)),
i=1

Vo) = WX, oo X1, Gk XjgLs - - -5 Xd),s
+
W) = WXt s X1 Dies Xjgts - Xd)-

Next, define functions n;k,¢,x.; € L*®(R, m) by

0 forall y € (—o0, ay,¢ — 81,
Wi eGz)) - (0 —are + 88" forall y € (axe — 8, ar,e),

Njktoxs; () =10 for all y € [ak ¢, bk.¢],
Wik e(eat) - (e +8 = 8=t forall y € (bee, bie +9),
0 forall y € [by¢ + 8, +00),

where § > 0 satisfies hypothesis (3), and
() = W)k (x) + Z Njkibtors; (X)) —Zeu,
Ok,e = [‘Ifj,k(X)Jlm(Xj) +0jkexg, ()] O) = Z Wk
The point of introducing such functions is that, by construction, the 6 ¢ are continuous

functions in the x; variable, for each x.;, and the same holds for the functions ©;,

T Note that equality holds if 2 > 0.

¥ The numbers \I/jik o(x£j) are well defined by hypothesis (2). In addition, if x € {x;} x Jg(x+;) but not in
{x£j} x Jg(xj), then x is a point of accumulation of intervals and, hence, by hypothesis (3), it is natural to
define W 4 (x) = 0.
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which are, by definition and hypothesis (3), a uniformly convergent series of continuous
functions. Also, for x ¢ 9€2, (3) implies that

sup |©(x)| < sup Z[ sup |‘1’j,k(x)|]Jl[ak.g—a,bkﬁ&](Xj) <2l (3.3)
J J ke Lxj€lie(xsz))

Moreovert,
Xj Xj
0,0 =% [ dvastustess = [y X buatess,»
k.l k,l

implies that the function ®; is Lebesgue almost surely differentiable with respect to the
variable x; and ax_,@),- (x£j, ) € L'(R). Thus, almost surely,

divO ) = Y 9 (1D jigi 0 T} - Lypesyy (x))
ik,j

+o7! Z{w;k,e(x¢j)1[ak,z—5,ak,/z](xj) - lI//J‘Tk,e(xij)jl[bk,e,bk./ﬁﬁ](xj)}'
jk.t

This implies, by (A.2), that ® has enough properties to be used as a test function.
Having set up the above machinery, we rewrite (3.2) as

Ch - di / hlg; o T19,,[(DT) ™1
/;z ive Z o li o T10x;[(DT)""];

ik j

> / hlgi o T105,[(DT)™jilg,
R4

ik, j

=<

. d||hll
hdiv®| + —=—
[Rd v ‘—I— ¥ +

h
- l2llBv

dllhllp
=7 +

+

. (3.4)

To conclude, note that one can split the last term of (3.4) as

Z/ hlgi o T1d[(DT) ™ il
R4

ik, j
Xj
-1
+ ij /R | hi, fo ;[w o T19,;[(DT) ™' 1iLse .-
Thanks to hypothesis (4), for each o € (A1, 1), one can then choose ¢ so that

<o e
LDO

” (./o dy D 00T 0z ) (DT ji - Loy (. y)>

ik, j

Finally, note that if Q,"i # (J, then i must contain a ball of radius ¢, but only finitely
many such balls can fit in €2, thus only finitely many 27 are non-empty. Accordingly, by
hypothesis (1) and (A.2), there exists C, > 0 such that, taking the sup over g,

Lkl gy <27 Hikllgy +ds™ A7 Rl + (0 — 2 Dlkllgy + Collkl 1,

which (iterating) proves the lemma with B = (1 — o)~ 1(C, +ds~'171). O

T The first equality holds by hypotheses (1) and (2), the second follows from hypotheses (3), (4), (5) and the
Lebesgue dominated convergence theorem.
I Note that the last term of the next equation is bounded by ds— 1271 due to hypothesis (3).
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4. Openness of the ergodic components

Finally, I deal with the openness of the ergodic components. As far as I know, the only
general result of this type (but limited to finite partitions and bounded derivatives) is in [35],
where it can be easily obtained thanks to the particular Banach space used there. Yet, I do
not see how to use such a Banach space in the unbounded derivative case. In addition, the
argument in [35] does not seem to be constructive. On the contrary, the radius &, in the
following theorem is constructive and could, with some extra work, be estimated explicitly
in concrete examples.

