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Abstract. We obtain large and moderate deviation estimates for both sequential and
random compositions of intermittent maps. We also address the question of whether or not
centering is necessary for the quenched central limit theorems obtained by Nicol, Torok
and Vaienti [Central limit theorems for sequential and random intermittent dynamical
systems. Ergod. Th. & Dynam. Sys. 38(3) (2018), 1127-1153] for random dynamical
systems comprising intermittent maps. Using recent work of Abdelkader and Aimino [On
the quenched central limit theorem for random dynamical systems. J. Phys. A 49(24)
(2016), 244002] and Hella and Stenlund [Quenched normal approximation for random
sequences of transformations. J. Stat. Phys. 178(1) (2020), 1-37] we extend the results
of Nicol, Torok and Vaienti on quenched central limit theorems for centered observables
over random compositions of intermittent maps: first by enlarging the parameter range
over which the quenched central limit theorem holds; and second by showing that the
variance in the quenched central limit theorem is almost surely constant (and the same as
the variance of the annealed central limit theorem) and that centering is needed to obtain
this quenched central limit theorem.
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1. Introduction

The theory of limit laws and rates of decay of correlations for uniformly hyperbolic
and some non-uniformly hyperbolic sequential and random dynamical systems (RDSs)
has recently seen major progress. Results in this area include the following: in [CR07]
strong laws of large numbers and centered central limit theorems (CLTs) are proved for
sequential expanding maps; in [AHN+-15], polynomial decay of correlations for sequential
intermittent systems is proved; in [NTV18], sequential and quenched (self-centering)
CLTs for intermittent systems are proved; in [ANV15], annealed versions of a CLT,
large deviation principle, local limit theorem and an almost sure invariance principle are
proved for random expanding dynamical systems, as well as quenched versions of CLTs,
dynamical Borel-Cantelli lemmas, Erd6s—Rényi laws and concentration inequalities; in
[AA16], necessary and sufficient conditions are given for a CLT without random centering
for uniformly expanding maps; and in [BB16b], mixing rates and CLTs are given for
random intermittent maps using a Tower construction. Recently, the preprint [BBR19]
considered quenched decay of correlation for slowly mixing systems and the preprint
[AF20] used martingale techniques to obtain large deviations for systems with stretched
exponential decay rates.

In this article, we obtain large deviation estimates for both sequential and random com-
positions of intermittent maps. We also address the question of whether or not centering
is necessary for the quenched CLTs obtained in [NTV18] for RDSs comprising inter-
mittent maps. More precisely, we consider, in the first instance, a fixed deterministically
chosen sequence of maps ... Ty,, ..., Ty, in the sequential case or a randomly drawn
sequence . . . Ty, , . . ., T, withrespect to a Bernoulli measure von X := {77, .. ., Tk}N,
where each of the maps 7; is a Liverani-Saussol-Vaienti [LSV99] intermittent map of
form

x+2a1x1+a./’ 0
2x — 1,

IA
—_— N

<Xx
<Xx

IA

Taj(x) = {

1
2_

for numbers 0 < o; < o < 1. We consider the asymptotic behavior of the centered (that
is, after subtracting their expectation) sums

n
Sn :=Z¢)O(Tako---oTal)
k=1

for sufficiently regular observables ¢.

Denote by m the Lebesgue measure on X := [0, 1] and by m(¢) the integral of ¢ with
respect to m. We will also consider the measure 7 given by dmi(x) = x~“dm, where
0 < aj < a < 1. The motivation for introduction of this measure is that, in the case of
a stationary system, if oy = « for each k, then a natural and convenient measure to use is
the invariant measure u, for 7, which behaves near zero as x~“. In the stationary case,
large deviation estimates are given with respect to ©, and m in [MNO8] for o < % and for
all0 < «a < 1in [Mel09].
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In the sequential case of a fixed realization, we are interested in the large deviations of
the self-centered sums
> e}

{ 1
mix: —
n

for € > 0. We also obtain large deviations with respect to 72, which are in a sense sharper.
In the sequential case, centering is clearly necessary.

In the annealed case we consider the RDS F: ¥ x [0, 1] - ¥ x [0, 1] given by
F(w, x) = (tw, Ty, x) for = (a1, a2,...) € X, where 1 is the left-shift operator on
Y. For v a Bernoulli measure on X, we suppose that p is a stationary measure for
the stochastic process on [0, 1]: that is, a measure such that v ® p is F invariant. This
assumption is valid in the setting we consider. If ¢ is an observable such that p(¢) = 0,
we estimate

. }

In the quenched case, once again assuming that u(¢) = 0, we give bounds for
{ : }
mix: — > €
n

for v-almost every realization w € X.

Since the maps we are considering are not uniformly hyperbolic, spectral methods
used to obtain limits laws are not immediately available. Our techniques to establish large
and moderate deviation estimates are based on those developed for stationary systems, in
particular, the martingale methods of [MIN08, Mel09].

Using recent work of [AA16] and [HS20], we extend the results of [NTV18] on
quenched CLTs for centered observables over random compositions of intermittent
maps in two ways, first by enlarging the parameter range over which the quenched
CLT holds and second by showing, as a consequence of results in [HS20], that the
variance in the quenched CLT is almost surely constant and equal to the variance of the
annealed CLT.

We also study the necessity of centering to achieve a quenched CLT using ideas of
[AA16] and [ANV15]. The work of [ANV15] together with our observations show that
centering is necessary ‘generically’ (in a sense made precise later) to obtain the quenched
CLT in fairly general hyperbolic situations.

n n
Z(po(Tako---oTal)—Zm((poTako~~~oTal)
k=1 k=1

1
v®,u{(w,x) : -

n
Z‘po(Tako”‘OTal)
k=1

n
Zgoo(Tako---oTal)
k=1

1.1. Improvements of earlier results. In this paper we improve some results of

[NTV1S8].

e  We show that the sequential CLT in [NTV18, Theorem 3.1] and [HL20] holds for the
sharp o < % (from @ < %) if the variance grows at the rate specified.

e  We show that the CLT holds not only with respect to Lebesgue measure m but also for
dm = x~% dm, which scales at the origin as the invariant measure of T,.
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e In the case of quenched CLTs of [NTV18, Theorem 3.1], using results of Hella and
Stenlund [HS20] we show that the variance 002) is almost surely the same for any

sequence of maps and equal to the annealed variance o2,

Remark 1.1.  After we finished this work, we learned about a preprint by Korepanov and
Leppénen [KL20] in which interesting related results are obtained.

2. Notation and assumptions
Throughout this article, m denotes the Lebesgue measure on X := [0, 1] and B is the Borel
o-algebra on [0, 1]. We consider the family of intermittent maps given by

x +2exite o

1
2x—1, ZS

IA
IA

— DN —

X
2.1
x

IA

Ty(x) = {

fora € (0, 1).

For B € (0, 1), denote by Pg = Py: L'(m) — L'(m) the transfer operator (or
Ruelle—Perron—Frobenius operator) with respect to m associated to the map Tg, = Ty,
defined as the ‘pre-dual’ of the Koopman operator f +— f o Ty, acting on L*(m). The
duality relation is given by

kafgdm:/ fgoTidm
X X

forall f € L'(m) and g € L°°(m) [BG97, Proposition 4.2.6]. For a fixed sequence {Bx}
such that 0 < B¢ < « for all k, define

T =...,Tg,,...,Tg

7;”11:: Tﬂno"'OTﬁW T =T,

Prl:l = Pﬁno"'opﬂm’ Pn = ,PIL
We will often write, for ease of exposition when there is no ambiguity, Tg, o - - - o Tg,, as
Tpo---oT,and Pg,o---0Pg, as P,o---0 Py.

