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Existing simulation-based estimation methods are either general purpose but asymp-
totically inefficient or asymptotically efficient but only suitable for restricted classes

of models This paper studies a simulated maximum likelihood method that rests
on estimating the likelihood nonparametrically on a simulated sariydeprove

that this methodwhich can be used on very general mogdédsconsistent and
asymptotically efficient for static modelg/e then propose an extension to dynamic
models and give some Monte-Carlo simulation results on a dynamic Tobit model

1. INTRODUCTION

Many parametric estimation procedures in econometrics are based on the max-
imization of a criterion functionThis may be the mean square error as for the
least squares methpthe likelihood function for maximum likelihood estima-
tion, or the likelihood of a well-chosen pseudo—model for pseudo-maximum
likelihood methodsUnfortunately the criterion function sometimes does not
have a closed-form expressiorhis is true for instance of limited dependent
variable(LDV ) models with lagged dependent variahlefere the likelihood
function and other competing criterion functions can only be written as inte-
grals of large dimensioitequal to the number of observationSimulation-
based estimation methods were devised precisely to circumvent this prbblem
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By replacing untractable expectations with their Monte-Carlo countetibets
allow the relevant criterion functions to be computedhich has made it pos-
sible for econometricians to estimate new classes of models

Simulation-based estimation methods belong to two general cla$besfirst
one consists of methods that are reasonably general purpose but are not effi-
cient asymptoticallyeven when the number of simulation draws is allowed to
increase fast enougffhe method of simulated moment®cFadden 1989
Pakes and Pollard 989 and the simulated pseudo—maximum likelihood meth-
ods(Laroque and Salanid 989 1993 1994 both belong to this clasés they
rely on simulating the obvious mathematical expectation with its Monte-Carlo
counterpartthey can be applied to a large class of modeiswever they sim-
ulate criterion functions thaieven with an infinite number of simulationdo
not lead to efficient estimatar§he indirect inference method&ouriéroux
Monfort, and Renaujt1993 Smith, 1993 also belong to this first categary
The second class of simulation-based estimation methods relies on simulating
the likelihood functionso that the resulting estimators are asymptotically effi-
cient(again with an infinite number of simulationsThe simulated likelihood
methods(seg e.g., Leg 1995 and the method of simulated scorg4ajivassil-
iou and McFaddenl998 are examples of such estimation methodse diffi-
culty with these methods is that as the likelihood function usually cannot be
written as a function of mathematical expectatiahgy can only be applied to
restrictive classes of model§hus there has been a lot of emphasis in the lit-
erature on dynamic LDV modelbut the methods that have been proposed only
apply to models defined by linear constrairfte which several classes of effi-
cient simulators have been devis@ge e.g., Borsch-Supan and Hajivassilipu
1993. To the best of our knowledgé¢here exist few currently available meth-
ods that are both asymptotically efficient and applicable to a very wide class of
econometric modelsThe efficient method of momentEMM) (Gallant and
Tauchen 1996 is a competitor by using the score of a well-chosen auxiliary
model an EMM estimator can become as efficient as the maximum likelihood
estimator in a variety of situationslonethelessthis property requires that the
auxiliary model encompass the true maddbst of the time this can be done
only by considering rather intricate auxiliary modelhose number of param-
eters is increasing with the sample size the spirit of Gallant and Nychka
(1987). Alternatively generalized method of momentSMM ) estimators can
be asymptotically efficient using a continuum of moments based on the empir-
ical characteristic functiorfFeuerverger and McDunnough981a 1981h
Carrasco and Floren2002a. Despite its generalifythe latter method requires
the inversion of a covariance operator in an infinite-dimensional Hilbert space
This leads to some ill-posed problems whose solution involves the delicate choice
of regularization parameterSee a discussion about the efficiency of these meth-
ods in Carrasco and Flore2002h.

The purpose of this paper is to study a simulation-based estimation method
which we call the nonparametric simulated maximum likelihood method
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(NPSML). Start from a fully parametric model whose reduced form can be
simulated(which is a very mild requiremeptThen NPSML consists in approx-
imating the unknown likelihood function with a kernel-based nonparametric
estimator based on simulations of the endogenous variables of the .fnodel
Because this strategy is applicable to a very wide class of matipl®vides a
quasi-universal simulatoMoreover we prove in this paper that in static mod-
els it provides consistenasymptotically normaland asymptotically efficient
estimators when the number of simulations goes to infinity and the bandwidth
of the kernel estimator goes to zeM/e then argue that the method can be
extended to dynamic models and explain how to do so

Section 2 presents the basic idea of the NPSML estimation metising a
static (but very generalcontinuous model as an applicatidhstates our con-
sistency and asymptotic efficiency theoremsich are proved in Appendixes
B and C These results apply directly to static nonlinear simultaneous equa-
tions modelsfor instanceln Section 3we show that the good asymptotic prop-
erties of the NPSML method extend to LDV mode$ection 4 shows how the
method naturally extends to fully dynamic modelge then give some Monte-
Carlo simulation evidence on a dynamic Tobit model in Section 5

2. NPSML FOR STATIC MODELS

Simulation-based methods are clearly most useful in dynamic settieyer-
theless it seems simpler to introduce the NPSML method and its asymptotic
properties within a static modéelherefore consider a model with reduced form

y =9(x,0,¢), (2.1)

whereg, the parameter of interedielongs to a compact setC RY, the observed
endogenous variablgis a vector ofR™, the exogenous variabbebelongs to
RY, ande € R® represents the disturbanc#¥e assume that both the function
g and the distribution of the disturbancesare fully known* Thus this is a
fully parametric model—only the estimation technique has a nonparametric ele-
ment To simplify exposition we assume in this section that the distribution of
y has no atomsLDV models are discussed in Section 4
Let (X, Vi)i=1,.... 7 be an independent and identically distributedd.) sam-
ple. The associated log likelihood then is

1 T
Lr(6) = Z In1.(6),

denotingl;(#) the density ofy, knowing (x;,6). We make the following
assumption

Assumption L1 The maximum likelihood estimatd is consistentasymp-
totically norma) and asymptotically efficienfThe true parametet, belongs to
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the interior of ®. More preciselywe assume that for some positive definite
matrix Q,

Pl p
_8080’( ) =2 4, (2.2)

uniformly with respect t@* in a neighborhood of,, and that

T2 % (6g) =—— N(0, Q). (2.3)

T%oo

For the class of models we are interestedtire likelihood functionl,(6)
cannot be computed in a closed fgrao that it is impossible to compute the
maximum likelihood estimatd#;. We propose instead to approximate each term
1(8) by a kernel estimator based on soniedi simulated sampléef)s_; s
drawn from the distributiohof &.