LEMMA 4.1. For each map T satisfying hypotheses (0)—(6), there exists €, > 0 such that
each ergodic component of the Lebesgue measure is open and contains a ball of radius &
on which the density of the associated absolutely continuous invariant measure (a.c.i.m.)
is uniformly positive.

Proof. We argue along known lines (see [23] for similar arguments in a closely related
case). The basic idea is to compare the true dynamics with one in which only trajectories
that are always far away from the singularities are considered. Such trajectories experience
only the smooth part of the dynamics. To do so, we need first to define a transfer operator
restricted to such trajectories and then to obtain an a priori estimate on the difference
between the real system and the restricted one.

Consider the sets I'; = (_J; 9°$, and the operators L, , f = L((1 — 1r,,) f)+, where

1 —
ve(vo/a, 1), wvo= DT Y

(the interval is not empty by assumption (3)). Setting Eg,,, =Le0Le1 - Len—1, Ze,() =
1, foreach f € BV, f > 0, we havei

n—1
IL"f = Lenfllpr <D ML Loggr -+ Leni f— L Les - Lo flip

k=0
n—1 n—1

=D lr,  Lekpr - Len1fllpr <YM, - L7 Fllp
k=0 k=0
n—1

<Y m@) Ll pagaen
k=0
n—1

< Yyl LR |y
k=0

< Gy 1= v fllgv. (4.1)

Next, we choose some mollifier n and, for each § € (0, 1), we introduce the
regularization h; of the invariant measure as defined in Appendix B; we will be interested
in estimates uniform in ¢ for § arbitrarily small.

+ This corresponds to an open dynamics where the trajectory disappears when it gets closer than v"e to the
boundary of an €.

1 In the second line, we have equality since £ is an L isometry on positive functions, in the third we have used
the Holder inequality (A.1) and hypothesis (6). The fourth line follows from Lemma 3.1.
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Suppose that, for some xg € Q\I, Zg’nl(xo) > 0. This means that, for each y €
T~"{xo} that contributes a non-zero term to the sum defining Z,sg 1, we have Tk yET nk-t
for each k€{0,...,n —1}. Hence, if ||xg — z|| <¢&/2, it follows that there exists
w € T~"{z} such that, for each k € {0, ..., n — 1}, |T*w — Tky| < v(’)’_k_ls/Z, hence
T*w & T, ni /2- A standard distortion argument together with (B.1) yields

\det(Dyy ")~ hs (w)| = e—z;;;(‘) In [det(Dpi, Dy < (1)

1 k) — —d—
. e_cﬂ{ 2’ Ov(n ) (n— k)aSI ”J,_V(’)‘gé‘ d

Y1det(D, T hs (y).

where we have used assumption (6). The above implies that, for each ¢ > 0, there exists

ye > 0 such that, for eachn € N and § > §, ( +) , we have

Lhs(z) = ££/2,nh5(z) > e Lo.nhs (X0).- 4.2)

It remains to find good p01nts xo. Let A={x e Q:h(x)>5 } then we have m(A) >
Cyt. Consider Bs , ={x € A: L phs(x) < 4} then, by (4.1) and Lemma B.1,

Im(Bs.n) = 115y, k1 — IWh — Lenhslipn = 3m(Bs) — Cp(84/4 + /),

Thus, provided 8, ¢ are both small enough, we have m(A\(Bs, UT)) > %m(A) for all
neN.

To conclude, set Bn,g = Bs, n Ul's. The above implies that there exist a positive
measure set D C A such that for each xo € D there exists an infinite sequence {n;}
such that xg € A\Bn j.e forall j €Nt It follows that for all xo € D and all z in an
&/2 neighborhood of xg, by (4.2), we have L" h(;nj (z) > %yg§. On the other hand,

fi=L" h(;nj converges to & in L', hence there exists a subsequence f i Which converges

to i almost surely. Finally, this implies that 4 > 4—1‘)/8 almost surely in the ball {z € Q:
llz — xo|| <e/2}, which shows that the support of any invariant measure must contain an
open ball.