Since L' (m) is invariant under the action of the transfer operators, the duality relation
extends to compositions

/P,?fgdm:/ fgoT!dm.
X X

We will write E,, [¢ | F] for the conditional expectation of ¢ on a sub-o-algebra F with
respect to the measure m. To simplify notation, we might write E for E,,.

Remark 2.1. In [CRO7, NTV18] it is shown that

Pio- -0 Pryi(p - PH(I))
Pk(1)

Enlpo T | T7*B) = o T (2.2)

forO0 < ¢ <k.
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One of the main tools for studying sequential and random systems of intermittent maps
is the use of cones (see [LSV99, AHN+15, NTV18] ). Define the cone C, by

Cr:={f eC’0,1)NL ') | f =0, f non-increasing,
X**! f increasing, f(x) < ax"*m(f)},

where X (x) = x is the identity function and m(f) is the integral of f with respect to m.
In [AHN+15], it is proved that, for a fixed value of o € (0, 1), provided that the constant
a is big enough, the cone C; is invariant under the action of all transfer operators Pg with
0< B <a.

Notation 2.2. In general, we will denote the transfer operator with respect to a
non-singulart measure p (not necessarily a Lebesgue measure) by P,. Similarly, the
(conditional) expectation will be denoted by E,, .

Denote the centering with respect to i of a function ¢ € L'(X, u) by

1
Pi=gp— —— du. 2.3
(41" = ¢ M(X)/qu I (23)

In particular, for g(x) := x~¢, denote the measure gm by i, the corresponding transfer
operator by P := Py, and the (conditional) expectation by Ez := Egp,.

2.1. RDSs. Now we introduce a randomized choice of maps: consider a finite family of

intermittent maps of the form (2.1), indexed by a set Q = {81, ..., B} C (0, a]. Given
a probability distribution P = (py, ..., py) on L, define a Bernoulli measure P®N on
=N by PPNw:wj, =B, ..., 05 =B} = Hf'{:l pj;, for every finite cylinder,

and extend to the sigma-algebra generated by the cylinders of ¥ by Kolmogorov’s
extension theorem. This measure is invariant and ergodic with respect to the shift operator
T on X, 7: X — X acting on sequences by (7(w))r = wr+1. We will denote peN by v
from now on.
For w = (w1, w2, ...) € ¥, define 7)) 1= Tznp), 00Ty, =Ty, 0---0T,,. The
RDS is defined as
F:YX2xX—> XY xX,

(w, x) = (T, Ty, x).
The iterates of F are given by F"(w, x) = (" (w), T} (x)).
We will also use Q2-indexed subscripts for random transfer operators associated to the
maps Ty,, so that P,, = Pth_. We will also abuse notation and write P, for P, if w =

(@1, w2, ..., Wy - ).
A probability measure @ on X is said to be stationary with respect to the RDS F if

1(A) = /Z w(T, (A) dv(@) =Y ppu(Ty ' (A))

BeQ

for every measurable set A, where pg is the IP-probability of the symbol B. This is equiva-
lent to the measure v ® u being invariant under the transformation F': ¥ x X — ¥ x X.

+ The measure p is non-singular for the transformation 7 if u(A) > 0 = (T (A)) > 0.
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See Remark 4.5 about the existence and ergodicity of such a stationary measure in our
setting.

The annealed transfer operator P: L'(m) — L'(m) is defined by averaging over all the
transformations, i.e.

P=Y" psPy =/ P, dv(w).

Be z

This operator is ‘pre-dual’ to the annealed Koopman operator U : L°°(m) — L°°(m)
defined by

Ug)(x) =Y ppo(Tpx) = /z @(Tpx) dv(w) = /E(J) o F)(w, x) dv(w)

e

where (13((:), x) := ¢ (x). The annealed operators satisfy the duality relationship
[ wo-vam=[ ¢ pyan
X X
for all observables ¢ € L*°(m) and ¥ € Li(m).

3. Background results and the martingale approximation

In this section, we describe the main technique used to prove some of the limit law results:
the martingale approximation, introduced by Gordin [Gor69]. Since there is no common
invariant measure for the set of maps {7y}, for a given C! observable ¢ we center along the
orbit by

[@)k (@, X) 1= (x) — /X @ o TX dm,

with 7 = Id for k = 0.
This implies that E,, ([¢]x o 7" k ) = 0 and, consequently, the centered Birkhoff sums

Sy0=Yleko Tt

k=1

have zero mean with respect to m. Following [NTV18], define
H =0 and H,oT" :=E,(S,_1 | By forn>2 (3.1
and the (reverse) martingale sequence {M,} by
My:=0 and S, =M, + Hyy10T""",
where the filtration here is B, = 7" B. Define v, € L' (m) by setting
Vn = l@ln + Hy — Hpy1 0 Tt

then M,, — M,,_; = v, o T" and we have that E(M,, | B,+1) = 0. Thus {1, o 7"} is a
reverse martingale difference scheme. An explicit expression for H, is given by
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1
H, = m[Pn([w]n—IPn—ll) + Py Py_1([@ln—2Pr—21)
+- -+ PPy ... Pi([¢loPoD)].

Remark 3.1.  The formulas derived so far with m being the Lebesgue measure actually
hold for any measure p that is non-singular for the transformations Tg that were
considered. The conditional expectations [E,, will be with respect to w and the transfer

(3.2)

operator P, will be with respect to the measure space (X, w). In particular, the centering
will have the form

— _ 1 o Tk
[plk (@, x) == @(x) s Xco T, du,

but all other equations are the same, with the notational changes just described.

We collect and extend some results from [NTV18] concerning the properties of H,, as
well as the non-stationary decay of correlations for the sequential system.

First, we state a few formulas for changing from a measure m to the measure g(x) dm(x)
with ¢ € L!(m); for simplicity, we denote this new measure as gm when there is no
possibility of confusion.

LEMMA 3.2. (Change of measure) We state this result only for the situation we need, but
it holds also for any measure ., non-singular with respect to T, in place of m the Lebesgue
measure and instead of g(x) = x~* forany g € L' (), g > 0.

Note that L'(gm) = g~ 'L'(m), so all formulas below make sense for ¢ in the
appropriate L'-space:

m(¢) = m(Pud),
Pen(¢) = g~ Pu(g9), (3.3)

o[p1" = [gg1" — 8D [y,
m(g)
Egm(¢ | B) =E,(g¢ | B)/En(g | B).
Therefore,
Pem)t ([915™) = g7 (Pm>’,§([g¢]’" — %:;)[g]’"). (3.4)

Proof. The first two properties are standard and follow from the definition of the transfer
operator. The third is a direct computation using the notation (2.3).

For the fourth, E,,, (¢ | B) is the function ® that is B-measurable and f DY d(gm) =
[ ¢y d(gm) for each y € L°°(B). Expanding the left-hand side gives

/cln/f d(gm)=f<1>wg dm=/<1>wEm<g|B> dm

whereas the right-hand side becomes

/w d(gm) =/¢wg dm=/Em(g¢|B)w dm.

Thus ®E,, (g | B) = E,;(g¢ | B), as claimed. O
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PROPOSITION 3.3. [NTV18] If ¢, ¥ are both in the cone Cy and have the same mean
[x ¢dm = [y, ¥dm, then, by [NTV18, Theorem 1.2],

IP" (@) = P W)l 11y < Ca Ul L1y + 191111 gy~ (log n) /<.

Moreover [NTV18, Remark 2.5 and Corollary 2.6], for ¢ € Cl, heC and any
sequence of maps T *°,

IP" (1™l L1 my < CaF (l@ller +mB)n' =% (Qog m)!/,
where Cy, depends only on the map Ty, and F: R — R is an affine function.

