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Abstract. This study makes the first attempt to accelerate the singular boundary
method (SBM) by the precorrected-FFT (PFFT) for large-scale three-dimensional po-
tential problems. The SBM with the GMRES solver requires O(N2) computational
complexity, where N is the number of the unknowns. To speed up the SBM, the
PFFT is employed to accelerate the SBM matrix-vector multiplication at each itera-
tion step of the GMRES. Consequently, the computational complexity can be reduced
to O(N logN). Several numerical examples are presented to validate the developed
PFFT accelerated SBM (PFFT-SBM) scheme, and the results are compared with those
of the SBM without the PFFT and the analytical solutions. It is clearly found that the
present PFFT-SBM is very efficient and suitable for 3D large-scale potential problems.
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1 Introduction

The singular boundary method (SBM) [1] is a recent strong-form technique free of nu-
merical integration to solve the boundary value problems. As a boundary-type meshless
method, it can obtain the same accuracy of the boundary element method (BEM) with-
out the mesh-generation. Since the original intensity factors (OIFs) are introduced, the
singularities are removed [2]. This method can be viewed as a modified version of the
method of fundamental solutions (MFS). However, unlike the MFS, the SBM distributes
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the source points coinciding with the collocation points on the physical boundary to
avoid the perplexing fictitious boundary issue. Therefore, the SBM is truly meshless, free
of integration, and easy-to-implement. Due to these advantages, the SBM is considered a
competitive alternative method for some certain problems.

However, the SBM will run into difficulties when large-scale problems are encoun-
tered. Like in the BEM, the SBM generates a dense N×N resultant interpolation matrix,
where N is the number of the unknowns [3]. Computing this kind of matrix equation
is computationally very expensive and requires O(N2) operations. Otherwise, if the di-
rect solver is used, for solving the system of equations, O(N3) operations are required.
Thanks to costly CPU time and huge memory demands, the standard SBM is largely
restricted to the small and medium-scale applications.

The acceleration techniques, when combined with the iterative linear system solver
GMRES [4], is an effective strategy to speed up the SBM as in the case of the BEM. Re-
cently, the fast multipole method (FMM) [5, 6] has been successfully applied to the SBM
solution of potential [3] and Helmholtz problems [7].

As an alternative accelerating technique, this paper makes the first attempt to present
the development of a precorrected-FFT (PFFT) [8] accelerated SBM approach for large-
scale three-dimensional (3D) potential problems. The PFFT technique is at best an
O(N logN) algorithm, and the advantage of the PFFT is that it is relatively kernel in-
dependent [9], and easier to implement. It has been successfully applied to electrome-
chanical systems [10–12], elastodynamics [9, 13], composite materials [14, 15], nonlinear
wave dynamics [16, 17], acoustic problems [18, 19], just to mention a few.

The rest of this paper is organized as follows. We describe the SBM formulation for 3D
potential problems followed by coupling of the SBM with the PFFT. Next, three bench-
mark examples are investigated to valid the developed the PFFT accelerated SBM (PFFT-
SBM) strategy. The PFFT-SBM is compared with those of the SBM without the PFFT and
the analytical solutions. The conclusions are drawn lastly.

2 The SBM formulation for 3D potential problems

Consider the Laplace equation governing 3D potential problems

∇2u(x)=0, x∈Ω, (2.1)

subjected to boundary conditions

u(x)= ū(x), x∈ΓD, (2.2)

q(x)=
∂u

∂n
(x)= q̄(x), x∈ΓN , (2.3)

where u is the potential field, ∇2 represents the Laplacian operator, n indicates the unit
outward normal, and Γ=ΓD∪ΓN =∂Ω denotes the whole boundary of the domain Ω.
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In the SBM, the approximate solutions of the Laplace equation can be expressed by
[20]

u(xi)=
N

∑
j=1,j 6=i

αjG(xi,sj)+αi Aii, i=1,··· ,N, (2.4)

q(xi)=
N

∑
j=1,j 6=i

αj

∂G(xi,sj)

∂nx
+αiBii, i=1,··· ,N, (2.5)

where {αi}, i=1,··· ,N are the unknown coefficients, xi and sj denote the i-th collocation
and the j-th source points, respectively, N is the number of source points, nx the outward
unit normal on the collocation points xi, and