We are left with the task of proving the openness of the ergodic components. Given
an ergodic component A C 2, let & be the density of the a.c.i.m. u supported on it.
By the previous arguments, we know that there exists an open ball B C A, such that
1p < Cgh. Then L"1p < CyL"h = Cyh implies that Ag := UZ‘;O T" B is contained in
the support of 4. Next, notice that for all connected open sets U C 2, Uj = U\T~'9Q is
open||. Accordingly, TU; C 2 is open, which, by hypothesis (0), shows that TU differs

t Indeed, 1 =m(1ah) +m(Lach) < Cyllhll pym(A)/4 + tm(A). Thus, 1< 2C4llh) gym(A)/? —m(A),
which implies that m(A) > (2C#||h||BV)_d. But, the second of the inequalities (3.1) implies that ||h| gy =
ILhligy <ollhlipy + B. Hence, m(A) = (2C4B) (1 — o).

i By the monotone convergence theorem,

o0

/ Z A\Bn Zm(A\Bn 8)

thus, the sum must diverge on a positive measure set.

§ Since xg € A\an &, it must be L, n; 1(xg) > 0.

qIn fact, [l — f;ll,1 = I1£" (h — hsn gt = —=hs, 11 = Codit Il gy, by Lemma B.1.

|| Indeed, since U is connected it Inust be contained in some Qy; then T = T'|q, is continuous by hypothesis,
hence T~ 1(BQ) N =T, (BQ) is closed.
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from an open set by a zero measure set. Iterating this argumentf shows that there exists
an open set V C Ag such that u(Ap\V) =0. On the other hand, T—1Ao D Ao, hence
[L(T_le\Ao) = 0. This implies that there exists A1 D Ag, u(A1\Ao) =0, such that
T—'Ay = Ay, hence 0 = £(A\A1) = m(A\V), which implies the lemma. O

A. Appendix. BV functions
Here we collect some basic facts about BV functionsi.

LEMMA A.l. There exists Cq > 0 such that, for eachh € BV (2), A C R,

1Lakllpr < m(A)Y k) aja—n < Cam(A) NIk gy (A1)
The set By :={h € BV : ||h| gy < 1} is relatively compact in the L topology.
For all je{l,...,d}, heBV(R?) and almost all xzj, h(xzj,) € BV(R) C
L®[R, m).

For each h € BV (R?) and all ¢ € L®(R?, m) of compact support and such that X£j
almost surely, ¢j(x+j, ) € C'(R, R), (Ox; ) (x2j, *) € L'(R, m), we have

/ h div ¢
R4

Proof. The first inequality of (A.1) is a Holder inequality:

< Irllpy gayll@lizee. (A.2)

/ Ih] < m(AY k) para-,
A

while the second is a Sobolev-type inequality; see [16, §5.6.1, Theorem 1(i)].

The second statement follows directly from [16, §5.2.3, Theorem 4], since B} C {h €
BV((—1,2)%): 71l gy ((=1.2)2y < 1}

To prove the third statement, let

Vih(xzj) = sup / h(xxj, )¢’ (1) dt.
peClR,R) /R
[plpoo <1

Then [16, §5.10.2, Theorem 2] states that V;h € L'(R?=!, m). Hence, V;h must be almost
surely finite, from which the statement follows (taking into account (A.1) for d = 1).

To prove (A.2), we have to deal with the fact that ¢ is not a legal test function since it
may be discontinuous. Nevertheless, this is a superficial problem: given a positive function
n € C*°(R, R) with integral one and supported on [—1, 1], define n.(y) = e ey,

yeR,andn; (x) = ]_[‘,f=1 ne (x) and let * stand for the usual convolution. We then define
k#j
Pey,en € COO(Rd’ Rd) bY§ (§0€1,€2)j = ﬁj,sl * (7762 * (pj) Note that ”‘pé‘],Ez”Lc’O =< ||(10||LC>o

+ By considering a connected component at a time.