The decay result of Proposition 3.3 for products of elements in the cone with C!
observables (see also [LLSV99, Theorem 4.1]), follows from Lemma 3.4, which was stated
in the proof of [LSV99, proof of Theorem 4.1]. The proof of Lemma 3.4 is given in the
Appendix; a different (less transparent) proof is given in [NTV18, Lemma 2.4].

LEMMA 3.4. Suppose that ¢ € C' and h € Cy. Then there exist constants %, A, B € R
such that (¢ + A + Ax)h + B and (A + Ax)h + B are both in Cy and hence, lff oh dm =
0, then ||P/ (eM) L1y < CoDI@hl L1y, where p(j) is the LY (m)-decay for centered
functions from the cone C.

Note that, in our setting, p(j) = j!~1/*(log j)!/*.
A consequence of Proposition 3.3 is the non-stationary decay of correlations ((NTV18,
p- 1130])

/};qb-l/foTwno'uoTwldm—m(¢)~m(1/foTwno---oTwl)

Pu(@) — P, <1 / ¢ dm)
X

Next, we derive decay estimates with respect to the measure 72, which are better in L?,
p > 1, than those for m.

< IWIIOO‘

Llom)

PROPOSITION 3.5. For ¢ : [0, 1] — R bounded, h € C, and 1 < p < o0,
1P @)l ooy < m (@)1l Lo iy- (3.5)
For ¢ € CY([0, 1), h € C»,
IP" (g~ M1 11y < CaF (Ipller +m(h))n' =1/ (log n) /e (3.6)
and therefore, if 1 < p < o0,

1P (e~ W)™ Lo oy
< CYP (@)@l " YPFYP (Igller + m(h)n =10 P (1og )t/ (P,
(3.7)

where Cy depends only on T, and F is an affine function.
Note that the L' and L? bounds are relevant only for ¢ € C.
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Proof. The L' and L bounds give (3.7), since
I£ e < 1A= P (3.8)
because
/| f1P< / LAIE T = 0A12 A

To prove the L°° estimate (3.5), note that, by the invariance of the cone C;, P"(g) € C»,
so P*(g) < x “m(P"(g)) = x~*m(g). That is, using (3.3),

Pr1) =g P (g) < m(g).

Since —||@||L>1 < ¢ < ||p|lL>~1 and P" are positive operators, we obtain (3.5).
For (3.6), assume that ¢ € C! (otherwise, it is clearly satisfied). In view of (3.4),

IP" (g™ W1l 1y = llg ™ P" ([hp1™) — %g—lwqglmnm@
= P (thgT™) — ";ffgp"([g]m>||u(m>
< [P ATl 1y + '";f(gs) ‘IIP"([g]m)IILl(m)- (3.9)

By [NTV18, Lemma 2.3], there is an affine function F : R — R such that, for
¢ € CL([0,1]) and h € Cp, we can write [ph]" = ¥ — ¥, with ¥y, W, € Cr and
1Wi2llpigny < Fl@llcr +m(h)). By [NTVIS8, Theorem 1.2], for an observable v in
the cone C; and for any sequence of maps 7 °°, we have

/ | P (Y1) [ dm < CollWllp1gmyn' ™ (log n)!7e,
X

where C,, depends only on 7. Applying these to (3.9), we obtain (3.6). (]
LEMMA 3.6. Let¢ € Cland0 < a < 1. Then

Ca, |l 1 +m(g) (log m) ! F1/0=) ifl<p=
1

¢ 1
1= (1/p)(—1+ 1ja) IPlcrtm® ifp > max{l, - - 1},
x n1+(l/p)<1—1/a)(10g n)l/(pot) o

| Hy o T" | Lrmy <

(the first case is valid for 0 < o < %) and the same bounds hold for ||ﬁn o T™Lr )
where

Hy o T" = Ep(Su11"1Bn), Hy o T" := Eii([Su-11"|By), By := T"B.

Note that, if 1 < p < =1+ 1/athen |H, o T"|Lr(m) < Cp,a,\|¢|\cl+"1(g)’ although this
observation does not play a role in our subsequent analysis.

Proof. We prove the statement for ﬁn. The one for H, is obtained in the same way, using
Proposition 3.3 instead of (3.6).
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Using the definition of ﬁn,

n—1
<Y ¢ o T 1B | Loginy-

Lr@i) k=1

n—1
> Ea(lp o TH™IBy)

k=1

| Hy o T Ly =

(3.10)

We will bound each term of the above sum in both L' and L, and then use (3.8) to obtain
an LP-bound.

In L°°, we have
IEs (¢ o T*I™ 1B I oy < I o THI™ Loy < 2@l Loe -

In L', we use (2.2) to compute the conditional expectation. Since the conditional
expectation preserves the expected value, one can check that the centering holds as written
below+. We can then use (3.6) for the decay, with & = P¥(g), because P¥(1) = g~ 1P*(g).

IE (¢ o T*I™ 1B L1 )

_ ‘ Pyo-- o Pig - PHI™)
P(1) L' ()

=11Pyo- 0 Pesi(¢ - PO iy = 1Pao- 0 Pei(d - 87 PE@OIM L1 o

< CoF1(Ipllcr +m(P*()))(n — k)~ (log(n — k).

oT"

Note that m(’Pk (g)) = m(g), so the coefficient above does not depend on k.
Now apply (3.8), noting that || £]I55"/? < max{L, || f o}, to obtain, for 1 < p < oo,
that

1B (¢ o T 1Bl Lr i) < Caliglon +mip (2 — 0~/ (log(n — k'7*1'/7.
If p=—1+1/a>1, we bound the last sum in (3.10) by Y }Z{ Cu.jg) .y +mis)
[k~ (log(n))'/ (] to obtain
1Hy o T" |y < Carligl 1 +m(g (og m) /017
If p> max{l, -1+ 1/a}, we bound the sum in (3.10) by ZZ;} Capll 1 +m(s)
[k1-1/a (log(n))l/“]l/l’ to obtain the bound

1
C
1-({/p)(=1+1/a) o l1pll o1 4+m()HT

Note that, if 1 < p < —1 + 1/a, the series converges to a constant Cp . |g]| ., +m(g)- U

”ﬁn oM Loy < 1+(1/p)y(1—=1/a) (log n)l/(pot)_

A useful remark is the following lower bound for functions in the cone Cs.

PROPOSITION 3.7. [LSV99, Lemma 2.4] For every function f € C,

/(-
inf £ = f£(1) Zmin{a, [M} }m(f).
x€[0,1]

aO(
Denote the constant in the above expression by Dy. Then P"1 > Dy > 0 foralln > 1.

T (e - ﬁ"(l)) =7i(¢ o T*) because, by the definition of the transfer operator, Jé- 73"(1) dm =
[ ¢oTk Ldm.
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We will also use Rio’s inequality, taken from [MPUO06]. This is a concentration
inequality that allows us to bound the moments of Birkhoff sums.

PrROPOSITION 3.8. [MPUO06, Riol7] Let {X;} be a sequence of L? centered random
variables with filtration F; = o(X1, ..., X;). Let p > 1 and define

b; , = max
i<u<n

Xi Y E(Xk|F)
k=i

Ly
Then

n p
ElX|+ -+ X, P < <4pr,~,n> .

i=1

4. Polynomial large and moderate deviation estimates
4.1. Sequential dynamical systems. Recall that we fixed asequence 7 =--- T, , ...,
Ty, , where each of the maps is of the form

x+2°[fx1+°‘f, O

1
2)(:-1, 3

IA
—_ =

s

T(Itj(-x) = {

<Xx
<x

IA

s

for0 < aj < a < 1.Inthe first part of this section, we prove that, for such a fixed sequence
of maps 7°°, a polynomial large deviation bound holds for the centered sums.