Thus denotingy£(8) = g(x, 0, &), the likelihoodl,(8) is estimated by

yt(9)>

1
1301 %,8) = 15(8) = ShmElK<y* : (24)

Here h is a bandwidth such thdt — 0 whenS — oo, andK is a kernel To
simplify the presentatigrassume thal is a power ofS and thatSis bounded
above and below by powers @t Under technical conditions that are stated
subsequentlyl 3(#) converges td,(#) when the number of simulatior&goes

to infinity. Thus a natural idea consists in defining the NPSML estimator as the
global maximizer of

.
£3(0) = = X InlE®H) (2.5)

=l

on @. It can be obtained using standard maximization algorithntge that
becausd is a combination of kernels and the latter usually are smooth and
have a simple formit is easy to feed analytical derivatives into the maximiza-
tion routine to reduce the computation time if need be

Because the logarithm has infinite derivative in zenmall simulation errors
on small values of the likelihood will be amplifiedhus it is necessary to trim
the smallest values df:® This can be done by considering the nonparametric
simulated log likelihood

1

.
L9(0) = T ers(lts(a))ln 15(6), (2.6)

whererg is a sufficiently regular functiohsuch thatrg(x) = 0 if |[x| < h® and
15(X) = 1 if |x| > 2h?, with § > 0.
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Thus we define the NPSML estimator by
62 = argmax$(6).
0EO

We now state a set of assumptions under which it is strongly consistentTvhen
andS go to infinity and the bandwidth goes to zero

To make the structure of our assumptions more appanenhave employed
a simple codificationthe letter L is used for regularity conditions on the like-
lihood, T for the tail behavior of the underlying variabled for the conditions
on the reduced-form modg| R for the rates of convergence of the parameters
and K for the kernel

The first assumption concerns the kerivee make the following assumption

Assumption K1 The kernelK is twice continuously differentiable and has
compact support

Let p be the order of the kernethat is [x{*...x3"K(x)dx is zero if
0 < 3, a; < p and nonzero ifY; o; € {0, p}. (Classically p = 2 for posi-
tive symmetric kernel$

We need more assumptions on the exact likelihood functiomddition to
Assumption L1 we make the following assumption

Assumption L2 I(y|x,0) andd”l(y|x,8)/dy? are bounded above dR® x
R™ X @. There exists somg > 1 such that .

1 T
T > Inl(8)|# is convergent uniformly with respect & (2.7)
t=1
Moreover
al(Y]X,0)
E sgp BTy < o0. (2.8)

Assumption T1 There exists’ such that

P(IX, Y| > S")Inh—— 0.
S—> oo

Assumption M1 There exist a functiop and somes, = 0 such that

h% sup {
6, x|=S"

with E[¢(g)] < oo, and wherev was introduced in Assumption T1

99(x, 0, ¢)
00

d9(x,0, &)
X

H = ¢(s),

More specificallyAssumption L2 is necessary to bound uniformly some bias
terms in kernel smoothindt could be weakene® Equation(2.7) is a uniform
strong law of large numberSuch an assumption is usual to ensure the consis-
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tency of maximum likelihood estimatarBecause belongs to a compact sub-
set (2.8) mainly states the integrability of the score functidihus it is rather
a weak assumptiorObviously becausén is a power ofT by assumptionin h
is of order InT. Therefore T1 is very weak topunless the tails ok andy are
very thick Note that ifdg/d6 anddg/ox are bounded in norpthen it suffices
to takesy = 0 in Assumption M1 Otherwises, > 0 is necessary because the
supremum is taken over a compact set that increases in siz8"likd1 avoids
overly erratic variations of the endogenous varialjefor small variations of
exogenous variables or of the parameter vector

Our technical assumptions could be weakened by assuming that the exog-
enous variableg belong to a bounded subsé&Ye think this is too restrictive
Thus in this paperthe support of the joint law ofx;, y;) is a priori unbounded
even if this makes the assumptions uglier and the proofs longer and more
involved

We also need to put some assumptions on the order of the trimming function
and the rate of convergence of the bandwidth to zero as the number of simula-
tion draws goes to infinityTrimming asidethis is the usual assumption in non-
parametric density estimation

Assumption R1 8 < p andSh™2%/In Sgoes to infinity asSgoes to infinity
We can finally state our consistency theotem

THEOREM 21. Under Assumptions K1, L1 and L2, T1, M1, and Biijs
strongly consistent: a.e.,

It is easy to check thad? is weakly consistent under the same assumptions
except the second part of R1 and replaci@g) by E[sup|In1,(0)|#] < cc.

To apply our estimation method in practjéeis necessary to fix the values
of the parameterp, 6, K, h, v, andS The main difficulty consists in choosing
the rates of convergence of the number of simulatiSn® infinity and of
the bandwidthh to zero so that the assumptions of Theorerh Rold Let
us therefore assume th&= C,T® andh = C,S™® for some positive con-
stantsC; andC,.

We would like to ensure the consistency of the NPSML estimalterneglect
Assumption T1which is bound to hold if the density @k, y) is not too thick-
tailed® Then the relevant assumption is .Rrhis translates into

1

o< b < .
P m+ 28

In particular take the usual case of a second-order kefpet 2). Then we can
chooses = 1, for instance and the asymptotically optimal bandwidth selector
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for kernel density estimatigrior which b = 1/(m + 4), fits the bill. Thus the
most natural choice for the rate of convergencd ¢ zero yields a consistent
NPSML estimatarNote that as expectethe speed of convergence $fo infin-
ity then is irrelevant for consistencye only require that > 0.

To prove the asymptotic normality and efficiency of the NPSML estimator
we need to strengthen the previous assumptidostate themlet \, denote a
neighborhood of).

Assumption L3 There existy > 1 andy’ > 1 such that

alnl. () ||
E| sup|| ———— < oo, and (L3a)
6EV, a0
al(0) |I”
E| sup < co. (L3b)
oev, || 90

Moreover 0 (y|x, 6)/90dy” is bounded oRY X R™ X V.10

Assumption T2 For somer > 0,

PO B i e s e TR .
Tr/200-1) 4 't + PGl Poo (10, Vi > S7)

tends to zero whei® and T tend to infinity wherey andy’ (resp ) were
introduced in Assumption L&esp M2).

Assumption M2 For somery = 0 and somey > 4,

09(x, 0, ¢)

h'o  sup 29

OEV,, | x|=S"

= ¢(e), E[¢(g)P] < co. (2.9)

Moreover there exist a functiony and a numbes, = 0 such thatfor every
e >0,

92%g(x, 6, 92%g(x, 6, ag(x, o, 2
he sup { 9(2 £) ‘+ H 9(x, 6, ¢) ‘+ H g(x,0, &)
0EV,, | x|=S" 06 L 00
dg(x, 6, €) 9g(x, 0, €) } _ _
+ H x ‘ : ” 50 =y (e), El[¢(e)] < oo.

Finally, for somel > 1,
ag( X, 0, ¢
E[SUP‘M ]<
0

00
The number of simulationS has to grow sufficiently quickly withT for T2
to be satisfiedAgain, if the derivatives ofg are boundedthen one can take
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ro = s; = 0 in Assumption M2 The assumptions on the rates of convergence
also have to be strengthened

Assumption R2

TY2h?~%Inh—— 0, and
ST—ow
Th=2m=26-2-270 |n2h|n /S —— 0.
ST—w

To control the frequency of the trimminge need the following assumption

Assumption R3

(TY2|Inh|)*/-Yp, < inf 1,(0) = 2h5> =20

wherey was introduced in Assumption L3

Recall that we denot€ the asymptotic variance-covariance matrix of the
exact maximum likelihood estimatdiVe can finally state our asymptotic effi-
ciency theorem

THEOREM 22. Under Assumptions K1, M1 and M2, L1-L3, R1-R3, and
T1 and T2 67 is asymptotically normal and asymptotically efficient:

VT (67— 60) g N(0,0), (2.10)

whereQ) was defined in Assumption L1.

To simplify the proof we have used assumptions that are more restrictive
than need heAlso, the assumptions used imply th&t is strongly consistent
whereas convergence in probability would suffice

When this theorem applieés has the same asymptotic variancedasthe
exact maximum likelihood estimator 6. Thusé$ is asymptotically efficient
andQ can be estimated by

S S !
—ETS(IS(0$))< ainl; (0T5)> <a|n| (0T5)> (2.11)

Now consider the assumptions required to get asymptotic normatity
assumingS = C, T2 andh = C,S®. In addition to R1 R2 and R3 must also
hold. R2 translates into

1
ab> —— and 2b(m+68+1+ry +1<a (2.12)
2(p —9)

Now choosep > & and someC, > 1/2(p — 8). Moving on the hyperbola
ab = C, to the zone of large and smallb will satisfy all assumptionsThus
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our conditions define a nondegenerate region of (#é) plane One would
hope that this region intersects the line= 1/(m + 2p) that defines the usual
asymptotically optimal bandwidtHt can be checked that such is the case if
(p — &) is large enoughwhich may imply using higher order kerndlg > 2).