G(xi,sj)=
1

4π
∥

∥xi−sj

∥

∥

2

(2.6)

is the fundamental solution of the Laplace equation. Aii and Bii are the origin intensity
factors to replace the singular terms G(xi,si) and ∂G(xi,si)

/

∂nx. There are several tech-
niques to calculate the origin intensity factors, such as inverse interpolation technique
(IIT) [1], semi-analytical technique [2], and empirical formulas. In this paper, the semi-
analytical technique with boundary IIT [2] is proposed. By adopting a subtracting and
adding-back technique, the origin intensity factors on Neumann boundary conditions Bii

can be derived as

Bii=−
1

Li

N

∑
j=1,j 6=i

Lj

∂G(xi,sj)

∂ns
, (2.7)

where Lj denotes the area of the curved surface surrounding the source point sj, as shown
in Fig. 1. The source intensity factors on Dirichlet boundary can be calculated by the
inverse interpolation technique. We choose a sample solution ū0 = x+y+z+c for 3D
problems, and then 2N+1 linear equations are obtained

ū0(xi)=
N

∑
j=1,j 6=i

β jG(xi,sj)+βi Aii+c, xi = sj, (2.8)

∂ū0(xi)

∂nx
=

N

∑
j=1,j 6=i

β j

∂G(xi,sj)

∂nx
+βiBii, xi = sj, (2.9)

ū0(xI)=
N

∑
j=1

β jG(xI ,sj)+c, xI 6= sj, (2.10)

where xI represents an inner point, and (Aii,β j,c) are 2N+1 unknowns which can be
solved.
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Figure 1: Nodal integration domain for 3D problems.

3 The precorrected-FFT algorithm

As mentioned in the introduction, the SBM results in a system of equations having a
dense influence matrix. In this paper, the iterative solver GMRES is employed to solve
this system equation instead of the direct approach, e.g., Gaussian elimination. This re-
duces the computing operations from O(N3) to O(N2). The most time-consuming part
of the GMRES is the matrix-vector product. To further accelerate the computation, the
precorrected-FFT (PFFT) algorithm is applied. The main idea of the PFFT algorithm is
to separate the computing interactions into far- and near-field parts [8]. The far-field in-
teractions are computed by projecting onto, and interpolating from, a uniform 3D coarse
grid, and the near-field interactions are calculated directly in the standard fashion. More
specifically, after the nodes are collocated on the boundary of the problem domain, a
parallelepiped containing the computational domain is constructed. Then this paral-
lelepiped could be subdivided into an array of small cubes, so that every small cube
contains a few nodes. The potentials at the uniform grid points formed by the cubes can
be quickly computed by the FFT. Thus, the far-field interactions can be obtained with the
aid of the uniform grid.

The main steps of the PFFT algorithm are summarized as follows:

1. Discretization of the problem domain and construction of the 3D uniform grid, as
show in Fig. 2;

2. Separation of the near- and far-fields for each boundary node using the grid, as
show in Fig. 3;

3. Projection of the quantities of the boundary nodes onto the surrounding grid points,
as show in Fig. 3;

4. Computation of the grid-to-grid interaction using the FFT, as show in Fig. 3;

5. Interpolation of the grid interaction to the boundary nodes, as show in Fig. 3;
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Figure 2: Discretization of the problem domain and construction of the 3D uniform grid.
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Figure 3: A pictorial representation of the steps (2)-(7) in the PFFT algorithm.

6. Computation of the near-field interaction directly, as show in Fig. 3;

7. Substitution of the approximated near-field interaction by the accurate near-field
interaction.

The projection in step 3 and the interpolation in step 5 are performed using polynomial
interpolation. The size of the near-field part will also affect the accuracy and the com-
putational cost. In comparison with PFFT acceleration BEM, the main advantage of the
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PFFT-SBM is that the PFFT-SBM avoids the mesh-generation and the expensive numeri-
cal integration in the projection, interpolation and computation of the near-field interac-
tion.

Due to the requirement of the FFT, the number of the cubes in each dimensional direc-
tion should be 2k−1, where k is an positive integer. It should be noted that the number of
the cubes is determined according to the balance between efficiency and accuracy. The-
oretically, as the number of the cubes grows, the computation cost and accuracy of the
far-field interaction will both increase. In this paper, the number of the cubes is controlled
by checking the maximum number of the boundary nodes in every cube. If the maximum
number is larger than a threshold value P, more cubes are generated.