THEOREM 4.1. (Sequential large deviation) Let0 <o < 1 and ¢ € C'([0, 11). Then the
centered sums satisfy the following large deviation upper bound: for any € > 0 and p >

max{l, -1+ 1/a},
m{x ST = meT)| > ne}
j=1

p
< 4p c? nl_l/“(log n)/ee=2r
“\1=(/p)(=1+1/a)) ~@Wele ’
where C = Cq ||, is a constant depending on « and the C! norm of ¢, but not on the
sequence T,
In particular, for p > max{1, —1 + 1/a}, we obtain the moment estimate

n

1 . 2P
D le(T(x) = m(p(T))]

j=1

4p P p 2p+(1—1/a) 1/
= (1—(1/p>(—1+1/a)> Catgiea™" " ogmE @G

The same estimates (by the same proof) hold for the measure m. More precisely,
D le(TH(x) = i(e(T))]

n’i{x : >ne}
Jj=1

4p P - )
< cP nl 1/0!(]0 l”l)l/af 2p
“\1=/p =1+ 1ja)) “@lele g .

Em

n
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Remark 4.2.  Our result gives that the dependence on € is better in the case o > %, where
we may take p — 1 to obtain

where éa,llw\lcl = (4a/Q2a — 1))Cq,|g||., - The worse bound for o < % is probably an
artefact of our proof, and not an optimal result.

D le(T)(x) = m(e(T/))]

=1

> ne} < éa,H(/,“Clnl_l/“(log n)l/“e_2,

Remark 4.3.  In [Mel09, Corollary A.2], improving [MNO08], these bounds are shown to
be basically optimal if a single map 7T,, 0 < a < 1, is being iterated with respect to its
absolutely continuous invariant measure w: there exists an open and dense set of Holder
observables ¢ such that

M{x : Z[(p(Tj)(x) - ,u,((p(Tj))] > ne} > Cenl~ /e infinitely often.
j=1

As a corollary of Theorem 4.1, we obtain moderate deviation estimates.

THEOREM 4.4. (Sequential moderate deviations) Let0 <o <1, B:=—14+1/a, ¢ €
C'([0, 1)) and T € (%, 1]. Then the centered sums satisfy the following moderate deviation
upper bounds, where C“’”‘/’”cl is a constant depending on o and the C' norm of ¢, but not
on the sequence T *°.

> nTt}

(@ Ifa> %, then, for any t > 0,
—B+2(1-7) (1o )1/ =2,

D lo(T7(x) = m(p(T))]
j=1

= mcmllwncln

® Ifa< l, then
D le(TH(x) = me(T))]

m{x : > nTt}
j=1

B —142/a, —BQRT—1),—2
< 4B Cy g1 miy Qog m) ™= PETmD 20,

The same estimates (by the same proof) hold for the measure .

Proof of Theorem 4.1. We prove the estimate for m; the one for 7 is obtained in the same
way.

Fix n and, for i € {1,...,n}, define the sequence of o —algebras F;, =F; =
T—=D(B). Note that F; C F;;1 and hence {F; }*_, is an increasing sequence of
o —algebras. Take X; = [@],—; o 7"/, so that X; is F; measurable. Recall that Y=
[¢lj + H;j — Hj11 0Tj4 forall j > 0. We define ¥; = ¥,—; o 7", hj = Hy—; o T
fori e {1,...,n}.Hence Y; = X; + h; — h;j_1.
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Note also that G; ;=0 (X1,...,X;) Co(F1,...,F)=F;, as o(X;) C F; for all
i. Since E(y; o T% | T~1B) =0, E(Y; | Fj) =0 for all i > j. Hence E(Y; | G;)) =
E@EY; | F;)1G;) =0fori > j.

For p > 1, define b; , as in Rio’s inequality, with G;, X; as described above, so that

bi n = max
i<u<n

LP(m)

Xi Y E(XklG)
k=i

Here all the expectations are taken with respect to m.
Recalling the expression we have for the martingale difference, we can write the sum
inside the p-norm as

S EXIG) = Y (EYIG) — Ehy | Gi) + E(hi-11G)]

k=i k=i

= [Z E(Yklgi)] + Ehi-11Gi) — E(hu|G).

k=i

If k > i, then E(Y,|G;) = 0. This reduces the expression above to
EY; | Gi) +Ei—1 | Gi) — E(hy | Gi).

We note that | E[f1G]ll, < | fll, forany f € L?(m), p > 1. Therefore, we may bound
bin by maxj<u<n | Xilloo(1Yillp + lhi=1llp + 2wl p)-

We now pick p > max{l, —1 4+ 1/«a}. Since || X;||co is uniformly bounded by 2||¢|
and Y; = X; + h; — hj—1, we may bound max; <y<n || Xillco(IYillp + li-1llp + I1hullp)
by

1

c P/ A=1/a) (106 )1/ (Pe),
L= (1/p) =1+ 1) Ve (o)

where Cq jg|| ., is independent of n. This is a consequence of Proposition 3.6.
Therefore

n r 4 p
p p 2p+(1—1/a) 1/a
4 b; < C p 1 ,
(pg ) = (1—(1/p><—1+1/a>> wlelct” (log

which, by Rio’s inequality (see Proposition 3.8), is an upper bound for E,,|X| + X» +
-+« 4 X,,|?P; this proves (4.1). Thus, by Markov’s inequality,

4p P
2 5 p2re2p .

X (n—2p€—2p)n2p+(l—l/ol)(log n)l/oc

4p P p
= C
(1 —{/p)(—1+ 1/a)> o lloll e

x n'=Ve(og n)l/@e=2p,

which is the claimed large deviation bound. (]
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Proof of Theorem 4.4. Assume the hypotheses of Theorem 4.4 and let T € (%, 1].
(a) Leta > % sothat —1 4+ 1/a < 1.Fort € (%, 11, define tn® = ne sothate = tn*™~!.

Then, by Theorem 4.1, forany # > O and p > 1,
n . .
m{x DY le(THx) = m(p(T))]| > n’r}
j=1
p
- 4p cP 1=/ (log n) /o 2P(1=0) =20
1—(1/p)(=1+ 1ja)) ~«l¢le

where Co jjg] . is a constant depending on « and the C'! norm of ¢, but ot on the sequence
T orp.Fixt > 0 and let p — 1 to obtain, where 8 := —1 + 1/,

m{x: >nft}

—B+2(1— Va2
= mca,llw\lcln P00 (1og m) /@12,

n

> lo(TH)(x) = m(e(T7))]

j=1

®) If o < %, we take p = —1+4+1/a > 1 and have from Lemma 3.6 that ||H, o
T ILremy = Caligll 1 +m(g) (10g n)!+1/0=% T the proof of Theorem 4.1, we can then
bound (4p Y 7| bin)P < (4P)”C5,”¢”Cl+m(g)n1’(log n)P+P/(1=) and hence, by Rio’s
inequality,

EnlX1 4+ Xa?P < @p)PCh n? (log n)P+e/1=e,

a.llpll o1 +m(g)

Markov’s inequality gives

m(X1 4+ Xl > ne) < n TR APYC ) ! (og m)P P/

_ . —p, 2 P +p/(1—a)
=0 P2 AP CY 4y g og mP TP,

Taking ne = n't fort € (%, 1] and the choice p = B = —1 + 1/«a, we obtain

m( X1+ -+ Xp| >n1) < (4'3)ﬁco€,\|¢|\cl+m(g)(10g n)—1+2/an—ﬁ(21—l)t—2/3’

as claimed. O

4.2. RDSs. Now we prove large deviation estimates for the randomized systems. First,
we recall some notation. The annealed transfer operator P: L'(m) — L'(m) is defined by
averaging over all the transformations, i.e.

P = Z psPs 2/ P, dv(w).