Assumption R3 is more problematias it should be checked on a case-by-
case basisClearly, it holds whenh goes to zero fast enough

To illustrate the technical assumptiomge verify them for the simplest model
we could imagingsay

yt:Xt,B_I—a-st’ stNN((),l), 0:(1370-)

Hereg vy, is univariate normally distributed with mear{ 8 and variancer €
[o1,0%], o1 > 0. Becauseé,(0) is Lipschitz-continuous with respect to the param-
eters some uniform strong laws of large numbers are available to get L2
Assumption T1 is true for every > 0. To get M1 whenx; is unboundedit is
sufficient thathS” — 0, which is the case with a sufficiently small Thus to
satisfy R1 and to obtain the consistencydéf sets = 1, p = 2, andb < %. To

get the asymptotic normalitpote that L3 T2, and M2 are true for every choice
of y, y’, and{. Tedious calculations show that R3 holds if

T2 ||n h|rFD/200-DRs 5,

which is satisfied forab > y/25(y — 1). Because R2 implieab > 3, choose
a = 6 andb = .3, for instance To get more realistic rates fd andh, it is
necessary to increagg namely to consider higher order kernels

3. EXTENSION TO LIMITED DEPENDENT VARIABLE MODELS

The theory can be extended to the case when the endogenous vayjahles
some discrete values with a strictly positive probahiligcause limited depen-
dent variable models come in many guises illustrate the basic idea with the
example of the censored regression model

Y: = max(0, z,),
where the univariate latent variaktgis generated by
Zt = g(xta6078t)'

Let z3(#) be the simulated values for the latent variabl¢hen we observe
y; > 0, then the likelihood can be approximated as in Section 2 by

|S(0)_ - 2 K<yt_hzt 0))

(3.1)

Wheny, = 0, then we need to approximate not a density but the probability that
Z; is negativeWe could just use the empirical proportion of negatiy&), but
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that would not be smooth in the parametdtseems far better to stick to our
kernel-based approach and to define

15(6) = 2/6( Z‘Sﬁf)>

(3.2)
where is the integrated kernel
K(u) :f K(v) dv.

Clearly, this estimator of the required probability converges faster than the
estimator of the densityrherefore the full simulated log likelihood is

C50) - %i[m( EK(yt_Zt( )>>1<yt>o>

=1 h

Po(sz (ol

The approach sketched here can obviously be generalized to other LDV mod-
els Considey for instance the multinomial discrete choice model for which
McFadden(1989 develops the simulated method of momerfisr individual

t, the utility of alternativg = 1,...,p s

z]t = gj (th ’ 007 Eit ),

and alternativg is chosen if and only iz; = z, for all k # j. We simulate
z3(6) in the obvious wayand we use the integrated kernel again to approxi-
mate the probability that individualchooses alternativeby

13 Z(0) — Z(0)
S > 11 IC(—h >

More generallythe same methodology applies whgris vector-valued and
when its distribution conditional or, has some atom®y integrating the sim-
ulated likelihood for the latent model on some convenient supsetget the
simulated likelihood for the observationy,, x;). Theorems 2L and 22 con-
tinue to apply** Actually, the proofs of the consistency and the asymptotic
normality of éTS are exactly the same as previousiye details are left to the
readerTo deal with estimators of probability masses provide only the tech-
nical lemmas in Appendix ALemmas A5 and A6). Note thaf when the endog-
enous variabley takes discrete values only like in the multinomial discrete
choice modelm can be taken equal to zerdhus the conditions for consis-
tency and asymptotic normality of the NPSML estimator are weaker in this
case(Assumptions R1 and R2 especially
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4. NPSML FOR THE DYNAMIC CASE

As mentioned beforethe analysis in Section 2 applies directly to models in
which x; contains lagged observable endogenous varidlpesided thate, is
not serially correlated However there is a class of models for which dynamic
simulations are called foiThis includes

» models with both lagged observable endogenous variables and serially cor-
related disturbances
» models with lagged latent variables

An example of the latter is the Tobit model with an autoregressive latent vari-
able procesgfrom now on the “autoregressive Tobit modglWwhich can be
written (in its simplest form

yr = max(0, z;)
zz=a+bz_,+os,

wherey, represents the observed endogenous variaple the latent variable
ande, is i.i.d. normal with zero mean and unit variance

In these modelshe likelihood function for observatiohis at-dimensional
integral which can very rarely be computed in closed forffor very simple
instances of these modeglsis possible to apply clever tricks to use simulated
maximum likelihood or the method of simulated scofast there exists as yet
no fully general methadAs we shall now seegt is possible to extend the NPSML
method to these models to obtain a consistent and asymptotically normal esti-
matot with some loss in asymptotic efficiency

We generate dynamic simulations of the autoregressive Tobit model as fol-
lows. Denotef = (a,b, o). For each, drawe¢ in the assumed distribution ef
fors=1...,S Also drawz3(#) from the stationary distribution of the latent
variable process implied b§. Then compute recursively

z2(0) = a+ bz’ ,(0) + o&f
ye(6) = max(0, z3(6)).
Given the simulated paths of the observable endogenous varigies we

could proceed exactly as for the static modehis would approximate the
marginals

1(y;;0) = fyl...Ll [(Vey..ns Y13 0)

of the likelihood function If the parameters are identifiable from the margin-
als then given technical conditionghe maximum likelihood estimator based
on the marginals is consisterithis follows from applying Jensen’s inequality
to the Kullback criterionTo see thisdenotek, the expectation with respect to
the true marginal(y;;6p). Then
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E,log 1(y;0) = log &, 1(y;;0) _
[(Yy;60) 1 (Yy;600)

so thatEglog | (y;;6) is maximal for = 6,. However this estimator uses only

a small part of the information contained in the sample under stadwct, it

is easy to see that in the autoregressive Tobit mate not identifiable from

the marginalsas the stationary distribution af is

N( a a? >
1-b 1-b2%2/)

which only identifies two combinations of the three parameters

On the other handt is easy to see that in the autoregressive Tobit matlel
is identified from the second-order marginaly;, y;_1,0). This suggests an
approach due to Azzaliiil983 and also applied by Laroque and Salaiié93:
we generalize our earlier procedure by choosing some intege®d and approx-
imating the likelihood of(y,..., y;_«) (in a continuous model herdy

S K( Ve~ Ye0)  Yek— yf_k(a))
1

15(6) =

>

Shtt & h T h

whereK is a well-choser(k + 1)-dimensional kernel antl is a bandwidtt?
This will allow us to approximate the margindlgy;, ..., yi—«, 0) of the likeli-
hood function conditional to(x, ..., X._x). The NPSML estimatof$ then is
obtained as usual by maximizing

T

> 75(13(6)) In15(6).

t=1

Note that we could also approximate the conditional form of(the 1)-order
likelihood

1091 (Ve Ye15--+5 Yei) = 1091 (Ve, Yeo1s- -5 Yei) — 1091 (Veo1s -5 Vek)-

Another interesting variant that will be used in our Monte-Carlo simulation cir-
cumvents the curse of dimensionality by maximizing

k
2 log 1 5(yt, Yi—i)-
i=1

We cannot claim asymptotic efficiency with any of these dynamic methods
because we are only approximatifig+ 1)-order marginals of the likelihood
function Neverthelessthe NPSML estimator will be close to asymptotically
efficient if these marginals contain about as much information as the full like-
lihood function Of course the curse of dimensionality will severely limit the
possible values df, to, say 1 or 2 Therefore it is an empirical question whether
the efficiency loss is large or not in any particular model
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This procedure clearly extends to more general models whose reduced form
can be written as

2 = 9(X, 21,00, Up),
where the vector of endogenous varialitemay contain

e observable endogenous variablgs
« latent endogenous variablgs
e disturbancesg;.