4 Numerical examples

The PFFT-SBM is implemented in C++ in this study. In order to measure the accuracy of
the PFFT-SBM, the relative error defined as below is employed

e=





1

M

M

∑
k=1

(

Ik
numerical− Ik

exact

Ik
exact

)2




1/2

, (4.1)

where M is the number of the test points, Ik
numerical and Ik

exact denote the numerical and
analytical solution at the k-th test point, respectively.

In our study, the iterative solver GMRES with a tolerance 1.0E-5 is used to both the
SBM without the PFFT and the PFFT-SBM. A block diagonal matrix is employed as the
preconditioner to accelerate the convergence of the GMRES solver. The threshold value
P is set as 20. Computations are implemented on a desktop computer with an Intel Core
i3-3110M 2.40 GHz Processor with 4G RAM running Windows 8.1.

4.1 A unit cube

First, we consider a unit cube to demonstrate the performance of the developed PFFT-
SBM. The following exact solution is u=−2x2+y2+z2−xy+3. Neumann boundary con-
ditions are imposed on the upper and lower surfaces, and Dirichlet boundary conditions
on the remaining surfaces. The relative error is evaluated over 36 points distributed uni-
formly on the surface of the sphere of radius 0.3, where the center coincides with that of
the cube.

Fig. 4 shows the relative errors of u using the SBM with and without the PFFT. As
can be seen from this figure, the accuracy of the PFFT-SBM is almost same as that of the
SBM without the PFFT when using the same number of boundary nodes. However, due
to the memory limit of the computer, the SBM without the PFFT is inapplicable for the
large-scale case (N>25000) while the PFFT-SBM can keep working well. As the number
of boundary nodes increases, the memory requirement and CPU time are shown in Fig. 5
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Figure 4: Relative error curves of u generated using the SBM with and without the PFFT.
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Figure 5: Comparison of memory requirements of the SBM with and without the PFFT.

and Fig. 6. We can observe that the SBM without the PFFT requires far more memory
and CPU time than the PFFT-SBM, especially for large-scale simulation. For example, for
the model with 21600 boundary nodes, more than 3GB memory and 2 hours are required
in the SBM without the PFFT, while only 427.8MB memory and 172 seconds in the PFFT-
SBM. This clearly shows that the PFFT-SBM has great advantage in efficiency over the
SBM without the PFFT. Besides, the lines corresponding to O(N), O(N logN) and O(N2)
are also plotted for reference. As excepted, the memory requirement and the CPU time
of the PFFT-SBM oscillate along the line O(N logN), while the SBM without the PFFT are
of O(N2). The results largely agree with the theoretical analysis.
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Figure 6: Comparison of total CPU time of the SBM with and without the PFFT.

4.2 A ring torus

A ring torus is considered as the second example. As shown in Fig. 7, the torus can be
defined as

x(φ,θ)=
(

(R+rcosφ)cosφ,(R+rcosφ)sin(φ),rsinφ
)

, (4.2)

where R=2 and r=1 are the distance between the centers of the tube and the torus and the
radius of the tube, respectively. The exact solution is u= xy+yz+xz. Dirichlet boundary
is imposed on the whole surface. 20 points distributed uniformly on the curved center
line of the torus are tested for the accuracy.
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Figure 7: A ring torus (R=2, r=1).
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Figure 8: Relative error curves by the SBM with and without the PFFT.

Fig. 8 shows the relative errors of u and ∂u
/

∂x by the SBM with and without the PFFT
as the number of boundary nodes varies from 600 to 716680. As shown in this figure,
both the schemes obtain accurate results, and the PFFT-SBM can achieve the almost same
accuracy of the SBM without the PFFT.