Be z

This operator is dual to the annealed Koopman operator U : L°°(m) — L°°(m) defined by

Up)(x) =) ppop(Tpx) = /;_ ¢(Tpx) dv(w) = /z P(F(w, x)) dv(w),

Be
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where ¢(w, x) := ¢ (x). The annealed operators satisfy the duality relationship
f(U(p)qhdm:/ ¢ Py dm
X X

for all observables ¢ € L®(m) and ¢ € L'(m).

Remark 4.5. 1t is easy to see that the averaged transfer operator P has no worse rate of
decay in L' than the slowest of the maps (so better than n'~1/%(log n)!/%, by Proposition
3.3). By taking a limit point of (1/n) > }_, P¥(1), there is an invariant vector & for P in
the cone C, (see [LSV99]). The measure . = hm is stationary for the RDS; by Proposition
37, h > Dy > 0.

Moreover, Bahsoun and Bose [BB16b, BB16a] have shown that there exists a unique
absolutely continuous (with respect to the Lebesgue measure) stationary measure p, and
v ® W is mixing—so is also ergodic.

Using the same idea as in the proof of Theorem 4.1, we can obtain an annealed result
for the RDS. Note that P,, the transfer operator with respect to the stationary measure
W, satisfies P,1 =1 and so [[Pu¢lloo < Pu(ll@lloc) = [[@llocll Pullloc = l|@lloc- An easy
calculation shows that P, (¢) = (1/h) P (h¢), where h € C is the density of the invariant
measure p and hence i > D,m(h) is bounded below. As before, this observation allows us
to bootstrap, in some sense, the L 1 (w) decay rate to L? () for p > 1, which is a technique

used in [MN08, Mel09].

THEOREM 4.6. (Annealed large deviation) Let ¢ € cLqo, 11) with u(p) =0 and let
0 < o < 1. Then the Birkhoff averages have annealed large deviations with respect to
the measure v ® | with rate

D @oTi)

Jj=1

(v ®M){(CU7 x)

> l’lé} < Ca’p,”(pnclnl_l/a(log n)l/aE—Zp

for any p > max{l, —1 + 1/a}.
Note that the Birkhoff sums above are not centered for a given realization w, only on
average over .

Proof. To prove this result, we will use the construction used to prove the annealed CLT in
[ANV15]: let ©x := X", endowed with the o-algebra G generated by the cylinders, and
the left-shift operator 7: Ty — Xy.

Denote by 7 the projection from Xx onto the Oth coordinate, that is, w(x) = xo for
x = (xp, X1, . . .). We can lift any observable ¢ : X — R to an observable on X by setting
¢r i=pom: Tx —> R,

Following [ANV15, §4], one can introduce a t-invariant probability measure j. on Xx
such that E, (¢) = E, (¢r), and the law of S,,(¢) on ¥ x X under v ® p is the same as
the law of the nth Birkhoff sum of ¢, on Xy under i, and t; thus it suffices to establish
large deviations for the latter.
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Now, define

n
Hy:=Y Pig): X >R
k=1

From the relation P, () = (1/h)P(h), we have that [P](¢)llL1(, < Capn' =1/
(log n)!/* because w(¢) = 0. We calculate E,, | Pli(<p)|1’ = Eu[lP/i(¢)|P_l|Pli(<p)|] <
1PL @)1 IPL@) 11 Hence [[PE@)lILrqy < CKI=Y9/P(log k)/¥® and thus
| HullLp () satisfies the bounds of Lemma 3.6.

We lift ¢ and H, to £y and denote them by ¢, and H, , respectively, and define
Xn =¢r + Hyy —Hyzot:Xx - R
We now continue as in the proof of Theorem 4.1, applying Rio’s inequality. For i =

1,...,n, take the sequences {X; = ¢r o T" '}, {¥; = yu_ioT" '} and G; = 1~ *~gG.
We have E,, [Y;|Gk] = 0 fori > k and so, for p > max{1, —1 + 1/},

< CpHUPA=1/0) (150 )1/ (P0),
L ()

b;, = max
i<u<n

Xi Y B (X | Gi)
k=i

which gives, as in Theorem 4.1,

fe(1X1 4 -+ Xu|?P > n*Pe*P) < Cyyppn' "V (log n) /% 2P, O

Using similar ideas, it is possible to obtain an annealed CLT. This has been established
already by Young tower techniques in [BB16a, Theorem 3.2]. We include the statement
of the annealed central limit and an alternative proof for completeness and to give an
expression for the annealed variance.

PROPOSITION 4.7. (Annealed CLT) Ifa < % and ¢ € C" with u(¢) =0, then a CLT
holds for S, on ¥ x X with respect to the measure v ® . that is, (1//n)S,@ converges

in distribution to N (0, 02), with variance o2 given by

o0
o? =~ +2 ) uleUe).

k=0
Proof. We will use the results of [ANV1S5, §4] and [Liv96, Theorem 1.1] (see Theorem
6.3 in the Appendix). We proceed as in Theorem 4.6, using the averaged operators U
and P. As in [ANV1S5, §4], to U there corresponds a transition probability on X given by
Ux,A) =) ﬂ{ pp : Tgx € A}. The stationary measure p is invariant under U. Extend
W to the unique probability measure . on Xx = XNo — {x = (x0, X1, X2, . - ., Xp» - - )},
endowed with the o -algebra G given by cylinder sets, corresponding to w such that {x, },>0
is a Markov chain on (Xx, G, i) (where x, is the nth coordinate of x) induced by the
RDS. The left shift T on Xy preserves .. Given ¢ : X — R, u(¢) = 0, we define ¢,
on Xx by ¢r (x0, X1, X2, - . ., Xn, . . .) := @(x0). As in [ANV15, §4], to prove the CLT for
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Sy (¢) with respect to v ®  on X x X, it suffices to prove the CLT for the Birkhoff sum
Z?:o @x o TF with respect to j. on Tx.

We introduce the Koopman operator U and transfer operator P for the map T on
the probability space (Xx, G, u.). We define the decreasing sequence of o-algebras
Gy = %G, and note that ﬁ U satisfy ﬁkﬁkf = f and ﬁkﬁkf =E,. (f | G for
every [o-integrable f. We note that ¢, € L®°(u.). As in [ANV15, Lemma 4.2], we
have P" (¢z) = (P"¢)x. Thus Z,fio }3]‘<p,, converges in Ll(uc) ifx < %, and therefore
Yreo ) ox Uy dpe |< 0o. Thus the result for Z?‘:o @ o T¢ follows from [Liv96,

Theorem 1.1]. The stated formula for o2 is also given in [Liv96, Theorem 1.1]. O

We will use the annealed and sequential results to obtain quenched large deviations for
random systems of intermittent maps. We denote the Birkhoff sums by S, ., (x) to stress
the dependence on the realization .

THEOREM 4.8. (Quenched large deviation) Suppose ¢ € C' and u(p) =0. Fix
0 <a < 1. Then, given p > max{l, —1 4+ 1/a} and « := [4p/(1 — )] (rounded up),
for v-almost every realization w € X, the Birkhoff averages have large deviations with
polynomial rate, even without centering: there is an N (w) such that, for each € > 0,

m{x : |Sppp| > dne} < Ca,p,wnlfl/"‘(log % forn > N(w).

Note that the Birkhoff sums S, ¢ above are not centered with respect to the realization
w, only on average over X.

Remark 4.9. The point of the above theorem, compared with the sequential Theorem
4.1, is that, for almost each realization, the large deviation estimates hold even without
centering. That is, the contribution of the means (with respect to the measure m on X) can
be ignored for almost each realization w.