Now u; represents the innovations in the disturbances and is still assumed to be
drawn from a known distributiorf. For instancewe might have

& = p1&—1+ oy,

where bothp, and o are parameters to be estimatdzlynamic simulations
then are obtainedgiven an initializing scheme forg(6), by computing for
s=1...,Sandt=1...,T

Zts(a) = g(xt’ Ztsfl(a), 0’ u?)’

where theu? are drawn fromZ. This generates thg?(9) that are the basis for
the dynamic NPSML method

Theorems 2. and 22 can be adapted to the dynamic framewarke may
also prove that when the number of lagsends to infinity at the right speed
whenT goes to infinity then the NPSML estimator is asymptotically efficient
Indeed the key tool of the proofs is Lemma. B which can be extended to the
dynamic caseThere are two main caveats heFarst, 6, must be identifiable
from the marginal likelihood functioh(y,, ..., ;_«; ). There is clearly no gen-
eral argument as to what value kfwill achieve identification this must be
checked for each specific modélSecond the variance-covariance matrix of
the estimator must be computed as

V=J13"

wherelJ is the derivative of the score ands the outer product of the scotes
corrected for serial correlatiomMoreover the notation becomes messier and

the assumptions must be strengtheridtere are in fact so many technical dif-
ferences between the static and the dynamic cases that another paper seems to
be necessary to state and prove the asymptotic properties of the dynamic NPSML
estimatorsTherefore we do not include the proof helieseems more interest-

ing to examine how well these methods perform in practicethis end we

now turn to a Monte-Carlo simulation study of the finite-sample properties of
the dynamic NPSML estimator as applied to the autoregressive Tobit model
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5. A MONTE-CARLO SIMULATION EXPERIMENT

Latent variable models in which the latent variable is serially correlated are a
natural area for applying NPSML because they usually give rise to analytically
untractable likelihood functiondVe study here the properties of the NPSML
estimators of the autoregressive Tobit model discussed prevjduaglyon time
series and on panel data

There are some choices to be made when applying the NPSML métfeod
used the normal kernel to nonparametrically estimate the demsitywe did
not prewhiten the dat&Ve chose the bandwidthby applying Silverman’s rule
for the bandwidth that minimizes the mean integrated square error for a normal
density We trimmed the 5% smallest values of the likelihoddhese choices
could presumably be improved upon in a real-life applicattmut they seem to
be a reasonable starting paint

The autoregressive Tobit model is defined on time series by

y; = max(0, z;)
zz=a+bz_,+os,

where the true values of the parametersare0, b = 0.5, ando = 1 andg; is
i.i.d. normal with zero mean and unit variancehis model can describdor
instance the evolution of prices on a market with a regulated price fl@s
with some farm products in developed economies

We ran a Monte-Carlo experiment fé&r= 1. We chose a sample size of
T = 150 and generated 500 samples of artificial ddfae initial parameter
values were drawn from the uniform distribution prn0.2, 0.2] for a, from
the uniform distribution 040.25, 0.75] for b, and from the uniform distribu-
tion on[0.5, 1.5] for o. For each parameter vector reached during maximiza-
tion, the initial value of the latent variable, was drawn from the stationary
distribution implied by these parameter values

Table 1 summarizes the results ®r 50 andS= 500 The estimation takes
on average 2 seconds f&= 50 and 7 seconds fo8 = 500 on a Pentium
1.4 GHz PC using Gaus$ For each parametgethe table gives the mean esti-
mate andwithin parenthesgghe dispersion of the estimatéhe results seem
satisfactory fora andb, especially withS= 500 There is some downward bias
for o, which may be due to our trimming too many observations or to overly
smallSvalues that induce some nonnegligible biases in kernel estinfejam,
this improves with large&

Of course most applications of the Tobit model use panel dBtBSML can
equally well be applied to such datthough this time the asymptotic theory
applies for largd (the number of individualsand fixedT. To test the proper-
ties of NPSML on panel datave use a sample of sizés= 1,000 andT = 2 or
T = 10. Again, we use 500 artificial samplegexcept forT = 10 andS = 500,
for which we only generated 250 sampl@sThe results are summarized in
Table 2 We find again &smallej downward bias o and an upward bias on
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TaBLE 1. Simulation on time series

Parameter True value NPSMIS=500 NPSML (S= 500

a 0.000 —-0.017 —-0.010
(0.113 (0.215)
b 0.500 Q544 0510
(0.184) (0.151
o 1.000 Q747 0810
(0.133 (0.184)

Note: Dispersions in parentheses

b. These biases are a bit too large = 50, but they become acceptable for
S= 500

To conclude this illustrative Monte-Carlo stydye add a random individual
effect in the autoregressive Tobit mod&hus our model now is

Yie = max(0, z;;)
Zit =a+ bzi’t,]_ + Ui + OEjt,

where the parameters are as before exceptdh@ drawn from a centered
normal distribution with true standard erret, = 0.5. This is a much more
challenging modelas we have to disentangle the serial correlation induced by
b # 0 and that induced by theg, while only observingy;. In fact it is easy to

see that the model is only identifiable for= 3. A consequence is that we now
need to choosk = 2 in our NPSML estimationFor experimental purposgse
took T = 10 and we maximized the simulated analog of

TABLE 2. Simulation on panel data

T=2 T=10

Parameter True value S=50 S=500 S=50 S=500

a 0.000 —0.013 Q031 —0.010 —0.018
(0.019 (0.018 (0.008 (0.011)
b 0.500 0613 Q0546 Q655 0534
(0.065 (0.044 (0.027) (0.017)
o 1.000 Q731 Q926 Q800 Q892

(0.043 (0.030 (0.021) (0.013

Note: Dispersions in parentheses
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TABLE 3. Panel data with a random effect

Parameter True value NPSML

a 0.000 —0.036
(0.017)

b 0.500 Q585
(0.095

o 1.000 Q858
(0.020

g, 0.500 Q311
(0.121)

Note: Dispersions in parentheses

| T k
2 ; g log | (Vie, Yi.1j)

usingk = 5 andS = 500 simulationg® Each estimation now takes more than
an houy so we only used 100 artificial sampleBhe results are collected in
Table 3 It seems to be difficult to get a good estimate of the variance of the
random effectOn the other handhe performance of the method for the esti-
mation ofa andb is similar to that exhibited in Table.2

6. CONCLUDING REMARKS

Although the NPSML method has very appealing statistical properties in static
models its real test lies in its ability to give good estimates in finite samples
for dynamic modelsThe method works reasonably well for the autoregressive
Tobit mode] which is a tough test for any estimation meth@dtde most remark-
able aspect of NPSML is its generalithe method is essentially the same for
all econometric modeldt is very easy to implementt takes less than 40 pro-
gram lines to define the function to be maximizehd only about 10 lines
need to be changed when estimating a different mad&tourse such a gen-

eral estimation method cannot compete with methods that exploit the particular
features of a specific modebut it seems to offer a good product of perfor-
mance and ease of uséonsidey for instance the stochastic volatility model
often used on financial data

Y = o, exp( Yy /2) ey
Vi = QY1+ Oeey,

where y; represents the observed returns ajidthe latent volatility and
(&1, &2¢) are jointly normal ji.d. with zero mean and unit variancEollowing
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TaBLE 4. Simulation of the Stochastic Volatility Model

Parameter True value QML MCL MCMC NPSML
e 0.260 Q302 Q233 Q280 Q318
(0.17) (0.07) (0.07) (0.17)
b 0.950 Q906 Q930 Q920 Q913
(0.18 (0.10 (0.05 (0.10
Op 0.025 — — — Q022
— — — (0.003

Note: Dispersions in parentheses

case 5 of JacquigiPolson and Rossi(1994), we study the model with the
crucial parametet set at 095. Table 4 gives the results of running NPSML
and three alternative estimation methd@m the variant in which we maximize

T 10
> > logl(y, yii)

t=11i=1

on a 500-observation sample with 500 simulatjcarsd 500 Monte Carlo runi§

The estimates from NPSML appear to have roughly comparable performance
to that of QML MCL, and MCMC and these alternative estimation methods
are much more difficult to implemenPresumablythe quality of NPSML esti-
mates could be improved at little cost by adding correlations of a higher;order
we have not explored that avenue

NOTES

1. Early references are Lerman and Manck981), Pakeg1986), Laroque and Salani@ 989,
McFadden(1989, and Pakes and PollaKd989.