Fig. 9 and Fig. 10 illustrate the memory requirement and CPU time of the SBM with
and without the PFFT, respectively. It can be noticed that the PFFT-SBM can solve the
model with more than 400000 unknowns on a personal computer. For the model with
465000 boundary nodes, the PFFT-SBM used 2819.3 MB memory and 6751 seconds to
obtain the numerical result. However, the SBM without the PFFT is only workable when

100 1,000 10,000 100,000 1,000,000
10

0

10
1

10
2

10
3

10
4

10
5

Number of boundary nodes

M
em

or
y 

re
qu

ire
m

en
t (

M
B

)

 

 

SBM without PFFT
PFFT−SBM
O(N)
O(NlogN)

O(N2)

Figure 9: Comparison of memory requirements between the SBM with and without the PFFT.
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Figure 10: Comparison of total CPU time between the SBM with and without the PFFT.

the number of boundary nodes is less than 25000. If the scale of the computation is
enlarged, the memory requirements of the SBM without the PFFT will approach or exceed
the limit of the computer in this study. These figures clearly show that the PFFT-SBM
improves computational efficiency dramatically.

The lines corresponding to O(N), O(N logN) and O(N logN) are also plotted in these
figures. It is observed that the computing complexity of the PFFT-SBM is O(N logN)
against O(N2) without the PFFT.

4.3 Porous model

In order to further test the PFFT-SBM to a complex case, the third example deals with a
porous model, which is a cube including 100 equal cavities in the shape of capsules as
shown in Fig. 11. The length of the cube is L=100, and the size of every capsule is shown
in Fig. 12. The exact solution is u=−2x2+y2+z2−xy+3. Dirichlet boundary is imposed
on the whole surface. This model has very complicated geometries that require a large
number of boundary nodes in the SBM. We should point out that it is almost impossible
to solve this problem with the SBM without the PFFT in a desktop computer. Computa-
tions with the PFFT-SBM are showed for six nodal cases, namely, 145800 nodes, 187200
nodes, 231900 nodes, 313600 nodes, 411500 nodes, and 600000 nodes, respectively. The
relative errors of u and ∂u

/

∂x are evaluated over 60 interior points on the surface whose
distance to the outer boundary is 2, and presented in the second and third rows of Table 1,
respectively. These errors demonstrate that high efficiency and accuracy can be obtained
by the PFFT-SBM. The fourth and fifth rows list the CPU time and memory requirement.
Although the computational cost grows with the increasing number of boundary nodes,
it is still feasible in a personal computer. This example illustrates that the PFFT-SBM is
capable to provide a fine solution of the problem with complicated geometry.
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Figure 11: A cube including many cavities in the shape of capsules.

0 20L =

1r =

Figure 12: The size of every capsule.

Table 1: The results of porous model using PFFT-SBM.

Nodes number Errors of u Errors of ∂u
/

∂x CPU time(s) Memory(Mb)

145800 1.39627E-3 2.15784E-3 653 602.7

187200 1.11619E-3 1.00687E-3 844 803.4

231900 8.29500E-4 7.36562E-4 1058 1064.0

313600 4.31786E-4 6.16614E-4 1533 1331.1

411500 3.33205E-4 5.38353E-4 2652 1796.5

600000 1.03576E-4 3.96784E-4 4262 2046.8
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5 Conclusions

A fast SBM has been developed for 3D potential problems based on the PFFT algorithm in
this study. As a boundary-type strong-form meshless technique, the SBM can achieve the
good numerical accuracy and efficiency without the mesh-generation, the singularity and
the numerical integration in the BEM. The SBM is truly meshless, mathematically simple,
and easy to program. As the iterative solver GMRES and acceleration technique PFFT are
employed, the CPU time and memory requirements can be reduced to O(N logN) in the
SBM procedure. The three numerical examples are presented to illustrate the accuracy
and efficiency of the developed PFFT-SBM code for large-scale potential problems.

In comparison with the PFFT accelerated BEM, the PFFT-SBM avoids the mesh-
generation and the expensive numerical integration in the projection, interpolation and
computation of the near-field interaction.

From the results of the first two numerical examples, it can be found that the PFFT-
SBM can achieve the almost same accuracy of the SBM without the PFFT when using the
same number of boundary nodes. However, the SBM without the PFFT requires far more
memory and CPU time than the PFFT-SBM, especially for large-scale simulation. The
SBM without the PFFT is inapplicable for the large-scale case on a personal computer
while the PFFT-SBM can keep working well.

The third example deals with a porous model having very complicated inner holes.
This example demonstrates that high efficiency and accuracy can be obtained as well for
such complex-shaped problem by the PFFT-SBM. The results of the numerical experi-
ments are also shows that the PFFT-SBM is at best an O(N logN) algorithm.
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