1 For the general theory of BV functions, see [16], or see [24] for a quick introduction to the properties relevant
to the present context.

§ The second convolution is with respect to the variable x ;.
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Foreachh € B V(Rd), the second statement of the lemma implies, x.«; almost surelyT,

/ dxjh(xzj, Xj)0x;0j (X, Xj)

lim dxjh(x;éj,xj)f dydy@j (X, Y)Ney (Xj — ¥)
R

e0—0

lim dx/'h(x#,x/')ax,»/Rdywj(x#j,y)naz(xj'—y)-

e0—0

In addition, for each &, > 0, the right-hand side is bounded by V;h|lg;| L, which, by
the above results, belongs to L' (R~!, m). Hence, by Lebesgue’s dominated convergence

theorem,
/R ey = Jim [ i (e, )
- alziino slliino Rd TR C P )
= 6121510 slliLnO y b 0x; [0 % (Msy * @))].
Thus,

/ h div <p‘ = lim lim
R4

62—)0 81*)0

/hdiV‘/’el,sz < lim |2l gy wa)ll@e, e llL>
Rd £2,61—>0

< gy ey lleliL=. O
B. Appendix. A regularization scheme
Here I describe a way to regularize a BV (£2) density and some relevant related properties.

This is fairly standard; I add it here just for the reader’s convenience.
Letus fix n € C°(R, Ry), suppn C [—1, 1], [ n =1 and set, for § > 0,

d
is(0) =8~ [ n6™"x).
i=1

Let h € BV (L2) be such that, 7 > 0, f h = 1. For each § > 0, define

ha(x)=/gﬁa(x—y)h(y) dy +3.

LEMMA B.1. If Q satisfies the first inequality of hypothesis (6), then the following
properties hold true:

hs > 8,
IVhslL < llhlgy,
IVhsllze < Cp8 Rl 5y,
lh — hsll1r < Cy8*“N\hligy.

T The integration by parts in the last line is allowed, since ¢ i is, X£j almost surely, of bounded variation in the
xj variable.
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Proof. The first inequality is trivial. The second follows from

d
IVhsllp = sup Y / dxgy(x) / dydy, 7is(x — Yh(y)
goeCé k=1 /R? Q
lloll oo =<1

d

= sup Z/ h(x) 0y, (M5 * i) (x).
peCy  k=1Y%
ol oo <1

The next inequality follows from |75/ e < Cné’d. To prove the last inequality, let xs €
C'(R?, [0, 1]) be such that supp x5 C %2 and supp(1 — xs) C (2%)°. Then, by (A.1),

lh = hsligr < llxsCh — iis % W)l 1+ 8llR] 1o + C8%/|lh]| gy
Next, for each g € C!(R?, R), and ¢ € C%(£2, R), let g5 = xs¢ and

/ dx / dy os(x)ns(x — y)(g(y) — g(x))
Q R4
1
=/ / dt os(X)ns(x — y)(Vg(x + (y — x)1), y — x)
QxR Jo

1
_ / / dt 1= s (075 (17 (x — E))(Vg(£), £ — x)
QxR4 JO

1
=5/ dt/ div (15 * 9s) - &,
0 R4

where 75(x) = 75 (x)x8~!. Hence,
1xs(8 =5 * &)l 1) = Cpdllgl gy wa)
and the same then holds for g € BV{. Accordingly, for each h € BV,
I — sl < Cp8®? k] By (- O

Here is a useful consequence of the above lemma: for each two points x, y € RY,

hs(x) < S8 sy, (B.1)
This follows since, setting g(t) = hs(tx + (1 — t)y), we have
hs(x) (Vhs|l Lo a1
1 =|lng(l) —1Ing(0)]| <C —y|—=<C — |8 .
nh(;(y) Ing(1) —Ing(0)] < Cyllx — vl nfhy = nllx =yl
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q5.2.2, Theorem 2]) and the claim follows since convolutions are L! contractions.
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