2. Gouriéroux and Monfor¢1996 survey the available methaddajivassiliou and Ruu¢1994)
focus on limited-dependent variable modelehereas Sterr{1997) concentrates on empirical
applications

3. We recently found out from Arnoldo Frigessi that Diggle and Graitt®84) already pro-
posed the NPSML estimatddowever they did not study its asymptotic properties or extend it to
dynamic models

4. As usua) unknown parameters of the distributionsére integrated int6. Moreover lagged
values of the observed endogenous variable can be subsumed xiithtime usual manneWe will
introduce lagged latent variables later in this paper

5. The(gf) can also be the same for eaghhe proofs of asymptotic results go through in that
case

6. As is usual when introducing nonparametric estimators within parametric megelStone
(1975, Bickel (1982, or more recently Ai1997), among others

7. One example is the continuously differentiable function defined by

75(X) = 4(x — h?)¥h% — 3(x — h?)4h

whenx € [h%,2h?]. Therefore this functionrs is piecewise polynomial anfkg|., = O(h™?).
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8. The first part of Assumption L2 could be removéthe price is to replace= mbyt=0in
the proof of Lemma 2. Thus the rate of convergence b%(y|x,6) would be(SH?"/In S)¥2. This
is nonstandard and would impose some additional constraints Moreover we would need to
increase the order of the kernel This is why we choose to assume the uniform boundedness of
the likelihood and its derivativesvhich is satisfied most of the time

9. It should tend to zero more quickly thdnx, y)| %, for somek = 0, when|(x, y)| tends to
infinity.

10. Asin Assumption L2the latter condition could be removdd this casewe have to assume
h?S” — 0, and the rates on convergence in Lemma Are then weakened

11 Note that the objective functions are smaatkien for discrete choice models

12. Obviously we could choose a different bandwidth for each marginal

13. Of course identification always obtains for large enou@tif we let k go to infinity.

14. All the results we give in this section neglect the few simulation rijess than 3%where
the maximization algorithm strayed in a region of very low likelihood vajuleen we stopped the
algorithm before taking the logarithm of the likelihaod

15. Each estimation takes about 30 secondsIfer2 andS = 50 but 15 minutes fof = 10 and
S= 500

16. We took the initial parameter value fot, to be distributed uniformly from @ to 0.7.

17. The simulation results for these three methods are taken from Jacquier(£924) and
Sandmann and Koopmd®998.

18. Initial values are randomly drawn from the uniform distributions[6rl5, 0.35] for o,
[0.9, 0.99] for ¢, and[0.015 0.035] for oy,. Each estimation takes about 50 secqridssimulation
runs were discarded
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APPENDIX A: TECHNICAL LEMMAS

Denote byCst some “universal” positive constanfsamely independent from every
other quantity. By default the expectations are taken with respect to the true distribu-
tion, whose parameter i&,.

The proofs of Theorems.2 and 22 rely on asymptotic convergence results of many
kernel-based estimate®o establish thegwe will repeatedly use an improved version
of Lemma B1 of Ai (1997). The rate of convergence is a bit higher than in Ai’'s lemma
and the result is true.@ under the additional assumptigA.1), which follows

LEMMAA .1. Let(u;)i=1 be an i.i.d. sequence of realizations of a random variable u
and denote

N
ay(w) = N~ > ay(w,u)
i—1

a sample average of some real termga, u;), w € R¥. Let hy be a bandwidth sequence
such that i — 0 when N— oo and such that § > N7 for somer > 0. Assume that
for every(u,w, N, hy),
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(i) hilay(w,u)| < ci(u) and E[c(u)] < +oo for some r= 0 and p> 2,
(i) hRloay (w,u)/ow| < co(u) and E[c,(u)] < +oo for some s= 0,
(iii) E [hZ aZ(w,u)] = Csthj for some t= 0.

Define W, = {w € R*;|w| = N*}, » > 0. If

In N \P/2-1
> (—) hyP/2 < +oo, (A.1)

N=1 N

then there exists a constang 8uch that a.e., for every N,

thrft 1/2
< NN > 1w € Wy)lay(w) — E[ay(w)]| = C,. (A.2)

Moreover, replacing assumption (A.1) with
Nh#/(P=2 /In N ot (A.3)

a stronger result is true in probability; namely, for every> 0,

Nh2r71 1/2
P(( N > 1(WEWN)|aN(W)—E[aN(W)]>a>m0_ (A.4)

Proof of Lemma A.1. To simplify the notationwe suppress mo$ subscripts from
now on The technique of proof is exactly the same as i(2997) even if our result is
a bit stronger and is statedeaNote that ae. sugy|N 13/, c,(u;)| is bounded For
someMy > 0, defined, = 1(c.(u;) = My). Thena(w) = a;(w) + ax(w) wherea;(w) is
a sample average of ternis — d,)a(w,u;) and a,(w) is a sample average of terms
dia(w,u;), i =1,...,N. Then

P( sup |a(w) — E[a(w)]| > 8> < p< sup |a,(w) — E[a,(w)]| > s/2>

weWy weWy

+ P< sup |ay(w) — E[ay(w)]| > s/2> =p;+ Po.

weWy

Invoking condition j we get
N €
p1£P< sup z(ldi)a(wrui)|>_>

1
weWy N i=1 4

+ P( sup E[(1— d))]a(w,u,)|]> f)
weWy 4

1 N
= P(N 3 (- d)eu) > hr Z)

+ P(E[(l— d)e,(u)] > hr Z) (A.5)
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By Hdlder’s inequalitywe have
E[(1— d)cy(u)] = P(cy(u) > M) P-E[cf (u)]¥P = E[cf(u)]/M .