Proof of Theorem 4.8. Choose p > max{l, —1 + 1/a} and € > 0. By Theorem 4.1, for all
weE X,

1 1 <& .
m{x : ‘;Sn,ww(x) - .Zl’"(*” o T))
J=

> e} < Ca,p,(pnl_l/"‘(log n)l/ee=2r

with Cy o s independent of w. Integrating over ¥ with respect to v, we obtain

n

1 1 .
v ®m{<w, x) ‘;Sn,wgo(x) - Elm(¢ o T))
J=

> e} < Ca,p,(pnl_l/“(log n)l/ee=2r,

By Theorem 4.6, we also have the annealed estimate for the non-centered sums

1
) m{(a), x): ’—Sn’w(p(x) > e} < Ca,pmnl*l/“(log n)l/ee=2r,
n
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Theorem 4.6 refers to the measure v ® u but, since dm/du = 1/h < 1/D,, the large
deviation estimate applies also to v ® m. Observe now that

> 26}
Sn U(()(x) E ”l(¢ o ]aj))
n ’ n

j=1
>E}.

1 ,
v®m{(a),x) : ’; Zm((pOij)

j=1

1 & 4
B J
{(w,x).‘n E m(poT))

j=1

<€,

1
C {(w’ X): ‘;Sn,a)‘/)(x)

-

1
U {(w,X) : ‘;Sn,w(p(x)

Thus

> 26} < Ky pon' "V/*(logn)/*e=2p

and, as there is no dependence on x € X, this means that
1 ¢ ,
viw: |— J
{a) ‘n Zm(goo 1))
j=1

Denote 8 := —1+ 1/a > 0.

The proof we give does not give an optimal value of k. In the case § > 1, a simpler
proof may be given but the resulting exponent « is also not optimal and no better than the
estimate we give.

Lett =2/8 and let § > 0 be small. Choose

> 2e} < Ko pon'~V/*(log n)l/@e=2. (4.2)

y=i<ﬁ—1) —s=L s and =101+ pEp) = [4—’ﬂ
2p T 4p l—«o

The notation [x7] indicates the smallest integer greater than or equal to x. Then 2py —
B)t < —1 and yx > B for 6 > 0 small enough.
For ¢ = n™7, the bound (4.2) becomes

1 ¢ ,
.- o T/
v{a). ‘n Zm(go 1))

j=1

> 2n"} < Kq.pon*?"n =P (log n)1/®.

Consider the subsequence n; := k*. As 2py — B)t < —1, for v-almost every w there
exists an N (w) such that, for all ny > N(w),

< 2nk_y.

1 & .
‘— Y m(poT))
ng =
j=1
If ny <n < ng4q, then

n

1< . 1| . 4
'r—lZm((poTa{) = Y mpoTH+ Y mlpoT])
j=1 j=1 j=ng+
<o+ ||¢||oo|nk+l —ml.
ng
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There is K > 0, independent of w, depending only on 7, y and ||¢| 0, such that
91l

nk
Indeed, limy—oo(is1/m) = 1, (1/ne) | i1 = nl = 0(1/k), 1/k = 0(1/n'/7) and
n=Y7 < n=" because 1/1 > y.
Increase N (w) such that n > N(w) implies n > K* and Ca,p,,z,ny"_ﬂ(log /e > 1.
We will show that, for n > N(w),

Zn;y+ | ngr1 —ng |<3n 7 ifk>K.

m (x : ‘ lSn,w(]ﬁ (x)
n

> 46) < Ca,p,(pe_’(n_ﬂ(log n)l/“.

Ve 5 1 and

Suppose € < n~?. Then Ca,p@e_"n_ﬂ(log )/« > Ca,p,d)ny"_ﬂ(log n)
there is nothing to prove.
> }

Ife >n~7 andn > N(w). then, as [(1/n) Y_; m($ o T))| < 3e,
> E) < Capge "n~F (logm)'/

{x : ’lSn,w¢(x)
n

1 1 & .
> 46} c {x : ’;Sn,was(x) - Z m(¢poT)
j=1
Hence the result holds by Theorem 4.1, as

1 1 & .
. _ o T/
m(x : ‘nSn,wqb(x) " E m(poT,)

j=1

and 2p < k. ]

We remark that the methods used to prove these results in the uniformly expanding case
are not applicable here, as they rely on the quasi-compactness of the transfer operator.
In the uniformly expanding case, which has exponential large deviations for Holder
observables, it is possible to obtain a rate function.

5. The role of centering in the quenched CLT for RDSs
In this section, we discuss two results: Proposition 5.1, that the quenched variance is the
same for almost all realizations w € X, and Theorem 5.4, that generically one must center
the observations in order to obtain a CLT (as opposed to LD Theorem 4.8, where centering
did not affect the quenched LD). Note that these hinge on the rate of growth of the mean of
the Birkhoff sums; we see that it is o(n) but not o(/n). We use the recent paper by Hella
and Stenlund [HS20] to extend and clarify the results of [NTV18].

In [NTV18, Theorem 3.1], a self-norming quenched CLT is obtained for v-almost every
realization w of the RDS of Theorem 4.6. More precisely, recalling the definition of the
centered observables

[@lk (@, x) = @(x) —m(p o TX)

and

n 2
o= [ [Z[w]k(w, 7:5%)} dx,
k=1
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it is shown that
n

> lel(, ) o Tx — N(O, 1)

k=1

on(w)

provided o> ~ n?, with & < 1/9 and 8 > 1/(2(1 — 2a)). Various scenarios under which
anz(a)) > nP are given in [NTV18]. See also [HL20].

If the maps T,, preserve the same invariant measure, then it suffices to consider
observables with mean zero, since the mean would be the same along each realization. In
the setting of [ALS09] this is the case, namely, all realizations preserve Haar measure, and
the authors address the issue of whether the variance crnz (w) can be taken to be the ‘same’
for almost every quenched realization in the setting of random toral automorphisms. They
show that, for almost every quenched realization, the variance in the quenched CLT may
be taken as a uniform constant. The technique they use is adapted from random walks in
random environments and consists of analyzing an RDS on a product space.

A natural question is whether in our set-up of random intermittent maps, after centering,
o, (w) can be taken to be ‘uniform’ over v-almost every realization. Recent results of Hella
and Stenlund [HS20] give conditions under which (1/n)0,2(w) — o for v-almost every
w, as well as information about rates of convergence. Note that this is also true in the
context of uniformly expanding maps considered by [AA16] using the same method used
in [HS20].

A related question is whether we need to center at all. For example, if (@) = 0, where
W is the stationary measure on X, then, for v-almost every w,

1 < ) .
lim — Z[(p(ﬂ{x) —m(e(7]))] — 0 for u-almost every x
n—oo n 4 |
]=
by the ergodicity of v ® u, but also

N IR :
lim — Z m(p(T])) — 0 for v-almost every w,
n—-oo n
Jj=1

by the proof of Theorem 4.8. So, for the strong law of large numbers, centering is not
necessary. Using ideas of [AA16], we consider the related question of whether centering
is necessary to obtain a quenched CLT with almost surely constant variance. We show that
the answer to this is positive: to obtain an almost surely constant variance in the quenched
CLT, we need to center.

5.1. Non-random quenched variance. For Proposition 5.1, we verify that our system
satisfies the conditions SA1, SA2, SA3 and SA4 of [HS20]; then, by [HS20, Theorem 4.1],
the quenched variance is almost surely the same, equal to the annealed variance.

PROPOSITION 5.1. Leta < %, ¢ € C! and define the annealed variance

1 1
2. 13 - vem |2 T - _ 2
o= nll>nolo n ”[Sn] ||L2(v®m) - nli>nolo n ”SI’L /EXX Sn dU ® m||L2(v®m)

=@~ lim /E [ (ipi-k) — m(@m(@ii)] dv.
k=0
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If 6% > 0, then, for v-almost every w,

- . qm
lim — > o7 ] ! N, o2
i G5 S o]~ v
in distribution with respect to m.

Remark 5.2. Proposition 4.7 shows that the annealed CLT holds for o < % and under
the usual genericity conditions the annealed variance satisfies o> > 0. Thus Proposition
5.1 extends [NTV18, Theorem 5.3] from the parameter range o < é to o < % Note that
[HL20] proved the CLT for o < %

Proof of Proposition 5.1. We will verify conditions SA1, SA2, SA3 and SA4 of [HS20,
Theorem 4.1] in our setting, with (k) = Ck'~!/%(log k)!/* in the notation of [HS20].
SAl:If j > i, then

‘[<po7;’;(x)goo’7;)j(x)dm—/gooﬂ’;(x)dm/goo’];,j(x)dm‘

= ‘f 17 o7;j_i+l(7;’;x)<p(x)Pcf)1 dm — / (p’Pful dm / (p(x)PC{;I dm‘
< € =)' og(j —in"®

by the same argument as in the proof of [NTV18, Proposition 1.3].
SA2: Our underlying shift o : ¥ — X is Bernoulli and hence «-mixing.
SA3: We need to check [HS20, equation (4)] that

‘/ €0(kaka,1 te Twlx) dm — / ‘P(kaka,l s Ter)C) dm| < Cn(k —r)

and

< Cn(k —r).

/ Q- ‘P(kaka,l e Ta)l-x) dm — / (2 (p(kaka,l ce Tw,+1x) dm

Using the transfer operators, rewrite
‘/. I/f : (p(kaka,l e Twlx) dm — / 1/[ : (p(kakafl e Twr+1x) dm‘

= ‘f¢'Pkawk1 Pwl(lﬂ)dm—/w'Pkawk,l Pw,+1(1ﬂ)dm'
< ”QDHOO”Pkawk,l e Pw,-ﬂ[w - Pw, e Pa)l(w)]”[)-
We have to bound this for i either 1 or . If ¥ = 1, then
I P Py + + + Py [1 = Pay, -+ + Py Al 1 < Ck — 1)~/ (log(k — r)) '/

with C independent of w and r by [NTV18, Theorem 1.2] (see Proposition 3.3) because 1
and P,, - - - Py, 1both lie in the cone and have the same m-mean. If ¢ = ¢, using Lemma
3.4, we can write ¢ — ([ ¢ dm)1 as a difference of two functions in the cone, and then the
same decay estimate holds.

SA4: (o, X, v) is stationary so SA4 is automatic. O
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5.2. Centering is generically needed in the CLT. Now we address the question of the
necessity of centering in the quenched CLT. We show that if [ ¢ dug, # [ ¢ dug, for
two maps Tg,, Tp,;, where g, is the invariant measure of Tg,, then centering is needed:
although

1 < . .
1 N 7Y j d 2
Jdim == [o(Td) = me(T)) > N©.0%)
j=1
for v-almost every w, it is not the case that

1 < :
lim — Y o7 =>4 N, 6?)
n— 00 ﬁ ; @

for v-almost every w.

Our proof has the same outline as that of [AA16], adapted to our setting of polynomial
decay of correlations. First, we suppose that the maps T do not preserve the same
measure. After reindexing, we can suppose that Tg, and Tg, have different invariant
measures and that [ @ dug, # [ ¢ dup,, a condition satisfied by an open and dense set
of observables. Recall that the RDS has the stationary measure du = h dm, h > Dy > 0
and we have assumed that u(¢) =0, ¢ € Cl.

Here are the steps.

e Construct a product RDS on X x X and prove that it satisfies an annealed CLT for
o(x, y) = ¢(x) — ¢(y) with distribution N (0, 62).

e Observe that almost every uncentered quenched CLT has the same variance only if
202 = 52, where the original RDS with stationary measure du = h dm satisfies an
annealed CLT for ¢ with distribution N (0, o).

e Observe that the conclusions of [AA16, Theorem 9] hold in our setting and 62 =20
if and only if

2

2
. 1 n—1 B}
nlgg();/)ﬁ(é/}((po%hdm) dv = 0.

e Use ideas of [AA16] to show the limit above is zero only if a certain function G on X
is a Holder coboundary, which, in turn, implies that f pdug, = f ¢ dug,, which is
a contradiction.
Let 9: X — R be C!, with [, ¢ dpu = 0, and define S, (¢) = Zz;(l) @(TX¥x) on T x
X. Recall the standard expression (e.g., see [AA16]) for the annealed variance,

2 g 1[/ 2
o= lim - [S.(@)]” du dv.
T JX

n—oo n

We also consider the product RDS (f) =Y xXxX,0:=v®u®u, T) defined on
X? by T,(x,y) = (Tpx, T,y). For an observable ¢, define ¢: X2 — R by ¢(x,y) =
¢(x) — ¢(y) and its Birkhoff sums by S, (¢). In Theorem A.1 and Corollary A.2 of the
Appendix, we show that (1/4/n) Z?:l ¢oT/ -9 N(0,52) with respect to v @ pu @
for some 62 > 0.
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The following lemma from [ANV15] is general and does not depend upon the
underlying dynamics. It is a consequence of Levy’s continuity theorem (Theorem 6.5 in
[Kar93]).

LEMMA 5.3. [ANV15, Lemma 7.2] Assume that 6% > 0 and 5% > 0 are such that:

(1) Su(@)//n converges in distribution to N(0, 6'%) under the probability v & 1,

(2)  Su(@)//n converges in distribution to N'(0, 5%) under the probability v ® [t ® ji;
and

(3)  Snw(®)//n converges in distribution to N (0, 02 under the probability u, for v
almost every .

Then 262 = 2.

Suppose that two of the maps Tg, and T, have different invariant measures. It is
possible to find a Clg such that [ @ dug, # [ ¢ dug,. In fact, [ @ dug, # [ ¢ dug,
for an open and dense set of ¢.

THEOREM 5.4. Let ¢ € C' with ju(¢) = 0and suppose that [ ¢ djug, # [ ¢ dpp,. Then
it is not the case that

_— J
ngrgo Z(p(T ) — N, o)
for almost every w € X. Hence, the Birkhoff sums need to be centered along each
realization.

Proof. We follow the counterexample method of [AA16, §4.3]. We show that, in the
uncentered case, 202 #= &2. To do this, we use [AA16, Theorem 9], which holds in our
setting, namely, 52 = 202 if and only if

1 n—1 2
lim : (ﬁ ;/Xgonk e Py, (h) dm) dv =0 5.1
(as in [AA16, §4.3] we change the time direction and replace (w1, wy,. .., w,) by
(wp, w2, . .., w1); this does not affect integrals with respect to v over finitely many

symbols).
Note that the sequence P, P,, - - - P,,h is Cauchy in L asa < %, and

1Py Pary + + + Pay, (h) = Payy Py + ++ Py, + -+ Py (W11 < Cn' =1 (log m) '/
by Proposition 3.3. Thus Py, Py, - - - Py,h — hy in L' for some h, € C». This limit
defines A, in terms of @ := (..., w,, w2, ..., w1), i.e., w reversed in time. We define

G(®) := [y ¢he, dm. Note also that || Py, Po, « - - Po,h — hylli < Cn™!'7 for some § >
0, uniformly for w € X. Hence

/("i% [t o) a
=/(Z (/fphrkwdm+0(:

=1

1

=)
dv,
1 (n )1+5

https://doi.org/10.1017/etds.2020.90 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.90

2828 M. Nicol, F. P. Pereira and A. Torok

which gives, using (5.1), that

n—1 2
. 1 X _
lim g (ﬁ( ; G(t a)))) dv =0. (5.2)

) ~1=€/2 where s(w, »') = inf{n :

We put a metric on T by defining d(w, o) = s(w, w
wy # w),}. With this metric, ¥ is a compact and complete metric space. Note that ||, —
hollpr < Cs(w, o )~¢/2 and hence G (w) is Holder with respect to our metric.