Therefore the second term of equatid@A.5) is zero forN sufficiently large ifM~*h"
tends to infinity whenN tends to infinity This assumption will be satisfied with our
forthcoming choicessee the discussion that folloywd hus we obtain foN sufficiently
large

hl’

1= 1
eh' MY e

Moreover coverW classically byby boxesWy, j = 1,...,by of lengthéy. It is easy
to choose the boxes so thiag ~ N*¥/8. Denotew; the center of each boWjy. If
w € Wy, we get by assumptiofii) that

w—w| N C,é
Iw=wl Seu) = —2 ae.

lay(w) — ay(w,)| =
2 20 N[ hi

for some constant;. Deduce that &.

sup |az(w) — Ea;(w)]| = max [ sup |a,(w) — a,(w))|
wEWy WEW

+ sup |E[ax(w) — a(w)]| + |ap(w;) — E[a(w, >]|]

weWy

2C, 5,
==t suplay(wy) — E[ax(w)]].
N ]

Applying Bernstein’s inequalitywe get

2C, 6y
p25P< hs, >8/4>+bN sup P(|ax(w) — E[a(w)]| > &/4)

1=j=by

—p(c, 2~ /8) 4+ 2n Nh™e®
Ths ~ ¢ NP T E[hZ a2 (w, u)] + 16My sh”

—p(c, = 8) 1o Nh* o®
= — exp| ————
1hs ~° NEXP\ T T 1M eh

for some positive constants,, C,, andC3. Choosings? = C*h*™2'In N/N and My =
ht="e~1 it is easy to verify thaMy = +oo under assumptiofA.1). Moreover if

On = [shs/(8C1)] 01, thenby = O(N ) 7 > 0 and
p, = 0+ CstN7 exp(—CstC*InN).
Thus for C* sufficiently large Sy p, < +oo. At last, becauseM$ *eh" = (InN/

N)1=P2hP/2 assumption(A.1) implies that>y p; < co. Then by Borel-Cantelli's
lemma the strong uniform convergence is praved
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To state the convergence in probabiligquation(A.4)), it is sufficient to prove that
p. andp, tend to zero wheiN tends to infinity This is the case with our previous choices
(g,My) and under(A.3). u

Lemma Al allows us to state the strong consistency of kernel estimates uniformly
with respect to the parametérand to some increasing compact sets of observations
will be used repeatedly in the following three lemmas

LEMMA A .2. Under Assumptions K1, M1, L2, and R1, for every O, a.e.

] B Shm 1/2
inf <h ? <|—> )1(|x,y| = S")suplS(y[x,0) — 1(y[x,0)]
nsS )

is bounded.

Proof of Lemma A.2. Apply Lemma Al withw = (x,y,0),u=¢, N=S k=m+
d+ g, and

BecauseK is boundedwe can choose = m andp arbitrarily large Moreover

y—9(x,6,¢)

- )dP€=h'“fKZ(U)|(Y*hU|X’9)dU-

E[h2™aZ(w,u)] = fK2<

By Assumption L2 we can choosé= m. Thus it is easy to check that Assumption R1
implies (A.1). Moreover

belongs toL'. Hence under R1

day (w, u)
aw’

hm+1+so

B

K,<y—g(x,0,s)> [_6g(x,0,s) 1 _ag(x,e,s)]H
h ' x0T el

= Cst|K'[ (1 + ¢(¢))

Shm 1/2
<E> Lyl =) supl 5(ylx.0) ~ E[15(y|x,0)]|

is bounded . It remains to deal with the bias terrA Taylor expansion provides

aPl(y — 67ht|x,0)

(-
S = P
ENyx 0] = 1(ylo)+ o [ RO ke a

whered;" € [0,1]. Becausal”l(-|x,0) is uniformly bounded Assumption L2,

sup h™7|E[I5(y|x,0)] — I(y|x,6)]

(X, y,6)

is boundedproving the result u
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LEMMA A .3. Under Assumptions K1, M2, and L3, for every> 0, we have

Sh2m+2+2r0 1/2
inf(h=?, | ——— 1 =g
|n< ( s ) > (x, yl )sgp

aS(y|x,0)  al(y|x,0) H
20 J0
is bounded a.e.

Proof of Lemma A.3. Apply Lemma Al withw = (x,y,0),u=¢, N=S k=m+
d+ g, and

.0 y—g(x,e,s)>
=h M —Kl—=2
ay (w,u) 26, ( h

- ag(x, 0, &) K < y— g(x,0,a)>
96, h ’

for eachk = 1,...,09. Setr = m+ 1 + ro ands = m + 2. Because we can impose
x| = s,

hm+1+ro|aN (W,Ui )| = ” K’ ”m(ﬁ(gi )7

andE[¢(g)P] < oo, po > 2, Lemma Al is valid withp = p,. Moreover

- 707 2 6 ’0’ 2
E[h2m+2+2r0aﬁ(w’ ul = hzerK,<y g(x 8)) < g(x 8)) dP.

h 90,
= |K'|ZE[¢(e)*] < co.

Then sett = 0. Clearly, assumptior(ii) of Lemma Al is satisfied withs= m+ 2 + s;.
Hence becausey, > 4, we have

In S\Po/2—1
g (g) < +oo. (A.6)
1

Then(A.1) is satisfied and

< h 2m+2+2r08

315(y[x,60) E[al S(yx,t‘f)] H
InS a0 00

1/2
) 1(xyl = S”)sup”
0

is bounded . To deal with the biasa Taylor expansion provides as previously

E[als(yx,e)] _ A% (h”
a0 00 p!

gr+1
I(y—6/h K(t)t”?
fawy (y— 6 ht|x, O)K (1)t dt,

whereé;" € [0,1]. Because)” " (y|x,0)/000”y is uniformly bounded

alS(y|x,0 al ,0
E[ (vIx )] — (1% 6) H is bounded
060 060

sup h=”
(X,y,0)

proving the result |
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LEMMA A .4. Under (2.8), we have a.e.
T 1/2 l T
(—) sup{ = > [1-7s(,(8)] —E[1— TS(|t(0))]} is bounded. (A7)
InT o | T =1
Proof of Lemma A.4. Apply Lemma Al withw =60, u= (x,y), N=T, k= g, and
T
ay(0) = T_lzaN(ﬁ,Ut), ay(6,u) =[1— 75(1,(6))].
t=1

Recall thath = h(T) is a sequence that tends to zero whHers +co. Becauseay is
bounded chooser = 0 andp arbitrarily large Moreover we can choose = § because

‘ ‘ _ (y/%.0) H
a0

day (0,u) ol
— 74(1(y1%,0))
Finally, note thatE[h2 a% (6, u)] = O(1) and set = 0. Then(A.1) is satisfied and .a.

= Csth™?sup
a0 6

al(y|x,0) H
90 '

T \v2 T
(ﬁ) Sl(;lp{Tl Zl[l —75(1(6))] — E[(1— TS(I[(O)))]} is bounded (A.8)

proving the result |

Now, let us assume that only takes discrete valudsy,...,a,) and that there exists
a one-dimensional latent variabfe such thatfor everyk =1,...,r,

P(Yt = ak|xt’0) = P(Zt € lk(xt70))7

for some intervaldy(x;,0) = (ax(X, 6), Bc(Xt,0)). Obviously the latent variabl&; has
a density with respect to the Lebesgue measMi@eover the underlying latent model
now is

Zt = g(xhevst)' (Ag)

This allows us to simulate some sample&(9))._,
consider the simulated likelihood

{K<Bk(xta0) - 23(0))

s, With the previous notatiariVe

1S
IS(a|x,0) = =
(ay| ., 0) s; -

B K<ak<xt,e> — 73(0)

h )} ~ P(Yt = ak‘xhe)? (Alo)

whereC is an integrated kerneNote that equatiofA.10) holds even if the bounds of
I(x¢,0) are infinite

LEMMA A 5. Assuming thatgtakes a finite number of valuéas, ..., a,) only, under
Assumptions K1, M1, L2, and R1 (with=m0), for everyy > 0, a.e.
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S \v2 ]
inf (h(—) )1<ux|| = &) supS(yIx 6) — P(Y, = yIx,0)|
InS 0,y

is bounded.

Proof of Lemma A.5. Recall thatY; = a if and only if Z; € (aw(X;,0), Bk(Xt, 0)).
Apply Lemma Al withw = (X,a,8,0), (o, B) € {(ay, Bi), k=1,...,r},u=¢,N=S
k=d+2+qg,and

B—g(x,G,a)) _K<a—g(x,0,s)

h h ) = an,1 (W, U) — ay2(w, ).

aN(w,u)=IC<

BecauseC is boundedwe can choose = 0 andp arbitrarily large Moreover

flcz(ﬁ ; Z) dP, . 0(2)

1 —_
n f2KIC<BTZ> P(Z,=z|x,0)dz

E [al%l,l(w3 U)]

by an integration by parts with respectzoBecause the cumulative distribution func-
tion (c.d.f.) of Z is bounded by onewe getE[aZ ;(w,u)] = Cst Obviously the same
result is true foray (w,u). Thus sett = 0. As previously we get

‘ IC,(,Bfg(x,0,8)>.[_ég(x,0,s) 1 _8g(x,0,e)] H

h ox’ ’ a0’
belongs toL'. Hence under R1

day (W, u)

h 1+s
ow’

= h%

= Cst|K'||.,(1+ ¢ (&)

S \1/2 _ _
<—| ) 1(Ix = s”) suplTS(ylx,6) — E[TS(y|x,0)]|
nsS 0,y

is bounded 2. It remains to deal with the bias termy an integration by partshe first
term of E[TS(y|x,0)] is

1 —
- fp(zt = z|x,0)K<'BTZ> dz

— Pz =l + o [ IO gy gy
p! 0Pz

whered;* € [0,1]. By Assumption L2 applied to the latent likelihodg, we get
E[I_S(Y|X’0):| = P(Zt € [aa B]lxtra) + o(hp)’

proving the result |
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Similarly, we can easily prove the following lemma

LEMMA A .6. Under Assumptions K1, M2, and L3, for every>- 0, we have a.e.

Sh2+2r0 \1/2
inflh™=~ 1 =g
|n< ( ns > ) (I )seyyr)

aS(ylx0)  P(Y, =y[x,6) H
00 a0

is bounded.

APPENDIX B: PROOF OF THEOREM 4

In this proof sup, means the supremum ov@iE 6. A simple splitting of the simulated
log likelihood provides

. 10
L3(0) — L(0) = T > 1% vl > ) 7s(18(6) In 18(6)
t=1
1 T
- ? E (I, el > S”)In1(0)
t=1
1 T
+ ? le(” X, Vel = S 7s(18(0) [IN18(6) — In1,(6)]
+ % 1% vl = S)[7s(18(0) = 1]In 1 () = Ty + T, + Ty + T,
t=1

The proof is completed if we show that sug | [$(6) — L+(6)| tends to zero.@ when
SandT tend to infinity.

Study of T3Invoking Lemma A2, we have almost surely

'f{h“’(ﬁ)m}l =S 15(6) — 1,(6
in s (1%, el = )sgld £(0) = 1.(0)]

is boundedNote that

1
17(0)
wherel;(9) lies betweerl 3(9) andl.(6). Moreover if 15(6) tends tol(9) faster than

h?, thenrg(15(0)) > 0 implies thatl;*(9)| = C.h?® for some constarE. Hence because
8§ < p andSh™2%/In S — oo, we have a. uniformly with respect ta,

7s(13(0))[In18(6) — Inl(9)] = [13(8) = 1(0)],

Shm\ 2
T, = cSthﬁ{hﬂ O (E) } =0(ug), (B.1)

which tends to zero whe8 — oo.
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Study of . Obviously we have

Ty= 1(\| X, Vil = $)[75(18(6)) — 7s(1:(6))]In1,(6)

M~

—||r—\

.
2 (%, vl = S)[7s(1:(0)) — 1]In1,(0) = Tyy + Ty

—|||—\

Becauseh? | 74|, is boundeddeduce from Lemma & that ae.

Shm —1/2
sup  sup  [75(18(6)) — 7s(1(0))] = O<h6 {h" O <|—> }) = O(us),

0 X, Yo, %, vil=S” ns

which tends to zeroHence because sypT ~1 3, |In1,(6)| is bounded . as a con-
sequence of assumpti@@.7), then ae.

1 T
sup T, = O(ug).sup= > [In1,(8)| = O(ug) —> O.
0 o T iz1 Sooe

Moreover by Holder’s inequalitywe have for eacld,

1T Ve [ 1 T 1/8
Tl = [; S1- rsat(em] -[; 3 [in It<o>|ﬁ] , (82)
t=1 t=1
wherea ' + 871 =1, a > 1, 8 > 1. Thus by assumptior(2.7) and Lemma M, we
have ae.
InT\v27] Ve
sup|T4z\ <Cst[SUpP(I (6)<2h5)+< T ) } , (B.3)

which tends to zero wheh — 0 andT — +oo.

Study of T. Note that| r5(x)In x| = 1(x > h?)|Inx| and that 3() = |K|/h™. Thus
because the logarithmic function is monotqnic

IA

sup |7s(15(0)) In 13(6) |
180)€[h? [ K[/h™]

= ‘In('LKJ)‘ O]Inh?| = O(Inh).

sup 75(18(0)) In 13(6) |

Therefore

1 T
supTy| = Cstlinh|- = > 1(Ix, vill > S*).
0 T
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Using Hoeffding’s inequalityfBosq and Lecoutrel987), for everye > 0,

P< sup > s)
S=T*

= 2T* sup exp(—2Te?2).

S=T*

1 T
= > 1% vl = ) — E[L(Ix, vill > S7)]
t=1

By Borel-Cantelli's lemmaand settings?> = C*In T/T, it is easy to see thata

o)

Becauseéh is a power ofT, Inh = O(In T). Then deduce from Assumption T1 thatea

sup

1 T
? 2 (%, y:l = 87) = Peo(”Xty Vil > S7)

sgp|T1| P 0.

Study of }. Note that by Hélder’s inequalitywe have
1
T

1T T 1/8
IT,| = |:? Z (%, el > S”) :| |: 2 Inlt(9)|ﬁj| .

Then invoking assumptiori2.7), this term can be dealt with lik& ; namely sup|T,|
tends to zero .a. |

APPENDIX C PROOF OF THEOREM 2

Now, we seek to state the asymptotic normalityd$f Note that

al_T (0) al_T (0)+ 92Ly
T 7 9000

s .
(0*)(68—6,) and 5(05):0,

wheref* lies betweerty andéTs. Thus

I(L3 - Ly)
a0

Tlfz(a}s—eo)=( ) {Tl/zi—jwo)ﬂlfz (éTS)}. (C.1)

8960’

The assumptions of Theorem22contain those of Theorem12 so thatéd is strongly
consistentGiven Assumption Llit is sufficient to prove that

(8 —Ly)

a0 (C.2)

tends to zero in probability uniformly with respectddelonging to a neighborhood,
of 6y, or more precisely thafor everye > 0,
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a(C3 — Lv)(6)
00

T1/2
ST—oo

P( sup > s) —>0. (C.3)
0EV,

In this proof 6 belongs toVy. Particularly sup; means sug., . It is sufficient to
verify (C.3). Some obvious calculations provide

aS(9) B alt(e)] 1
26 a0 |13(0)

1> A3 —L7)(6)
06

:
=T V23 75(1%6) [

(I IS)(O) alnly(0)
15(6) a0

(0)

+T° 1/22 75(18(9))

+ T2 2 [7s(13(6)) — 1]

a1 (0)
9

.
+ T Y23 74 INISO)=A, + A+ Az + A,
t=1

Study of A. Note that for everyf and every realizatign

75(18(9))
1:(6)