As in the Abdulkader—Aimino counterexample, (5.2) implies that G = H — H o 7 fora
Holder function H on the Bernoulli shift (7, ¥, v): by [Liv96, Theorem 1.1] (see Theorem
A.3 in the Appendix) G is a measurable coboundary, and is therefore a Holder coboundary,
by the standard LivSic regularity theorem (see, for instance, [VO16, §12.2]). Now consider
the points ,Bi“ = (B1, B1,...) and ,3; := (B2, B2, - . .) in X; they are fixed points for 7,
and correspond to choosing only the map Tg, , respectively, only the map Tg,. This implies
that G(B}) = G(B;) = 0 which in turn implies that [ ¢ dug, = [ ¢ dug,which is a
contradiction. (|
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A. Appendix
We will show that the system F(w, x, y) = (tw, Ty, x, T, y) With respect to the measure
v u?on X x [0, 1]% (recall that v := P®N and p is a stationary measure of the RDS)

has summable decay of correlations in L? fora < %, and, as a corollary, it satisfies the

CLT.

THEOREM A.l. Suppose that, for w € ¥, h =du/dm € Cy and each ¢ € C' with
m(ph) =0,

1 Poy - -+ Py (@M1 my = Co()((|@llc1 + m(h))

(that is, the setting of Proposition 3.3).
Then there is a constant C, independent of w, such that, for each ¥ € C 1 (X x X) and
@ € L®(X x X) with (u ® pn)() = 0, one has
‘/ O(Tx, TR (x, ¥) dux) du| < Com @l (¥l + 1).

Proof. Since X x X is compact, v is uniformly C! in both variables in the sense that
¥ (xo, y) is uniformly C' for each x( and, similarly, for ¥ (x, yo). We want to estimate

I :=/¢(7Z’x, To ¥ (x, y) du(x) du(y).
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Define
Y(x) = / Y, ) du(y),  he(y) =9(x,y) — ¥ ).

Then ¥, h, € C'(X), with C'-norms bounded by 2| v llc1, uniformly with respect to x.
We can write [ as

1=/<p(72§x,73}y)[w(x,y)—$(x, W] dp(x) du(y)

=1

+/ o(Thx, TOWY (x, y) dp(x) d(y) -

=D

Now define g, (y) := (7] x, ¥). Then (note that f hy(Mh(y) dm(y) = 0)

0= ‘ / < [ G (T2 V) ()R(Y) dm(y)) ()

_ ' / ( / G (VP (s ()R () dm(y)) du(x)
< lgllzeo sup 1Pt RGN L1 omiry

< Cllleli= U lier +m(h))p(n)

by the hypothesis.
Similarly, define k,, , (x) := @(x, 7] y) so (again, f Y (xX)h(x) dm(x) = 0)

b = ‘ / ( / oy (T T () du(x)) du(y)‘

_ ‘ / ( f ko (P T OB () dm(x)) du(y)‘

< @l P W R L1 ()
< Cleli= Ul lier + m(h))p(n).

These imply that |1| < 2C"[l¢llL= (¥ llc1 + m(h))p(n). u

COROLLARY A.2. Under the assumptions of Theorem A.l, for ¥ € C1(X x X) with

(L@ W) =0, (1/y/n) Y4 Vo FK(w, x, y) satisfies a CLT with respect to v @ u ®
W, that is,

R ~ -
NG > Yo FHw. x. y) >4 N(0.5%)
k=1

in distribution for some 5> > 0.
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Proof. Let Q be the adjoint of F(w,x,y) = (cw, Ty, x, Ty, y) with respect to the invariant
measure v @ u ® non X X X2 so that

/ @ o F(w, x, )Y (o, x,y) du(x) du(y) dv(w)

= / o(w, x, Y)(O¥)(w, x, y) du(x) du(y) dv(w)

for ¢ € L*°(X x X x X). Iterating, we have
/ ¢ o F™ (@, x, N (@, x,y) diu(x) du(y) dv(w)

= / o, x, )(Q"Y)(w, x, y) din(x) du(y) dv(w).

Taking ¢ = sign(Q"v), we see from Theorem A.1 that || Q"¢ |1 < C'p(n).
The proof now follows, as in Proposition 4.7, from [Liv96, Theorem 1.1] (see
Theorem A.3). [l

Proof of Lemma 3.4. Let fi = (¢ + Ax + A)h + B and f> = (A + Ax)h + B.
First, we show that f; € C». It is clear that f; € C°(0, 11N L' (m). Choose A < 0 such
that |A| > ||¢'||L~ and A > 0 large enough so that

o+ix+A>0.
This ensures that f; > 0 for any value of B > 0. Now note that
(p+rx+A) =¢"+21<0

S0 ¢ + Ax + A is decreasing. Since both ¢ 4+ Ax + A and & are positive and decreasing,
we obtain that f; is decreasing as well. We show now that x**! f; is increasing. Since
h € Cy, his non-increasing so h’ exists m-almost everywhere (a.e.) and &’ < 0 m-a.e. Then
(x®*T1h) exists m-a.e. as well, and we can compute this derivative as

R = (@ + Dx%h + x>0

because it is increasing.
We compute now the derivative of xotl fa,ie.

(@ 4+ Ax + A)h + B]) = (o + Dx%@h + x*To'h + x*Tloh’ + (@ + 2)x*T ha
+ Ax%T20 + (a + DAxh + Ax* TR + (« + 1)x¥B.
We group terms conveniently: note that
(@ + Dx%h + (o« + 1)Ax*h + x*Tlon’ + Ax* i
= (¢ + A+ Dx*h + ' x*T11>0

m-a.e., since the term in the square brackets corresponds to (x**'h)’ > 0. The term
Ax®t21’ is non-negative m-a.e. since A, A’ < 0. Since 0 < h(x)x® < am(h), we have 0 <
—x*H B < (@ + Dx%h < (@ + 1)am(h) and then the terms (a + 2)Ax*t1h + x@t1hy’
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are bounded. Thus, we can take B > 0 big enough so that
(@4 Dx*B > (a + 2)rx* 1 h + x*Fhy'.

With this, we have that (x**'/) > 0 and so x*+! 1 is increasing.
Finally, we check that f1(x)x% < am(f1). Using that h(x)x* < am(h),

[(¢ + Ax + A)h + Blx* < (¢ + Ax + A)hx® + B < sup(¢ + Ax + A)am(h) + B.

On the other hand, am((¢ + Ax + A)h + B) > a inf(¢ + Ax + A)m(h) + aB, so it suf-
fices to have

sup(¢ + Ax + A)am(h) + B < a inf(¢ + Ax + A)m(h) +aB
a
a—1

Thus, we see that f) € Cp. The proof that f; € C; is the same, taking ¢ (x) = 0. [l

= B>

[sup(¢p + Ax + A) — inf(¢ + Ax + A)]m(h).

THEOREM A.3. (Special case of [Liv96, Theorem 1.1]) Assume that T : Y — Y pre-
serves the probability measure n on the o -algebra BB. Denote by P its transfer operator.

Ifo € L®(m) with n(p) =0and ), ||Pk(p||L1(,]) < 00, then a CLT holds for Sy¢ =
Y1 9o T* with respect to the measure 1, that is, (1/ 1) Sy converges in distribution
to N'(0, 0%). The variance is given by

o0
ol =-n@H+2) nlp-poTh.
k=0

In addition, 6> = 0 if and only if ¢ o T is a measurable coboundary, that is, ¢ o T =
g — g o T for a measurable g.
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