‘ =h—?°

Applying Lemma A3, we obtain for every > 0,

P <31;H|A1\| > e>

z ase) a0 1
<= =g S, t _ Ot = T2
P(Sl;p t:Ell(l\xt,ytl\ S )Ts(lt(e))[ 7 0 |50 TY2¢/2
I ase) a1 1
> S") 7513 L > TY2g/2
<sup ; (%, v S)Ts(t(a))[ 20 Py 15(0) e/
ase) ol (e
=P(sup sup c(0) _ o6 T Y2pdg/2
0 xoyolxoyl=s || 90 a6
il ase)  al(6
+P(sup> 1(Ix, vl > S") c0) _ 26) > TY2nog/2
0 t=1 a0 00
NS \v2
= P(Cst{hp D(W) } > T71/2h§8/2>
al (0
+P<sup2 1%,y > s | 22 >T1/2hss/4>
6 t=1 J0
T e Yors
+P sm;pE () %, Vil > S*) a0 > TY2hog/4) =Py, + Py + Pys.
t=1
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The first termPy, is zero forT sufficiently large under Assumption R®oreover for
every positive constar@, we have

a7\ (T 1-17y’
Pr=P| sup 2 || =5 A1 = 200wl > 87 > T1/2hog)4
6 t=1 t=1
1 ale) || ,
=P{z2s =C”
<T§1 upl g

1T 1-1/y
+ P((? 2 (%, el > S” > > Tl/zhﬁs/(‘lc))

[ 3(6) }

E| sup L,

0 a0 (4C)7"=Dp(| X, Vel > S7)
- c” (Tfl/zhsg)y'/(«/’fl) ’

which tends to zero under Assumptions L3 and T@ deal withP,3, note that

alS S
B 3

= [K"],h™m

1 ag(xlra’els) H
S .

The application of Assumption M2 provides

I3 )1/{

1 T S 1-1/¢
X (— 2 2 Ulxo vl > ") ) > T-l/th+1+58/4>

ag( X, 6, &)
a6

1 T
= P(; > Ulx, v > §°) > (T2 226/(4C)) /4~ 1))
t=1

E\V¢
< 4CTY?
=

/(6= 1
8h(m+1+3)> P(Ix, vl >S") + = E|:S up

ag(xtﬁ 03 sts)
a0

ag(xn 0 sts)
a0

|

for some arbitrarily large consta@t Thus P;3 tends to zero under Assumption .T2

Study of A. For each¥ and each realizatigwe have

1 T B . 75(13(0)) alnl(6)
A2l = T2 3 J0E = 10 @] 1(0%, vl = )| 55 - H
T 75(13(6)) alnly(6)
—1/ ” S\t . t
+T 12;(“[5(0)‘+It(0))1(||xl’yt”>S ) 15(0) ‘ 20 ‘

= A, + Ajs.
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Applying Lemma A2, it is easy to see thator all ¢ > 0,

(sumAzﬂ = ) = P(T % supz 18— 10O 1 %0 vl = )- H 2o H hée)
InS 1/2 T
<P<T1/2{hp8|]<w> } ; ‘ >CSt8>

1T Y\1/v
<p( p< » ) mm),
T

whereAS — oo whenSandT tend to infinity (by Assumption R2 Hence by Assump-
tion L3, we have

alnl (0)

aInl,(9)
a0

<sup|\A21H > s) e 0.

Moreover

I _ aln1,(6)
sup|Ag,| = supT Y2 > [1+ Csth =21 (0)]1(| x,, y;| > S*) —
0 0 t=1

alnl (0)

Y )l/y

a(ylx6)
a0

1 T 1-1/y 1 T
STl/Z(?E (|XtaYt|>SV)) < ?2

' )1/7’

1T 1-1/y' 1T
+CstT1/2h5<—21(|xt,yt >S”)> -sup(—z
T t=1 0 T t=1

Therefore using Assumption L3

1T 1-1/y
P<SUD|A22| g 8) = P((? > L% el > S”)> > CstT1/2.9>
0 t=1

1T 1-1/y
+ P((; > (I % Vel > SV)> > CstT‘1/2h58> + 0p(1)
t=1

v/2(y=1)
= Cst—7= Plxe vl > 87)
(Tl/2h*5)7'/(7'*1)
+ Cst P e, el > S”) + 0p(D).

g?/y'=D

Thus invoking Assumption T2sup | Az,|| tends to zero in probability
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Study of A. Thanks to Assumption L3 and Hdélder’s inequalityte that
I s aln| (0)
1Asl =T 2 1% Yel = S)[7s(15(6)) — 75(1(0))].
t=1

+ T Z 1(%e yel > 87)

t=1

‘alnlt(e) H
J

T 1/22 [1- 7(l (0))]” 9In1.(6) H

1 T 1-1/y
= T1/2{0sth—5[; > 1%, vil = SISO ~ 1,(0)]/0 1>}

1T 1-1/y
+ |:? 2 (e, yell > SV)]
t=1

l T 1-1/y 1 T
+ [;Z[l—rsut(e))]} } [—E

alnl (0)

_|

bl %%
] . (C.4)

Applying Lemma A2, the first term is bounded in probability by

In S\V/2
CStT1/2h7§|:<%> +h":|,

which tends to zero by Assumption RiZloreover note that

.
Z 1(1¥(60) = 2h?), (C.5)

—||H

17 1 .
sup- t:21[1 s(1(0)] = sup- Z 1(1,() = 2h?)

wherel{(6y) = inf,ey, 1:(6). Thus

1 T 1-1/y
P<supT1/2[ >1- TS(It(B))]} > s)
]

=1

1 T
= p(; > 1317 (6p) = 2h°) > (eTl/Z)WD)
t=1

= 8*7/(7*1>T7/2(7*l)p(|t*(00) = 2h5),

which tends to zero by Assumption R3
It remains to deal with the second term(&f.4), which is of the same order as

I |

1T 1-1/y
T“z[ El(lxt,ytl>3”] .
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But, for everyn > 0,

1T 1-1y
<T”2{? > 1% Vel > s”)] > n) = (T V2)/AVP(IX Y] > §)

= O(T7/@ 2P(|X, Y| > §)),
which tends to zero whe(S5 T) — oo, by Assumption T2
Study of A. Let us splitA, as

o) al(e)
a9 90

(

T
A= T’l/ZETé(lf(H))|n|§(0)< )l(xt,yt| =3)
t=1

+T° 1/22

Yl =9")

S()

+ T2 2 75(18(0)) In 13(6) (X%, el > S7) = Agy + Agp+ Aga.

Becausers is a polynomial supported byh?,2h®], we have for everx > 0,
0 = 74(X)|In x| = Csth~?|In h| 75(x),

where(7s)s=1 is a bounded sequence of polynomials supportefii§y2h?]. Invoking
Lemma A3, we obtain that

NS(6) i (0)
a0 a0

P(suﬂlAMI > s) = P<sup sup > CsteT ¥2h%|In h|>
0

0 X, Yol %, yi| =S”

InS 1/2
= P(S;JpTl/ZHH h|{|’l”75 D(W) } > CStS)

which is zero forS sufficiently large thanks to Assumption R2
Because the function&s)s-1 can be dealt with exactly likél — 75)s—1, the term
A4z is bounded like forA;. Therefore for S sufficiently large

[Asl = CstTY2h~2|In h|s

1 alnl(yt|xt70) H
PT e—

Y\Vry 1T 1-1/y
) <;§1<|:<90><2h6>) :

:
2, +(0)7s(1:(9)) H

aIn1(y;[x.,0)

l T
= Cst|Inh|TY2su
| | F<T 2 d6

4 t=1

wherel{ = inf,cy, 1,(6). Thus for everye > 0,

P (suplAsl > ) = Cst(s*|Inh|T¥2)"/0 DB, (I7(dy) = 2h°) + 0p(1),
0

which tends to zero under Assumption.R3
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‘ ’

that can be dealt with exactly like,s. This proves the result

Finally, note that

Inhj _ T
sup|A,;| = Cst: e T 2% 1. vl > S*)
0 t=1

912(0)
30
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